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Abstract

This paper is concerned with the analysis and numerical investigations for the optimal control of
first-order magneto-static equations. Necessary and sufficient optimality conditions are established
through a rigorous Hilbert space approach. Then, on the basis of the optimality system, we prove
functional a posteriori error estimators for the optimal control, the optimal state, and the adjoint
state. 3D numerical results illustrating the theoretical findings are presented.

Keywords: Maxwell’s equations, magneto statics, optimal control, a posteriori error analysis

Contents
1 Introduction 1
2 Definitions and Preliminaries 2
3 Functional Analytical Setting 4
4 The Optimal Control Problem 7
5 Suitable Variational Formulations 11
5.1 A Saddle-Point Formulation . . . . . . . . . . . . . 13
5.2 A Double-Saddle-Point Formulation . . . . . . . . . . ... .. . ... .. ... .. .... 14
6 Functional A Posteriori Error Analysis 18
6.1 Upper Bounds . . . . . . . . . e 18
6.2 Lower Bounds . . . . . . . . 24
6.3 Two-Sided Bounds . . . . . . . . . e 25
7 Adaptive Finite Element Method 25
7.1 Finite Element Approximation . . . . . . . . . . . .. ... 25
7.2 Evaluation of the Error Estimator . . . . . . . . . . . . . ... ... 26
7.3 Dorfler Marking . . . . . . . . . e 27
7.4 Analytical Solution . . . . . . . . . . 28
7.5 Numerical Results . . . . . . . . . e 28

1 Introduction

Let § # w C Q C R? be bounded domains with boundaries v := dw, I := 99Q. For simplicity, we assume
that the boundaries v and T" are Lipschitz and satisfy dist(y,T") > 0, i.e., w does not touch I". Moreover,
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let material properties or constitutive laws e, : Q — R3*3 be given, which are symmetric, uniformly
positive definite and belong to L> (). These assumptions are general throughout the paper. In our
context, €2 denotes a large “hold all” computational domain. Therefore, without loss of generality, we
may assume that  is an open, bounded and convex set such as a ball or a cube. On the other hand, the
subdomain w C €2 represents a control region containing induction coils, where the applied current source
control is acting. We underline that our analysis can be extended to the case, where w is non-connected
with finite topology.

For a given desired magnetic field Hy € L*(Q) and a given shift control j4 € L?*(w), we look for the
optimal applied current density in w by solving the following minimization problem:

min F(5) / /2 (H(j) — Ha)|* + / €12 (5 — ja)l%, (1.1)
VIS

where H(j) = H satisfies the first-order linear magneto-static boundary value problem:

rot H =en((j+J) in Q, (1.2)
divpH =0 in €, (1.3)
n-pH =0 on T, (1.4)

pH L Hy ,(Q). (1.5)

In the setting of (1.1), J denotes the admissible control set, which is assumed to be a nonempty and
closed subspace of L?(w). Moreover, x > 0 is the control cost term, and J € L*(Q) represents a fixed
external current density. In (1.2), we employ the extension by zero operator ¢ from w to  as well as the
L2-orthonormal projector m onto the range of rotations. The precise definitions of these two operators
will be given in next section. Furthermore, Hy ,(€2) denotes the kernel of (1.2)-(1.4), i.e., the set of all
square integrable vector fields H with rot H = 0, divpuH = 0in Q and n- pH = 0 on I', where n denotes
the exterior unit normal to I'. Let us also point out that (1.2)-(1.5) are understood in a weak sense.

Using a rigorous Hilbert space approach for the state and adjoint state equations, we derive neces-
sary and sufficient optimality conditions for (1.1). Having established a variational formulation for the
corresponding optimality system, we adjust this formulation for suitable numerical approximations and
prove functional a posteriori error estimates for the error in the optimal quantities based on the spirit of
Repin [13,23]. Finally, we propose a mixed formulation for computing the optimal control j and present
some numerical results, which illustrate the efficiency of the proposed error estimator.

To the best of the authors’ knowledge, this paper presents original contributions on the functional
a posteriori error analysis for the optimal control of first-order magneto-static equations. We are only
aware of the previous contributions [6,29] on the residual a posteriori error analysis for optimal control
problems based on the second-order magnetic vector potential formulation. For recent mathematical
results in the optimal control of electromagnetic problems, we refer to [8,9,14,15,24,25,31-33].

2 Definitions and Preliminaries

In our notation, we do not distinguish between scalar functions or vector fields. The standard L*(£)
inner product is denoted by (-, - )q. Li(Q) denotes L*(Q2) equipped with the weighted inner product
(-, Yae:= (-, )a, and for the respective norms we write | - |o and | - |o,c. All these definitions extend
to u as well as to w. The standard Sobolev spaces and the corresponding Sobolev spaces for Maxwell’s
equations are written as H*(Q) for k € Ny and

R(Q):={Fecl*Q) : 1ot E€L*(Q)}, D(Q):={Fecl*Q):divEcL*Q)},

all equipped with the natural inner products and graph norms Moreover, for the sake of boundary

conditions, we define the Sobolev spaces Hk( ) and R( ), D(Q) as the closures of test functions or test
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vector fields from C*°(£2) in the respective graph norms. A zero at the lower right corner of the Sobolev
spaces indicates a vanishing differential operator, e.g.,

Ro(Q) = {E € R(Q) : rot E = 0}, Do(Q) = {E € D(Q) : divE = 0}.

Furthermore, we introduce the spaces of Dirichlet and Neumann fields by

o

Hp (Q) 1= Ro(2) Ne™"Do(Q),  Hy ,(2) = Ro(€2) N i~ Do (€2).

Np

All the defined spaces are Hilbert spaces and all definitions extend to w or generally to any domain as
well. We will omit the domain in our notations of the spaces, if the underlying domain is €.
It is well known that the embeddings

RNeID s L% RAe D s L2 (2.1)

are compact, see [1,7,10,21,22,26-28], being a crucial point in the theory for Maxwell’s equations. By
the compactness of the unit balls and a standard indirect argument, we get immediately that H;, . and

My, are finite dimensional and that the well known Maxwell estimates, i.e., there exists ¢ > 0 such that
VE€RNe'DNHy, * |Elo.e < c(|rot B2 + |diveE[3)"?, (2.2)
VHeRNuIDNHy, " |Hlo,p < o[ ot HI% + | div uH|3)"?, (2.3)

hold, where L resp. L. denotes orthogonality in L? resp. L?. By the projection theorem and Hilbert
space methods, we have

L2=VH'@. e 'Dp =Ry @ ¢ 'rotR, L2 =VH' @, u "Dy =Ry &, 1~ 'rot R,

with closures in L%, Here, @ resp. @. denotes the orthogonal sum in L? resp. L?. By Rellich’s selection

theorem, the ranges VH! and VH! are readily closed. Therefore,

o

R =Ry @. (RNe rotR), R =Ry @, (RN p 10tR), (2.4)

and so

o

rotR = rot (RNe'rotR), rot R = rot (R Ny~ 'rot I%) (2.5)

hold. Since obviously rot R C Do NH,, . L+ and rot R C Do N Hy,,, L we obtain, by the Maxwell estimates
(2.2) and (2.3), that all ranges of rot are also closed, i.e.,

rot R =rot R = rot (R Ne 'rot R), rot R =rot R = rot (R Np~*rot R).
Since VH! € Ry and VH! C Ry, we have

Ro=VH'@.H,., Ro=VH' &, Hy,,

and hence we get the general Helmholtz decompositions

L2 = VH' &. H,, @ 10t R, L2 = VH' @, Hy,, ®up ' rotR. (2.6)
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Note that we have analogously rot R C Dy and rot R C Dy, and thus
e Dy = 'rotR @, Hp e s p Do =p 'rotR @, My

which gives again the Helmholtz decompositions (2.6). At this point, we introduce two orthonormal
projectors

m:L2 = e 'rotR C L2, %:Li—>,u_1r0tRCLi. (2.7)

1

[e]
Note that the range of 7 resp. T equals e 'rot R resp. p~!'rotR, and we have m = id resp. 7 =id on
[e] [e]

e trotR resp. p!

rotR and 7 = 0 resp. @ = 0 on Ry resp. Rg. Moreover, by (2.4) and (2.5), we sce
that TR =RNe'rotR and 1R = RN ' rot R. Furthermore, rot 7E = rot E and rot 7H = rot H hold

for E € R and H € R. We also need the extension by zero operator

¢ Lw) — L2

€
. L Jj nw .
J 0 inQ\w

Note that as orthonormal projectors 7 : L2 — L2 and T Li — Li are selfadjoint. On the other hand,
the adjoint of ¢ is the restriction operator ¢* = |, : L = L?(w), and ¢*¢ = id on L?(w). We emphasize
that all our definitions and results from this section extend to w or other domains as well.

For a linear operator A, we denote by D(A), R(A) and N(A) the domain of definition, the range,
and the kernel or null space of A, respectively. Given two Hilbert spaces X, Y, and a densely defined and
linear operator A : D(A) C X =Y, we denote by A* : D(A*) C Y — X for its Hilbert space adjont.

3 Functional Analytical Setting
Let X, Y be two Hilbert spaces and let
A:DA)CX—=Y (3.1)
be a densely defined and closed linear operator with adjoint
A*: DAYy CcY = X (3.2)

Equipping D(A) and D(A*) with the respective graph norms makes them Hilbert spaces. By the projec-
tion theorem, we have

X = N(A) @ R(A¥), D(A) = N(A) @ (D(A) N R(A*)),
Y = N(A*) ® R(A), D(A*) = N(A") @ (D(A*) N R(A)),
and
N(A*)Y = R(A), R(A) = A(D(A) N R(A%)), (3.5)
N(A)tx = R(A®), R(A*) = A*(D(A*) N R(A)). (3.6)

Let us fix the crucial general assumption of this section: Suppose that the embedding

D(A) NR(A*) < X (3.7)

is compact.
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Lemma 1 Assume (3.7) holds. Then:
(1) R(A) and R(A*) are closed.
(i) 3eca >0 Vze D(A)NR(A*) |z|x < calAxly
(i) Jear >0 Vye DA*)NR(A) yly < ca~

A%ylx
(iii) D(A*) N R(A) is compactly embedded into Y.
(iii’) D(A)NR(A*) =X <& DA*)NRA)—=Y
The lemma is standard, but for convenience we give a simple and short proof.

Proof First we show

dea >0 Ve e DA)NRA*) |z|x < calAx]|y. (3.8)

Let us assume that this is wrong. Then, there exists a sequence (z,,) C D(A)N R(A*) with |z, |x = 1 and
|Az|ly — 0. Hence, (x,) is bounded in D(A) N R(A*) and we can extract a subsequence, again denoted

by (), with %, 2 € X. Since A is closed,  belongs to N(A)NR(A*) = {0}, a contradiction, because
1= |l‘n|x — |Z‘|x =0.
Now, let y € R(A), ie., y € A(D(A)NR(A*)) by (3.5). Hence, there exists a sequence () in

D(A)NR(A*) with Az, AR y. By (3.8), (zn) is a Cauchy sequence in D(A) and thus z,, PR, e D(A).

Especially Az, — Az implies y = Az € R(A). Therefore, R(A) is closed. By the closed range theorem,
see e.g. [30, VII, 5], R(A*) is closed as well. This proves (i) and together with (3.8) also (ii) is proved.
Let (y,) be a bounded sequence in D(A*) N R(A). By (3.5), y, € A(D(A) N R(A*)) and there exists
a sequence (z,) C D(A) N R(A*) with Az, = y,. By (ii), (x,) is bounded in D(A) N R(A*). Hence,
without loss of generality, (z,) converges in X. Then, for z,, , := &, — T, and Yp m = Yn — Ym we have

Ynmly = LTnyms Ynym)y = \Tn,m, Ynm)x = ClTn,m|X-
[Yn,ml§ = (A by = AYnm)x < c|Tn,m|

Therefore, (y,,) is a Cauchy sequence in Y, showing (iii).
Now, (ii’) follows by (iii) analogously to the proof of (ii). (iii’) is clear by duality since (A, A*) is a
‘dual pair’, i.e., A** = A = A, where A denotes the closure of A. O

Remark 2 The best constants in Lemma 1 (i) and (ii’) are even equal, i.e.,

1 . |A:E|Y o . f |A*y|x - 1

= in = n :
CA  0#zeD(A)NR(A*) |x|x  0#yeD(A9NRA) |yly  ca-
See [18, Theorem 2] and also [16,17].

Since the decompositions (3.3) and (3.4) reduce A and A*, we obtain that the adjoint of the reduced
operator

A : D(A):=DA)NRA*) C R(A*) — R(A) (3.9)
x — Az ’
is given by the reduced adjoint operator
A* . DA*):=DA*)NRA)C R(A) — R(AY) (3.10)
Y — Ay ’

We immediately get by Lemma 1 the following.
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Lemma 3 It holds:
(i) R(A) = R(A) and R(A*) = R(A*).
(ii) A and A* are injective and A~! : R(A) — D(A) and (A*)~! : R(A*) — D(A*) continuous.
(ii’) As operators on R(A) and R(A*), A~ : R(A) — R(A*) and (A*)™1 : R(A*) — R(A) are compact.

Let us now transfer these results to Maxwell’s equations. We set X := L2 and Y := Li. It is well
known that
A . DACL? — L2 - a2
5 s Lot B D(A) =R, R(A) = p "rotR,

is a densely defined and closed linear operator with adjoint

A* : DAY CL, — L2
H — e lrotH "’

D(A*) =R, R(A*) = e 'rotR.
By e.g. the first compact embedding of (2.1), i.e, RNe~'D < L?, we get (3.7), i.e.,
RNe lrotR c RNe Dy c RNe D — L2,

[e]
Hence, rot R and rot R are closed, and we obtain the Maxwell estimates

VEc€RNe 'rotR |E|q.c < calp™trot Elq,, (3.11)
VH cRNpu 'rotR |Hl|q,, < caxle ' rot H|g.e. (3.12)

(3.3)-(3.6) provide partially the Helmholtz decompositions from the previous section, i.e,

L2 = Ro ®. e ' rot R, R =Ry @®. (RNe 'rotR),

L? = Ro @, ' rot R, R=Ro@®, (RNnyu 'rotR),
Ré‘“ = trotR, ptrotR = p~trot (R Ne trot R),
R(J)‘E =e'rotR, e lrotR = e trot (R Np~trot R).

The injective operators A and A* are

A : DA celtrotR — ptrotR D(A) := RAe'rotR

E — plrot B 7

A* ¢ DA*)CputrotR — e 'rotR D(AY) =R pu! ot R
H — e lrot H

with
R(A) = R(A) = u 10t R = R(7),  R(A*) = R(A*) = ¢ ' 10t R = R().

The inverses

At rotR - RNe trot R, (A tietrotR = RN ' rotR,
o o
A7V rotR — et rot R, (At ietrotR — p ' rot R

are continuous and compact, respectively. We note again that both D(A) and D(A*) are compactly
embedded into L*.
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4 The Optimal Control Problem

We start by formulating our optimal control problem (1.1)-(1.5) in a proper Hilbert space setting. As
mentioned in the introduction, the admissible control set J is assumed to be a nonempty and closed
subspace of L2(w). For some given J € L2, Hy € Li and jq € L2(w) let us define

T L2(w) = 4, (4.1)
the L2(w) orthonormal projector onto J. Moreover, we introduce the norm || - || by

(@, o) := | @[3, + w02, (@,0) € L) x L2(w),
and the quadratic functional F' by

F o 2w — [0, 00)
i GIHG) ~ Haj— )l

ie.,

. 1 . . 1 ) K, . .
F() = 5I(HG) = Hayj = I = S1HG) = Hald, + 517 = jal? o,

where H = H (j) is the unique solution of the magneto static problem (1.2)-(1.5), which can be formulated
as

HeRN (p ' rotR), e trot H=7(¢j+ J). (4.3)

We note that, by 7((j + J) € e 'rotR and by (2.5), i.e., rotR = rot (RN g~ 'rotR), (4.3) admits a
unique solution since

RoN (n ' rotR) = Ro N p™'Do MMy, = Hy,, N Hy, = {0},

Moreover, the solution operator, mapping the pair (4, J) € L?(w) X Lg to H € RN (,u‘l rot R), is continuous
since by (2.3) or (3.12) (with generic constants ¢ > 0)

1/2 . . .
Hlg = (H +[rot HE)'? < e|n(C + Dlae < cl¢i + Tloe < e(|jlue + loe).

We note that the unique solution is given by H := H(j) := (A*)"'n((j + J) depending affine linearly
and continuously on j € L2(w). B
Now, our optimal control problem (1.1)-(1.5) reads as follows: Find j € J, such that

F(7) = min F (7). (4.4

subject to H(j) € RN (p~'rotR) and e~'rot H(j) = 7({j + J). Another equivalent formulation using

the Hilbert space operators from the previous section and R(7) = e~ rot R = R(A*) is: Find j € g, such
that

F(j) = min F(), (4.5)

subject to H(j) € D(A*) and A*H(j) = n(¢j + J). Our last formulation is: Find j € g, such that

K. .
517 = Jall - (4.6)

FG)=minF(G), FG) = (A5G + ) — Bl +

j€d
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Let us now focus on the formulation (4.6). Since (A*)~'7(¢(j+.J) € R(A) = R(7) and j € R(n,) = 4,
we have

. 1 £\ — . o K. . 1 o R .
F) = SI(A) (G + ) = RHal 2l = Mol + 5100~ R Fulfy, + 211 = m)jale:

and hence we may assume from now on without loss of generality

Hy=7Hy€ R(A) = R(7) = 10t R, J=nJ € R(A*) = R(x) = e ' rot R, an
Ja = Twja € R(m,) = 4.

Lemma 4 The optimal control problem (4.6) admits a unique solutioni € J. Moreover, j € J is the
unique solution of (4.6), if and only if j € J is the unique solution of F'(j) = 0.

Proof (A*)~!n( is linear and continuous and F' is convex and differentiable. Since () # J is a closed
subspace, the assertions follow immediately. O

Let us compute the derivative. Since (A*)~!7(¢ is linear and continuous we have for all j, h € L%(w)
F'(j)h = ((A*)"'7(¢j + J) = Ha, (A*) " 'mCh)a + 505 = Jas h)w,e
= (CTATH(A) (G + T) — Ha) + K(5 — Ja)s h)w e
= (CATH(A) (¢ + ) = Ha) + K] = Ja)s D) e-

)

Hence, for all j, h € g, we have

F'(j)h = (C* AT (A") (G + ) — Ha) + K(j — Ja), Twh)w,e
= (m,CCATH(AY) I (CG + J) — Ha) + 6m(f — Ja)s h)we
= (m, (" AT (AN T (¢ + J) = Ha) + 6(J = Ja), h)w,e-

In view of this formula and Lemma 4, we obtain the following necessary and sufficient optimality
system:

Theorem 5 j € J is the unique optimal control of (4.6), if and only if (j, H,E) € § x D(A*) x D(A) is
the unique solution of

J=am mC B, B = AN = Ha), 1= (A7) (G ) (48)

Remark 6 The optimality system (4.8) is equivalent to the following system: Find (j, H,E) in g x (RN
ptrotR) x (RNe~trotR) such that

rot H =en(j +elJ, rot £ = p(H — Hy) in Q,
divpH =0, diveE =0 in €,
n-pH =0, nxE=0 on T,

wH LHy,, eE LHy

and j = jq — %WwC*E.

Now, we have different options to specify the projector =, : Lg (w) = J. The only restriction is that

J = m,, L2(w) is a nonempty and closed subspace of L(w). Let us recall suitable Helmholtz decompositions
for LZ(w)
L2(w) = Ro(w) @ e L rot R(w) = VHY(w) @ e ' Dg(w) (49)
= VHY(w) ®. Hy o (W) Be e 'rot R(w).

For example, we can choose
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(i) Tw = ide(u.))v

(ii) m, : L2(w) = e 'rotR(w) C L3(w), the L?(w)-orthonormal projector onto e !rotR(w) in the
Helmholtz decompositions (4.9),

(iii) 7, : L2 (w) = e 'Do(w) C L2(w), the L2(w)-orthonormal projector onto e *Dg(w) in the Helmholtz
decompositions (4.9).

For physical and numerical reasons it makes sense to choose (iii), i.e.,

7 L2(w) = e 'Do(w) =: 4, (4.10)

which is assumed from now on. We note that all our subsequent results hold for the choice (ii) as
well. Now, we derive an equation for the adjoint state £. By Theorem 5, E and our optimal control
J = ja — Kk tm,C*E satisfy for all @ € D(A)

(AE,A®)q,, = (H — Hq,A®)q , = (A*H,®)q . — (Hq, AD)q

= (7, Blae + () Bloe — (Ha Ao, e
Note that, in case of ® € D(A) C R(A*) = R(w), we can skip the projector , i.e.,
(7T, )0z = (G 7®)ae = (G D)ae = (1,6 Ve = (jarC e — (77, C B
Hence, for all ® € D(A), it holds that
(A, A®)o + (1 Byl e = (jan o + (P = (Ha ABhoy (412

Remark 7 The variational formulation (4.12) admits a unique solution E in D(A) depending continu-
ously on J, Hy and jq, i.e., |[E|pa) < c(|Halo + |jalw + |[J]@). This is clear by the Laz-Milgram lemma,
since the left hand side is coercive over D(A), i.e., by Lemma 1 (ii) for all E € D(A)

ABL,, + 57 muC ElL o > [AEIR , > c|Elh ).

w,e =

For numerical reasons, it is not practical to work in D(A) = D(A) N R(A*). On the other hand, it is
important to get rid of 7 since the numerical implementation of 7 is a difficult task. Fortunately, due to
the choice of J we have:

Lemma 8 7n({m, = (7,

Note that this lemma would fail with the option (i) for .

Proof Let j € R(m,) = e 'Dg(w). Then, for any ball B with Q C B we have (cj € Dy and hence
(BCej € Do(B), where (p denotes the extension by zero from  to B. As B is simply connected,

there are no Neumann fields in B yielding Do(B) = rotR(B). Thus, there exists E € R(B) with
rot ' = (gCej. But then the restriction (5 E belongs to R and we have rot (5 E = (5 rot E = (ej show-
ing (j € e 'rot R = R(r). Hence, 7(j = (j, finishing the proof. a

Utilizing Lemma 8 and j € R(7,,) we obtain m(j = (j. Therefore, (4.11) turns into

v o € D(A) <AE7A¢)>Q,M - <<j7 ¢)>Q,E = <Ja (I)>Q,€ - <HdaA(I)>Q,p
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or equivalently with ((j,®)a.c = (j,(*®)w.c

1 = ek
<7TwC*E, C*q)>w,s = <]d7< (I)>w,e + <Ja (I)>Q,e - <HdaA(I)>Q,u-

K

V& e D(A) (AE,A®)q , +
Hence, we obtain the following symmetric variational formulation for £ € D(A)

VO e D)  (AE,Ad)g, + %mg*E, oG BYor e = (Cla + T, Dere — (Hay AD)gy . (4.13)
By (7o C*E, 1,(*®) o = ((muC*E, ®)q . and (4.13) we get immediately
AE + Hy € D(A*), A*(AE+ Hy) = ((ja — %ww(*E) +J.
Therefore, if Hy € D(A*), then AE € D(A*) and we obtain in € the strong equation
A*AE + %gwwg*E = (ja+J — A*H,. (4.14)
Translated to the PDE language (4.13) and (4.14) read as follows: E € I% Ne~trot R with
Vo eR (rot E,rot @) -1 + %(ww(*E,wwg*@w,g =(Cja+ J, ®)a . — (Hy,rot D) (4.15)

or, if Hy € R,
_ 1 _
rot p lrot B + —elm,(*E = e(jq + eJ — rot Hy. (4.16)
K

Theorem 9 For j € Lg (w) the following statements are equivalent:
(i) j € g is the unique optimal control of the optimal control problem (4.6).
(ii) 7 is the unique solution of the optimality system

_ 1 _ _ _ _ _
j=Ja=-muC'E, E=ATNH = Ha), H=(A)" G+ ).

We note (j = m(j by Lemma 8 and j € J.
(iii) j = ja — k"7 C*E and E € D(A) satisfies (4.13), i.e.,

_ 1 _ .
vq) € D(A) <AE7A(I)>Q7H + E<7rw<*Ea ch*‘mw,a = <<.]d + ']7 ®>Q,E - <Hd7A‘I)>Q,H'

By (ii1), (4.13) is uniquely solvable.
Proof By Theorem 5, we have (i)<(ii). Moreover, (ii)=-(iii) follows from the previous considerations.
Hence, it remains to show (iii)=-(ii). For this, let j := js — k17, ,(*E € § with E € D(A) satisfying
1 .
Ve S D(A) <AE5 A(D>Q,u + ;<7TwC*E7 WWC*(I)>UJ,E = <<]d + Ja ¢)>Q,E - <Hda A(D>Q,M-
Hence
H:=AFE+ Hy € D(A*)NR(A) = D(A*), A*H =((ja—r '1,C'E) + J.

Thus, E € D(A) solves AE = H—Hg and H € D(A*) solves A*H = (j+.J. Therefore, E = A1 (H — Hy)
and H = (A*)71(¢j + J), and so the tripple (j, E, H) solves the optimality system (ii), yielding j = j. O
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5 Suitable Variational Formulations

Let us summarize the results optioned so far and introduce some new notation. We recall our choice
(4.10), i.e.,

Tyt L2(w) = e 'Do(w) = 4,
and the related Helmholtz decomposition
L (w) = VH!(w) & 3. (5.1)
In view of Lemma 8, the optimal control problem reads as follows:

- . . . 1 ) . 1 . K, .
F(j) =minF(j), F(j) = FIHG) - Ha,j —Ja)lP? = SIH () = Hald,,, + 517 — dal2. . (5.2)

subject to
H(j)eRN (g 'rotR), e 'rot H(j) =n(j+J=(j+J,
where the external current density J, the desired magnetic field Hyq and the shift control j4 satisfy
JeR(m)=e'rotR, Hge R(m)=p 'rotR, jse€ R(m,)=4.

We note that H = H(j) solves the system

rot H=¢({j+J) in Q,
divpH =0 in Q,
n-pH =0 on T,

pH LMy,

in a standard weak sense.

From now on, we assume that €2 is a bounded conver domain. Since {2 is convex, it has a connected
boundary. For this reason, every Dirichlet field vanishes, i.e., Hp . = {0}, which is important for our
variational formulations, as we will see later. Also, note that every Neumann field vanishes, i.e., Hy , =
{0}, because every convex domain is simply connected. We also recall Theorem 5, Remark 6 and (4.10),
which we summarize in the following strong PDE-formulation:

Theorem 10 For j € Lf. (w) the following statements are equivalent:
(i) j € g is the unique optimal control of the optimal control problem (4.5).
(ii) j is the unique solution of the optimality system
j=ja— K 'm,C*E, rotE = pu(H — Hy), rotH =¢e(¢j+J)
with unique E € RNe 'rotR and H € RN~ 'rotR.
(iii) j = ja — k'L C*E, and E is the unique solution of E € RNe 1ot R satisfying
Vo eR (rot E, rot P)gy -1 + kN, C*E, Tw( P w.e = (Cja+ J, ), — (Ha,rot D).

According to Remark 7, the variational formulation

V®eRNe 'rotR (ot B,rot ®)q -1 + & {(mWu(*E, 1y (@) e = ((Ja+ J, @)q,- — (Ha,rot @)g
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(o)

admits a unique solution E € RN e !'rotR depending continuously on the right hand side data, i.e.,
|E|g < c(|Halo + |jalw + [J]a). The crucial point for applying the Lax-Milgram lemma is the Maxwell
estimate (3.11), i.e.,

[e]
VEeRN 671 rot R |E|Q7E S ém7Q| rot E|Q,,u*1a émﬂ = cm,t,ﬂ,s,u*1 = CA- (53)

Recently, the first author could show that, since €2 is convex, the upper bound
Co SEMCQ
holds, see [16-18]. Here, ¢, o denotes the Poincaré constant, i.e., the best constant in
VueH) :=H' NnR* lulo < cpalVula (5.4)
with the well known upper bound

d

o < = dq = diam(Q),
™

see [2,20]. By the assumptions on € and p, there exist £, > 0 such that for all £ € L2 9
e YE|a < |Elae <EE|q, e YE|ae < |eElq <E|E|qe-

We note |E|g,. = |[¢/?E|q and [¢/?E|q. = |eE|q. For the inverse !, we have the inverse estimates,
i.e., for all E € L*(Q)
£ Ela < |Blo. <elElo, &7 '|Elger <|e7 Elo < glElae1

We introduce the corresponding constants p, i > 0 for u. We emphasize that the Helmholtz decomposi-
tions

L2 =VH! @. e 'rotR, R=VH!'@. (RNne 'rotR), (5.5)
L? = VH' @, "' rotR, R=VH'@, (RN *rotR) (5.6)
hold since by the convexity of 2
Hp. = {0}, Hy, = {0}, rot R = Dy, rot R = Dy.

Moreover,

and for F € F{ and H € R we have

rotmE =rot E,

7R =RnNe 'rotR,

%R:RﬁlflrotR

rot mH = rot H. (5.7)

Finally, we equip the Sobolev spaces H! and H) with the norm |V - |q. as well as R and R with the

1/2
norm | - |R = (| . |?2’€ + | rot '|52MF1) .

From now on, let us focus on the variational formulation of Theorem 10 (iii).
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5.1 A Saddle-Point Formulation

_ ) _ o _
For numerical purposes, it is useful to split the condition E € RNe~!'rotR into £ € R and ¢F € rotR.
Thanks to the vanishing Dirichlet fields, we have

o

rotR = Dy = (VHY)*,
which is a easy implementable condition. Then, Theorem 10 (iii) is equivalent to: Find E € R such that

Ve eR <I‘Ot Ea rot (I)>Q,/4*1 + H71<7TwC*E7 ’/Twc*q)>w,s = <C]d + Ja (I)>Q,e - <Hd7 rot (I)>Qa (58)
Vo e H! (E,V)a,. = 0. (5.9)
Mixed formulations for this kind of systems are well understood, see e.g. [4, section 4.1]. Let us define two

o o (o) o o (e}
continuous bilinear forms a : Rx R = R, b: R x H' — R and two continuous linear operators A : R — R,

o [e] [e]
B :R — H! as well as a continuous linear functional f € R’ by

VU, P eR ATU(®) := a(V,®) := (rot U, rot @) -1 + £~ (T, 70 PP ey
VU ER,peH! BU(p) :=b(¥, ) == (¥, Vop)a.,
Ve eR f(®) :=((ja+ J, ®)a.c — (Hq, rot D)o

Then, (5.8)-(5.9) read: Find E € R, such that
v eR a(E,®) = f(®), (5.10)
Vo € H! b(E,p) =0 (5.11)

or equivalently AE = f and BE = 0, i.e, E € N(B) and AE = f. In matrix-notation, this is nothing but

Al m_|f
3] 7= [s]
Theorem 11 The wvariational problem (5.10)-(5.11) is uniquely solvable. The unique solution is the

_ o
adjoint state E € RNe~1Dy.

Proof (5.11) is equivalent to E € e~ 'Dy = e~ ! rot R. Thus, unique solvability is clear by Theorem 10
(iii). However, for convenience, we present also another proof. For

EeN(B)=Rne'Dy
we have by (5.3)
a(E,E) > |rot E[§, -1+ > (1+ ¢ o) ' E]2, (5.12)
i.e., a is coercive over N(B). This shows uniqueness and that there exists a unique E € N(B), such that

VO e N(B)  a(E,®) = f(d)

holds. But then, thls relation holds also for all ® € R i.e., (5.10) holds, which proves existence. For this,

let us decompose R 530 =>0y+ P € VH1 @ N(B) by (5.5). Then, by rot dy = 0 and 7,(*®y =0
since (*®y € VH(w), see (5.1), as well as (jq + J € e Dy = R(w) by Lemma 8, we have

a(E, ®) = (rot E,rot ®)q -1 + £~ (1, E, m,(* @) o
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= (rot E,rot Dp)q -1 + & (T E, 1, o) - = a(E, o) = (Do) = f(P).
Theorem 10 shows E = E. O

For numerical reasons, we look at the following modification of (5.10)-(5.11), defining a variational

problem with a well known saddle-point structure: Find (E, %) € R x H!, such that

Vo e R (B, ®) + b(®,7) = f(P), (5.13)

Vo€ H! b(E, ) = 0. (5.14)

We note that b(®,u) = B®(u) = B*u(P) with B* : H' — R’. So, (5.13)-(5.14) may be written equivalently
as AE + B*u= f and BE =0, i.e, E € N(B) and AE + B*u = f. In matrix-notation this is

A B [E] _[f
B 0] |a] |0]
Lemma 12 For any solution (E,u) € R x H! of (5.13)-(5.14), i.e., of

¥ eR (B, ®) + b(®,u) = f(P),
Vo eH! b(E,¢) =0,
it holds that u = 0.

Proof For ¢ € H! we have m,(*Vy = 0 as in the proof of the previous theorem since (*¢ € H!(w) and

(*Vo = V(*p € VHY (w). Setting ® := Vu € Ry, we get 7,(*® = 0 and hence a(E, ®) = f(®) = 0. But
then 0 = b(®, u) = [Vulg, , yielding u = 0. O

Now, it is clear that (E,0), where E is the unique solution of (5.10)-(5.11), solves (5.13)-(5.14). On
the other hand, any solution (F, @) of (5.13)-(5.14) must satisfy @ = 0, and hence E in turn solves
(5.10)-(5.11). This shows:

Theorem 13 The variational formulation or saddle-point problem (5.13)-(5.14) admits the unique solu-
tion (F,0).

Remark 14 Alternatively, we can prove the unique solvability of (5.13)-(5.14) by a standard saddle-point
technique, e.g. by [4, Comllary 4. 1/ We have already shown that a is coercive over N(B) = RNe Dy,
see (5.12). Moreover, as VH1 = Ro C R we have for 0 # ¢ € H1 with ® := Vp € RO

b(®, b(V Vol? b(2,
sup <I>( ¢) > Ve, 0) | <P|§z,e 1 = inf  sup q)( ¢) > 1.
ocr [®lRIPls, T IVelRlVelas  [Vels, otpeiin pod | PlRlPls,

By Lemma 12 we see that u = 0.

5.2 A Double-Saddle-Point Formulation

Now, we get rid of the unpleasant projector 7, yielding another saddle-point structure. For this, we
assume for a moment that w is additionally connected, i.e., a bounded Lipschitz sub-domain of 2. Let
us decompose some £ € L2(w) by (5.1), i.e

E=—Vo+e & e VHY (w) &, d, 3257160(“’)-
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To compute &y, we can choose v € H! (w) := H!(w)NR* as the unique solution of the variational problem
VoeHI (W)  Kd(v,¢) = (V,Vous = (£ Vo)ue (5.15)

Then, 7,¢ = e ¢ = £ + Vv and therefore for E,® € R with ¢ := (*E

a(E, ®) = (rot B, 1ot ®)q -1 + &~ (mu(*E, 1, (" @), . = (rot E,rot @) -1 + £~ (1, (B, (@),
= (rot B, 1ot ®)q 1 + &~ HCE, (* @)y e + 57 H V0, " D), . .

=:a(E, D) =:¢(®,v)

Hence, the saddle-point problem (5.13)-(5.14) can be written as the following variational double-saddle-
point problem: Find (E,4,v) € R x H! x H! (w) such that

Vo e R (B, ®) + b(®, ) + ¢(P,7) = f(®), (5.16)
Ve H! b(E, ) =0, (5.17)
V¢ e Hi(w) (B, ¢) +d(v,¢) =0 (5.18)

As before, the continuous bilinear forms @ : R xR - R, ¢: R x H! (w) = R and d: H! (w) x H! (w) = R
induce bounded linear operators A : R — R, € : R — H! (w)’ and D : H! (w) — H! (w)’ in the following
sense:

VU, R AU (D) := a(¥, ®) := (rot U, rot B)g -1 + £~ (W, (F D), .,

¢) = ”71 <<*\Ija ng)w,é‘v

VU eR,é e HL (w) CU(h) = (T,
1/)7 ¢) = ’171<V1/)7 V¢>w,s-

Vi, ¢ € Hi (w) Dy(¢) := d(

We note that ¢(®,v) = C®(v) = C*o(P) with €* : H! (w) — R’. So, (5.16)-(5.18) may be written
equivalently as AE+B*u+C*v = f, BE=0and CE+Dv =0, ie, £ € N(B) and AE+B*u+C*v = f,
CFE 4+ Dv = 0. In matrix-notation, this is

B 0 0 =|o|. (5.19)

A B+ ¢ [E f
u
e 0 Do

Note that we have formally 5
E=A-¢cDte)"lf

and formally in the strong sense

A = rotg ,u_lrgtg + k1¢eCH, A* = A,

B = —divge, B~ E%Sh

C = —kldivy,eC”, e = ko lCev,,

D2 g div,eVe, D* — D, £ e(Cjat ) — rot Ha.

Here, the ¢ and -, 'w indicate the boundary conditions and the domains, where the operators act,
respectively.
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Theorem 15 The variational formulation or double-saddle-point problem (5.16)-(5.18) admits the unique
solution (E,0,9) with Vo = (1, — 1)(*E. Moreover, j = ja — k ‘7 (*E = ja — k~Y((*E + V) defines
the optimal control.
Proof Since m,(*E = (*E + V7, if and only if v € H} (w) and

VoeH (W) (B ¢)+d(v,6) =0,
we have

VO eR a(E,®) + b(®,a) = f(®),

if and only if m,(*E = (*E + Vo and
vo eR a(E,®) + b(®,u) + c(P,0) = f(P),

if and only if v € H} (w) and

Vo eR a(E,®) + b(®,u) + c(P,0) = f(P),
Vo € Hl(w) o(E, ) +d(v,¢) =0.
Hence, the unique solvability follows immediately by Theorem 13. ]

Remark 16 As in Remark 14, we give an alternative proof using the double-saddle-point structure of
the problem. We rearrange the equations and variables in (5.19) equivalently as

A @
e D 0
B 0 0

*

%
I
—
SIS eS|l
0

Il

—
O O
= -

and obtain
B R YR S T (A )

Now, A : FileL(w) — (I%leL(w))/, B Io?lel(w) — I(-)Il', B* L HL (Io?lel(w))/ and f € (I%leL(w))/.
For bilinear forms this means: Find ((E,v),u) € (I% x HY (w)) x Ifil, such that

¥(®,6) € R x HL (w) a((E,0),(®,9)) + b((®,0),7) = [((®,9)), (5.20)
0

Vapeﬁl E((E,T;),(p) =

o

where for (V,4), (®,¢) € R x H (w) and ¢ € Ifi1
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Now, we can prove the unique solvability of (5.20)-(5.21) by the same standard saddle-point technique
from [4, Corollary 4.1]. As a is coercive over N(B) = RN e~ 1Dy, see (5.12), so is @ over the kernel

N(B) = N(B) x HY (w) = (E( Ne 'Dg) x HY (w). More precisely, for all (E,v) € N(B) and § € (0,1)

&((E,v)7 (E,v)) = ZL((E,U), (E,v)) +2¢(E,v) + d(v,v)
=|rot Elg,+ + & B+ 267 HCE, Vo)ue + 57 Vol .
= |rot E|?W,1 +rHCE + Vv|i’5
1+ &) HER +0r7HCE + Vo2,
1
1+ 6379
1 )

1 0
> — |10t E3 - — — )|E|2 — |Vl ..
— 1+6§19|r0 ‘Q,ﬂ 1 + (1+éz’9 /ﬁ:)| |Q,E + 2/€| U|w,a

\%

)
2 \V4 2
w,e 2[{| v|w,5

v

5
E|2_— —|C'FE
| |Q,6 ch

1
m| rot E‘?‘L#—l +
m,

Hence, aa((E,v), (E,v)) > |[E]2 + v, = [(E,v) .. . ford sufficiently small with some o > 0.
R HY (w) RxHY (w)

Then, as before, for 0 # ¢ € H! with ® := Vo € Ry and now also ¢ := 0

ZA)((q),(b),(P) — sup b((D,(p)
|((I)’¢)|R><Hi(w)|@‘ﬁ1 ‘(q)’(b)‘RxHi(w)'(Mﬁl

sup

(@,6)ERxH (w) (@,6)ERXH ()
b(Veo,0)  IVela.

- ‘V90|R‘V90|Q,6 B |V‘P|?2,s B

and thus

b((®,0), ) -

inf sup > 1.
‘((I)7 ¢>‘R><Hi(w)|<p||?|1

0#4peh! (®,6)eRXH! (w)

Therefore, (5.20)-(5.21) is uniquely solvable. This is equivalent to (5.16)-(5.18). Moreover by (5.18) we
see Vo = (m, —1)(*E. Hence, (E,u) is the unique solution of (5.13)-(5.14) and Lemma 12 shows 4 = 0.

Remark 17 We emphasize that (5.18) holds for all ¢ € H'(w) as well, since only V¢ and Vv occur.

Hence, we can also search for v € HY(w), where in this case v is uniquely determined up to constants.
This shows also that we can skip again the additional assumption of a connected w. Then, U is uniquely
defined just up to constants in the connected subdomains of w, but this does not change the uniqueness of
the orthogonal Helmholtz projector n,(*E = (*E + V.

Finally, we write down the double-saddle-point problem (5.16)-(5.18) in a more explicit form: Find
(E,u,v) € R x H! x H}(w), such that

v eR (rot B, 10t ®)gy o1 + £~ H(C* B, (D), (5.22)
D, Va)g. + K HE D, V), e = (Cja+ J,®)q. — (Ha,rot B)g,

Ve H! (E,V)a.:=0, (5.23)

V¢ € H (w) K HCE, V@Yo + K NV, V), = 0. (5.24)

Or altogether: Find (E,u,7) € R x H! x H!(w), such that for all (®, ¢, $) € R x H! x H(w)

(rot E,rot @) -1 + £~ ((TE, @) c + (@, VU)o, + £ {(*P, V), (5.25)
H{E,V)ae+ b HCE, V) e + 5V, V) e + (Hayrot ®)q — ((ja + J, P)gc = 0.
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The unique optimal control is

— o

J=ja— & M E =ja— kH(CE + Vo) € e 'Dg(w) = 3.

Note that (j € e 1Dy and that ¥ € H!(w) is only unique up to constants in connected parts of w.

6 Functional A Posteriori Error Analysis

We will derive functional a posteriori error estimates in the spirit of Repin [19,23]. Especially, we are
interested in estimating the error of the optimal control j — j.

Let £ € R and & € H'(w). Then

E e I%, ji=ja— K HCE+VD) el}(w), H:=p 'rotE+Hye u_ll?)o (6.1)
may be considered as approximations of the adjoint state, the optimal control and the optimal state
E e I%ﬂeleo, j€ 67150(@7 HeR rnflf))o,
respectively. We note that
j—i=kNCE+Vi—m,(E)=r"(((E - E)+ V(i — 7)) € R(w),
H—-H=p'rot(E—F) ¢ /fllgo,
and hence

krot(j — j) =rot (*(E — E) = ¢*rot(E — E) = u¢*(H — H) € rot R(w).

If jo € R(w), then j € R(w) Ne~'Dy(w) and j € R(w).
First, we will focus on the variational formulation (5.10), i.e., (5.8). We note that

(Hg,rot ) = (rot Hy, P)q

holds for & € R and Hyq € R, giving two options for putting Hyq in our estimates depending on its
regularity.

6.1 Upper Bounds
For all ® € R and all ¥ € R, we have by (5.8) that

(rot(E — E),rot D) -1+ £ H T C(E - E), 1, ®),

(WHq + 1ot B 1ot @) -1 + (ja — 6 10 E, C @) + (J, @)a.
(H 10t ) -1 + (Ca + J — K (muC B, @Yo

= (u(¥ — H),10t ®)gy ;-1 + ((Ja + J — k(T E — e 1ot ¥, @) .

Since J,e " rot U € e~ rot R = R(n) as well as (m,¢(*E = n{m,¢*E and (jg = (mwja = 7¢muja = 7Cja
by Lemma 8, we see that

R(7) 3 Cja+J — kX moCE — e rot O = n(Cja + J — k1 (m,C*E — e Lrot ¥).
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Thus,
(rot(E — E),rot D)o -1+ K_1<7Twc*(E — E),ﬂw(j*@)w’g 6.2)
= (u(¥ — H),rot Q)g -1+ (Cla+J — kT C*E — et rot U, nd)q .. '
As 7® € RNe!rot R with rot 7® = rot ® by (5.7) we get by (5.3)
|7T¢)‘Q7E < ém,Q| rot (I)|Q7#71. (63)

Therefore, by (6.2), it follows that
(rot(E — E), rot ®)g -1 + /171<7rw§* (E — E), Tw( P)w e < My rot,m, (E, f{; V)| rot ®|q -1, (6.4)
where
M ot m (E, H:; V) = |ﬁ —Ula,u+ énolCja+J — kY C*E — e rot U)o
Note that M ;o x, can be replaced by

Mot (B3 0) := |10t B — pg 1 + énalCja + J — k1 mC*E — e rot (¥ 4 Hy)

Qe

if Hy € R, since e~ rot Hy € R(w). Inserting ® := E — E € R into (6.4) yields for all ¥ € R that
HE - EHrot S -/\/tJr,rotm'W (Ea E’, ‘Il)a (65)

where we define | - |0t by

1
n¢m“:um¢ﬁwy+ymgwﬁ ® eR.

w,e’
To estimate the possibly non-solenoidal part of the error, we decompose E by the Helmholtz decom-
position (5.5)
E=Vy+nE e VH @, (RNetrotR), rot 7E = rot E.
Then, for all ® € e~ 'D
Vol = (E,VE)ae = (£~ @ V@)a. — ([dive®, @) < My aiv(E; @) Vo,
and hence 5 ~ 5
V@la,e < Myaiw(E;®), My ain(E;®@) = |E = Plg. + G ofdived|q.

Here, ¢, 0 := ¢po,0,c is the Poincaré constant in the Poincaré inequality

VeeH' oo <éalVelae. (6.6)

Here, we recall that

) do
Cp, < ECp0,Q; Cpo,0 < Cp < -

As E already belongs to RNe~!rotR, we have £ — E = 7(E — E’) — V¢ and obtain by orthogonality
and by (5.7), (6.3) for all ¥ € R and all & € 71D
B~ Efy. = Vo +|m(E - E)f . < MY g (B; @) + & of rot(E — E)lg -1,
|E = EI? < M3 41y (B; @) + & o E — E;

m, rot>
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where | - | is defined by

~2
Cn,0
012 = |83, + 22 maf,,  Bel?.

Let us underline the norm equivalence for ® € R

2 2 2 2 1+é}?179 * 2
(@l < [Py = (@ + 1ot O 1 + — = |muC @2,
14 ¢ 1+¢;
< (14 =P[O+ |rot @3 0 < (14— =2) |82,
where | - ||R is defined by

rot»

|2l = |2 + |23 ®ER,

1+¢2
ic., |O2 = @[3, + 1ot B , 1 + —=2

K

‘ﬂ—wC*(I)E),E'

Lemma 18 Let E € R. Then, for all ® € e7'D and all ¥ € R, it holds that
|E = B> <& olE — Elfo + M% g1 (E; D),

|B - B2 < (1+&0)|E - EI% + M2 4, (B; ),

”E — E"rot S M+,rot,7rw (Ev I::L \11)7
where

M+,rot,7rw (Ea I::L \Ij) = |I:I - \IJ|SZ,/,L + ém,QK_jd + J - HﬁlCWwC*E - 571 rot l:[/|Q,Ea
M div(E; @) = |E — @l - + ép ol dived|q,

and M rot,x, can be replaced by /\;l+,mt,7rw, if Hy € R.

Remark 19 We note that, by the convezity of 2, all appearing constants admit computable upper bounds:

. . __ do
Cp, 0 < ECp o, Cu,0 S EMCQ, Cpo,02 < Cpa < s

Setting ® := E € e~ 'Dg, we get
M aiw(E;E) = |E = Eloc.
For ¥ := H € R we see uH =rot E + pHy and e~ 'rot H = (jg + J — k™ (m,¢*E and thus

~ ~ — _ ~ cﬂl % _ ~ _ ~
M+,r0t,7rw(E7H;H) = |H - H|Q,M + I;Q|7Tw< (E - E)|w,6 < Cn"E - EHrot

by w(H — H) = rot(E — E) and with

-2
C 1
(1+ =2 2
K
For Hy € R and defining ¥ := H — Hy € R we see

M"l‘»rOtvﬂ'w (E’ H - Hd) = M""»rOtvﬂ'w (E’ g; H)
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Remark 20 In Lemma 18, the upper bounds are equivalent to the respective norms of the error. More
precisely, it holds

”E - E"rot S lnf M—}-,rot,ﬂw (E7H7 \Ij) S M—F,I‘Ot,ﬂw (E7H7 H) S CK"E - E||rot7
veR

|E - EJ2 < (1+é&q) inf MY 10, (B, H; W)+ inf M3 4, (E;®)
weR Pdee—1D
< (1 + él?l,Q)Mgr,TOt,ﬂ'w (E7 H7 Er) + M?‘r,div(E; E)

<AL+ G o)lE — Elfoy +|E — Ef§y. < ci(1+&o)|E— EI3.

If Hy € R, the majorant inf My 1ot x, (E,f[; U) can be replaced by inf ./\;l+7r0t7m (E; U) and the terms
TeR TeR
-/\/l—i-,rot,ﬂ'W (E, H; H) by M—i—,rot,ﬂ'w (E7 H — Hd)-

In Lemma 18, the upper bounds are explicitly computable except of the unpleasant projector m,.
Moreover, so far we can estimate only the terms

E—E, rot(E — E), 1.C"(E - E),
but we are manly interested in estimating the error of the optimal control j — j, where
K(j—J)= T E+E+Vi=((E-E)+V(—0).
We note
V@ = ) < Kl — loe + [C(E = B)one. (6.7)

To attack these problems, we note that the projector =, is computed by (5.15) as follows: For £ € Lg (w)
we solve the weighted Neumann Laplace problem

V¢ S Hi(w) <VU7 V¢>w,s = _<§a V(b)w,e

with v = v¢ € H} (w). Then, 7, = £ + Vu. Now, for o € H!(w) as well as for all ¢ € H'(w) and all
T € e7!'D(w) we have

(Vv =1),Vo)uwe =(T == V0,V )ue + (diveY,¢1 ), < (|T &= Viye+ 6p,w| div 5T|w)|v¢‘w,5a

where ¢, € Hﬁ_(w) with V¢ = V¢,. Here, ¢, = cpu, is the Poincaré constant in the Poincaré
inequality

VoeHL(w) [l < GalVe

we (6.8)

and we note
Cpw S EC s

where ¢, < d,, /7 if w is convex. Hence, putting ¢ := v — ¥ gives
V(0= 0)|w,e < [E+VD—T|oe + Epo|diveY,.
Especially for £ := C*E with WwC*E = C*E + Vv we obtain immediately
K(j = J) = muC*(E — E) + V(v —10),
‘%2‘5 - jli,s |7Tw<*(E - E) 3)76 + |V(U - ﬁ)'i,s?
V(0 = 0)|we < [CE+ Vi — Yoo+ ool diveY|, = My - (B, ;).
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We remark 7,(*E = (*E + Vo giving
(B - B) =G (B — B) + V(o — 1),
IC(E=E)Z . =mC (B =B+ V(@ —-0) ..
This shows
V(v = 0)|we, [Tl (E - E)|w,6 < K|j - j‘w,ea
V(0 = 0)]w,e, [T (E - E)lwe < I¢*(E - E)|w,
and thus (6.7) follows again. We note that as
Krot(j — j) = (*rot(E — E) = p¢*(H — H)
and hence o o o
H| I‘Ot(j 7j)|w,u*1 = |C* I‘Ot(E - E)|w,u*1 = |C*(H - H)|w,lt
we can even estimate j — j in R(w). More precisely,
Klj = 15 + K7 rot(f = )5 0 S Kl =I5+ 1H - HE,
=K T, CH(E — E)w5—|—/f 1\V(U—v)| .+ |rot(E — E)|Qlfl
<|E- E'||,rot + /ﬁ_l./\/l?,_mw (E, 0; 7).
Next, we find a computable upper bound for the term |(ja + J — £~ (mu(*E — e ot Ul in the
majorant M ot (E, H; W), simply by inserting 7,(*E = (*E 4 Vi + V(v — 9), ylelding
(Ca+J = K (muCTE — e rot Ulo. < [Cja+J — k7 IC(CTE+ VD) —e 1ot Ulo + £ V(0 = 0)|ue
<|Ci+J —etrot Ulg. + KTIMG L (B, 5.

Putting all together shows:

Lemma 21 Let B € R and © € H(w). Furthermore, let j == js — k' (C*E + Vo) € L*(w) and
H:=p ‘rot E+ Hy € ;Fllso. Then, for all ® € e7'D, all ¥ €R and all T € 5*15((,()), it holds that
V@ = 0)loe < (B = B)lo, Myr (B, 5:7)},
K| 10t (j = w1 = 1 (H = H)lwy < |H = Hlau = [10t(E — E)|g -1,
Klj = Jloe+ 1H = Hf, S |E = Elfy + 57 M3 (B, 5 T),
|E = EI” < & ol E — Elfo + M3 g1 (E; D),
|E - B2 < +&a)|E — Elf + M g (E; @),

"E - E‘|r0t S MJr,I'Ot,ﬂ'w (E7-H; \I}) S MJr,rot( 7j; \I}) + K~ ém,QMJr,‘n'w (Eaﬁ; T)7

where
M+,rot(f{73§ 0) = |H - Ul + ém,QKj +J—e trot ¥lg.,
M—i—,div(E; q)) = |E — ¢|Q,s
My 2 (B, 5;7) =|CE4 Vo — T)ye + G| diveY],.

If Hy € R, M ot can be replaced by ./\;l+,r0t with

M sot(B, i U) =10t E — p¥|q -1 + énal¢j + J — e rot(¥ + Hy)|o,-.
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For Y := 71,(*E = (*E + Vv € e 'Dg(w) we have
MJr,‘rrw(Evﬁ;Ter*E) = H|3 - 3|w,s S K*(E - E)|w,s + ‘V(’U - f})|w,s~
For ¥ := H € R we have e " 'rot H = (j + J yielding

M sot(H, js H) = |H = H|g p + éa0lj
< |10t(E — E)|q,-1 + aor” (|¢*(E = E)lwe + V(0 = 0)|uw,e).-

Again, for Hy € R we get /\;l+,rot(E,5;H — Hy) = M+7rot(ﬁ,5;ﬂ).

A main consequence from the third and the last estimates in the above lemma is the following a
posteriori error estimate result:
Theorem 22 Let E € R and © € H'(w). Furthermore, let j := ja — = Y(C*E + Vd) € L2(w) and
H:=p 'rot E+ Hy € p~'Do. Then

7 r ~ ry r3 - ~ 1/2
I(H — H,j =)l = (1H - Hg, + 515 - 512.2)
< My ror(H, 53 0) + (57 eng + 872 )My 1 (B, 5 )

holds for all W € R and all T € sfls(w),

Remark 23 In Lemma 21 and Theorem 22, the upper bounds are equivalent to the respective norms of
the error. More precisely, it holds

I(H —H,j— )l < \IllnfR My sor(H, 5;9) + (5 eno +£72) inf - My o (B, 5 )
€

< M wor(H G5 H) + (57 eng + 57 My r, (B, 5 10C* E)
< |H — Hlou + (éaa + 2% )| — jlo.e
<|H — Hlgu+ 3¢k 2] — jluwe
< (L+9¢)' 2((H — H,j = )l
Moreover, there exists a constant ¢ > 0, which can be explicitly estimated as well, such that

¢ H(1H - HI .t B~ B} +[V(@-0).)

< inf M3 (H,5;0)+ inf M3 4 (E;®)+ inf M3 (E,57)
YER ®ece1D Tee—1D(w)

<c(H —Hf, +1E~Elf .+ V(o -0)%.).

If Hy € R, the majorant inf ./\/l+7rot(I:I,3;\Il) can be replaced by inf ./\;l_,_,rot(E,j;\I/) and the term
TeR weR

M+,rot(£’a3; H) by MJr,rot(Evj; H - Hd)
By Lemma 21, we have fully computable upper bounds for the terms
‘j _.ﬂw,sa |I‘Ot(5 _j)lw,pflv ‘ﬂ-wc*(E_E”wﬁ

and

e<SIE=E|,  |rot(E ~E)lgu-1 <[|E — Elrer,

i.e., for the terms

U_.ﬂR(w)v ‘E_E|R S||E_E~‘"Ra |7TUJC*(E_E~‘)|W,E'



24 Dirk Pauly & Irwin Yousept

6.2 Lower Bounds

To get a lower bound, we use the simple relation in a Hilbert space

Vo o faf* = max (2(z,y) — |yl*) = max 2z —y,y).

Note that the maximum is attained at y = x. Looking at

I(H — H,5 =) = |H ~ HIg, , + £lj =I5 c = [10t(E — E)[3 - +klj = jl3 c

we obtain with H :=rot ® and j := (*® for some ® € R by (5.8)
I(H - H,5 - )HI?
| rot(E — E)|?2”u‘—1 + Kk YruCE - C°E — V|2 .

_ I A -1 X R XIS A A
_g?é@rot(E E)-H,H)g, 1+~ jgﬁg(}fj)@(wwg“ E—-CE—-V0) -4 we

> (210t E — 10t(2E + @), 10t D) 1 + £~ H2(1Wu(*E — C'E — Vo) — (" ®, (D),

2(ja— 7'VD) = KT RE 4 @), ®)ue + 2(J, @) — (2uHg + 10t(2E + @), 10t @)y -
= (2(Cja+ J — kIHVD) — KTICCH(2E 4 @), @) . — (2uHqg + 10t (2F + @), ot D) 1

(20 +J) = kD, D)q . — (2H + p~ L rot @, rot B

= M_(H,]; D).

The maxima are attained at H := rot(E — E) and j == m,(*E — C*E — Vo. We conclude that the lower
bound is sharp. For this, let o, © € H! be H!-extensions to Q of &, #. Note that Calderon’s extension

theorem holds since w is Lipschitz. With a cut-off function x € C*(Q) satisfying x|, = 1 we define

Then, rot ® = rot(E — E) = H and

(= (E—E)+ V¢ (x(0-0) = (E-E)+ V(0 -0)
=((E-E)+V(0—10) =7m,("E—-("E—-Vi=].

Alternatively, we can insert j := m,(*® into the second maximum, yielding

I(H - H,5 - jI?
> (210t E — 10t(2E + @), 10t D) -1 + £~ H2(mWwC E — *E — V) — 1,0, 1 (P,
= (210t E — 10t(2E + ®), 1ot ®)y ;-1 + £~ (210 (B — B) — 1, @, 10T D)oy
<2(C]d + J) - 'flCﬂwC (2E + q))a (I)>Q,s - <2:U'Hd + I‘Ot(QE + (p)a rot ®>Q,u*1
(2(Cja+J) = K7 (muC 2E + @), @)oc — (2H + p~ ' ot &, rot )
= M_ . (E,f[; D).

In general, this lower bound is not sharp. It is sharp, if and only if ¢ *E + Vi € R(my,), if and only if
C*E + Vo = WWC*E since then we can choose ® := E — F yielding rot ® = H and T, (P =7

Lemma 24 Let E € R and © € H'(w). Then

I(H = H,j = ) = max M_(H, j; ®) > sup M_ 1 (E, H; ®).
PeR PeR
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6.3 Two-Sided Bounds

Combining Theorem 22 and Lemma 24, we have

Theorem 25 Let E € R and v € H'(w). Then

sup M, (B, H; ®) < max M_(H,j;®) = |(H — H,j — HI* = |H — H[, , + xlj — jI2 <

deR PeR
< (inf My poo(H,J;9) + (5 emo + 172 inf My (B, 57))%
TeR Tee—1D(w)
where
M+,rot(H75; \I!) = |I:I - \I/|Q”u + 6m,Q|C§ + J - 571 rot lIJ|Q,63
My (B, 5;0) = [CE + Vi — Yoo + G| diveY|y,
M_(H,5;®) = (2(¢j + J) — k7D, @Y. — (2H + i~ rot @, rot @)q.

If Hy € R, M 1ot can be replaced by ./\;l+7r0t with

Mot (B, 5;9) = |10t B — p®|q -1 + éanlCl + J — e ' 1ot(¥ + Hy)|ge

7 Adaptive Finite Element Method

Based on the a posteriori error estimate proven in Theorem 22 of the previous section, we present now an
adaptive finite element method (AFEM) for solving the optimal control problem. The method consists
of a successive loop of the sequence

SOLVE — ESTIMATE — MARK — REFINE. (7.1)

For solving the optimal control problem, we employ a mixed finite method based on the lowest-order edge
elements of Nédélec’s first family and piecewise linear continuous elements. Furthermore, the marking of
elements for refinement is carried out by means of the Dorfler marking.

7.1 Finite Element Approximation

From now on, ) and w are additionally assumed to be polyhedral. For simplicity we set € := 1. Let
(hy,) denote a monotonically decreasing sequence of positive real numbers and let (E(Q)) I be a nested
shape-regular family of simplicial triangulations of 2. The nested family is constructed in such a way
that p is elementwise polynomial on 75 (£2), and that there exists a subset T, (w) C Tn(€) such that

w= |J T

TETh(w)

For an element T' € 75,(€2), we denote by dr the diameter of T' and set § := max {hy : T € T5(Q)} for
the maximal diameter. We consider the lowest-order edge elements of Nédélec’s first family

M(T):={®:T—R®: ®(z) =a+bxz with a,b € R*},

which give rise to the rot-conforming Nédélec edge element space [12]

] o

Ry = {‘I’h S R(Q) : (bh|T ENl(T) VT € E(Q)}
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Furthermore, we denote the space of piecewise linear continuous elements by

Hp == {on € H'(Q) @ @plr(z) = ar + by -z with ar € R, by e R® VT € T,()}

and
Hiuh = {¢h S Hl(w) : ¢h|T(Z‘) =ar + br - x with ar € R, br € R? VT € 'Th(w)}
We formulate now the mixed finite element approximation of the necessary and sufficient optimality

condition (5.16)-(5.18), see also (5.22)-(5.24) resp. (5.25), as follows: Find (En,un,vn) € Ry x Hy x HL
such that, for all (®p,, on, ¢n) € Ry x Hj, x HL, ,, there holds

a(En, ®n) + b(®n, up) + (Pn, ) = f(®n), (7.2)
b(En, n) = 0, (7.3)
(En, ¢n) + d(vn, dn) =0, (7.4)
where
a(Ep, ®p,) = (rot Ep,rot @p)g -1 + £~ {(( Ep, CPp) o,
and

b(®p, dn) = (Pn, Vin)a, (®n,0n) =k N Ph, Vin)e, d(On,én) =k (Von, V).

As in the continuous case (see Remark 16), the existence of a unique solution (Ej, 0p, ) € Ry x H}, x H}u,h
for the discrete system (7.2)-(7.4) follows from the discrete Ladyzhenskaya-Babuska-Brezzi condition:

b(®y,,
(Pn, n) > 1, (7.5)
|(q)h7¢h)|R><Hi(w)|@h|ﬁ1

inf sup
© o
O#LphEHi (<I>h7¢h)€Rh><Hi) h

which is obtained, analogously to the continuous case, by setting ®; = Vi, and ¢, = 0. Note that the
[e] o
inclusion VH; C Ry, holds such that every gradient field Vy, of a piecewise linear continuous function

o o] o
©Yh € H,ll is an element of Ry. Let us also remark that on the discrete solenoidal subspace of Rj the
following discrete Maxwell estimate holds:

Je>0 V&, e{U, R, : (U, Vihp)o=0 Vi €HL}  [@rlo < c|rot @pq.

Note that ¢ is independent of h, see e.g. [5]. Having solved the discrete system (7.2)-(7.4), we obtain the
finite element approximations for the optimal control and the optimal magnetic field as follows

5;1 = Jd,h — H_l(Eh|w + V) Hy, = ;,L_l rot B}, + Hyp, (7.6)
see (6.1), where jq 5 and Hgj are appropriate finite element approximations of the shift control jq and
the desired magnetic field Hgy, respectively.
7.2 Evaluation of the Error Estimator
By virtue of Theorem 22, the total error in the finite element solution can be estimated by

I(H — Hy, j = jn)ll < My ot (Hp, s @) + (57 ema + 67 2) My (Bn, 003 ), (7.7)

o

for every (¥, T) € R(Q2) x D(w), where

M vot(Hp, jns ) = [Hp — Vg + éaalCin + J — 1ot ¥)q, (7.8)
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M-‘r,ﬂ'w (Eha Uh; T) = |<*Eh + V@h - T‘w + 6p,w| div T|w (79)

o
We point out that (U, T) € R(2) x D(w) should be suitably chosen in order to avoid big over estimation in
(7.7). Our strategy is to find appropriate finite element functions for ¥ and Y, which minimize functionals
related to My ot and My . . To this aim, we make use of the rot-conforming Nédélec edge element
space without the vanishing tangential trace condition

Ry = {\I/h S R(Q) : \I’h|T ENl(T) VT € 'Th(Q)}

and the div-conforming Raviart-Thomas finite element space on the control domain

Do = {11 € D(w) : Tylr € RTH(T) VT € Ti(w)},

where

RTUT) :={Y:T = R®: Y(2) = a+br with a € R®,b € R}

Now, we look for solutions of the finite-dimensional minimization problems

: r7 2 A2 = 2
\I,I}IL1€11R1}L (|Hh — Uy, Q7M—|—cm79\(jh+.]—rot \Ilh|Q) (7.10)
and -
min (|(*Eh + VO = Tl + ] div mg). (7.11)

ThEwah

Evidently, the optimization problems (7.10)-(7.11) admit unique solutions U, € Ry and T}, € Dy -
Furthermore, the corresponding necessary and sufficient optimality conditions are given by the coercive
variational equalities

VU, €Rp & o (rot Up,rot U)o + (U, Un)a,u = (Ha, Yn)au + é.o(Cn + Jorot Up)g
¥ € Do &2 (div T, div Ty + (T, Th)o = (C* By + Von, T
Taking the optimal solutions of (7.10)-(7.11) into account, we introduce
My = My sor (Hp, s On) + (57 eng + 572 My r, (En, O T). (7.12)

Then, (7.7) yields o
I(H = Hp,j = jn)ll < M. (7.13)

7.3 Dorfler Marking

In the step MARK of the sequence (7.1), elements of the simplicial triangulation 75,(€2) are marked for
refinement according to the information provided by the estimator Mj. With regard to convergence
and quasi-optimality of AFEMs, the bulk criterion by Dérfler [3] is a reasonable choice for the marking
strategy, which we pursue here. More precisely, we select a set £ of elements such that for some 6 € (0,1)
there holds

> Mr=0 > Mr, (7.14)

TeE TeTn(Q)
where
M ::|Hh — ‘IJh|T,M + ém,Qth +J - e 1rot \ifh|T + (HilémVQ + Kﬁl/z)M%T
M, m IC*En + Vop — Thlr + Gpol divThle i T € Th(w),
“«T"71 0 if T ¢ Tr(w).

Elements of the triangulation 75 () that have been marked for refinement are subdivided by the newest
vertex bisection.
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7.4 Analytical Solution

To test the numerical performance of the previously introduced adaptive method, we construct an ana-
lytical solution for the optimal control problem (1.1). Here, the computational domain and the control

domain are specified by
Q:=(-0.5,1)> and w:=(0,0.5).

Furthermore, we put € := 1, x := 1, and the magnetic permeability is set to be piecewise constant, i.e.

{10 in (=0.5,0) x (~0.5,0) x (0.5, 1),
=1 elsewhere.

We introduce the vector field

0
E(x) := u8 (“:) sin?(27x1) sin®(27as) [0 Va2 €Q,
7r
1

and set - -
E:=x, FE and H:= pLrot E,
where x,, stands for the characteristic function on the subset Q, := @\ {(0,0.5) x (0,0.5) x (—0.5,1)}.

By construction, it holds that £ € R(Q) N Dg(2) and H € R(2) N~ Dy(£2). The desired magnetic field
is set to be ~
Hg := X, H € R(Q).

Finally, we define the optimal control j € Dg(w) as
sin(27x1) cos(2mx2)
j(z) :=100 | —sin(2mwy) cos(2mx1)| V€ w,
0

and the shift control jq as well as the applied electric current J as

] - rot H — j in w,
Ja:=j and J:=

rot H elsewhere.
By construction, we have
rot H = (j + J, rot £ = p(H — Hy) in Q,
divuH =0, divE =0 in Q,
n-pH =0, nxE=0 on I,

and s )

Do(w) 3 = ja = ja— EﬁwC*E
from which it follows that j is the optimal control of (1.1) with the associated optimal magnetic field H
and the adjoint field F.

7.5 Numerical Results

With the constructed analytical solution at hand, we can now demonstrate the numerical performance of
the adaptive method using the proposed error estimator M}, defined in (7.12). Here, we used a moderate
value 6§ = 0.5 for the bulk criterion in the Dorfler marking. Let us also point out that all numerical
results were implemented by a Python script using the Dolphin Finite Element Library [11]. In the first
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experiment, we carried out a thorough comparison between the total error ||(H — Hy,,j — ju)|| resulting
from the adaptive mesh refinement strategy and the one based on the uniform mesh refinement. The result
is plotted in Figure 1, where DoF stands for the degrees of freedom in the finite element space. Based
on this result, we conclude a better convergence performance of the adaptive method over the standard
uniform mesh refinement. Next, in Table 1, we report on the detailed convergence history for the total
error including the value for M, computed in every step of the adaptive mesh refinement method. It
should be underlined that the Maxwell and Poincaré constants ¢, o and &, appear in the proposed
estimator My, (see (7.8)-(7.9) and (7.12)). We do not neglect these constants in our computation, and
there is no further unknown or hidden constant in Mj. By the choice of the magnetic permeability p and
the computational domains ,w (see Remark 19), the constants ¢y 0, ¢y can be estimated as follows:

3 R 3
Cno < 15£ and Gp < i
T 2m
These values were used in the computation of Mj. As we can observe in Table 1, M}, severs as an upper
bound for the total error. This is in accordance with our theoretical findings.

Total Error

DoF

Figure 1: Total error for uniform (green line) and adaptive mesh refinement (blue line).

DoF Error m H Error in j Total Error My,

5436 0.694612463498 3.02692021715 3.10559695959 58.5220353976
6280 0.560747440261 2.46658970377 2.52952613319 46.1596277893
7480 0.517270941002 1.66980235746 1.74808728025 29.9835458365
9506 0.486958908788 1.83890409144 1.90228736955 33.7781950898
16593 0.409942119878 1.79996131396 1.8460534319 27.7781692767
27622 0.322357401619 1.66560722229 1.69651457799 22.1793926139
42000 0.284583422125 1.59619732314 1.62136782334 20.1292192945
62424 0.234023588085 1.33186688758 1.35227084788 16.7472327351
92730 0.196145507066  0.963057265783  0.982828752692 12.4090773249
150802  0.166713389106  0.857068785338  0.873132439501 10.621022309
248269  0.143328090061 0.747991599295  0.761599877899  9.09719391479
414395  0.120042829228  0.630681094598  0.642003834827  7.62309929568
674856  0.102521829252  0.510228751611 0.520426848311 6.30611525921

Table 1: Convergence history.

In Figure 2, we plot the finest mesh as the result of the adaptive method. It is noticeable that the
adaptive mesh refinement is mainly concentrated in the control domain. Moreover, the computed optimal
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Figure 3: Computed optimal control (left plot) and optimal magnetic field (right plot) on the finest
adaptive mesh.

control and optimal magnetic field are depicted in Figure 3. We see that they are already close to the
optimal one.

In our second test, we carried out a numerical experiment by making use of the exact total error
I(H — Hpy,j — jn)| as the estimator (exact estimator) in the adaptive mesh refinement. More precisely,
we replaced My in the Dorfler marking strategy (7.14) by the exact total error over each element
T € Tn(Q2). Figure 4 depicts the computed total error resulting from this adaptive technique compared
with our method. Here, the convergence performance of the mesh refinement strategy using the exact
estimator turns out to be quite similar to the one based on the estimator Mj. Also, the resulting
adaptive meshes from these two methods exhibit a similar structure, see Figure 5. Based on these
numerical results, we finally conclude that the proposed a posteriori estimator My, is indeed suitable
for an adaptive mesh refinement strategy, in order to improve the convergence performance of the finite
element solution towards the optimal one.
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