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Introduction

Notation

Deformation of a Body

e Reference configuration: Q ¢ R3
e Deformation ¢ : Q — Qg C R3
o Deformation gradient: F := V¢ € GLT(3,R)

Theorem (Right Polar Decomposition of F)
VF € GLT(3,R). 3! (R, U) € SO(3) x PSym(3,R) with F = RU.
— R'F=U=VFTFandR=FU™L.

Notation
e Polar rotation: R, polar(F) € SO(3) (True rotation)
e Right Biot-stretch: U= RTF =+VFTF (U € PSym(3,R)!)
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Introduction

Hyperelasticity, Objectivity and Material Isotropy

Hyperelasticity - Minimizing total stored energy

Find minimizers omin of:  Z(p) = / W (V) dV
Q

e Choice of W : M(3,R) — R is a constitutive assumption
e Can apply various boundary conditions ...

e Consider only zero body forces

Isotropy and Objectivity in terms of F := Vi
e W(F) is objective if VQ € SO(3): W(QF) = W(F)
e W(F) is isotropic if VQ € SO(3): W(FQ)= W(F)

Objectivity of W(F)
= IW!: PSym(3,R) » R s. th. W(F)= Wt U(F))
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From Biot to Cosserat

The isotropic Biot-model - Standard version

Basic constitutive assumptions
o Objectivity: W(F) = W*#(U), where U := RTF = VFTF € PSym
e Isotropy: VQ € SO(3) : W(FQ) = W(F) <= W¥(QTUQ) = W¥(U)

Example: Most general isotropic quadratic energy in U
A
WHU) :M||U—]1||2+§tr[U—]l]2 . U:==VFTF

e Linearization equivalent to classical isotropic linear elasticity

e Zero stresses in the reference configuration

Biot approach is intrinsically based on a formulation in U := VFTF
e Have to take derivatives of U, i.e., of a matrix square root

e Can be rephrased into an equivalent theory depending on U := R'F
via relaxation ...
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From Biot to Cosserat

Euler-Lagrange equations for the Biot-model

Free variation w.r.t. to ¢

d
0= —
dt

I(¢+tv):/(DFW(V¢),V\/> dV:/(DF[Wﬁ(U(F))]A,Vv) dV:/(DUWﬁ(U),DFU(F)AVv)dV
Q

t=0 Q Q

:/(DUW”(U),DF[R(F)T F]AVv)dV:A.A:/(R(F)DUWn(U),VW
Q

Q
:/(Div[R(F) DyWHU),v)dV, Vv e C(QRY).
Q
Strong form of the equilibrium equation
0 = Div[R(F) DyW*(U)] , R(F) = polar(F)

A weaker form of the equilibrium equation

0 = Div[R(F) DuW*(R(F)"F)],  R(F)TF € Sym
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From Biot to Cosserat

Euler-Lagrange equations for the Biot-model

Free variation w.r.t. to ¢

d
0= —
dt

I(wrv):/wpvv(wwi dv:/<DF[W“(U<F>)1,Vv> dv:/<DUW“<U>,DFU<F>m>dv

=0 Q Q Q

Q

:/(DUWu(U),DF[R(F)TF]4Vv)dV:.H:/(R(F)DUWu(U),VW
Q

:/(Div[R(F) DyWHU), vy dV, Vv e O(Q,RY).
Q

Strong form of the equilibrium equation
0 = Div[R(F) DyW*(U)], R(F) = polar(F)
A weaker form of the equilibrium equation
0 = Div[R(F) DyW*(R(F)"F)],  R(F)"F € Sym
o Weaker: R’ FeSym # U=R'FePSym
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From Biot to Cosserat

Relaxation

Idea - Generalize a classical model, but preserve its solutions

e U:=RTF =polar(F)"F = VFTF constrains rotation

Relaxation of the constraint

e Independent rotations R : Q — SO(3) (no physics involved!)

o Yields relaxed Biot-stretch U := R' F (usually not symmetric)

e Fixing R = polar(F) the non-relaxed Biot-case can be recovered

Consequences

o Can define relaxed energies W*(U) = W(F,R)
e Relaxation gets rid of U but introduces R € SO(3)
e One obtains a 2-field model!
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From Biot to Cosserat

The relaxed isotropic Biot-model is a Cosserat-model

Hyperelastic Cosserat-model (Neff, 2006)

(¢, R) :== / Winp (F(x), R(x)) + Weun(R(x), DxR(x)) dV — min. w.r.t. (¢, R)
Q

Definition of the energetic components: Isotropic case

Wonp (T) ‘= Watsear (T) + Weer (det[T])
Wenear () i= all sym (T — 1) + el skew (T — 1)
Wior(det[T]) := % (det0) — 1)° + (det[] "~ 1)

g
2

Wean (R, DxR) :=2 %(1 + 2|R" DR

Notation
U:=R'F, F:=Vy, D{R:= (V(R.e1), V(R.e2), V(R.e3))
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From Biot to Cosserat

The relaxed isotropic Biot-model is a Cosserat-model

Hyperelastic Cosserat-model without curvature energy = L. =0

I(p, R) := / Winp(F(x), R(x)) + W, s x))dV — min. w.r.t. (¢, R)
Q

Definition of the energetic components: Isotropic case

Winp (U) := Winear (U) + Weor(det[U])

Wenear () = allsym (T — 1) + el skew (T — 1)
Wioi(det[T]) := % (det[0) — 1)° + (det[] " — 1)

Wean (R, DxR) :=2 %(1 + 2|R"DR’)?  — constantif Lc =0

Notation
U:=R'F, F=Vy, DR:=(V(Re) V(Re) V(Res))

Symmetry of Biot-stresses and Biot-strains 01. April 2008 9 /19



From Biot to Cosserat

The relaxed isotropic Biot-model is a Cosserat-model

Hyperelastic Cosserat-model without curvature energy = L. =0

I(QD,E) = / Wshcar(F,ﬁ) + Wvol(F,ﬁ) dV +— min. w.r.t. (QD,F)
Q

Definition of the energetic components: Isotropic case

Wanp(U) 1= Wanear (U) + Waoi(det[U])

Wenear (U) = il sym (U — 1)|| + pe|| skew (U — 1)

Wi (det[U]) ::% (det[U] -1+ (det[U]i1 - 1)2) «— constant w.r.t. R

Wean (R, DxR) :=2 %(1 + 2|R"DR’)?  — constantif Lc =0

Notation
U:=R'F, F=Vp, DiR:=(V(Re) V(Re)V(Res))
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From Biot to Cosserat

The relaxed isotropic Biot-model is a Cosserat-model

Hyperelastic Cosserat-model ~with L. = 0 and W[

(¢, R) == / gl sym (RTF = 1)|1% + pic|| skew (R F — 1)[>dV — min. w.rt. (¢, R)
Q

Definition of the energetic components: Isotropic case
mp (U) bhedr(U) + Wvol(det[U])
Wenear(U) —u\lsym(U )| + pucl| skew (U — 1)|°
Woor(det[T]) = (det[U]—l) + (det[U]” —1)2) — constant w.r.t. R

a
2

Wer(R, DxR) =221 + 1>|R" D,R’|)?  « constant if L. =0
q

Notation
U:=R'F, F=Vp, D:R:=(V(Re) V(Re)V(Res))
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From Biot to Cosserat

The linear setting - 0 € Sym <= skew(Vu) =0

Linearizations of the fields Linearized “constraint”

e Fr1+Vuy Vuxkl e Finite: R = polar(F)
e R~1+A where A€ s0(3) e Linear: A = skew(Vu)
e U-1=~Vu-A
e polar(F) = 1 + skew(Vu)
Definition of W - Cosserat without curvature
W) = ]| sym(U — 1) + pic || skew(T — 1)

+ % <(det[U] — 12+ (detl[U] - 1)2)
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From Biot to Cosserat

The linear setting - 0 € Sym <= skew(Vu) =0

Linearizations of the fields Linearized “constraint”

e Fr1+Vu Vukl1 e Finite: R = polar(F)
e R~1+A, where Ac s0(3) e Linear: A= skew(Vu)
e U-1=Vu—-A

e polar(F) =~ 1 + skew(Vu)

- Quadratic approximation of W*

uad

¢
Wq
WL (Vu—A) = Vu— A kew(Vu — A2 + tr [Vu— A
quaa(Vu—A) i= p|[sym(Vu — A)[|* + pc || skew(Vu — A)]| +§tr[ u—A

Linear case sic >0 : 0 € Sym <= skew(Vu) =0

o = Dy, W*

quas

g =2psym(Vu) +2pc skew(Vu—A) +Atr[Vu]l
—_—
vanishes <= oc€Sym
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From Biot to Cosserat

The linear setting - 0 € Sym <= skew(Vu) =0

Linearizations of the fields Linearized “constraint”

e F1+Vuy Vuxkl e Finite: R = polar(F)
e Rx~1+A, where Ac s0(3) e Linear: A = skew(Vu)
e U-1x~Vu-A

e polar(F) ~ 1 + skew(Vu)

W(fuad - Quadratic approximation of W*
— — — A —2
W a(Vu —A) = || sym(Vu — A2 + puc || skew(Vu — A) | + Str[Vu— 4]

Linear case s =0 : o € Sym is independent of A (no coupling)

o = Dy, W*

qua

q =2p sym(Vu) + Atr[Vu] - 1
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From Biot to Cosserat

Cauchy-stress and balance of angular momentum in
continuum theories with rotational degrees of freedom

Generalized stress tensors in theories with relaxed rotations R
e 1st First Piola-Kirchhoff stress tensor:

51(F,F) = DFW(F,F) ZFDUW(U)

o Cauchy-stresses: 0 := ﬁmsl(ﬁﬁ) FT = A= R... = FIXME!

et[

Theorem (Objectivity of W* implies o € Sym)

Let W* = W(F,R) be differentiable and objective, then the associated
Cauchy stress tensor o is symmetric.

Symmetry of Biot-stresses and Biot-strains 01. April 2008 11 /19



From Biot to Cosserat

A Note on Balance of Angular Momentum

Exact volume terms are irrelevant

o det[U] = det[ﬁTF] is independent of R

e Volume term of W¥ is irrelevant for balance of angular momentum
Consider _ - -
WD) = W (F,R) = pu [l sym(T — 1|2 + pic || skew(U — 1)

T

DgW,. . (U)U" € Sym
[21 (sym(U — 1)) + 2puc skew U] U e Sym
[u (U+U —21) +uc(U—UT)} U € Sym
(n—p)UU—-2pU € Sym

(n—pu) [P =T = 2u[U-T"]=0

DyWHU)TU' € Sym

[
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Symmetry of Cauchy-stresses and Biot-strains

Overview

Section

© Symmetry of Cauchy-stresses and Biot-strains
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Symmetry of Cauchy-stresses and Biot-strains

Example | - Assumptions and Definitions

Assumptions on the structure Choose further
of Fand R )
P 2]
°*pi= 2 0<pe<p
M0 0
F:(g )62 0), A, A2 >0 e M+ >p
1
) L p T
cosa —sina 0 e o := arccos (v~ ) €0,
R := sin « cos o 0 ()‘1+/\2) [ ’ 2]
0 0 1
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Symmetry of Cauchy-stresses and Biot-strains

Example | - Assumptions and Definitions

Assumptions on the structure Choose further
of Fand R
® pi= “2_ILC, 0< pe<p
A 0 0
F:(O A2 o), A, A >0 e M+ >p
0 0 1
. o P T
e (5 ) * o= arccos () € [0,3]
0 0 1

— Particular forms for R and U
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Symmetry of Cauchy-stresses and Biot-strains

Example | - Assumptions and Definitions

Assumptions on the structure Choose further
of Fand R
¢ P= u2—7tc’ 0< pe<p

>
o3 o

A1
F = 0
0

0
(1)) A1, A2 >0 e M+ >p

) . P T
_ cosa —sina 0 e o :=arccos |+ ) €|0,%
R = sin o cos 0 ()‘1+/\2) [ ’ 2]
0 0 1
— Particular forms for R and U
= q . == —T .
R is given by U:=R F (relaxed Biot-stretch)
p O 0 b A N R 0
ALt (A1+2p)2 PYEP 2 (A +r0)2
_ p? P 2 A
! (A1+20)2 A1t 0 -1 - (>\1i>\2)2 Aﬁ+§2 0
0 0 1 0 0 1
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Symmetry of Cauchy-stresses and Biot-strains

Example | - Assumptions and Definitions

Assumptions on the structure Choose further
of Fand R
o pi=2 0< pc<p
fi—pic
MO0 0
F:(g ,\02 (1)) A, A >0 e M+ >p
. o P T
- 0 e o = arccos () € 10,5
F (e e (stw) € 03]
0 0 1
— Particular forms for R and U |l Note that U need not be symmetric!
5. — =T :
R is given by U:=R F (relaxed Biot-stretch)
L i LSS A - 0
ALt (A1+2p)2 PYEP 2 (A +r0)2
e —r 2 A
! (A1+X0)2 A1t 0 -1 - (>\1i>\2)2 Aﬁ+§2 0
0 0 1 0 0 1
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Symmetry of Cauchy-stresses and Biot-strains

Example Il - Identities

An easy computation

/ 2
0 A A e
—T (A1 +A2) EVFSWY

0 0 0,
0 (A1 +X2)4 /1 i
0 _
-7’ S VA
_ — >
—p (A1 + A 1—- —=£ 0 0
p (A1 +22) EWSWe
0 0 0
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Symmetry of Cauchy-stresses and Biot-strains

Example Il - Identities

An easy computation

0
— =T
v-u' = Ay f1- 2
0
2 T2 °
Uu-u =
—p (A1 +X2)4 /1 —
0
allows us to infer
R0 T
U -0 p(U-T

= (u—p) (U =T -

= DyWA(T)T’ € Sym
<=0 € Sym

Symmetry of Biot-stresses and Biot-strains

(A1 +X2) 1—7“;&) 0
0 0
0 0
2
(A1 +A2) (MiM)
0 0
0 0
2 — =T
=L (U-1"
K= He
—T
U-U)=0
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Conclusions

Conclusions and Future Work

The finite Cosserat model and relaxed Biot model
e Absence of Cosserat curvature = “Cosserat = relaxed Biot”

e Isotropy is insufficient to guarantee classical, symmetric Biot-stretches

Influence of . as a penalization parameter
o Lo < u: Biot-stretches may become asymmetric

e 1. > p: Exactly enforces symmetry of the Biot stretch tensor.

Further Research

Characterize a sufficiently large class of isotropic free energies such that
moment equilibrium in the relaxed Biot formulation automatically implies
the symmetry of the relaxed Biot stretch U.
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Conclusions
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Conclusions

Thank you

- The End -

Thank you for your attention!
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