
W. N o w a c k i  

T H E  T H E O R Y  OF A S Y M M E T R I C A L  E L A S T I C I T Y *  

Reviewedby  G. N. S a v i n  a n d  Y u .  N.  N e m i s h  

The monograph is a resul t  of studies based on the model of a continuous medium which W. Voigt had 
proposed in 1887 for  analyzing the elastic proper t ies  of c rys ta ls .  The essence of this model is that spin 
interaction is assumed between adjacent elements of the medium, in addition to the regular  cen te r - to -cen -  
ter  interaction. This, in turn, gives r ise  to momental s t r e s ses  - besides the regular  s t r e s ses  - and, 
moreover ,  the regular  s t r e ss  tensor  becomes  asymmetr ica l .  Hence its name is: The Theory of Elast ici ty 
with an Asymmetr ica l  Tensor ,  or  The Theory of Asymmetr ica l  Elasticity.  

The fur ther  generalization and development of this theory is due to E. Cossera t  and F. Cossera t  
(1909). For  this reason,  in modern scientific l i terature is often re fe r red  to as the model of a Cossera t  
medium. For  a long time, however, these contributions remained forgotten. Only during the last decade 
has there been considerably more work on the theory of asymmetr ica l  elasticity, as is evidence in this 
book. 

The monograph consis ts  of four chapters.  

Chapter I deals with the general p remises  and statements concerning elastokinetics.  The sources  
quoted here have served as the basis  for  developing the theory of asymmetr ica l  elasticity.  It is pointed 
out, specifically, that applying the c lass ical  theory of elasticity resul ts  in considerable discrepancies  with 
experimental  data when the p res su re  gradients  are high, when wave propagation in c rys ta l s  is considered, 
etc. 

According to the theory of asymmetr ica l  elasticity, every  point in the continuum is treated as an in- 
f initesimal element capable, under the influence of external forces,  of deforming and orienting itself with 
respect  to a specific sys tem of coordinates. . . .This deformation is general ly described in terms of two in- 
dependent vec tors :  the displacement vec tor  u and the smal l - rota t ion vector-~.  It is to be noted that sev-  
eral  studies had been conducted concerning the Cosserat  pseudocontinuum, where the relat ion-~ = 1/2 
curl'-ff was assumed valid. This variant  of the theory, apparently due to R. A. Tupin, is in the scientific 
l i tera ture  often called the Cossera t  theory with res t ra ined rotation. 

It seems significant that reference  is made in the book to a sa t i s fac tory  agreement  between experi-  
ment and theory in the case of discrete  media (of the spatial lattice type), where all elastic constants can 
be determined.  This has been investigated by S. Kaliski (1963), W. H. Hoppmann and F. O. Shahwah (1965), 
and A. Askar  and A. S. Cakmak (1968). In the extreme case of transition to a continuous medium one may 
ar r ive  at the Cossera t  model. 

Consideration is also given to the res t r ic t ions  (limits of variation) to which the elastic constants of 
mater ia ls  must be subject. We will note, in connection with this, that cer tain constants of the Cossera t  
continuum are already known now for  some real  mater ia ls  [1]. 

The equations of equilibrium and of motion are derived, the basic relat ions and equations of e lasto-  
kinetics as well as the continuity conditions are analyzed. It has been assumed here that the medium is 
elastic,  homogeneous, isotropic, and has center  symmet ry  (center symmet ry  is defined as the invariance 
of the elastic proper t ies  of a mater ia l  with respec t  to an inversion of the coordinate system).  

*Panstowowe Wydawnietwo Naukowe, Warsaw, 1971. 
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The genera l  p r inc ip les  of the a s y m m e t r i c a l  e las t ic i ty  theory are  outlined: the pr inciple  of energy co 
conserva t ion  and the pr inciple  of entropy balance,  the pr inciple  of v i r tua l  work,  the Hamilton principle ,  al-  
so the r ec ip roca l  work theo rem and the extended Somigliano theorem.  

By some analogy to the c l a s s i ca l  theory of elast ici ty,  s t r e s s  potent ials  and functions are introduced 
in a cer ta in  f o r m  and the i r  comple teness  is proved.  F u r t h e r m o r e ,  the p rob lem concerning the uniqueness 
of the solution to the equations of a s y m m e t r i c a l  e las t ic i ty  is duly t rea ted  here .  

Chapter  II deals  with specif ic p rob lems  in e las tokinet ics  and, in pa r t i cu la r ,  with the theory of elast ic 
wave propagat ion taking into account the s t r e s s  tensor  a s y m m e t r y .  Specifically, monochromat ic  plane 
waves  are considered in an e las t ic  space  and ha l f - space ,  a spin wave and a longitudinal wave in an infinite 
elast ic  space,  and also p rob l ems  concerning the generat ion of waves  in an infinite m i c r o p o l a r  space.  

Considerat ion is given to the methods by which the fundamental  solutions a re  der ived for  an infinite 
e last ic  space.  The p rob lem is reduced here  to obtaining the Green functions for  the case  of mic ropo la r  
e las t ic i ty .  Special h i g h e r - o r d e r  solutions a re  also shown. 

The two-dimensional  and the axial ly  s y m m e t r i c a l  Lamb p rob lem are  analyzed for  the case  of an e l a s -  
tic half-space, as also are the problems of wave propagation in an elastic plate and in an infinitely long 
beam of circular cross section. 

Static problems in the theory of asymmetrical elasticity are outlined in Chapter III. The basic rela- 
tions and equations are derived from the formula for free energy. The theorems on the uniqueness of so- 
lutions, the reciprocal work theorem, the Somigliaao theorem, the minimum potential and the complemen- 
tary energy theorems, and also the extended variational E. Reisner theorem are all stated and proved. 
Elastostatic equations in displacements and rotations are derived, considering their fundamental solutions 
in an elastic half-space. 

Separate attention is given to such important practical problems as two-dimensional deformation and 
a two-dimensional stress field. 

Finally, the generalized Galerkin and Lyav functions are derived. Particular attention is paid here 
not only to the vector notation but also to the representation of displacements as well as regular and mo- 
mental stresses in cylindrical coordinates. 

Chapter IV is devoted to problems in thermoelasticity. The basic equations and relations of dynamic 
thermoelasticity are derived for an isotropic center-symmetrical medium with momental stresses. Also 
the basic theorems of thermoelasticity (variational theorems, the reciprocal work theorem) are extended to 
a medium describable by two vectors: the displacement vector and the small-rotation vector. 

A solution is given to the problem of thermoelastic stress potentials and functions, based on the 
asymmetrical elasticity vector equations in displacements and rotations with volume forces and moments 
taken into account. Then, the displacement and the rotation vectors as well as the volume forces and mo- 
ments are represented in terms of potential and solenoidal components, and a system of equations which 
the said functions satisfy is set up. The equation of thermoelasticity is then added to this system, which 
makes it possible now to analyze the propagation of elastic waves. 

In the same chapter there can be found an extension of the V. M. Meisel formulas, by which the dis- 
placements and the small rotations of a body can be determined, if displacements, rotations, and the tem- 
perature change are given on one part of its surface while surface forces, moments, and the temperature 
are given on the remaining part. The fundamental solutions to the thermoelasticity problem and certain 
types of solutions applicable to micropolar thermoelasticity are examined here. 

The two-dimensional problems in the theory of asymmetrical elasticity are formulated for the case 
of constrained thermoelasticity. The elasticity relations, the equations of motion, the stress functions, 
and the conditions of compatibility are established here. Thermal stresses produced by a rupturing tem- 
perature field as well as composite boundary conditions applicable to thermoelasticity are dealt with. 

Thus, the essential purpose of this book is to discuss the general problems concerning the mathemat- 
ical theory of asymmetrical elasticity: to formulate the basic assumptions, principles, and theorems, then 
to derive the determining equations and relations. However, there are only a few specific examples-given 
and little is said about methods of handling them. No attention is paid, as should be, to specific procedures 
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and recommendat ions  fo r  analyzing the mechanical  phenomena in r ea l  bodies and s t ruc tu res ,  and the an- 
t icipated effects  of these  phenomena are  not analyzed. The p rob lems  that have been just  touched upon 
would, together  with exper imenta l  data, define the l imits  of applicabil i ty of the theory and would br ing  it 
c l o s e r  to engineering p rac t i ce .  

These  commen t s  apply genera l ly  to the overal l  p resen t  s ta tus  of the r e s e a r c h  work  done in a s y m -  
me t r i c a l  e las t ic i ty  and a r e  not meant  to de t rac t  f r o m  the m e r i t s  of this book. The extensive bibl iography 
(over 200 entr ies)  r e f e r r e d  to throughout the text and listed sepa ra te ly  at the end gives the r eade r  a good 
idea of how the theory of e las t ic i ty  with an a s y m m e t r i c a l  s t r e s s  t ensor  evolved h i s to r ica l ly  and of what r e -  
sui ts  it has produced. 

On the whole, W. Nowacki ' s  monograph,  The Theory  of A s y m m e t r i c a l  Elast ic i ty ,  is wri t ten on a 
ma themat ica l  level  which is quite up to date and it de se rves  high p ra i s e .  

1. 

L I T E R A T U R E  C I T E D  

G. N. Savin, A. A. Lukashev, E. M. Lysko, S. V. Veremeenko,  and G. G. Agas 'ev ,  "Propagat ion 
of elast ic  waves  in the C os s e r a t  continuum with res t ra ined  rotat ion of p a r t i c l e s , "  Pr ik l .  Mekhan.,  6, 
No. 6 (1970). 
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A. D. K o v a l e n k o  

F U N D A M E N T A L S  OF T H E t R M O E L A S T I C I T Y *  

Reviewedby  A.  Y u .  I s h l i n s k i i  

A common feature of modern re sea rch  on the mechanics of continuous media  is the concern about 
mechanical  phenomena in relation to their external effects. This trend is of considerable scientific inter-  
est and pract ical  significance in such areas  as thermoelast ici ty,  magnetohydrodynamics,  and e lec t ro-  and 
magnetoetast ici ty.  Thermoelast ic[ ty ,  as an extension of the elast ici ty theory to aoaisothermal  deforma-  
tion, has in recent  years  attained a high level of recognition in connection with important engineering prob-  
lems. 

in this country and abroad a great  deal has been published on the subject of thermoetast ic t ty .  At the 
same time, in the Soviet l i tera ture  there has been no work providing a much-needed corre la t ion of all the 
many individual contributions to this trend of r e sea rch  in the mechanics of deformable bodies. 

The appearance of A. D. Kovalenkors monograph, Fundamentals  of Thermoelas t i c i ty t  f f l ls this  gap 
and represents  an important milestone in the development of the theory and the methods of thermoelast ic[ ty  
in this country. 

The ra ther  small  volume contains a creat ively  conceived generalization of the resul ts  of thermoelas-  
ticity studies reported in the wor ld ' s  technical l i terature  and explains the basic conclusions arr ived at by 
Soviet scientists ,  par t icu lar ly  by the author ' s  co -worke r s .  

Following the modern trend in the development of phenomenological theories  on the mechanics  of con- 
tinuous media, the author presents  the theory of thermoelas t ic i ty  based on the laws of the thermodynamics  
of i r revers ib le  p roces se s  and on the laws of c lass ica l  mechanics.  This has allowed him to take a unified 
point of view in the analysis  of the mechanical  and the thermal  p rocesses  occurr ing  and interacting in de- 
formable solid bodies, in deriving the basic equations of constrained dynamic thermoelast ic[ ty,  it is not 
assumed here as i susua l  that the temperature  r i se  is small  relative to the initial tempera ture  level. Con- 
sequently, the theory of thermoelast ic i ty ,  for small  deformations,  becomes  more general  and compr i ses  
the l inear theory of constrained thermoelas t ic[ ty  as well as the theory of unconstrained thermoelas t [c t ty  
for  large thermal  perturbat ions,  using the l inear equations of motion and the nonlinear equations of heat 
conductton. Within this f ramework,  the basic problems of thermoelas t ic i ty  with small  and with large ther -  
mal per turbat ions are defined in this monograph more precise ly .  

According to the author ' s  classif ication,  the problem most important  in pract ice  is that of quasi-  
static thermoelas t ic i ty ,  which descr ibes  the deformation of a solid body without the iner t ia  t e rms  in the 
equation of motion and without taking into considerat ion the coupling between deformation and the t empera -  
ture field. A sizable portion of the monograph deals with quasistat ic problems of thermoelast ic i ty .  Known 
resul ts  based on the theory of two-dimensional  isothermal  thermoelas t ic i ty ,  on the theory of plates and 
shells, and on the three-dimensional  axially symmet r i ca l  thermoelas t ic i ty  problem are all extended here 
to include thermal  effects. Much space is devoted to formulat ing the problems of heat conduction, to the 
methods and to the analysis of their  solutions - as the f i rs t  step in the analysis of thermal s t r e s ses .  

Of distinct originali ty is the presentat ion of the now most  highly developed aspect in the theory of 
quasistatic thermoelas t ic i ty  - the two-dimensional  problem. The uniqueness conditions for  displacements 

*Naukova Dumka, Kiev, 1970. 
l'The monograph is a revised and enlarged edition of the book published in Russian ea r l i e r  (A. D. Kovalen- 
ko, Introduction to Thermoelas t ic i ty ,  Naukova Dumka, Kiev, 1965) and translated into English in 1969. 
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are  more  p r e c i s e l y  analyzed here  in the case  of multiply constra ined regions,  taking into account the c h a r -  
ac te r i s t i c  aspec ts  of the two-dimensional  the rmoe las t i c i ty  problem,  the conditions for  a s t eady-s t a t e  two- 
dimensional  field producing no s t r e s s e s  in a multiply const ra ined body are  der ived in a s imp le r  form,  and 
the dislocat ion analogy is stated more  r igorous ly .  

The analysis  of quasis ta t ic  the rmoe las t i c i ty  p rob lems  in pla tes  and shells  is preceded by a d iscuss ion 
and formulat ion,  in t e r m s  of the the rmoelas t i c i ty  p rob lems ,  of the basic  p r e m i s e  in the theory of th inpla tes  
and shel ls  concerning the invariabi l i ty  of a no rma l  element .  It is shown that introducing general ized pure ly  
the rma l  deformat ions  makes  it poss ible  to reduce the p rob lem of the rmoe las t i e i ty  in a thin-walled s t r u c -  
ture  to the cor responding  p rob lem in i so the rma l  theory.  In this way, the author is able fully to util ize his 
e a r l i e r  r e su l t s  for  developing the theory of s t r e s s  calculat ions in c i r cu l a r  p la tes  and in shel ls  of revolution. 

One of the chap te r s  in this monograph deals with axially s y m m e t r i c a l  the rmoe las t i e i ty  p rob lems .  
The conc iseness  of the presenta t ion  and the r igorous  select ion of ma te r i a l  make for  a c l ea r  definition of 
specif ic  p rob l ems  in axial ly s y m m e t r i c a l  t he rmoe la s t i e i t y  and for  an adequately complete  charac te r iza t ion  
of methods applicable to thei r  solution. 

The analys is  of t he rmoe la s t i c  s t r e s s  f ields in e las t ic  bodies  becomes  quite compl ica ted  by the v e r y  
nature  of the t e m p e r a t u r e  effects .  The essent ia l ly  th ree -d imens iona l  c h a r a c t e r  of t empe ra tu r e  f ields in 
modern  s t ruc tu re  components  l imi ts  the feas ibi l i ty  of using s implif ied approaches  in the analys is  of the i r  
t he rma l  s t r e s s  intensity. 

Of in teres t  within this f r a m e w o r k  a r e  the specif ic examples  considered in the book, namely  a cyl in-  
der  of finite length and a thick-walled spher ica l  shell.  The quantitative e s t ima te s  of s t r e s s  intensity in 
these  p rob l ems  do quite comprehens ive ly  i l lus t ra te  the pa r t i cu la r  nature  of axial ly  s y m m e t r i c a l  t he rmo -  
e las t ic i ty  p rob l ems  mentioned e a r l i e r  and the feas ibi l i ty  of applying the proposed methods to the i r  solu-  
tion. 

Much attention is given in this monograph to the dynamic the rmoe las t i c i ty  p rob lem.  Based on the 
theory of unconstrained dynamic the rmoelas t i c i ty ,  the effects  of iner t ia  fo rces  during the rma l  pulse load- 
ing a re  examined for  two typical  eases :  t he rma l  shock at the su r face  of an e las t ic  ha l f - space  and at the 
surface  of a c i r cu l a r  plate.  The la t te r  case ,  which is a p rob lem in the t r a n s v e r s e  vibrat ion of plates ,  has 
grea t  p rac t ica l  impor tance  on account of the considerable  dynamic effects  here .  The analys is  of dynamic 
p rob l ems  is accompanied by an es t ima te  of the effect  which a finite ra te  of change of t he rma l  fo rces  has 
on the magnitude of the dynamic p a r a m e t e r s .  This  provides  a useful bas i s  for  evaluating the p rac t i ca l  
neces s i t y  of including the dynamic effects  in calculat ions,  depending on the geome t ry  of a s t ruc tu ra l  c o m -  
ponent and on its ra te  of heating. 

The concluding chapte r  of the monograph deals  with the coupling between the rma l  and mechanical  
p r o c e s s e s  in e las t ic  bodies.  Analyses a re  p resen ted  of the p rob lem of the rmal  per tu rba t ions  of an elast ic  
l aye r  due to a m o m e n t a r y  application of sur face  forces ,  and the p rob l em concerning the propagat ion of 
harmonic  thermoelas t i c  expansion waves  in an infinite medium and the rmoe las t i c  Rayleigh and longitudinal 
waves  in an infinitely long cyl inder .  

The r e su l t s  shown here  presen t  a good quali tat ive and quantitat ive idea about the effect  of coupling 
between the p r o c e s s e s  and they are  meaningful when the accuracy  of r e spec t ive  s implif ied theor ies  of t he r -  
moelas t ic i ty  is to be evaluated.  

The presenta t ion  of genera l  solutions in the G a l e r k i n - P a p k o v i c h  f o r m  and also the application of the 
Lagrange var ia t iona l  p r inc ip les  extended to const ra ined dynamic the rmoe las t i e i ty  a r e  quite useful for  so-  
lutions of specif ic  p rob lems .  

The examples  where  the the rma l  s t r e s s  distr ibution in elast ic  bodies  and the the rmomeehan ica l  e f -  
fects  a re  considered in relat ion to the nature  of the the rma l  fo rces  a re  marked ly  oriented toward power -  
appara tus  design prac t ice .  

In summar iz ing ,  we note that the book adds a significant contribution to the theory  of t he rmoe l a s t i -  
city, it is concise but, never the les s ,  its content is lucid and purpose -o r ien ted ,  and it should a s s i s t  in the 
development  of effective methods for  the rmoe las t i c i ty  analys is  n e c e s s a r y  for  the design of p rope r ty  and 
re l iab ly  functioning modern  engineering s t ruc tu res .  
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