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Abstract

In order to guarantee the existence of minimizers of the underlying potential in finite
elasticity, a suitable concept is the polyconvexity condition of the energy function in the
sense of BALL, 1977. Until recently, the construction of polyconvex energy functions for
the description of anisotropic material behavior was a question yet to be answered. The
first transversely isotropic and orthotropic polyconvex energy functions were presented by
SCHRODER & NEFF in the years 2001, 2003.

In the present work a method for the construction of polyconvex, coordinate-invariant
energy functions for the description of all existing anisotropic hyperelastic materials is
proposed. The key idea is the introduction of so-called crystallographically motivated
structural tensors. The applicability of this method is shown within several numerical
examples.

Zusammenfassung

Ein geeignetes Konzept zur Sicherstellung der Existenz von Minimierern des zugrunde
liegenden Potentials im Rahmen der finiten Elastizitét ist die Polykonvexitédtsbedingung
der Energiefunktion nach BALL, 1977. Die Konstruktion von polykonvexen Energiefunk-
tionen fiir die Beschreibung anisotropen Materialverhaltens stellte bis vor wenigen Jahren
ein ungeltstes Problem dar. Die ersten transversal isotropen und orthotropen polykon-
vexen Energiefunktionen wurden von SCHRODER & NEFF in den Jahren 2001, 2003
vorgestellt.

Die vorliegende Arbeit liefert eine Methode zur Konstruktion von polykonvexen, koordi-
nateninvarianten Energiefunktionen fiir die Beschreibung aller existierenden anisotropen
hyperelastischen Materialien. Die wesentliche Idee hierbei ist die Einfithrung von so-
genannten kristallographisch motivierten Strukturtensoren. Die Anwendbarkeit der Me-
thode wird innerhalb verschiedener numerischer Beispiele unter Beweis gestellt.
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Notation

Notation Linear Algebra

R3

(a, b), witha, b € R?
lall = {a, a)'/?
R3><3

Rix?,

Sym(3)

PSym(3)

Skew(3)

GL(3,R)

®

a®b

H” with H € R3*3
1

I_I—l

tr[H]=H : 1
det[H ]

AdjH = det[H|H !
CofH = AdjH"
(H, B) =tr[HB"] = H : B,
with H, B € R**3
|H|| = (H, H)'"?
Ha

set of real numbers

set of positive real numbers

set of natural numbers

set of natural numbers without zero
three-dimensional Euclidian vector space
standard Euclidian scalar product on R?
Euclidian vector norm

set of real 3 x 3 matrices

set of real 3 x 3 matrices with positive determinant
set of all real symmetric 3 x 3 matrices

set of all real positive definite symmetric 3 x 3 matrices
set of all real skew-symmetric 3 x 3 matrices
set of all real invertible 3 x 3 matrices
tensor product of vectors in R3

matrix of rank one

transpose of 3 x 3 matrix

identity 3 x 3 matrix (index notation: d;;)
inverse of 3 x 3 matrix

trace of 3 x 3 matrix (index notation: H;;0;;)
determinant of 3 x 3 matrix

adjoint of an invertible 3 x 3 matrix
cofactor of an invertible 3 x 3 matrix
standard Euclidian scalar product on R3*3
(index notation: H;;B;;)

Euclidian matrix norm

matrix-vector operation index notation: H;; a;
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1 Introduction.

Anisotropic materials exhibit a wide range of applications in engineering science and ap-
pear in a manifold manner. A lot of engineering materials like fiber-reinforced composites
or bio-materials like soft-tissues possessing a fibrous structure have to be mentioned in
this context. Depending on the structure and orientation of the embedded fibers different
anisotropic material behavior of the composites can be observed.

Thus, the modeling of anisotropic material behavior represents a field of research which
becomes increasingly important in material science. Especially in finite strain elasticity,
the construction of suitable energy functions for the description of anisotropic material
behavior was for a long time a question yet to be answered.

The overall question of this thesis is the second open problem in elasticity posed in the
article Some open problems in elasticity of BALL [10], which reads:

Are there ways of verifying polyconvexity and quasiconvexity
for a useful class of anisotropic stored-energy functions?

In Chapter 2 the fundamentals of continuum mechanics that are used in this thesis are
briefly introduced. The constitutive equations are provided, which have to be considered
for the representation of hyperelastic material behavior within a thermodynamical con-
sistent setting. The Principle of Material Symmetry plays a significant role in continuum
mechanics for the specification of isotropic and anisotropic material behavior by constitu-
tive equations. Anisotropic material behavior is characterized by invariance properties of
the material responses with respect to certain material symmetry transformations, which
therefore results in restrictions on the form of the constitutive equations.

For the case of anisotropic elasticity there exist 13 types of anisotropic material symme-
try groups. Eleven of them are associated with the 32 crystal point symmetry groups and
the remaining two describe the transversely isotropic case. The symmetries of a crystal
structure impose certain restrictions on its physical properties. Relations between sym-
metries of crystals and its physical properties are postulated by Franz Ernst Neumann in
1885: Symmetry elements associated with any physical property of a crystal must include
those of the symmetry point group of the crystal. The 32 point symmetry groups for
the specification of crystals, the associated eleven material symmetry groups as well as
the important symmetry groups for describing non-crystalline materials are presented in
Chapter 3.

In Chapter 4 classical representation theorems for isotropic tensor functions are pre-
sented. These theorems lead to coordinate-invariant formulations of the constitutive equa-
tions in terms of scalar-valued invariants. They are based on vectors and second-order
tensors. In case of anisotropy, the concept of structural tensors can be applied, where
structural tensors act as additional terms in the constitutive laws. This concept impli-
cates an isotropicization of the anisotropic tensor functions. However, transverse isotropy
and orthotropy as well as the triclinic and monoclinic material symmetry groups are the
only material symmetry groups, which can be described by second-order structural ten-
sors. Therefore, only in these cases the classical tensor-representation theorems can be
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exploited. For the representation of the remaining material symmetry groups structural
tensors of order higher than two are required: for the trigonal, tetragonal and cubic systems
fourth-order and for the hexagonal systems sixth-order structural tensors are necessary.
Representation theorems for isotropic tensor functions with tensors of order higher than
two are not yet exhaustively discussed in the literature. However, we took notice of a
useful idea, where second-order tensor-valued so called isotropic extension functions are
introduced.

The mathematical treatment of boundary value problems in our framework is mainly based
on the direct methods of the calculus of variations, i.e., to find a minimizing deformation ¢
of the elastic free energy ¥ (F') depending on the deformation gradient F' = Gradep subject
to specific boundary conditions. In finite elasticity, the guarantee of existence of minimiz-
ers together with a physically reasonable material modeling was — until the publications
of Ball in the 1977’s — an outstanding problem. In Chapter 5 we give an overview of the
generalized convexity conditions playing an important role in this regard. The existence
of minimizers is based on the notion of sequential weak lower semicontinuity (s.w.l.s.). If
the functional to be minimized is s.w.l.s. and the coercivity condition is fulfilled the exis-
tence of minimizers is ensured. In order to obtain physically reasonable material models
the Legendre-Hadamard Inequality is a suitable condition, because hereby, the existence
of real wave speeds inside the material for the corresponding linearization is guaranteed.
The most useful condition, however, is the polyconvexity condition introduced by Ball
in 1977: It directly implies s.w.l.s. and does not contradict any physical requirement.
Moreover, polyconvex functions are also rank-one convex. Considering smooth energy
functions the (strict) rank-one convexity implies the (strict) Legendre-Hadamard condi-
tion. For the proof of polyconvexity we have to check the convexity of the elastic free
energy function ¢(F') with respect to the argument {F, Cof F',detF'} € R'. There exists
a wide range of polyconvex functions for the description of isotropic material behavior,
e.g. the Mooney-Rivlin- and Neo-Hooke-type free energy functions. For the description of
anisotropic material behavior, polyconvex energies based on well-known structural ten-
sors already exist in the literature for the case of transverse isotropy, orthotropy and cubic
symmetry. However, the well-known structural tensors for the construction of polyconvex
triclinic, monoclinic, tetragonal and trigonal energy functions were not useful so far.

Therefore, our aim is the representation of polyconvex energy functions for all mechani-
cally relevant anisotropy groups. The key ideas are presented in Chapter 6, namely the
introduction of

crystallographically motivated symmetric, positive (semi-)definite second- and
fourth-order structural tensors for all mechanically relevant anisotropy groups.

On the basis of this approach we are able to construct generic, coordinate-invariant, poly-
convex energy functions, which fulfill a priori the stress free reference configuration con-
dition and are suitable for the simulation of real anisotropic material behavior. The latter
fact is exemplified by various approximations of the tangent moduli at the reference state
to experimentally determined elasticities of real anisotropic materials. The applicability
of the proposed energies is furthermore checked in Chapter 7 within different numerical
examples ranging from the simulation of woven fiber composites, thin shell formulations
to configurational mechanics.
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2 Fundamentals of Continuum Mechanics for Hyperelastic
Materials and Variational Principles.

Continuum mechanics deals with the kinematics and mechanical behavior of materials
modeled as a continuum, i.e., fluids and solids. We consider solid materials with a hy-
perelastic material behavior. The aim of this chapter is to give a brief overview of the
continuum mechanical background of this work and to introduce the notation that is
used. Extensive discussions concerning this topic can be found in TRUESDELL & NOLL
[127], MARSDEN & HUGHES [72], OGDEN [89], MALVERN [70]. Recent publications are
CHADWICK [37], BASAR & WEICHERT (6], HAUPT [58], HOLZAPFEL [62] and DE BOER
& SCHRODER [42]. We conclude this chapter with the formulation of the boundary value
problem, the associated variational formulation and the Finite-Element formulation of
finite elastostatics. Exhaustive textbooks dealing with the basic concept of the Finite-
Element-Method are ZIENKIEWICZ & TAYLOR [147], BATHE [14] and WRIGGERS [138].

2.1 Kinematics.

We consider a material body B consisting of a continuous set of material points P € B in
a three-dimensional Fuclidean space R3. The surface of B is denoted by 9B.

The reference configuration By € R? —also called material or Lagrangian configuration- is
defined by the position X of the material points P at time t = ¢, i.e.,

X=X'E; J=1,23, (2.1)

in terms of the right-handed orthonormal (cartesian) basis {E};, J = 1,2,3. A cartesian
basis is characterized by

E]'EJ:5]J and E[XEJZEIJKEK, (22)

with the Kronecker symbol §;; and the coefficient matrix €;;x of the third-order permu-
tation tensor e:

5 _{07 lfI#J7 IJK __
1J —

1, ifr=g, KT T

0, if two indices are equal ,
{ 1, for €123, €231, €312, (2.3)

— 1, for €3, €132, €301 -

The actual configuration B, € R?® —also called spatial or Eulerian configuration-— is defined
by the position x of the material points P € B; at time ¢, i.e.,

r =ale;, j=1,23, (2.4)

with the cartesian basis {e};,j = 1,2, 3 of the actual configuration.

The motion of the body B is described by the one-to-one mapping of the material points
P of By into B;
p:By— B;. (2.5)

The transformation ¢ maps, at fixed time t € R, points X € By of the reference
configuration onto points & € B; of the actual configuration, i.e.,

(X, t): X —x=p(X,t), with 2/=2/(X" X% X3 1), (2.6)
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E,, e;
E, e

Figure 2.1: Representations of reference and actual configuration and corresponding geo-
metric mappings (transport theorems).

which is assumed to be reversible
ez, ) x— X = '(x,t), with X7 =X'(2' 2 2° 1), (2.7)

If ' and X° are single-valued and at least once continuously differentiable with respect
to their arguments, the condition (2.7) is satisfied.

As one of the most important kinematic quantities in continuum mechanics we introduce
the deformation gradient which is the partial derivative of the deformation mapping & =
p(X,t) with respect to the material coordinates X, i.e.,

ox
F=F(X,t):=Grade =Vxxr=——. 2.8
(X 1) = Grade = Vo = £ 2 (28)
The deformation gradient is a two-point transformation tensor; one base vector is defined
with respect to the Eulerian configuration and the other is defined with respect to the
Langrangian configuration:

F(X,t)=F';e,® E’. (2.9)

The arrangement of the deformation gradient components is denoted by

oxt Ozt Ox!
0X1 0X?2 09X3
4 ox' , : 02 02 Oz
Fiy= 2 gy Fi)|=| 022 02 O« | 2.1
== = W= o Te o 210
ox3  0x® 02
| oxT ox® ox® |

Since the mapping (2.8) must be one-to-one, the deformation gradient is not allowed to
be singular, thus, its inverse
0X

FY(X,t) =gradX = V,X = yr F Y. E,;®é (2.11)
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must exist. Furthermore the associated components matrix representation appears as

ox' ox!' ox!
ort 0z  Ox3
P aXf] —X7, = [FVY]-= 0X* 0X* 0X* | (2.12)
du’ oxrlt 022  Ox?
0xX3 0Xx2 0X3
| Ozt 022 023 ]

A sufficient condition for the existence of the inverse of F(X,t) is that the determinant
of F(X,t), the Jacobian J, is not equal to zero, i.e., J = detF(X,t) # 0. Together with
the continuity of the mapping ¢ we enforce the condition

J =detF(X,t) >0 (2.13)

for all motions of the body B. Otherwise the body could interpenetrate itself, i.e., it
could undergo deformations that are unphysical. On the basis of the deformation gradient
three fundamental geometric mappings — also called transport theorems— are important in
continuum mechanics:

(i) Mapping of infinitesimal line elements. The deformation gradient represents a
linear mapping of infinitesimal line elements d X of the reference configuration to infinites-
imal line elements

de = FdX (2.14)
of the actual configuration.

(ii) Mapping of infinitesimal area elements. The normal to an infinitesimal material
area element dA = N dA, with the material unit outward normal vector IN, are mapped
to the normal of an infinitesimal spatial area element da = n da, with the spatial unit
outward normal vector n, via Nanson’s Formula (1878)

da=JF1TdA = Cof[F]dA. (2.15)

(iii) Mapping of infinitesimal volume elements. Representing the infinitesimal
material and spatial volume elements dV and dv, respectively, as triple product of
the corresponding infinitesimal line elements, i.e., dV = dX; - (dX, x dX3) and

dv = dx; - (dzs x dxs), and considering the relation (2.14) as well as J = det(2L) =

80X
g—)agl . (88—)3(32 X g—g’;) yields the mapping of the infinitesimal volume elements

dv=JdV . (2.16)

A graphical representation of the transport theorems is given in Figure 2.1. Introducing
the displacement vector w(X,t) as difference between the position vector of the actual
and reference configuration

u(X,t) = o(X,t) - X (2.17)

leads to the following alternative representation of the deformation gradient (2.8)

F = Grad[X + u(X,t)] =1+ Gradu, (2.18)
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where 1 denotes the second-order identity tensor.

Further strain measures can be defined by using the polar decomposition of the local

deformation gradient
F=RU=VR, (2.19)

where the rotation tensor R is a proper orthogonal tensor (with R™' = R”), which
causes a rotation of the material line elements. The symmetric tensors U and V' are the
so-called right stretch tensor and left stretch tensor of deformation, respectively. Then,
further strain measures can be obtained by multiplicative combinations of (2.19) of the
form:

C:= F'F = (RU)"(RU) = U?, with Cyp = F®46,F"5, 2.20)
2.20

b:=FF' = (VR)(VR)" = V? with 0% = F*,645F'g,

where C' is the right Cauchy-Green tensor and b the left Cauchy-Green tensor (Finger
deformation tensor). Furthermore, suitable measures can be formed by using half of the
difference of the squares of the infinitesimal material and spatial line elements, i.e., %(dar; .
dx — dX - dX). Including the relation (2.14) and dX = F~'dx, respectively, leads to
the definition of the Green-Lagrange strain tensor E and Fuler-Almansi strain tensor e,
respectively:

1 1
E=—-(C-1), with Esp=—=(Cap—9ap),
% 12 (2.21)
e = 5(1 — b_l) ; with €ab = 5(66&57 - {b_l}ab) :
Inserting the relation (2.18) into (2.21); yields the alternative expression of E in terms of
the displacement u

E = %((1 + Gradu)” (1 + Gradu) — 1) = %(Grad’u, + (Gradu)” + (Gradu)” (Gradu)) .

(2.22)
In the geometrically linear theory, both the strains and the displacements are assumed to
be infinitesimal small, i.e., (2.17) reduces to &* = X + Au with an infinitesimally small
parameter A. Inserting this relation into (2.22) gives

E» = %()\ Gradu + A (Gradu)” + \? (Gradu)” (Gradu)) . (2.23)

Since A > A? we may neglect the quadratic term and obtain the strain tensor e in the
small strain regime

c— %(Gradu + (Gradu)T). (2.24)

Alternatively (2.26) can be derived by applying the linearization procedure on the Green-
Lagrange strain tensor, which is governed by the Gateaux derivative, cf. DE BOER &
SCHRODER [42], i.e.,
: d
Lin[E] = E|x + a[E(X + Au)]| =0, (2.25)
where the second term is the Gateaux derivative (directional derivative) of E at X in the
direction of u. With E|x = 0 we also obtain (2.24), i.e.,

e = Lin|E]. (2.26)
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2.2 Orthogonal Transformations.

In this section we consider orthogonal transformations. Such transformations constitute
the orthogonal group O(3) and satisfy

Q' =Q7, detQ = +1. (2.27)

They describe proper and improper rotations. The improper rotations are also known as
reflections or rotoinversions. A subgroup of O(3) is the proper orthogonal group SO(3).
Elements of SO(3) have the property

Q'=Q", detQ =1, (2.28)

They solely describe proper rotations. For instance R introduced in (2.19) is an element
of SO(3). Details concerning the notion group and matrix representations of special or-
thogonal transformations are given in the next chapter.

2.3 Objective Physical Quantities.

The following remarks on objective physical quantities are related to the textbooks STEIN
& BARTHOLD [121] and HUTTER & JOHNK [63], see also MALVERN [70], TRUESDELL &
NoLL [127]. The description of the motion @ of a body is dependent on the observer, i.e.,
on the choice of the coordinate system. The different states of motions of the observer
lead to a different description of the motion of the body.

Consider two observers. They must secure exactly the same deformation of the body.
Both observers relate their measurements to their respective reference system (of which
the representation may be different in different reference systems). Let the first observer
B be described by the origin O and the cartesian base vectors {e;, e;, ex}; let the second

+ ot ot

observer By be described by the origin O and the cartesian base vectors {e; e ,el .

The difference between the motions of the observers, i.e., the change of the reference
systems {e;} — {e;r} of the motion of the body, is given by a time dependent rigid body
motion, which is defined by

=Rz el o esoE), wih @@ = Z . (220

and  t+=t — At Ox

The transformation (2.29) is called Fuclidean transformation. The time dependent vector
c(t) denotes the mutual translation of the origins O and O*. The time dependent orthog-
onal tensor Q(t) € SO(3) represents the mutual rotation of the base systems {e;, e;, e;}
and {e], e], el }. Furthermore, a time difference t* = ¢ — At, with At € R, between the
observers may exist. The time independet transformation

" =Qx+c with Q= Q(t)=const.and ¢ = ¢(t) = const. V¥V Q € SO(3) (2.30)

is referred to as rigid transformation.

Physical quantities are called objective or observer independent, when they follow specific
transformation rules under the Euclidean transformation. Eulerian quantitites, e.g., a
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scalar-valued quantity (3, a vector-valued quantity v and a tensor-valued quantity h, are
objective, if their coordinates transform as

pr=p, vt=Quv, h*=QhQ", (2.31)
with @ = Q(t). The deformation gradient F' (two-point tensor) transforms as:

ox™ Ox
F™ =CGradz™ = ——— =Q(t) F. 2.32
rade” = S ax — QW) (2:32)
Euclidean transformations have no effect on Lagrangian quantities. For instance, the right

Cauchy-Green tensor (2.20) is invariant under an Euclidean transformation:

C =FT"Fr=F'Qt'Qt)F=C. (2.33)

2.4 Material Time Derivatives.

The material time derivative <[e] =[e] is the temporal change of the quantity [e] at an

arbitrary point of the reference configuration, i.e., X =const.. For material quantities
P(X,t) the material time derivative is equal to the partial derivative %_1;; for spatial
quantities p(x,t) = p(x(X,t),t) it additively consists of a convective and a local part,
ie.,
Op Ox OJp
)= —  — =gradp - + —. 2.34
b= 5 T gradp - & + (2.34)
The material velocity @(X,t) is defined as the material time derivative of the motion
z = p(X,1)
. Op
v=x(X,t) = —. 2.35
(x.1)= % (2.35)
The material acceleration &(X , t) is defined as the material time derivative of the material
velocity. With (2.35) we get
or  Pp(X,t)
a=2(X,t)= — = —"T-"7. 2.36
(x.1)= 0 = T8 (2.36)
Changing the independent variables in (X, ) and &(X,¢) from material to spatial co-
ordinates leads with (2.7) to the velocity and acceleration

v=wv(w, )= a(e” (z,1),1),

(2.37)
a=a(z,t)=x(p ' (x,t) t)—ﬁ—vﬁ—m—l—ﬁ—v—lv—l—&—v
IR A AL T
where [ is the spatial gradient of the velocity I := gradv which can also be expressed by
the material time derivative of F', i.e., F = ;—g)(, as follows:
ov Oz 0X .
= —=_——"""=FF". 2.
dr 0X Ox (2.38)

It can be additively decomposed into a symmetric and a skew-symmetric tensor | = d+w,
with 1 1
d:§a+ﬂ%w:50—ﬂ% (2.39)
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where d is the stretching tensor of the motion and w is called the spin tensor. Moreover,
the material time derivative of the Jacobian determinant is calculated by

.0 _ OdetF OF I . 92 40
J =5 (detF) = ——: —— = detFF " : F = detFtifl] = Jdivo. (2.40)

The material time derivatives of the transport theorems (2.14),(2.15) and (2.16) are

de = FdX =1FdX =ldz,

da =JFTdA+ J(FT)dA
= JdivoFTdA - JI"FTdA (2.41)
= (tr[l]1 —I")Cof[F]dA = (tr[l]1 — 1) da,

do = JdV = JdivodV = divodv.

2.5 Stresses and Heat Flux.

Let us focus on the mechanical and thermal effects on the surface 0B, of the actual
configuration and 0B, of the reference placement, respectively.

Stresses: The mechanical effects on B, are given by surface tractions defined as the limit
value of the force Af acting on an area element Aa passing through a point & € 0B;:

t(x,t) ;== lim A—f = ﬁ

A = (2.42)

Cauchy’s theorem states that the traction vector in a point & € dB; can be expressed as
a linear function of the unit outward normal n of the area element da in @

t(x,t,n) =o(x,t)n, (2.43)

where o are the Cauchy stresses and relates therefore the actual force to the actual area
element.

B;

Figure 2.2: Coaxiality of the traction vectors t € 0B; and T' € 0B.

Inserting the actual force depending on the undeformed area element dA, i.e.,

df =tda=TdA (2.44)
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and the relation dan = Cof[F|NdA, obtained from (2.15), into (2.43) leads to the defi-
nition of the first Piola-Kirchhoff stress tensor P:

oCof[FINdA=TdA = P =o0CofF =JoF ", (2.45)

Consequently the modified version of Cauchy’s theorem reads
TdA=PdA=PNdA = T=PN. (2.46)

Due to (2.44) and (2.46) P relates the actual force to the reference area element. The first
Piola-Kirchhoff stress tensor can be alternatively expressed as

P=7rF" = r1=Jo, (2.47)

where the Kirchhoff stress tensor T is introduced, which is also denoted as weighted Cauchy
stress tensor. Finally, we introduce the second Piola-Kirchhoff stress tensor S. It repre-
sents the Lagrangian counterpart of the Kirchhoff stress tensor and is calculated by the
pull-back operation

S=F'tFT=F'P=JF 'oF ", (2.48)

Heat Flux: The thermal effects on B, are described by a scalar-valued heat flux ¢ acting
on the surface 0B; in outward normal direction. Taking Stoke’s heat flux theorem into
account, the heat flux in a point & € 0B, can be expressed as a linear function of the
outward normal vector n passing ® € 0B; and associated with the area element da:

q(x, t,n) = q(x,t)n, (2.49)
where g denotes the Cauchy heat flux vector. From Nanson’s formula (2.15)
g da = qCof[F|dA
we obtain the material counterpart

QodA=QydA=Q,NdA, with Q,=qCofF. (2.50)

Cof F

Figure 2.3: Heat flux Qg and ¢ with respect to the reference and current placement.
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2.6 Balance Principles.

Conservation laws and balance principles for physical quantities constitute the physical
basis of continuum mechanics. They are material-independent, i.e., they are valid for every
continuum. In detail, four balance equations and one inequality are provided: conservation
of mass, balance of linear momentum, balance of angular momentum, balance of energy
and the entropy inequality, also referred to as Clausius- Duhem-Inequality. In general, these
laws balance the material time derivative of a physical quantity A, i.e., A := % A, with
A= 3, @ dv, under consideration of sources z inside the body, sources s-n on the surface
of the body, where n is the outward unit normal of the surface, as well as production p
inside the body. The general form of the balance principles can be derived as follows: Let
the body be represented in the actual configuration B;. The material time derivative of
the integral equation of Eulerian fields a is

Aty 4 gl aJdV:/ (0 +ald)dV
dt dt Jp, dt Jg, ; Bo (2.51)
= /(d—l—adivv)dv: —adv+/ av-nda,
Bt Bt 8t 6Bt
where the relations (2.40), (2.16) and
div[av] = grada - v + adivv < adive = div[av] — grada - v (2.52)

da.
ot

/div[av]dvz/ av-nda, (2.53)
B, B,

are used. Thus, the general global form of the spatial balance law appears as

A:iA: a—Olalvjt/ av-nda:/ zdv+/ s-nda+/pdv. (2.54)
dt 5, Ot 0B B, 0B, By

Application of the localization theorem and Gauss divergence theorem (2.53) once again
yields the corresponding local or strong form of the spatial balance law (2.54), valid for
any x € By, i.e.,

as well as the material time derivative ¢ =
theorem

+ grada - v and the Gauss divergence

a +adive = z + div[s] +p. (2.55)

For the Clausius-Duhem-Inequality the equations (2.54) and (2.55) carry over obviously
with > instead =.

Conservation of Mass. The law of conservation of mass states that the mass M in a
closed system remains constant during the deformation process. The first global form of
conservation of mass reads

M:= [ po(X)dV = / p(x,t) dv =m = const. , (2.56)
Bo By

where py and p are the referential and actual density, respectively. Exploiting the trans-
formation of volume elements (2.16) yields the first local form of conservation of mass

pQZJp, \V/XEB(). (257)
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This equation makes clear that the Jacobian determinant can be interpreted as volume
ratio. Thus, for A=m, a =p, 2 =0, s =0, p =0 the second global form of conservation
of mass follows from (2.54), with

d dp
m dt/&pv Btat U+/88tp’vna , ( )

and the second local form of conservation of mass obtained from (2.55) finally reads:

p+pdive =0, Vaxeb. (2.59)

Balance of Linear Momentum. The balance of linear momentum states that the rate
of change of the linear momentum L is equal to the external resultant force f<’, i.e.,
L = f! with L := Js,podv and = [ pfdv+ [, tda; f is the volume
acceleration and t the traction vector acting on the surface 0B;. Considering Cauchy’s
theorem (2.43), Gauss divergence theorem (2.53) yielding

/ fda:/ a'nda:/ dive dv, (2.60)
0B, OB, By

the conservation law of mass (2.59) and setting a = pv, z = pf, s =0, p=0in (2.54)
and (2.55), respectively, we get the global form of the spatial balance of linear momentum

/pi)dv:/(pf+diva')dv, (2.61)
Bi By

and the local form of the spatial balance of linear momentum

pv =dive +pf = dive+p(f—-0)=0 Vxehb. (2.62)

This fundamental statement is also called Cauchy’s first equation of motion. Considering
(2.16) and (2.57) as well as Gauss divergence theorem (2.53) and (2.44) which yields

/ dive dv = / onda = / oda = PN dA = / DivP dV , (2.63)
B OB OB OBy Bo

the local form of the material balance of linear momentum is given by

Balance of Angular Momentum. The balance of angular momentum is an independent
axiom, which postulates that the rate of change of the angular momentum h ) that refers
to the fixed point xy of the body B; is equal to the resultant moment m ) of all forces
acting on B, i.e., hg) = myy), with h() := [, 7 x ppdv and m) := [z v x pf dv+
faBt 7 x tda; r denotes the moment arm, defined as r := @ — @o. Inserting the values
a=rXxpv, z=rxpf, ssn=rxt, p=0in (2.54) and taking into account the relation

/ rxfda:/(rxdiva—l—e:a’T)dv, (2.65)
OBt By
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where € denotes the third order permutation tensor with index notation (2.3), as well
as (2.62) we finally obtain the global and local form of the spatial balance of angular
momentum
/ r X [diva—l—p(f—’b)]dv+/ e aldv=0
Bt B (2.66)
= e:oldv=0 = €:0=0 Yxehb,
Bt

which is valid if and only if the Cauchy stress tensor is symmetric
oc=o". (2.67)

The latter equation (2.67) is also called Cauchy’s second equation of motion. The relation
(2.67) yields the symmetry of the second Piola-Kirchhoff stress tensor (2.48) and Kirchhoff
stress tensor (2.47).

The symmetry of the Cauchy stresses is a consequence of the thus postulated balance of
angular momentum. Note that in the framework of Cosserat theory or extended contin-
uum mechanics the balance of angular momentum takes a different form and the Cauchy
stresses are not necessary symmetric anymore, cf. NEFF [83] and MUNCH [81].

Note on Stress Power. The rate of the mechanical work of deformations of the body
B due to volume and surface forces in the spatial setting reads

W= pf-'vdv+/ t-vda. (2.68)
Bt aBt

Exploiting Cauchy’s theorem (2.43) and the divergence operation (2.52) under consider-
ation of a vector and a tensor, the balance of linear momentum (2.62) and the balance of
angular momentum (2.67) yields

W= [ (pf +dive) -vdv + / o ddy UeEectmEIdgmien ey o:ddv,
Bt By By

which is referred to as stress power. With the relation (2.16) and (2.47) we get
W= [ r:ddvV.
Bo

Taking the definition of the spatial velocity gradient (2.38) into account we obtain finally
the stress power in the material setting

W:/ T (FFYdv = P:FdV:/ S:(FTF)syde:/ S:EdV.
Bo

BO Bo BO
Note that the quantity E is defined by a pull-back operation of d, ie., E = %C =
FTdF = (FTF),,,. The pairs of quantities

(P,F), (S.E), (r.d) (2.69)

are called work-conjugated pairs.
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First Principle of Thermodynamics (Balance of Energy). The first principle of
thermodynamics postulates that the temporal change of total energy of a physical body
is equal to the sum of the rate of work of all forces and all other energies entering and
leaving the body per unit time. The total energy can be additively split into the kinetic
energy I and the internal energy &, with

1
K:= §pv-vdv, Ezz/pedv, (2.70)
Bt

Bt

where e denotes the specific energy density per unit mass. A temporal change of the total
energy is equal to the power of mechanical tractions and body forces (2.68) denoted here
by P and the thermal power Q, i.e.,

P=W, Q:= prdv—/ qda, (2.71)
Bt 6Bt

with the heat supply r per unit mass and unit time, and the heat flux ¢ defined in
(2.49). Thus, using the heat flux theorem as well as Cauchy’s theorem (2.43), setting
A=K+& a=ple+i|v|]?), z=pv-f, s=(v-0—q), p=prin (2.54) and (2.55),
respectively, as well as (2.59) and (2.62) leads to the global and local forms of the spatial
balance of energy

%(IC+€):P+Q = pé=pr—divg+o:d,Vxeb. (2.72)

Second Principle of Thermodynamics (Clausius-Duhem Inequality). The second
law of thermodynamics states that there naturally exists a process direction for thermo-
mechanical processes. The simplest formulation of the second law, according to Rudolf
Clausius (1822-1888), reads:

Wiérme kann nicht von selbst von einem kdlteren in einen wdrmeren Kdérper tibergehen.

The axiom can be expressed through the inequality (global form of spatial entropy in-

equality)
d

pr q
- dv> [ E=av— 14 2.73
o Btpn v_/Bt@ v m@a, (2.73)

which is also referred to as Clausius-Duhem Inequality. It means that the temporal change
of total entropy H. = |, 3, P11 dv with the specific entropy per unit mass 7 is always greater
than or equal to the sum of the supply of entropy through surface due to heat flux —q/©
and the entropy inside the body pr/© due to evolution of temperature. © denotes the
absolute temperature. Inserting A= H,., a=pn, z=0, s=—q/O,p=pr/O in (2.54)
and (2.55), respectively, considering the balance of energy (2.72) and the conservation of
mass (2.59) the local form of spatial entropy inequality can be represented as

1
p@ﬁ—pé+a:d—6q-grad@20 Vaeb;. (2.74)

The restriction on the description of isothermal processes characterized by constant tem-
perature, i.e., © = 0, as well as the introduction of volume-specific values for the internal
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energy € = pe, the internal heat production ¥ = pr and the entropy 7 = pn simplify
(2.74) and we obtain
On—¢e¢+o:d>0 Vxeb. (2.75)

As thermodynamical potential we choose the Helmholtz free energy ) per unit actual
volume defined by ¥ = p1 with ¢ = e — On, so that (2.75) can be reformulated to

—p+o:d>0 YzebB,. (2.76)
Taking into account the work-conjugated pairs (2.69) we obtain the material form of (2.76)
S:E—¢>0, VXebB,, (2.77)

where the Helmholtz free energy function ¢ is defined per unit reference volume, i.e.,
Y = poY. Neglecting electrical power, the free energy 1 depends only on the strain
measure (here E) and the temperature © as process variables. For isothermal processes
the material time derivative of ¢ results in ¢ = 0 B E: thus, we get

R W
i > .
S FE 9E E>0 VX eB, (2.78)

which is postulated to hold for all independent processes. Since we restrict ourselves in
the sequel to the description of reversible processes, the inequality sign in (2.76) can
be replaced by an equal sign, so that we obtain a tensor-valued function for the second
Piola-Kirchhoff stresses formulated in terms of E

O L .

- = =2
oE ~ “oC’ OFAp IC g’

(2.79)

which represents the so-called constitutive equation for the stresses, i.e., a functional depen-
dence between the stress quantity S and strain quantity E = E(Gradu) or deformation
quantity C = C(Gradu), respectively. The resulting symmetric tangent moduli is

_ 08 0 P . apop o 0SAB

In order to determine the constitutive equation for the Cauchy stresses we use the relation

2, 0y

°=7%F5¢c

FT
S0 pr),

obtained by inserting (2.79) into (2.48). Considering the work-conjugated pair (P, F)
(2.69) the material form of (2.76) reads

P:F—¢y>0, VYVXeB. (2.81)

Thus, the free energy 1 is here a function of the primary variables F' and ©. With regard
to isothermal processes we obtain
oY

:‘——:.> . .
P:F 9F F>0 VX ek (282)
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Hence, the first Piola-Kirchhoff stresses can be derived by the first derivative of 1) with
respect to F'
o oY

P=_—_ ith P4 = 2.
oF " e TR (2:83)

which is the constitutive equation for the first Piola-Kirchhoff stress tensor. P is therefore
not symmetric. The corresponding tangent moduli is called Nominal Tangent and given

by
0 (O , ap_ O oY
= oF <8F) , with A" = b <(9F“A) . (2.84)

2.7 Constitutive Equations for Hyperelastic Materials.

The balance laws are valid for all bodies; a specification of the material behavior can
be done by suitable constructions of the constitutive equations. For the formulation of
suitable constitutive equations some of the most important principles providing helpful
advices for a physically reasonable material modeling may be taken into account: the
axioms of 1) causality, i) determinism, iii) equipresence, iv) objectivity, v) material in-
variance, vi) neighborhood, vii) memory, viii) admissibility and ix) dissipation. We focus
in the following on the principles iv) and v). For more details the reader is referred to
advanced textbooks, e.g. NOLL [87], MARSDEN & HUGHES [72], HOLZAPFEL [62]. The
axiom of admissibility requires that the constitutive equations do not have to contradict
the balance equations and the second law of thermodynamics. Material models, which
fulfill these conditions, are said to be thermodynamically consistent.

Moreover, we consider homogeneous elastic materials, i.e., their properties are the same
for all material points. Therefore, the constitutive equations do not depend explicitly on
the material points X . Thus, we obtain for instance for the constitutive equations in the
reference setting

¢=¢(X7F):¢(F)a P:P(X7F>:P(F)

2.7.1 Principle of Material Frame Indifference — Objectivity. The principle of
material frame indifference requires:

The constitutive equations must be indifferent against a change of reference system.

That means that they have to be observer independent. Observer independence or objec-
tivity of physical quantities is defined in section 2.3.

Let us consider two motionless observers of a deformation of a homogeneous, elastic body.
The first observer B; describe the deformation of each material point position X by x(X),
whereas the second observer B, describe the deformation of each material point position
by & (X).
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P )e
By T
X3
z(X)
Y, \_/ - 5,
X1 )72

Figure 2.4: Rigid body motion of the actual configuration.

The material point positions (X)) transform under an Euclidean transformation, also
known as rigid body motion (here for the static case: rigid transformation), onto the
positions (X)), i.e.,

2" (X)=Quz(X)+c VQeSO@3),

where @ is a rigid body rotation, see Figure 2.4. For the associated deformation gradient

F* = Gradz™ the relation St 9
+_ 9% 9T _
- Ox 0X QF 25

holds.

The principle of material frame indifference requires that the observers secure the same
energy and stress state of the deformed body. Therefore, it demands that the consti-
tutive equations also fulfill the rigid transformation rule, i.e., they have to be observer
independent (objective):

V(QF) =y(F), PQF)=QP(F) YQ¢cS0(3). (2.86)

The availability of the a priori objective right Cauchy-Green tensor CT = C = U?, cf.
(2.33), motivates to use reduced constitutive equations that depend only on the right
stretch tensor of deformation U and a priori fulfill the principle of material frame indif-
ference (2.86), i.e.,

P(C)=y(CT), VQeSO3), (2.87)

see e.g. TRUESDELL & NOLL [127]. Thus, in the sequel we use for the formulation of the
constitutive equations the functional dependence (2.87). The corresponding stress tensor
(2.79), i.e., the second Piola-Kirchhoff stress tensor, and the tangent moduli (2.80) are
then calculated by

I(C)

S=27¢

PR i(e)

_ , (2.88)
9CoC
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2.7.2 Principle of Material Symmetry. The principle of objectivity requires the
indifference of the constitutive equations under a change of reference frame. The constitu-
tive equations must also reflect the symmetry of the physical properties of the underlying
material. The principle of material symmetry requires:

The constitutive equations have to be invariant with respect to
all transformations of the material coordinates, which belong
to the symmetry group G of the underlying material.

For isotropic materials, the material behavior is identical in all directions, i.e., the consti-
tutive equations are independent against a change of the reference configuration. Thus,
an arbitrary reference configuration can be chosen.

For anisotropic materials, there can be special directions in the materials, along which
its physical properties are identical. For instance, the material properties of an elastic
tetragonal material must be invariant e.g. against the rotation of the reference configu-
ration by 90°, see Figure 2.5. Thus, for anisotropic materials, the constitutive equations
have to be independent against a change of the reference configuration under symmetry
transformations of the underlying material.

Let us consider the reference configuration B defined by the material point positions X
(Figure 2.5). The change of this configuration to a second reference configuration By is
defined by the one-to-one correspondence of the respective position vectors of the material
points, i.e.,

X+t=QX, YQegc o),

where @ are symmetry transformations belonging to the underlying material symmetry
group G. The material points of the actual configuration ; are then given with respect
to both reference systems:

r=z(X)=x(X"). (2.89)
gy
=X

X/
By /§ €3 Bi
e

Figure 2.5: Orthogonal Transformations of the reference configuration.
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The associated deformation gradient is defined by

[ ox 0X

see Figure 2.5. Then, the principle of material symmetry demands that the reduced con-
stitutive equations ¢(C) and S(C) ) have to transform as follows

¥(C) = ¥(QCQ")

VQegcCO(3). (2.91)
QS(C)Q" = 5(QcQ")

The material symmetry group G reflects the symmetry of the physical properties of the
material. Therefore, it has to be specified for the considered material. Material symmetry
groups for crystalline and non-crystalline materials are presented in the next chapter. If
G is equal to the full orthogonal group O(3), then the material is isotropic. Otherwise, it
is anisotropic.

€2

a)

Figure 2.6: Characterization of isotropic elastic material behavior: a) reference configura-
tion, b) deformed configuration: (left) with principal directions nc1, nee of deformation C,
(right) with principal directions ng1,ngs of the stresses S, which are coaxial to ne1, nea.

For isotropic material response, one observes a coaxiality of the principal directions of the
right Cauchy-Green deformation tensor C' and the second Piola-Kirchhoff stress tensor
S, i.e., ngy = Ngi, Ny = Nga, see Figure 2.6.

€9

a)

Figure 2.7: Characterization of anisotropic elastic material behavior: a) reference configu-
ration, b) deformed configuration: (left) with principal directions nc1, oo of deformation
C, (right) with principal directions ngi,nge of the stresses S, which are non-coaxial to

nci,nNcea.

One of the main characteristic of an anisotropic material is the non-coaxiality of the
eigenvectors of the stress tensor S (ng;, ngs) and the deformation tensor C (nci, nes),
see Fig. 2.7.

1)We use constitutive equations in terms of the objective right Cauchy-Green tensor, since we fulfill in
this way a priori the principle of objectivity.
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2.8 Boundary Value Problem and Variational Formulation.

A nonlinear boundary value problem is characterized by a set of nonlinear differential
equations (i), i.e., in case of isothermal and quasi-static, hyperelastic problems the balance
of linear momentum (2.64) together with the constitutive equation (2.83) (section 2.7),
and boundary conditions (ii). A solution of the boundary value problem is a solution of
the system of differential equations, which satisfies the imposed boundary conditions.

(i) In case of hyperelasticity, the first Piola-Kirchhoff stresses P is defined via the con-
stitutive equation (2.83): P = Op. If this is the case and the applied volume forces are
conservative, i.e., po f(u) = pof, the balance of linear momentum for the static case in the
reference setting gives rise to the following system of three nonlinear partial differential
equations with respect to the three unknown components of the displacement field u:

DivP + pof =0 VX ebB,, (292)

which is also referred to as strong form of equilibrium.

(ii) The reference surface of the body 9B is divided into two non-overlapping parts: one
part for prescribed deformations 0B, and one for prescribed stresses 0By,

880 = 880t U 880@ and 880t N 880@ = @ . (293)

The stresses at the boundaries of B, are prescribed by Neumann boundary conditions,
which are named after the mathematician Carl Gottfried Neumann (1832-1925), the son
of (our) crystal physicist Franz Ernst Neumann (1798-1895), see page 27 (Neumann’s
Principle),

T=PN=t on 0By (2.94)

and the deformations at the boundary are defined by Dirichlet boundary conditions

p=¢, on 0DBg,. (2.95)

2.8.1 Variational Principles. In general it is impossible to find an analytical solu-
tion of the boundary value problem (2.92). Instead, discretization methods based on the
direct methods of the calculus of variation can be applied. The direct methods of the cal-
culus of variation lead here to the nonlinear, so-called weak form of equilibrium. In view of
an iterative solution of the weak form by using the Newton-Raphson iteration scheme, the
linearization of the weak form is required. The weak form is the basis for the application
of the Finite-Element-Method. Here, we focus on the standard displacement formulation.

Multiplying the strong form of equilibrium (2.92) by a suitable vector-valued test function
0, with d¢p = 0 on 0B, and integrating over the volume of the body B, yields

/ (DivP + pof) - SpdV =0, (2.96)
Bo

with the boundary conditions (2.94) and (2.95). Exploiting the identity

DivP - ¢ = Div(dp - P) — P : Graddp (2.97)
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and the Gauss divergence theorem (2.53) we obtain the weak form of equilibrium

G(p,0p) = BP:&FdV - {/B pof-&pdV—l—/
0 0

0Byt
Gint vGe:ct

t-dp dA} =0,
| (2.98)

with 0 F = Grad[d¢].

The weak form of equilibrium is formally equivalent to the principle of virtual work. The
test function is then the vector of virtual deformations, G the work of internal forces
and G* the work of external forces acting on the body By. Solving the boundary value
problem is formally equivalent to finding a stationary point ¢ of a functional, called the
total energy or potential 11, with

II(p) = i ¢(F)dV—/B (pof,go>dV—/ (t,p)dA —  stat.. (2.99)

9Bt

The associated Euler-Lagrange equations (the stationarity conditions) are obtained as fol-
lows: The classical methods of the calculus of variations are based on a family of variations
® given in the simple additive form

P’ =@+ sdp, (2.100)
and associated deformation gradient
F° = Gradep + sGraddp, O0F° = Graddp =J0F, (2.101)

where d¢p is an arbitrary continuous test function that vanishes at the boundary 9B, and
s € R is a scalar. The potential I1(¢®) becomes stationary for s = 0, i.e.,

H(p) = I(¢°)|,., — stat., (2.102)
if p
0ll(p,0p) = —|  I(¢®) =0 (2.103)
ds|,_,
holds. Inserting the family of variations (2.100) into (2.102) yields
) = [ wEav - [ nfp)av- [ @etaa. a0
Bo Bo 0Bt
The derivative of the last equation with respect to s gives
d _
S = [ @euE) ) v [ (pf.edv - [ Een)dd, (210)
ds Bo Bo 0Bot

so that (2.103) appears as

d

0L, o) = —

With the identity P : 0F = Div(Pd¢p) — DivP - 6 and the Gauss divergence theorem
we have

oM. 00) = - |

Bo

(g = | (P,6F)dV — Sp)dV — £.0p)dA—=0.
() /BO< ) /Bo(pof o) /%Ot@ o)

(DIVP + pof), 50) AV + /83 (PN —%),60)dA—0, (2.106)
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which must hold for arbitrary test functions d¢ with d¢p = 0 on 9By,. Using the fun-
damental lemma of the calculus of variations equation (2.106) is satisfied, if and only
if

DivP+pof =0 VX €B;,, PN=t on 0By, (2.107)
since d¢ can be varied independently in the interior of By and on the boundary 9By;.

Alternatively, in terms of the symmetric stress tensor S the weak form is

oll(ep, o) = /

Bo

1 -
S —5CdV—/ pof-égodV—/ t-dpdA=0=:G(p,dp),
2 Bo aBOt
(2.108)
where the constitutive equation (2.48) and the variation of the Green-Lagrange strain

tensor OFE = %5(3’, with

6C = (§F)'F + F'(6F) (2.109)

have been taken into account.

2.8.2 Linearization of the Variational Formulation. Since S and therefore the
weak form G(g, d¢p) are nonlinear functions in terms of the variable ¢, the weak form is
solved iteratively by a Newton-Raphson iteration scheme. The Newton-Raphson iteration
method is based on the linearization of G(¢, dp) at ¢ = @

LinG(@,0p, Ap) = G(p,dp) + AG(p, 0p, Ap) (2.110)

where the linear increment AG(@, 0, A¢p) is calculated by the directional derivative of
G at ¢ in the direction of Agp, i.e.,

_ d ., _ _
AG(@,0p, Ap) = —[G(@ + s8¢, 09)][i=0 = DG(@, 0¢) - Ap, (2.111)

with the incremental deformations A¢. Considering conservative loads pof and &, evalu-
ating (2.111) results in

AG(@,5p, Ap) = DG™ (@, 5¢) - Ap = /

AS:%&CdVJr/ S:%AéCdV, (2.112)
Bo

Bo

with the increment of the second Piola-Kirchhoff stresses S, the increment of the right
Cauchy-Green tensor C' and of (2.109)

oS 0%
AS = C:;AC with C 286’ 486’86”

AC = AF"F+ FTAF, (2.113)
ASC = O6FTAF + AFTSF.

The fourth-order tensor C denotes the underlying material tangent moduli (2.80). Insert-
ing (2.112) with (2.113); into (2.110) leads to the linearization of the weak form

LinG(@, dp, Ap) :/ S : %5CdV—/ pof-égodV—/ t-dpdA
Bo Bo 0Bor (2.114)

[ Ye.ctacav+ [ s:tascav.
BO2 2 BO 2
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From the discrete form of the condition Lin G = 0 the discrete incremental deformations
A are computed and the discrete deformations ¢ are updated per iteration step until the
residuum G(@, d¢) is smaller than a given tolerance. This is done by the Finite-Element-
Method, presented in the next section.

2.8.3 Finite-Element-Method: Displacement Formulation. The Finite-
Element-Method is a numerical method for finding approximate solutions of partial
differential equations. The physical domain By is approximated by B, which denotes the
geometrical approximation of the considered body divided into nele-element domains Bg:

nele
Bo~ By = B;. (2.115)

e=1

The method is here exemplarily applied to the linearized weak form of equilibrium in the
three-dimensional reference setting (2.114).

Figure 2.8: Illustration of a ten-noded tetrahedral finite element in the parametrized space
Q¢ and reference configuration .

Furthermore, the isoparametric concept is taken into account, i.e., the geometry as well
as the displacement field ¢ are approximated by the same ansatz functions. Choosing
ten-noded tetrahedral finite elements the approximation of the geometry in the reference
configuration is given by

nen

X =X(&n,0)=> Ni(&n. )X, with nen = 10, (2.116)

I=1

The values X ; represent the nodal coordinates in the reference configuration. The ansatz
functions in terms of the natural coordinates of the isoparametric space Q°, i.e., £ € [0, 1],
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n € [0,1] and ¢ € [0, 1], are given by

Ni= M2A—1), Ng= 4&n,
Ny= §(26—1), Nr= 4dnA,
Ny= n(2n—1), Ng= A4CA, (2.117)
Ni= ((2¢-1), No= 4,
N5 = 48X, Ny = 4n¢,

with the relation A = 1—¢—n—(. Under consideration of the discrete nodal displacements
d; we obtain the current geometry by

:131:X1—|—d1. (2118)

The isoparametric space is mapped onto the reference and current space, respectively, by
the so-called Jacobian of the transformation, i.e.,

ox . Oz ) .

with &€ := (£,71,¢)T. The approximation of the actual, virtual and incremental displace-
ment field w is given by

nen nen nen

w=> Ni(&nQ)dr, bu= Ni(§n,¢)ddr, Au=> Ni(&n,¢)Ady.  (2.120)
I=1 I=1 I=1

Thus, the virtual and incremental deformation gradient is approximated by

nen

OF = Grad[ou] = Z(Sdl ® GradN;(&,n,¢),
= (2.121)
AF = Grad[Au] = > Ad; @ GradN;(£,7,¢),

I=1
with the derivatives of the ansatz function with respect to the reference coordinates

ONi 06 . 0€

GradN[(g,T], C) = a—EaX = a—X .

(2.122)

In order to obtain in the following more compact formulations, it is appropriate to carry
over to matrix notations; for instance the coefficients of second-order tensors are presented
in vectors and the components of fourth-order tensors by matrices, see therefore the Ap-
pendix B. Hence, the virtual and incremental right Cauchy-Green deformation tensor
(2.109) and (2.113), appears as

nen nen

1 1
S0C = > Bid, SAC = > BAdy, (2.123)

I=1 =1



Fundamentals of Continuum Mechanics 25

where B denotes the so-called three-dimensional B-Matriz

Fi1Ni x, F5 Ny x, F51 Np x,
FioNr x, Fy Ny x, F5o Ny x,
Fi3N7 x. F53 N7 1. F53 N
B, — 131, x, 23 N1 x, 33 N1 x,  (2124)

FiuNix, + FiaNp x, ForNpx, + FoolNp x,  F3iNpx, + F3a Ny x,
FioNp x, + FisNrx, FoNpx, + FosNrx, FNpx, + F53N7x,
FiuNpx, + FisNrx, FoiNpx, + FosNpx, F3iNpx, + F33Np x,

The discrete weak form of equilibrium (2.98) for a typical finite element B in the reference
setting has finally the form

nen

Ge(d.od) = > (dd;)" ( / BTSdV — | Nipof dV —
; B

=1
nen

—. I; (5d,)Tr, = (5d°)r

o8, (2.125)

with the nodal residual vector 7, the elemental vector of virtual nodal displacements
(6d°)T and the elemental residual vector ¢, i.e.,

(6d*)T = [odT|6dL]...|6d% (2.126)

e =[Py lry | rnen]”

’fLB?’L] ?

Furthermore, the approximation of the linearized virtual right Cauchy-Green tensor
(2.113) in index notation is obtained from

IANSCup =1 (6F Oy AF" + AF®, 64, 0F")

:% (Z N1 40d] 0gp Z Nyp Adyy + Z Nia Ad] oo Z Nos 5de> (2.127)

=1 J=1 I=1 J=1
nen nen

§ a b
=1 J=1

We get the discrete form of the linearized weak form (2.114) by

LinG Z (0d) ey + 3D (0d) T (K57 + K797)Ady =0, (2.128)
=1 J=1

where K$7"" denotes the material part of the element stiffness matrix K¢, defined by

Kt = . BIC*B,dV . (2.129)
0

Here C¢ is the matrix representation of the material tangent moduli C := 20-S, cf.
Appendix B. The geometric part K77 of the element stiffness matrix is computed by

K777 = / (NpaNyp) S dv . (2.130)
B

e
0
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The complete element stiffness matrix is then calculated by the sum of the material and
geometric part

K$, = K¢/ + K9 (2.131)
After assembling all element stiffness matrices and elemental residual vectors to obtain
the global stiffness matrix K and global residual vector R, i.e.,

nele nele

K= AK:, R= Ar, (2.132)

e=1 e=1

the overall discrete form of (2.128) for the domain By results in

D" (KAD+R)=0 = AD=-K'R. (2.133)

According to the Newton-Raphson iteration scheme the global nodal displacement field
D is updated D < D+ AD, until the residual vector R is smaller than a given tolerance.
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3 Material Symmetry Groups.

Specific material symmetries impose certain invariance requirements on the material re-
sponse which result in restrictions on the form of the constitutive equations. Anisotropic
materials can be characterized by thirteen material symmetry groups. Eleven of them are
associated with the 32 point groups of crystals. The remaining two are associated with
five continuous point groups. These two groups are known as transversely isotropic ma-
terial symmetry groups and used for the characterization of the behavior of engineering
materials like fiber-reinforced materials with one family of aligned fibers.

For the definition of the crystal point groups we will give some remarks on the science
of crystals, the crystallography. The explanations given in this chapter are mainly based
on the textbooks VOIGT [129], BORCHARDT-OTT [34], BERGMANN & SCHAFER [15],
GIACOVAZZO [52] and BORCHARDT & TUROWSKI [33]. The continuous point groups will
be described at the end of this chapter.

3.1 Neumann’s Principle.

Crystals physically behave anisotropic. The fact, that there are in general some directions
in a crystal along which the crystal physical properties are identical, limits the type of
crystal anisotropy. The symmetries of the physical properties of a crystal are closely related
to the symmetry properties of the crystal structure. Of fundamental relevance to this is
a postulate of crystal physics known as Neumann’s Principle. In GIACOVAZZO [52] this
principle is summarized as follows:

Symmetry transformations associated with any physical property of a crystal must
include those of the point group of the crystal.

This principle is named after the physicist Franz Ernst Neumann (1798-1895), who is
the father of the mathematician Carl Gottfried Neumann, cf. section 2.8. He specified it
in 1885 in his work NEUMANN [85]. There on page 164 the author remarks concerning
"Elasticitat krystalliner Stoffe”:

Wir entwickeln desshalb neue allgemeine Formeln, wobei wir als alleinige Grundlagen
nur die durch die Krystallform gegebenen Symmetrieverhdltnisse der Structur...
benutzen.

Woldemar Voigt (1850-1919) was a student and colleague of Franz Neumann. In the
book VoiaT [129] on page 20 further notices can be found concerning this fundamental
principle:

Die besondere Bedeutung, welche die Kristallform fir den Aufbau der Kristallphysik
besitzt, liegt darin, dass dieselbe die einfachste und anschaulichste physikalische Wirkung
der Konstitution der Substanz darstellt... Die Erfahrung zeigt ndmlich, dass in bezug auf

alle tiibrigen physikalischen Eigenschaften die Kristalle eine kleinere Zahl von in sich

gleichartigen und voneinander verschiedenen Gruppen bilden, als in bezug auf die
Gestalt. Hieraus schliefst man, dass in der Kristallform die Figenarten und die
Unterschiede der Konstitution sich vollstindiger ausgedriickt finden, als in den tibrigen
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physikalischen Figenschaften; ja man beurteilt direkt die Symmetrien dieser
Figenschaften und damit die geometrischen Gesetze der Konstitution nach den

Symmetrien der Kristallformen,... . Natirlich ist das herangezogene Resultat der
Erfahrung ebenso streng beweisend, als dhnliche Erfahrungssdtze in anderen Gebieten
der Physik.

Thus, in keeping with this principle, the physical properties may have a higher, but not
lower, symmetry than the associated point group of the crystal.

Point Group: The set of all symmetry transformations of a crystal, which leave the
crystal structure in a state macroscopically indistinguishable from the origin state, is
called point group, since translations are neglected and the symmetry transformations
leave one point of the crystal fixed.

Material Symmetry Group: The symmetry transformations associated with any
physical property of a crystal constitute the underlying material symmetry group G
of the crystal. The group includes at least the symmetry transformations

of the underlying crystal structure (point group).

For the definition of point groups and possible symmetry transformations of crystals we
refer the reader to section 3.3. The restriction of G to be a subgroup of SO(3) in case of
hyperelasticity is explained in section 3.7.

3.2 Space Lattice and its Properties.

The inner structure of ideal crystals is characterized by a regular repeating formation
of the atoms, i.e., molecules or ions: the structure is said to be translationally periodic.
This periodicity in crystals is conveniently described by the geometry of the repeating
formation. The repetition of the formation at intervals a, b, ¢ in three linearly independent
directions can be sufficiently represented by the periodic sequence of the center points
of gravity of the atoms and ions, respectively, seperated by the same intervals a, b, ¢ and
directions. Such representation of points is called a lattice and shown in Figure 3.1. Note
that the position of the lattice with respect to the formation is arbitrary, i.e., if we locate
the grid points on any other points of the motif than the center points of gravity, the
lattice does not change. We distinguish between grid lines, grid planes and space lattices
which depends on the fact that the periodicity is given in one direction, in a plane, or in
a three-dimensional space:

(i) Grid line : One grid line a;. Let Py be located at the origin of the lattice line, i.e., at
af. The position vector of an arbitrary grid point P, is given by

x’ =xh +ua;, YVueN,

(ii) Grid plane: Two linearly independent grid lines a;, ay. We obtain the position vector
of an arbitrary grid point P,, from

x’ = xb +ua; +vay, Vu,veN. 3.1
0
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Figure 3.1: Example of crystal structure.

(iii) Space lattice: Three linearly independent grid lines a4, as, as. The position vector of
each grid point P,,,, is uniquely defined by

x’ = xf +ua; +vas + waz, YVu,v,weN. (3.2)

Points situated inside the grid line, grid plane or space lattice have the coordinates
u,v,w € R, if the corresponding vectors a; of the grid are considered as underlying
base vectors.

The three base vectors aq, as, a3 span a parallelepiped, known as unit cell. They constitute
the underlying crystallographic base system. This base system can be classified by six
grid parameters: the lengths of the base vectors a = ||ay||, b = ||az||, ¢ = ||as|| and the
angles between them, a = Z(aq, a3), f = Z(ai1,as3),y = Z(a1, as), see Figure 3.2a). The
crystallographic axes along the directions of the base vectors are denoted by a1, as, as.

Figure 3.2: Space lattice: a) Unit cell with base vectors a1, as, a3, axial angles «, 3,y and
axes ap,az,ag , b) Grid line [112], [231], ¢) Grid plane (111), (211).

Note that for the characterization of a unit cell a grid point at vertex belongs to it for an
eighth, a grid point on an edge for a fourth, a grid point on a face for a half and one in
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the center of the cell completely refers to it. If the unit cell contains one grid point it is
called primitive. If it has more than one grid point it is referred to as non-primitive.

A space lattice possesses an infinite number of grid planes, grid lines and grid points.

Grid Line of Space Lattice. The position of a grid line passing the origin of the grid
and a second grid point is described by the coordinates [uvw] (in squared brackets) of the
direction vector (3.2) connecting the origin of the grid @y with &y = 0 and the second
grid point, see Figure 3.2b). The triple [uvw| does not only describe one grid line but
also an infinite number of parallel oriented grid lines with the same translational distance
([uvw]:=an infinite group of grid lines). For instance, the broken grid line in Figure 3.2b),
which is parallel oriented with respect to the grid line [112], is also denoted by [112].

Grid Plane of Space Lattice. A grid plane passes through points on the axes aq, as, a3
with coordinates: @} = (m,0,0)”, b = (0,n,0)T, x4 = (0,0, p)”. With these coordinates
the grid plane is uniquely defined. However, for the definition of a grid plane one uses
the reciprocal coordinates: &} = (h,0,0)T, €5 = (0,k,0)7, % = (0,0,0)T, with h =
%, k=211= % and the smallest integer values of h,k, [, which are indicated by the

triple (hkl), the so-called Miller indices. For instance, the coordinates m,n,p = 1,2,2

and h,k, 1 = 1, %,% lead to the Miller indices (211), see Figure 3.2c). The triple (hkl)
does not only describe one grid plane but also an infinite number of parallel oriented grid
planes with equal grid structure and translational distance ((hkl):=an infinite group of

grid planes).

Atomic Structure. The atomic structure of a crystal is determined by the lattice itself
and the atomic group assigned to each grid point, also referred to as basis. Thus, in an
idealize setting,

lattice +  group of atoms = crystal.

The basis is characterized by the same translational perodicity as the lattice. The motif is
the smallest asymmetric item of matter of a crystal. The basis can include several motifs,
which can be brought into coincidence by certain point symmetry transformations, which
will be defined later.

Correspondence Between Crystal Structure and Morphology. There exists a cor-
respondence between the crystal structure (inner structure) and the crystal morphology
(outer structure): Each surface of a crystal is oriented parallelly to an infinite group of
grid planes (hkl). Each edge of a crystal is oriented parallel to an infinite group of grid
lines [uvw].

3.3 Point Symmetry Transformations.

The translational periodicity has no influence on the macroscopic physical properties of
a crystal. The crystal appears to be homogeneous and anisotropic. The symmetry of the
macroscopic physical properties are therefore determined from the point group.

3.3.1 Rotations. The rotational symmetry operation (rotation around an axis with

angle a = 2w /n, n € N) is described by the corresponding n-fold rotation axis £
For crystals 1,2,3,4,6-fold rotation axes exist. Four of them and the corresponding stere-
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Figure 3.3: 2,3,4,6-fold rotation axes and below the corresponding stereographic projec-
tions.

ographic projections ) are depicted in Figure 3.3. For crystals 5-fold and n-fold rotation
axis with n > 7 ,n € N are not possible, since such rotational symmetries contradict the
postulated translational periodicity of lattices, e.g. regular pentagons cannot fill a planar
space.

3.3.2 Rotation-Inversions. The rotation inversion represents a combination of the
symmetry operations rotation and reflection with respect to a point (the crystal cen-
ter=inversion center). It is described by the corresponding n-fold rotoinversion axis f @)
In Figure 3.4 the effect of a 2-fold rotoinversion axis is illustrated. It is shown that this
operation is identical to a mirror plane m (here: grey-coloured plane). The remaining four

possible rotoinversion axes of crystals are visualized in Figure 3.4.

Wa »
_____ ) I o/

Figure 3.4: 2,1, 3,4, 6-fold rotoinversion axes and below the corresponding stereographic
projections.

120°

%5;%
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2)In crystallography, a sphere is used for the visualization of the point symmetries of a crystal. The
inscribed points of this picture reflect the centers of motifs, which can be brought into coincidence by
certain point symmetry transformations. Since an axonometric projection of this sphere can given to
misunderstanding, a stereographic projection is used, which maps the sphere onto a plane. Today, in
practice, this projection is carried out by computer and classically by hand using a special graph paper,
called Wulff net (named after the Russian mineralogist George Wulff (1863-1925), WULFF [139]).
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3.3.3 Matrix Representations for Point Symmetry Transformations. Point
Symmetry Transformations can be described by orthogonal matrices @ € O(3), where
O(3) denotes the full orthogonal group whose elements have the properties

Q" =Q7', detQ = +1.

The proper orthogonal group SO(3) as well as the material symmetry group G are
subgroups of O(3). In a three-dimensional Euclidian space R? rotations through o =
27 /n, n € N, around the axis a with ||a|| = 1 are defined by

Q5 = cos(a)1l + (1 — cos(a))a ® a + sin(a)ea, (3.3)

with the third order permutation tensor € defined in (2.3),. Rotoinversions have the form

-Q. = (-1)Q7. (3.4)
The identity 1 and the central inversion 1 = —1 are
1 =diag(1,1,1) and —1=diag(—1,—1,-1). (3.5)

In case of a rotation through the angle « = 27 /n, n € N, about the X;-, Xo- and Xj3-axis,
respectively, the transformation matrices appear as

1 0 0
Q% = | 0 cos(a) —sin(a) |,
0 sin(a)  cos(a)
(3.6)
cos(a) 0 —sin(a) cos(a) —sin(a) 0
Q%, = 0 1 0 , Q%, = | sin(a)  cos(a) 0
sin(a) 0 cos(a) 0 0 1

Rotations about 27 /3 around the principal diagonal p of a cube are denoted in the sequel
by Q7

Figure 3.5: Rotations about the X;—, Xo— and X3;—axis, see DE BOER & SCHRODER [42].

3.4 Bravais Lattices.

Classifying crystals according to the point symmetry of the lattice, seven crystal systems
can be defined. The lattices of all crystals belonging to the same crystal system have the
same point symmetry. There exist 14 different space lattices based on both primitive and
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Table 3.1: The seven crystal systems.

No. | crystal system | edge lengths axial angle
1 triclinic a#b+#c a # B # v #90°
2 monoclinic a#b#c a = (=90°% v #£90°
3 trigonal a=b=c a=[0=v%#90°
4 hexagonal a=b#c |a=0F=90°%~v=120°
5 rhombic a#b+#c a=03=~v=090°
6 tetragonal a=b#c a=03=~v=090°
7 cubic a=b=c a=p0=v=90°

non-primitive cells, the so-called 14 Bravais lattices, which are named after the physicist
Auguste Bravais who first specified them in 1850. The Bravais lattices vary from the most
general parallelepiped (triclinic system) to the most restricted one (cubic system). The
relations between the corresponding grid parameters are listed in Table 3.1.

Triclinic Lattice. In the triclinic case the unit cell represents the most general form of
a unit cell. The only restriction is that the pairs of opposite faces are parallel. The grid
parameters are not restricted.

(P)

Figure 3.6: Triclinic Bravais lattice, (P) Primitive cell: a # b # ¢, # 8 # v # 90°.

Monoclinic Lattice. The base vectors a; and a, of the monoclinic unit cell are oriented
perpendicularly to az and the angle ~ is unrestricted. There are two distinct monoclinic
cells, the primitive cell, P, and the special face-centered cell, C, which can not be trans-
formed one onto the other. Compared to the primitive cell for the classification of the unit
cell C two additional nodes centered at two opposite faces are needed.

PR N s A
| 3 a as
|

(P) A () 2

Figure 3.7: Monoclinic Bravais lattice, (P) Primitive and (C) centered cell: a # b # ¢,y #
a=[F=90°.

‘¥e
|

Rhombic Lattice. The rhombic cell is described by three mutually orthogonal base
vectors of different lengths. Four distinct types of rhombic lattices, P, C, I, and F, exist,
see Figure 3.8. The symbol I designates a body-centered lattice, the symbol F stands for a
face-centered lattice, where the additional grid points are positioned at the center of each
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lattice face. In the sequel the base vectors are chosen to be parallel to the X;—, Xo— and
X3-axis, respectively.

A3 A
o . e
(P) (1)
S
o aﬁ / R
(C) (F) &

Figure 3.8: Rhombic Bravais lattice, (P) Primitive cell, (C) centered cell, (I) body-centered
cell, (F) face-centered cell: a £ b # ¢,y =a = =90°.

Tetragonal Lattice. The geometry of the tetragonal cell is restricted to o = = v =
90°, a = b # c. Here only two different tetragonal lattices, P and I, are found. The typical
four-fold axis is oriented in as-direction.

Aas s /4

a;

(P) &= (D
Figure 3.9: Tetragonal Bravais lattice, (P) Primitive cell, (I) body-centered cell: a = b #
c,y=a=/F=90°.

Cubic Lattice. Similar to the rhombic and tetragonal lattices the cubic unit cell is
described by three mutually orthogonal base vectors, which are in this case of equal
lengths. There are three cubic lattices, P, I, F, as depicted in Figure 3.10. In the sequel
the directions of the cubic crystallographic base vectors are brought into coincidence with
the cartesian base vectors.

AQs as

(P) &= (I) &= (F)
Figure 3.10: Cubic Bravais lattice, (P) Primitive, (I) body-centered, (F) face-centered cell:
a=b=c,yv=a=pF=090°.

Hexagonal Lattice. The grid parameters of the hexagonal unit cell satisfy the relations
a=0b# c,y = 120°a = f = 90°. P is the only type of hexagonal Bravais lattice.
The characteristic six-fold symmetry of the hexagonal system can not be obtained by a
parallelepiped as visualized as grey-coloured unit cell in Figure 3.11, but the lattice itself
can exhibit that symmetry.
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)

P)  Ta "

Figure 3.11: Hexagonal Bravais lattice, (P) Primitive cell: a = b # ¢,v = 120°,a = 8 =
90°.

In order to capture the inherent symmetries of the hexagonal lattice, Bravais introduced
in 1866 in addition to the three base vectors a, = ai, b, = a, ¢;, = a3 a fourth (re-
dundant) base vector d, = —ay;, — by, in the e; — es—plane. A lattice of prism shape is
obtained, consisting of three primitive hexagonal unit cells. The base vector as, which is
perpendicular to the e; — es—plane, can be then interpreted as six-fold symmetry axis
f§6), see Figure 3.12.

ACh

Zap - =
x \

Figure 3.12: Hexagonal lattice with four base vectors: ap, by, ¢, and the redundant base
vector dj, = —aj, — by,.

Trigonal Lattice. The trigonal lattice is equal to the primitive hexagonal one with
restricted grid parameters a = b # ¢,y = 120°, « = = 90°. The three-fold symmetry of
the trigonal lattice can be captured by a triple hexagonal cell with three centring points
or by an associated primitive cell of rhombohedral shape; the hexagonal cell can be in an
obverse or reverse setting, see GIACOVAZZO [52].

\WIN [wol= 7

Figure 3.13: Trigonal Bravais lattice, (P) Primitive trigonal cell: a = b= c,a = = 7.
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We focus here on a hexagonal cell in obverse setting with centring points at
(0,0,0), (2/3,1/3,1/3), (1/3,2/3,2/3).

The hexagonal cell is spanned by the base vectors ay,, by, ¢, depicted in Figure 3.12. The
basis of the associated rhombohedral cell can be determined by the basis of the hexagonal
cell, see Figure 3.13:

1 1 1
a1:§(2ah—|—bh+ch), a2:§(—ah+bh—|—ch), agzg(—ah—Qbh—l—ch),

with the three-fold axis along the (a1 + as + a3)-direction. The grid parameters are given
by the lengths a = b = ¢ and angles a = § = 7.

3.5 32 Point Groups of Crystals.

32 Point Groups of Crystals: Crystals can be classified by 32 point group.

A point group consists of the point symmetry transformations of the underlying crys-
tal structure. The point symmetry transformations of a crystal structure are at most
equal to those of the lattice and can be limited by those of the group of atoms
assigned at each grid point of the lattice.

For instance, in Figure 3.14, the point group symmetry elements and the corresponding
crystal structure for the monoclinic point symmetry groups 2 and 2/m are visualized.
For group 2/m — the monoclinic point group of highest symmetry — the symmetry of the
crystal structure is that of the lattice, which can be described by two-fold axes perpendic-
ularly oriented to mirror planes m. Here, the group of atoms exhibits the same symmetry
properties and does therefore not reduce the symmetry of the crystal, cf. Figure 3.14 a).
For group 2, the group of atoms is different. This group leads to a lower symmetry of the
crystal structure, given only by two-fold axes as can be seen in Figure 3.14 b). Thus, the
typical mirror planes of the underlying monoclinic lattice are not essential any longer and
have to be deleted.

Figure 3.14: Point group symmetry elements (left) and corresponding crystal structure
(right) for: a) point group 2/m, b) point group 2.
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3.5.1 Schoenflies/Hermann-Mauguin Symbolism. The point groups presented
by the Schoenflies symbolism are divided into four rotation groups:

Cnln=1,2,3,4,6 cyclic rotation groups,
Duln=1,2,3,4,6 dihedral rotation groups, (3.7)
T tetrahedral rotation groups, '

@ octahedral rotation groups.

With regard to both the Schoenflies and Hermann-Mauguin notations the crystal classes
are characterized by the symmetry elements listed in Table 3.2. Here also the relations
between the Schoenflies and Hermann-Mauguin symbols are given. Note that each Schoen-
flies symbol can be expressed by a Hermann-Mauguin symbol, but not vice versa.

Table 3.2: Herrmann-Maugin and Schoenflies Notations

Schoenflies | H.-M. n Symmetry Operation
Cn n 1,2,3,4,6 | n-fold rotation axis.
Chi n 1,2,3 n-fold rotation axis

and inversion center (rotoinversion axis).

Cun n/m 1,2,3,4,6 | n-fold rotation axis normal to mirror plane.
Cow 3m 3 n-fold rotation axis parallel to n mirror planes.
nmm 2,4.,6
D, n2 3 n-fold rotation axis normal to n 2-fold axes.
n22 2,4,6
Do n/m2m | 3 like D,, plus mirror planes normal to the n-fold axis
and bisecting the n 2-fold axes.
n/mmm | 2,4,6 like D,, plus mirror planes normal to the n-fold axis
and the n 2-fold axes.
Doy 42m 4-fold rotoinversion axis normal to two 2-fold axes,

two 2-fold axes and two mirror planes

bisecting the 2-fold axes

D3q 32/m 3-fold rotoinversion axis normal to three 2-fold axes,
three 2-fold axes and three mirror planes

normal to the 2-fold axes.

3.5.2 Matrix Representations of the 32 Point Groups. In order to specify the
point groups in a three-dimensional Euclidian space R? by the matrix representations of
the symmetry elements, we review the mathematical definition of a group consisting of
n X n non-singular matrices. Let By, .., B, constitute a set of square matrices called S.
The set S is a group if it satisfies the conditions (i)-(iv)
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(i)  Closure: B,,B, e S,

(ii)  Associativity: (B1B3)B3; = B(B3yB3), B,.B,,B;€ S,
(iii) Identity Element: 1B = B, 1,BeS,
(iv) Inverse Element: B 'B =1, 1,B,B'cS.

If furthermore the commutativity condition
BB, =B;B,, B, B;eS, (3.8)

holds for all elements of S, the group is an Abelian group, otherwise it is called a non-
Abelian group, which is the case for most of the point groups and also the group of proper
rotations SO(3). The number of different elements of a group is called the order of the
group and can be finite or infinite. Point groups of crystals P consist of a finite number of
elements, whereas so-called continuous point groups, like O(3) and SO(3), have an infinite
number of elements. Any point group can be finally represented as the products of the
powers of the so-called generators of the group. Note that the definition of generators
of groups is not unique. The elements of the point groups are then determined with the
help of the generators by applying the product law. For a point group, which has a single
generator B, the n elements are powers of B, i.e.,

P={B,B*.. B"!' B"=1}. (3.9)

This group is called cyclic. A cyclic group is always Abelian, the converse is not true.
An example of a cyclic group of order n is the set of rotations through a certain angle
a =2n/n, n € N around a given axis a, with ||a| = 1.

As already pointed out, the point groups denoted by Schoenflies symbolism C,, i =
1,2,3,4,6 are cyclic groups. For instance, the trigonal point group C3 described by the

group generator @ := Qig/ 3, constitutes a cyclic group with 3 elements:

P={Q. Q% Q’=1}.

Table 3.3: Multiplication Table, Q = Qig/?’

-1 Q 1 Q@ @|-@
~1 1 Q| -1 Q -@| @
Q| Q@ Q| Q -@ 1| -1
1| -1 Q 1 -Q Q|-
Q| Q @ -Q@ @ -1 1
Q| -Q° 1 Q@ -1 Q| -Q
-Q*| @ -1 -@ 1 -Q Q
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In general, a simple method for displaying the products of group generators is based on so-
called multiplication tables. Let us exemplarily consider the trigonal pomt group Cs;, which
is governed by the symmetry group generators —1, Q, with Q := Q?XZT . The multiplication
table is then organized in the form presented in Table 3.3. The first multiplication table
consists of the multiplications of the generators 1, Q. Since their products yield the new
elements 1, —Q, Q* we have to investigate a second multiplication table, consisting of
products of the latter and new elements. If the new multiplication table does not include
new elements, then the table is closed. If every element has an inverse and the conditions
(i)-(iv) of Table 3.5.2 are fulfilled, the constructed matrices form a group. Thus, the
trigonal point group Cs; appears as

P={1,-1,Q, -Q, Q% —Q*}. (3.10)

3.5.3 Orientation of Crystals in Space. We have seen that the point group of a
crystal is defined by the symmetry of the underlying crystal structure. For our further
analyses it is important to point out that each point group is of course also determinable
by the general position of the crystal in space, see BORCHARDT & TUROWSKI [33]. Of
high relevance here is the orientation of the crystallographical axes (inner structure) with
respect to the morphology (outer structure) of the crystal. The names of the crystals are
also associated with that position. Exemplarily, in Figures 3.15 and 3.16 the following
characteristics of eleven point groups P are depicted: the general position of the crystal
in space, the name of the crystal, the cross-section perpendicular to the crystallographical
az—axis as well as the corresponding stereographic projection.

%@‘

pinacoidal, Ps

as
‘h as
b ‘g )

aq
prismatic, Ps
as
as g @2 a2
ai
ay o o
tetragonal-dipyramidal, P11 ditetragonal-dipyramidal, Py5

Figure 3.15: Orientation of crystals in space I, left: general form with crystallographical
axes, center: cross-section perpendicular to ag—axis, right: stereographic projection.
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as

as
(4 A AVAY
a7 /| Qs v a2 ay a9 %W
‘ a1
ap
rhombohedral, Py7 ditrigonal-scalenohedral, Pog
as
ay
a3
a1

diploidal, Pag hexoctahedral, Ps3o

Figure 3.16: Orientation of crystals in space II, left: general form with crystallographical
axes, center: cross-section perpendicular to ag—axis, right: stereographic projection.

3.6 Continuous Point Groups.

We have already introduced the continuous point groups O(3) and SO(3), where O(3) re-
flect the symmetry properties of isotropic materials. They are spherical point groups and
depicted in Figure 3.17. Here an infinite number of rotations (SO(3), O(3)) and rotoinver-
sions (O(3)) through o = 27 /n, n € N around the axis @ and through 5 = 27/n, n € N
around the orthogonal axis b are possible. Thus, the sperical point group SO(3), called
hemitropic, is characterized by two infinite rotation axes a = f goo), b= féoo). The spher-
ical point group O(3), called isotropic, is described by both, infinite rotation and rotoin-

version axes a = £1°, 1, b= 71 £ see Figure 3.18.
(OO) >0 o0
| 2 | fé )7 fé )
~ -
a) | b) |

Figure 3.17: Visualization of the spherical point groups. a) SO(3), b) O(3).



Material Symmetry Groups 41

The description of transversely isotropic materials, which exhibit a preferred material
behavior in one direction a of the material, is based on further continuous point groups,
the so-called cylindrical point groups. Here an infinite number of rotations through o =
27 /n, n € N around one axis a are possible. Thus, we have a = f () The corresponding
matrix representation is introduced in (3.3).

|
| f(OO) f(OO) )

N

bl

L’
a) e) /2)77

Figure 3.18: Visualization of the cylindrical point groups. a) Cs, b) Cooh, ¢) Doo, d) Coou,
e) Dooh-

Combinations with a two-fold axis perpendicular to the infinite rotation axis and with the
central inversion yield five different cylindrical point groups, see Figure 3.18.

Detailed representations of the generators of the groups are given in Tables 3.4 -3.6, where
a is chosen to be the Xj3-axis, the axis b of the spherical groups is given by the X;-axis
and the two-fold axis of the cylindrical groups is also considered by the X;-axis.

3.7 Effect of Crystal Symmetry on Tensor Components in Hyperelasticity.

For the modeling of the physical properties of anisotropic hyperelastic materials the energy
has to satisfy the principle of material symmetry

Y(C) = @b(é) with UIJ:QIKCKLQJL VQeg, (3.11)

where once again G denotes the material symmetry group of the underlying crystal. Taking
for the energy function the simple quadratic form

wmn:iK;c—n)«><gc—n” WMlCz4gg2:mmm (3.12)

the invariance requirement (3.11) reads

P(C)=y(C) = (C-1):C:(C-1)=(C—-1):C:(C—-1). (3.13)
In index notation we obtain

(CIJ_5IJ)(CKL_5KL)QAIQMJQRKQSLCAMRS = (CIJ_(SIJ)(CKL_(SKL)CIJKL ) (314)

which reduces to the following invariance requirement of the tangent moduli for quadratic
energy functions

Crikr = QarQumiQrrQs1Canmrs VQ €G. (3.15)
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The latter invariance requirement is of course the same as that which we obtain for the
anisotropic elasticity tensors in linear elasticity. Thus, in general, the material symmetry
group has an effect on the form of the corresponding energy; for quadratic energies, it
reduces the number of independent components of the corresponding tangent moduli.
We have already introduced the point groups of the crystals, but how do the material
symmetry groups of crystals look like in case of anisotropic hyperelasticity?

Effect on Material Symmetry Groups®): For instance, the hyperelastic anisotropic
material properties of the monoclinic crystals Co, Cyij, Co, obey the same symmetries.
Thus, they can be described by the same material symmetry group. According to the
principle of material symmetry (3.11) the energy function of a monoclinic crystal has to
fulfill (3.11); the tangent moduli C obtained for a quadratic energy has to satisfy (3.15).
The underlying monoclinic point groups Ps, Py, Ps have the forms

Ps = {Q}:;’l}? Py = {_Q}:;’l}? Ps = {Q}ga_Q§3ula_1}'

It is obvious that a rotation @ and the corresponding rotoinversion —@ have the same
effect on the transformation of C' and the invariance requirement of C*), i.e.,

C = QCQ"=(-Q)C(-Q)" =(-1)*QCcQ",
C = QNQ:C:Q"NQRT=(-Q)R(-Q):C: (-Q)"X(-Q)T
= (-1)'QXRQ:C:Q"XRQ".

Hence, the point groups of the monoclinic crystals have the same effects on the form of the
energy function and — for quadratic energies — on the type of tangent moduli. Therefore,
the anisotropic hyperelastic material behavior of the crystals can be described by one
material symmetry group (chosen here to be Ps, cf. [146)):

Go = {Q}g’_Q}g’]"_]‘}' (316)

Performing this analysis for all crystal classes, we come to the conclusion that — for
the description of the hyperelastic material properties of crystals — the 32 point groups
Pi, i =1,..,32 can be summarized into 11 material symmetry groups G;, ¢ = 1,..,11 and
the 5 transversely isotropic groups can be summarized into the 2 material symmetry
groups Gio, Gi3. The results are presented in Tables 3.4 -3.6, where we use the notation
of ZHENG & SPENCER [146], see column (ZS). Thus, all in all there exist 13 different
material symmetry groups for the modeling of anisotropic hyperelastic material behavior.

Effect on Quadratic Energy: Once again, in linear elasticity as well as for quadratic
energies in finite elasticity, the fulfillment of the principle of material symmetry results in
the invariance condition (3.15) of C. This requirement reduces the independent compo-
nents of the elasticity tensor C according to the underlying material symmetry group: in

3)see the definition on page 28.
V(AR B)(a®b):= Aa® BbY A,B € R*** a,b € R?, cf. [56], [42].
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anisotropic hyperelasticity, from 21 in the most general > triclinic case to 3 coefficients in
the most restricted cubic case. The coefficient matrices of the classical elasticity tensors
can be found in many publications, such as e.g. in VoiaT [128]. For instance, for the
monoclinic material symmetry Gs, the only symmetry transformation, which has an effect
on the form of the tangent moduli, is

+Q%, = +diag[—1, 1, 1].
Equation (3.15) appears as
Crixkr =QnQrsQrrQriliiker,

which implies cancellations of components in which the index 3 appears an odd number
of times, so that QrrQ;;Qkrx@Qrr, = —1. Thus, 13 constants remain and the coefficient
matrix in Voigt notation is

Monoclinic Elasticity Tensor (MSGS) G,):

[ Ci111 Ciizz Ciizzs Ciyz 0 0
Corz Caazz Caoz 0 0
cVm — Csss3 Cazz 0 0
Ci212 0 0
sym. Cazaz Caziz
i Ciziz |

The effect of material symmetry groups on the components and relations between the
components of all anisotropic elasticity tensors is e.g. presented in VoiGgT [129]. The
remaining elasticity tensors have the forms:

Triclinic Elasticity Tensor (MSG G;):

Ciinn Ciiao Ciizs Ciinz Chias Cing
Caza Caoszs Caoiz Cogaz Cogg
cWVa — Cssss Caziz Cszes Cagis
Ciaiz Cioaz Cioig
sym. Cazes Casis
| Cizis ]

Rhombic Elasticity Tensor (MSG G3):

[ Ci111 Ciizz Crizz 0 0 0
Coaze Copzz 0 0 0
(C(V)O _ C3333 0 0 0
Ci212 O 0
sym. (C2323 O
i Ciz13 |

5)The coefficient matrix of the fourth-order tangent moduli C has 81 components. In case of elasticity,
where the relation C = 20¢.S holds, the symmetries of the second Piola-Kirchhoff stress tensor S and of
the right Cauchy-Green tensor C' reduce the number of independent components of C from 81 to 36. In
hyperelasticity, C can be also determined by the second derivative of the energy ¥ w.r.t. the symmetric
right Cauchy-Green tensor, i.e., C = 40c¢1), which reduces finally the independent components of C from
36 to 21. For more details see Appendix B.

6)MSG is here the abbreviation for Material Symmetry Group.
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Tetragonal Elasticity Tensor (MSG G,):

(Cllll

sym.

Tetragonal Elasticity Tensor (MSG Gs):

(C(V) 2 _

Cllll Cll22 C1133

(:1111

sym.

Trigonal Elasticity Tensor (MSG Js):

(C(V) htl _

(:1111

sym.

(Cll33
(Cll33
(23333

Cizz Cin
Ciizz —Ciinz
Css33 0
Cia12
0
Cuss 0
Cazzs 0
Cia12
0
0
0

%(Cllll - (C1122)

Trigonal Elasticity Tensor (MSG Gy):

C(V) ht2 _

(Cllll (C1122
(Cllll

sym.

C1133
C1133
C3333

0
0
0

%(Cllll - (Cll22)

Cubic Elasticity Tensor (MSG Gg, G7):

(Cllll (C1122 (C1122

Cllll

sym.

0

Cuze 0

Cin 0
Cia12

0 0
0 0
0 0
0 0
Cozs 0
Casos
0 0
0 0
0 0
0 0
Cazo3 0
Casa3
Cii2s
—Cii23
0
—Ci113
Casa3
Cii23
—Cii23
0
0
Casas
0 0
0 0
0 0
0 0
Cizi2 0

Cio12 |

0
0
0

Crizs
0

Caszs |
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Hexagonal Elasticity Tensor (MSG G, G11), Transversely Isotropic Elasticity
Tensor (MSG G2, G13):

[ Ci11 Ciizz Ciiz 0 0 0
Ciin Cia2 0 0 0
cV)ti Cinn O 0 0
Ci22 O 0
sym. (C1212 0
i Cia12 |

Effect on General Energy: In order to generalize the above-mentioned observations for
quadratic energies we introduce a more general energy function ¢ (C') formulated in the
six independent components of the symmetric right Cauchy-Green tensor

Y(C) = P(Ci1, Caa, Cs3, Cha, C3, C13) (3.17)

and enforce the principle of material symmetry (3.11). The evaluation of (3.11) leads
to restrictions of the functional dependency of ¢)(C) in terms of the components of C.
It is obvious, that the energy function is allowed to depend only on those coefficients
of C', which remain unaltered by the underlying symmetry transformation, i.e., on the
corresponding scalar-valued invariants of the coefficient matrix of C.

For instance, in case of transverse isotropy characterized by the material symmetry group
G13, performing the transformation Q%, of Cp; yields

Cy1 = O cos®a + Cy sina + 2 C45 sina cosa
Cyy = Oy sin’a + Cyy cos?a — 2 Cy sina cosa
Cy; = Cys cosa — (3 sina
_23 23 13 (3.18)
Ci3 = Cys sina + C)3 cosa
Oy = (Cypy — C1y) sina cosa + C1y (cos’a — sina)
Cs3 = Ca.
Adding (3.18); and (3.18)5 leads to
Cy; = Oy cosa+ Oy sin’a + 2 g sina cosa
+ Coy = Oy sina + Oy cos?a — 2 Oy sina cosa (3.19)
Cii+ Cyp =Ch+Cyy.
Summing the squares of (3.18)3 and (3.18), gives
633 = (Cys cosa — O3 sina)?
+ Uig = (Cys sina + O3 cosar)? (3.20)

—
Cy+Cls =Ch+Ch.
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Furthermore we have

611622 - 6?2 = CHCQQ - 0122 (321)
and -
detC = detC'. (3.22)
Finally we obtain the set
Chi1 + Cy, Cs3, C11Cy — 0122, 0123 + 0223, detC, (323)

see e.g. DE BOER & SCHRODER [42]. Thus, if we assume the anisotropic scalar-valued
energy function 1 is given in terms of the arguments listed in (3.23), ¢ is invariant under
the associated material symmetry group.

Table 3.4: Point Group Symbols I: 32 Crystal Classes.

Symmetry | No. | Material | Notation | Group Generators
P | Symmetry | (Schoen.)
Group (Z5)
triclinic 1 Cy 1
2 G1 Ci -1
monoclinic 3 Cy Q%,
4 Cin -Q%,
5 Go Con Q%,, -1
rhombic 6 D, Qy,, Qk,
7 Cay —Q%,, Qx,
8 Gs Dy, Q%,, Qk,, —1
tetragonal 9 Cy Qw/ °
10 Cai Q”/2
11 Gs Can QY -
12 D, QY7 QXl
13 Civ QY. —Qx,
14 Daa -QY} -Qx,
15 Gs Dy, QY Q% —1
trigonal 16 Cs Q27r/ s
17 Gs Csi Qig/?), -
18 D, Q%" Q%,
19 Ca QY —Qx,
20 Go Dy QY. Qx,. -1
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Table 3.5: Point Group Symbols II: 32 Crystal Classes.

Symmetry | No. | Material Notation | Group Generators
P | Symmetry | (Schoen.)
Group (ZS)
hexagonal 21 Cs Qw/ o
22 Can Q”/3
23 Guo Con QY -
24 Ds QY QXl
25 Co QY —Qx,
26 Dy -QY, -Q%,
27 Gi De QY. Q% -1
cubic 28 T in/:),’ Q%,, Qk,
29 Ge 7, Q" Q%,, Q%,, -1
30 o Q" QY @,
31 r Q" -QV, Qx,
32 Gr O, | QX QY Q%, -1

Table 3.6: Point Group Symbols III: Non-Crystal Classes.

Symmetry No. | Material Notation | Group Generators

P | Symmetry | (Schoen.)

Group (ZS)

transversely isotropic | 33 Cow =T Qx,

34 Gis Coon = T3 Q%,, —1

35 Coov =T QY,, —Qx,

36 Do =T Q%,, QX

37 G12 Don =14 Q%,, —Q%,, -1
isotropic 38 K =0(3) Q% ngl

39 Ky =SO(3) Q%,. Q%,. —1
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4 Isotropic Tensor Functions for Anisotropic Elasticity.

In this chapter we present the continuum mechanical modeling of anisotropic elasticity
within the framework of isotropic tensor functions.

Isotropic Tensor Functions: Let § € R and D € R*® then y and Y are scalar-
and second-order tensor-valued isotropic functions, respectively, if for any argument the
following conditions are satisfied

y(6.D) = y(5,QDQ")

vV Q € 0(3). (4.1)
QY (5,D)Q" = Y(5,QDQ")
The isotropic functions y and Y are also denoted as coordinate-invariant functions. Note
that, otherwise, if equation (4.1) is only valid for Q@ € G C O(3), the G-invariant functions
are called anisotropic with respect to the whole argument list.

Of fundamental relevance to this is that for isotropic tensor functions there exist repre-
sentation theorems in the literature, which are mainly proposed by WANG [131, 132, 133]
and SMITH [115], using different approaches. As an answer to Smith’s criticism, SMITH
[114], on the papers [132, 133], Wang published new representations [134, 135] and a cor-
rigendum [136]. In his work on irreducible representations of isotropic scalar functions
BOEHLER [27] compared and corrected both approaches and finally derived a unified rep-
resentation. In this context we also refer to BOEHLER [30] and SPENCER [118] and the

references therein”.

Representation theorems based on the theory of matrix polynomials are proposed e.g. in
RIVLIN [96]. In the context of isotropic tensor polynomials we refer also to the classical
textbooks of SCHUR [108], WEYL [137], GRACE & YOUNG [53] and GUREWICH [55]
among many others. Formulation of constitutive polynomials in continuum mechanics
and applications can be found in BOEHLER [30], SPENCER [118, 117] and BETTEN [20].
See also SCHRODER [99].

4.1 Motivation.
We have already seen that the constitutive equations ¢(C') and S(C) in terms of the
right Cauchy-Green tensor C' are isotropic, if

VQeO3) (4.2)

is fulfilled. Thus, we notice that the usage of isotropic tensor functions for the constitutive
equations ¥(C') and S(C) for the description of isotropic material behavior leads to an
automatical fulfillment of the principle of material symmetry.

7)The representation theorems of isotropic tensor functions are based on scalar-, vector- and second-
order tensor-valued arguments. We neglect here vector-valued arguments, since we do not need them in
our applications. For the corresponding representations the reader is referred e.g. to [30].
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A very useful representation theorem for isotropic tensor functions is the Cayley-Hamilton
theorem. This theorem states that an arbitrary quadratic tensor satisfies his own charac-
teristic equation. Taking the tensor D € R3*? that means

p(D)=-D*+1,D*~-L,D+31 =0 = D=1 D*-LD+131, (4.3)
where [, I, I3 are the principal invariants of D
I, =trD, I, = tr[Cof D], I3 =detD. (4.4)

The latter scalar-valued functions are isotropic, because they are invariant with respect
to orthogonal transformations @ € O(3) in the sense

trD = tr[QDQ"], tr[Cof D] = tr[Cof[QDQ"]], detD = det[QDQ"]. (4.5)

An important consequence of the Cayley-Hamilton theorem is that any power D", n > 3,
can be expressed in terms of the first two powers D, D? and 1, e.g.,

D' =D*D=1,D*-1,D*+ ;D
= L(I,D* - 1,D+I31) — [,D*> + IsD (4.6)
= (I} - L)D?> - (I, I, — I3)D + I, I31.

For invertible tensors negative powers can be also given as tensor polynomials of order
two. Multiplying (4.3) with D™ yields

1
D*=1D-L1+LD"' = D' = I—(D2 —~ LD+ 1), (4.7)
3

Thus, a polynomial tensor function Y (D) of arbitrary order greater than two can be
expressed as a polynomial function of order two of its tensorial argument D:

Y(D)=fil+ f D+ f; D*,

where the coefficients fi, fo, f3 are scalar-valued polynomial functions in terms of the
principal invariants of D, i.e.,

fa:fa[ll(D)v ]2(D)7 ]3(D>] CL:1,2,3. (48)

Hence, for the description of isotropic material behavior this theorem can be easily applied
on the second Piola-Kirchhoff stress tensor S in terms of the right Cauchy-Green tensor
C'. This leads to the isotropic polynomial tensor function

S(C):zg—g:flurfgcjufgc?, (4.9)

with f, = fa[ll(C), L(C), I3(C)], a=1,2,3. In the sequel we always use
Il = tI‘C, 12 = tI‘[COfC], [3 = detC'. (410)

The relation (4.9) is true if we express now the free energy function 1 (C') as isotropic
scalar-valued function in terms of the whole set of principal invariants of C

V(C) =11, Ir, I3), (4.11)
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so that we can directly identify the scalar-valued isotropic coefficients:

o (O O o o (O O o (O

If the reader is interested in the derivatives of the principal invariants of C' with respect
to C we refer to the Appendix F. Inserting the relation (4.7); into S, where we exploit
that CofC = I5C~7 = I35C™", we obtain the alternative expression

o oY N N

oy Y 8)

The Lagrangian elastic moduli are obtained by exploiting 510 — 9l.0 as
01 j01;

0?1 01
C= 4 {81’181‘11 ®1+ 8128[2{[11 - Cle{LHl1-C}
2
+ 82?)2 CofC ® CofC
0?1
= 1e{hl1-C}+{H1-C}®1]
+ Oy 1 ® CofC + CofC ® 1]
01501,
+ 5y {11 - C} ® CofC + CofC ® {1 — C}]
01501,
+§—Z 1ol -1X1]+ g—z LlIC'eC'-C'RC|.

Remarks. For subsequent applications of the isotropic constitutive equations (4.9) and
(4.11) in terms of the symmetric right Cauchy-Green tensor it may be convenient to
express the principal invariants I, I, I3 (4.10) in terms of the so-called main invariants
(J1, Jo, J3) and vice versa. The main invariants are defined as the traces of the powers of
C by

Jl =trC = Il, J2 - tI‘[C2], Jg - tI‘[Cg] . (415)

Analyzing the trace of (4.7); with D = C under consideration of the relation tr[[3C~'] =
tr[IsC "] = tr[Cof C] yields

1
Jy = tr[C?] = [1trC — 31, + tr[CofC| = I} — 2I, = [, = §(J12 —Js). (4.16)

In order to derive the relationship between J; and the principal invariants as well as
between I3 and the main invariants we evaluate the trace of (4.3); with D = C, it follows

Jg = tr[Cs] = [11]1"C2 — Igtl"C -+ 3]3 = Iljg — [2J1 + 3]3
= L(I?=2L,) — I,I, + 313 = I} — 3,1, + 315 (4.17)
1 1 1 3 1
= I; = g(J3 — 1 Jo + 5(Jf — D) Jy) = g(J3 — 5N+ 5Jf’).
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Table 4.1: Invariants Depending on One Tensor-Valued Variable.

Variable | Invariants
A tr A, tr A%, tr A3
%% tr W?2

For the representation of an isotropic tensor function Y (W) depending on a skew-
symmetric tensor W € Skew(3) with W = -W7 ie.,

0 Wi Wis
W = —W12 0 W23 (418>
—Wig =Wy 0
the only non-vanishing invariant is
Jo = tr[W?], (4.19)
which is always negative, since
—(Wi, + W) —Wi3Way WiaWoas
W? = —WisWas  —(WH+Wg)  —WiWis : (4.20)
WiaWos —WiuWis =W + W)

In Table 4.1 the invariants with a single tensor-valued argument, i.e., a symmetric second-
order tensor A € Sym(3) with A = A" and skew-symmetric tensor W € Skew(3) with
W = —WT respectively, are listed.

4.2 Isotropicization of Anisotropic Tensor Functions.

The constitutive equations ¢(C') and S(C) in terms of the right Cauchy-Green tensor C
are anisotropic, if

¥(C) = Y(QCQ")

VQegcCO(3) (4.21)
QRS(C)Q" = S(QcQh)

is fulfilled. This definition is identical to the requirement of the principle of material
symmetry for the description of anisotropic material behavior.

Anisotropic material behavior can be characterized by structural tensors 2, with

(11

= {517 52}7 Wlth El - {K17 K27 }7 EQ - {]P)ly ]P)Za }a (422)

) (AR B)(a®b) := Aa® BbY A, B € R*** a,b € R?, cf. [56], [42].
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collecting the set E; of second-order structural tensors K, Ko, ..., the set Z5 of all
structural tensors of order higher than two, e.g. fourth-order structural tensors Py, Ps, ...
and so on. They reflect the symmetry properties of the underlying anisotropic material,
ie.,

E=Qx+=E, V Qeg, (4.23)
where G is the underlying material symmetry group and we use the abbreviation
Q xB = { QKIQT7 QK2QT7 L)
QXRQ P :Q"XRQTQXRQ:P,:QTRQ", .. }.

Aas da;
nel

ns1

T2
a; a;

U Zep)

Figure 4.1: Principle of Isotropy of Space: a) the eigenvectors ne1, nes of the deformation
C and the eigenvectors ngy, ng2 of the stresses S, respectively, w.r.t. the initial basis a1, as,
b) the same eigenvectors of C and S, respectively, w.r.t. the transformed basis Qa1, Qas.

For more details on the structural tensors of the individual material symmetry groups the
reader is referred to the next section. Inserting this extended list of argument tensors =
into (4.21) yields

U(C,E) = ¥(QCQ",Q*E),
QS(C.E)Q" = S(QCQ".Q+E)

which is the definition of isotropic tensor functions in the complete list of arguments
(C, E). This isotropicization of anisotropic tensor functions is also known as concept of
structural tensors, first introduced with important applications in BOEHLER [27]. It is
a consequence of the Principle of Isotropy of Space, which is visualized in Figure 4.1.
There it is shown that applying a rotation @ to the anisotropic material (represented by
a circle with preferred directions aq, as), whose material behavior can be characterized
by a structural tensor of the set =, and also to the deformation C' results in the same
transformation @ of the material response S, i.e.,

} VQeO(3), (4.24)

C=QCQ" E=Q+Z, S=08Q".
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A unified approach summarizing the developments in this field can be found in ZHENG
[144]. Tt should be noted that the functions (4.24) are anisotropic with respect to C' alone:

Y(C.E) = ¥(QCQ",E)

- r VQeg. (4.25)
QS(C.E)Q 5(QCQ"E)

Thus, with (4.24) we ensure a priori the principle of material symmetry (4.21). For the
fulfillment of equation (4.24) extensions of the already introduced representation theorem
for isotropic tensor functions with respect to a larger argument list (C,E) have to be
applied.

4.3 Structural Tensors for All Material Symmetry Groups.

In case of transverse isotropy and orthotropy the structural tensors are in general of the
type

M;,=a;®a,, (4.26)
cf. BOEHLER [30], where a;, with ||a;|| = 1, represents the i—th preferred direction of the
underlying material. A transversely isotropic material is characterized by one preferred
direction a. Choosing the Xj-axis as preferred direction the transversely isotropic struc-
tural tensor M, whose invariance group preserves the material symmetry group Gis, is
then given by the symmetric, rank-one tensor

M = e;Xe;s. (427)

Orthotropic materials can be described by symmetry relations with respect to three or-
thogonal planes. The corresponding preferred directions are chosen as the intersections
of these planes and are denoted by the vectors ai,as and as with unit length. Thus
(ay,as, as3) represents an orthonormal privileged frame. Based on this, Boehler [30] pre-
sented the structural tensors

M1:a1®a1, M2:a2®a2 and M3:CL3®CL3, (428)
which are Gz-invariant. The structural tensors satisfy:

(Mi)p:Mi, tI'MZ =1 fOI' 7= 1,2,3,
M;M;=0 for i#j, i,j=123,

(4.29)
(M, C+C M)+ (My;C+C M)+ (M3;C+C M;)=2C,
tr[MC| + tr[M,C] + tr[M3C| = t1C .
Furthermore, the sum of the three structural tensors yields
3
> M;=1 hence Ms=1-M;—M,, (4.30)

i=1

therefore, M3 can be cancelled from the set of structural tensors. With regard to e.g.
ZHENG & SPENCER [146], ZHENG [144], X1A0 [140], ZHANG & RYCHLEWSKI [142] we
notice that
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Table 4.2: Structural Tensors which Characterize Material Symmetry Groups.

Crystal Mechanics Zheng & Spencer, [146] Xiao, [140]
System Symmetry | Structural | Single Structural Structural
Group Tensors Tensor Tensors
Triclinic a1 P'Q, €e; P’2 + eey €eq, €es
Monoclinic Go Ps,ee; P> + ee3 e1 el —es ® ey, €ey
Rhombic g3 P, P, e1 el —ex ®es
Tetragonal Ga Py, €ees Py + ee§3) 654) + e§4), €es
Gs Py Py 654) + egl), es3 ®es
Trigonalg') s ez ® Pé, €es ez ® Pg + eegg) Zf’zl enl(-g), €es
Go e3 ® P e3 ® Py Y enl es@es
Hexagonal Gio Pg, ees Pg + eegf)) 25’:1 nz(-ﬁ), €e;
Gi1 Py Pg Z?:l nl('ﬁ)a e;®es
Cubic Gs A A Ty :=TF + T3
G- e ) el + el +elV
Transverse G2 es ®es es ® es es ® es
Isotropy Gi3 €es €es €es

transverse isotropy, orthotropy as well as the triclinic and monoclinic symmetry groups
are the only symmetry groups, which can be completely characterized by second-order
structural tensors.
In ZHENG & SPENCER [146] it is shown that each anisotropic symmetry group can be
characterized by one single structural tensor (of order up to six): for the representations
of triclinic, monoclinic, rhombic as well as transversely isotropic symmetry second-order
structural tensors are necessary, whereas, unfortunately,

for the trigonal, tetragonal and cubic systems fourth-order tensors are needed and for the
hexagonal systems sixth-order structural tensors are required.

These single structural tensors are presented in Table 4.2. Since the rhombic, tetragonal
Gs-, trigonal Gg- and hexagonal G;;- symmetry groups are finite subgroups of the trans-
versely isotropic symmetry group Gio, the transversely isotropic structural tensor is an
additional structural tensor of these mechanically relevant symmetry groups, ZHENG &
SPENCER [146]. For a comparison we also listed the structural tensors presented in X140

[140]. in Table 4.2. Furthermore, the abbreviation ez(-") of the cartesian base vectors used
in Table 4.2 is defined by

e,fn): ei®"'®ei7 7::17273777,:17..76.
n

Detailed representations of the tensors up to order six appearing in Table 4.2 are given in
the Appendix E.

9) According to [140], [3] the underlying vectors for material symmetry groups Gg — Gy1 are:
ng —=ey, nNg = —1/261 + \/3/262, ns = —1/261 — \/3/262.
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4.4 Isotropic Tensor Functions for an Extended Set of Arguments.

4.4.1 Extended Set of Second-Order Tensors. A representation of an isotropic
polynomial tensor function Y (A, Ay) in terms of two symmetric second-order tensors
A, and A, as well as scalar-valued polynomial coefficients was first shown in RIVLIN [96].
The explicit representation is

Y (A1, Ay) =fil + foAi + AT+ f1As + f5 A5 + fo(A1As + As A))

2 2 2 2 2 42 2 42 (4.31)

+f7(ATAs + Ay A7) + fs(A1 A5 + ASA) + fo(ATAS + AJAY).
The coefficients f,,a = 1,...,9 are scalar-valued polynomial functions in terms of the
principal and mized invariants of A; and As:

ffl: fa['[17"’7]10]7 —[7,61-7 a:l’___797
with the whole set of invariants of the arguments A; and A,
T ={trA,, trA], trA} trA,, trA3 trA3, tr[A; Ay, tr[A%A,], tr[A;A]], tr[ATA3]}.

Applying this representation for isotropic tensor functions in terms of the symmetric right
Cauchy Green tensor, i.e., A; = C, and a symmetric second-order structural tensor, i.e.,
Ay = M, on the second Piola-Kirchhoff stress tensor we obtain

S(C, M) :2% = fil + o€ + f3C* + fLM + fsM? + f(CM + MC)

(4.32)
+f2(C°M + MC?) + f3(CM? + M*C) + fo(C*M?* + M>C?),

with the energy function as isotropic function in terms of the whole set of principal and

mixed invariants of C' and M:

W(C, M) = (L1, ...Iv), [ €T (4.33)

The representation for the more general case of our interest, when the isotropic tensor
function Y (C, x) should depend on an arbitrary number of second-order tensor arguments
x, with

€xr = {Al,Ag,...,Wl,Wg,...} (434)

i.e., symmetric tensors A € Sym(3) and skew-symmetric tensors W € Skew(3) can be
found in SPENCER & RIVLIN [119].

Sets of Invariants. We have noticed that for the representation of the energy
function 1 and hence, the stresses S = 2001, depending on C' and structural tensors,
as isotropic tensor functions we need the whole set of scalar-valued invariants in terms
of all arguments. One of the main goal in invariant theory is therefore to find a set
of basic invariants for a given set of tensor arguments from which all other invariants
can be generated. This is possible, due to Hilbert’s Theorem. At age 26 David Hilbert
(1862-1943) proved the existence of this Finiteness Theorem in his work HILBERT [59].
There the original Theorem reads:
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Ist ein System von Grundformen mit beliebig vielen Veranderlichenreihen gegeben,
welche in vorgeschriebener Weise den namlichen oder verschiedenen linearen
Transformationen unterliegen, so giebt es fiir dasselbe stets eine endliche Zahl von
ganzen und rationalen Invarianten, durch welche sich jede andere ganze und rationale
Invariante in ganzer und rationaler Weise ausdriicken ldsst.

In HILBERT [60] he published a second proof.

Integrity Basis: The set of invariants for a given set of tensor arguments relative to
a fixed symmetry group G is called an integrity basis Z, if an arbitrary polynomial
invariant of the same arguments can be expressed as a polynomial in the basic
invariants. If no element of the considered set can be expressed as a polynomial

in the remaining invariants of Z, it is called wrreducible.

Functional Basis: The set of invariants is called a functional basis F, if an arbitrary
invariant in terms of the underlying arguments can be expressed as a function

(not necessarily polynomial) in terms of the elements of F. It is said to be irreducible,
if none of the elements of the basic set F can be expressed as a function of the other
invariants of F, i.e., if all elements of F are functionally independent.

In DIMITRIENKO [43] a system of scalar invariants Iy, ..., I, is called functionally
independent, if for every nontrivial function f(Iy,...,I,) of the invariants of the set
the relation f([y,...,1,) # 0 is valid.

According to BOEHLER [27, 30] we present the functional bases for two, three and four
tensor arguments in Table 4.3. 10

Table 4.3: Invariants Depending on Two, Three or Four Tensor-Valued Vari-
ables (A € Sym(3), W € Skew(3)), cf. BOEHLER [30].

Variable Invariants
Al, A2 tr (AlAQ), tr (A%AQ), tr (AlAg), tr (A%Ag)
A W tr (AW?), tr (A°W?), tr (A°WZ2AW)

(
Wi, W, tr (W, W)
A, Ay A tr (A; Ay As)
A Wi, Wy | tr (AW W), tr (AW3IW,), tr (AW ,W3)
(
(

A17 A27 W
Wi, Wy, Wi | tr (W W, W;)

B
>
3
By
L
S
>
3
2
S
>
E3
s

Note that although the basis presented in Table 4.3, is irreducible for arbitrary tensor
arguments, cf. PENNISI & TROVATO [91], a special choice of these tensors could lead to

10)0Once again, we are not interested in invariants depending on vector-valued arguments. For their
representations see e.g. [30].
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redundant elements.

Set of Invariants: For the formulations of isotropic tensor functions

in terms of the right Cauchy-Green tensor C' and structural tensors we construct

our sets of invariants using Table 4.1 and 4.3. Obvious functionally dependent
invariants are neglected. However, the irreducibility of our sets of invariants

will not be explicitely checked as for example done in DIMITRIENKO [43].
Furthermore, due to our definition of completeness of an energy function (section 4.5)
our set of invariants must include at least the corresponding set of bilinear invariants.

Set of Bilinear Invariants: For our complete energy functions it is sufficient to use
sets of bilinear invariants, i.e., sets consisting of all obviously functionally independent
invariants that are linear and quadratic in C.

Classical Set of Bilinear Invariants: We denote the sets of all invariants in terms
of the right Cauchy-Green tensor C' and structural tensors, that are linear and
quadratic in C' and that appear in classical functional bases e.g. given in
DIMITRIENKO [43], as classical sets of bilinear invariants. They are presented in
Appendix D.

However, the classical representation theorems for isotropic tensor functions offers us only
useful representations for isotropic tensor functions depending on second-order tensorial
arguments x given in (4.34). That means, that we are able to exploit these theorems only
for those material symmetry groups, which can be completely described by second-order
structural tensors, i.e., 21 and not for the whole set of interest Z, see (4.22).

In the following, let us consider an anisotropic material whose material symmetry prop-
erties can be characterized by a second-order structural tensor

K=QKQ" VvQ €¢. (4.35)

In view of the construction of isotropic tensor functions for the underlying constitutive
equations ¢ and S in terms of the arguments C' and K we require the set of invariants.
According to Table 4.1 and 4.3 a set, which serves for the special cases K = —K7*
and K = K7 = K?, respectively, consists of the principal invariants (4.10) and mixed
invariants in terms of C and K:

F(C, K) = {tr[C], tr [CofC], det[C], tr [CK], tr [C* K]} . (4.36)

In case of K = —K” we have K = K? and for K = K¥ = K? we insert K = K in
the latter basis. Furthermore, we will neglect obvious functionally dependent invariants.
Denoting the mixed invariants by

Ii=tr[CK], I;=tr[C°K], (4.37)
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yields the functional basis
F(C,K) ={L, I, I, I, I5}. (4.38)

This set is the basis for the formulation of the free energy function

Y=Y (Ll € F(C.K)) +c. (4.39)

In order to fulfill the non-essential normalization condition (1) = 0 we introduce the
constant ¢ € R. Hence, the second Piola-Kirchhoff stresses are computed by

Saniso,l =9 Z (g_;bg—lé) with IJ I~ f(C, K) . (440)
J

J

For the first and second derivatives of the mixed invariants with respect to the right
Cauchy-Green tensor we refer to the Appendix F. Applying the chain rule we obtain the
second Piola-Kirchhoff stresses

, oY oY oY oY
aniso,l — _ -
S 2{<—811+812]1)1 8[20+813C0fc

4.41)
oY -~ oY - T T (
+ (8—I4K+ 8—15(CK + K C))} .
The material tangent moduli are computed via C¥%! := 49501 , with
gamisod —4 [ PV 3014 PV 1 cye - c)
-~ lonor OLOL - !
+827¢COfC®COfC+ oy l1e{l1-C}+{1-C}®1]
813013 a[2811 ! '
0?1
+8138]1 [1 ® CofC + CofC @ 1]
+ oy {11 — C} ® CofC + CofC ® {I11 — C}|
OL;00, ! ? ¢ :
Lo 1o1-1K1]+ i L[C'eCc'—CcT'RCTY (4.42)
812 813
Py - 0% - T T - T T
+ (aI4aI4K®K + 815815{CK +K C}®{CK +K C}
+ oy 1o K+K®1)
01,01,
2 ~ ~ ~ ~
L9 heck Koy (CKT + KT 01]
01,015
01 ~ ~
+ {1-C}e® K+ K®{1-C}]

01,01,
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2 ~ ~ ~ ~
+ a? gl {1-C}®{CK +K C}+{CK +K' C}®{l,1-C}
2U15
+ ok [CofC ® K + K @ CofC)|
01,01,
2 ~ ~ ~ ~
+ a? 5@ [CofC @ {CK" + K'C}+{CK" + K'C}® CofC]
3U1L5
2 ~ ~ ~ ~ ~ ~
L9 wekT v K Cy e K + K 2 {CKT + KT CY)
D101
sl R )+ (& m))|
5

Py O 34

1,01, =3 Lol is considered and the operation (e)7 appears in

index notation as ({(o)}wkl):’jil = {(®) }ijir-

where the symmetry 3

4.4.2 Extended Set of Higher-Order Tensors. Unfortunately, a direct generaliza-
tion of the representation theorems for isotropic tensor functions with respect to tensorial
arguments of order higher than two is not yet exhaustively discussed in the literature.
There are only a few particular cases treating this topic, e.g. BETTEN [18, 19, 21, 22],
BETTEN & HELISCH [23, 24, 25|, ZHENG & BETTEN [145] and ZHENG [144, 143]. In the
papers [22, 23] combinatorial approaches are used which allow the construction of tensor
functions in terms of irreducible invariants based on symmetric second- and fourth-order
tensors; but for the formulation of specific energy functions these representations are
unmanageable and hence, not useful. For instance in our case of a symmetric second-
order and a symmetric fourth-order tensor there exist more than 156 irreducible invariants.

A useful idea is to modify Boehler’s extension of anisotropic tensor functions to isotropic
tensor functions in such a way, that the classical representation theorems can be still
applied. In this context X1A0 [140, 141] proposed an extension method based on the
introduction of so-called second-order isotropic extension functions besides the constant
second-order structural tensors for all 32 crystal and non-crystal classes. In APEL [3] the
application of this isotropic extension method leads to possible formulations of quadratic
energy functions for all material symmetry groups. Therefore, let us go more into detail
here.

With regard to the introduced isotropicization method (4.24) the idea of X1A0 [140] is the
following: The author proposes the introduction of a set 2,(C') of second-order symmetric
and skew-symmetric tensor-valued anisotropic tensor functions depending on the constant
structural tensors of order higher than two of the set Ey, defined in (4.22) and satisfying
(4.23). These anisotropic tensor functions are denoted as isotropic extension functions and
fulfill the invariance requirement

(11

Q(E:(C))Q" =E,(QCQ") VQ¢eg. (4.43)

Inserting into (4.24) instead of the whole set of structural tensors E given in (4.22) its
subset of second-order structural tensors Z; and the extension functions Zy(C') in terms
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of the structural tensors of the set E, the invariance condition results in

Y(C, By, B2(C)) = v(QCQ", QE1Q", Q=,(C)Q")
QS(C, By, 5:(C))Q" = S(QCQ", QE.:Q", Q=,(C)Q")

The constitutive equations are anisotropic with respect to C alone:

¢(C7 El’ 32(0)) = ¢(QCQT7 317 E2(QCQT))
QS(C, By, B2(0))Q" = S(QCQ", &/, 5,(QCQ"))

These extension makes the application of the classical representation theorems for
isotropic tensor functions for those material symmetry groups possible, which are
characterized by structural tensors of order higher than two. We denote the symmetric
extension functions by A(C) with A(C) = A(C)? and the skew-symmetric ones by
W (C) with W(C) = -W(C)T.

} VQ e O0(3). (4.44)

} VQeg. (4.45)

Let us exemplarily evaluate Xiao’s isotropic extension concept for the description of those
anisotropies, which can be characterized by a fourth-order and a second-order structural
tensor, respectively:

P=QNQ:P: QTXQT, K=QKQ", vQ €¢, (4.46)

with the material symmetry group G. For the representation of complete!) energy func-
tions in terms of the right Cauchy-Green tensor and the structural tensors as coordinate-
invariant functions we need the corresponding set of invariants. The set of invariants is
here based on the arguments C, K and A;(C),i = 1,2,3,4, with

A(C)=P:C, A)C)=C:P, A3C)=P:C?* A C)=C*:P. (4.47)

For all four functions the invariance relation (4.43) hold: we have the relations

Q(A(C)Q" = QP:C)Q"=QHQ:P:Q"KQ":QCQ"
P:QCQ" = A, (QCcQ"),

Q(A:(C)Q" = Q(C:P)Q"=QCQ":QXQ:P: Q"XQ"
= QCQ":P=A,(QCQ")

and analogous invariance properties of A3(C) and A4(C). With K and the isotropic
extension functions (4.47) in hand we construct —with regard to Table 4.3 and the set
(4.36)— the set of invariants

F(C,K,A,(C)) = {F(C,K), F', F?, F3 F'}, (4.49)

VQeg (4.48)

with
Fro= {tr[Ay], tr[A7), tr[As], tr[AD], tr[As], tr[A4]},
F2 = {tr[A,C), tr[A:C]},
FP = {t[AK], tr[A2K], tr[A, K], tr[AZK], tr[As K], tr[A,K]},
F' = {t1]CAK], tr]CAK]}.

(4.50)

1) Completeness of the energy function means that the corresponding linearized tangent moduli at the
reference state obeys the same symmetry properties as the corresponding classical anisotropic elasticity
tensor. See the remarks in section 4.5.
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Note, for the sake of conciseness mixed invariants of the following type have been neglected
here, since they will be dropped in subsequent specifications: mixed invariants only in
terms of the isotropic extension functions A;,i = 1,2, 3,4, mixed invariants only in terms
of skew-symmetric arguments as well as the additional invariants

tr[A; K’CK| and tr[A;K’CK]. (4.51)

For a symmetric constant structural tensor K = K* = A we presume A = A?, such that
K = A. For a skew-symmetric structural tensor W the relation K = W and K = W?
are valid. Denoting the invariants by

IG = tI'[Al], I7 = tI‘[A%], Ig = tI‘[Ag],
Ig = tr[A1C], 110 = tI'[Alk], [11 = tI‘[A%K], ]12 = tI‘[Agk],

I =tr|[CA K|, (452)
Ly = tr[Ag], I5 = tr[A3], Lis = tr[A4],
L7 = tr[AyC), Iis = tr[Ay K], Ly = tr[A2K], Iy = tr[ A, K],
I, = tr|[CAy K],
leads to the set of invariants
F(C,K,A;(C)li=1,..,4):={6L,....Ia1}. (4.53)

Based on this set of scalar-valued arguments we formulate the energy function as isotropic
function in analogy to (4.39)

Y=Y (| € F(C,K,A(C)li = 1,..,4)) + ¢ (4.54)
k

and compute the second Piola-Kirchhoff stresses

o oI, | o O, .5
Samso 2 —9 Z ( ) — Sanzso,l + 9 Z ( J ) ’

with I; € F(C,K,A;(C)li =1,..,4),

where the stresses §“"*>! can be found in (4.41). The index notation of the first and
second-order derivatives of the invariants Iy, ..., [14 with respect to the right Cauchy-Green
tensor are presented in the Appendix F. Analogously to (4.42) the material tangent moduli
is calculated by

. %Y
aniso,2 o
C =4 o (4.56)
and results in
& oI, _ Ol, 0%y 0I, _ 0l
amsoZ _ aniso,l > s
C =C +4ZZ{813[ a(j@ac}—i_ll%:;{ﬁlsabac(gﬁc
oy 0°1
> [81 acac}
(4.57)

with r=1,...,21, s =6,...,21, r # s.
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4.5 7Completeness” of Energy Functions w.r.t. Material Symmetries.

The linearization of the second Piola-Kirchhoff stress tensor S at origin state E|c—; = 0
reads

. oS d
LZ?’L[S] = S|E:0 + 8—E o . J[E(X + )\’U,)”)\:O. (458)
In the undeformed, stress-free reference placement S|p_g = 0 and with the relation
Clp_g = 0S|E=o we arrive at
. d .
Lin[S] = C|p_, : E[E(X + Au)]|r=0 = C|p_, : Lin[E]. (4.59)
With (2.26) we get
Lin[S]=C"": e, with C'":=C|,_, = C|._, - (4.60)

The linearized second Piola-Kirchhoff stress tensor at a stress-free reference state rep-
resents therefore the stress tensor (g) in the small strain regime. The tangent moduli
C|c=1 is denoted as linear moduli C'".

Complete Energy Functions: We say that our energy functions for the description
of anisotropic finite elasticity are complete, if the coefficient matrix of the linear
moduli C"" exhibits the same zero, non-zero, equal and opposite components and
relations between the components as the corresponding classical anisotropic elasticity
tensor of linear elasticity. This means that C/" has to obey the same symmetry
properties as the corresponding classical anisotropic elasticity tensor. This does not
mean that the exact values of the components of the corresponding anisotropic elas-
ticity tensor can always be generated.

The classical anisotropic elasticity tensor in hyperelasticity can be completely obtain-
ed as second derivative of a quadratic energy 1(C'). Therefore, in our case it is suffi-
cient to use sets of bilinear invariants.

The possible types of components appearing in the elasticity tensors are specified in sec-
tion 3.7. There the effect of material symmetry groups on the components and relations
between the components of all anisotropic elasticity tensors of linear elasticity are visual-
ized, cf. Voiar [129].
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Anisotropy Group: Material symmetry intervenes to reduce the number of
components and the relations between the components of the anisotropic elasticity
tensor. In section 3.7 it is shown that the representations of the classical elasticity
tensors for the symmetry groups Gio — G153 as well as Gg and G7 in Voigt notation

are identical. Consequently, these elasticity tensors obey the same symmetry
properties. A consequence of our completeness of energy functions is therefore,

that we finally distinguish between nine instead of thirteen different material symme-
tries for the description of anisotropic material behavior. We call the corresponding
nine material symmetry groups anisotropy groups. They are given together with the
isotropy group by: Gi, Ga, Gs, G, Gs, Gs, Go, G7, Gia, O(3).

Quadratic Energies of Simple Form. For instance, in the linear theory for the case of
isotropic material symmetry described by the orthogonal group O(3), a quadratic strain
energy is usually of the simple form

4 1
P (e) = §Atr[s]2 + ptr[e?], (4.61)
with the Lamé constants A and p and the small strain tensor € = %(Grad’u,T + Gradu).

Here, it is possible to uniquely express the components of the tangent moduli in Voigt
notation

[Ci111 Cri22 Crizo 0 0 0
Ci122 Ci111 Crino 0 0 0
Ciso(V) _ Cii22 Ci122 Ciiny 0 0 0
0 0 0 %(Cnn — Ci192) 0 0
0 0 0 0 2(Ci111 — Cpia) 0
. 00 0 0 0 1(Ci111 — Ciia) |

by the material parameters
Ciunn=A+2u, Chp=2A

and therefore it is here possible to exactly generate all values of the components of the
elasticity tensor C*°(V). If we replace in (4.61) € by the Green-Lagrange strain tensor
E, we obtain the classical St. Venant-Kirchhoff material model ¢**°(E)— a well-known
extension of the linearized theory into the nonlinear case:

V5(E) := %A tr [E]? + p tr [E?]. (4.62)

This material model can be extended for the description of all anisotropy types. This will
be shown in subsequent sections. They have then the form

Y (E) =Y oLy, Li € B(E), (4.63)

i=1
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where the sum of the first two terms represents the classical isotropic St. Venant-Kirchhoff
material model (4.62), i.e., p*"*°(E) = ay L1 + ag Ly := ¥"*°(E) . The term B(E) denotes
the set of all corresponding a priori quadratic invariants and all multiplicative combina-
tions of linear invariants. For those energy functions a direct identification of the material
parameters by the components of the associated elasticity tensors is always possible. How-
ever, the drawback of these material models is that they can be only used within boundary
value problems with large rotations but small strains. This statement will be precised in
the next section by the results of a biaxial tension test.

Polyconvex Energies. For the modeling of finite elasticity, we will be interested in the
satisfaction of further restrictions of the free energy function like the polyconvexity condi-
tion. This condition often imposes restrictions on the material parameters. Furthermore,
the polyconvex approach, which will be later introduced, as well as the separate fulfillment
of the condition of a stress-free reference state at E = 0 leads to dependencies between
the material parameters. Thus, in the polyconvex framework a direct identification of the
material parameters with the components of the elasticity tensor may be non-trivial. Here,
we are therefore not interested in exactly capturing all values appearing in the elasticity
tensor as pointed out in the previous box. More details are given in chapter 6.

4.6 Quadratic Energy Functions of St.Venant-Kirchhoff Type.

We construct now complete quadratic energies of St. Venant-Kirchhoff type. Thereby, the
sets of bilinear invariants are presented. We exemplarily show the construction for the
case of hexagonal/ transversely isotropic material behavior given by the anisotropy group
Gy and tetragonal anisotropy properties characterized by the group G,. The results for
the remaining anisotropy groups can be found in the Appendix G.

The complete quadratic energies have the form

" (E) =Y oL, Li € B(E),

1=1

see (4.63). Due to the general representations of the stresses and tangent moduli we prefer
the dependency of ¥ on the right Cauchy-Green tensor, i.e., we finally set E = %(C -1)
in the material model.

Hexagonal and Transversely Isotropic Anisotropy Group Gs:

Set of Bilinear Invariants: We describe the properties of the anisotropy group Gi» by a
coordinate-invariant quadratic energy function on the basis of the transversely isotropic
structural tensor (4.27). There, the preferred direction of the material is set to a = es.
The invariants up to the power of two, which are constructed with the help of Table 4.3,
are listed in Table 4.4 and constitutes the underlying set of bilinear invariants

FYE,M) := {tr[E], tr[E?, tr[EM], tr[E*M]} . (4.64)

With respect to the coordinates of E this set is given by:

fti<E, M) - {E11 —|— E22 —|— E33, E%l + E222 + Egg + 2E122 + 2E123 + 2 E223,

2 B (4.65)
Es3, B3y + Eiy + Ejg




66 Isotropic Tensor Functions for Anisotropic Elasticity

The classical set of bilinear invariants reads in terms of the components of E
fﬂ == {EH —|— EQQ, E33, E123 + E223, E121 + E222 + 2E122 y (466)

cf. DIMITRIENKO [43]. All elements of (4.65) can be uniquely obtained by the combination
of the linear and quadratic components of the classical set of bilinear invariants F*.

Table 4.4: Set of Bilinear Invariants, Gi».

Structural Tensors: M =e3®e;s

Invariants depending on one variable: | tr[E], tr[E?]

Invariants for two arguments: tr[EM], tr[E*M)|

Quadratic Energy Function: For the construction of the quadratic coordinate-invariant
energy function (4.63) the set containing all quadratic invariants and quadratic combina-
tions of linear invariants of the set (4.65) appears then as

BY .= {tr[E]?, tr[E?], tr[E]tr[EM), tr[E*M], tr[EM]?} . (4.67)

Thus we obtain the quadratic free energy function

Pt = %)\ tr [E)? + ptr [E?] + a3 tr [E] tr [EM] 4 oy tr [E*M] + a5 tr [EM?. (4.68)

We consider the dependency of ) on the right Cauchy-Green tensor C, i.e., we reformulate
the free energy function (4.68) as follows

| 1 1 1

W= SA(L =32+ G (I} = 2(I, + 1) +3) + 108 ([ —=3)(1s — 1)
s 1 (4.69)

0 (Is = 20+ 1) + g5 (1L~ 1)°)

The second Piola-Kirchhoff stresses are obtained from the general representation (4.41):

1 1
S = =\ ([1 — 3)1 +u (C— 1) + =3 [([1 —3)M+ ([4 — 1)1]
21 2 (4.70)
+§Oé4 (CM+MC—2M) + a5 ([4— I)M

In consideration of the general representation of anisotropic tangent moduli given in (4.42),
C can be written as

C = 21®1+2u1X14+a3 1@ M+ M ®1] (71)
4.71
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The classical matrix notation of the hexagonal as well as transversely isotropic elasticity
tensor is given with the Xj3-axis as axis of symmetry by

[ Ci111 Ciiz2 Ciigs 0 0 0 ]
Ciiz2 Ciinn Cuasg 0 0 0
c)ti — Ciias Ciizz Casss 1 0 0 0 (4.72)
0 0 0 5(Ciin—Ciiz) 0O 0
0 0 0 0 Co303 O
0 0 0 0 0 Cazos |

Evaluating the Voigt notation of (4.71) with M = diag(0,0,1), we obtain the same
arrangement of components as in (4.72) and can identify

Ciini =242, Cigp = A,

(4.73)
61133:>\+Oé3, (C3333 :)\+2/J/+2043+2Oé4+2045, (C2323 :M+1/2Oé4.

Biaxial Tension Test. In order to show the main characteristics of a St. Venant-Kirchhoff
type material model we perform a biaxial compression/tension test of the described
anisotropic material with homogeneous Dirichlet boundary conditions. The reference con-
figuration, a cube with length [y, is shown in Figure 4.2 a). The applied displacement u in
Xo- and X3-direction is varied in the range from -0.8 [y to 1.3 ly. To visualize in this case
the anisotropy ratios the characteristic surface of Young’s moduli is plotted, see Figure
4.2b). Here, we refer to SHUVALOV [110], where characteristic surfaces of elasticities for
several anisotropic materials can be found.

isotropy plane

Figure 4.2: a) Homogeneous biaxial compression/tension test, b) Characteristic surface of
transversely isotropic elasticities.

We have homogeneous deformations x = F X with

F = diag(\/ C11> 5\, 5\) s with 5\ = (l() -+ U)/lo — 022 = C33 = )\2 . (474)

The stresses in X;-direction are equal to zero. Inserting (4.74) into the constitutive equa-
tion (4.69) for the stresses yields the component Cyy

S = (GA+R)(Cu— 1)+ (A ay/2)(¥ = 1) =0

) (4.75)
[N+ as/2)(A2 = 1)] + 1.

- Cll:)\—i-Q,u
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Setting the material parameters to
A=2.pu=2a3=3,a;=4, a5 =5 [N/mm?| (4.76)

and inserting (4.75) into Say and Ss3 leads to the first Piola-Kirchhoff stresses in Xo- and
X3-direction:

i

152
- 1
A+ 2u A )

P22 [3)\—|—2u—|—a3]5\(5\2—1):4

Wl =

AN =1 gy

P33 = [6Ap + 4p® + 6uas — ozg + 2 oy + 4pag + 2h a5 + Ao 2\ 1 45

= 145NN — 1).

14
pto ,
120 i

100 i

80

60

40
20 o e

0 o=z

— —
L -

0 0.5 1 15 2 5\
Figure 4.3: Values of first Piola-Kirchhoff stresses in X-and X3-directions in [N/mm?].

A graphical representation of the first Piola-Kirchhoff stresses in the X,- and X;3-directions
versus the stretch in the Xo- and Xj3-direction A is depicted in Figure 4.3.

Remark. Thus, for A — 0, i.e., u — —l, we obtain the unphysical result Py, P33 — 0,
as can be seen in Figure 4.3. This effect is well-known for the St.-Venant-Kirchhoff
type materials, because these models do not fulfill the growth conditions specified in
chapter 5. These growth conditions are of great importance in finite strain elasticity
also from a mathematical point of view. Furthermore, they do not fulfill the important
Legendre-Hadamard ellipticity condition, which will be defined in chapter 5. Therefore,
St. Venant-Kirchhoff material models can be only used within boundary value problems
with large rotations but small strains.

Tetragonal Anisotropy Group G :

Set of Bilinear Invariants: The isotropic extension functions that allow for modeling of
tetragonal G,-invariant tensor functions with representation theorems for isotropic func-
tions are presented in Table 4.5 together with the invariants obtained from Table 4.3.
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Table 4.5: Set of Bilinear Invariants, G,.

Structural Tensors: A=P,:E, B=P,: E*> W =ce;
Invariants depending on one variable: | tr[E], tr[E?], tr[A], tr[A?], tr[B]
[EA], tr[EW?], tr[E*W?],
[BW?], tr[AW?], tr[A*W?]
Invariants for three arguments: tr[EAW], tr[EW?AW]

Invariants for two arguments: tr

Taking into account the functional dependencies between the invariants
trf[A] =0, tr[B] =0, trf]AW?] =0, tr[BW?] =0,
tr[A*W?|=—tr[A%], tr[EW?AW]| = —tr[EAW],
tr[A%]  =4tr[E)? + 8tr[Ejtr[EW?] + 2 tr[EW?]? — 8 tr[E*W?] — 4 tx[E?],

we get the set of bilinear invariants

FYE, A, W) = {t1[E], tr|E?, tr[EA], tr[EW?] t1[E°W?], [ EAW]}  (4.78)
and in detail:

FYE,AW) = {Ey+ Ex+Es3, B}, + B3, + E3, + 2E, + 2 E%,

+2 FE2,, (Ey — Ey)? —4F%, —Ey — Ey, —E? — E2, (4.79)
—2F% — Fi, — E% 4FE5(Fy — Ex)}.

The invariants in the proposed approach (4.78) can also be expressed by nontrivial com-
binations of the invariants of the corresponding classical set of bilinear invariants, cf.
DIMITRIENKO [43]:

Ft = {Bu+ Exn, Es, Bfy+ B3y, B}y + B, Eia(Bn — Ex)}. (4.80)

Quadratic Energy Function: Collecting arbitrary quadratic combinations of the invariants
of the set F''(E = E, A, W) and all a priori quadratic invariants of F''(E = E, A, W)
yields the set B

BY = {tr[E)]?, tr[E?], tr[EA], tt|[EW?)?, tr[ EAW],

X o (4.81)
tr[EJtr[EW?], tr[E“W?7]}.

Hence, coordinate-invariant tetragonal functions ¢ (C, A, W) are constructed by the 7
quadratic, linearly independent elements of the set B! while inserting E = %(C —1):

7
WC,AW) =Y aL, LB

i=1

The second derivative with respect to C, i.e., C'* = 400y (C, A, W), with

C' = M @1+21K1+203P +20u(W?© W?) + asD

4.82
+as(1@ W2+ W?®1) + a[IRW? + W2 K 1], (4:82)
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where we have the index notation of Dupmn = Pujuka Wiem + PapkmnWia, appears in Voigt
notation identically to the classical fourth-order tetragonal elasticity tensor of G,-type:

[ Cii1 Ciizz Crizs Cipz 0 0 ]
Ciin Ciss —Ciz 0 0
Ci2i2 O 0
sym. (22323 0
Casas |

The coefficients are given in terms of the material parameters as follows

Cllll :)\+2u+2a3+20z4—2a6—2a7,

(C1122
(C1112

61212

=A—2a3+2as—20a5, Cizg =X— ag,

Csszs = A+ 2p,

_ _ 1
=pu—2a3— ay, Cass =M= 50r7.
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5 Generalized Convexity Conditions — Hyperelasticity.

For the description of anisotropic and isotropic hyperelastic material behavior, the
principle of material symmetry imposes certain restrictions on the constitutive equations.
These important requirements can be fulfilled by exploiting representation theorems for
isotropic tensor functions in both, the isotropic as well as the anisotropic cases. In cases
of anisotropy the concept of structural tensors and in a few of these cases extensions
of this concept makes this application possible. These representations theorems lead to
coordinate-invariant formulations of the constitutive equations based on a set of scalar-
valued invariants. During these investigations we pointed out that direct extensions of
quadratic energy functions of the linear theory into the nonlinear case, represented by
St. Venant-Kirchhoff type material models, are not very useful in finite elasticity, since
certain growth conditions and the important Legendre-Hadamard ellipticity condition
are not satisfied.

During the last decades further restrictions on the form of the energy function than
the ones given in the previous sections were proposed for the specification of the general
representation of finite elasticity. Amongst many others further conditions for a physically
reasonable material modeling were required, e.g the Baker-Ericksen Inequality. The Baker-
Ericksen inequality, BAKER & ERICKSEN [7], requires that the larger principal Cauchy
stresses g; occur in direction of the larger principal stretches ;. It states that

0, —0j .
>0 if A\ F# N 5.1

)\i o )\] 1 % J ( )

T)\2702 TAZ’UQ

| S P

A, 01 ~— ~ A, 01 A1, 01 wis(l: AL, 01
1
l/\2702 l)\2,02
a) >\2>)\1, 09 > 01 b) )\2>)\1, 01 > 09

Figure 5.1: Relations between principal stresses and stretches, a) of an isotropic material,
b) of an transversely isotropic material with preferred direction a.

This inequality can be illustrated by the following physical situation: two rectangular
planes of a material with energy function 1 are deformed by x; = \; X, see Figure 5.1a
and b. Thus, for the two-dimensional case we have F' = diag(\;, A2). Since the first Piola-
Kirchhoff stresses are defined by P(F) = 0pt), we get here P(F') = diag(T},Ts), where
T; are the forces per unit reference area. Consequently, we obtain the Cauchy stresses in

diagonal form
1 1
g = jPFT = jdlag()\l Tl, >\2 Tg) = diag(al, 0'2) .
Consider the first plane of isotropic material (Figure 5.1a), it is obvious that if Ay > A\;

then oy > o7 holds, which is correctly described by the Baker-Ericksen inequality (5.1).



72 Generalized Convexity Conditions—Hyperelasticity

Consider the second plane of transversely isotropic material (Figure 5.1b) with a pre-
ferred material behavior in a- (here Xi)-direction, i.e., with a much larger stiffness in
X;-direction than in the other directions. One expects that although Ay > A; still 07 > o9
could hold due to the increased stiffness in X;— direction. Thus, already for the most
simple case of anisotropy, the Baker-Ericksen inequality (5.1) is not valid anymore.

Therefore, in general, it has to be ruled out for the construction of anisotropic constitutive
equations. The most suitable condition in this context for modeling of both, isotropic and
anisotropic hyperelastic material behavior, is the so-called Legendre-Hadamard Inequality.
This condition ensures the existence of real wave speeds at each material point of the
body and in each direction. It is investigated by the analysis of the ellipticity of the
corresponding acoustic tensor. The acoustic tensor is deduced from the linearization of
the balance of momentum at an equilibrium state at each material point. It is strongly
related to the notion of rank-one convezity. If it is satisfied the material is said to be stable.

In finite elasticity, the existence of minimizers of (2.99) is inextricably linked with further
properties of the free energy function . The general aim is the construction of energy
functions ensuring both the success of solving the underlying boundary value problem
and a physically reasonable material modeling. Unfortunately, the requirement of the
Legendre-Hadamard inequality on the constitutive equations are not enough to guarantee
the existence of solutions of the considered boundary value problem. More details are
discussed in section 5.5. In BALL [8] existence theorems for equilibrium boundary value
problems of nonlinear elasticity under realistic hypotheses on the material response are
presented. A sufficient condition for the existence of minimizers is sequential weak lower
semicontinuity (s.w.ls.) of [, (F)dV and the coercivity of t. Details concerning the
notion of s.w.l.s. can be found in advanced textbooks on variational methods.

Hence, the question is: Are there ways of satisfying the coercivity condition and s.w.l.s.
together with a physically reasonable material modeling?

5.1 Remarks on Growth Conditions, Coercivity.

According to ANTMAN [2] the behavior of hyperelastic energies for large strains should
reflect that infinite stress is accompanied by extreme strains; possible measures are there-
fore

Y(F) — 400 as N(C)— 07 or \(C) — +o0, (5.2)
where \;(C') denotes anyone of the eigenvalues of C in an interval of |0, +oo[. However,
we make the following assumptions capturing the behavior of ¢ at large strains

Y(F) — +oo as detF — 0, VFeRY or
Y(F) — +oo  as {||F| +||CofF|| + (detF)} — 400, V F € R¥3.
The first assumption reflects the idea that an infinite energy should be required to annihi-
late volume. The second physically reasonable assumption can be replaced by the sharper
coercivity inequality:
U(F) > of||F|” + ||CofF || + (detF)"} + 8, VF eRY?, (5.4)
with a > 0,8, p > 2, ¢ > 2 r > 1 to obtain useful existence results. See also the

p—1
coerciveness conditions documented in PEDREGAL [90] and DACOROGNA [41].

(5.3)
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5.2 Remarks on Convexity.

Strictly convex functions have a unique (global) minimum. Convex functions are automat-
ically s.w.l.s., but are they useful also from a physical point of view? In order to prepare
the answer we observe a two-dimensional set K. This set is convex, whenever

Axi+(1—=Naxy € K Va, x € Kand A € [0,1], (5.5)

see Figure 5.2. In geometric terms this definition states that the line joining x; and x, is
included in K. For the definition of a one-dimensional and a nine-dimensional convex set
the points in (5.5) have to be replaced by scalars and second-order tensors, respectively.

T2 T2

convex set non — convex set

Ty Ty

Figure 5.2: Two-dimensional convex and non-convex set.

A scalar-valued function f : K — R defined on a convex set K is (strictly) convex if

FOzr+ (1 =N xg) < Af(x)+ (1= N)f(xe) VYV, xz0€ K, A€[0,1]. (5.6)

fx) f(x)

non — convex function

convex function

Figure 5.3: One-dimensional convex and non-convex function.

and strictly convex on K if
JOzr+ (1 =X xg) < Af(x1) + (1 =N)f(x2) Var, ze€ K, 21 #x9, A€]0,1[. (5.7)

In Figure 5.3 an example of a strictly convex and non-convex one-dimensional function
is illustrated. Relations between convexity and differentiability are the following: The
function f : K — R defined on a convex set K and which is differentiable over K is
convex on K if and only if

flx)+ Df(z1)(x2 —x1) < f(z2) VYV, 290 € K (5.8)
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f(x)4

Figure 5.4: a) Convex and b) strictly convex function.

and strictly convex on K if and only if
flz1)+ Df(z1)(xe — 1) < f(xe) Vi, 20 € K, 21 # 22 (5.9)

The twice differentiable function f : K — R defined on a convex set K is (strictly) convex
on K if and only if
f"(x)(>)>0 VzeK. (5.10)

A corresponding geometrical interpretation is that the linear combination C' of two func-
tion values A = f(z1) and B = f(x3), i.e., C = MA + (1 — \)B, is always above (Fig.
5.4 a), b)) or equal (Fig. 5.4 b)) the corresponding function value D = f(C). In case of
scalar-valued tensor functions a (strictly) convex function, e.g. the free energy function

1 in terms of the deformation gradient F', is defined on the nine-dimensional convex set
R3><3 as

VAF, + (1 =\ Fo) < AM(Fy) + (1= M(Fy) YF, Fo e R X [0,1], (5.11)

cf. e.g. SCHRODER [100]. If ¥(F') is once differentiable, the convexity condition reads
analogously to (5.8)

W(F)+ P(F): AF <¢(F+AF) YF,AFcR*>® \el0,1], (5.12)

where P = 0ptp, F = F; and AF = F5 — F;. For strictly convex functions ¢ (F') the
statement (5.12) carries over with < instead <, F'y # F5 and X €]0, 1].

| |
| |
| f

F F +

Figure 5.5: Illustration of strict convexity of ¢(F).
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As depicted in Figure 5.5 strict convexity means that the function value ¥)(F + AF') for
all (F'+ AF') must be higher than the value given by ¢(F)+ P(F') : AF. The alternative
representation of the (strict) convexity condition is

[P(Fy) — P(F))]: (Fy—F))(>)>0 VFy, Fy ¢ R¥? (5.13)

which represents the monotonicity of P. If ¢ is twice differentiable, the equivalent (strict)
convexity condition to (5.10) reads

O*)(F)
OFOF ’

which represents the requirement of a positive (semi-)definite nominal tangent A. Never-
theless, the convexity condition cannot be used, since this property contradicts the most
immediate physical requirements (cf. e.g. CIARLET [38]):

i) The set {F| detF > 0}, i.e., {F € R¥3} is not convex: In case of a convex set
+

{F| detF > 0} an arbitrary linear convex combination F' = AF; + (1 — A\)F3 has to

be also an element of R%**. As a simple counterexample we consider the deformation

gradients

AF :A:AF(>)>0 VF,AF ¢ R¥3 with A:= (5.14)

F, = diag(1,1,1), Fy = diag(—1,—1,1), with detF; =detFy=1>0. (5.15)
The determinant of their linear convex combination (A = %) is finally given by

1 1
detF' =0, with F= §F1 + §F2 = diag(0,0,1). (5.16)
Therefore, convexity precludes the reasonable requirement that ¢(F) — 400 as detF —
0F, F € RZ?, see (5.3),. Furthermore, the behavior of a homogeneous, isotropic, (quasi-)
incompressible rubber sheet can not be modeled by a convex energy function, see BALL

[9]: Perform homogeneous deformations of such a rubber sheet

F = diag()m )\2, 1) y with detF = )\1)\2 . (517)

a) 15 ‘ ‘

s 4 N\ 4
Figure 5.6: a) Non-convex function ¢ ((5.18) with a = 1) describing quasi-incompressibility
of a typical rubber sheet in a homogeneous deformation, b) projection of ¥ to the Ay — Aa-
plane.

Take into account for the description of the quasi-incompressibility e.g. the energy function

1

Y(F) =Y\, \g) = ((detF)? + ARFF

2)* = (A2A2 + -2)*, a>1, (518)

A3
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with ¢(F) = 0 for detF = 1 and ¢(F) — oo for detF # 1, i.e., detF — 07 and
det F' — oo. Then, however, the contours of equal energy are "banana-shaped” as depicted
in Figure 5.6. There, one can see that, considering the energy (5.18) with aw = 1, e.g. the
relation

w(Fe) = v (G ) = 10t > S0 + o) = 5 (v (3.4) 4o (1.7) ) =0,

holds; thus, the energy (5.18) is not convex.

(ii) For the fulfillment of the principle of material frame indifference (see section 2.7.1)
using convex energy functions physically unreasonable inequalities would be implied, cf.
CoLEMAN & NoLL [40], TRUESDELL & NoOLL [127], CIARLET [38]: For hyperelastic
materials the principle of material frame indifference (section 2.7.1) requires

Y(F)=¢(QF) YQ €S0(3),VF. (5.19)
According to (5.12) convexity of ¢ leads to
W(F)+ P(F): (QF — F) <9y(QF) VQ €S0O(3),VF. (5.20)
Inserting (5.19) in (5.20) gives
PF):(Q—-1)F <0 VvQe&eS0O(3),VF. (5.21)
With the tensor operation A : BC = ACT : B we obtain
T:(Q—-1)<0 VQ€SO(3),VF. (5.22)

We may choose the expression of the Kirchhoff stresses 7 = diag(A;1, Ar2, Ar3) in terms
of three distinct eigenvalues A, ;, ¢ = 1,2, 3 and the orthogonal transformations

Q= Q%,, Qk,, Q,, (5.23)
in these three cases the evaluation of (5.22) implies
)\7’,2 + )\7,3 2 07 )\T,l + )\7’,3 Z 0, )\7’,1 + )\7,2 2 0. (524)

From the physical point of view the eigenvalues of T cannot be expected to ensure the
inequalities (5.24) for all deformations, e.g. in case of physically reasonable compressive
stresses in two different principal directions A;;, A;;+1 the inequalities are not satisfied.

(iii) Strictly convex energy functions have at most one minimum, in contradiction with the
counterexamples to uniqueness, cf. HILL [61], RIVLIN [94, 95]. Thus, it precludes stability
problems such as buckling.

Remark 1: Regarding items (i)-(iii) we conclude that the convexity condition is too
restrictive from a physical point of view. Therefore, we focus on the quasiconvexity con-
dition, which ensures, together with the fulfillment of the growth condition,

V(F) < c||F||P4+c with ¢ >0, ¢, p>1, (5.25)

s.w.l.s.. Furthermore, quasiconvexity is a sufficient condition for rank-one convexity, which
is strongly related to the Legendre-Hadamard-Inequality condition (section 5.5). The im-
portant concept of quasiconvezity was introduced by MORREY [77]. This integral inequal-
ity condition implies that the state of minimum energy for a homogeneous body under
homogeneous Dirichlet boundary conditions is itself homogeneous.
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5.3 Remarks on Quasiconvexity.

Following KRAWIETZ [68] the mechanical criterion of material stability states that it is im-
possible to release energy from a body made of a stable and homogeneous material through
an isothermal process if the body is fived at the boundaries. For hyperelastic materials this
condition reads

t

/ P.Favdi= | w(F.)dv — | ¢(F.t)dV >0 (5.26)
Bo Bo Bo

with a constant F = F over B, at an initial time o, such that (F,ty) = Y(F), and

homogeneous Dirichlet boundary conditions = F' X on 0B.

— b —

=, = =y

Figure 5.7: '2)Physical interpretation of quasiconvexity condition: a) reference config-
uration: homogeneous body subjected to homogeneous boundary conditions, actual con-
figuration with b) homogeneous deformations F = F , c¢) inhomogeneous deformations
F = F + Gradw.

Only the positions of material points inside the body are varied, so that the deformation
gradient of inner material points has the form

F = F + Gradw (5.27)

with the fluctuation field w in B, satisfying w = 0 on 0By. Inserting (5.27) into (5.26)
yields the definition of quasiconvexity:

Definition of Quasiconvexity: The elastic stored energy is quasiconvex whenever for
all By C R?, all constant F € R* and all w € C3°(By), satisfying w = 0 on 9By, the
integral inequality

G(F + Gradw) dV > [ ¢(F)dV = (F) x Vol(B) (5.28)
Bo Bo

is valid, MORREY [77].

A physical interpretation of this condition is as follows: Consider a block composed of a
homogeneous material with energy function . The block is subjected to homogeneous
Dirichlet boundary conditions & = F X on 0By. The reference configuration is illustrated
in Figure 5.7a. In the actual configuration B, two situations are presented: a homogeneous
deformation w = 0 in B; (Figure 5.7b) and an inhomogeneous deformation w # 0 in 5,
(Figure 5.7¢). If the energy is quasiconvex, the homogeneous deformations are always
a solution of the underlying boundary value problem. This does not mean, that there
are no further solutions (inhomogeneous deformations) of the underlying boundary value
problem, but these deformations lead to a higher energy value than the homogeneous
deformations. Thus, the constant solution Grade = F of the boundary value problem

DivP = Div[dpt(Grade)] =0 with @ =FX ondB,

12)The figures are taken from [42].
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is a global minimizer for a quasiconvex functional.

Remark 2: The integral inequality of the quasiconvexity condition must be satisfied for
arbitrary fluctuations w; hence, this condition is rather complicated to verify. A drawback
of the quasiconvexity condition is that the growth condition (5.25) to be additionally
satisfied precludes the physically reasonable requirement (5.3);, cf. Problem 1 in [10].
Therefore, we search for a convexity condition which ensures quasiconvexity and s.w.l.s.,
in order to overcome the problem of verifying (5.25).

The most suitable condition for practical use is the notion of polyconvexity in the sense
of BALL [8, 9] , which is a sufficient (but not necessary) condition for quasiconvexity and
implies s.w.l.s., see also MARSDEN & HUGHES [72] and CIARLET [38].

5.4 Polyconvexity.

The polyconvexity condition represents a pointwise requirement on the free energy func-
tion. The notion of polyconvexity underlies the first existence result in finite elasticity,
given by BALL [9, §].

Definition of Polyconvexity: F' — (F') is polyconvex if and only if there exists a
function P : R33 x R3*3 x R +— R (in general non-unique) such that

Y(F)=P(F,CofF,detF), (5.29)

and the function R +— R, (F,Cof F,detF) — P(F,CofF,detF) is convex for all points
X e R%.

In order to arrive at a more compact notation, we may omit the X-dependence of the
individual functions in the definition below if there is no danger of confusion. Note that the
argument (F', Cof F', det F') plays an important role with regard to the transport theorems,
see section 2.1. According to the definition of convexity the polyconvexity of 1 is satisfied
if

’l/)()\ [Fl, COfFl, detFl] + (1 — )\) [Fg, COng, deth]) S
)\Q/)(Fl, COfFl, detFl) -+ (1 — )\)@D(Fg, COfFQ, deth)

(5.30)

VF,Fy, € R¥3 X € [0,1]. In the sequel we focus on energy functions (F) =
P(F,CofF,detF) which are twice continuous differentiable , i.e., » € C?*(R?**3 R). The
polyconvexity of 1 is proved by a positive second Fréchet derivative of

Y(F) =P(¢) with respect to & := (F,CofF,detF), &€ € RY.

The first Fréchet derivative of P is given by

oP(€)\" ., OP(€) oP(€) | OP(€)
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The second Fréchet derivative is represented in a suitable matrix scheme as

0*P (&)
oetr 0€ =

5 asag £T ) ]
op 0 (0P o (op
oF OFOF  9CofF \OF )  9detF \OF oF
0 oP 0?P 0 P
OCoLF oF (acofF) OCofFOCOF  DdetF (0CofF) OCotE |-
2
SdetF o (9P ) _0 (9P 0P St F
L OF \ OdetF ) OCof F' \ OdetF Odet FOdet F
—_— — S N—
0*P(§)
T
0& DE0E 0&
with 6§ € R" and 9%,P(§) € R'*'. The polyconvexity condition finally reads
P (&)
T > 31
3¢ gae 620 V& 5E (531)

which is equal to the proof of positive (semi-)definiteness of the 19 x 19 matrix 9z P(§),
see Appendix C.

The advantage of the polyconvexity condition is that —contrary to convexity— such an
assumption does not conflict with any physical requirement. As a simple example for a
polyconvex function we consider the third principal invariant in terms of F', i.e., ¥(F)
detF V F ¢ R¥3. The function is non-convex with respect to F, but polyconvex,
since the function (F') = P(detF) = detF is convex with respect to its argument
(detF'). In this example the non-uniqueness of the polyconvex function is given by ¢ (F')
Pi(detF') = detF = Py(F,Cof F) = F : CofF, i.e., the function can be expressed in
terms of the argument (detF') and (F, CofF'), respectively.

Analogously, the powers of detF', i.e.,

Y(F) = (detC)" = (detF)* = J* =P(J) Vk>1 (5.32)

are convex with respect to detF' and hence polyconvex. The polyconvexity of the prin-
cipal and main invariants in terms of the right Cauchy-Green tensor is well-known and
documented in many publications.

Proof. We evaluate (5.10), i.e., here the second derivative of (5.32) w.r.t. the scalar-valued

argument J and obtain

055P(J) = 2k(2k — 1) J**72 (5.33)

which is always positive for £ > 1, J > 0.
Additive Polyconvex Functions. Let

Q/)(F) = Pl(F) + PQ(COfF) + Pg(detF) .

If P;,i = 1,2, 3 are convex in the associated variable, then ¢(F') is altogether polyconvex,
cf. Corollary 3.2 in HARTMANN & NEFF [57] and SCHRODER & NEFF [104].
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L i
F F+\ne¢ F+ne(

Figure 5.8: Rank-one convex function ¢ (F).

5.5 Rank-One Convexity and Ellipticity.

Rank-one convexity describes the convexity of a function along a straight line of the
considered set, where the difference between the initial and end point is given by a second-
order rank-one tensor. Formulating the free energy function in terms of the deformation
gradient, the definition of (strict) rank-one convexity has the same form as the convexity
definition (5.12), but here AF = Fy — F'; = nn ® ¢ has to be inserted, i.e.,

P(F + A @ C)(<) SYF) + AW(F +n @ ¢) — ¢(F)] (5.34)

VFeR> Vn ¢eR\{0}, A € 0,1](\ €0,1[), see e.g. BALL [8] and Figure 5.8.
Analogously to (5.12) we obtain the definition for once differentiable ¢ (F")

Y(F)+P(F):(n®() (<)<P(F+na() (5.35)

VFeR»3 VY, ¢ eR\{0}, X €[0,1]() €]0,1]).

V\P(F): n®(¢

-
P(F)

Figure 5.9: Monotonicity of P with respect to all rank-one deformation tensors n ® (.

A reformulation of this rank-one convexity condition according to (5.13) yields the ex-
pression

[P(F+M®¢)—P(F)]:(Ap®¢)(>) >0, A€ [0,1](A €]0,1]). (5.36)

Thus, P has to be a monotone increasing function with respect to all rank-one deformation
tensors, see Figure 5.9. Finally, analogously to (5.14), the definition for twice differentiable
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U(F) is

M®¢):A:(n®()(>) >0 with A=} . (F), (5.37)
V F € R V n, ¢ € R3\{0}, which is referred to as (strict) Legendre-Hadamard-
Ellipticity.

Remark 3: Note that rank-one convexity and ellipticity of twice differentiable (smooth)
energy functions are equivalent. Polyconvexity of smooth energy functions implies ellip-
ticity. The converse is not true. The proof of this statement is based on standard results
in the calculus of variations, see e.g. DACOROGNA [41].

Definition of Ellipticity: The energy function ¢ (F') leads to a (strictly) uniformly
elliptic equilibrium system whenever the so-called uniform Legendre-Hadamard condition

Je>0,VF € M*3:Vn, ¢ € R*\{0}:

(5.38)
M@¢) A (Mm@ )(>) = lnlPICIP?
holds.
Omitting body forces, the equation of motion reads
po& = DivP . (5.39)

The linearization of (5.39) at the equilibrium state  := X + u, with the associated
deformation gradient Fy := 1+ Graduy and LinP = P(Fy) + A(Fy) : AF, leads to the
linearized equation

Div[P(Fy)+A(Fy) : AF|—po(t+Aw) =0 = Div[]A(Fy) : AF]—poAu = 0. (5.40)
Seeking solutions in the form of traveling waves, i.e.,
Au=f(X -{—ct)n, (5.41)

where ¢ € R*\{0}, ||¢|| = 1, denotes the referential direction of wave propagation, n €
R3\{0} is the polarization vector describing the orientation of the oscillations and ¢ the
referential phase speed of propagation, (5.40) appears as

(X C=ctnQC) —poc®l] =0 = [Q(C)—poc’ln =0, (5.42)
with the so-called acoustic tensor
Q% = AP (s (5.43)

Non-trivial solutions of (5.42) are obtained by solving the characteristic polynomial

p(A) = det[Q(C) — A1] = 0 (5.44)

with respect to the eigenvalue A = pyc?. For this special eigenvalue problem n is the
corresponding eigenvector. Since pg, ¢ > 0 and therefore A > 0, the acoustic tensor has to
be positive definite for all possible orientations ¢ to ensure traveling waves with positive
wave speeds, i.e., all main minors of Q must be positive:

@1 =Qu1 >0, ¢=0110Q2 — Q12Q2 >0, g3 =detQ > 0. (5.45)
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A positive definite acoustic tensor leads to an automatical fulfillment of (5.38). Thus, the
existence of traveling waves with real wave speeds implies Legendre-Hadamard-Ellipticity
(5.38), cf. MARSDEN & HUGHES [72]. See also TRUESDELL & NOLL [127].

A suitable localization measure for the numerical analysis of ellipticity is

q := sign[min|q1, g2, g3]] |g3] > 0, (5.46)

cf. SCHRODER, NEFF & BALzANI [105]. If the latter condition is satisfied for all possible
orientations ¢, the corresponding acoustuc tensor is positive definite and the considered
energy function is elliptic. We denote such material states as materially stable. If the
Legendre-Hadamard inequality is pointwise violated, i.e., if the latter equation yields
g < 0 for at least one direction ¢, then the acoustic tensor is not positive definite and
we say that the system loses its ellipticity. We describe such material states as materially
instable. Instabilities in fiber-reinforced elastic materials induced by loss of ellipticity are
discussed in MERODIO & OGDEN [75] and MERODIO & NEFF [74].

5.6 Implications of Convexity Conditions.
For finite-valued, continuous functions the important implications of the generalized con-
vexity conditions are

convexity = polyconvexity = quasiconvexily = rank—one convexity,

see also Figure 5.10. Note that the inverse implications are not true. Further discussions
concerning the implications of the generalized convexity conditions can be found in the
books DACOROGNA [41], SILHAVY [130], CIARLET [38] and MARSDEN & HUGHES [72].

Convexity

'

Polyconvexity

—

Y(F)<c1||[F|[P + ¢

s.w.l.s. - Quasiconvexity
with coercivity ‘ L
Existence of Minimizers Rank-1-Convexity

Figure 5.10: Implications of generalized convexity conditions, s.w.l.s. and existence of min-
imizers.

5.7 Polyconvexity and Ellipticity of Invariant Functions.

In the literature, we find a variety of polyconvex energies for the description of isotropic
material behavior, e.g. STEIGMANN [120], HARTMANN & NEFF [57] and MIELKE [76]. In
2002 Ball formulated some open problems in elasticity, BALL [10]; Problem 2 —which is
the overall question of this thesis-reads:
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Are there ways of verifying polyconvexity and quasiconvexity for a useful class of
anisotropic stored-enerqy functions?

Almost at the same time SCHRODER & NEFF [103, 104] developed the first polycon-
vex energies for the case of transverse isotropy and orthotropy in a coordinate-invariant
setting. The energies are formulated in terms of a transversely isotropic structural ten-
sor and orthotropic structural tensors, respectively. Modifications and case studies in the
framework of this approach are given in SCHRODER, NEFF & BALZANI [105], BALZANI
[11], ITskOV & AKSEL [64], MARKERT, EHLERS & KARAJAN [71]. A direct extension of
SCHRODER & NEFF [104], by introducing a single fourth-order structural tensor, has been
used by KAMBOUCHEV, FERNANDEZ & RADOVITZKY [66] for the set up of a polyconvex
cubic free energy. Interesting is that the fourth-order structural tensor used there is equal
to the cubic Gr-invariant structural tensor © given in Table 4.2.

However, suitable polyconvexr energy functions for the representation of triclinic, mon-
oclinic, tetragonal and trigonal symmetry properties had not yet been discussed in the
literature.

For a coordinate-invariant formulation of energy functions for all anisotropy groups the
construction of our sets of invariants is explained and the corresponding sets of bilinear
invariants are given in the previous chapter. In this chapter we analyze the usefulness of
the bilinear invariants of the introduced sets for the material modeling in finite elasticity.
That means we investigate them in view of their polyconvexity and ellipticity properties
and construct then our sets of polyconvex invariants. Remember, the polyconvexity of the
principal and main invariants of the right Cauchy-Green tensor is well-known. Thus, we
always consider these isotropic invariants as elements of the underlying set of polyconvex
mvariants.

In order to prove the polyconvexity of specific functions we have to show the convexity
of P in the representation

Y(F)=P&) wrt. &:={F,CofF,detF} .

For the assumed twice-continuous-differentiable scalar-valued energy densities
Y € C*(R3*3,R) we have therefore to check if

57 PO se >0 v e, oe

2323
holds, where 0§ are arbitrary increments. Polyconvexity implies Lengendre-Hadamard
ellipticity. However, if a function is not polyconvex, it can be still Legendre-Hadamard
elliptic. To prove ellipticity, we have to check if
OF : 03;,F73(F) 0F >0

holds for reasonable rank-one tensors 6F = n ® ¢, with n, ¢ € R?\{0}.
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Set of Polyconvex Invariants: Our sets of polyconvex invariants consist of the poly-
convex isotropic principal invariants of the right Cauchy-Green tensor C' and addition-
al polyconvex invariants of the corresponding set of bilinear invariants.

5.7.1 Invariants in Terms of Second-Order Structural Tensors. We consider
the often used mixed invariants

i) I¥ = tr[CK] = tr[FTF K]

and

ii) I; = tr[C*K| = tr[FTFFTF K],
where K denotes a symmetric structural tensor or the square of a skew-symmetric struc-
tural tensor. Furthermore, we give in the present section some remarks on multiplicative
combinations of linear invariants which are useful for representations of complete energy

functions, i.e., . .
lil) Il I4 and 1V) I41 I42 = tI‘[CKl]tI' [CKQ] .

We analyze the invariants under consideration of Zheng and Spencer’s structural tensors,
ZHENG & SPENCER [146], listed in Table 4.2 '3) i.e., for the three special cases

K:P/2:€1®€2—|—€2®€1, K:P2:€1®€1—62®62, K:W2, (547)

with
W:€€1:€2®€3—63®62, (548)
and show also the proofs for )
K=M=a®a.

i) Let us analyze the polyconvexity of expressions in powers of the mixed invariant Iy:

It = (tt[CK))* = (t[FTFK))* = (F,FK)" with &> 1. (5.49)

Proof We get

P(F) — (F, FK)"

OpP(F): 0F — KF,FK)"'((6F,FK) + (F,6FK)) (5.50)

OF : 95 pP(F) : 6F = k(k —1)(F,FK)" "((6F, FK) + (F,6FK))*+ '
2k(F,FK) (6F,iFK) .

i.a) Evaluating (5.50) with K = a ® a we get positive second derivatives

OF : 9% pP(F) : 0F= 4k(k — 1)| Fa|**"?(Fa,6Fa)’ + 2k|§Fa|*|Fa|** > 0.
(5.51)

13)Since the structure of the second-order structural tensors proposed in [142] and [140] is similar to the
structure of Zheng and Spencer’s structural tensors [146], we neglect them in our analysis.



Generalized Convexity Conditions—Hyperelasticity 85

Thus, the term (5.49) with K = a ® a is convex w.r.t. F. This proof is first given in
SCHRODER & NEFF [103, 104].

i.b) For K = P/2 = €1 ® ey + ey ® e; the invariant ij appears due to the symmetry
C =C7 as
L]f = (2 tr[Cel & 62])k = 2k (tr[Cel & 62])k .

This term does not fulfill the polyconvexity condition, since it is not elliptic. Inserting

1 1 0 0 ~1/V5
F=|01n 0|.6F=n®¢n=|1].¢=| 2/V6 |, (5.52)
0 0 2 0 0

with n = 27 — 1 and K = e; ® e, into (5.50) and multiplying this result by 2 yields
the second derivative

3
OF : 0ppP(F): 0F = — 2k <0. (5.53)

This proves the non-ellipticity of tr[C P5]* for k > 1.

i.c) For K = P, =¢e, ®e; — e;® e, the invariant I} has the form
L]f = (tr[Cel (%9 61] — tI'[Ceg & 62])k .

With (5.52), where n € R, and K =e, ®e, —e,® e,y the second derivative (5.50) results
in

1\*
OF : 83;'F77(F) :0F = (——) kn®(—2+3.2k),
which is negative for odd numbers k£ > 1. Inserting
F = diag(1,2k,1), 0F =n®{, n=(=e; (5.54)

and K = e; ® e; — ey @ ey into (5.50) we arrive at the second derivative

o Lo 2L —dkDE 20k 1)
OF : OppP(F) 1 0F = =1 — 1 k<(1_4k2)+1),

which is negative for even numbers k£ > 1. Thus, the term (5.49) with K = P, is not
elliptic and hence not polyconvex for k£ > 1.

i.d) For K= W2, with W = €e; = e, ® e3 — e3 ® ey, the invariant I} has the form
L]f = (tI‘[C(eg & €3 — €3 ® 62)2])k = (tI‘[C(—GQ ® €y — €3 & 63)])k .
Using K = W? and (5.52), where n € R, in (5.50) the second derivative of I* reads

5n2 + 1 k
- 7

8 kn?
OF : 0p pP(F): 0F = S(2k +5n° — 1) <

5(5n? +1)
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which is negative for odd numbers & > 1. This proves the non-ellipticity of I} with
K = W? for odd numbers k > 1. Note that for even numbers k > 1 one can write

L]f = (tr[C(—62 X ey —e3R 63)])k = (tI‘[C(eg R ey +e3® 63)])k .

This term has the typical form of a linear convex combination of positive polyconvex
terms, which is always polyconvex. More details are explained in part iv) of this section.

ii) The mixed invariant

I; = tr[C°K] = to[FTFFTFK) = (F'F, F'FK) (5.55)

is in general not elliptic and hence non-quasiconvex.
Proof We obtain
P(F) = (F'F,F'FK)
OpP(F):0F = ((F'F,F'FK)+ (F'0F,F'FK)
+(F'F §F'FK)+ (F'F,F'§FK)) (5.56)
OF : 0% pP(F): 6F = 2((0F"6F, F"FK) + ()F"F,0F"FK)
+(6FTF, FT6FK) + (FT6F,dF'FK)
+H(F'SF, FTSFK) + (F'F §FTSFK)).

ii.a) Considering K = a ® a the proof of non-ellipticity of I5 is given in SCHRODER &
NEFF [104].

ii.b) We take now K = P}, Py, W?, introduced in (5.47), into account. Evaluating for
these cases the second derivative (5.56)3 with the following deformation gradient F' and
incremental rank-one deformation gradient 6 F'

1 0 0 0 1
1
F=|102 0 O F=n®¢n=|0|,.¢=—7]| -1 |, 5.57
n®¢ m <=5 (5.57)
00 1/n 1 1
we notice that the Legendre-Hadamard condition is not satisfied:
N 4(5n% + 1)
for K = P, : 5F:3%—,F77(F):5F = —T<O,
for K=Py: 0F:0pP(F):6F = —4<0, (5.58)
N 2(9 + 8n?)
2. . . —
for K =W=: 5F.0%,F73(F).6F = —T<O.

ii(alternative)) In the previous section we showed the convexity of I} = tr[CK1* with
K = a®a wr.t. F. SCHRODER & NEFF [104] proposed, that in analogy to this the
powers of

— tr[Cof[C] K] (5.59)
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with K = a®a are also polyconvex. The Cayley-Hamilton theorem (4.3) for the argument
tensor C reads:
C*-1,C*’+1,C—-151=0. (5.60)

Multiplying (5.60) with C™'K from the left yields
C°K-I,CK+LK-LC'K=0. (5.61)
Exploiting the symmetry of the right Cauchy-Green tensor,
LC'=LCT =CofC, (5.62)

yields 3 3 3 3
Cof[C]IK =C?’K -1, CK + I, K . (5.63)

Taking the trace of the previous equation leads to
Kl :I5—Il [4+[2tI'I~{. (564)

To show the polyconvexity of this term we have to prove the convexity of

KF = (tr[Cof[C]| K])*

for k > 1, w.r.t. Cof F'. The proof is given by (5.50) by replacing F' with CofF'.

ii(alternative).a) The proof of convexity of K with K = M = a ® a is analogous to
i.a) by replacing F' with CofF', see SCHRODER & NEFF [104].

ii(alternative).b) The proof of non-ellipticity of K* with K = P, P,, W? is analogous
to i.b),i.c),i.d) by replacing F' with CofF.

iii) Furthermore, the product

LI, = tr[Cltr[CK] = t1[F' Ftr[FT' FK] = | F|*(F, FK) (5.65)

is often necessary for the representations of complete energy functions. However, the term
111, does in general not fulfill the polyconvexity condition, because it is not elliptic and
hence not quasiconvex.

Proof We obtain

P(F) = |F|*(F,FK)
OpP(F):0F = 2(F,0F)(F,FK)+ |F|*(6F,FK)+ ()FK,F))
OF : 9% pP(F): 0F = 2(|6F|*(F,FK)+2(0F,F)((6F, FK) + ()FK, F))

+||F|]>(6F,6FK)).
(5.66)
This expression is in general non-positive, which excludes convexity. However, it is possible
to show the non-ellipticity as well.
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iii.a) The proof of non-ellipticity of I;1; with K = a ® a is first given in SCHRODER &
NEFF [104].

iii.b) For the proof of non-ellipticity of I, with K = P, Py, W? given in (5.47), we
choose (5.52) and insert these relations into (5.66);. Then we observe that the Legendre-
Hadamard condition is violated:

_ ) 4(Tn* + 6)

fOI'K:P21 5F8%FP(F)5F = —T<O,
~ 12(3n? + 4

for K = Py : OF : 83;,F73(F) OF = —% <0, (5.67)
- 2(49n? + 25)

for K = W?: 5F:82FF77(F):5F = —T<O.

iv) For representations of complete anisotropic energy functions we also need functions
which include multiplicative terms in the mixed invariants with respect to different struc-
tural tensors. However, functions of the type

VI = 21 [C K] tr[C K] (5.68)

where even [ ffloly = tr[CK,] and I} W — tr[C K] are individual polyconvex functions, are
in general not polyconvex, cf. Remark B.8 in SCHRODER & NEFF [104]. To overcome this
problem SCHRODER & NEFF [104] proposed to use powers of linear convex combinations
of positive polyconvex functions

P(X,)Y)>0 and P(X,Y)>0.
In this case functions of the form
=[APX)Y)+ (1= BRX, Y)Y, Xel0,1] and ¢e€ N, (5.69)

are polyconvex. With this construction we are able to design a variety of free energy terms,
which involve multiplicative coupled terms in the mixed invariants associated to different
structural tensors. For instance

(AP 4 (1= ) I with A € [0, 1] (5.70)
leads to the invariant representation
A2 (IP)2 420 (1 — N) 9 I5%% 4 (1 — N)? (I57%)? with A € [0, 1], (5.71)
which has a multiplicative term in the mixed invariants of the traces of the product of
(C,K,) and (C, K3). A possible set of such kind of functions can be computed by
(NI + (1= N) I}
{4 (1= N) 12 e (5.72)
{ALY+ (1= By, i=1,2
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with A € [0,1], ¢ € N, and the individual polyconvex functions Igfly — tr[Cof[C]K ]
and 127 = tr[Cof[C] K ).

Remark 4. For the description of transversely isotropic as well as orthotropic materials
SCHRODER & NEFF [104] were able to construct polyconvex invariant functions in terms
of the classical structural tensor (4.26). The set of polyconvex invariants for transverse
isotropy is given by

glg . f-tf)ly = {11,12,13,14,[(1}, (573)

p

with K = a ® a. In the orthotropic case our set of polyconvex invariants reads

g3 . fooly = {[h[27[37[41>K117[42>K12}a (574)

p

with the mixed invariants
141 = tI‘[CMl], Kll = tI‘[COf[C]Ml], I42 = tI‘[CMQ], K12 = tI‘[COf[C]MQ] . (575)

The problem of generating polyconvex multiplicative terms for complete orthotropic en-
ergy functions can be overcome, see iv).

However, in section 5.7.1 we noticed that the formulation of polyconvex invariants based
on Zheng and Spencer’s structural tensors, respectively, especially for the triclinic and
monoclinic case, failed.

5.7.2 Invariants in Terms of Fourth-Order Structural Tensors. The sets of
invariants in terms of fourth-order structural tensors are mainly based on the mixed
mvariants

i) g=C:P:C, ii)lp=(P:C)*:1, (5.76)

where P denotes the underlying fourth-order structural tensor, see (4.46). We analyze the
invariants in terms of Zheng and Spencer’s and Xiao’s fourth-order structural tensors of
Table 4.2. %) The sets of invariants with Xiao’s structural tensors are specified in APEL
[3]. The invariant Iy appears in the tetragonal and trigonal sets of bilinear invariants
depending on Zheng and Spencer’s structural tensors as well as in the tetragonal sets in
terms of Xiao’s structural tensor, i.e., we consider Iy with

P=P, = e§4) — e§2) & 652) — 652) & e§2) + egl) —de Qe ®e ®ey,
P=e; @0 Pi=e;0e®(e1Qer+er@e)+tesRe®(e1®e —ex@ey), (5.77)
P_el® 1 o).

The invariant Ig is part of the cubic set of bilinear invariants with Zheng and Spencer’s
structural tensor and of the trigonal set governed by Xiao’s structural tensor, i.e., we

14)Since the structure of the fourth-order structural tensors proposed in [142] is similar to the structure
of the structural tensors given in [140] and [146], we neglect them in our analysis.
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check Iy with
P=0O = e§4) + eg‘) + e:(f‘) ,

3 (5.78)
P=3) en; ®n; @ n;,
i=1
where the vectors are defined as
1 V3 1 V3
ny =e;, Ny = _561 + 762, n3 = —561 — 732 .
i) The invariant I3 depends on the deformation gradient as follows
Iy=C:P:C =F'F:P:F'F. (5.79)
Proof We get
P(F) = F'F:P.F'F
OpP(F):0F = 0F'F.P.F'F+F'SF:P . F'F
+F"F :P:6F"F+F'F:P: F'6F
(5.80)

OF : 0 pP(F):0F = 2(0F'6F :P:. F'F+0F'F:P:0F'F
+6F'F :P: F'6F + F'6F :P . 0F'F
+FISF :P: F'6F + F'F P . F'F)

i.a) For P = P, the term (5.79) is not elliptic. To show the non-ellipticity we calculate
the second derivative (5.80); with

4 1 9 1 L
V2 V2 V2
— 1 1 — — — 1
0o o % 0 0
This choice yields the relations
SF'F = §F"6F = F'oF (5.82)

and therewith a negative second derivative
0F : 0ppP(F):0F = 20F'6F :Py: F'F+2F'F: Py 6F'SF
+86FTF : Py : 0FTF = 2(—4) +2(—4) + 8(—4) < 0.

i.b) For P = e3 ® Py the function (5.79) is not elliptic, hence not polyconvex. We analyze
the second derivative (5.80); while setting

1/n 00 0 0

— — — — 1
F=10 21|,F=ne¢n=|1].¢(=| 5 |; (5.83)

0 1 2 1 L

Sl
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yielding the relation
F'6F =6F"F. (5.84)

The result of the analysis is

P(F)=25F"0F : (es® PL): FTF +2F"F : (e3® P}) : 6F'6F
2(27n% — 1) (5.85)

Y

+86F'F : (es® P}) : 6F'F = — 3

which is negative for n* > 1/27.

i.c) For P = e( )+ 6(4) we obtain a positive second derivative of Ig, i.e., (5.80)3:

OF : 83;,F73(F) :0F = 4||6Fe,|]?||Fe,|?||0 Fes||?|| Fesl?

(5.86)
+ 8<5F€1, F€1>2<5F€2, F€2>2 > 0.

This shows the convexity of Ig in terms of P = e§4) + 654) w.r.t. F.

ii) The second invariant under consideration has in terms of the deformation gradient the
form

Iy=(P:C)?:1 =(P:FT'F)?:1. (5.87)

ii.a) Considering P = © we can reformulate the invariant:
(P:C)?:1 = (tr[CM,])* + (tr[C M,))* + (tr[C M3))?, (5.88)

with M, i = 1,2, 3 introduced in (4.28). The individual functions appearing in (5.88) are
convex w.r.t. F', see (5.51). Hence, the function (5.79) is convex.

3
ii.b) Evaluating Iy with P = 3" en; ® n; ® n; *) the invariant can be reformulated to
i=1

3 3
P:C)2:1 = > 3 [tr[Cn; @ ni|tr[Cn; @ nltr[W,; W ]|
S (5.89)
P> [[Eni [ Fn; |t (W W] .
i=1j=
With W, = en; we have tr[W?}] = —2, tr[W,;W,] = 1, i # j and obtain
P(F):=P:C)*:1 = -2 Z | Fm* + Z Z [Ena |1 Fngll?, i # 5. (5.90)
i=1j=1
The second derivative of this term is given by
0F : 0p pP(F): 0F = -8 Z |6 F | *]| F'mg | + 2 Z Z (I8 Fm]|*[| Fr |2
i=1j=1 (591)

15)n, = ey, ny = —1/2e; + V/3/2es, n3 = —1/2e; — /3/2ez, cf. [140], [3].
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which reduces to
6F:83;,F73(F):5F = -9<0,

if we consider 6F = n ® ¢ with n = (0,1,0)7, ¢ = (=1,0,0)7 and F = 1. This proves
the non-ellipticity and hence, the non-polyconvexity of the invariant Iy in terms of Zheng
and Spencer’s trigonal structural tensor P = Z?Zl en; dn; Qn;.

Remark 5. In KAMBOUCHEV, FERNANDEZ & RADOVITZKY [66] polyconvex coordinate-
invariant function depending on the cubic fourth-order structural tensor @ (Table 4.2)
are provided. The set of polyconver invariants for cubic symmetry has the elements in
terms of C

g7 : ;zfoly = {[17 ]27 I37 19}7 (592)

with P = O, see ii.a. Moreover, the convexity of the tetragonal mixed invariants I in
terms of Xiao’s tetragonal structural tensor P = e§4) +eé4) with respect to the deformation
gradient could be shown in i.c. We have investigated therefore further mixed invariants in
terms of Xiao’s tetragonal structural tensor. If the reader is interested in detailed results
we refer to the Appendix H. The invariants Iy and Iy in terms of the remaining structural
tensors are all non-elliptic and can not be represented by useful alternative expressions.
Thus, since we are interested in a unified approach for the representation of anisotropic
finite elasticity, neither the introduced tetragonal sets nor the trigonal sets of bilinear

invariants in the previous section seem to be useful for us.

Hence, the fundamental idea proposed in the next chapter is the introduction of a crystal-
lographically motivated approach for the construction of polyconvex invariant functions.

5.8 Notes on Polyconvex Isochoric-Volumetric Decoupled Energy Functions.

For the description of quasi-incompressible anisotropic material behavior the energy func-
tion is classically assumed to be additively decomposed into a volumetric part and an
isochoric part, i.e.,

(C) = ™ (J) + (), (5.93)

where C := J2/3C with detC = 1 denotes the isochoric part of the right Cauchy-Green
tensor, cf. e.g. SIMO [112], WRIGGERS [138].

i) Volumetric polyconvex free energy functions ¢ (.J) in terms of detC and J = detF,
respectively, are e.g.

F— detC
F — —In(V/detC) = —In(detF)
F — (detC + 1/detC) (5.94)
Fr— (detC —1)?
F— 1/detC .
For instance, the second term is polyconvex, because P(J) = —In(detF') = —In(J) is

convex w.r.t. to its argument J, i.e., we have the second derivative of P(J) with respect
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to J
1
0%, P(J) = 7 > 0. (5.95)
Further examples for volumetric polyconvex free energy terms, which are convex in detF'
on the natural domain of definition detF > 0, are (cf. HARTMANN & NEFF [57))

k
F — <detC + — 2) with £ > 1

detC

F|—><(detC)p+ withp >k >1,p>1

1 k
-9 >k>1,p>
(detC)P ) 2 (5.96)
F — (VdetC — 1)k with k > 1 '

— (detC — In[detC])

— (detC — In[detC] + (In[detC])?) .
Note, that the latter terms are each polyconvex and have a stress-free reference configu-

ration.

ii) For the derivation of isochoric polyconvex functions 1**°"(C) we first observe the
polyconvex general term

2
o F|p

_ Ja p ~ _ ~
15/2 = [etF)s JY|F|P for p,a, J>0 and (p—1)>a. (5.97)

For the proof see Lemma C.1 in SCHRODER & NEFF [104]. Analogously, we notice that
the terms

B?  ||CofF|P

—a P _ B _
e = (detF)s J Y ||CofF||P for p,a, J>0and(p—1)>a (5.98)

are also polyconvex. Finally, polyconvex isochoric terms which can be derived by (5.97)
and (5.98) are

It 13
tr[C]" = TR tr[Cof C)* = Ta/a E>1. (5.99)
Unfortunately, the purely isochoric term
tr[CofC] = I"* tr[C ] (5.100)

is not polyconvex, cf. SCHRODER & NEFF [104]. The following polyconvex isochoric terms
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lead to a stress-free natural state, see HARTMANN & NEFF [57]

2k '
— %—3’“ withi > 1, k> 1
(detF)s '
|Cof F||3* L)’ o
i i 5.101)
F 2k (
F — exp (%—?ﬁ) —1 withe > 1, k> 1
eth')s
|| CofF || g o
F — exp (W—(S\/g)k —1 withj>1, k>1.

We refer to further remarks on isochoric-volumetric decouplings in DACOROGNA [41].

5.9 Specific Material Models.

Let us report some important classes of material models and point out if they satisfy
the polyconvexity condition. An important class for the description of isotropic material
behavior in finite elasticity are the Ogden-type materials, OGDEN [88], given by

Y => ai||F
=1

with the material parameter restrictions

% L T(detF), (5.102)

T4+ Bi|Cof F
i=1

and the property
[(detF) — +o0o0 as detF — 07, (5.104)

cf. CIARLET [38]. Furthermore, the equation (5.102) satisfies the coercivity condition (5.4)
with @ > 0, p = max~y;, ¢ = max ;. Ensuring the convexity of the third function I'(detF’)
with respect to its argument (detF") the polyconvexity of (5.102) is given. As special cases
of Ogden-type models we enumerate the polyconvex compressible Mooney-Rivlin model,
CIARLET & GEYMONAT [39], and the polyconvex compressible Neo-Hookean material
according to BLATZ [26], which are both specified in the sequel.

5.9.1 Compressible Mooney-Rivlin Material Model. The compressible Mooney-
Rivlin model has the form

P =y tr[C]+ ag tr [Cof[C]] + T'(J) = ay I + ap I, + T'(J) , (5.105)
with J = detF, a1 > 0,5 > 0 and

D(detF) =6, J> — 6, In(J) = 6, Iy — 65 In(\/I3), 6, > 0, 6, > 0. (5.106)
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The first and second derivatives of the polyconvex base functions (4.10) with respect to the
right Cauchy-Green tensor can be found in the Appendix F. The second Piola-Kirchhoff
stresses are

§iso _ 9 (041 + a2[1)1 — aC + (51]3 - §)C_1
2 (5.107)

= (2 a1 + 2 9 Il)]_ -2 9 C+ (2 51 — 52/[3)COfC .
Evaluating the condition of a stress-free reference configuration at C =1, i.e.,

with
L(C=1)=L(C=1)=3, L(C=1)=1, (5.108)

gives a dependent material parameter 0, € R, | i.e.,

SiSO(Czl):O :>2<041+3042—042+51—@)1:0

2 (5.109)
= 09 = 201 + 4oy + 207 .
The associated Lagrangian moduli are computed with (4.14) to
. 5,
C# = 4 5 CofC ® CofC +ay [1®1—-1K1]
3
0,
+ (61 — ﬁ) LC'eCc!t-C'RC™ } (5.110)
3
= 46 CT'RC T +4a, 1®1-1K1]
+(20,—4 0, I3) CT'RC .
In the unloaded reference placement the moduli (5.110) appears as
C*(C=1)=(40+40) 101+ (25 —40 —4ay) 1X1, (5.111)

whose index arrangement in Voigt notation is identical to the classical isotropic elasticity
tensor given by

[ Ci111 Cri22 Crizo 0 0 0 |
Cri122 Ci111 Crane 0 0 0
Ciso(V) _ Cii22 Cr12 Ciin 0 0 0
0 0 0 2(Ci11 — Criza) 0 0
0 0 0 0 $(Ci111 — Cii) 0
L 0 0 0 0 0 $(Cii11 — Ciia) |

The relations between the Ogden-parameters and the isotropic moduli in the natural state
are

451 + 40&2 = (21122 and 252 = Cllll . (5112)
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The solution of the three equations (5.109) and (5.112) for the four material parameters
(01,09, a1, v2) is
a1 == [Cin + (€ = 2)Crinl/4 \
az = (1 =¢) Ciin/4
0 =& Cy10/4
09 == Cy111/2

with ¢ € [0,1] . (5.113)

J

We introduce the expressions of the isotropic moduli in terms of the Lamé-constants A
and p, so we get Ci111 = A+ 2u and Cqii90 = A. We observe that it is always possible
to choose a set of positive parameters for A\ > 0 and p > 0 that satisfy (5.113) with
(01,02, a1, ) € RT, see CIARLET [38], pages 185-190.

Uniaxial Tension Test of a Compressible Mooney-Rivlin Material. Let us specify
the Mooney-Rivlin model for the case of a compression/tension test of a cube, whose
transverse contraction is equal zero. The characteristic surface of isotropic Young’s moduli
is a sphere, see Figure 5.11a. In this trivial case, the deformation gradient and hence the
right Cauchy-Green tensor have the forms

F =diag(\,1,1) = C = diag()\?,1,1) (5.114)
with detF = X and A = (ly + u) /lo.

X3 4000 :
P11 -
3000
2000 —
1000
0
-1000 /
-2000 f/
-3000 f
-4000
0 05 1 15 2
a) b) A= (lo +u)/lo

Figure 5.11: a) Characteristic surface of isotropic elasticities, b) Values of first Piola-
Kirchhoff stresses in x;-direction.

Inserting (5.114) into (5.107) yields the second Piola-Kirchhoff stress in z;-direction

(A2—1) 1

Sllz(ng:(SQ(]_—;

where the condition (5.109) is taken into account. Finally the first Piola-Kirchhoff stress
in x;-direction reads

), (5.115)

Py = Fiy1 S11 = 09 (5\— ). (5.116)

> =

Setting the material parameters of (5.105) to
ap = 200, e = 100, 6; = 100 = 62 = 1000 (5.117)



Generalized Convexity Conditions—Hyperelasticity 97

in N/mm? leads to a distribution of Py; which is shown in Figure 5.11. From (5.116)
and Figure 5.11b we notice that for A — 0, we obtain P;; — —oo, and for A — 400
the behavior P;; — 400 is given. In this case, the material model (5.105) satisfies the
coercivity condition (5.4) with a > 0, p = 2, ¢ = 2 as well as the important growth
condition (5.3);

5.9.2 Compressible Neo-Hookean Model. As a second example of an Ogden-type
polyconvex material model we consider a compressible Neo-Hookean model characterized
by (5.105) with as = 0, oy > 0, cf. BLATZ [26]. In this case we obtain the identification
from (5.113) for £ = 1, meaning that we need a minimum of three material parameters to
fulfill the conditions (5.113).

5.9.3 St. Venant-Kirchhoff Material Model. However, some simple energy func-
tions, e.g. the St. Venant-Kirchhoff material model, are not polyconvex, see CIARLET
[38], RAaouLT [92] and NEFF [82]. Furthermore, this material model is not even elliptic,
cf. NEFF [82]. From equation (4.63) we know that this model has the form

Ly (r BY? + pte [EY (5.118)

V=3

A reformulation in terms of C' yields
1., 5 1
which can be alternatively represented as
1 1
v=P(F) = AFI"=6[F|* +9)+ ;p(1F F|* = 2| F|*+3).  (5.120)
The second Fréchet derivative of P(F') results in the following equation
1 1
OF : 0ppP(F):6F = ) (4||F|?|6F|)* + 8 (F,6F)* — 12||0F|%) + - (4|0 FFT|?
+2(|SFFT |2 4 |[FT6F|)? + 2(SF" F, F'5F)) — 4||5F|]?) .

For the proof of ellipticity we have to set JF = n ® ¢. With (n,{) = 0 the second
derivative reduces to

1 3
OF : Op pP(F):0F = AFPInlPlICI® + Sulml*I1FC|?
3
il CIEIE > = GA+ mlnl* €I

Furthermore, we choose F = %1, n = (—1,0,0)7 and ¢ = (0,1,0)T, so that we finally
obtain

1.3 3
5F8FFP(F) co0F = n—(2 (2)\+M).

For a sufficient high parameter n, i.e., n? > (3/2 X+ 2u)/(3/2 X + p),

A+ 2p0) —

5F:8FF'P(F):5F<O

is valid, which proves the non-ellipticity of the classical St. Venant-Kirchhoff model.
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5.9.4 Energy Functions Defined in Terms of the Hencky Tensor The matrix-
logarithm InC' is called Hencky tensor. Energies defined in terms of the Hencky tensor are
in general not elliptic, which was first shown in NEFF [82], see also BERTRAM, BOHLKE
& SILHAVY [16]. Let us reproduce the proof given in NEFF [82]. Energies of the type

Y(F) = tr[InC]P = [In (J?))P = 2InJJP =2° (InJ)?, J=detF >0 p>2 (5121)

are not elliptic.
Proof We obtain

P(F) =2¢(InJ)
OFP(F):6F =p2*(lnJ)P~Y(F " 6F)
SF : 0ppP(F): 6F =p(p—1)2°(InJ)y *(F T 6F)°
—p2P(In J)YP"HOFF* (FF1T).

(5.122)

With 6F = n ® ¢ and F = n1 we obtain the second derivative (5.122) in the form

OF : OppP(F):0F = p(p—1)2°(In (ns))p_2%<n, C)2 —p2P(In (n?’))p_l%(n,C)Q

1
= p2(In(n")* —(n.¢)*((p—1) —In (n)).
(5.123)
The last term in (5.123) becomes negative for

(p—1)
3

<lIlnn,

which excludes ellipticity and hence polyconvexity of (5.121). Furthermore, Neff has
proven that the quadratic energy function in terms of the Hencky tensor

K

5 (InC, 1)* + pf|dev(InC) |2

U(F)

with the bulk modulus s and shear modulus p is not rank-one convex and hence not
elliptic.

Proof Consider the function

V(F)=y¢(F,+AF):= f(n), with F;1=1 AF=n®¢(,

() e (d)

The right Cauchy-Green tensor has then the form

where we set

1 n 0
C=F'F=(F +AF)"(FI1+AF)=|n 1+n2 0
0o 0 1
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To obtain a more simple representation of f(n) we are interested in an expression of f(n)
in terms of the eigenvalues of C'. The eigenvalues are the solutions of the characteristic
polynomial

p(A) = det(C — A1) = (1 — \)(A\2 = A\(2+n?) + 1)

and obtained by

1 1
M=1, = 5(2 +n?+nv4+n2), A= §(2 +n® —nv4+n?).
They have the properties

)\1)\2)\3 =1 = hl(tI'[th]) = 11’1)\1)\2)\3 = 111)\2)\3 = 0,

< Indy = —Inl)s.

Thus, the function f(n) can be recast to

- %(ln)\l + ln)\2 + hl)\g)z)

f(n) = AIn\Ao)3)? + p ((ln)\l)2 + (In)\1)? + (InAp)?
= 2pu(ln)y)?
= 2p(In(2 4+ n* + nv4 +n?) - In2)?,

which is not convex w.r.t. n. The non-convex function f(n) is depicted in Figure 5.12.
Consequently, 1 is not rank-one convex and therefore not elliptic.

f 400
o ”\\ /
Wl N\ /
o \ /

-20 -15 -10 -5 0 5 10 15 20

nelR

Figure 5.12: Non-convex function f(n).
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6 Invariant Polyconvex Energies on the Basis of
Crystallographically Motivated Structural Tensors.

In finite elasticity, the existence of minimizers of the underlying boundary value problem
is guaranteed if the variational functional to be minimized is sequentially weakly lower
semicontinuous (s.w.l.s.) and coercive. Polyconvex functions are always s.w.l.s. and can
therefore be preferably used. A large variety of isotropic polyconvex material models al-
ready exists; but in case of anisotropy, only for a few anisotropic material symmetries the
construction of polyconvex energy functions was successful so far. In this regard transverse
isotropy and orthotropy have to be mentioned, which were first described in a polycon-
vex, coordinate-invariant setting by SCHRODER & NEFF [103, 104]. There, the anisotropy
types can be described by second-order rank-one structural tensors. A direct extension of
this polyconvex approach to cubic symmetry has been used by KAMBOUCHEV, FERNAN-
DEZ & RADOVITZKY [66]. A full characterization of cubic symmetry properties requires
a fourth-order structural tensor. Kambouchev et. al show that for this type of anisotropy
this tensor can be constructed in a simple way.

For the representation of the remaining six anisotropy groups (one triclinic, one mono-
clinic, two tetragonal and two trigonal groups) by coordinate-invariant energy functions,
the second- and fourth-order structural tensors, introduced up to now in the literature,
have a more complicated and complex structure. Moreover, we have shown that their forms
are not useful for the construction of suitable polyconvex energies, see sections 5.7.1 and
5.7.2. The question which will be answered in the present chapter is therefore

Are there ways of verifying polyconvezity (and quasiconvezity) for triclinic, monoclinic,
tetragonal as well as trigonal energy functions?

The first key idea was published in SCHRODER, NEFF & EBBING [106]. The proposed con-
cept is based on second-order, crystallographically motivated structural tensors and makes
the approximation of such material symmetries by polyconvex energies possible, which can
be completely described by second-order structural tensors. These are the triclinic, mon-
oclinic, orthotropic, hexagonal/ transversely isotropic symmetries. Some corresponding
analyses are presented in EBBING, SCHRODER & NEFF [45, 46, 47].

The second key idea was published in SCHRODER, NEFF & EBBING [107]. In analogy to
the first idea, specific fourth-order, crystallographically motivated structural tensors are
introduced. They realize the approximation of such material symmetries by polyconvex
energies, that can be completely described by fourth-order structural tensors, namely the
tetragonal, trigonal and cubic symmetries.

6.1 Families of Polyconvex Invariant Functions.

Remember: On the basis of well-known representation theorems of isotropic tensor func-
tions we first construct the sets of invariants for a given set of tensor arguments and
formulate then coordinate-invariant, complete ') energy functions in terms of these in-

16.)Completeness of energy functions means that the corresponding tangent moduli at reference state
obeys the same symmetries as the corresponding anisotropic elasticity tensor of linearized elasticity, cf.
section 4.5. For this completeness, sets of bilinear invariants are sufficient.
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variants. Hence, for the construction of coordinate-invariant, complete polyconvex energy
functions, we have hitherto first checked the polyconvexity of these individual invariants,
before we have considered them in the sets of polyconvex invariants. Since this way was
in general not successful (see previous chapter) we choose now the other way round: We
construct first coordinate-invariant polyconvex functions and check then, if they depend
at least on all (often non-polyconvex) elements of the classical set of bilinear invariants.

The first fundamental idea is the introduction of a single symmetric and positive (semi-)
definite second-order structural tensor G for triclinic, monoclinic, rhombic as well as
hexagonal/ transversely isotropic material symmetry groups. Each symmetric and positive
(semi-)definite tensor G' can be multiplicatively decomposed into

G=HH", (6.1)
where detailed suitable expressions for the second-order tensor H will be given in section

6.2. The structual tensor G is solely invariant with respect to symmetry transformations
of the underlying material symmetry group, i.e.,

G=QGQ" vQeg. (6.2)
The family of polyconvex invariant functions appears as
]—"I‘,”m’o’t“ ={h, I, I3, Jy, J5}. (6.3)
where the mixed invariant terms
Jy :=tr|[CG], J5:= tr[Cof[C]G] (6.4)

are used.

Family of Polyconvex Invariant Functions: Our families of polyconvex invariant
functions consist of the polyconvex isotropic principal invariants of C' and additional
polyconvex functions that are invariant with respect to the underlying anisotropy
group G. The polyconvex functions must be at least functions of the invariants of the
corresponding classical set of bilinear invariants. For detailed representations we refer
to section 6.3.

Generic mixed coordinate-invariant functions of the type
I' = (t][CGQ))* = (r[F'FG)) = (F'F : G)" =||FH |*= (FH,FH)* (6.5)

and
K = (tr[Cof [C]|G])* = (tr[Cof [FT]Cof[F]|G))* = (Cof[FTF] : G)*, (6.6)
with £ > 1 and G € PSym(3) are convex with respect to the assigned arguments F' and

Cof F', respectively, and therefore polyconvex.

The proof is documented in SCHRODER, NEFF & EBBING [106] as follows: The convexity
of (tr[FTFG])*, k > 1 w.r.t. F can be proved by the positivity of the second derivative.
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Proof The reader is referred to the proof instructions on page 83. We obtain
P(F) = (&t[CG))* = (trf[F'FG))* = (F'F : G)*
— |FH|*= (FH,FH)"
OpP(F):6F = 2k(FH,FH)"'(FH,FH)
0F : % pP(F):0F = 2k(FH,FH)"'(5FH,JFH) (6.7)
+4k(k —1)(FH,FH)*2(FH,)FH)?
= 2k | FH|*|0FH|”
+4k(k —1) | FH||*~* (FH,0FH)?> > 0.

The proof of the convexity of (tr[Cof[FT]Cof[F]G])*, k > 1 is analogous when replacing
F by CofF'.

The second-order tensors G can be interpreted as structural tensors introduced by
BOEHLER [28, 29, 31] and L1u [69] in some sense. The main difference here is the required
positive (semi-)definiteness of G, necessary for satisfying the polyconvexity condition.

The second fundamental idea is the introduction of a symmetric and positive
(semi-)definite fourth-order structural tensor G for each tetragonal, trigonal and the cubic
anisotropy group. Based on our experiences with respect to the polyconvexity of functions
governed by fourth-order structural tensors, it is advantageous to construct structural ten-
sors as “fourth-order tensor products”, i.e.,

3
G:Zai@)ai@ai@ai. (68)

1=1

With regard to the vectors a;, i = 1,2,3, € R? we go more into detail in section 6.2. The
families of polyconvex invariant functions for trigonal, tetragonal and cubic symmetry
consist of the elements

FLRmhe .~ {1, Iy, I3, Jo, J7, Js} . (6.9)
The individual mixed invariants are given by
Jo=1:G:C, J;,=1:G:CofC, Jy=C:G:C. (6.10)
The proof of polyconvexity of the mixed invariants Js, J; and Jg can be found in
SCHRODER, NEFF & EBBING [107]. Let us recapitulate:

Proof. Each function Jg, J; and Jg can be additively decomposed into the polconvex
functions (tr[C(a; ® a;)])*, k =1,2,i =1,2,3 and (tr[Cof[C](a; @ a;)])k, k=1,2,i =
1,2, 3, respectively. In detail, we obtain the expressions

JG = i:zsjltl'(ai & ai)tr[C(ai & al)] y J7 = gtl‘(ai & az)tr[Cof[C](az & al)] s

\ (6.11)
Jg = z:zl tr[C(a; ® a;)]?.
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The proof of polyconvexity of the individual terms appearing in Js, J; and Jg is docu-
mented in SCHRODER & NEFF [103, 104]. Furthermore, we use the fact that the sum of
polyconvex functions is also polyconvex, cf. Corollary 3.2 in [104].

6.2 Crystallographically Motivated Structural Tensors.

Figure 6.1: Push-foward operation G.

In analogy to MENZEL & STEINMANN [73] we introduce a fictitious reference configuration
By. Let H represent a linear tangent map, which maps cartesian base vectors e; € By
onto crystallographically motivated base vectors a; € By, related to the base vectors of
the underlying Bravais lattice, i.e.,

H:e*—a; — H:aﬁ®e‘_’:HAaeA®ea, (6.12)

with
H”, =la1,as,a3] and az = H% ey = He;. (6.13)

a —

Then a second-order symmetric and positive (semi-)definite structural tensor G can be
interpreted as a push-forward of the cartesian metric of the fictitious configuration B
onto the real reference configuration By, defined by

G=HH" = H" ey, ®ea(6égeg®eg)HBI;el_’®eB = HAaéaBHBBeA Rep=GPe,2ep,

which is depicted in Figure 6.1. Thus, the structural tensor G is also referred to as
anisotropic metric tensor. The crystallographic base vectors ai, as, as depend on the
six geometrical values necessary for the classification of the crystal lattice and the angle
. This angle describes the relative orientation of the crystallographic base system with
respect to the base system ¢, s, c3 of the morphology, which represents the symmetry of
the geometry of the outer structure of the crystal.

In Figure 6.2 a) the base systems coincide. That means that the symmetry of the lattice
is equal to the symmetry of the outer structure of the crystal. In Figure 6.2 b) the base
systems do not coincide. That means that the symmetry of the crystal is limited by the
relative orientation of the base systems. We make special choices for the orientations of
the base vectors ¢1, ¢, c3: ¢; || €1 and ¢y L es3. If the crystallographic base vectors are
given by a || €1, as || ¢z, where ¢ = 0, the representation of the tensor H is

aix a2 a3
H = 0 922 Q93 . (6 14)
0 0 a3
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€2

a) e b) ef

Figure 6.2: Possible orientations of the crystallographical base system ai, as, az of the
lattice and the base system ci, ¢2, ¢3 of the morphology (geometry of the outer structure)
of the crystal: a) coincidence, b) relative orientation described by the angle ¢.

The geometric interpretation of the components of the upper triangular matrix H is
depicted in Figure 6.2 a). The angles are given by the relations
a - ag

as - aq a; - s
las [ [l as ||

cosa = _
las || [l a1 ||

cos f = (6.15)

Substituting the lengths a, b, ¢ of the individual crystallographic base vectors ai, as and
as, respectively, and (6.15) into (6.14) yields

[ @ b cosy ¢ cosf

0 bsiny c(cosa—cosfF cosvy)/siny
H - 7 el )/ . (6.16)

0 0 c¢[142 cosa cos 3 cosy—
(cos? a + cos? 3 + cos? )] Y/? [siny |

The triclinic, monoclinic, rhombic system as well as the hexagonal /transversely isotropic
symmetry can be described by such a specific second-order metric tensor.

For the remaining anisotropy groups we propose a fourth-order structural tensor G. The
construction of this tensor is also crystallographically motivated. It is built up as the sum
of dyadic products of the crystallographic base vectors ai, as, as:

3

=1

cf. SCHRODER, NEFF & EBBING [107]. The advantage of this defintion is that it leads to
anisotropic elasticity tensor-type representations of the fourth-order structural tensors.

For each anisotropy group we now show the general position of associated crystals in space
together with the relative orientations of the base vectors of the underlying lattice. Fur-
thermore, in some cases the plane perpendicular to the az-axis of the lattice is visualized.
If the reader needs more informations concerning material symmetry properties of crys-
tals, we refer again to chapter 3. The parameters a, b, ¢, «, 3, v, ¢ and a, b, ¢, d, €, f,
which will be used, can be interpreted in the sequel as additional material parameters.
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Triclinic Structural Tensor. In Figure 6.3 the triclinic crystal of the point group C;
is shown, which represents the symmetry properties of the anisotropy group G;. In the
triclinic case no restrictions on the orientation or lengths of the base vectors of the lattice
have to be taken into account, i.e., the base vectors have the most general form. Choosing
a; || e; we get

a, = (a,0,0)", ay = (bcosvy,bsiny,0)", as=(ccosB X, Y)", (6.18)

Figure 6.3: Triclinic Crystal C;.

with the abbreviations

X =c(cosa—cosfI cosy)/siny, (6.19)

Y =c[l+2cosa cosfB cosy— (cos® o+ cos® 3+ cos?)]"/? /siny .

Thus, inserting (6.18) into (6.14) leads to the most general representation of the transfor-
mation tensor H* = H. The triclinic structural tensor appears as

a d é
G'=H'H"=|d b []|, (6.20)
e f ¢
where the parameters satisfy the relations
- 2 _ 2
a= a’+b> cos®’y+c? cos? 3, b=1% sin?y + ¢ (cosa - czosﬁ c0s ) ,
sin® ~y
- c?(1 42 cosa cos 3 cos~y — cos? o — cos? 3 — cos? )
a sin? v ’
d= b%cosy sinvy + c? cos (cosc.y —cos 3 cosy) ,
S (6.21)
_ 2cosf (1+2 cosa cos feosy — cos? o — cos? f — cos? ) /2
€= 7
sin 7y
= c(cosa — cos 3 cos7)

sin 7y

(142 cosa cos Bcosy — cos?

o — cos? 3 — cos? ) /2

sin 7y
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We prefer the representation (6.20) of G* in terms of a, b, ¢ d, é, f and satisfy the con-
ditions for the positive (semi-)definiteness of the structural tensor by

a>0, ab—d*>0, abé—af?—éed®+2déf —be®>>0. (6.22)

Monoclinic Structural Tensor. The monoclinic crystal with point group Csy,, presented
in Figure (6.4), reflects the properties of the anisotropy group Gs. In the monoclinic case
the base vector a; as well as ay are oriented perpendicularly to as; therefore the relation
v # o = [ = 90° must hold. In detail, the monoclinic base vectors appear as

a; = (a,0,0)", ay = (bcosy,bsiny,0)", as=(0,0,c)". (6.23)

w\ mirror plane

~

Figure 6.4: Monoclinic Crystal Cyy,.

Considering (6.23) and (6.14) gives the monoclinic structural tensor G™ = H™H™",
with

a’ +b% cos?y b% cosvy siny 0 ad o0
G™ = | b’cosy siny b? sin®y 0 | =G"=1|d b o], (6.24)
0 0 ? 0 0 ¢
where @, b, ¢, d act as material parameters and have to fulfill the conditions
a,c>0, ab—d>>0. (6.25)

Rhombic Structural Tensor. The rhombic crystal of the point group Dy, in Figure 6.5
visualizes all symmetry elements of the rhombic anisotropy group Gs. The base vectors of
the rhombic Bravais lattices are aligned in the directions of the three mutually orthogonal
two-fold axes:

a, = (a,0,0)", ay=(0,b,00", as=(0,0,c)". (6.26)

Equation (6.14) with (6.26) yields the rhombic structural tensor of the type

a> 0 0 a 00
G°=HH"=| 0 vV 0|=G°=|01b 0], (6.27)
0 0 ¢ 00 ¢

with the material parameters a, b, ¢ and the conditions

a,b, >0, (6.28)



Invariant Polyconvex Energies on the Basis of
108 Crystallographically Motivated Structural Tensors

as, Cy =2

"ahcl

" €]

Figure 6.5: Rhombic Crystal Dyy,.

Transversely Isotropic/ Hexagonal Structural Tensor. Hexagonal as well as trans-
versely isotropic material behaviour can be sufficiently described by transversely isotropic,
Gio-invariant tensor functions. Hence, these types of anisotropy can be represented by the
same structural tensor.

Transversely isotropic material behavior is characterized by one preferred direction ori-
ented perpendicularly to an isotropy plane. For the description of that anisotropy we
assume a base system, which is defined by three mutually orthogonal base vectors
a;,i = 1,2,3, where the lengths satisfy the relation a = b # c¢. The orientation of the
base vector ag coincides with the preferred direction of the material. We choose the carte-
sian base system as underlying base system of the crystal, i.e.,

a; =ae;, Az = a ey, Az = Cce3. (629)

Therefore, we obtain the transversely isotropic/hexagonal structural tensor by

a2 0 0 a 0 0
G'=|0 & 0| =G"'=|0a 0 (6.30)
0 0 ¢ 00 ¢

If we use the second representation of G we have to ensure the positive
definiteness of G by
a,c>0. (6.31)

Tetragonal Structural Tensors. In Figure 6.6 a) we see a Cy,-type crystal illustrat-
ing the symmetry properties of the anisotropy group G4. The base system of the lattice
is characterized by two orthogonal base vectors a; and as of equal lengths, which are
perpendicular to the four-fold axis in as-direction. Describing the outer structure of the
crystal by the base vectors

Ci =ae€e;, Cg =aey, C3 =cCe3, (632)
the base vectors a;, i = 1,2, 3 of the lattice have to be taken as

cos(p) —sin(p) 0
a;=Qc;,i=1,2,3, with Q= | sin(p) cos(p) 0 |, (6.33)
0 0 1
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which results in

a; = (acos(p),asin(p),0)”, ay= (—asin(p),acos(v),0)”, az=(0,0,c)T,
= a; = (a,b,0)7, a = (=b,a,0)7, as = (0,0,8)".
(6.34)

az, C €2

a;, c
cy \a 1y “i

Ye:

Figure 6.6: Tetragonal Crystals, a) Cap, b) Dap,.

Evaluating (6.17) with (6.34), the fourth-order structural tensor of Cyy-type appears as

a4+t 2a% 0 @b—ba 0 0
at+vt 0 Ba—-ah 0 0
G" = ¢ O~ 00 (6.35)
sym. 2a°b? 0 0
0 0
0

Figure 6.6 b) depicts a crystal of point group Dy, with the associated orientation of the
lattice. The symmetry of this crystal, which is here given by that of the underlying lattice,
presents the symmetry properties of the anisotropy group Gs. The base vectors a; and as
are aligned in directions of two mutually orthogonal two-fold axes, visualized in Figure 6.6
b) as green-coloured lines. Thus, we have to set in (6.34) ¢ = 0° or ¢ = 45°. For instance,
for ¢ = 0° we obtain

a; =ae;, Qa2 = aey, az—=cez, (636)
so that the fourth-order structural tensor for Gs-anisotropy is given by

G" = diagla®, a*, ¢*,0,0,0]. (6.37)

Trigonal Structural Tensors. Trigonal symmetry of crystal structures can be repre-
sented by a Bravais lattice of rhombohedral type situated inside a hexagonal centered cell.
This lattice is given by a1, as, as of equal lengths and including the same angle a« = 3 =~
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with one another. The typical trigonal three-fold axis is oriented in (a@;+as+as)-direction.
Figure 6.7 shows a crystal belonging to the Cs;-point group, whose symmetry properties
are representative for the trigonal anisotropy group Gs. The symmetry of the crystal is
limited by the orientation of the crystallographic axes.

Figure 6.7: Trigonal Crystal Cs;.

The symmetry of the outer structure of the crystal can be captured by the base system

1 1 1
c1 = §(2ah +by+cp), €= g(—ah +by+cp), 3= g(—ah —2by, + ), (6.38)
where the hexagonal base vectors are chosen to be
a;, = (acos(30°), —asin(30°),0)", b, = aey, ¢, = ces. (6.39)

Applying an arbitrary rotation @ defined in (6.33) through —¢ around the es-axis on the
vectors ¢;,1 = 1,2, 3, we obtain the base vectors a;,7 = 1, 2, 3 of the underlying lattice by:

a —a_b _a__b
Vi 23 " 2 23 2
b _ b a _ b a
a; = -2 a, = U as = 2 2 6.40
1 ﬁ ) 2 2\/§+2 ) 3 203 2 ) ( )
c é é
3 3 3

where the material parameters a, I;, ¢ depend on the geometrical values a, ¢, ¢, i.e.,

a=acosp, b=asng, ¢=c. (6.41)
The Gg-invariant fourth-order structural tensor finally results in
[ 1 1 1 s i
3 Cz 2 Cz 18 C 02 0 A B
$C? ZC& 0 —-A -B
=t 0 0 0
Ghtl — 27 ¢ 7 (642)
sym. ~C? —-B A
1 ~
18 C 02 0
I =Cé
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with the abbreviations

1 - 1 - 1 1 ~
A=———a"bc+ ——=b¢, B=-———ab’c+ a‘c, C=a+V. 6.43
43 12v/3 43 12v/3 (6.43)
Having a look at the crystal in Figure 6.8, which possesses the symmetry properties of the

anisotropy group Gy, one notices a higher symmetry. Here, the symmetry of the crystal is
equal to that of the lattice.

Figure 6.8: Trigonal Crystal Dsy.

The base vectors a; are aligned perpendicularly to the three two-fold axes of the trigonal
crystal defined by

1 V3 1 V3
fi1=e, f2:—§€1+7€2> f3:—§€1—7€2~ (6.44)

They satisty a1 L f, as L f,, as L f; and have the forms
1 1 ~
a; = §(2ah +b,+cp) = 3 (—\/gbeg +ceg) ,

1 1 (3~ 3=
agzg(—ah‘i‘bh_'_ch):g <§b€1+§b62+5e3>7 (6.45)

1 1( 3- V3 - ~
a3:§(—ah—2bh+ch):§ <—§b€1+7b62+ C€3> .

They can be directly determined by (6.40) while setting ¢ = 90° in (6.41), which leads to
the following Gg-invariant fourth-order structural tensor

it Lyt L@ VL 0
17 172 ~ 1 73~
) b4 1_8b2 C2 O —nggc 0
Lt 0 0 0
Ght2 — 27 ¢ - Lo (646)

sym. 51 b ~O T\/ﬁb c

=b? & 0
1 T ~
i 50 ¢ |
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Cubic Structural Tensor. The anisotropic material behaviour of cubic materials can
be sufficiently represented by Gr-invariant tensor functions. The associated crystal of hex-
octahedral type visualizing the symmetry properties of the anisotropy group G; can be
found in Figure 6.9.

Figure 6.9: Cubic Crystal O,.

The three mutually orthogonal base vectors a;, i = 1,2,3 of equal lengths coincide with
the three symmetry axes, chosen here to be the cartesian base vectors, i.e.,

a; = aé€;, 1= 1,2,3. (647)
The cubic fourth-order structural tensor results in
G* = diagla®, a*,a",0,0,0]. (6.48)

In order to get an overview all structural tensors are listed again in Appendix I.

6.3 Consequences of Polyconvex Approach w.r.t. Classical Representations.

Now we check the consequences of the polyconvex approach on the basis of crystallo-
graphically motivated structural tensors with respect to the well-known representations
of anisotropic tensor functions (described in chapter 4). It is obvious that the proposed
polyconvex invariant functions appearing in the families (6.3) and (6.9) depend on invari-
ants of the corresponding classical sets of bilinear invariants. Nevertheless, for interested
readers we give now detailed representations of the introduced individual polyconvex
functions. We recommend the reader to have simultaneously a look at the classical sets
of bilinear invariants presented in the Appendix D.

Triclinic Family of Polyconvex Invariant Functions. In the triclinic case the ele-
ments of the family of polyconvex invariant functions F, have the forms

J4 = C: Ga = dCll + 6022 +6033 + 262012 + 25013 + 2f023
Js = C:G*=aCofCyy 4 bCofCoy + &CofCly3 4+ 2d Cof s 4 26 CofCy3 + 2f Cof s .
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Monoclinic Family of Polyconvex Invariant Functions. The polyconvex functions
of the monoclinic family of polyconvez invariant functions F)" appear in detail as

J4 = CGm == d011+2j012+6022+6033,
J5 = CofC:G"™ = a (022033 — 0232) + 2CZ (023013 — 012033)
+b (011033 - 0132) +c (011022 - 0122) .
Rhombic Family of Polyconvex Invariant Functions. The rhombic polyconvex func-
tions of the associated family of polyconvex invariant functions F; are:
J4:CZ G° :d011+6022+6033,
J5:COfC :G°=a (022033 — 0232) +B (011033 — 0132) +c (011022 — 0122) .

In section 5.7.2 we pointed out that SCHRODER & NEFF [104] showed the proof
of non-polyconvexity of multiplicative couplings between the rhombic invariants for-
mulated in terms of the three ”classical” structural tensors, i.e., the invariant terms
C11C5, C11Cs3, CsC53, which are needed for a complete energy function in case of
rhombic symmetry. Therefore, SCHRODER & NEFF [104] proposed linear convex com-
binations of the individual polyconvex rhombic invariant functions to overcome such a
problem. The great benefit of the proposed approach is here that such terms are a priori
included in the above-mentioned polyconvex invariant functions.

Hexagonal /Transversely Isotropic Family of Polyconvex Bilinear Invariant
Functions. The polyconvex functions of the transversely isotropic/hexagonal family of
polyconvex invariant functions f;fi have the form

Ji=C :G" =i (Cyy + Cy) + ¢Cs3,
J5=CofC : Gn:d (022033 — 0232 + C11C33 — 0132) +c (011022 — 0122) .

The last term given in J; is an alternative element of the hexagonal/ transversely isotropic
classical set of bilinear invariants instead of the element C% + C3, + 2C%, since the
following relation holds:

Ci1Cyy — CFy = —((Cn + Cy)? — (CH + C5, +2CYy)) . (6.49)

Tetragonal Families of Polyconvex Invariant Functions. In case of tetragonal sym-
metry described by the material symmetry group G, the set of polyconvex invariant func-

tions .7-";1 includes the polyconvex functions

Jo=C:G":1 = <d2 + 62>2 (C11 + Cag) + & Css,

Jo=CofC : G - (a + 52)2 CpoClyy — 023 4Gy — C2%) + & (O Oy — O3,

Je=C : G" ; (a + b4) ) + 4 (a% - b3d) (Cra(Cry — Can))
+4a2b? (011022 +2 Clz) +ct 3
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The terms C}1Cy — C%, and O Cy + 2 C%,, can be generated in terms of the elements of
the classical set of bilinear invariants as follows

C1116'22 - 0122 -

C12(Cr1 — Cy2)(Cry + 022)} ?
(C} +C3,) ’

C12(Cr1 — Cy2)(Cry + 022)} ?
(C +C3,)

W%+%ﬁ%%+%W{

|}—t [\:>|}—t

C11 O+ 2 0= ((Crr + ) — @%+@mw[

For tetragonal symmetry described by the material symmetry group G5 the evaluation of
the polyconvex functions of the associated family of polyconvex invariant functions fl’?
yields

J(;:C . Gt2 01 :a4 (Cu + 022) + C4 033
J7:C0fC . Gt2 : 1:a4 (022033 - 0232 + 011033 — 0132) + C4 (C11C22 — 0122)
Js=C :G?:C =a*(C} +C%) + 0%,

The term Cj1Ca — Ci2? can be derived by three elements of the classical set of bilinear
invariants as follows

1
Ci1Ca — C1o” = 5[(011 + Cy)* — (CH + C3)] — CF, -

Trigonal Families of Polyconvex Invariant Functions. The trigonal Gg-invariant
functions depending on the structural tensor (6.42) and appearing in the corresponding
trigonal family of polyconvex invariant functions f;,‘tl read

b+ 1620 + £a%e + L0%) (Cii + C)

Je=C :G"':1 =(;a*+ S

Jr=CofC : GM! : 1=(Lat + 1b* + 1a20? + La2e? + L02¢?) (C1iCss — C
+CpC43 — C2) + (1a252 + @t + 0P (C1Cy — CF)

Js=C :G" : C =(1a*V/3¢ — 1av/3b%¢) (C13(Chi — Caz) — 2 C12C's)

%b‘g\/_c - —b\/_a c) (023(011 — Cp) +2C15C13)

(

Evaluating the polyconvex trigonal Gy-invariant functions of the corresponding trigonal
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family of polyconvez invariant functions f;}” we get
Jo=C :G":1  =(ib+ Lb?@) (C1 + CO) + 5022 Ci3
Jr=CofC : G"2 : 1=(1b1 + L&) (01103 — C% + CosCay — C3)
+I2E (C11Cyp — CF) |
Js=C :G"2:C =10*\/3¢ (Cos(Ci1 — Caz) + 2 C15C13)
+3 0" (G} + C3, +2C1)
+50% (C1C — C3)
—l—égzéz (C2C35 + C11C33 + 2 CF3 + 2 C)
e O
With regard to the element CyCyy — C3, we also refer to (6.49).

Cubic Family of Polyconvex Invariant Functions. The polyconvex invariant func-
tions with cubic structural tensor (6.48) of the cubic family of polyconvex invariant func-
tions F; are in detail given by

J6IC : Gt2 01 :CL4 (Cu + 022 + C33)
J7:COfC : Gt2 : 1:CL4 (022033 - 0232 + 011033 - C1132 + 011022 - 0122>
JgZC . GtQ . C :a4 (0121 + 0222 + ng) .

The second function can be formulated in terms of the elements of the classical set of
bilinear invariants as follows:

(CyeCls3 — Ca3® + C11Cs3 — C13% + C11Cop — 0122) =
5((Cr1 + Oy + Cs3)* — (CF) + C3, + C33)) — (CF, + C35 + CFy) -

6.4 Polyconvex Material Models.

In general, we consider an additive decomposition of the free energy into an isotropic and
an anisotropic part, i.e.,

Y =0, I, I3) + ™°(J;), Ji € Fp={l1,...dm}. (6.50)

The isotropic part **° depends on the three principal invariants Iy, I, and I3 (4.10),

whereas for the construction of the anisotropic part @50 hoth, principal and mixed

invariants, can be considered. The values J; € F, = {3, ....J,,, } represent the invariants of

the corresponding family of polyconvex invariant functions F, (6.3) and (6.9), respectively.

The second Piola-Kirchhoff stress tensor consists then of two parts

) ) ] awiso 3 8¢iso 8]‘2

S = 8§+ §9%° with S =2 = 2

oC Zzzl ol; oC

a aniso m a aniso ajz

,l7b — 2 Z w_ .

(6.51)
and S¥s° .= 2
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The isotropic part of the stress tensor is computed by

o awiso a,¢iso awiso a,¢iso . 652
S —QK TP 11)1 5 C+ o BC (6.52)

For the derivation of the material tangent tensor we write the tangent moduli as sum of
an isotropic and anisotropic part as follows

2,/,i80 150
e 0S8

(C = (Ciso Cam’so th (Ciso 4
s 82 wamso o Sam'so
and € ocoC ~ “ac

The isotropic part of the tangent moduli is obtained from

[Py o> oV
iso _ (| 101 11 —-1X1|+ 1 L=
c 01,01, ® 1+ ol, 1e I+ 01,01, ohor, 11T Crethl =0y (6.54)
_|_3WSO LIC'eC ' —C'RCY + Gopreo CofC @ CofC
813 813013

In the sequel, we choose for the isotropic part 1)*° a compressible Mooney-Rivlin model
of the form (5.102), i.e

¢iso = [1 —+ Qi [2 + (51 13 — (5211’1(\/73)7 v ay, g, 617 52 Z 07 (655>

which is polyconvex and coercive. For details, especially concerning the second Piola-
Kirchhoff stress tensor §"*° and the tangent moduli C*°, we refer to section 5.9.1. Suitable
anisotropic parts 1®° are introduced in the following sections.

Remark: In order to ensure the existence of minimizers, the energy function has to be
sequentially weakly lower semicontinuous (s.w.l.s.) and coercive, cf. chapter 5. Polycon-
vexity directly implies s.w.l.s., but the coercivity condition has to be separately proven.
Using only additively decomposed energy functions with positive additive terms and sat-
isfying the coercivity condition of at least one additive term, then the whole energy is a
priori coercive.

6.4.1 Material Models Based on Second-Order Structural Tensors. For the
triclinic, monoclinic, rhombic as well as hexagonal /transversely isotropic symmetry groups
the anisotropic part of the free energy function (6.50) appears as, c¢f. SCHRODER, NEFF
& EBBING [106],

¢anzso Z Z anzso ]37 J4j7 J5j> . (656)

The mixed invariants in the anisotropic part (6.56) are defined by
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governed by the j-th metric tensor G, which is in the triclinic case of the type

a; d; e;
Gi=|d; b fj |, with @ >0, a;b; - d? >0, det[G;] > 0. (6.58)
e fi ¢

Furthermore, the trace of G, is denoted by
gj = tr[G;], with g¢; >0. (6.59)

The first and the second derivatives of the generic anisotropic invariants (6.57); with
respect to the right Cauchy-Green tensor are

The derivatives of (6.57)y are given by the expressions

80((;]‘ : COfC) = J5jC_1 — ]3C_1jS_1,
02(G; : CofC) = J{C '@ C™ —C'RC™1}

(6.61)
—{CofC® C™'G,C™' + C7'G,C" @ CofC}
+{CofCRC'G;C™' + C'G,;,C 'K CofC} .
Hence the anisotropic stress tensor S"*° (6.51) is
m anzso awanzso 8¢anzso

aniso __ 2) ) -1 )

s ZZ K 8[3 b 9Js; JS]) “ 7 0 “
! ] ' a CLTLZSO (6'62)

- LC'G,C™
8J5J }

The anisotropic part of the material tangent tensor (6.53) appears as

CLTLZSO

Camso — Z Z Camso _ Z Z 48080 (663)
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with

8¢anzso . . . . 2 amso
— X

a1, e 8[38[3

2,/,aniso anzso

t onan e G t 5i

aniso __
Comiso = 4

CofC @ CofC

[J;{C'eCt-C'RC™}
—{CofC® C™'G;,C™" + C7'G,;,C' ® CofC}

+{CofCRC'G,C" + C'G;C ™ K Cof C}]

(6.64)
+ a%amso{Jg, Cc'-LC'G,Cc '} ®{J,C" - L,CT'G;,C"}
050055 7 7

2 amso
0[3&]4]
02 ,¢amso
01,075,

+ [CofC ® G + G; ® CofC]]

+ [CofC & {J;,C™' — L,C™'G,C™"}

+{J;;C' — LCT'G;C '} ® CofC]] |

Py 0%
T oLOL;  OLOL

and

where we take into account the symmetry of mixed derivatives, i.e.

2y
0J;0.J;’
Model Problem I. Suitable anisotropic energies in terms of individual polyconvex
anisotropic functions fu,;(J4;), f5r;(J5;) are, e.g.,

neglect with 7 # .

Y = ZZ [far(Jag) + fori (J5;)] (6.65)
cf. SCHRODER, NEFF & EBBING [106]. For this choice we obtain
8.]c57‘ — 8.]047‘ 8.]c57‘
Samso -9 J 'Cl JG_ J[C 1GC
ZUZI {&75] B € G0y G (6.66)

In order to satisfy the natural state condition of a stress-free reference configuration in the
unloaded system we have to enforce that the second Piola-Kirchhoff stress tensor (6.51)
at C = 1 is equal to zero, i.e., S(C = 1) = 0. Hence, we get the two additional conditions

awiso awiso 8¢280 n 8f57‘]
<811 LT AT ZZ o5, Y1) 1=0

af47"y o 8.]cl")rj o
ZZ [MJ dJs; ¢ =0,

r=1 j=1

(6.67)

under consideration of the values (5.108) of the principal invariants and mixed invariants

Jiy(C=1)=J5(C=1) =g (6.68)
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at natural state. Evaluating (6.67); with the special isotropic energy (6.55) at C' = 1

yields
f57"j
52 =2 (Oél + 20&2 + 51 + E E 8,]5j . (669)

r=1 j=1

Equation (6.67)2 has to be fulfilled for each metric tensor G, independently, thus we
impose

af47’j afST’j
_ - . 6.70
|: 8J4j 8J5j 0V Gj ( )

A further more restrictive assumption is based on the enforcement of the latter for each
constant r independently, i.e.,

P = Fy (6.71)

Example 1: As first specific model problem we consider for the anisotropic part of (6.50)
the anisotropic energy (6.65) with » = j = 1, denoted by @/}“ms" We set fa1(Ju1) = fa(Jy)
and fs51(J51) = f5(J5) and choose

fa(Ja) =

MThJZM ;o fs(Js) = mJs" (6.72)

g

Therefore we obtain

aniso 1 o o
aniso _ a4ga4n1(J44 +JY), Y >0, a0 > 1. (6.73)

Evaluating (6.51) with (6.52) and (6.55), (6.62) and (6.73) yields the second Piola-
Kirchhoff stresses in the form

a aniso
SI,l =2 (Oél—l—OéQ[l)l—aQC—l— 51]3__+ w Js c!
2 &]5

. . 6.74
a,l/)anzsoG B (II?LZSOI C_lGC_l ( )
0, aJ; -’ ’
with the first derivatives of (6.73) with respect to the mixed invariants Jy and J5
a,l/)[anSO 1 , 1 a,l/)[anSO 1 1
—_ 4= = — ,]a4_ . 675
8J4 ga4771 4 ’ 8J5 ga4 s ( )

Let us first enforce the condition of a stress-free reference configuration, S;,(C = 1) = 0.
At the natural state the values of the invariants are

J(C=1)=trG=:g, J5(C=1)=trG =: g, (6.76)
together with (5.108) and hence, the stress tensor appears in the form
a,¢iso a¢iso a,l/)iso awamso 8¢anzso aw}zqiso
—1=2 2 1 — ’ Gl .
SI’1|C_1 [< 0[1 * 012 * 813 + 0J5 g * 8J4 0J5 ] (677)

' v~

P a— e ok
.—.’Ifl—o '_:EQ_O
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In this case the second condition, x5 = 0, is automatically fulfilled. Thus, only the first
condition, 7 = 0, must be enforced, which leads to the dependent material parameter
0y € R+

52 = 20&1 + 40(2 + 251 + 27’]1 . (678)

Example 2: As a second possible anisotropic function for the anisotropic part (6.65) of
the material model problem (6.50) we consider

anlso:’]’h( §4+/61J§5>, vnluﬂl 20, a47a52 17 (679>

with the first derivatives with respect to J; and J;

awaniso aniso

Sy =i e = asmBuUsT (6.80)

In order to satisfy the condition of a stress-free reference configuration S;»(C = 1) = 0,
we have to meet both requirements, z7 = 0 and x5 = 0, given in (6.77) with 5.
Here we obtain the following dependencies between the isotropic and anisotropic material
parameters

8¢anzso awamso O{4
*=0: = = Qa—as
. R P 05 ooy he a5’ ’
25 =0: 0 =20 + 4oy + 26, + 2 J5|C . (6.81)

&]5
= 0y = 201 + dag + 201 + 20411 9™

Model Problem II. In order to obtain a free energy representation with a decoupling be-
tween the isotropic and anisotropic material parameters we consider a set of generic poly-
convex functions in terms of I3, J4; and J5;. We are interested in enforcing the stress-free
reference configuration condition for the anisotropic energy term er i f3:;951, appearing
in (6.67);, independently for each r,j. In this situation (6.67); and (6.69) appear in the
form (5.109), i.e

a,l/)iso awiso a,¢iso B B
(0[1 + 2 812 + 013 )1—0 = (52—2(041+2042+51). (682)

The modification (6.82) for the condition of a stress-free reference configuration associated
to the isotropic energy contributions (6.55) is possible, if we choose anisotropic energies
like

amso = Z Z f37’] 13 ‘l’ f4T’J(J4J) + .f57’](‘]5])] : (6-83)

r=1 j=1

The second Piola-Kirchhoff stresses for the anisotropic energy contribution (6.83) denoted
with ST} := 20097 are

aniso__ WAL 8ff“n‘j af5m ) —1 8f47‘] - af5ry 1
STt ;;K 8Igljtwszj C 8J4]G aJ@IC G,C7'| . (6.84)
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Let us enforce the natural state condition independently for (6.52) and (6.84). For the

latter we get

ZZ afi’ﬂ’] afST’] ) 1+ af4rj
222 \\or, "o, ” 9y,

with g; defined in (6.59). In general we impose

r=1 j=
or more restrictive for all » and j independently

afST’j - _ang’j and
0J5; 71 "ol 0y

angj afSrj N\ . af47“j .
Z Z < 813 an,j g] - 0 al’ld Tz:; 0J4j

af4rj _

aff)rj
d.Js;

aff)rj

afST’j o
0Js; ) Gj} -0

):0 VGJ',

8J5j .

Some specific functions which automatically satisfy (6.87) are, e.g.,

1 orj+1 3 — 1 Qrj
f4r] gm i + 1 (gj)o‘” (J ) with f4r] fm (gj)a” (']4j) )
1 1
fori =& Js;)?twith ff =6 )i
i jﬁm +1 (gj)ﬁ” () o ’ (gj)ﬁ” (%)
g, D .
farj = gm'fy_J.(I?)) B with f?,)rj = —&59; (I3)~7mi
7]

with the second derivatives

1

f4r] = 5m (g])o‘”

(']4j)arj_17 f5m

1

— é-T] 67«3( )BTJ

fany =& (g + 1) g5 (I3) 7972,

and the polyconvexity conditions

(Js) i,

g?“jzoa arjzoa /87’]'207 77“]2_1/2

Considering (6.88) the final anisotropic energy in terms of I3, Jy; and J5; reads

aniso _ § § i T apj+1
wll 6] |i057«]+1(g )aTJ( 4])

r=1 j=1
1 1
ﬂm +1 (gj)ﬁ”

(J; Bty &(Ig)ﬂm-

Vrj

and the associated anisotropic stresses are given by the expression

1 Brj+1
amso 257“ |: g I —Vrj + J 7‘] )C
ZZ ’ ’ (g7)7

r=1 j=1

1 Brj -1 -1

_l_

(g])

J4TJG

(6.85)

(6.86)

(6.87)

(6.88)

(6.89)

(6.90)

(6.91)

(6.92)
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Furthermore, the term fs,; in (6.88) can be replaced by the polyconvex term

forj = =& (IP), VE>0, with f}. = —@j%. (6.93)

Remark: The anisotropic free energy function (6.91) can be used stand-alone, i.e. the
free energy function given in (6.50) can be considered without the isotropic term 1%
(6.55). The reason for this lies in the fact, that (6.91) is already sufficient for satisfying
the coercivity condition (5.4). The proof of coercivity of the anisotropic energy function
(6.91) is taken from SCHRODER, NEFF & EBBING [106]: Let us recall for symmetric,
positive definite G;

9; =tG;=w[H;H]]=|H,|*>0

Jyy =ulCG)|=(F'F,H;H])= (FH; FH;)
= |F H;|> = |Hj F'|> > Mo H;HJ)[|[F || = \uin(G)) | F|

Js; = tr[Cof[C] G;] = (Cof F" Cof FH ;H | = (Cof[F| H, Cof[F] H) (6.94)
= ||Cof[F| H;||* = |[H] Cof F"||* > Xyin(H; HJ) || Cot F|?
= Auin(G;) || Cof F'||,

I; =detC = (det F)? < 3—\1/5 |Cof F||?;

for the last inequality see HARTMANN & NEFF [57]. Since G, is here assumed to be

strictly positive definite we know that the smallest eigenvalue A\yin(G;) > 0 is strictly
positive. With these preliminaries let us proceed to show that the anisotropic energy

gniso gatisfies a local coercivity condition, which is needed, together with polyconvexity
of 1915 to ensure the existence of global energy More precisely, by local coercivity we

mean an estimate of the type, see BALL [10],

VF cR¥3 . iso(F) > Oy (|F||P + ||Cof F||7) — Cy, p>2, q> (6.95)

DO W

with constants C; > 0 and Cy > 0. The function 1¢7%*° has the generic form (taking only
the relevant structure into account, i.e. setting a,; = o, B = B, Vs =7, 95 = ¢, Juj =

Jus Jsj = Js5)

. 1 1 1 1 qg ._
aniso ( ) — JH‘O‘ - —J1+5 Z 1.7, 6.96
i (F) T+ag’ +1+ﬂgﬁ5 +fy3 (6.96)

Thus it follows easily, taking the relations (6.94) into account, that for a;, 5 > 0

, 11 I 1 g -
anzsoF > _ —J _[’Y
11 (F) “TTag 4+—1+ﬂ9ﬁ 5+”y 3
11 11 g .
> —— — Auin(GH) [|F|I” + ——— Auin(G)) [|[CotF||* + = 1,7 (6.97
> g M G IFIP 4+ 5 Auin (Gy) [ Cot PP+ 2 17 (697)

cHIIF|? + ¢ |CofF||? + % (det F)~2,
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for some given constants ¢}, ¢ > 0. In case that 7 is positive we have shown (6.95) with

Cy = min(c, cf), Cy = 0 and p = ¢ = 2. In the case where 7 is negative with 0 > v > ~3

we may continue estimating
$(F) > ¢t |FI? +cf |CofF|? + 2 (det F)~2
v
i |F||? + c5 ||CofF||? — 3 (det F)~2
= [|F|]> + ¢ [|Cof F||* — ¢5 ((det F)2)"” : (6.98)
> cf [|F|” +c5 [|CotF|* — ¢y [det F+1], 0<|y] <
1
V3V3

It is obvious that for all kq, ks > 0 there exist numbers l~€1, 122 > 0 such that

N | —

> of |F|I? + cf |Cof F|? — of [—== || Cof F ¥ +1].

\V/I’GR+I k1$2—k21’3/22%1l’3/2—]}2. (699)

Applying this reasoning on x = ||Cof F|| yields the existence of numbers Cy , C3 > 0 such
that

|Cof F||2 + 1]

1
V3V3 (6.100)

> cf || F|]* + Cf | Cof FI*2 — CF

ir(F) 2l |[FI* + ¢ |CofF||* — ¢ |

3
This shows local coercivity with C; = min(c¢{,Cy) and p = 2 and ¢ = 3 also
for 0 >~y > —%. 17.)

Model Problem III. Further anisotropic polyconvex functions for (6.50), automatically
satisfying the condition of a stress-free reference configuration, are

020 =" " farg(Is) + fori (I3, Ja) + frrj(Is, J5))] - (6.101)

r=1 j=1

The second Piola-Kirchhoff stresses 8775 := 200197:°° are then given by

aniso __ ~ af3m 8fﬁr] af?rg 8f?rj ' 1
=222 K ok, T on B By, ) ©
r=t j=1 (6.102)

af6m 8f?r] 1
8J4JG 8J5][3C GC

17) An attractive way to account a priori for a stress-free reference configuration without dependencies
between isotropic and anisotropic material parameters was proposed in ITSKOV & AKSEL [64]. There,
the energy function depends on the classical structural tensor (4.26). The polyconvexity of the individual
terms appearing in the energy are first documented in [103, 104]. However, there the energy function
is only introduced for the description of the most simple anisotropies, namely transverse isotropy and
orthotropy.
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Again enforcing S(C = 1) = S§”°(C = 1) + 8" (C = 1) = 0 with the more restrictive
assumptions S**’(C = 1) = 0, given by (6.82), and S“"*°(C =1) = S7;’(C =1)=0
yields for the anisotropic part

af3m af6rj 8f?rj af?rj 8f(irj af?m
: - — 1
22;{( of, ok, o, Tan %) Y\ G, "o, )G 70 (6103)

For the independent tensor generators 1 and G for j = 1,...m the following identities
have to be satisfied

af?)rj afﬁrj af?rj af?rj afGrj af?rj
oL, | of, ol 0J5; 7 M 9T, T o,

Vr, g (6.104)

Some specific functions and their derivatives which automatically satisfy (6.104), are

JZTJ' af67"j o 1

—4/3 o5 8f(irj . orj—1 7—1/3
Jors = LA o 37 byt gy T (6.105)
J;TJ af?rj 1 —4/3 o5 8.]077*]' opj—1 7—1/3 ‘
f?’f‘j - 1/37 81—3 - _g ]3 J5j ’ 8J5] - arj J5jj ]3 5
with «a,; > 1. For the function fs,;(I3) we may use
j _ﬁ'r“j af3r_] . (7] _67«j—1 . .
f37‘] 57‘] ] ) 8—13 - _gj ! I3 ) with ﬁrj > _1/27 (6106)

inserting (6.105) and (6.106) into (6.104); leads directly to the material parameter a,;,
ie., a,; = g . Alternatively we can consider the function
Qg a rJ ‘f“Tj .
f37‘j = _g'TJ 67"3 ln([3> ) f3 L = _67"j —g] with Qg Z 17 (6107)
J ol I3

using (6.105) and (6.107) in (6.104); we obtain the restriction 3,; = a,; — 2. Based on
the aforementioned analysis of different anisotropic polyconvex energies we summarize
4 suitable explicit functions in Table 6.1, which a priori satisfy the stress-free reference
configuration condition.

6.4.2 Material Models Based on Fourth-Order Structural Tensors. For the
description of the tetragonal, trigonal and cubic symmetry groups anisotropic functions
based on fourth-order structural tensors are needed. The anisotropic energy function (6.50)
is taken in the form

¢am’so Z Z anzso 13’ J6j> J7ja JSj) . (6108)

r=1 j=1

The generic mixed invariants are given by

']6j =1: Gj : C, J7j =1: Gj : COfC, Jgj =C': Gj : C, (6109)
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Table 6.1: Polyconvex Anisotropic Energy Functions Satisfying the Stress-
Free Reference Configuration Condition.
,l/)tlzmso — Zn: ié}j |i 1 1 (J4j)04rj+l
r=1 j=1 0+ 1 (g;)or
1 1 ok v
4+ — J 57‘j+1 + JI I —Yrj
6r3+1( )5TJ(5) 77"j<3)
Wlth 67»]'20, CYT»]'ZO, ﬁ,,jz(), 77"]2_1/2
,l/)ézmso — Zn: ig . 1 1 (J4_)arj+1
2225 o 1g)m
1 1 ,
J Bri+1 _ In Igj
By + 1 (g ) )
with &5 >0, a; >0, [;2>20
n m Olr] JOM] g
aniso J —Brj
V3 Z[l/i% 1/3+5.I3 ]
r=1 j=1 rJ
aniso - - JEJTJ Ja” a’f‘J
vt = Z lll/?) ]1/3 - Brj (I )]
r=1 j=1
with Qg Z 1 y ﬁrj = Qypj — 2/3
with the j-th structural tensor G;. For example in the tetragonal G5 case we have
G; = dlag[a],a;l,c;l,O 0,0]. (6.110)
Furthermore, the invariants at the natural state, i.e., at C = 1, appear as
J;(C=1)=J;(C=1)=Jj(C=1)=1:G:1=:m;. (6.111)
The anisotropic second Piola-Kirchhoff stresses of (6.51) are S$*"*° = 20¢1"*°, with
) n m 0 aniso O aniso 0 anzso
S =23 % {( L S AL J7j> c '+ (Gj:1)
r=1j=1 a 013 aJ’?j a‘]ﬁ] (6112)
— I;C(G; 1HNC™+2 G,;:C
8J7J 3 ( ) + aJSy ( J )
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The anisotropic part of the material tangent tensor is

amso B awamso . . . . 82wamso
Ty =4 | 5= LICT 0 0™ = CT RO + - CofC @ CofC
02 ,¢anzso aniso
Gj:1)®(G;:1 YT eCcT —CcT'RCT!
+8J698J6]( J )®( J )+ a«]’m [7J{ ® }
—{CofC® C'(G;: 1)C™'+C (G, : 1)C' ® CofC}
(6.113)
+{CofCRC (G, :1)C'+C'(G,:1)C' K CofC}]
a2,¢anzso . . . . . .
+—F {J7jC - [3C (Gj : 1)C } & {J7jC - IgC (Gj : 1)C }
077,07,
awamso 82wamso
2G; 2(G; - C)®2(G; : C
aJSj j_'_ajgjajgj (] )® (J )
where no derivatives of the type ﬂ | =6,7,8 ﬂ 1 # j are taken into account
yp Olg&fj’j_ » ’aJian’ ] .

Model Problem Based on Additive Decomposition of 1. As specific function for
the description of the anisotropy groups G4, G5 and G7, Gs, Gy we choose the anisotropic
part (6.108) of (6.50) as

n m

amso = Z Z (fori(Joj) + frri(J75) + forj(Jsj) + fari(L3)] (6.114)

r=1 j=1

with the polyconvex functions

67" arj+1) 367’ i1
fﬁrj(Jﬁj) ﬁjﬁj( Y > f77“j( 7]) —]ﬁmJ (Brst ),
(2 1) (Brj + 1), (6.115)
Erj (nrj+1) 3Mm;
rj (Js; ————=Jg s Jari(3) = &y Iy,
f8.]( 8]) ( r]_'_l) rj 8j f3 .7( 3) 5.7 /77“7 3

where the polyconvexity restrictions

1
arj7 6?3’7 Trjs grj Z Oaf)/rj Z _5 (6116)

are taken into account. The first and second derivatives of the individual functions are

57‘,7 Qrj 57‘.7 Qrj -1
Jferi= T Joj forj= gy T Joj
3 57‘] j 3 57‘] Brj—1
Jr =51 ™, f =570
f- 57’] Nrj f gr] Nrj—1
8rj ;m 8] ) 8rj — i m;?m' 8j )

f3/rj —3&my (I3)~ i 3m_3€T’J (g + 1) my (I3) 77~
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The second Piola-Kirchhoff stresses at the natural state, which are here automatically
equal to zero, i.e., 8 = 20c¢|c=1 = 8"°|c=1 + 8“""*°|c=1 = 0, are obtained by (5.109) or
(6.82) and

) n m a,wam’so a,¢ar_w’so
Samso = 2 ) + ) m ) 1
o= Z;§:{< ol ay

=1L , , (6.118)
a CL?_’LZSO a amso a amso
o n 91 G;:1)| .
+(a%j 90, a@j)(ﬂ )}

Inserting the partial derivatives of the individual functions (6.115) with respect to the
invariants yields

aniso aniso ol 3 -
s =iy = 3326 (am + 1 n
J

r=1 j=1

(6.119)

1 Qg mIBT] ‘I‘ 2 Nrj

(e m; " — -~
(my)eri ()P ()

xGﬁ1ﬂ:o.
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7 Numerical Examples.

With regard to the modeling of anisotropic material behavior at finite strains using poly-
convex energy functions there exist many publications in the literature: applications in the
field of biomechanics are e.g. documented in BALZANI [11], BALZANI, NEFF, SCHRODER
& HoLzAPFEL [105], EHRET, ITSKOV & MAVRILLAS [65], EHRET & ITSKOV [51]; the
modeling of thin shells can be found e.g. in BALZANI, GRUTTMANN & SCHRODER [12]
and in BALZANI, SCHRODER & NEFF [13].

In this chapter we present the capability of the proposed polyconvex energy functions to
simulate anisotropy effects within several numerical examples ranging from biaxial tension
tests of anisotropic materials to applications in configurational mechanics. First, we illus-
trate the usefulness of the introduced polyconvex material models within homogeneous
biaxial tension tests of a transversely isotropic material. Thereby, we illustrate that the
model fulfill the important physically reasonable growth conditions (5.3), c¢f. SCHRODER,
NEFF & EBBING [106]. Furthermore, the results of the well-known Cook’s membrane
problem, obtained by using the introduced polyconvex functions, are documented. In
SCHRODER [101] the same analysis is done, but based on the classical structural tensor
M = a ® a. Here, we show the same results by replacing M with the corresponding
metric tensor. We present moreover in this chapter the completeness (in the sense of the
definition given in section 4.5) of the proposed polyconvex energy functions.

Second, we focus on the simulation of fiber-reinforced composites, where the anisotropic
hyperelastic behavior of such composites is micro- as well as macromechanically modeled
by polyconvex energies. Corresponding publications are EBBING, SCHRODER, NEFF &
GRUTTMANN [49] and EBBING ET AL. [44]. Furthermore, we apply a polyconvex en-
ergy in the field of configurational mechanics; details are given in EBBING, SCHRODER,
STEINMANN & NEFF [50].

7.1 Homogeneous Biaxial Tension Test.
(The following analysis is first published in SCHRODER, NEFF & EBBING [106].)

We perform a deformation driven homogeneous biaxial compression/tension test of a
transversely isotropic material. The unit cube is discretized with one eight-noded stan-
dard displacement element. The deformed configuration and the boundary conditions are
depicted in Figure 7.1. The specimen is equally stretched in x;- and xs-direction, where
the biaxial stretches are driven in the range of A = 0.2 up to A = 2.3; the stretches are

defined by A= (ll + ul)/ll = (lg + u2)/l2.

Figure 7.1: Boundary conditions of the homogeneous biaxial compression/tension test.
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The preferred direction of the material is oriented parallel to the x;-direction. We take
two transversely isotropic energy functions into account, first the energy function (6.50)
with the anisotropic part (6.73), i.e.,

32‘ _ ¢iso 4 ¢t[zﬁiso (71)
and second the energy function (6.50) with the anisotropic part (6.79), i.e.,
?I — ¢iso 4 ¢?’r§iso ) (72)

Furthermore, we choose a unimodular transversely isotropic metric tensor G* of the type

4 1 1
th = dlag |"Y%, %, %:| . (73)

For the simulation we use the material parameters listed in Table 7.1. The documented
Young’s moduli are calculated from the coefficients of the inverse fourth-order elasticity
tensor at the reference configuration:

By =1/Cy, and FEy=1/Chpy.

Table 7.1: Table of material parameters (MP) and Young’s moduli (YM).

e 1
I 17
- 20 200 2.0 5.0
a 80| 80 8.0 8.0
s 00| 0.0 0.0 0.0
8 10.0 | 10.0 10.0 10.0
(85) 56.0 | 56.0| 786.0 | 9868.24
m 10.0 | 10.0 1.0 0.1
(61) - - 7.50 38.10
a 20| 20 3.0 3.0
as - - 2.0 2.0
YM
Ey | 115.49 | 140.20 | 3367.12 | 57824.63
E,=FE;| 67.05| 56.78 | 622.86 | 680.37
E\JE, | 172| 247 541 84.99

() := dependent

The first Piola-Kirchhoff stresses in zi-direction and xs-direction with respect to the
stretch A can be seen in Figure 7.2. We notice a physically reasonable distribution of the
stresses for a transversely isotropic material with higher stiffness in x;-direction.
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Figure 7.2: First Piola-Kirchhoff stresses in z1-direction and xs-direction versus stretch A:
a) ti b) ti C) ti d) ti
1,1 1,20 II,1» 11,2

7.2 Cook’s Membrane.
(The following results are first published in SCHRODER [101].)

Let us consider a tapered cantilever, associated to the Cook’s membrane problem, clamped
on the left hand side and subjected to a constant traction At in vertical direction on the
right hand side with ¢ = (5.0,0.0,0.0). Here A denotes the load parameter. The system
and the boundary conditions are depicted in Figure 7.3.

Figure 7.3: Tapered cantilever. System and boundary conditions.

The cantilever is discretized with 10512 ten-noded tetrahedral finite elements; here we use
a mixed method with an element-wise constant ansatz for the volume dilatation.
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c)

Figure 7.4: Tapered cantilever. Different views on a) the undeformed system, deformed
system at b) A = 0.50 and ¢) A = 1.00, c¢f. SCHRODER [101].

The transversely isotropic free energy function (6.50) with the anisotropic part (6.91) is
taken into account, where we set n = 1, m = 2. The transversely isotropic metric tensors
with respect to the local base system are given by

G = diag[1,0,0], GY'=diag[0,1,1]. (7.4)
Since the local base vectors are set to be

e = (1/\/§7 1/\/37 1/\/§)T7 € = (1/\/5’ _1/\/5’ O)T’ €3 = (_1/\/6’ _1/\/67 ﬁ/\/g)T’
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the metric tensors with respect to the global cartesian base system are then calculated by
GY = RG/'R”, GY=RGY'R”, (7.5)

with the orthogonal rotation tensor R = [é;, &3, &3]. The set of non-vanishing material
parameters

] = 1, g — 1, 51 == 1, 511 == 1, a1 — 10, 511 == 1, Y11 = 1, £12 = 1, Y12 = 1 (76)

is chosen for the simulation. The load parameter is increased by increments AX = 0.01
until a final value of A = 1.00 is reached. Figure 7.4 depicts different views on the un-
deformed and deformed system at A = 1.00, respectively. Due to the orientation of the
preferred direction a salient out-of-plane bending deformation can be observed. The dis-
placements w4 at node A with (24,94, 24)T = (60,5, 48)T, see Figure 7.3, are finally given
by

uy = (26.77,—5.57,-30.51)T. (7.7)

7.3 Anisotropic Moduli — Fitting to Referential Data.

(A part of the following results is already published in SCHRODER, NEFF & EBBING
[106] and SCHRODER, NEFF & EBBING [107].)

Since our introduced polyconvex energy functions depend on the elements of the under-
lying family of polyconvex invariant functions, it is obvious that the polyconvex energy
functions are complete according to our definition of completeness given in section 4.5.
That means once again, that the linearized tangent moduli at reference state

C'"™ = C|o=1 = 4 0cctb|o=1

have the same non-zero coefficients and relations between these coefficients like the cor-
responding classical anisotropic elasticity tensor. For interested readers we show this cor-
respondence for all cases of anisotropy. Due to the dependencies between the individual
terms appearing in the polyconvex functions, a direct identification of the material pa-
rameters with the components of the associated elasticity tensor is almost impossible.

Let us show the completeness of the above introduced polyconvex triclinic, monoclinic,
rhombic, transversely isotropic and hexagonal energy function

1 _ 1 1 _ g .
= & [ —(Jy )t Js )Pt L) | (7.8
; ; ! Qrj 1 ) ( 4j) /67“] 1 ( )ﬁr] ( 5]) ’}/T’j( 3) ( )

with the invariant functions (6.57) and the trace of the underlying metric tensor (6.59),
as well as of the polyconvex tetragonal, trigonal and cubic energy function

1 3 1
Y= Z ng { a (JGJ')QT'JIH + 8 .(J7J)Bm+1
. 7“3"‘1 ) J ﬂrj_'_l(mj) ! (79)
1 1 3m,
+ Jo Vit L T (1T
s + 1 (mj)"m’( 8]) Vrj ( 3)

with the invariants (6.109) and m; =1:G; : 1
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Furthermore, due to the polyconvexity restrictions of the material parameters not all
values of elasticities may be exactly captured. This statement is checked by several fittings
of the linear moduli to some available data on elasticities of real anisotropic materials. A
huge variety of data are available in SIMMONS & WANG [111] as well as in SHUVALOV
[110] and ROYER & DIEULESAINT [97], from which we obtained experimental values on
monoclinic, rhombic, hexagonal, tetragonal, trigonal (type Go) and cubic elasticities. In
detail, the fitting of moduli is done by minimizing the error function

| €7 — e |

e = TCe | (7.10)

Here CV)¢ € R*6 denotes the computed linear moduli C'** in Voigt notation. Further-
more, CV)¢ € R%*% is the associated coefficient scheme of experimental values. The used
norm of the matrix schemes are defined by

| CY = (C)2. (7.11)

1

6
1=

6
1 j=

The performed parameter adjustments have been done with the evolution strategy pro-
posed by SCHWEFEL [109] and RECHENBERG [93]. Furthermore, we plot the characteristic
surfaces of Young’s modulus for the adjusted elasticities to visualize the anisotropy ratios,
see SHUVALOV [110] and BOHLKE & BRUGGEMANN [32].

In SCHRODER, NEFF & EBBING [106] and EBBING, SCHRODER & NEFF [47] approxi-
mations of rhombic and monoclinic elasticity tensors using the polyconvex function (6.50)
with the anisotropic part (6.91) can be found. For the adjustments of several anisotropic
elasticity tensors in EBBING, SCHRODER & NEFF [48] the same polyconvex energy
(6.50) with (6.91), but also with the anisotropic part (6.114), is taken into account. In
SCHRODER, NEFF & EBBING [107] trigonal elasticities are fitted only by considering the
anisotropic energy (6.114).

Triclinic Polyconvex Material Model. Considering in the triclinic case the energy
function (7.8) with n = 1, m = 3 and the structural tensors G; = G*, Go = G™,G3 =
G ie.,

ap dy e ay dy 0
G1 — dl bl fl 3 G2 = d2 bg O ) G3 = diag[a37 b37 03] . (712>
€1 f1 C1 0 0 Co

and taking the relations 717 = 12 = 713 = 7 and &5 = &3 = 1 into account, we have
21 material parameters: {11, aq1, a2, aus, Bir, Bie, Bis, 7, a1, b, c1, dy, e1, fi, ag, b, ca,
dy, asz, bz, c3. The triclinic material tangent C%|c—; = 40cc?|c=1 appears in Voigt no-
tation with 21 different components, i.e., in the classical form of the triclinic elasticity
tensor. A detailed representation is given by

Cllll 61122 61133 (Clll2 (Cll23 (Clll3

Cozz Caazz Cagz Caaz Cooz
cv) ooy = Caszz Caziz Cazoz Cagis

Cia12 Cizaz Cyarz
sym. Cazaz Caziz
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Monoclinic Polyconvex Material Model. To obtain a complete energy function 1 for
monoclinic symmetry in the polyconvex framework, the function (7.8) with n = 1, m = 2
can be considered, where the metric tensors have different structures, i.e., a monoclinic
and a rhombic and/or a transversely isotropic structure. Here, we take the tensors

aq d1 0 a9 0 0
Gi=G"=|d b 0]|,Go=G°=|0 by 0 (7.13)
0 0 C1 0 0 Co

We set 711 = 712 = 7, &2 = 1 and get 13 material parameters: &1, aq1, aqo, Bi1, Big,
v, ai, by, 1, di, as, by, co. The monoclinic material tangent C” = 40cc9 at C = 1 in
Voigt notation results in the classical monoclinic elasticity tensor, i.e.,

[ Ciinn Ciize Ciiss Coiino 0 0 ]
Caz22 Caoszz Caoo 0 0
C(V)m|0:1 — Csss3 gi’ziz 8 8 (7.14)
sym. Cazas Cosis
B Ciziz ]

Let us fit the monoclinic tangent moduli (7.14) to the elasticity tensor of the monoclinic
material Aegirite.

[234.4 70.7 62.6 21.4 0 0
185.8 68.5 9.8 0 0
cMe 181.3 94 0 0
51.0 0 0
sym. 74 7.7
i 69.2
[233.868 71.601 62.269 22.718 0 0]
184.652 68.752 6.766 0 0
cMe — 182.146  5.332 0 0
52.727 0 0
sym. 43.253 5.470
a) b) i 71.335
Figure 7.5: Aegirite: a) Characteristic surface of Young’s moduli, b) C(V)¢ and C(V)¢ in
[GPal.
Table 7.2: Material parameter set of Aegirite
energy (7.8): n=1,m =2 metric tensors:
. . . 3.934 0.668 0
anisotropic material parameters: G, =|0668 1.285 0
] 0 0 3.090
rJ | ang | By Vi | &g 3211 0 0 ]
114000 | 6107 | -0.5 | 4.096 G2 = 8 O'%2O 3.(?89
1120670 | 3.261 -0.5 | 1.000 error: e = 1.81%
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The characteristic surface and representations of the experimentally determined and com-
puted elasticity tensor can be found in Fig. 7.5. The optimization of the error function
(7.10) yields a relative error e of approximately 1.81 %. The optimized set of material pa-
rameters and resulting monoclinic and rhombic structural tensors are shown in Table 7.2.

Rhombic Polyconvex Material Model. For the rhombic energy function 1 we put
n =1, m=21in (7.8) and use the two different metric tensors

ay 0 0 as 0 0
Gi=G°=|0 b 0]|,G=G"=|0 a 0 |. (7.15)
0 0 ¢ 0 0 e

Here, considering e.g. the dependencies v1; = 12 = 7 and fixed parameters {17 = 3, 10 =
1 all in all 10 material parameters remain: «aqy, a2, 011, B2, a1, b1, ¢1, as, be, v. The
Voigt notation of the rhombic tangent moduli at natural state C°|c—1 = 40cc?|c=1
exhibits the classical arrangement of rhombic elasticities, i.e.,

[ Ci111 Ciioz Ciiss 0 0 0
Caza Caass 0 0 0
C 0 0 0
CM?loy = e 00 (7.16)
sym. Caszes 0
i Ciziz |

The values of the rhombic tangent moduli (7.16) at reference state are fitted to the ex-
perimentally determined elasticities of Aragonite.

[159.58 36.63 1.97 0 0 0
86.97 15.91 0 0 0
cW)e 85.03 0 0 0
42.74 0 0
sym. 41.32 0
L 25.64
[159.296 35.814 2.462 0 0 07
89.646 15.162 0 0 0
84.997 0 0 0
38.209 0 0
sym. 30.167 0
a) i 36.506 |
Figure 7.6: Aragonite: a) Characteristic surface of Young’s moduli, b) C(V)¢ and C(V)¢ in
[GPal.
Table 7.3: Material parameter set of Aragonite
energy (7.8):n =1, m =2 metric tensors:
anisotropic material parameters: G, = diag(3.032,0.976,10°7)
Tl | B Vrj £rj
1] 15495 | 0.002 -0.500 | 3.000 || G2 = diag(5.040,5.040,7.116)
1]2]2758 | 231075 | -0.500 | 1.000 || error: e = 6.57%
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The characteristic surface of Young’s moduli reflects the typical rhombic symmetry prop-
erties, see Fig. 7.6. Optimizing (7.10) leads here to an error of e = 6.57%. Detailed results
on the computed elasticities and the material parameters can be found in Figure 7.6 and
in Table 7.3.

Polyconvex Material Model for Transverse Isotropy and Hexagonal Symmetry.
For a complete description of transversely isotropic and hexagonal material behavior it is
sufficient to consider (7.8) with n = 1, m = 1 as underlying energy function ¢ and the
transversely isotropic/hexagonal structural tensor

Gl = G“diag[al, ay, Cl] . (717)

Setting &7 = 1 we get 5 material parameters aq1, (11, a1, c1, v. The evaluation of the
tangent moduli C% = 49,01 at reference state C = 1 with n = m = 1 and the metric

tensor (7.17) in Voigt notation yields the well-known transversely isotropic and hexagonal
elasticity tensor, i.e.,

[ Ci111 Cii22 Ciiss 0 0 0
Cii22 Ciinn Cyiss 0 0 0
C C C 0 0 0
cV)ti 1133 Ci133 Cgsss3 18
o= = 0 0 0 2(Ciuu—Cua) 0 0 (7.18)
0 0 0 0 Cazo3 O
| 0 0 0 0 0 Cass |

In [110] we found data on experimental values of hexagonal Young’s moduli. We choose the
referential values of Rhenium, to which we adjust the transversely isotropic/ hexagonal
tangent moduli (7.18) at reference state. The characteristic surface of Young’s moduli is
illustrated in Figure 7.7, where the typical isotropy plane is immediately observable. It
lies here in the x; — xo-plane. The error (7.10) takes finally the value e = 4.94%. The
resulting computed elasticities and the material parameters are given in Figure 7.7 and
in Table 7.4.

[ 612.50 270.00 206.00 0 0 0]
612.50 206.00 0 0 0
X3 cWV)e — 682.70 0 0 0
} 171.25 0 0
sym. 162.50 0
L 162.50
[600.344 274.282 213.577 0 0 0]
600.344 213.577 0 0 0
Xy Ve 669.448 0 0 0
163.031 0 0
sym. 202.085 0
a) b) 202.085 |
Figure 7.7: Rhenium: a) Characteristic surface of Young’s moduli, b) C(V)¢ and C(V)¢ in

[GPal.

Table 7.4: Material parameter set of Rhenium

energy (7.8):n=m=1 hexagonal metric tensor:
anisotropic material parameters:

r 17| Brs Vi | &g G = diag(5.357,5.357,7.923)
1] 112495 0.694 | -0.5 | 7.609 || error: 4.94%
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Tetragonal Polyconvex Material Model, G,. In the case of tetragonal G,-anisotropy
the energy function 1 given in (7.9) with n = 1, m = 1 and &; = 1 is considered. The
tetragonal structural tensor consisting of three material parameters is then

Cat+bp 2a; 0 @b —-ba 00
aj + b} 0 Ba, —ah, 0 0
é 0 0 0
G, =G!' = “ . 7.19
! ! Sym. 2a3b? 0 0 (7.19)
0 0
i 0 ]

The second-order tensor G; = G' : 1 which appears in the energy function (7.9) is of
“transversely isotropic” type, i.e., of diagonal type and two entries are identical: G| =
G' : 1 = diag[(a] + b7)*, (af + 07)*,¢] . The 7 material parameters under consideration

are: vi1, o1, i1, i, a1, b, ¢1 . The tetragonal Gs-invariant tangent moduli is obtained
by C''|c—1 = 40cct|c=1, with

[ Ciin Ciz Crizs Cipe O 0 ]
Ciinn Ciizz —Cii2 0O 0
C 0 0 0
CVI oo, = 3333 e ’ (7.20)
sym. Caszes 0
L Casas |

We adjust the tetragonal moduli to experimental elasticities of Calcium molybdate, given
in Figure 7.8.

[145.00 66.00 44.60 13.00
145.00 44.60 —13.00

126.50 0

36.90

sym. 45.00

cWMe —

o O O O

[143.670 67.227 42.550 5.280
143.670 42.559 —5.280

0

X1 0
X9

136.230 0 0

0

3

Ve
cr = 36.582
sym. 37.11
a) b) i 37.113 |
Figure 7.8: Calcium molybdate: a) Characteristic surface of Young’s moduli, b) C(V) ¢ and
c)e in [GPal.
Table 7.5: Material parameter set of Calcium molybdate

energy (7.9):n=m=1 tetragonal structural tensor:

anisotropic material parameters:
2.106 0.565 0 0.660 00

g o Brj Yo Nri & 2.106 0 —0.660 0 0
3.514 000
111122106 1.421 | -0.500 | 2107 | 1.000 G = 0.565 0 0

sym. 00

error: e = 7.71% 0
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From the visualization of the characteristic surface of Young’s moduli the material be-
havior of this tetragonal material can be determined. We obtain the optimized results on
elasticities and non-vanishing material parameters shown in Figure 7.8 and Table 7.3,
respectively. The optimization (7.10) yields an error of 7.71%.

Tetragonal Polyconvex Material Model, G5. We formulate the energy function (7.9)
with n =1, m =1, &1 = 1. The structural tensor contains two material parameters, i.e.,

G, = G = diaglaj, a;, &},0,0,0], (7.21)

so that the tensor Gy = G% : 1 gets the form Gy = diag[a?, a!, ] . The 6 material param-
eters v11, @11, B11,M11, @1, ¢1 are finally considered. The tetragonal Gs-invariant tangent
moduli C?|c—; = 40cct|c—1 results in Voigt notation in the well-known structure:

[ Ciin Ciio2 Ciyzz 0 0 0
Cinn Cuzz 0 0 0
C 0 0 0
CI2|_, = 3333 o ’
sym. Caszes 0
i Casas |

We fit the tangent moduli (7.3) to the elasticities of Indium, see CV)¢ in Fig. 7.9. The
characteristic surface of Young’s moduli depicted in Fig. 7.9 shows here the typical sym-
metry properties of a tetragonal material of Gs-type.

[45.30 40.00 41.50 0 0 0]
45.30 41.50 0 0 0
cMe _ 45.10 0 0 0
6.50 0 0
sym. 12.10 0
i 12.10 |
[47.801 39.329 39.836 0 0 0]
47.801 39.836 0 0 0
48.245 0 0 0
3.177 0 0
sym. 3.068 0
a) i 3.068 |

Figure 7.9: Indium: a) Characteristic surface of Young’s moduli, b) C(V)¢, C(V)¢ in [GPa].

Table 7.6: Material parameter set of Indium

energy (7.9):n=m =1 tetragonal structural tensor:

anisotropic material parameters:

Gl IF I T O = e T P Gy = diag(0.265,0.265,0.247,0,0,0
T 17]0.095 | 2.038 | 3.014 | 0.020 | 1.000 1 = diag(0.265,0.265, 0.247, 0,0, 0)
error: e = 11.22%
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The optimization procedure yields the 6 material parameters and the tetragonal structural
tensor as listed in Table 7.3; the obtained error is e = 11.22%. The computed tangent
moduli (7.3), which is here denoted by C(V)¢ is presented in Figure 7.9.

Trigonal Polyconvex Material Model, Gs. We use the energy function (7.9) with
n=1 m=1, &; =1 and the structural tensor

2 1 2 1 2
id Lcad 0 -A -B
1 ~4
G — G — 2741 0 0 0
1 — 1 - 1 =2 B )
sym. 2C —
1 ~2
1 ~2
i =04 |

where we have introduced the abbreviations

1 ~ 1 1 _ - 1
A= —md%blél + 3 = —malbfa + mai’él, C=a2+1.
The tensor Gy = G : 1 also reduces to a “transversely isotropic” structure, i.e.,
G, = diag[1/6 C? + 1/186’01, 1/6C%+1/18C ¢, 1/9C ¢ + 1/27¢] . Finally, we estab-
lish the energy (7.9) with 7 independent parameters v11, aq1, Si1, M1, 61, l~)1, c1 . Then, the
tetragonal Gg-invariant tangent moduli C"*|c—; = 40ccv|c—1 at reference state exhibits
in Voigt notation the classical form, i.e.,

bl 1

[ Ci111 Ciizz Ciuss 0 Ciizs Cius
Ciin Ciiss 0 —Ci123 —Ciis
COM|_, = Casas 0 0 0
o=t %((31111 —Ci22) —Ciiz Cugs
sym. C2323 0
i Casas |

Trigonal Polyconvex Material Model, Go. We consider the energy (7.9) with n =
1,m =1, &1 = 1 and the corresponding structural tensor including two independent

material parameters:

[ 17 17 1 173~ T
gbzll ﬁ~blll b2 ;2 O m{)? C1 0
50l 1 L2 & —BoEbia 0
1 ~4
= 0 0 0
G, =G = ZE - 22
sym. ﬁbl ~0 7 C
w07 & 0
L 5o
i WO

We have consequently Gy = G, : 1 = diag[1/6b{+1/1802¢3, 1/6b{ +1/18b3¢3, 1/9b2¢2 +
1/27¢}] and the 6 material parameters yi1, a11, 811,711, b1, ¢1. The trigonal Gg-invariant
tangent moduli C"?|o_; = 40cc|c—1 appears in Voigt notation in classical form:
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[ Ci111 Crioe Ciiss 0 Cii2s 0
Cin Ciiss 0 —Ci123 0O
C 0 0 0
(V) ht2 _ 3333
¢ lo=1 5(Ci111 — Ciiao) 0 Ciia3 (7.23)
sym. Cazo3 0
i Cazaz |

A comparison of the fitted tangent moduli (7.23) denoted by C)¢ and the experimentally
determined elasticity tensor C(V)¢ of Lithium niobate, see Figure 7.10, shows that the
energy function (7.9) with m = 1 can be used for an adequate description of such trigonal
material behavior; the error is 9.12%. For more details on the material parameters see
Table 7.3. In [107] it is pointed out that a higher number of invariant terms and therewith
of the material parameters, i.e., the energy function (7.9) with n = 1, m = 2, leads to
an error of only 0.1%. The corresponding material parameters are presented in Table 7.3.
Thus, in this case, an increasing number of n and m in (6.114) leads to significant better
fitting results.

X3

b)

203 53 75 0 9 0

203 7% 0 -9 O

Ve 245 0 0 O

ce = 7w 0 9
sym. 60 O
- 60_

[205.273 46.876 84.486 0 10.359 0]
205.273 84.486 0 —10.359 0
218.121 0 0 0

79.198 0 10.359

sym. 72.915 0
72.915 |

Figure 7.10: Lithium niobate: a) Characteristic surface of Young’s moduli, b) CV)¢ and

cV)¢in [GPal.

Table 7.7: Material parameter set 1 of Lithium niobate

energy (7.9):n=m=1

trigonal structural tensor:

anisotropic material parameters:

3.247 1.082 1.549 0 1.295 0
- 3.247 1.549 0 —1.295 0
T J | Oy ﬁrj Vrj Trj frj G, — 1.109 0 0 0
1= 1.082 0 1.295
1]1]410°711.092 | -0.500 | 3-10~7 | 1.000 sym. Ledo O
error: e = 9.12%
Table 7.8: Material parameter set 2 of Lithium niobate
energy (7.9):n =1, m =2 trigonal structural tensors:
anisotropic material parameters: 3.30 110 1.11 0 111 0
- 3.30 1.11 0 —1.11 0
T Qg ﬁrj Vrj Nrj 57“]' G, = 026 1418 8 1<1(1)
1[1]084]079|-047 | 0.67 | 1.00 o R
1121228275 |-0.17 | 13.97 | 1.00
G2 = diag(0.0,0.0,0.25,0.0,0.0,0.0)

error: e = 0.1%
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Cubic Polyconvex Material Model. In the cubic case we consider the energy (7.9)
with n =1, m =1, &1 = 1 and the cubic fourth-order structural tensor

G, = G$' = diag[a], af, a},0,0,0]. (7.24)

Furthermore, we take for the cubic energy function (7.9) with (7.24) at least 5 material
parameters a1, B11, Y11, M1, @1 into account. The classical cubic elasticity tensor is then
obtained by the cubic tangent moduli C¢|c—; = 40cc|c=1 in Voigt notation at reference
state, i.e.,

[ Ciii1 Ciioz Crize 0 0 0
Ciinn Gy 0 0 0
C 0 0 0
e, = AP S (729
sym. Ci212 0
i Cia12 |

Figure 7.11 depicts the experimental values on elasticities of Aluminium and the optimized
moduli (7.25) as well as the characteristic surface of Young’s moduli reflecting the cubic
symmetry properties of Aluminium. The corresponding cubic material parameters and
the resulting cubic structural tensor can be found in Table 7.3. From the optimization
of (7.10) we obtain a relative error of approximately 15.64%. Note that in [48] we use
the energy function (6.50) with the anisotropic part (6.91) and m = 3, i.e., a higher
number of invariant functions and material parameters, which has a significant effect on
the minimization of the error function (7.10). There we could achieve an error of 3.07%.
The associated material parameters are also given here, see Table 7.10.

[ 107.30  60.80 60.80 0 0 0
X3 107.30  60.80 0 0 0
cW)e — 107.30 0 0 0
28.30 0 0
sym. 28.30 0
i 28.30
[ 102.667 70.667 70.667 0 0 0]
102.667 70.667 0 0 0
cMe — 102.667 0 0 0
12.000 0 0
sym. 12.000 0
b) i 12.000 |
Figure 7.11: Aluminium: a) Characteristic surface of Young’s moduli, b) C(V)¢ and C(V)¢
in [GPa).
Table 7.9: Material parameter set 1 of Aluminium
energy (7.9):n=m=1 cubic structural tensor:

anisotropic material parameters:

r ] arj 67“3' '-Yrj 777"j §rj
11| 1.000 | 1.000 | 1.000 | 1.000 | 1.000
error: e = 15.64%

G1 = diag(1.000, 1.000, 1.000, 0, 0,0)
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Table 7.10: Material parameter set 2 of Aluminium

energy (6.50) with (6.91): m =3 anisotropic material parameters:
isotropic material parameters: | oar | Bri | g Nrj &rj
01 =4.76, 09 =17.56, 03=7.41 0.07 | 2.17 | 2.54 | 1.46 | 1.14
cubic structural tensors: 1.26 | 1.55 | 0.50 | 1.52 | 1.00
1.02 | 2.32 | 2.58 | 0.25 | 0.37
2.29 | 2.58 | 3.34 | 2.59 | 1.31
1.78 | 3.51 | 1.17 | 0.91 | 0.16
0.97 | 4.15 | 2.46 | 1.51 | 2.14
1.94 | 2.20 | 1.81 | 0.88 | 0.29
243 | 1.65 | 2.59 | 1.94 | 0.59
3| 1.61 | 3.10 | 2.96 | 2.68 | 0.46
error: 3.07%

Gy = diag(0.0065%,0.0065%, 0.0065%, 0,0, 0)

G2 = diag(0.0024%,0.0024%,0.0024%, 0,0, 0)

Wl W[ N DN DO | | [~

QI DO | WO DN | W N | =3

G3 = diag(0.0012%,0.0012%,0.00124, 0,0, 0)

Cuticle of the American Lobster. Due to the outstanding mechanical properties and
multi-functionality of biological materials their investigation is particularly interesting
from a bionic point of view. The "Max-Planck-Institut fiir Eisenforschung” situated in
Diisseldorf, Germany, focussed on the cuticle or shell of the lobster Homarus americanus
as a novel model material, cp. NIKOLOV, PETROV, LYMPERAKIS, FRIAK, SACHS, FAB-
RITIUS, RAABE, NEUGEBAUER [86] and the references therein. This material possesses
high toughness, stiffness, and strength related to its low density. The identification of
essential structural features which are responsible for its efficiency may contribute to the
design of engineering materials with similar properties.

ekl .
y _ ‘E.ﬁ&iﬁﬂt?

WWW.neaq.com

Figure 7.12: a) Cuticle of Homarus americanus, b) Structure of single crystalline a-chitin
with crystallographic base vectors a1, as, as taken from [86].

The cuticle of the lobster Homarus americanus is a nano-composite material. It consists
of a matrix of chitin-protein fibers associated with various amounts of crystalline and
amorphous calcium carbonate in the rigid parts of the body. It is hierarchically organized
on all length scales. Its structural properties at all length scales down to the molecular
level should be taken into account to understand the macroscopic mechanical properties
of the material.
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Table 7.11: Material parameter set of American Lobster

energy (7.8):n =1, m =2 metric tensors:

anisotropic material parameters:

G1 = diag(1.741,1077,0.295)

T J| o | Brg Vrj &rj
11115302 161076 | 0.000 | 3.000 G = diag(5-1077,1.617,0.000)
112 0.789 | 1.225 -0.500 | 1.000 || error: e = 9.88%

At length scale 0.1 nm-10 nm, where the hierarchical structure unit is a-chitin (H-bonded
anti-parallel N-acetyl-glucosamine molecular chains), the material exhibits a rhombic elas-
tic behavior, see [86]. The corresponding elasticity tensor C(V)¢ and the associated char-
acteristic surface of Young’s moduli are visualized in Fig. 7.13. The tensor is defined with
respect to a local cartesian coordinate frame, where the base vectors of the rhombic unit
cell of a-chitin a;, a; and as (chain direction) are oriented in z5—, x3— and z; —direction,
respectively.

We were interested in the description of this elastic behavior by the crystallographically
motivated polyconvex energies. Therefore, we consider the rhombic energy function (7.8)
with n =1, m = 2 and fixed parameters §;; = 3, 12 = 1. Thus, we have 12 material pa-
rameters ayq, o, F11, P12, a1, by, €1, as, by, co, Y11, Y12 and obtain the same arrangement
of coefficients of the underlying rhombic tangent moduli C(V)¢ as introduced in (7.16). The
adjustment of CV)¢ to the referential data C(V)¢, i.e., the minimization of the error func-
tion (7.10), leads here to an error of e = 9.88% and to the final tangent moduli CV)¢ at
reference state presented in Fig. 7.13.

b (1190 0.1 1.1 0 0 0
280 20 0O O O
Ve _ 240 0 0 O
€ 50 0 0
sym. 20 0
i 8.0 |
[ 118.093 2.484 0.584 0 0 0]
23.371 5.442 0 0 0
e _ 23.262 0 0 0
. 10.444 0 0
sym. 5.001 0
a) 2 D) 15.445 |

Figure 7.13: Cuticle of American Lobster: a) _Characteristic surface of Young’s moduli, b)
cMe and CV)¢ in [GPa).

Remark. Due to the generic character of the introduced polyconvex energy functions
an extension of the fitted models by increasing the number of material parameters is
straightfoward, which often leads to better optimization results. In particular in the trig-

onal (symmetry type Gy) and cubic case we have observed this positive effect, cf. [48] and
107).



Numerical Examples 145

7.4 Micro- and Macromechanical Modeling of Fiber-Reinforced Composites.

Due to their light weight, high stiffness, strength and toughness, fiber reinforced compos-
ites are becoming increasingly important in many engineering applications ranging from
roof constructions (Figure 7.14) to weather-proof awnings. In numerous cases special ma-
terials come to operation, which consist of a fiber network made of e.g., glass-, textile- or
synthetic fibers, embedded in a silicone-, polymer- or rubber-like matrix. For this reason
a highly nonlinear material behavior and, due to the fiber-reinforcement of the material,
strong anisotropy effects have to be taken into account. For an optimal design of such
constructions a prediction of their stress-strain behavior is required.

www.stahl-online.de de.fifa.com

a) b)

Figure 7.14: Lightweight constructions: a) Olympia Stadium, Berlin, b) Nelson Mandela
Bay Stadium, Port Elizabeth, South Africa.

force, kN/m

20

15
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strain, %

Figure 7.15: a) Machine for biaxial tension tests. b) Load-strain behavior of a PVC-
Polyester composite.

In Figure 7.15a) the machine for the performance of biaxial tension tests of fiber reinforced
materials of the laboratory for light surface structures of the University Duisburg-Essen
18) is depicted. The anisotropic and nonlinear load-strain behavior of a typical composite,
which was obtained from such a test, is visualized in Figure 7.15b). Here also visco-elastic
and irreversible effects can be noticed. However, in the following we restrict ourselves to
anisotropic finite elasticity of fiber reinforced materials.

18)The correspondence with Dipl.-Ing. Klaus Saxe, chief of the laboratory of light surface structures
(University Duisburg-Essen, Germany), is gratefully acknowledged.



146 Numerical Examples

First, we are interested in the micromechanical modeling of woven fiber composites from
which effective anisotropic polyconvex energies can be constructed, see section 7.4.1. In
detail, a virtual experiment of the microstructure of the considered composite is performed
and the results are used for the specification of an effective macroscopic anisotropic poly-
convex model. The virtual experiments are of great importance for woven fiber composite
designer, since they are interested in evaluations of the macroscopic material behavior
from the material properties of the individual phases of the composite. Second, in sections
7.4.2 and 7.4.2.3 we focus on the macromechanical modeling of fiber reinforced compos-
ites. Since the mentioned lightweight structures have a very small thickness compared to
the dimension in other directions, we consider shell elements and investigate the influence
of anisotropy modeled by the proposed polyconvex energy functions on the deformation
of two different shell geometries, a hexagonal plate and a hyperbolic shell. The nonlinear
shell theory is based on the Reissner-Mindlin kinematic along with inextensible director
vectors.

7.4.1 Micromechanical Modeling. (First results are published in EBBING,
SCHRODER, NEFF & GRUTTMANN [49].)

We concentrate on a phenomenological description of a class of textile composites in which
two fiber families are aligned in mutually orthogonal directions, the warp and fill direction,
(Figure 7.16a)). To derive a homogenized macroscopic model we concentrate -as a first
step- on the performance and the results of a biaxial tension test of a microstructure. In
detail, the structure of a glass fiber reinforced material is chosen. The geometrical data
are taken from pictures of a representative microstructure, obtained from the laboratory
of light surface structures of the University of Duisburg-Essen, see Figure 7.16b). Each
component, the two fiber families and the matrix, are assumed to be individually isotropic,
hyperelastic materials and therefore described by isotropic polyconvex energies. Finally,
we adjust the overall stress-strain curves obtained for the heterogeneous microstructure
to a rhombic polyconvex model for an assumed homogeneous macrostructure.

a) fill direction warp direction b)

Figure 7.16: Microstructure of a woven fiber composite: a) fibers in fill and warp direction,
b) cross-sections perpendicular to the warp direction (left) and to the fill direction right.

We simulate a force-driven biaxial tension test of the microstructure depicted in Fig-
ure 7.17a). The length and height of the structure are set to L = 6mm, H = 3.1mm.
For the Finite-Element formulation the microstructure is discretized by 11992 ten-noded
tetrahedral finite elements, cf. Figure 7.17b). The geometry is taken from SPECHT [116].

In general, we choose an additive decomposed polyconvex energy, which is easy to handle:

Y = 4+ (7.26)
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Figure 7.17: Biaxial tension test of microstructure: a) Boundary conditions, b) FE-
Discretization.

Table 7.12: Material Parameter Sets.

051 Q9 1 STHEES? Qi B Y| 2| B2 | 7o

Y | 3133.60 | 13.90 | 19.90 | 50.00 —10.002| 38.59| —0.50 — — —

W/ — — — | 5.00]5.00|62.66 | 0.0008 | —0.50 | 0.00 | 0.00 | 0.00

Y™ — — — | 4.90]4.90 | 62.00 | 0.0007 | —0.50 | 4.90 | 0.00 | 0.00

e 0.49| 0.78| 1.13|83.98|1.85| 0.13 1.10 2.2511.90|3.59 | 0.47
[N/m’] 8

40

25

Bvar; [ Al

15 3 f
£
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1 1.02 104 106 108 1.1 112
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Figure 7.18: Fitting of macroscopic model: First Piola-Kirchhoff-stresses P33 (left curve)
and Ppp (right curve) vs. stretches A3 = 1 4+ usz/L and A\; = 1 4 uy /L, respectively.

The part 1" is defined in (6.55) and the function (6.91) with n = 1, m = 2 is used for ©.

If the metric tensors G'1, G5 are equal to the second-order identity tensor 1, the function
(7.26) is isotropic and can be considered for the components of the microstructure; other-
wise if G, Gy are equal to specific structural tensors, we obtain an anisotropic function
(7.26) suitable for the description of the behavior of the macrostructure. Each component
of the microstructure, i.e., the fibers in warp direction (w) and the fibers in fill direction
(f) as well as the matrix (m), is described by isotropic polyconvex energies (7.26) with
G, = G, =1 given by

PP = (C, Gy =1,Gy = 1), (7.27)

with the material parameters presented in Table 7.12. The normal displacements u; and us
of the load-contact surfaces (Figure 7.17a) of the microstructure are linked. The biaxial
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tension leads to a distribution of the Cauchy stresses ¢ = J'FSF” in xs-direction,
which is shown in Figure 7.19, and to an assumed overall stress-strain-behavior of the
microstructure, presented as red-coloured curves in Figure 7.18.

Here the strong anisotropy effect of the fiber-reinforcement of the material can be imme-
diately noticed, since the first Piola-Kirchhoff stresses in the considered directions enor-
mously differ from each other. As an effective macroscopic model also the energy given
by (7.26) is chosen; the anisotropy is incorporated by inserting the rhombic metric tensor
(6.27) and the transversely isotropic metric tensor (6.30) into (7.26), i.e.,

Yo =y (C,GY, G’;) ,  with GY = diag(ay, by, 1), G’; = diag(as, b, as), (7.28)
a17a27b17627cl >O '

The isotropic part 1*° can be then interpreted as energy of the weak matrix and
the part 1; as energy of the embedded fibers. This rhombic model, depicted as black-
coloured curves in Figure 7.18, is finally adjusted to the “experimental” red-coloured
curves; the material parameters of the macroscopic anisotropic model are identified as
G¢ = diag[0.038, 0.154, 1.037], G5 = diag[0.017, 1.106, 0.017] and as shown in Table
7.12.

) =S | [E]
/é\ 53 0 A 171 ST 43 420 54 BOD
7 ]

Figure 7.19: Distribution of Cauchy stresses in x3-direction (o33) at different stretch states.
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7.4.2 Macromechanical Modeling: Thin Shells. (A part of the subsequent results
is first published in EBBING ET AL. [44].)

For the macromechanically modeling of fiber composites we consider shell elements within
the Finite-Element formulation. Their anisotropic, hyperelastic material behavior is de-
scribed by an anisotropic polyconvex energy function of the form (6.50). Due to the fact
that low order elements like quadrilaterals based on a standard displacement interpolation
are usually characterized by locking phenomena, we use a mixed finite shell element with
an improved convergence behavior. The first existence results for geometrically exact true
two-dimensional shell models based on the Reissner-Mindlin kinematics have been given
in NEFF [84, 83] for isotropy. Here, we consider a general three-dimensional anisotropic
model, where the dimensional reduction appears implicitly in the numerical algorithm. An
analysis of thin shells using anisotropic polyconvex energy densities is given in BALZANI,
GRUTTMANN & SCHRODER [12] and in BALZANI, SCHRODER & NEFF [13]. Since the
mixed finite element formulation on which the following results are based is completely
taken from BETSCH ET AL. [17] we give only some remarks on the variational formulation
without going into detail. For this, we refer to BETSCH ET AL. [17] and BALZANI ET AL.
[12].

x
Té’ at Figure 7.20: Quadrilaterial shell element.

Let us first introduce the basic Reissner-Mindlin kinematics. The shell body in the refer-
ence configuration By C R? is parametrized in ® and the current configuration B, C R?
is parametrized in ¢. The position vector ® of any point P € By is defined by

D(¢',€%,&%) = X(€1,6)+€D(E,€%), with |D(E,¢)] =1, (7.29)

€',i =1,2,3 are the convected coordinates of the underlying convected coordinate system
of the shell, €2 with —h/2 < €3 < h/2 is the thickness coordinate, h denotes the thickness
and the midsurface € is defined by £ = 0. D(&!,£?) is a vector oriented perpendicularly
to €2. The geometry of the deformed shell is given by

P(¢', €. 6) = (¢, &) +£d(¢', &%), with [[d(¢',€)] =1.

Note that d is not normal to the current configuration, hence, the assumed kinematic
(7.4.2) allows for transverse shear strains. The Green-Lagrange strain tensor (2.21); is
here determined by

1 .
E=(F'F-1)= EsG G,
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A
with éA = KEJ and the index notation

- oX7
e L{(99 Top  (02\" 0@
ABT 9 (agA) oEB (agA) oEB

= Ea,@ == 504,6 +£3Ha6 + (53)2/10437 2Ea3 = Ya > Oé,ﬂ - 1727

with the membrane strains €,43, curvatures x,5 and shear strains 7,

1 1
Cap = i(wagwaﬁ —XE Xaﬁ ) » Rap = §(w>£ daﬁ +w>T d,o _X>£ D’ﬁ _X’gD’O‘ ) ’

Yo=z,ld—-XTD.

For thin structures the second-order curvatures p,g are neglected and the shell strains are
summarized in the vector

€ = [e11, €92, 2613, K11, Ko, 2K12>71,72]T . (7.30)

The strains in thickness direction F33 are computed iteratively in such a way that the
stresses in thickness-direction vanish, c¢f. BETSCH ET AL. [17] and BALZANI ET AL. [12].

7.4.2.1 The Variational Formulation.

The present finite element formulation is based on a three field variational functional
as introduced by SIMO & AMERO [113] for large strains using enhanced displacement
gradients. In BETSCH ET AL. [17] the Green-Lagrangian membrane strains € are enhanced
as follows

e=¢e(v)+e¢. (7.31)
g, and & denote the enhanced strain and stress part and v is the vector of independent dis-
placements w and rotational parameters of the shell middle surface w, i.e., v = [u?, w7]T.
The shell is loaded statically by surface loads p on €2 and by boundary forces ¢ on the
boundary I';. The variational framework for the enhanced assumed strain method is the
following three field variational functional in a Lagrangian representation

(v, &, &):/QW(é)—&Té] dA—/QqudA—/F ul tds. (7.32)

Considering the orthogonality condition for & and € as constraint in order to eliminate
the independent stresses from the set of equations, variation of II with respect to all
arguments leads to a two-field weak form of equilibrium

Oll(v, &) :/QééTﬁé@bdA—/QéqudA—/F Sultds =0, (7.33)

with & = de + J&. The associated Euler-Lagrange equations of (7.32) are given by the
following equations in §2:

(7.34)

|

L(inY)t+p = 0, e = 0,
(M)t TaxXn, = 0, dep—6 = 0,

<
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with the stress boundary conditions j (n*v,) —t = 0, j(m®v,) = 0 on I'; and the
geometric boundary conditions u = uy on I',. Furthermore, the vector n® and m® are
defined by n® = x5+ ¢°d := 1’z 5+ *d + m*’d g, m* = d x m*Pz 5 with the
membrane forces 1’ = 7%*, bending moments m*® = M’ with m*® = m*?, shear forces
¢* and the components v, of the normal vector to the boundary. The stress resultants
o = 0z are organized according to (7.30) in the vector

11 ~22 ~12 11
)

o= [a", 72 72w w2 w2 " (7.35)
Then we approximate the field variables by using the isoparametric concept and bi-linear
ansatz functions for the position and director vectors and linearize the weak form; for

further details we refer to BALZANI ET AL. [12].

7.4.2.2 Thin Hexagonal Plate Subjected to Pressure.

In this numerical example, a thin hexagonal plate made of an i) isotropic and ii-+iii) two
types of transversely isotropic hyperelastic materials is subjected to a follower load p

b d
Figure 7.%1: Thin hexagonal plate: a) System Wi)ﬁh boundary conditions, b) discretization
with 800 four-noded shell elements, c) first and d) second type of orientation of the preferred
direction a;.

(pressure at the undersurface), see Figure 7.21 a). The length of the plate depicted in
Figure 7.21 a) is set to [ = 600.0 cm and the thickness to 0.2 cm. We consider the Finite-
Element discretization with 800 four-noded shell elements as shown in Figure 7.21 b). The
free energy function (6.50) with the anisotropic part (6.73) is chosen, i.e.,

’l/) — wiso 4 w?ﬁisoa (736)

with the non-zero material parameters

a; = 8kN/cm?, §; = 10 kN/cm?, a4 = 50,
' fem’, o / ! (7.37)
m = 10 kN /cm?.
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Figure 7.22: Contour plot of the vertical displacements for the isotropic i) and anisotropic
ii+iii) plates.

In the following analysis we compare the results for i) an isotropic plate, described by
(7.36) with
G =1, (7.38)

with the solutions ii+iii) of the anisotropic plates, using (7.36) with
G"" = diag(1,0.1,0.1) and G"" = RG""R", (7.39)

respectively. R is the transformation matrix from the local base system to the global
coordinate system, i.e., R = [éj, s, &3], where é;,e&; and é3 are the base vectors of
the underlying local base system. The orientation of the base vector a; is depicted in
Figure 7.21d). The load parameter p is increased until a maximum vertical displacement
of approximately 75 cm is obtained in all cases, see Figure 7.22. Figure 7.22 depicts two
different views on the contour plot of the out of plane displacements for the deformed
isotropic and anisotropic plate.

A comparison of these plots shows the significant differences between these cases. In
the isotropic case we observe a four-fold symmetric distribution of the vertical displace-
ments. In the first anisotropic case there is a rhombic distribution in the center of the
plate, whereas in the second anisotropic case a pair of identical circles occurs. For both
anisotropic plates we obtain a two-fold symmetry. The anisotropy effect can be also pointed
out by comparing the deformations of the considered plates, see Figure 7.22. While the
deformation of the isotropic plate is symmetric with view to all coordinate axes, a kink
of the first anisotropic plate at its widest part can be noticed. The last anisotropic plate
deforms to a pair of identical hills.

7.4.2.3 Hyperbolic Shell Subjected to Locally Distributed Loads.

In this numerical example we investigate the deformation of a hyperbolic shell subjected
to four pairs of locally distributed vertical loads, cf. [4] or [5]. They are applied at the top
and bottom of the hyperboloid and extend the structure in z-direction. In Figure 7.23a,b
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the boundary value problem and the discretization with 4608 four-noded shell elements
are depicted.

Figure 7.23: Hyperbolic shell: a) schematic sketch of the system with boundary conditions,
b) discretization with 4608 four-node shell elements, ¢) orientation of fiber direction a; of the
transversely isotropic shell and d) orientation of fiber directions a1 and as of the monoclinic
shell.

The height is defined to be H = 6.0 m and for the thickness of the shell we consider 0.05
m. The radius of the hyperbolic shell depends on the z-coordinate:

R(2) = Rr 1+<z;0g> , (7.40)

where the minimum radius is set to Ry = 3.0 m and the maximum radius at the top and
at the bottom of the shell is Ry = 4.0 m. For an illustration of the anisotropy we compare
the simulation of an i) isotropic, a ii) transversely isotropic and a iii) monoclinic shell. In
all cases we consider the energy (6.50) with the anisotropic part (6.91) and n = m = 1. For
the transversely isotropic shell one fiber direction is taken into account, which is aligned
as a helix around the hyperbolic shell with g = 45°, see Figure 7.23c. The local coordinate
system at each Gauss point is characterized by three mutually orthogonal base vectors,
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where one base vector is oriented in fiber direction, so that the base vectors are given by

é1= (—xoqp/rcosB, zy gp/rcosf,sinB)T,
éy= (ra.cp/rsinB, —x1 gp/rsing, cosf)?, (7.41)
és= (zv1.6p/r, xacp/T,0)" .

The values x1 gp, x2,cp are the coordinates of the Gauss points in &; — and x;—direction.
The transversely isotropic metric tensors at each Gauss point with respect to a local
coordinate system is chosen to be

GY"" = diag[100,0.001, 0.001] . 7.42
1

Furthermore, we study the deformation of the shell, where two fibers are aligned helically
around the shell with the angles 8 = v = 45° see Figure 7.23d. This anisotropy is
here described by a monoclinic metric tensor, which appears with respect to the local
coordinate system as

100 10 0
Gm=1|10 10 0 (7.43)
0 0 0.001

Considering here the crystallographic motivation of the structural tensors, cf. Section 6.2,
we notice that the representation of this anisotropy is based on a local monoclinic crys-
tallographic base system with the following lengths of the base vectors and characteristic

angle:
a=+90, b =20,c=+0.001, v = 45°. (7.44)

The significant different lengths a and b of the crystallographic base vectors a; and as,
respectively, indicate that the fibers oriented in local é;-direction are the stiffest fibers.
The metric tensors with respect to the global coordinate system are calculated by

G =RG"R", G = RG{"R" (7.45)
with the orthogonal transformation tensor R = [é1, &3, €3] . The material parameters are

a1 = 1000.0 kN/m?, as = 1.23 kN/m2, §, = 8.7 kN/m?, (7.46)
511 = 10.63 kN/mz, 11 = 1063, 611 = 001, Y11 = 1.0.

The hyperbolid is stretched until a final vertical displacement ugz of approximately 1.0 m
is reached. Thus, we are able to qualitatively compare the deformations of the anisotropic
shells and the isotropic shell. The deformations at different stretch states are visualized in
Figure 7.24, where the differences become obvious. While the isotropic shell deforms sym-
metrically with respect to the global coordinate axes, both anisotropic shells are twisted
around the z-axis, although only loads are applied which are symmetrically oriented in
z-direction. This is due to the stiffer fibers in e;-direction in the transversely as well as
monoclinic case, that provide a strong reinforcement in diagonal direction around the hy-
perbolic shell. Since the monoclinic shell is twice fiber-reinforced, the rotation of the shell
around the z-axis is less distinct than the one of the transversely isotropic shell.
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Figure 7.24: Different deformation states (from the left to the right: from the undeformed
to the completely deformed state) for the a) isotropic, b) transversely isotropic and ¢) mon-
oclinic shell.
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7.5 Application to Configurational Mechanics.
(Parts of the following analysis are first published in EBBING, SCHRODER, STEINMANN
& NEFF [50] and SCHRODER, EBBING, STEINMANN [102].)

In the field of configurational mechanics energetic changes associated to variations of ma-
terial configurations are studied. The central part there is played by the energy momentum
tensor, also known as the Eshelby stress tensor, which enters the configurational force bal-
ance. The mechanics of material forces has been successfully applied to a variety of fields
in applied mechanics such as e.g. the evolution of interfaces, growth in biomechanical
systems, the kinetics of dislocations, fracture mechanics and morphology /structure op-
timization in heterogeneous microstructures. A scheme of configurational forces entering
computational mechanics was first mentioned in BRAUN [35]. A prominent application
in the field of fracture mechanics is STEINMANN [122] and STEINMANN, ACKERMANN
& BARTH [123]. Here the material forces are directly related to the classical J-integral,
see e.g KIENZLER & HERRMANN [67] and GROSS & SEELIG [54]. Besides the applica-
tion of this concept in physical problems it can also be used as an error indicator in the
adaptive Finite-Element-Method, see e.g. MULLER, KOLLING & GROsS [79], MULLER
& MAUGIN [80], MULLER, GROSS & MAUGIN [78], THOUTIREDDY & ORTIZ [126] and
SCHERER, DENZER & STEINMANN [98]. For an overview of recent developments in this
expanding branch of continuum mechanics we refer to STEINMANN & MAUGIN [124] and
STEINMANN, SCHERER & DENZER [125]. However, in most contributions configurational
forces are computed for isotropic bodies; in BRUNIG [36] a framework for anisotropically
damaged elastic-plastic solids and a definition of the Eshelby stress tensor in large strain
anisotropic damage mechanics is given. In this section we will compute configurational
forces for anisotropic, hyperelastic solids.

As a specific model problem we consider a single-edged-tension specimen, where we analyze
the sensitivity of the configurational forces in amplitude and orientation with respect to
changing main axes of anisotropy of a hyperelastic material. These configurational forces
can then be used as driving forces on the crack tips of the considered boundary value
problem, which are directly related to the classical J-integral in fracture mechanics. For the
description of the anisotropic, hyperelastic material behavior we use one of the proposed
polyconvex energy functions or more specifically the energy (6.50). As a starting point we
derive the balance of configurational forces in detail based on a variational argument.

7.5.1 Balance of Configurational Forces. The configurational force balance reads
—DivZ — f =0, (7.47)

where ¥ and ]~c denote the Eshelby stress tensor and the configurational body forces,
respectively. These quantities can be derived from the energy density (F, X) as follows

>=¢yl1-FTP, f=—-0x¢y—F"pof. (7.48)
But how can we derive the balance of configurational forces (7.47), considering the calculus

of variations 7

Let us introduce two parametrizations of the reference configuration By C R3, i.e., a
parametrization of By in X and a re-parametrization of By in §. The map 5 (X, ) :
By — By will introduce a "material re-arrangement” of the material points in By:
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PU(X. 1), with @'(X,t) = p(X,1)
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Figure 7.25: Configurational Mechanics: two parametrizations of the same reference con-
figuration By.

Consider any family of smooth maps
9, s): By xR — By (7.49)

such that 9(-,s) : By — By is a smooth diffeomorphism for all s € R, with the property
that

9(£.0)=¢. (7.50)
Expanding with respect to s € R in the neighbourhood of zero yields

(&, s) = V(£0)+50,0(€,0) + %82 O,9(€,0) + ... =€+ s0,9(£,0) + ... (7.51)

We write in the following the family of "material variations” (“referential variations”)

1
Py (&) :=19(&,5) =&+ 5dp,(8) + 3 s2029(€,0) + ... (7.52)
The corresponding gradient is

F (&) =Vep (&) =1+ sVedpr(§) + ... (7.53)
Due to the assumption on 4, ¢}, : By — By is bijective.

With regard to Fig. 7.25 the deformation map ¢ can be expressed by

P(X) = (e, (X)) (7.54)

and
@(€) = p(e(£)). (7.55)

The deformation mapping can naturally be embedded in a family of variations {*; in
terms of X it reads

@'(X) = plp; (X)), with @°(X) =¢(X)=p(£). (7.56)
The associated gradient is
F'(X) = Vx(X) = Vepley (X)) Vs (X)
= Vep(€) [Vep; (€))7 (7.57)
= F(§ F;7'(¢).
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In terms of & we have
@ (&) = #(§). (7.58)
The associated gradient is
F(&) = Vep(§) = Vx@'(p;(€)) Vep,(£)
(X) Ve, (€) (7.59)
= F(X) F(¢).

In hyperelasticity, ¢ is a critical point of the associated free energy, therefore the potential
II(@*(X)) becomes stationary for s = 0, i.e.,

I(@*(X))],—g = (X)) —  stat., (7.60)
if p
oIl = ds H(@S(X)) =0 (7.61)
holds. Without Neumann boundary condltlons the potential reads
N (X)) = [ wEXNW - [ (wfex)a. (7o)
XeBy X€eBy
The internal material change of variable leads to
= [ wE@NV - [ (ot XV
XeBy XeBo

- CEOFT O dEEd — [ pl€)etrye)av

g€y (Bo)=Bo

S

-~ ~~

— Hint + Hewt
The first derivative of the first part with respect to s yields

Ay 4
dS dS ¢eBy

int:

Y(FFy™ ") detFs dV

= / [Lop(FF )] detF> dV + ¢(FF;’_1) [LdetFs] dV
£eBy £eBy

P’ ds

_ / (Op(FF5™), FL[F5 ) detFS + ¢(FF5) (Cof 2, LF5)] v
I3SE0)

= / [(FTﬁFQ/)(FF;"l),%[F;"lbdetF;+¢(FF;"1)<CofFS dFS)} v,
£eBy

P’ ds

where we have applied the chain rule

d d
—tp = 0ptp: Ops 1 F o —F371.
ds¢ Y Fp ds
With the relation
dFS L= 0p Fy l-iFS— —F3 1d[F;]F;"T

ds ds ds
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we get

d _.
_Hznt —
ds

/f . [(FTanb(FSF;—l),—F;*%[F;]F;vﬂdetpg+¢(FF;v—1)<CofFS LF)] dv
€50

P’ ds

P’ ds

= /§ . (—(FF; ) 0pp(FFy™), L[Fy|Fy ") det Fy + o (FFy =) (Cof Fy, £ F})] dV
€50

P’ ds

= /€ . [(—(FS)T(‘)FQ/)(FS),%[F;]F;"TﬂetF;+¢(F8)<Cost LF)] dv.

At s = 0 the following relations hold:

d

¢=X, F'=F, -
ds

F>=Vxép,  Fy=1,  CofF)=1.

p
s=0
Thus, the evaluation of £II"" at s = 0 gives

d d

< S cF ) oL Ve av = [ (5 Vb av
ds ds|_oJxesy S 4 XeBy

int__

~~

>
_ / [ (DivE, 6 ) + Div(Séep,)] dV
XeBy

= (=DivX, d¢p,) dV +/ (XN, dp,)dA,
XeBy XeoBo

where the Eshelby stress tensor X is defined in (7.48). The first derivative of the second
part I1¢" with respect to s yields

s=0

a a
dS ds ¢€By

d
cat _ ~ (pof ) detF;dvz/ — (nof @) (CofFy, - F) dV.
£eBo

Evaluation at s = 0 gives

d .
d_ Hext:/ o <p0f7 (P> <17 VX5(PP> dV = / - <p0.f7 (P> DlVé(Pp dv
S1s=0 XeBy X€eBy
= Divint. )0,V + [ (Vxlmd e dv
XeBy XeBy
= _<<p0f7§0>N7590p> dA+/ <VX<p0f,QO>,590p> av
XeaBo% XeBy

(. J/
-~

= 0, since dp,, = 0 on 0B,
:/ 5 <(VX80)TPOf75<Pp> av = / (FTpof,&pp> dv .
Xebo

XeBy
The first variation of the whole potential II (7.62) results therefore in

oT1 = / — ((DIVE + f), 6¢,) dV +/ (BN, 0p,) dA=0, Vip,(Bo)
X€By X €dBo (7.63)

with ]~" =—FTpf.
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Applying the fundamental lemma of the calculus of variation yields the corresponding
(so-called second form of) Euler-Lagrange equations

DivE+f=0 VXeBy, EN=0 on 0By, (7.64)

since d¢,, can be varied independently in the interior of By and on the boundary 0By;. f
denotes the transformed body forces in the configurational framework.

In the literature, there are several approaches leading formally to the balance of config-
urational forces (7.47). Let us briefly introduce a further derivation. For homogeneous,
hyperelastic materials the free energy function depends only on F, i.e., ¥» = ¢(F'). The
gradient of ¥ then yields

Gradvy = 0pt : GradF = P : GradF = Grady — Jrtp : GradF = 0. (7.65)

In index notation, with respect to a cartesian coordinate system, the term P : GradF
appears as F;; : Fj; . We apply the relation

Div(FTP) = P : GradF + F'DivP < P :GradF = Div(F"P) — F'DivP.
That the first equation is true can be easily seen in index notation, since
(Fij Pir) k = Fijr Pix + Fij Pigp = Figj P, + Fij Py (7.66)

where we use the Theorem of Schwarz on the interchangeability of second derivatives,
here of GradF' = Grad(Grady), i.e., in index notation

Fijr = (Pig)k = Pijk = Pikj = Firj -
We obtain then the universal identity

Gradv — Div(F'P) — F'DivP = 0. (7.67)

Inserting the classical balance of linear momentum DivP = py f (see (2.107);), and taking
into account that

oy -

X,

| 9 | Z Grad

] o Grady | (7.68)
O

L 09X, |

Div(¢) 1) = Div

oo
o O

< oo

so that the divergence of the Eshelby stress tensor (7.48) can be written as
DivY = Div(y1 — F' P) = Grady — Div(F' P),
leads finally to the following reformulation of (7.67)
DivE — Flpyf =0.

Provided that the solution ¢ is smooth enough, this equation is valid if and only if the
classical balance of linear momentum holds. It can therefore be used as an independent
check of any approximate solution to (2.107);. Indeed, it may act as an error indicator.
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In the example which we will consider we neglect configurational body forces for the sake
of simplicity since our numerical example will exclusively concentrate on homogeneous
material properties and vanishing (spatial) body forces. Note that this case corresponds
to divergence free (solenoidal) Eshelby stresses and thus to path-independent J-integrals,
an attractive property in fracture mechanics.

Next, the test function is selected from a proper finite dimensional test space V¥ that is
typically spanned by polynomial basis functions Ny as already used in the Finite-Element-

discretization of the spatial deformation problem. Finally, the discrete configurational
nodal) material force £/ at node point I are computed b
I y

5H:/ [Graddep,, : 3] dV—/ dp, XN dIA =0,
N — e (7.69)

nen nen

s - pontia 5 st / (Grad N,]TS dV .
I I BO

These vectorial quantities are power conjugated to configurational changes of the mate-
rial node point positions, they are easily calculated in a post processing step, the so-called
Material Force Method, once the solution to the spatial deformation problem has been
computed, see ACKERMANN, BARTH & STEINMANN [1]. Here the sign convention asso-
ciates a configurational change of the material node point position in the direction of the
discrete material node point force with an energy increase of the system. Thus in order
to release energy, that can then potentially be used for other physical processes like, e.g.,
the creation of new surfaces or the motion of defects, material node point positions have
to move opposite to the material node point forces.

7.5.2 Cracked SET Specimen. As a numerical example we consider a single-edged-
tension specimen (SET) consisting of a hyperelastic, transversely isotropic material as
shown in Figure 7.26. We study the influence of the orientation of the main axes of
anisotropy on the amplitude and orientation of the configurational forces at the crack tips.
The main axis of anisotropy corresponds to the preferred direction a; of the transversely
isotropic material.

The orientation of the preferred direction is described by the angle ¢ = £(a;, e;), whereas
the direction of the configurational force at the crack tip A is characterized by the angle
n=4« ( foondis e1> . The material behavior is described by the polyconvex energy function
(6.50) with the anisotropic part (6.91) and n =m =1, i.e.,

Y = g 4 g, (7.70)

where the transversely isotropic metric tensor with respect to the local coordinate system
appears as

Gi = diag[1,0,0]. (7.71)
The local base vectors are given by &; = (cosp, sinp, 0)7, &, = (—sinyp, cosp, 0), e =
(0,0,1)7. The metric tensor is transformed to the global coordinate system by G% =

RGii’lRT, with the rotation tensor R = [é1, &, &3]. The Eshelby stress tensor, defined
in (7.48), is finally calculated by

S=yi1-CS, (7.72)



162 Numerical Examples

EEEEEEE

zoom in the vicinity of A:

! e ]
,__l € :
—<--1d - |

AAREREEY

‘ a a

e ——

W W
\ \ \

Figure 7.26: Undeformed SET specimen, boundary conditions.

where we have introduced the abbreviation
¢ =9 =yt (C=1), (7.73)

in order to satisfy the condition ¥ = 0 in the unloaded reference configuration. The
material parameters are set to

a; = IN/mm? ay =1N/mm?, 6 = 1N/mm?

7.74
&1 = 1N/mm?, ap; =10, By =1, 71 = 1. ( )

The height to width ratio of the SET specimen is chosen to be H/W = 120 mm/40 mm,
the crack length to width ratio is set to a/W = 0.5 and the thickness of the crack is
d = 0.2mm, see Figure 7.26. The specimen is discretized by 7886 six-noded triangle
elements and the mesh is strongly refined in the vicinity of the crack tips as shown in
Figure 7.27. In detail, we discretized a circular area around each crack tip with the radius
r = rio = 0.52mm. The radii of the inner circles of finite elements of these domains are
calculated by geometric series

r=w"tr, i=1,...,10, with 7 =0.1mm, w=1.2. (7.75)
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Figure 7.27: Undeformed SET specimen, discretization with 7886 6-noded triangle ele-
ments.
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Figure 7.28: Angle n versus angle ¢. Ratios of norms of material forces.

For a good approximation of the material force £/ acting at crack tips A and B with
the Material Force Method, we choose the whole circular area around the crack tip as
the integration domain. Figure 7.28 depicts the results of the orientation and amplitudes
of the configurational forces at both crack tips for four different orientations of the pre-
ferred direction. The amplitudes of the material forces are normalized with respect to the
amplitude to the material force in case of ¢ = 0°, i.e.,

5 () =|) F9(e) |/ ) £ = 07) | (7.76)

Comparing these ratios we notice that the amplitude of the forces becomes significantly
smaller by increasing the angle of anisotropy up to 45°. Regarding the changes of the angles
¢ and n Figure 7.28 shows the following: for ¢ = 0°, 15°, 30° the angle of orientation of
Feordi9 rises from 0° to about 12°, whereas for ¢ = 45° we obtain the angle n ~ 4.25°.
This fact can be also noticed by observing Figure 7.29, where the relation between the
angles 7 and ¢ is depicted, see also SCHRODER, EBBING, STEINMANN [102]. Figure 7.29
especially shows the 180°-periodicity of the ¢ — n— curve. Therefore, a high sensitivity of
the configurational forces in amplitude as well as in orientation appears in the considered
boundary value problem.

n

12 A N

/A RPN A T
J VIV
V /

\ 4 A 4

0 45 90 135 180 225 270 315 360 ¥
Figure 7.29: Angle of configurational force n versus angle of preferred direction ¢, [°].
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8 Summary and Conclusion.

The overall question of this thesis is the second open problem in elasticity posed in the
article Some open problems in elasticity of BALL [10], which reads:

Are there ways of verifying polyconvexity and quasiconvexity for a useful class of
anisotropic stored-enerqy functions?

We have started with the definition of constitutive equations for the representation of
hyperelasticity and important restrictions of these equations like the principle of material
symmetry for the specification of isotropic and anisotropic material behaviour. Anisotropic
material behaviour can be classified by thirteen mechanically important symmetry groups.
Eleven of them are associated with 32 crystal symmetry classes and the remaining two
are the transversely isotropic cases. Tensor representation theorems for isotropic tensor
functions have been applied, which lead to coordinate-invariant formulations of the consti-
tutive equations in terms of scalar-valued invariants of an underlying set of invariants. For
the exploitation of these theorems also in the anisotropic case, the concept of structural
tensors has been considered. However, these classical theorems are based on tensors up
to the second order and could therefore only be established for those anisotropies, which
can be described by structural tensors of such an order. Triclinic, monoclinic, rhombic as
well as transversely isotropic symmetries can be characterized by second-order structural
tensors; the description of tetragonal, trigonal, hexagonal and cubic symmetries requires
higher-order structural tensors up to the sixth order. Unfortunately, we could not find
exhaustive discussions of tensor representation theorems for isotropic tensor functions on
the basis of tensor-valued arguments of order higher than two in the literature. The most
useful approach, which could be found in the literature, is the introduction of second-
order isotropic extension functions as additional arguments of the tensor function. In
view of a physically reasonable material modeling and in order to guarantee the existence
of solutions of the underlying boundary value problem in finite strain elasticity, a further
restriction of the energy function has been satisfied, namely the polyconvexity condition.
It guarantees the existence of minimizers of the corresponding variational functional — if in
addition the coercivity condition is fulfilled — and ensures the strict Legendre-Hadamard
ellipticity — if the underlying energy function is smooth enough. This ellipticity condition
is related to material stability, because it leads to a positive definite acoustic tensor and
therefore to real wave speeds inside the material.

We have shown that the sets of invariants derived on the basis of the isotropic extension
concept and the well-known structural tensors are in general not polyconvex and even not
elliptic. We were therefore interested in the construction of different structural tensors,
which automatically fulfill the polyconvexity condition. A fundamental new idea is the
introduction of

symmetric and positive (semi-)definite, crystallographically motivated second- and
fourth-order structural tensors for all mechanically important anisotropy groups.

Based on these tensors and the right Cauchy-Green tensor constructions of polyconvex
mixed invariants were possible. Furthermore, polyconvex energy functions satisfying a
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priori the stress-free reference configuration condition have been formulated. Due to the
generic character of the proposed energies the simulation of real anisotropic material
behaviour was successful. Their applicability within a few numerical examples has been
presented. For instance, they were used for an in-silico micromechanical analysis of a
woven fiber composite, from which the material parameters of an effective polyconvex
anisotropic energy have been obtained.

The present thesis deals with a theoretical, continuum mechanical description of all me-
chanically important anisotropy classes and less with specific application areas in engi-
neering science. This may be a topic for further research activities. In the author’s opinion
micromechanical analyses of more complicated fiber-reinforced textures would be inter-
esting.
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A Glossary.

Point Group: The set of all symmetry transformations of a crystal, which leave the
crystal structure in a state macroscopically indistinguishable from the origin state, is
called point group, since translations are neglected and the symmetry transformations
leave one point of the crystal fixed.

Material Symmetry Group: The symmetry transformations associated with any
physical property of a crystal constitute the underlying material symmetry group G
of the crystal. The group includes at least the symmetry transformations

of the underlying crystal structure (point group).

32 Point Groups of Crystals: Crystals can be classified by 32 point group.

A point group consists of the point symmetry transformations of the underlying crys-
tal structure. The point symmetry transformations of a crystal structure are at most
equal to those of the lattice and can be limited by those of the group of atoms
assigned at each grid point of the lattice.

Integrity Basis: The set of invariants for a given set of tensor arguments relative to
a fixed symmetry group G is called an integrity basis Z, if an arbitrary polynomial
invariant of the same arguments can be expressed as a polynomial in the basic
invariants. If no element of the considered set can be expressed as a polynomial

in the remaining invariants of Z, it is called wrreducible.

Functional Basis: The set of invariants is called a functional basis F, if an arbitrary
invariant in terms of the underlying arguments can be expressed as a function

(not necessarily polynomial) in terms of the elements of F. It is said to be irreducible,
if none of the elements of the basic set F can be expressed as a function of the other
invariants of F, i.e., if all elements of F are functionally independent.

In DIMITRIENKO [43] a system of scalar invariants Iy, ..., I, is called functionally
independent, if for every nontrivial function f(Iy,...,I,) of the invariants of the set
the relation f(I,...,I,) # 0 is valid.

Set of Invariants: For the formulations of isotropic tensor functions

in terms of the right Cauchy-Green tensor C' and structural tensors we construct

our sets of invariants using Table 4.1 and 4.3. Obvious functionally dependent
invariants are neglected. However, the irreducibility of our sets of invariants

will not be explicitely checked as for example done in DIMITRIENKO [43].
Furthermore, due to our definition of completeness of an energy function (section 4.5)
our set of invariants must include at least the corresponding set of bilinear invariants.
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Set of Bilinear Invariants: For our complete energy functions it is sufficient to use
sets of bilinear invariants, i.e., sets consisting of all obviously functionally independent
invariants that are linear and quadratic in C.

Classical Set of Bilinear Invariants: We denote the sets of all invariants in terms
of the right Cauchy-Green tensor C' and structural tensors, that are linear and
quadratic in C' and that appear in classical functional bases e.g. given in
DIMITRIENKO [43], as classical sets of bilinear invariants. They are presented in
Appendix D.

Complete Energy Functions: We say that our energy functions for the description
of anisotropic finite elasticity are complete, if the coefficient matrix of the linear
moduli C"" exhibits the same zero, non-zero, equal and opposite components and
relations between the components as the corresponding classical anisotropic elasticity
tensor of linear elasticity. This means that C'" has to obey the same symmetry
properties as the corresponding classical anisotropic elasticity tensor. This does not
mean that the exact values of the components of the corresponding anisotropic elas-
ticity tensor can always be generated.

The classical anisotropic elasticity tensor in hyperelasticity can be completely obtain-
ed as second derivative of a quadratic energy ¢ (C'). Therefore, in our case it is suffi-
cient to use sets of bilinear invariants.

Set of Polyconvex Invariants: Our sets of polyconvex invariants consist of the poly-
convex isotropic principal invariants of the right Cauchy-Green tensor C' and addition-
al polyconvex invariants of the corresponding set of bilinear invariants.

Family of Polyconvex Invariant Functions: Our families of polyconvex invariant
functions consist of the polyconvex isotropic principal invariants of C' and additional
polyconvex functions that are invariant with respect to the underlying anisotropy
group G. The polyconvex functions must be at least functions of the invariants of the
corresponding classical set of bilinear invariants. For detailed representations we refer
to section 6.3.
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B Matrix Representation of Special Tensors.

The symmetry of the right Cauchy-Green tensor C), i.e., in index notation CA8 = C'B4,
and the constitutive equation for the second Piola-Kirchhoff stresses

S =200

(B.1)

yields the symmetry of S, i.e., S48 = SP4 In general, the associated tangent moduli
C = 492, is represented by 81 independent components:
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Due to the symmetry of C the following symmetry properties of C are valid

Caep = Cpacp = Cappe = Cpapc,

so that we can reduce C first to the form depending on 36 components:

11 22 33 12 23 13

11 Cun Cii22 Cuss | 3(Ciuie | 2(Ciizs | 3(Cruns
+Ci191) | +Ci1s2) | +Ciazi)

22| Caon Cao22 Caass | 3(Cozrz | £(Cazos | 3(Coaus
+Co291) | +Ca232) | +Caa31)

33| Can Cas22 Cssss | 3(Cssiz | 5(Casos | 3(Casus
+Cs321) | +Cas32) | +Cas31)

12| 2(Cianr | 2(Cizz2 | 3(Crags | 3(Ciziz | 1(Ciaes | 2(Cirans
+Co11) | +Ca122) | +Cais3) | +Ciao1 | +Ciag2 | +Cios
+Coi2 | +Cai2s | +Conis

+Co191) | +Ca132) | +Cai31)

23 %(szzn %(szm %(62333 i(szzu i(Cz323 i(Cz313
+Cs211) | +Cs222) | +Cs33) | +Cas01 | +Cass2 | +Cass1
+Cs212 | +Ca223 | +Caa13

+Cs291) | +Cs232) | +Cs931)

13| 2(Cisi1 | 2(Cisze | 3(Cuszs | 3(Ciziz | 1(Cugas | 2(Ciais
+Cs111) | +Cs122) | +Csi33) | +Cizo1 | +Cizza | +Ciss
+Cs112 | +Ca123 | +Cs113

+Cs121) | +Cs132) | +Csi31)

(B.2)
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which appears in a more compact form as

11 22 33 12 23 13

11| Ciaa1 | Crag | Crizz | Cring | Craoz | Crans
22 | Caon1 | Cazzz | Cazzz | Caora | Cagas | Caois
33 | Caa11 | Caz22 | Cazsz | Caziz | Cazaz | Caais (B.4)
12 | Cia11 | Cigoz | Crasz | Cizz | Cizoz | Coans
23 | Cazi1 | Casaz | Caszz | Caziz | Casas | Cazis
13 | Ciz11 | Cuzoz | Cuzsz | Ciziz | Cizaz | Cuzus

Since the additional relation

0% B 0%
9CapdCcp — OCcpdCap

holds, it follows the well-known matrix representation of C with 21 independent compo-
nents:

11 22 33 12 23 13
11| Ciaa1 | Crag | Crizz | Crinz | Craoz | Crans
22 Caz22 | Cazsz | Cazna | Cazoz | Caons
33 Cassz | Caziz | Cazaz | Cazus (B.5)
12 Ci212 | Ci223 | Cra13
23 sym Caszaz | Cazis
13 Cizis

This is the representation of C in the most general case of anisotropic elasticity, namely
the triclinic case. The vector representations of S and C' are then given by

S =[S Sw S [Siz  Ss  Si|",
C =[Cy Cpn Cs3 |20, 20y 2C)".
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C Positive Definiteness of Matrices.

An n x n symmetric real matrix A € R™" is positive (semi-) definite if
vl Av > (>)0 (C.1)

is valid for all real non-zero vectors v € R™. The positive definiteness of A can be also
proved by the check of positive main minors. For a 4 x 4 matrix

All A12 A13 A14
A12 A22 A23 A24

the main minors are positive if

All A12 A13
:| > 0, det A12 A22 A23 > 0, det[A] > 0. (Cg)
A13 A23 A33

All A12

Ay >0, det
H Q{Am Agy

For the computation of the determinant of a block partitioned matrix with the regular
quadratic matrix A and the quadratic matrix D we obtain

A B
det = det A detS (C4)
C D
with the Schur complement
S=D-CA'B. (C.5)

This condition is valid, because the "block diagonalization” procedure

A B 1 0 A 0 1 A'B
= (C.6)
C D CA' 1 0 S 0 1
yields
A B 1 0 A 0 1 A 'B
det = det . det det
C D CA ' 1 0 S 0 1 (©.7)

= detA detS .
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D Classical Sets of Bilinear Invariants.

Anisotropy Group Classical Sets of Bilinear Invariants in Terms of
the Components of the Symmetric Second-Order Tensor C,

cf. DIMITRIENKO [43]

Triclinic G, {C11, Caa, Cs3, Cia, Ca3, Ch2}
Monoclinic Gy {Ch1, Caa, Cs3, Cha, Cy, C13C3}
Rhombic Gs {C11, O, Cs3, C35, CLy}
Tetragonal G, {Cy1 + Coy, Cs3, C4 + Oz, C3 + C3,, C19(Chy — Coa) }
Tetragonal Gs {Cn1 + O, O3, CFy + O35, CFy + C3,, CF
Trigonal Gg {C11 + Ca, Cs3, C2 + CZ) C13(Chy — Cay) — 2C15C03,
C? + C3, + 20}, Ca3(Ch1 — Ca) + 2012013}
Trigonal Gy {Ci1 + Ca, Cs3, CF3 + C35,

Co3(Chy — Cag) 4 2C15C13 1), CF 4 C3, + 20,
Cubic G, {C1y + Cog + C33, C} + C3, + C%, C% + C, + CL}

19)In [43], in the trigonal Go-invariant set of invariants, originally instead of Ca3(Ch1 — Caa) + 2C12Ch3
the term C13(Ch11 — Ca2) — 2C12C53 is given. This depends on the fact that for the trigonal crystal Dsy,
two types exist. That means with regard to Figure 6.8 that the angle ¢ can be chosen to be ¢ = 0° or
¢ = 90°. For the description of the material behavior of the crystal with ¢ = 0° (case of [43]) we have
to consider the invariant Cy3(C11 — Caz) — 2C12C53. For the description of the material behavior of the
crystal with ¢ = 90° (our case) we have to consider the invariant Ca3(C11 — Ca2) + 2C12C 3.
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E Zheng & Spencer’s and Xiao’s Structural Tensors: Detailed Representations.

In ZHENG & SPENCER [146] the following second-order structural tensors are proposed:

010 1 00
P,=|100]|, P,=|0 -10]|,
000 0 00
0 00 010
€e| = 0 01 s €Ee3 — -1 0 0
0 -1 0 0 00

In ZHENG & SPENCER [146] the following fourth-order structural tensors are proposed:

1 1 0 0
1 0 0
0 0
P, = P,eP,—P,oP,, P\ = ,
Sym. -1 0 0
0 0
0
P, = Py P,+ P,® P,,
P; = e30P;=e30€, @Py+e3Qe,® Py

= gaRe®(eRet+eRe)+esRe®(e;®e; —eyRey),
Py = P,oP,— P,oP,,
A = (e eel) +el wel? +ef” wey) - (ef) ey +ef’ wel” +ef wel?),
@ = ¢’ +e +ey,
with the abbreviation

elﬁn): e --Qe, 1=1,23 n=1,.,6.
—

n
In X1A0 [140] the following cubic Gg-invariant structural tensors are proposed:
T, = Ty +T;,
T; = A
Tz = €€1®(€2®€3+63®62)+662®(€3®€1+61®63)

+eez3® (61 ey +e;®eq),

where € is the third-order permutation tensor.
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F Some Useful Derivatives.

The first and second derivatives of invariants in terms of second-order tensors C = CT
and L with respect to C are 20 21 .

invariants|e] | first derivative Ole] second derivative Ole)
ac aCaC
C:1 1
C?:1 2C 21X 1
detC det(C)C™* detCC '@ C™' —detCC'RC™
CofC:1 |tr(C)1-C 11 -1X1
CL:1 L
C’L:1 |CL'+L'C 1RL)T +(LTR1)T
Cof[C]L : 1 |tr[Cof[C]L]C™"  |tr[Cof[C|L][C' @ C™' —C 'K C™]
—Cof[C|L"C™"  |-[CofC @ C'L"C™' + C'L"C' ® CofC]
+[CofCRC'LC™ '+ C'L"C ™' X Cof C|

For the representation of the first and second derivatives of invariants in terms of the
second-order tensors C = CT, L and the fourth-order tensor P with respect to C we
prefer the index notation:

invariants [e] | first derivative Ole] second derivative ﬂ
0C,) OCop0Cab

(P:C): L | LyjPijop

(P:C?:L LijPsioCrp + LiPijnpCho LiiPijoadpp + LijPijapdob

(P:C)*: L PijopPirstCost Lir + PijriCriliropLir | PijopPjrabLir + PijabPiropLir

(P:C):C PopiiCri + CiiPijop Popab + Pabop

(P: C): (CL) | LpjPojriCri + Cim LinjPijop PojabLpj + LbjPajop

CP:C):L |PpumCimLor + CijPjropLix Pykab Lok + PoropLak

20)(AXB)(a®b) = Aa® BbYA,B ¢ R*** a,b € R?, [56], [42].
34 34
21)(e)T in index notation is ({(®)}ijx)T = {(®)}ijix
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G Additional Sets of Bilinear Invariants and Quadratic Energy Functions.

Triclinic Anisotropy Group Gi:

Set of Bilinear Invariants: We use the triclinic structural tensors P5 + ee;. Since the
classical tensor representation theory deals with symmetric and skew-symmetric second-
order tensors, we have to divide the triclinic tensor into a symmetric and a skew-symmetric
part. Thus, we evaluate Table 4.3 under consideration of the two second-order structural
tensors A = P, and W = ee; characterizing the triclinic symmetry group G;. For the
construction of the triclinic set of bilinear invariants the linear and quadratic invariants
in E obtained from Table 4.3 are relevant and presented in Table G.1.

Table G.1: Set of Triclinic Bilinear Invariants.

Structural Tensors: A =P, W = ee;

Invariants for one argument: tr[E], tr[E?]
Invariants for two arguments: | tr[EA], tr[E*A], tr[EA?], tr[E*A?], tr[EW?], tr| E*W?]
Invariants for three arguments: | trf[EAW], tr[E*AW|, tr[EW?AW|, tr[EA*W]

Since the identities

tr[E?] = (tr[E] + tr[EW?])? + Ltr[EA]* 4+ 2 tr[ EAW? + 2 tr[ EA*W?
+(tr[EA?] — tr[EW?] — t1[E))? + (tr[E] — tr[EA?))?,

tr[E2 A = tr[EAJtr[EA?] + 2tr[EAW]tr[ EA*W],

tr[E? A% = (tr[EA? — (tr[E] + tr[EW?]))? + (tr[E] + tr[EW?])?
+itr[EAP + [ EAW)? + trf|[ EA’W?

tr[E*W?) = —1tr[EA)* — (tr[EA’] — tr[EW?] — tr[E])?
—2tr[EA’W]? — tr[EAW]? — (tr[E] — tr[EA?])?,

tr[EPAW] = w[EAW|Q2tr[E] + tr[EW?] — tr[EA%]) + tr[EA]tr[EA*W],

tr[EW?AW] = 0
are valid, we obtain the set of bilinear invariants
FYUE, A, W) = {t1[E], tr[EA], tr[EA?], tr[EW?], | EAW], tr|EA*W]}, (G.1)

which reads in terms of the six components of E

FUE, A W) = {E\ + Ey+ Es3, 2E12, E1y + Ea,

(G.2)
—(E9 + Es3), Erg, Eas}.

Comparing it with the triclinic classical set of bilinear invariants given in [43] (here in
terms of the components of E), i.e.,

Fo = {Ewu, Ex, Es, Eia, By, Eia}, (G.3)
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we notice that all elements appearing in (G.1) can be uniquely expressed by the terms of
the set given in (G.3).

Quadratic Energy Function: For the construction of the triclinic coordinate-free energy
function (4.63) the set (G.1), with F* is used. Under consideration of all possible multi-
plicative combinations of linear invariants of F* that are quadratic in £ and hence in C
and all quadratic invariants of F* we get the final triclinic set

{tr[E)?, tr[E)?, tr[EA%)?, ti]EW?)?, tr[ EAW %

tr[EA’W?, tr[E]tr[EA], tr[E|tr[EA?],

tr[Ejtr[EW?], tr[Eltr[EAW], tr[E|tr[EA’W],
tr[EA]tr[EA?], tr[EAJtr[EW?], tr[EA]tr[EAW], (G.4)
tr[EAJtr[EA*W ), tr[EA*|tr[EW?], tr[EA*|tr[EAW],
tr[EA|tr[EA’W], tr[EW?tr[EAW], tr[EW?|tr[EA*W],
tr[EAW |tr[EA*W]} .
Thus, 21 invariant terms L;, © = 1, ..., 21 and therefore 21 independent material parameters
a;,1 =1, ...,21 have to be considered for the formulation of the triclinic quadratic function

(4.63). Inserting E = (C — 1) into the invariants of B leads to the dependency of the
energy function on C"

VH(C, A W) Zau, L € B".

The second derivative with respect to C, i.e., C* = 40cc9*(C, A, W), results in

C* = MR1+2u1K1+203A%°0 A2 +2a,W? @ W?
+205AW @ AW + 205 A°W @ AW + (10 A+ A® 1)
+ag(1 A2+ A’R1) + (1@ W2+ W?®1) +a(l® AW + AW ®1)
+a1 (10 A*W + AW @1) +ap(A’0 A+ A A?)
+a(AQW?+ W?® A) + a1s(A® AW + AW @ A)

+o15(A R AW + AW ® A) + a14(A2 @ W? + W2 ® A?)

+a17(A? @ AW + AW ® A?) + a3(A* @ A’W + AW ® A?)

+a19(W2 @ AW + AW @ W?) + ay(W? @ A°W + A*W @ W?)

+ag (AW @ AW + A°W @ AW)

which has in Voigt notation the form of the classical constant triclinic fourth-order elas-
ticity tensor, i.e.,

(:1111 (21122 (21133 (21112 (21123 (:1113

Cozzr Caazz Copiz Cozsz Cooz
cVa — Caszzz Csziz Cazoz Cazis

Cia12 Cizez Cyapz
sym. Coza3 Cazis

(:1313
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with the coefficients in terms of the 21 independent material parameters

Cunn =A+2pu+2az3+2ag, Cios = A+2a3+2a5 — ag — agg,
Cisz = A+ ag —ag — ag, Cuiz = a7+,

Ciioz = %Oén + % o8, Cuiz = %0410 + %04177

Cooo = A+2pu+2a3+2as+2ag — 209 — 2 aqg,

(C2233:)\+2a4+a8—2a9—a16,

Coziz = a7 + a1g — aus, Cozoz = %0411 + %QIS - %04207
Coniz =3an+307—3a19, Cssy =A+2p+20 —2a,
Ca310 = a7 — aus, Ca3e3 = %0511 - %azm

Ca313 = %alo - %al% Ciiz = p,

Ci2s = %0415, Ciaiz = %04147

Casas = 1+ 3 0, Conz = 10021,

Ciziz =p+ % Qs.

Monoclinic Anisotropy Group G»:

Set of Bilinear Invariants: Having a look at Table 4.2 we notice that for the characterization
of the monoclinic symmetry group G, a symmetric and a skew-symmetric second order
structural tensor are sufficient, i.e., A = P,, W = €es. In Table G.2 the invariants taken
from Table 4.3 are listed. Dropping out the obvious functionally dependent elements

tr[E?] = 2tr[E° A% + (1[E] — [EA%])? — 1(tr[EA] + tr[EA%])?
—L(tr[EA] - t1[EA?))? — La[EAW)?,
tr[EW?] = —tr[EA?], tr[B*W?] = —tr[E*A?], (G.5)
tr[E°AW] = tr[EAW|tr[EA®| + 2 Ey3 Eo3,
tr[EW?AW] = —tr[EAW], trf[EA’W]| =0,
with

Eiy = (3(tr[E*A% + tr[E*A]) — L(tr[EA] + tr[EA?))? — i(tr[EAW]Y)%,

% ) (G.6)
By = (A[E*A%] - L([EAW))? — L(tr[EA] — tr[EA?))? — Lr[E*A])z .

leads to the set of bilinear invariants in terms of
FE,A,W) = {t1[E], tr/[EA], tr[E*A], tr[EA?], tr[E*A?%), tr[EAW]}. (G.7)

In detail, the set (G.7) has the form

F™(E,A,W) = {E\+ Ex+ Es3, Eyy — Ey, B}, + E}y — E3, — E3,

(G.8)
By + By, B}y + 23 + Efy + B3, + B3y, 2 B}
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Table G.2: Set of Monoclinic Bilinear Invariants.

Structural Tensors: A =Py W = ee3

Invariants for one argument: tr[E], tr[E?]
Invariants for two arguments: | tr[EA], tr[E*A], tr[EA?], tr[E*A?], tr[EW?], tr|[ E*W?]
Invariants for three arguments: | trf[EAW], tr[E*AW|, tr[EW?AW], tr[EA*W]

In DIMITRIENKO [43] we find the classical set of bilinear invariants depending on the
coefficients of F

Fm = {E, Eu, Es3, Ea, F}, Ei3Fs3}. (G.9)

A comparison of (G.7) with (G.9) shows that all elements of the reference set (G.9) appear
n (G.7), but in a nontrivial sense.

Quadratic Energy Function: The monoclinic final set B™ consists of the following 13
independent elements in terms of the quadratic and multiplicative combinations of all
linear invariants of 7™ (E, A, W):

Bm™ .= {t[E)?, tr[E?, tr[EA)?, tr[E*A], t1]|EA?)?, tr[E*AW],
tr[EAW 2, tr[E]tr[EA], tr[Etr[EA?),
tr[Ejtr[EAW], tr[EA]tr[EA?], tr[EA]tr[EAW],
tr[EA|tr[EAW]} .

(G.10)

The coordinate-invariant monoclinic quadratic function ¢™(C'; A, W) can be now formu-
lated in terms of the elements of the final set B™ while setting E = 1(C — 1):

Y"(C, A W) Zau, LieB".

The coefficient scheme of the elasticity tensor derived by the second derivative of ™ with
respect to C| i.e.,

CI™ = 49cch(C, A, W)
= MR1+2u1 K1 +203A0 A+ au1KA+ AX1]
120542 ® A% 4 ag[1 R (AW) + (AW) X 1]
+20;,AW @ AW +a3(10 A+ A1) (G.11)
+ag(1® A’ + A’ ®1) +a;p(1®@ AW + AW ®1)
+a1(A® A’ + A’ @ A) + ap(AR AW + AW @ A)
+a13(A? @ AW + AW @ A?)
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is in Voigt notation equal to the classical one and appears as

[ Ci111 Crizz Ciizs Ciz 0 0 ]
Cooz Cazzz Copz 0 0
cV)m _ Cagzz Cszi2 0 0
Ciz12 O 0
Sym. Casz2s Cosis
i Ciz13 |

In detail, the constant coefficients depending on the material parameters aq, ..., a3 are

Cin=A+2p+2a3+2as+205+2a5+2a9 + 201,
CHQQ :)\—2043+20é5+2049, (Cllgg :)\+OK8+069,

Ciiz = ag + aio + a1z + s,
Coo=A+2pu+2a3—204+2a5 —2as+ 209 — 241,

Cozz = A —ag + ay, Ca12 = ag + a0 — a1 + aus,
Cazzz3 = A+ 24, Csz12 = o,

Ci212 =p+2ay, Cozzs = — % oy,

Coziz = 1 a, Cisis =p+304.

Rhombic Anisotropy Group Gs:

Set of Bilinear Invariants: To be able to derive a set of bilinear invariants for the rhombic
important anisotropy group Gs we have to consider two symmetric structural tensors, i.e.,
P, from Table 4.2 and the transversely isotropic structural tensor es ® ez. For details
on the resulting invariants from Table 4.3 see Table G.3. The set of bilinear invariants
results in

Fo(E,A) = {tr[E], tr|E?], tr[EA], tr[E*A], tr|[EA?), tr|E*A%]} (G.12)

and in terms of the components of F

F(E,A) = {Eu+ Exn+Ey, EYy + By + By + 2 B3, + 2By + 2 B3,
E\ — By, E} + E}; — E3, — E3;, Ei1 + E, (G.13)
B} + 2B} + B + B3, + B}

where the following relations have been taken into account:
tr[EM| = tr[E] — tr[EA?], tr[E*’M] = tr[E?] — tr[E*A?], tr[EAM] = 0. (G.14)
A comparison of the scalar invariants (G.12) with the classical set of bilinear invariants

fo = {E117 E227 E337 E2237 E123} (G15>
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Table G.3: Set of Rhombic Bilinear Invariants.

Structural Tensors: A =Py, M =e3® e, (with M? = M)

Invariants for one argument: tr[E], tr[E?]

Invariants for two arguments: | tr[EA], tr[E*A], tr[EA?], tr[E*A?],
tr[EM], tr[E* M|

Invariants for three arguments: | tr[EAM]

given in DIMITRIENKO [43], shows that all invariants in the set (G.12) can be uniquely
expressed by nontrivial combinations of all terms appearing in (G.15).

Quadratic Energy Function: All possible quadratic combinations of linear invariants and
all a priori quadratic isotropic terms appearing in the set F°(E, A) are summarized in
the final rhombic set:

B° .= {tr[E)?, tr[E?], tr[EA)?, tr[E*A], tr[EA%?, tr[E*A?, (C.16)
tr[Eltr[EA], tr[E]tr[EA?], tr[EA]tr[EA?]}. '

The quadratic function ¢°(C, A) = ¥°(E = $(C — 1), A) that is invariant with respect
to the material symmetry group Gs can be now formulated in terms of the elements of the
final set:

9

V(C,A)=> a;Li, Li€B.

i=1

The classical fourth-order elasticity tensor results from the second derivative, i.e.,

C° = 40ccy®(C, A)
= MR1+2u1K1+203A0 A +au[1KA+ AX1]
+20a5A% ® A% 4+ o1 K A% + A X 1] (G.17)
+a7(10 A+ A®1) + (10 A+ A*®1)
+ag(A® A* + A’ ® A)

and has in Voigt notation the form

[ Ci111 Ciizz Cizz 0 0 0

Coazr Cozz 0 0 0

CcV)o _ Cszsz 0 0 0
Cizi2 0 0 7

sym. Cozs 0

Cizz |
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where the constants are explicitly given by

Chinn=A+2p+2a3+2a4+2a5+2a+2ar+2ag+ 2 ay,
(C1122 :)\—20é3+2065+20é8, (Cllgg :)\+OK7+068,
CQQQQ:)\+2,U+20é3—20[4+20é5-|-20[6—2Oé7+2a8—20é9,

Cao33 = A —ar + as, Cas33 = A+ 24,
Ci2i2 = p + as, Cozoz = p — %044+%0467
Cizis :M+%OK4+%046-

Tetragonal Anisotropy Group Gs:

Set of Bilinear Invariants: For the second important tetragonal material symmetry group
Gs the appropriate isotropic extension functions are obtained from (4.5) by replacing
the skew-symmetric tensor W = €es by M = e3 ® e3. Exploiting Table 4.3 gives the
fundamental invariants depending on up to three arguments, see Table G.4.

Table G.4: Set of Tetragonal Bilinear Invariants, Gs.

Structural Tensors: A=P,:E, B=P,:E*> M =e;5Qes, (with M? = M)
Invariants depending on one variable: | tr[E], tr[E?], tr[A], tr[A?], tr[B]

Invariants for two arguments: tr[EA], tr[EM), tr[E*M], tr[AM], tr[A*M], tr[BM]
Invariants for three arguments: tr[EAM]

For the derivation of the set of bilinear invariants the dependent elements have to be
dropped:

tr[A] =0, tr[B] =0, tr[AM] =0, tr[A’M] =0, tr[BM| =0, trfEAM|] =0,
tr[A%] = —2tr[E)? + 4 tr[E?] + 4 tr[EJtr[EM| — 8 tr[E* M| + 2 tr[EM?

so that the set is finally given by
F2E, A, M) = {tr[E], tr|E?), tr[EA], tr[EM], tr[E*M]|} (G.18)

and with respect to the components of E:

F2(E,A M) = {Ey + Fo+ FEs3, F}, + E3,+ E% + 2 FE}, + 2 F}, (G.19)
+2 B3, (B — Ex)® — 4 B, Esy, By + B3 + B3} .
A comparison with the classical set of bilinear invariants, cf. DIMITRIENKO [43],

shows that all invariants of (G.18) can be uniquely derived by the linear and quadratic
elements of (G.20).
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Quadratic Energy Function: We arrive with all linear, combined quadratic and a priori
quadratic elements of F*2(E, A, M) at the tetragonal final set B> containing 6 quadratic
elements

2 .= {tr[E]?, tr[E?], tr[EA], tr[EM?, tr[E]tr[EM], tr[E*M]}, (G.21)

which leads to the formulation of a quadratic coordinate-free energy function
V2(E, A, M) in case of Gs-type anisotropy while applying E = %(C -1)

V(C, A, M) = Zal ., LyeB?.

Finally, the classical matrix representation of the corresponding tetragonal elasticity tensor
is here obtained by the Voigt notation of the tangent moduli C*? = 491" (C, A, M),
with

C? = NM@1+2u1 XK1 +2a3P; +204(M @ M)

(G.22)
+os(1O@M+M®1)+o[1X M+ MX1],

which results in

[ Ci111 Ciizz Ciizz 0 0 0 ]
Cin Cuzz 0 0 0
c)tiz _ Cazzz 0 0 0
Ci2i2 0 0
sym. Cazs 0
i Casa3

The linear dependencies between the coefficients and the material parameters are

Ciin =2A+2p+2a3, Cihpp =A—2a3,
(21133 :)\+Oé5, (23333 :)\+2,u—|—2a4+2a5—|—2a6,
Ciztz = p—2as, Casos =+ 306.

Trigonal Anisotropy Group Gs:

Set of Bilinear Invariants: Zheng and Spencer [146] propose the trigonal Gg-invariant
structural tensors P = e3 ® P, and W, = €es. Since the representation theory is based
on symmetric and skew-symmetric second-order tensors we have to check if the resulting
isotropic extension functions are of such type. Here, for the trigonal symmetry classes Gg
(and later for Gg) we construct the linear and quadratic second-order isotropic extension
functions in terms of E

D\(E) = (e3@P,) :E, Dy(E)=E: (e3® P,),

(G.23)
Ds;(E) = (e3® Ph): E*, Dy(E)=E*: (e3® P}).
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The first and third functions are neither symmetric nor skew-symmetric. Therefore, we
use their symmetric and skew-symmetric parts. For instance, the first function appears as

0 0 0
D\(E) = 0 00]. (G.24)
2E1, FEyi—Exn 0O

The split into the symmetric part A;(FE) and skew-symmetric part W1(E), i.e.,

Dl(E):Al(E)—I—Wl(E): 1(63®Pg+63@Pg)E

g , , (G.25)
+§(63®P3—63&P3)2E,
with
0 0 E12 O 0 _E12
A(E)=|0 o Ul wy(E)=|0 0o -EuE2l (G26)
E12 (Ell_EQQ) 0 E12 (E11—E22) 0

2 2

and the proof of invariance of the auxiliary fourth-order structural tensor
(esXPy)=QRQ: (esXP,): Q"TRQ" vVQ € Gy, (G.27)

which is here valid, have to be done. The remaining two extension functions (G.23)9 4 have
the form of a traceless symmetric tensor V', with

A B 0
V=|B -A0]|. (G.28)
0 00

Thus, with the symmetric and skew-symmetric parts of Dy, D3 as well as Dy, D4 and
W, the evaluation of the invariants of Table 4.3 is made possible. In the following, we
show the results for the bilinear invariants in terms of the isotropic extension functions
A;, W and the structural tensor W, = €es, see Table G.5. They are already sufficient for
the construction of a complete quadratic Gg-invariant energy function: the set of bilinear
invariants obtained from Table 4.3 reduces to

FMUE, A;,W,) := {tr[E], tr|[ E?], tr[EA,], tr[EW 3], tr[E*W3], tr[ EA, W]}, (G.29)

which is represented in a component-by-component notation by

FMUE, A|,Wy) = {E\ + Ex+ Es3, E?, + E3, + E2, + 2 E%, + 2 E%+
2 E%Sa 2 E12E13 + E23(E11 - E22)7 _Ell - E227 _E121
—E222 — Efg — E223 — 2E122, EioFEos + 1/2 Elg(E22 — En)} .

Here, the functional dependencies between the following invariants of Table G.5 have been
considered:

tr[W3] = tr[E?] — (tr[E] + tr[EW3])? + 2 tr[E*W3] + 1tr[EW 3%, tr[A;] = 0,

21 _ 2 21 2 21 1 2 9 B (G30>
tr[A7] = —tr[W7], tr[A, W3] = 0, tr[A{W35] = 5 tr[W7], ti] EW,;AW,] = 0.
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Table G.5: Set of Trigonal Bilinear Invariants, Gy.

Structural Tensors: A =1/2(e3® Py +e3sX Py) : E,
W, = 1/2(63 ®P/3 — e3 @Pé) E, Wy =e€eg
Invariants for one variable: tr[E|, tr[E?], tr[A4], tr[A2], tr[W?]

Invariants for two arguments: | tr[EA;], tr[EW3], tr[E*W3], tr[A; W3], tr[ATW3)
Invariants for three arguments: | tr[EA, W], tr[EW3A, W]

The classical set of bilinear invariants proposed in DIMITRIENKO [43] in terms of E also
contains six functionally independent linear and quadratic invariants. It has the form

FM2 = {E\ + Ey, Fss, B} + E%, E13(Fy — Ey) — 2E15Fy;,

(G.31)

where each element represents a unique function of the independent elements of (G.29).

Quadratic Energy Function: Combining all invariants of the set F"1(E, A}, W5) in such
a way that we only obtain quadratic terms in E leads to the assembled set B

B = {tr[E)?, tr[E®), tr|E°W3), tr[EA,],

(G.32)
tr[EW3)2, tr[Ejtr[EW 3], tr[EA, W)} .

Thus, a possible complete coordinate-free representation for a quadratic function in terms
of elements L1, .., Ly of B"! with E = 1(C — 1) reads

7
@Dhtl(C» A, Wy) = Z%Lz’ , L€ Bt

i=1

The twice differentiation of /"' with respect to C, i.e., CV)" = 49,c4(C, A}, B,W),
with

C = MR1+2u1X1+a1RW3 + W3K1]

) ) ) ) (G.33)
+a D+ 2a5sW5 0 W5+ as(1 @ W5+ W;5®1) + arlL,

where ]Dopab = ]P)opab + ]P)abop and Lopab = ]P)pkabWZ,ko + ]P)bkopWZ,kaa with P = 1/2(63 ® P/3 +

e; X P}), exhibits in Voigt notation the same form as the well-known constant classical

fourth-order trigonal elasticity tensor of Gg-type:

[ Cllll (Cll22 (Cll33 0 (Cll23 (Clll3
(Cllll (Cll33 0 _C1123 _Clll3
C 0 0 0
C(V)htt _ 3333 G.34
%(Cllll - Cll22) _Clll3 Cll23 ( )
sym. (C2323 0
| (C2323 ]
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The coefficients can be uniquely determined by functions of the material parameters o, 1 =
1,...,7, ie.,

Cllll = )\"‘2,&"‘2(0&5-0&3-0&6), CHQQ = )\"—2(0[5—0(6),
Cuss = A — ag, Ciizz = 044/2,

Cinz = —az/4, Cagzz = A+2p,

Cosps = p—az/2.

Trigonal Anisotropy Group Gy.

Set of Bilinear Invariants: For the second trigonal material symmetry group Go Zheng
and Spencer [146] propose the same fourth-order structural tensor as for the group Gs.
Thus, the functions (G.23) act also here as isotropic extension functions. The second-order
structural tensor is different. It is here symmetric, cf. Table G.5. We neglect the quadratic
isotropic extension functions of (G.23), since they are not necessary for the construction
of complete quadratic energy functions. Using Table 4.3 gives 14 invariant terms, see Table
G.5. Dropping out the obvious dependent invariants

tr[W?] = —tr[E?] + 2tr[E*M] — tr[EM|? + 1/2 (tr[E] — tr[ EM])?
tr[A;] = 0, tr[A}] = —tr[W73], tr[A; M| = 0, tr[ATM] = —1/2 tr[W7],
tr[MW?3] = 1/2tr[W73], ttfEA, M| = 1/2tr[EA,],

tr[EMW ] = 1/2tr[EA,], tr[A, MW ] = —1/2tr[W 7],

(G.35)

Table G.6: Set of Trigonal Bilinear Invariants, Gy.

Structural Tensors: Al =1/2(e3@ Py +e3XPy): E, W, =1/2(e3 ® P4
—e3XPL):E, M = e3 ® ez (with M? = M)
Invariants for one variable: tr[E], tr[E?], tr[A4], tr[A3], tr[W?]

Invariants for two arguments: | tr[EA;], trf[EM], tr[E*M], tr[A; M], tr[A2M], tr[MW?]
Invariants for three arguments: | tr[EA; M|, tr[EMW ], tr[A1 MW 4]

leads finally to the set of bilinear invariants
FMYE, A, M) = {tr[E], tr[E?], tr[EA,], tt|EM], tr[E* M}, (G.36)

which is presented in terms of the components of E by

FM2E,A;,M) = {E\ + FEy+ Es3, B? + B2, + FE%, +2FE% +2E% +2FZ,
2 E19F3 + Eo3(E11 — Eas), Ess, E123 + E223 + E???,} .

Following DIMITRIENKO [43] the underlying trigonal classical set of bilinear invariants of
a symmetric second-order tensor includes also five functionally independent elements; i.e.,

FM2 = {Fy + Fa, Es3, B4 + E%, Eas(E1 — Fag) + 2 E1oEys, B3 + B2, + 2%},
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which can be uniquely expressed by the terms (G.36).

Quadratic Energy Function: Combining the linear invariants of the set F"?(E, A;, M)
to quadratic terms in E yields together with the quadratic invariants of F"2(E, A;, M)
the set B"? containing 6 quadratic elements:

B"? .= {tr[E)?, tr[E?], tr[EA,],tr[EM)?, tr[E|tr[EM), tr[E*M]} . (G.37)
The ccordinate-invariant material model ¢"?(E = 1(C — 1), A;, M) characterizing the
symmetry group Gy is expressable in terms of the 6 elements of the set B2
6
YM(C, A, M) =D gL, L € B". (G.38)
i=1
The classical trigonal elasticity tensor is obtained from the Voigt notation of the second
derivative C"? = 49,12 (C, Ay, M), with

Ch? = N1 ®1+2u1X1+asD

G.39
R2aMOIM+as(1OM+M1)+as(1XM+MX1), ( )

where Dopap = Popap + Papep With P = 1/2(e3 ® P4 + e3 X P4). The coefficient matrix has
the well-known arrangement

[ Ci111 Ciizz Ciugs 0 Ciioz O
Ciinn Cuiss 0 —Cii23 0
CcV)ht2 — Casss 0 0 0
5(Ci111 — Ciia) 0 Cii2s
sym. 62323 O
i Cazaz |

The six distinct coefficients are functions in terms of the 6 independent material param-

eters:
Cinn =A+2yp, Cii22 = A,

Ciizz = A+ as, Ciaz = %Oés,
C3333 :)\+2u—|—2a4+2a5—|—2a6,
Casas :M+%%-

Cubic Anisotropy Group Gr:

Set of Bilinear Invariants: The cubic material symmetry group is G;. The set of two
isotropic extension functions, Table G.7, can be used to construct isotropic quadratic
energy functions for the considered symmetry group. Dropping out the dependent terms

tr[A] = tr[E], tr[B] = tr[E?], tr[EA] = tr[A?], (G.40)

in the set of invariants deduced from Table 4.3 gives the set of bilinear invariants

FE, A)={tr[E], tr[E?], tr[A*]} (G.41)
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Table G.7: Set of Cubic Bilinear Invariants, G;.

Structural Tensors: A=(®):E,B=(0):E*
Invariants depending on one variable: | tr[E], tr[E?], tr[A], tr[A?], tr[B]

Invariants for two arguments: tr[E A

and with respect to the components of E

F(E, A)={Eu + Ey + Es3, E}) + E3, + E33 + 2 B, + 2 B, (G.42)
+2 B3, B} + B3, + B3} '
In DIMITRIENKO [43] one can find the cubic classical set of bilinear invariants:
Fe¢ = {Eu+ Ex+ Es, B} + E%, + E2,, B}, + Efy + E3} . (G.43)

All three elements appearing in (G.42) can be obtained explicitely by specific combinations
of the three terms of (G.43).

Quadratic Energy Function: The set of all quadratic and multiplicatively combined linear
invariants of F¢(E, A) consists of 3 linearly independent elements:

B = {tr[E], tr[E”], tr[A%]}. (G .44)

These invariant functions finally serve as a possible set for the construction of the isotropic

quadratic function ¢°(E = 3(C — 1), A) for G;-symmetry:

3
V(C,A) =D L. Li€ B (G.45)
i=1

The second derivative of the quadratic function C¢ = 40cc9(C, A), with

CC = M®1+2u1K1+2030, (G.46)

leads in Voigt notation to the well-known cubic elasticity tensor

[ Ci111 Ciioz Crize 0 0 0
Ciinn Ciio 0 0 0
Cin 0 0 8 ’ (G.AT)

SYm. Cizz 0

with the coefficients in terms of the three independent material parameters

Ciin =2 +2p+2a3, Cipn =,
Ci2iz = p.
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H Further Proofs of Polyconvexity and Ellipticity .

Tetragonal Sets of Bilinear Invariants. Let us investigate further mixed bilinear
invariants of the form

If=1:P:C, I;=1:P:C? I,,=1:[C(P: C)W]
in terms of Xiao’s tetragonal structural tensor P = e§4) + e§4). Ig, I, Iy are needed for the
construction of quadratic tetragonal G4-invariant energies; Ig, [; for Gs-invariant energy
functions (cf. APEL [3]). The invariant /g appears as

2
I[=1:P:C =) trle;@ejtr[Cle; @ e;)],
i=1
which is polyconvex, since the individual functions are convex w.r.t. F, see (5.51). The
mixed invariant /7 has the form

2
=1:P:C*=) trle; @ e]tr[C*(e; @ ;)] .
i=1

The non-ellipticity of the individual terms of the latter invariant is proven in SCHRODER
& NEFF [104], see also the part ii.a of section 5.7.1. But, instead of I7 the polyconvex

function
2

K7 =1:P:CofC = trle; ® e;]tr[Cof[C](e; ® €;)],
i=1
can be alternatively used. However, the term I

2
[10 =1: [C(]P) . C)W] - Z <FTFWT767J ® ei>||Fei||2’

i=1
with W = W3 = €ej is not elliptic and hence not polyconvex.

Proof We obtain

P(F):i:l (FTFWT e; @ e;)||Fe;l|?
OF : 0 P(F) : 6F:ié [2(6FTSFW7" e; @ e;)||Fei|* + 2(FTFW' e; ® €;)||0Fe,|?
+4 ((FTFW" e;® e;) + (F'SFW" e;®¢;)) ((F"e;, Fe;)] .
Setting
2 -1 0 1 1
F=10 1 0|.,n=| -1 ].¢=]0|[,0F=n&(¢
0 0 1 0 0

the second derivative is negative, i.e.,
OF : 0ppP(F):6F = =24 <0,

which excludes the ellipticity and therefore the polyconvexity of I3.
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I Table of Crystallographically Motivated Structural Tensors.

Triclinic system, group Gy:

a; = (a,0,0)7, ay = (bcosy,bsiny,0)7, a3 = (ccosB, X,Y)"

a d ¢
G'=|d b |
e f ¢
with &= a4 b? cos?~y + c? cos? 3
b= b2 s~ + c? (cos a - c;)sﬁ cos y)?
sin”
_ A(1+2 cosa cos B cosy — cos? a — cos? 3 — cos? )
CcC =
sin? ~
d= 1% cosv sinm+ % cos 3 (cos?z —cos 3 cos7)
sin y
_ c?cosf (1 +2 cosa cosBcosy — cos?a — cos? 3 — cos? 7)1/2
e =
sin 7y
Fo c?(cosa — cos 3 cos7)
sin vy
(1+2 cosa cos cosy — cos® a — cos? f — cos® )/
sin 7y
X =c(cosa —cosf cosy)/siny
Y =c¢[l+2 cosa cosf cosy — (cos? a4 cos? 3 + cos? )]/ /siny

Monoclinic system, group Gs:

a, = (a,0,0)7, ay = (bcosy,bsiny,0)T, asz=(0,0,c)"
a?+b? cos?y b cosy siny 0
G™ = | b*cosy siny b? sin’~y 0
0 0 c?

Rhombic system, group Gs:

a, = (a,0,0)7, ay=(0,b,0)T, asz=(0,0,¢)"
a> 0 0
G° = 0 ¥ 0
0 0 ¢
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Tetragonal system, group Gy:

a1 = (a,,0", az=(-b,a,0)", a3z=(0,0,&)"
bt 222 0 ah-ba 0 0 |
a4+t 0 ba-ah 0 0
A
GH ¢ 0~ 0 0
sym. 2a°b? 0 0
0 0
L 0 -
Tetragonal system, group Gs:
a1 = (a,0,0)7, as=(0,a,0)", az=1(0,0,¢c)"
G' = diag[a*, a*, ¢*,0,0,0]
Trigonal system, group Os:
a 4+ b _a__b
v zf 2 23 2
_ b _ _ b a
ap = —ﬁ , A2 = 2\/5"1'5 , a3 = V3 2
c é c
3 3 3
L2 12 12
12 1 2
14
Ghtl — 57C 0 0 0
sym. 214 c? -B A
1 ~
18 CC2 0
1 2
I 50
. — __1_z2j, ~ 1 =72x 1 ~3~ _ 22 72
with A——4\/_ bc+l2\/_b B——4—\/§abc—|—mac, C=a"+b

Trigonal system, group Gy:

a; = (0,—-b/v/3,é/3)T,

[ Lot 214 b4 1—181)2 & 0 Tlﬁz}?a 0 ]

g0t @ 0 —gabie 0

e L0 0 0

sym. i bt 0 ﬁbg c

Lb? & 0

_ Lie |
Cubic system, group Gr:
a; = (a,0,0)", ay=(0,a,0)", a3=1(0,0,a)"

G*¢ = diag[a*, a*,a*,0,0,0]
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