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Abstract. During our study of first-order system least squares methods on
domains with curved boundaries we needed to consider the three-dimensional
case more precisely. A procedure for the construction of the domain and of
the parametric mapping to retain the convergence order is presented. c�EDP-
Normandie. All rights reserved.
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1. Introduction
This paper is a note on the construction of finite element approximation of
three-dimensional domains that appear during the investigation of the finite
element approximation on curved boundaries using Raviart-Thomas spaces in
the context of first-order system least squares methods. In [1] it is shown that
using a polygonal approximation of the boundary leads to an optimal order
of convergence in the lowest-order case. Further, the authors demonstrate by
numerical experiments that it is not sufficient in the higher-order case. To
retain the optimal convergence order for the first-order system least squares
approach in the higher-order case, we combine (see [2]) isoparametric finite
elements of degree k+1, k > 1 for the scalar variable with parametric Raviart-
Thomas spaces of degree k.

Therefore, a detailed treatment of curved boundaries in the context of face-
based finite elements where Neumann boundary conditions are imposed on the
normal flux is needed. The issue of parametric face-based elements has recently
received attention in connection to exact sequences of finite element spaces (see
e.g. [5]). A framework for the implementation of parametric Raviart-Thomas
elements is provided in [6], although its motivation differs and it focuses on
the case of an affine mapping.

The main contribution of this paper is to present the procedure (see [4]) for
the construction of an approximated domain ⌦h with piecewise polynomial
boundary �h and of the mapping between this domains and the exact one,
such that the convergence order is retained.
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In this paper, a bounded domain ⌦ ⇢ R3 with a piecewise Ck+2 and Lipschitz
continuous boundary � is considered. We will present a procedure to cover
⌦ completely by a triangulation eTh, that needs to admit curved tetrahedrons
adjacent to the boundary �, in general.

2. Construction of the Approximated Domain

The first step of the construction of the approximated domain is the interpola-
tion of the boundary. Therefore, let � : D ⇢ R2 ! R3 denote a parametriza-
tion of � such that

� = {�(x) : x 2 D} . (2.1)

D ⇢ R2 implies that it can be triangulated by a triangulation Sh such that
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Fig. 2.1. The intersection of ˆ

� with ˆT is a face (case ˆTi) or an edge (case ˆTj)

1. {Sh,p
i

}NP

i=1

denotes the set of vertices in Sh.
2. The polygon ˆ

⌦ formed with all the vertices {�i = �(Sh,p
i

)}NP

i=1

is simple.
ˆ

� = @ ˆ⌦ can be parametrized with ˆ� = Ih� where Ih denotes the linear
Lagrange interpolation operator with respect to the triangulation Sh.

3. {�i}
N

P

i=1

contains all points where � is not Ck+2.
4. Sh consists of N triangles T�i with vertices {T�i,j}3j=1

, i = 1, ..., N .

Now, let ˆTh denote a quasi-uniform triangulation (consisting of ¯N tetrahedra)
of ˆ⌦ such that the boundary points of ˆTh are given with {�i}

N
P

i=1

. For i 6 N , let
ˆTi denote the tetrahedron of ˆTh whose intersection with ˆ

� is the triangle ˆ�(T�i).
For i > N , the intersection of the tetrahedron ˆTi with ˆ

� is not necessary a
unique point, as it can be a whole edge of ˆ�(T�i), see Figure 2. Assume that the
tetrahedra are numbered such that dim (

ˆTi \ ˆ

�) = 1 if and only if N < i 6 ˚N .
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Fig. 2.2. Example of the stretching resulting from Z2

i , i 6 N

The further steps imply the reference tetrahedron

ˆTref =

(

x = (x
1

, x
2

, x
3

) 2 R3

: xi > 0 and
3

X

i=0

xi 6 1

)

(2.2)

and the reference transformation F
ref, ˆT

i

:

ˆTi ! T
ref

such that

F
ref, ˆT

i

(

ˆTi \ ˆ

�) =

(

F
ref

={(x
1

,x
2

,0) : 06x
1

61,06x
2

61�x
1

} i6N

E
ref

={(x
1

,0,0) : 06x
1

61} N<i6˚N
(2.3)

holds. Moreover, the following notation is introduced:

• For i 6 N , V
3

(

ˆTi) denotes the vertex of ˆTi whose intersection with ˆ�(T�i)

is empty.
• V

3

(

ˆT
ref

) = (0, 0, 1).
• For i 6 N , Fi =

ˆ�(T�) is the triangle with the vertices {�(T�i,j)}3j=1

and
eFi = �(T�i) denotes the corresponding curved triangle on �i.

• For N < i 6 ˚N , Ei denotes the edge ˆTi \ ˆ

�i and eEi = �(Ei).
• For N < i 6 ˚N , ¯Ei denotes the edge of ˆTi whose intersection with Ei is

empty.
• ¯E

ref

= {(0, t, 1� t) : t 2 [0, 1]}.

Figure 2 summarizes these notations. Replacing the boundary triangle Fi of ˆTi

by the curved triangle eFi leads to a curved tetrahedron eTi for i 6 N . For N <

i 6 ˚N , the curved tetrahedron eTi is obtained by replacing the edge Ei by the
curved one eEi. For i 6 N , the construction of the mapping ˆ�h :

ˆTi ! eTi can be
reduced to the two-dimensional case. It involves a mapping Z2 that connects
an interior point with a corresponding point on the approximated boundary.
Therefore, the mapping Z2

ref

to connect an interior point with a corresponding
point on the edge F

ref

is needed first. For a point x
ref

= (x
ref

, y
ref

, z
ref

) 2 ˆT
ref

consider the line from (0, 0, 1) through the point x
ref

. As it crosses the face F
ref
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at the point
✓

� x
ref

z
ref

� 1

,� y
ref

z
ref

� 1

, 0

◆

the mapping Z
ref

is defined as follows:

Z2

ref

:

ˆT
ref

! F
ref

x
ref

7!
✓

x
ref

1� z
ref

,
y
ref

1� z
ref

, 0

◆

.

With this mapping Z2

ref

, a mapping Z2

i = F
ref, ˆT

i

�Z2

ref

�F�1

ref, ˆT
i

can be defined to

connect an interior point of any tetrahedron ˆTi with a corresponding point on
ˆ

�i. Note that any point x 2 ˆTi is located on the line segment [V
3

(

ˆTi),Z
2

i (x)]

and the position of x on this line can be given with the ratio �(x) of the
distance between V

3

(

ˆTi) and x to the distance between V
3

(

ˆTi) and Z2

i (x), i.e.:

�(x) =
dist(V

3

(

ˆTi),x)

dist(V
3

(

ˆTi),Z2

i (x))
. (2.4)

Note that due to the fact that the affine mapping conserves the ratio of the
distances, it holds

�(x) =
dist

⇣

(0, 0, 1),F�1

ref, ˆT
i

(x)
⌘

dist
⇣

(0, 0, 1),Z2

ref

(F�1

ref, ˆT
i

(x))
⌘ . (2.5)

The next step in the construction of ˆ�h is to connect Z2

i (x) to a point on �i

and therefore, map the point Zi(x) back onto the domain of the chart with ˆ�.
As ˆ� is invertible, define ˆ⇣ = ��ˆ��1, such that ˆ⇣ maps ˆ

� on �. Then, the point
ˆ⇣(Z2

(x)) has to be mapped back onto the interior of the tetrahedron. As the
mapping ˆ�h,i =

ˆ�h|
ˆ

T

i

has to be the identity map on the faces of ˆTi that are

not mapped on the curved boundary, the point ˆ⇣(z(x)) has to be mapped back
to the line thought the fourth point of the tetrahedron, and such that the ratio
of the distance between V

3

(

ˆTi) and ˆ⇣(Zi(x)) to the distance between V
3

(

ˆTi)

and the mapped back point is equal to �(x). This is illustrated in Figures 2.2
and 2.3. Let Y2

i,� : �i ! eTi denote this mapping:

Y2

i,� = F�1

ref, ˆT
i

�Y2

ref,� � F
ref, ˆT

i

(2.6)

where

Y2

ref,� : R3 ! R3

(x, y, z) 7! (x�, y�, z� + 1� �) .
(2.7)

Now, the mapping ˆ�h,i can be defined as

ˆ�h,i(x) = Y2

i,�(x)(
ˆ⇣(Z2

i (x))), i 6 N. (2.8)

For N < i 6 ˚N the point x on the interior of ˆTi has to be mapped onto Ei. This
can be done considering the plane formed by x and ¯Ei and choosing the unique
intersection point with Ei, such that on each face of ˆTi whose intersection with
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Fig. 2.3. Construction of the mapping ˆ�i, i 6 N

�i is Ei, this mapping is identical to Z2. This leads to

Z1

ref

:

ˆT
ref

! E
ref

x
ref

7!

8

<

:

✓

� x
ref

z
ref

+ y
ref

� 1
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x /2 ¯E
ref

x x 2 ¯E
ref

.

Similarly to the case i 6 N , define Z1

i = F
ref, ˆT

i

� Z1

ref

� F�1

ref, ˆT
i

. Then, the

point ˆ⇣(Z1

(x)) has to be mapped back onto the interior of the tetrahedron.
Consider that the mapping ˆ�h,i has to be the identity on the two faces of ˆTi

whose intersection with ˆ

�i is not Ei and that it has to be identical with Z2 on
the two other faces. This means that the barycentric coordinates of ˆ�(x) in the
triangle formed with ¯Ei and ˆ⇣(Z1

(x)) have to be identical to the barycentric
coordinates of x in the triangle formed with ¯Ei and Z1

(x). Let (�
1

, �
2

) denote
these barycentric coordinates. Then,

Y1

ref,�
1

,�
2

: R3 ! R3

(x, y, z) 7! ((1� �
1

� �
2

)x, �
1

+ y � �
1

y � �
2

y, �
2

+ z � �
1

z � �
2

z))

(2.9)

maps a point x of R3 onto a point in the triangle formed by ¯E
ref

and x at the
barycentric coordinates (�

1

, �
2

). Note that the barycentric coordinates of x
ref

in the triangle formed with ¯E
ref

and Z1

ref

(x
)

are given by (y
ref

, z
ref

) such that

ˆ�h,ref(x) = Y1

ref,y,z(
ˆ⇣(Z1

ref

(x))) (2.10)
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Fig. 2.4. Example of the stretching resulting from Z1

i , N < i 6 ˚N

maps ˆT
ref

onto eT
ref

. Using the transformation F
ref, ˆT

i

leads to

ˆ�h,i = F
ref, ˆT

i

� ˆ�h,ref(x) � F�1

ref, ˆT
i

. (2.11)

This construction is illustrated in Figures 2.4 and 2.5. Setting ˆ�h,i = id for
the interior elements leads to the global definition of ˆ�h. This construction
reduced to a well-known polygonal interpolation and leads to the following
properties (see [4]).

Lemma 2.1.
With the previous assumptions and ˆTi 2 ˆTh , ˆ�h,i is a C2 diffeomorphism and
it holds

k ˆ�h,i � idk
W j1(

ˆT
i

)

. h2�j 8j 6 2 (2.12)

k det(J
ˆ�

h,i

)� 1k1, ˆT
i

. h. (2.13)

Moreover, J
ˆ�

h,i

is invertible and ˆ�h,i :

ˆTi ! eTi is injective. The mapping

ˆ h,i =
ˆ�

�1

h,i satisfies

k ˆ h,i � idk
W j1(

eT
i

)

. h2�j 8j 6 2

k det(J
ˆ 

h,i

)� 1k1, eT
i

. h.
(2.14)

For the construction of an approximated domain ⌦h with piecewise polyno-
mial boundary, consider that the two-dimensional Lagrangian elements can be
defined on the triangulation Sh. Recall that the degrees of freedom are given by

N =

⇢

�(T�i,l) +

2

X

j=1

�j

k
(�(T�i,j)� �(T�i,l)) : 1 6 l 6 3, j 6= l,�j 2 N

0

,

�
1

+ �
2

6 k

�

(2.15)

for each T�i in Sh. Using the interpolation operator Ih with respect to these



Finite Element Approximation of Domains . . . 191

nodal points leads to parametrization of the polynomial boundary �h = Ih�.
Let ⌦h denote the corresponding polynomial domain and �h = @⌦h = {�h(x) :

x 2 D}. Fh :

ˆ

⌦ ! ⌦h can be constructed using the same way as above for ˆ�h,
replacing � by �h, i.e. replacing ˆ⇣ by ⇣ = �h � ˆ��1

h

Fh,i = F
ref, ˆT

i

� Fh,ref,i(x) � F�1

ref, ˆT
i

(2.16)

with

Fh,ref,i =

8

>

<

>

:

Y2

ref,�(x)(⇣(Z
2

ref

(x))) i 6 N

Y1

ref,y,z(⇣(Z
1

ref

(x))) N < i 6 ˚N

id i > ˚N

. (2.17)

Similarly to the construction of ˆ�, this construction leads to the following
properties (see [4]). Combining this with the classical interpolation bounds
leads to the following theorem (see [4], Theorem 1).

Theorem 2.2.
With the previous assumptions and ˆTi 2 ˆTh , Fh,i is a Ck+2 diffeomorphism,
polynomial of degree k + 1 and invertible in a neighborhood of ˆ

⌦. Moreover,
for a positive integer s with s 6 k + 2, it holds

kFhkWs1(

ˆT
i

)

. hs, kF�1

h kWs1(

ˆT
i

)

. h�s . (2.18)

Note that the invertibility of Fh,i in a neighborhood of ˆ

⌦ can be used by the
definition of the finite-elements to extend it from ⌦h to ⌦ for small enough h.

Z1
(x)

�

ˆ⇣(Z1
(x))

�1

�2 �3

�(x)

�1

�2

�3

x

Fig. 2.5. Construction of the mapping ˆ�i, N < i 6 ˚N
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Further, an auxiliary mapping �h : ⌦h ! ⌦ can be given by �h =

ˆ�h � F�1

h .
Combining the properties from ˆ�h and Fh leads to the following theorem (see
[4], Paragraph 5):

Theorem 2.3.
With the previous assumptions and ˆTi 2 ˆTh , �h,i is a Ck+2 diffeomorphism
and for a positive integer with s 6 k + 2, it holds

k�� idkWs1(T
i

)

. hk+2�s (2.19)

and k det(J�
i,h

)� 1kL1
(T

i

)

. hk+1 (2.20)

Further, the mapping �h,i : Ti ! eTi is injective and  h,i = �
�1

h,i satisfies

k � idkWs1(

eT
i

)

. hk+2�s 8s 6 k + 2 (2.21)

and k det(J 
i,h

)� 1kL1
(

eT
i

)

. hk+1 (2.22)

Proof 2.4 Note that �h,i is the identity mapping on the two edges of Ti which
have one single common point with �h. Further, due to its construction it holds

�h � �h = � (2.23)

and

�h,i(x)� x = Y�(F�1

h,i

(x))

(

ˆ⇣(⇣�1

(Y�1

�(F�1

h,i

(x))

)))�Y�(F�1

h,i

(x))

(Y�1

�(F�1

h,i

(x))

)

= Y�(F�1

h,i

(x))

((� � ��1

h � �h � ��1

h )(Y�1

�(F�1

h,i

(x))

))

= Y�(F�1

h,i

(x))

(((� � �h) � ��1

h )(Y�1

�(F�1

h,i

(x))

))

such that the further steps consist in using the classical interpolation theory
and the smoothness properties of Y and ��1

h .

3. A theoretical example
A simple example is given considering a two-phase stokes flow, where the
domain, ⌦ ⇢ R2, is assumed to be completely covered by ⌦

1

and ⌦

2

with
⌦

1

⇢ ⌦

2

and � denotes the boundary of ⌦
1

as illustrated in Figure 3.1. Let
n be the unit normal on � that is pointing from ⌦

1

to ⌦

2

and  denote the
curvature of �. Assuming that no phase transition takes place and that the two
phases are viscous, the two-phase model reduces to governing equations in each
phase and coupling conditions at the interface. In order to keep the problem
as simple as possible, consider the stationary Stokes equations of Newtonian
fluids such that for the stress tensor, �

⌦

i

, it holds �
⌦

i

= �p
⌦

i

I+ µiD(u) in
each phase ⌦i, with a constant dynamic viscosity µi > 0 and the deformation
tensor D(u) = ru + (ru)>. The velocity u is continuous over the whole
domain ⌦, i.e., in the context of variational formulations u is searched in
H1

(⌦). In opposition to the velocity, the pressure is discontinuous over the
interface. Therefore p

⌦

i

2 H2

(⌦i) denotes the pressure in each phase ⌦i.
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Ω1

Ω2

Γ

Fig. 3.1. Exact pressure for the rotational flow u(x) = (�y, x)

However, in order to simplify the notation the index i is skipped whenever the
restriction on each phase is not needed. Due to the fact that on both sides of �
there are different molecules with different attractive forces, a surface tension
force acts at the interface, and this leads to the coupling condition

(�
⌦

2

� �
⌦

1

) · n = �⌧n on � , (3.1)

where ⌧ denotes the constant surface tension coefficient. The first-order system
formulation reads:

div �
⌦

i

= 0

dev � � µiD(u) = 0

)

in ⌦, i = 1, 2,

(�
⌦

2

� �
⌦

1

) = �n on �

(tr �, 1)
⌦

= 0,

(3.2)

where devA means the deviator of A defined by

devA := A� 1

n
tr(A)I, for A 2 Rn⇥n.

The least squares functional associated with the problem (3.2) is

F(�,u) =
2

X

i=1

k 1p
µi

dev � �p
µi D(u)k2

0,⌦
i

+ kdiv �
⌦

i

k2
0,⌦

i

(3.3)

for u 2 W =

�

H1

0

(⌦)

�

2 and

� 2 ⌃ = {� = (�
⌦

1

,�
⌦

2

) : �
⌦

i

2 (H(div,⌦i))
2, i = 1, 2,

(�
⌦

2

� �
⌦

1

) · n = �n on �

and (tr �, 1)
0,⌦ = 0} .

(3.4)

In order to simplify the notation, [� · n]
�

denotes the jump (�
⌦,2 � �

⌦,1) · n
over �. For a rotational flow u(x) = (�y, x) in a two-phase domain with a
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unit circular interface (see e.g. [3]), it implies D(u) = 0 and thus, the deviator
of the stress tensor is zero. Due to the fact that in each phase, the stress
tensor is divergence-free as well, this implies �

⌦

i

= ↵iI for constants ↵i.
Then, the interface condition leads to ↵

2

= �+ ↵
1

= �1 + ↵
1

. Considering
the normalizing condition (tr �, 1)

⌦

= 0 leads to

↵
1

|⌦
1

|+ ↵
2

|⌦
2

| = 0 (3.5)

and thus to the following exact solution, that only depends on the surface of
the domains ⌦i.

�
⌦

1

=

|⌦
2

|
|⌦| I (3.6)

�
⌦

2

= � |⌦
1

|
|⌦| I. (3.7)

The corresponding pressure pi = tr �i = 2↵i is shown for ⌦
2

= [�2, 2]⇥[�2, 2]
in Figure 3.1. This solution belongs to the standard conforming finite element
space for W⇥⌃, i.e., a Raviart-Thomas space of degree k combined with Pk+1

subject to the appropriate boundary and interface conditions. Hence, only the
approximation of the domain leads to an approximation of the solution. The
numerical computation leads to the solution

�
⌦

h,1

= � |⌦h,2|
|⌦| , �

⌦

h,2

=

|⌦h,1|
|⌦| . (3.8)

This is as good as the approximation of the domain. In particular, this clearly
demonstrates that a polygonal approximation of the boundary is not sufficient
to retain the optimal convergence order in the higher-order case.
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