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A Three-Field Formulation of the Biot System
Find u € H}(Q)?, p € L2(Q) and ¢ € H}(Q) such that
2u(e(u), e(v)) — (p,divv) = (f,v) wv € Hy(Q)7,
(divu,q) + 5 (p— £.9) =0 Vg € L2(Q).

1
Lee/Mardal/Winther: SIAM J. Sci. Comput. (2017)

V), C H (2 RY): continuous piecewise quadratic
Qn C L2(Q; R): continuous piecewise linear

Sk C HY(Q; R): continuous piecewise quadratic
Energy norm:

[[[(u —un, p— pn, o — on)lll

1 1/2
= (2uletu =)l + 1o = s~ (o = on)2 4 7190~ o))
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A Three-Field Formulation of the Biot System

Stress and flux:

O(u, p,p) = 2pue(u) — (p— @), O(un, pr, on) = 2ue(un) — (pn — u)l,
w(p) = -V, w(pn) ==V,

Stress reconstruction 85 € H(div, Q; R?) satisfying
divOf = —f + Vg, in Q
Flux reconstruction wi € H(div, Q; R) satisfying

_ p1
Ph = Th®h Phen in Q

rdivwl =g+ \

Earlier work: First-order system least squares formulation for the
simultaneous computation of displacement /stress/pressure/flux:

Korsawe/St.: SIAM J. Numer. Anal. (2005)
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A Posteriori Error Estimation

Stress-related error:

15 = |0F — 0(up, ph, on)l|.4
= ( 0(uh7Ph7@h) "4(

where A4 : R7*? — R9%9 is defined by
1
A= (g 2u

1
Asymmetry: 14 = [[asOf | = |5 (

Fluid-related error:

1/2

e =72 Wi —w(en)]

(uhath@h)))lp

idA(r£)>

oF — (6)7) |

1/2

1
e =32 lon — Pironl|

Coupling error: ~ 17¢c = ||w+divuh||
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A Posteriori Error Estimation

Energy norm:
1(u—un,p = pn,o = en)lll

1 1/2
= (20t =)l + 1= s = (o = 9n)2 4 7190 = o))

Theorem 1. The total error associated with the Biot system satisfies

[11(u —un, p = pr.p — on)lI?

Cc2 CpA 1 4C2
<2 <'}§ + TZ'/E\ + (#(M + 6)2 + 7_F) e +1F + 4C,§;/,%> :

Remark. With our construction (to be presented later) the Korn
constant Cx and the “dev-div’ constant Cp are local, i.e. only dependent

on the mesh quality (not on the global problem)
Cr is the Poincaré-Friedrichs constant for the (flow pressure) space S
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Reconstruction of Stress and Flux

Raviart-Thomas Finite Element Spaces

OF € OF c H(div,Q;RY) : OF = 0(up, pn, on) + 05 with
0% € @ ={&, € L2(Q R : &, € RTL(T; R}
wi € WR ¢ H(div, Q) : wi = w(p) +ws with
wi € Wi ={&, € LX(RY) : &l € RTy(T; RY)}
Raviart-Thomas space RT,(T; R*9):
Ohl+ € P(T)* + P (T)?x" forall T € 7y,

RTy(T: R?) RTi(T:R>?)
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Reconstruction of Stress and Flux

Incomplete History

Flux/stress reconstruction algorithms, equilibrated fluxes/stresses:

Ern/Vohralik (2015, ...) ...
...Ddrsek/Melenk (2013) ...
... Hannukainen/Stenberg/Vohralik (2012) ...
...Cai/Zhang (2012, ...) ...
... Braess/Schdberl (2008) ...
... Nicaise/Witowski/Wohlmuth (2008) ...
... Ainsworth/Oden (1993) ...
... Ladevéze/Leguillon (1983) ...

... Prager/Synge (1947)
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Reconstruction of Stress and Flux

Weakly Symmetric Stress Reconstruction

Add symmetry of 05 in a weak sense:

0 a3 — Q2
P=(% Y Ba=[-a 0
—a 0 (%) —Q1 0

(07, 39(a)) = (6F,39(x)) = 0 for suitable functions

E.g., a € Py(T,)99=1/2 (continuous piecewise linear elements) in the
case of the Boffi/Brezzi/Fortin (2009) weakly symmetric stress element

F. Bertrand/B. Kober/M. Moldenhauer/G. S.: Weakly symmetric stress
equilibration and a posteriori error estimation for linear elasticity. Numerical
Methods for PDEs (2021)

F. Bertrand/M. Moldenhauer/G. S.: Weakly symmetric stress equilibration for
hyperelastic material models. GAMM-Mitteilungen (2020)

Stress Reconstruction for the Biot Problem Gerhard Starke



Reconstruction of Stress and Flux

Partition of unity with vertex basis functions: 1= Z o
zEV)
Vertex patch: Wy = U{T € Th:zis avertex of T}
01y = 0(un, ph, on) + 05" = O(un, ph,on) + Y O, with
z€EV)

0;, € Op, = {& € P(w R : &7 € RTL(T;R*?), € -n =0 on dw,}
(appropriately modified for patches with dw, N 9Q # ()

BhAz € @hAJ such that

(div ehzv z)7 = —((f — Vn +divO(un, pp, on))¢z,2)T V2P, T Cw,
([0% - nls,C)s = —([O(un, ph, ¢n) - n]sz,C)s V¢ € Pi(S)?, S Cw,
(07,,39(7))w, =0 Yy € Py(Th)l,, N H' (w:)
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Reconstruction of Stress and Flux

Why enforce weak symmetry for the stress?

Theorem 2.
Let 05 € G)f be a stress reconstruction satisfying the weak symmetry
condition (6F,J9(v,)) = 0 for all v, € Qp. Then, for all v € H}(Q)7,

(s 0, Vv)| < Cillas 6| e(v)]
holds with a constant Cx which depends only on (the largest interior
angle in) the triangulation 7p.

Moreover, for any s € L2(Q) with (s, gn) = 0 for all g, € @ (the space
of conforming piecewise linear functions),

(tr(8(u, p, ©)) = 6%),5)| < Con'’?(|6(u. p, ©)) — OF |4 lIsl|

holds, where Cp again depends only on (the largest interior angle in) the
triangulation 7p,.
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Reconstruction of Stress and Flux
Flux reconstruction in the standard way:

Wi = w(pp) +wh =w(pp) + Z whA’Z with
zEV)

whA,Z € WhAJ = {¢ € *(w,;RY) : &]; € RTi(T; RY), & -n=0on dw,}
(appropriately modified for patches with dw, N 9Q # 0)

wh, € W2 such that

P = Pagn "*"”)qbz, 2)r Vze P, T Cuw,

((g — 7 divw(epn) +
([wh, - nls, ¢)s = —([w(pn) - n]s¢z,¢)s vc € Pi(S)?, S Cw,

(rdiv wﬁz, 2)r
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Numerical Results

L-shape domain
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Numerical Results

17 = 1% + 0+ 1E A+ p e
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Numerical Results
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