
	
The presentation examines the „derivative" of solutions of second-order boundary value problems and of output 
functionals based on them with respect to the shape of the domain. A rigorous approach relies on encoding shape 
variation by means of deformation vector fields, which will supply the directions for taking shape derivatives. These 
derivatives and methods to compute them numerically are key tools for studying shape sensitivity, performing gradient 
based shape optimization, and small-variation shape uncertainty quantification.  
 
A unifying view of second-order elliptic boundary recasts them in the language of differential forms (exterior calculus). 
Fittingly, the shape deformation through vector fields matches the concept of Lie derivative in exterior calculus. This 
paves the way for a unified treatment of shape differentiation in the framework of exterior calculus.  
 
The obtained formulas can be employed in the so-called adjoint approach to derive shape gradients of concrete output 
functionals. The resulting expressions allow different reformulations. Though equivalent for exact solutions of the involved 
boundary value problems, they deliver vastly different accuracies in the context of finite element approximation, as 
confirmed by a rigorous asymptotic a priori convergence analysis for a number of important cases. 
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