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Overview

Dual stress-based formulation of linear elastic Contact with Friction

Displacement Reconstruction and A Posteriori Error Estimation

Numerical Experiments
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Physical Setting of the Signorini Contact Problem

Elastic deformation of a solid constrained by a rigid foundation

Small strain assumption — linear elasticity, lin. contact constraint
Problem is non-linear due to inequality constraints
(active contact zone not known a priori)

Antonio Signorini: Sopra alcune questioni di statica dei sistemi continui.
Annali della Scuola Normale Superiore di Pisa (1933)
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Linear elasticity

Stress-based formulation

Stress field o : Q — R9*

Displacement field u : Q — R

lin. Strain: e(u) = 3 (Vu + (VU)T>

: ; : 1 T
Antisymmetric part: as o = 3 (o’ -0 >

Conservation equations: Constitutive equation:

W == (7 - 2 wo))
i —0i g(u) = Ao = o — ro
leU+f Oan 2’[1 d)\“l_zﬂ

aso=0inQ 1, A : Lamé Parameters
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Contact conditions
Signorini contact conditions with gap-function g > 0:

g—n-u >0
n-(o-n) <0 »onl¢
(n-u—g)n-(o-n)) =
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Contact conditions
Signorini contact conditions with gap-function g > 0:

g—n-u >0
n-(o-n) <0 »onl¢
(n-u—g)n-(o-n)) =
Coulomb friction law on [ with friction coefficient ;i > 0:
nx (o n) < ieln - (o -n)

Inx(o-n)| <prn-(o-n)=nxu=0 (sticking)
Inx (o-n)|=pen-(o-n)|=nxu=—cnx (o -n)with c >0 (sliding)
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Contact conditions
Signorini contact conditions with gap-function g > 0:

g—n-u >0
n-(o-n) <0 »onl¢
(n-u—g)n-(o-n)) =0
Coulomb friction law on [ with friction coefficient ;i > 0:
Inx (o n)| < ppln-(o-n)
Inx(o-n)| <prn-(o-n)=nxu=0 (sticking)

Inx (o-n)|=pen-(o-n)|=nxu=—cnx (o -n)with c >0 (sliding)

can be rewritten in this form:

{ nx (o -n) < pfln - (o - n)| } on e

(nx(o-n))-(nxu) =—pgn-(o-n)||nxu|
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Dual stress-based formulation of Contact with Friction

Compute o such that it minimizes the energy functional

8(7‘)::;/Q(AT):de—‘/r‘DuD-(T-n)ds—/ g(n-(r-n))ds

Jre
among all 7 € X(o) = {reX:divr+f=0 as7 =0,

n-(r-n) <0, [nx (r-n) < ueln- (o -n) on Ic}
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Dual stress-based formulation of Contact with Friction

Compute o such that it minimizes the energy functional
1 :

J(7) ::f/ (.AT)ZTdX—/ uD-(T~n)ds—/ g(n-(r-n))ds
2 Ja Jrp Jre

among all 7 € X(o) = {reX:divr+f=0 as7 =0,

n-(r-n) <0, Inx (r-n)| < peln- (o m)on Fc}
<~
Determine o € X (o) such that:

(A0, — 0)g = (up, (7 — &) -my, + g0 (7 — o) -m)r,
holds for all 7 € (o).
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Dual stress-based formulation of Contact with Friction

Compute o such that it minimizes the energy functional

9(+) ;—1/ (AT);def/ uD-(T~n)ds—/ g(n-(r-n))ds
2 Q JIp JT ¢
among all 7 € X(o) = {rec X  dvr+f=0 as7 =0,
n-(r-n) <0, [nx (r-n) < purln- (o n)on Fc}
<~

Determine o € X (o) such that:

(Ao, 7 —a)q = (up, (T =) -n)r, +(g,n-((1 ) n))r
holds for all 7 € (o).

C

e Continuous problem: Existence for small ;.

e Discrete problem: Existence for all 1./, uniqueness for small 1if
N. Kikuchi, J. T. Oden: SIAM, 1988

I. Hlavacek, J. Haslinger, J. Necas, J. Lovisek: Springer, 1988
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Displacement Reconstruction in H!
f(uh,div Th) = (Aah,rh)+(0h, as Th) = (.AO'theh,Th) = (Zh,Th)

zp,: discontinuous piecewise polynomial approximation of Vuy
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Displacement Reconstruction in H!
f(uh,div Th) = (Aah,Th)+(0h,as Th) = (.AO'theh,Th) = (Zh,Th)
zp,: discontinuous piecewise polynomial approximation of Vuy

Gradient Reconstruction Algorithm:
Step 1. For each T & 7T}, determine uj| € Py(T)?

(Vuh, Vvi) 21y = (zh, VVg) 27y for all vy, € Pe(T)?
(uf,,e,-)g(r) = (Uh,e,‘)l_2(7—) for 1 <i< d
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Displacement Reconstruction in H!
—(uh,div Th) = (.AO’h,T/-,)—F(Gh,aS Th) = (.AO'/,—FO;,,T;,) = (Zh,Th)
zp,: discontinuous piecewise polynomial approximation of Vuy

Gradient Reconstruction Algorithm:
Step 1. For each T & 7T}, determine uj| € Py(T)?

(Vuh, Vvi) 21y = (zh, VVg) 27y for all vy, € Pe(T)?
(uf,,e,-)Lz(T) = (uh,e,-)Lz(T) for1<i<d
Step 2. Construct ufl € Py(75)?  H'(Q)? by averaging:

o) = T ( > uh(x))

T:xeT
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Displacement Reconstruction in H!
—(uh,div Th) = (.AO’h,Th)—F(Gh,aS Th) = (.AO'/,—FO;,,T;,) = (Zh,Th)
zp,: discontinuous piecewise polynomial approximation of Vuy

Gradient Reconstruction Algorithm:
Step 1. For each T & 7T}, determine uj| € Py(T)?

(Vuh, Vvi) 21y = (zh, VVg) 27y for all vy, € Pe(T)?
(uf,,e,-)Lz(T) = (uh,e,-)Lz(T) for1<i<d

Step 2. Construct ufl € Py(75)?  H'(Q)? by averaging:

W) = ey | X wilr

T:xeT

Step 3. Enforce boundary conditions on u,’f.

Kim, Appl. Math. Comp. (2012)
Vohralik, Math. Comp. (2010)
Stenberg, RAIRO Math. Model. Numer. Anal. (1991)

Stress-Based Adaptivity for Quasi-Variational Gerhard Starke, Bernhard Kober 6/20



Reconstruction-Based A Posteriori Error Estimator
e Linear elasticity:

R 2 |lo— U'hHH div,Q) (reliability)
}(Uh Uh) - H.Aa'h (uh)HL2 Q) < Ho’ o'h”Hdlv,Q) (eﬂ:iciency)

with constants which are independent of A — oo
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Reconstruction-Based A Posteriori Error Estimator

e Linear elasticity:

2 |lo— U'hHH(diV,Q) (reliability)

R
(o uf) = |[Aop—e e(up)ll2@) S llo = onllHdiv,0) (efficiency)

with constants which are independent of A — oo

e Frictional contact:
Add complementarity terms to the error estimator:

(@ uf) = [ Aah — (uf) gy + (n-uf —gon- (o4 ).
+(nxufn o (o e+ (n < ufl el - (o -n)r

The idea of using such a functional for error estimation of
variational inequalities goes (at least) back to
I. Hlavacek, J. Haslinger, J. Necas, J. Lovisek: Springer, 1988
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Numerical Results
Hertzian Contact - Setting

up = (0,-0.01)7, t =0, f =0, £ = 20600, ;1 = 0.4,
T, = RTi(Th)? Un = DP1(Th)?, ©p = Pi(Th)?*>
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Deformed Mesh

Compressible case - 5 refinements
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Refinement of Contact zone

Gridpoints on half of I'¢c after 10 refinements

no contact

"o 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
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Contact Stress and Displacement

Compressible case: v = 0.28
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normal and tangential stress reconstructed displacement
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Convergence comparison

Values of nF

—~-adaptive, v=0.28
-= uniform, »=0.28

10 ——-adaptive, v=0.5 [|
-- uniform, v=0.5

Degrees of Freedom
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Straight boundaries
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Convergence comparison

Values of nF

——adaptive, »=0.28
-« uniform, v =0.28
103k —-adaptive, v=0.5 ||
Teell Tl -+ uniform, »=0.5

10—5 L

1 1
10* 10°
Degrees of Freedom
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3D example
up = (0,-0.025)7, E=25, v =0.25, pur = 0.4

005 01
01|
015 005
02
o
025
03
005
035 -
04
o1
045
02
01
0 e -
o T ~—— =
02 05 01 015

oss oz ot 01 005 O

contact pressure

Stress-Based Adaptivity for Quasi-Variational

Gerhard Starke, Bernhard Kober

6 01 015 02 025

92 e o 0 0

shearstress

15/20



3D example

Deformation and Stress
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3D example

Convergence

10°F 0.6 1

\ \
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Reconstruction-Based A Posteriori Error Estimator
Problem in the Proof of Reliability

CF( R\2

Oh,up) 1:77(‘7hvuf)+<“'U5—g7"'(0h'“)>rc

+(nxuf,nx (oh-n)rc + (In x uff|, peln - (o4 - n))rc

Ui

needs to be bounded from below by the error o — op!
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Reconstruction-Based A Posteriori Error Estimator
Problem in the Proof of Reliability

CF(

nF (hufl? = nloh ufl) + (n-uf — g.n- (o n))r

+(nxuf,nx (oh-n)rc + (In x uff|, peln - (o4 - n))rc

needs to be bounded from below by the error o — op!

For the 1st complementarity term:
(n-uf —g.n-(oh-n)rc > (n-uf —n-un-(o-n)—n-(o-n)r,

since eithern-u=g (and n-u, —g <0, n- (o -n) <0)
orn-(oc-n)=0(andn-(op-n)<0,n-u—g<0)

and then trace theorems can be used (cf. Krause/Miiller/S., 2017)
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Reconstruction-Based A Posteriori Error Estimator
Problem in the Proof of Reliability
For the 2nd complementarity term, similarly:

(nxuf,nx (ap-n))re + (I x uf|, peln - (o - n))re
=(nx ufnx (oh-m))re — (In < ufl| ur(n - (o4 n))r
>(In > uff| = [nx uf, ue(n - ((o = op) - n)))r
Under which conditions does the inequality

[In x uf — |n x UmHl/z,rC Slnxu—nx Ule/z,rC

hold?
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Reconstruction-Based A Posteriori Error Estimator

Problem in the Proof of Reliability
For the 2nd complementarity term, similarly:

(nxuf,nx (ap-n))re + (I x uf|, peln - (o - n))re
=(n > uf.nx (@h-n)re — (In x ufl,ur(n - (oh - m)ir
>(In x uf| — [n x ul, jie(n - (o — o) - m)))re

Under which conditions does the inequality
[In x uf — |n x UmHl/z,rC Slnxu—nx Ule/z,rC

hold?

Main assumption (in 2D):

The tangential displacement n x u is not allowed to be of opposite
sign in arbitrarily small neighborhoods of any point on [¢.
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Reconstruction-Based A Posteriori Error Estimator

Problem in the Proof of Reliability
For the 2nd complementarity term, similarly:

(nxuf,nx (ap-n))re + (I x uf|, peln - (o - n))re

=(n > uf.nx (@h-n)re — (In x ufl,ur(n - (oh - m)ir
>(In x uf| = n x ul, pe(n - (0 — o) - 0))re
Under which conditions does the inequality
[[n X u| —|nx UmHl/z,rC Slnxu—nx Ule/z,rC

hold?

Main assumption (in 2D):

The tangential displacement n x u is not allowed to be of opposite
sign in arbitrarily small neighborhoods of any point on [¢.

This is similar to the uniqueness criterion in
Y. Renard: SIAM J. Numer. Anal. (2006)
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