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High-temperature superconductivity (HTS)

In Bean’s model, HTS is described by a non-smooth constitutive law between the current
density J and the electric field E via the critical current density jc:

(BEAN)


|J(x, t)| ≤ jc(x) for a.e. (x, t) ∈ Ω× (0, T ),

J(x, t) ·E(x, t) = jc(x)|E(x, t)| for a.e. (x, t) ∈ Ω× (0, T ),

J(x, t) = 0 for a.e. (x, t) ∈ Ω\Ωs × (0, T ).

HTS-effects can only be realized under a certain temperature level. Therefore, a more
realistic mathematical model has to include the temperature dependence.
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• Temperature-dependent critical current density:

jc : Ω× R→ R, jc = jc(x, θ(x, t)),

where θ : Ω× (0, T ) → R denotes the temper-
ature distribution.

• The temperature dependence features a locally
bounded, locally Lipschitz and mono-
tonically decreasing character.

For the (HTS) bulk Y1.2Ba0.8Cu2Ox, this property
has been confirmed by physical measurements in
jc under various operating temperatures θ.

Aponte et al.: Temperature dependence of the critical current in high-Tc supercon-
ductors. Phys. Rev. B, 39:2233–2237, Feb 1989.

Energy loss in HTS

Many HTS applications suffer from undesired heating
due to energy losses, including:

• Hysteresis loss – caused by local penetration
and motion of magnetic fluxes in the mixed state.

This leads to heating power dissipation in the
superconductor given by

p(x, t) = J(x, t) ·E(x, t) = jc(x, θ(x, t))|E(x, t)|.

Energy loss is a very important issue in HTS, partic-
ularly for the design of high-technological devices such
as superconducting wires.
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Grilli et al.:Computation of losses in HTS under the action of varying magnetic fields
and currents. IEEE Transactions on Applied Superconductors, 24(1):78–110, 2014.

Integration and relation to the overall aims of SPP 1962

The aim of the project is to develop theoretical foundations, semismooth Newton algorithms
in function spaces and adaptive finite element methods for the multi-physics non-smooth
electromagnetic-thermal HTS system. The developed theoretical and numerical results will
serve as the fundamental basis for the magnetic field and temperature optimization in HTS
processes, which is the final goal of our project. Therefore, within the DFG SPP 1962, the
proposed project will be involved in the research areas:

• Area 1 (modelling, problem analysis, algorithm design and convergence analysis)

• Area 2 (realization of algorithms, adaptive discretization and model reduction)

• Area 3 (incorporation of parameter dependencies and robustness)

Multi-physics HTS system

The physical phenomena of temperature-dependent critical current density and hysteresis
loss in HTS lead to the following electromagnetic and thermal coupled system:

(CS)



∂tθ −∇ · (κ∇θ) = u + jc(x, θ)|E(x, t)| in D × (0, T ),

κ∇θ · n + αθ = 0 on ∂D × (0, T ),

θ(0) = θ0 in D,∫
Ω

ε∂tE(t) · (v −E(t)) + µ−1∂tB(t) · (w −B(t)) dx

+

∫
Ω

µ−1(curlE(t) ·w −B(t) · curlv) dx +

∫
Ωs

jc(x, θ(t))|v| dx

−
∫

Ωs

jc(x, θ(t))|E(t)| dx ≥
∫

Ω

f (t) · (v −E(t)) dx,

for a.e. t ∈ (0, T ) and all (v,w) ∈H0(curl )×L2(Ω),

(E,B)(0) = (E0,B0).

E : Ω× (0, T )→ R3 : Electric field f : Ω× (0, T )→ R3 : Applied current

B : Ω× (0, T )→ R3 : Magnetic induction u : D × (0, T )→ R : Cooling source

θ : D × (0, T )→ R : Temperature jc : Ω× R→ R+ : Critical current

E0 : Ω→ R3 : Initial electric field ε : Ω→ R+ : Electric permittivity

B0 : Ω→ R3 : Initial magnetic induction µ : Ω→ R+ : Magnetic permeability

θ0 : D → R : Initial temperature κ : D → R+ : Heat conductivity

Goals and difficulties

The mathematical and numerical analysis of (CS) is an open problem, which is mainly
complicated by

• Two-way nonlinear electromagnetic and thermal coupling

• Mixed hyperbolic Maxwell-type VI of the second kind

• Non-smooth parabolic PDE

The goals of the project are
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Mathematical tools

• Theory of Maxwell’s equations, implicit Euler method, theory of maximal monotone
operators, Stampacchia truncation method, fixed-point arguments

• Convex analysis, Moreau-Yosida penalization, Newton differentiability

• Nédélec’s edge elements, a posteriori error estimators, quasi-interpolation operators,
convergence analysis with limiting spaces

• Helmholtz-type decomposition, Pontryagin-type maximum principle, Ekeland varia-
tional principle, spike variation technique

Own project related publications

[1] D.-H. Chen and I. Yousept. Variational source condition for ill-posed backward non-
linear Maxwell’s equations. Inverse Problems, 35(2):025001, Dec 2018.

[2] M. Winckler and I. Yousept. Fully discrete scheme for Bean’s critical state model with
temperature effects in superconductivity. Preprint SPP1962-065, Jul 2018 (submitted).

[3] I. Yousept. Optimal control of non-smooth hyperbolic evolution Maxwell equations in
type-II superconductivity. SICON, 55(4):2305–2332, 2017a.

[4] I. Yousept. Hyperbolic Maxwell variational inequalities for Bean’s critical state model
in type-II superconductivity. SINUM, 55(5):2444–2464, 2017b.

[5] I. Yousept and J. Zou. Edge Element Method for Optimal Control of Stationary
Maxwell System with Gauss Law. SINUM, 55(6):2787–2810, 2017.

Multi-p
hysics

non-smooth

HTS system


