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Preface

Multifunctional materials are key ingredients in many modern technical de-
vices ranging from consumer market items to applications in high-end equip-
ment for automobile, aircraft, spacecraft, and information technology. The
understanding and development of multifunctional materials is based on a
comprehensive understanding of both the experimental and the theoretical de-
tails of these materials. Thus, we are delighted to welcome in this seminar na-
tional and international experts in continuum mechanics, applied mathemat-
ics, and materials science. The topics addressed in the lectures will span mod-
eling, simulation, and experiments in fields ranging from ferroelectrics and
-magnets, multiferroics and multiferroic composites, magnetorheological and
electroactive elastomers, lithium ion batteries, to polymer blends, alloys, and
porous media. This great range of inherently allied fields allows for a broad
and deep insight into the scientific activities and advancements of all the
reasearch disciplines involved.

Thus, we are happy to welcome more than 50 attendees to this seminar which
takes place at the Physikzentrum Bad Honnef. The Physikzentrum has been
serving as the main meeting point of the German Physical Society since 1976.
Located close to Germany’s oldest nature preserve with beautiful views on
the Rhine river the place offers a perfect platform for intensive discussions.
Therefore, we hope that the seminar will be successful in fostering greater
interactions among all the scientific disciplines involved as well as between
young and established researchers.

The proceedings at hand provide the extended abstracts of 33 lectures pre-
sented at the seminar. We would like to heartily thank all authors and partic-
ipants for their kind cooperation and contribution to this workshop. We wish
all participants a fruitful seminar and a nice stay at the Physikzentrum.

Sincerely,
The organizers

Jorg Schroder,
Doru C. Lupascu,
Marc-André Keip,
Dominik Brands
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SECOND SEMINAR ON THE MECHANICS OF
MULTIFUNCTIONAL MATERIALS

A PRECISE FORMULA FOR THE PROPAGATION SPEED OF
DIFFUSIVE INTERFACESIN THE ALLEN-CAHN PHASE FIELD
MODEL FOR PHASE INTERFACESIN SOLIDS.

H.-D. Alber!

! TU Darmstadt, Department of Mathematics,
Schlossgartenstr. 7, Darmstadt, Germany
e-mail: alber@mathematik.tu-darmstadt.de

Abstract.

Standard phase field models for the evolution of phase stesedids are based on the Allen-
Cahn phase field equation. To model the phase evolutiongaiggit is necessary to know the
dependence of the propagation speeds of the phase intedadtlee stress field, on the curvature
properties of the interface, on the transformation straith an other material parameters. In
multifunctional materials the propagation speed depamdsldition on other physical fields. In
sharp interface models the relation between the physiddsfand the propagation speed of the
interface is called kinetic relation.

In the talk we present a formula, which approximates thetlanelation for the propagation
speed of a level set of the order parameter modeling a diffisgace in the Allen-Cahn phase
field model for phase evolution in elastic solids. In our mdte order paramete$ varies
betweer) and1 and we consider the level s&t= % The error between the propagation speed
given by the formula and the exact propagation speed cantineagsd byC'1.%, wherey is the
width of the diffusive interface in the phase field model.

The formula is derived by construction of an asymptotic 8otuto the model equations.

1 = TABLE OF CONTENTS






SECOND SEMINAR ON THE MECHANICS OF
MULTIFUNCTIONAL MATERIALS

NONLINEAR FERROELECTRIC-FERROMAGNETIC BEHAVIOR OF
MULTIFERROIC COMPOSITES

A. Avakian', R. Gellmann?, and A. Ricoeur?

1.2,3 Institute of Mechanics, Chair of Engineering Mechanics / Continuum Mechanics, University of Kassel
Moenchebergstrae 7, 34125 Kassel, Germany
e-mail: artjom.avakian@uni-kassel.de

Abstract. In this paper, the theoretical background of linear and nonlinear constitutive mul-
tifield behavior as well as the Finite Element implementation are presented. The developed
tools enable the prediction of the electromagnetomechanical properties of materials and struc-
tures and supply useful tools for the optimization of multifunctional composites. Both linear
and nonlinear magnetoelectric models are presented within the context of a Finite Element im-
plementation. A homogenization technique is applied to describe the macroscopic behavior.
Numerical examples focus on the poling process and the magnetoelectric coupling.

1 Introduction

Multiferroic magnetoelectric materials, which simultaneously exhibit ferroelectricity and
ferromagnetism, have recently stimulated a sharply increasing number of research activities.
These materials are much desired, because of the presence of the interaction between electric
and magnetic fields. It is important to note, that this interaction appears as a material prop-
erty (ME-effect) and is not following from the Maxwell-equations (EM-effect). The coupling
of magnetic and electrical fields may occur due to the physical properties of a crystal or can
be artificially produced in a smart composite. The multiferroic composites, which incorporate
both ferroelectric and ferromagnetic phases, typically yield much larger magnetoelectric cou-
pling response at room temperature [4]. In composites, the ME-effect is induced by the strain
field converting electrical and magnetic energies based on the piezoelectric and magnetostrictive
effects.

2 Theoretical Framework

2.1 Linear magnetoelectroelastic behavior

The scalar electric and magnetic potentials are motivated from the Maxwell-equations for
the electrostatical and magnetostatical cases, such that F; = —gofil and H; = —¢"!'. With the
help of these equations, the constitutive law of quasistatic magnetoelectroelasticity is formu-
lated on the basis of the thermodynamic potential V(¢;;, £;, H;) = (0456, — D;E; — B;H;) /2.
The constitutive equations of linear magnetoelectroelasticity in compressed notation are then
obtained as

Oq = CoEp — gy — oy,  Di = epep + kaky + guHi,  Bi = qipep + ga by + paHp (1)

The application of approximate methods requires the formulation of field equations in the
weak form. This formulation is obtained e.g. from the generalized Hamiltons variational prin-
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ciple. In connection with the constitutive Eqgs. (1) the generalized matrices of an isoparamet-
ric finite element formulation [1], [2] are derived. Based on these equations, the boundary
value problem is formulated as an algebraic system of equations [K]|{U} = {R}. Here, the
generalized displacement vector {U} and the generalized force vector { R} incorporate dis-
placements, electric and magnetic potentials as well as nodal forces and generalized charges:

{{ui}, {o'}, {1} and {{F} {Q}, {QU

wc’f =0 wrrt =0
= @ Ny DE{D) X % =
i 1
= A = “
@Pr:ﬂ HY (0‘?’=0 @ =0 EY @™ =0
; A =() FEM o 4
\ 0% X EP — (B;) \ 9 Pa)
= =0 @"=0

Figure 1: Boundary conditions for the calculation of the effective magnetoelectric tensor

On the macroscopic scale, the relations between the effective material tensors and the av-
eraged fields are formulated as (¥) = L*(Z) where ¥ stands for (o,, D;, B;); L* contains
all of the material constants and Z stands for (¢,, F;, H;). To calculate the effective mate-
rial tensors, generalized periodic boundary conditions are applied in connection with constant
strain ggj and constant electric and magnetic fields E?, H? which are applied to an RVE:
uf -y = S (at - a7), ¢ — g — —EO(a} —37), ¢t — ¢ — —HY(af — a;).
The magnetoelectric tensor can be calculated either from the ratio between the averaged elec-
tric displacement and the applied magnetic field or from the averaged magnetic induction and
the applied electric field as shown in Eq. (2). The corresponding magnetoelectric constant in

x1-direction gy, is calculated as shown in Fig. 1.

. _ (D) _ (By) @)
ij 0 T 0
! H’L ep,Ej=const Ej ep,H;=const

2.2 Nonlinear magneto-ferroelectric constitutive behavior

Ferroelectric materials exhibit nonlinear remanent effects, significantly influencing the prop-
erties of multifunctional composites. Simulation of the poling process inevitably requires non-
linear constitutive modeling. As a simplified approach, the magnetostrictive phase is assumed to
behave linearly, whereas the piezoelectric phase exhibits a ferroelectric nonlinearity and linear
diamagnetic properties. In ferroelectric material, the strain €, and electric displacement D; are
additively decomposed into reversible and irreversible parts: €, = €, + E;”, D; = DI + Pi".
The irreversible parts are due to polarization switching on the microlevel or domain wall mo-
tion on the mesoscopic level. The magneto-ferroelectric model is based on a thermodynamical
potential:

1 1 1 . 4 ,
\If(€p, EZ‘, HZ> = §qu€q€p—€ip€pEi—él‘iijEiEj—5/,6in1‘Hj—que’f;TTSP—i-eipe‘:erEi—IDZ-ZTTEZ' (3)

p

The corresponding constitutive equations are then obtained as

0y = Coplep — 8;”") —e B, D;=ep(e, — 5;)”) + kB + P, By = ugH,.  (4)
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On the macroscopic scale, the changes in irreversible strain and polarization evolve as:

arr N b, BT =3"AP, i, )

They are described by internal variables v,,, for plain problems associated with the four possible
sp (n)®P
orientations of unit cells in a grain [5]. Here (g)ij and A P, represent the spontaneous strain

and change of spontaneous polarization for the domain n, respectively. The evolution of the
internal variables v,, within a domain structure is controlled by an energetic criterion.

The corresponding stiffness matrices as well as the mechanical, electric and magnetic nodal
loads are derived in analogy to the approach outlined in section 2.1. The following additional
terms

(F) = / BTV, {Q) = / BAT({") — (P7PAV, (6

14

account for the nonlinear contributions. The terms [c]{e""} and ([e]{""} — {P™}) in the
above equation have to be interpreted as intrinsic stresses and polarization due to domain wall
motion.

3 Results
3.1 Perfectly poled linear piezoelectric-magnetostrictive composite

A magnetoelectric particle composite of 20% CoFe,O,4 and 80% BaTiOj is considered. It
has a piezoelectric matrix (BaTiO3) with embedded magnetostrictive particles (CoFe,O,) and is
perfectly poled in the z; direction. The model has been generated automatically, accounting for
a statistical distribution of particle location, size and ellipticity. The effective magnetoelectric
constant in x;-direction is obtained as the arithmetical average of the two approaches shown
in Eq. (2) yielding g7, = 70.3E — 12[Ns/VC]. Comparing the numerical result with an ex-
perimental value [3] g7, = 4.4F — 12[Ns/VC] the large difference is obvious. This is due to
the assumption of a perfect poling state which cannot be achieved experimentally. A reasonable
comparison of theoretical and experimental data is only possible, if the nonlinear poling process
is included in the numerical simulation.

3.2 Diamagnetic-ferroelectric simulation of the poling process

A composite of CoFe,O, particles embedded into a BaTiO3 matrix is investigated. The
local polarization and maximum principle stresses are illustrated on the left and right hand
sides of Fig. 2. The electric loads were applied incrementally up to Fy; = 5F, followed by
an incremental unloading process. As shown in the left figure, the local polarization is not
perfectly aligned with the electric poling field as assumed in linear calculations. It is worth
noting that for a magneto-electric composite a pre-magnetization is performed in addition to
the electric polarization. It is expected that the local magnetization will not be aligned parallel
to external magnetic field, similar to local polarization. Further, the magnetization will influence
the parallel alignment of the local electric polarization which was an assumption in section 3.1.
We therefore conclude that the assumed parallel alignment of the local polarization and the local
magnetization of a linear magneto-electroelastic composite is not realistic.

As shown in the right figure, there is a considerable mechanical stress going along with the
poling procedure leading to maximum principle stresses of up to 44 MPa after unloading. The
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'

Figure 2: Results of the simulation of the polarization process for a magneto-electric particle composite (matrix:
BaTiOs, particles: CoFe;0,), left: local polarization, right: maximum principle stress

maximal stress of approximately 57 MPa is observed at F; = 5FE.. This will certainly lead
to the initiation of many microcracks. The maximum principle stress at different load states is
observed at interfaces between matrix and inclusion. On his part, this phenomenon influences
the effective material parameters of the composite, which has not yet been considered in the
calculations.

4 Conclusions

A subroutine USER-Element (UEL) for linear magneto-electro-elastic behavior has been
developed and implemented in a commercial FEM software ABAQUS. Homogenization pro-
cedures are applied to calculate the effective magneto-electric coupling. Further, nonlinear
magneto-ferroelectric behavior is included into the model. It is shown that the poling process
has a significant influence on the coupling behavior of a ME-composite. Mechanical stresses
during the ferroelectric poling process are obtained from the simulations indicating crack for-
mation at the interfaces between matrix and particles. The final goal of the investigations is to
optimize multiferroic composites with respect to functionality and strength.
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MODELING OF SINGLE CRYSTAL MAGNETOSTRICTION BASED
ON NUMERICAL ENERGY RELAXATION TECHNIQUES

K. Buckmann', B. Kiefer!, T. Bartel! and A. Menzel 2

L Institute of Mechanics, Department of Mechanical EngiimegTU Dortmund
Leonhard-Euler-Str. 5, 44227 Dortmund, Germany
e-mail: karsten.buckmann@udo.edu, bjoern.kiefer@ulig.e
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2 Division of Solid Mechanics, Lund University
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Abstract. This work is concerned with the modeling of the influence afastructure evo-
lution on the macroscopic response of single-crystallirsgnetostrictive materials based on
numerical energy relaxation. As a starting point, the DeSimmand James [1] constrained
theory of magnetoelasticity is reviewed and applied to tfegligtion of magnetic shape mem-
ory behavior under complex magnetomechanical loading. &@neled modeling approach is
subsequently presented in which the original constraietgarding infinite elastic and mag-
netocrystalline anisotropy energies are alleviated. listtase, elastic deformations and the
rotations of magnetic moments away from easy axes represklitional degrees of freedom
for the energy relaxation. Moreover, hysteretic effeces taken into account by reformulating
the problem in form of an incremental variational miniminatproblem for standard dissipa-
tive materials. Representative numerical examples sty the improved modeling accuracy
for magnetic shape memory response are presented.

1 Motivation and Description of the Extended Modeling Concept

Giant magnetostrictives, such as Terfenol-D or Galfenadl ferromagnetic shape memory
alloys (MSMA) have received much attention due to their usignagnetomechanical coupling
properties that potentially enable novel active matdyaded applications, e.g. as sensors, ac-
tuators, transducers or energy harvesters. The modelingrdinear magnetostrictive response
is typically based either on phenomenological macrosgapeaaches, see e.g. [2—4], or alter-
natively on the variational theory ahicromagneticg5]. The latter predicts the evolution of
magnetic microstructures under the influence of mechaalwdlmagnetic fields, but requires
simulations on very small time and length scales. Due to ¢ineptexity of realistic microstruc-
tures, it is then generally not feasible to simulate the sasp of samples of technologically-
relevant size. In light of this, DeSimone and James develdipeconstrained theory of mag-
netoelasticity[1], which is capable of predicting many relevant featuréshe macroscopic
magnetomechanical response, without requiring the eet&ihowledge of the underlying do-
main structure. This micromechanically-motivated vaoiadl theory was derived from micro-
magnetics and is valid for phase changing materials whesednergy densities grow steeply
away from its minima. The set of admissible macroscopi@sta&n in this case be constructed
through the convex combination of the local deformation aradjnetization states associated
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with the energy wells. For the modeling of effective singfgstal MSMA response under ex-
ternal stres& and magnetic field loading, the energy relaxation problem in the context of the
constrained theory then reduces to tfuadratic optimization problerfi,6]

miy 1T, (@) = min { () (@) - Dim)(e) =B (m)(@) ~ 7 )@}V, (@)
in which IT/ | is the system energy functiondk) and (m) are the volume averaged strains
and magnetization]) the shape-dependent demagnetization tensor}y/atig sample volume.
Here, the domain/variant volume fractions=[a, . . ., ag]” are the only remaining unknowns,
which are restricted to evolve within the admissibledet= {a | a; > 0,39 | a; = 1}.

The presented approach builds on tdoamstrained theorynd aims to overcome some of its
limitations, particularly that (i) dissipation is not cadered, (ii) elastic strains are omitted and
(i) the magnetizations are rigidly attached to easy axdsch, as evident from experimental
observations, are clearly to restrictive for the case of MSiodeling. Limitations (ii) and
(i) are due to the assumption of tifmfinitely) high anisotropy limit In the first step of ex-
tending the approach, the hysteretic nature of the respgereszounted for by introducing an
appropriate dissipation functional in an incremental atonal setting. Secondly, the infinite
anisotropy constraints are removed to allow for “non-epergll’-states with respect to local
deformations and magnetization orientations. The astamtiacorporation of elastic strains ne-
cessitates assumptions about the total strains in eacle aidhntensitic variants. Furthermore, a
magnetocrystalline anisotropy energy contribution iseatith the incremental potential, whose
zeros define the easy axes. The evolution of variant strachiaal magnetization orientations,
that represent additional microstructural degrees ofifveg are determined via minimization
of the extended incremental energy potential. In this marmeelaxed energy density is ob-
tained, which serves as an approximation of the mathentigtenad physically desired quasi-
convex hull. In the results presented here, we restrict tien@on toconvexificationsince it
offers the possibility of accounting for multiple martainsphases in a straightforward manner
and yields numerically robust algorithms.

2 Numerical Results

Xemﬁ;‘o}; i L
- sphere
»sguare cyl.| 3 T 3
U | il
5 e ée 4
=
= e . f’f K\& o,
< 5
- -2 4"?’ ’_‘ \\& \ il
P d It ; ; ‘ A ‘
*200_ -800 -600 -400 *2007 0 200 400 600 800
hy [kA/m] hy [kA /m]

Figure 1: Phase diagrams based on the constrained the6fy &,in planar applied magnetic field -h, space
for three different sample geometries ; b) in applied axi@sss 1 -magnetic fieldh, space for a square cylinder
sample. Representative loading paths under variabl constank, anda, respectively, are indicated.

Figures 1-3 show preliminary results that compare premhstiof magnetic field-induced
martensitic variant reorientation in MSMA via the DeSimara James theory, i.e. the con-
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strained minimization problem (1), with those of the paii@xtended modeling approach
accounting for dissipation. Figure 1 depicts phase diagremmputed on the basis of the con-
strained theory, see [7]. Figure 2a) presents the simukdetple geometry-dependent field-
induced straining curves corresponding to the loading patitated in Figure 1a). Figure 2
b) shows the simulation of the corresponding response switd dissipation, for which the
transformation is delayed and hysteresis is observableidissociation of the loading and un-
loading response paths. Analogous response simulatioms&gnetic field-induced straining
at the three constant stress levels indicated in Figurergldepicted in Figure 3, for the exper-
imentally most relevant square cylinder sample geomerg.ihteresting to note that at (axial)
compressive stress levelsiband3 MPa the response is characterized by a complete switching
between thestress-favoredl,2) andmagnetic field-favoredariants (3,4). In the absence of
stress, the external field stimulus can be accommodated fgyrpagnetic domain switching,
so that the applied field does not induce variant reorieamand consequently no macroscopic
straining occurs. It is also observed that the stress l@ependence of the inducible reorienta-
tion strain, which is characteristic of MSMA response, cahlye predicted by the constrained
theory, since the limiting mechanism of magnetizationtiotais inhibited under the infinite
magnetocrystalline anisotropy assumption. It will be destmted, that the extended model is
capable of properly capturing this effect.

0.02— w w w w 0.02

(&) [-]
(e -]

-0.02- -0.02r

ellipsoid
sphere |
square cy|.

/ ellipsoid
/ sphere 7 -0.04-

square cyl

-0.04r

-800 -400 400 800 -800 -400 400 800

0 0
hy [kA/m] ho kA /m]
Figure 2: Prediction of field-induced straining undgrapplication at constart; = 278.0 kA /m (cf. Figure 1a):
a) constrained theory [1,6], b) dissipation enhanced model

3 Outlook

On-going work is concerned with extending existing nunamelaxation techniques based
on a rank-one convexification with respect to first and seamdér laminates, that have suc-
cessfully been employed in the context of conventional shmapmory response [8-10], to the
magnetomechanically-coupled case.
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Abstract. The purpose of the work is the thermodynamic modeling of the energetics and kinet-
ics of ferroelectric materials. The physical model formulation is carried out in the framework of
continuum thermodynamics for quasi-static electromechanical processes. Building on previous
work, this framework is used to formulate different models for the free energy and dissipation
potential. The corresponding initial boundary-value problems are formulated with the help of
rate-variational methods. This approach is then applied in particular to model the evolution of
the domain microstructure and rate-dependent switching behavior in such materials.

1 Introduction

A number of modeling approaches have been proposed for the material behavior of, and
the evolution of the strain-polarization domain microstructure in, ferroelectric materials. In
particular, these include models focusing on the material behavior and evolution of the strain-
polarization domain microstructure; the latter include Landau-Devonshire-type phase-field-
based approaches e.g., [1, 2, 6] and multi-rank-laminate-based ones e.g., [7, 8]. Building on
this previous work, the current work focuses on the formulation of models for the energetics
and kinetics of ferroelectric materials and their application to the modeling of the behavior of
such systems including for example rate-dependent switching.

2 Model formulation

Consider a ferroelectric single-crystal occupying the spatial configuration 5 with boundary
OB containing a microstructure consisting of strain-polarization domains separated by a net-
work S of domain walls. Given that the materials of interest are generally ceramics or ceramic-
like, a geometric linear model formulation is justified. For simplicity, free charges, electrostatic
forces, and defects, are neglected, and the temperature is assumed constant. In this context, the
energetics of the material are modeled by a free energy density v, and the kinetics by a dissi-
pation potential x. Two types of models for these are considered here. The first is based on the
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phenomenological approach of [5] in which ¢ (e, E, P) and x(P) hold. Here, € := [Vu]*¥™ is
the strain, w is the displacement, E2 := —V ¢ is the electric field, ¢ is the electrostatic potential,
and P is the polarization. The second type is based on multi-rank laminate approach of [7]
in which ¢(e, E, P, u) and x(ft) hold, where p is the array of laminate volume fractions in
the variants. In this context, two models for the free energy are formulated; the first is based
on volume-averaged material properties e.g., [7, 8], and the second on volume-averaged energy
(current work).

3 Variational principle for initial-boundary-value problem

Given such physical model formulations, one can formulate initial boundary-value problems
for the displacement u and electrostatic potential ¢ fields of the material subject to history-
dependent, rate-dependent processes. To this end, it proves useful to work with rate-variational
methods e.g., [5, 9]. The corresponding variational principle is based on a rate functional R and
corresponding bulk density » = ¢ + x determined by energy storage rate density ( = ¥ and
dissipation potential y. This goes beyond existing purely-energetic variational principles for
ferroelectrics e.g., [4, 7] in that both energetics and kinetics are accounted for in the variational
principle. The stationarity conditions of R with respect to B, 9B and S then yield the field
relations, jump and boundary conditions of the model. In particular, this approach is applied to
the modeling of domain microstructure evolution and rate-dependent switching. Examples will
be given.
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Abstract. The field of multiferroics i.e. materials possessing simultaneously elastic, polar/electric
and/or magnetic orders has known a rapid progress punctuated by the discovery of many new physical
phenomena. Among their various physical properties, multiferroics have attracted much attention for
their potential magnetoelectric properties related to the coupling between magnetization and
polarization. Multiferroics are either intrinsic i.e. both magnetization and polarization coexist within
the same materials, or extrinsic and then referred as hybrid or artificial multiferroics as they are
constituted by two different materials, one having magnetization and the other one the polarization and
the coupling is mediated at the interface through both strain and charge effects. Actually strain is
revealed to be, in both systems, a key driving force allowing to tune the multiferroics properties. In this
talk, I will illustrate this remarkable feature using two examples, namely the intrinsic model multiferroic
compound BiFeOs and a hybrid multiferroic based on the heterostructure composed of BaTiOs and
FeRh.

1 Strain driving of BiFeOs ferroic orders

Tremendous efforts were recently devoted to study BiFeOs the model multiferroic system as
thin film form because of its strain sensitivity. Indeed, epitaxial strain has recently emerged as a powerful
way to tune the various remarkable physical properties of such perovskite oxide thin films. The strong
coupling of ferroic orders (elastic, electric and magnetic) with the various structural degrees of freedom
(notably polar and antiferrodistortive) provides multiferroic BiFeOs with very rich phase diagrams, as
well as with a highly tunable, multifunctional character. Combining advanced characterization
techniques (X-ray and neutron diffraction, Mdssbauer and Raman spectroscopy and piezoresponse force
microscopy) and ab initio, first-principles and phenomenological calculations, we have shown [1-6]
how misfit strain can 1) affect BiFeO; phases allowing original mixed-phase state; 2) tune the critical
temperatures of antiferromagnetic and ferroelectric transitions until bringing both close together; 3)
modify the ferroelectric, dielectric and piezoelectric properties; and 4) control the magnetic properties
and spin arrangements.I will show through some of these striking results how it is possible to strain-
drive easily the whole ferroic features of this model multiferroic.

2 Tuning magnetic transition using an electric field via strain

Controlling magnetism by electric fields is a key issue for the future development of low-power
spintronics. Progress has been made in the electrical control of magnetic anisotropy, domain structure,
spin polarization or critical temperatures. However, the ability to turn on and off robust ferromagnetism
at room temperature and above has remained elusive. Here we use ferroelectricity in BaTiOs crystals to
tune the sharp metamagnetic transition temperature of epitaxially grown FeRh films and electrically
drive a transition between antiferromagnetic and ferromagnetic order with only a few volts, just above
room temperature. The detailed analysis of the data in the light of first-principles calculations indicate
that the phenomenon is mediated by both strain and field-effect from the BaTiOs. Our results correspond
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to a magnetoelectric coupling larger than previous reports by at least one order of magnitude and open
new perspectives for the use of ferroelectrics in magnetic storage and spintronics.
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Abstract. Molecular dynamics (MD) simulations of ferroelectric maaés improved over the
last decades and are an indispensable tool in order to ptetiee behaviour of materials on an
atomistic level. Especially the core-shell model has bessaldior the simulation of ferroelectric
materials. However the computational costs of MD calcolasi are significant. In this work
molecular statics has been implemented as a finite elemahbohasing the core-shell model.
For validation of the molecular statics algorithm bariunteiate has been simulated. Further-
more periodic boundary conditions have been applied in otdsimulate bulk material.

1 Introduction

Ferroelectric functional materials are simulated on déffe length scales between the elec-
tron structure and the continuum description. Especiatidets and algorithms on the atomistic
level have been developed further in the last decades anmhhopredict materials behaviour
but also help understanding material behaviour in genétahe atomistic length scale molec-
ular dynamics is the most used algorithm for the simulaticatigcrete particle systems. Classi-
cal MD methods do not explicitly include quantum mechanictdrmation and solve Newton'’s
equations of motion using potentials in order to calculateractions between particles [1].
For the simulation of ferroelectric materials especidtly tore-shell model renders reasonable
results because of its ability to describe ionic and eledtrpolarization. Core-shell potential
parameters are determined by ab initio first principlesudatons. However MD simulations
are costly in terms of time and for macroscopic descriptetat of different constitutive mod-
els are aviable using continuum approaches like e.g. preldeafgorithms [2]. Continuum ap-
proaches have benefits especially in terms of calculatimntéfut the calculation of nanofilms
and material behaviour inside a domain wall are difficult tedict by continuum approaches
since the length scales of such phenomena e.g. a domain neatindy very fewAngstrom
(A) in size. On such small length scales material is not befwplke a continuum and particle
based methods must be applied. For the sake of computaéfficaééncy molecular statics has
been implemented in the sense of a finite element method tierapre-shell model. The inter-
pretation of molecular statics as FEM algorithm is discdgaesection 2. The used core-shell
model is presented in section 3. For validation of the atbaribarium titanate (BaTi¢) has
been simulated and a numerical example is shown in secti@oAclusions are finally drawn
in section 5.
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2 Molecular statics

The minimization of the discrete atomistic potential eygrgmolecular statics is analoguos
to the finite element method applied to nonlinear trussesnsfdering a discrete atomistic
system ofN particles the total energy of the system is given by

N N N
. 1 .
tot __ Fint ext _ int (.. . .

Bl = & (r) + ¢ (r)—§ZZ@ (rw)+Zfl r;. (1)

=1 j#i =1

Minimization of the total potential energy leads to
aEtot

=0. 2
o 2)

Solving these nonlinear equations upon Newton iteratiahiaranalogy to the finite element
method the system of linearized equation reads as

K - dr = f!(r) — £"(r). (3)

Thereby the internal force and the local stiffness matriarointeractiore between two particles
i andj with r;; :=r; — r; are calculated in terms of the interaction potentdalsby

B 8@] e . 82<I>ij

£
= s = 5 -
8rij arij

(4)

Therefore the easiest interpretation of a molecular staigorithm is a nonlinear truss network
of one dimensional finite elements.

3 BaTiO; core-shell mode

One of the most investigated ferroelectric materials isupartitanate. BaTiQ has a Per-
owskit crystal structure and 8 different spontaneous pEaton directions in the rhombohedral
phase. Every unit cell contains 15 ions. Using the core shetlel every ion is represented
by two particles. The first particle represents the atom obran ion. The second particle
represents the electron shell. Thus not only ionic but disct@nic polarization is considered.
Three different energy potentials are used to model thecpamteractions within a ferroelec-
tric crystal. First of all ions interact by long range Coulopotential

1S;oulomb — I 4:9; ) (5)
TEQ |rij|

Furthermore electron shells interact by a Buckingham piaten

V=4 exp( 'r”') STt ©)
P 5|

The third interaction potential represents the bondingvbeh the atom core and the electron
shell of an ion using a nonlinear spring potential

4 1 1
VSprmg _ 51{2 }r?j} + ﬂk4 ’I‘4 (7)

rij ’L] :
The used parameters are shown in table 1 and fit ab initio@atlgy calculations [3, 4].
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Atom Core charge|¢]) Shell chargel¢]) kq(eVA ) ka(eVA™
Ba 5.62 -3.76 251.80 -

Ti 4.76 -1.58 322.0 -

0 0.91 -2.59 31.00101.27(L) 3000(L)
Short-range A (eV) o (R) c (eVA®)

Ba-O 864.536 0.38729 0.0

Ti-O 4526.635 0.25239 0.0

0-0 4102.743 0.29581 300.0

Table 1: Symbol * means that the Ti core charge is obtainet witeutrality condition. The symbdgland L
indicate directions of the Ti-O bond [3].

4 Numerical examples

For the numerical examples barium titanate has been sietbfance it is one of the most
investigated ferroelectric materials [5]. As an initiahdiguration a cubic BaTi@lattice with
5x5x5 unit cells and 3750 particles has been simulated. aitied¢ constant has been chosen
as 4. Furthermore a cut-off radiug, = 9.999A and periodic boundary conditions have been
applied in order to reduce the calculation effort. The baures of the simulation box have been
fixed. For the calculation of the dielectric hysteresis véha an electric field has been applied
in [1 1 1]" direction. For the sake of numerical stability the Wolf suation has been used to

calculate long range Coulomb interactions. For a detaistdption of the Wolf summation
technique we refer to [6].

polarization [C/m 2

-3 -2 -1 0 1 2 3
electric field [V/m] 8

Figure 1: 5x5x5 BaTi@ system and dielectric hysteresis loops

Figure 1 depicts the simulated particle system and the leabmlidielectric hysteresis loop.
The polarization is evaluated along the diagonal [1 X ditection.

5 Conclusion

This study discusses an algorithm for the calculation abfgectric hysteresis behaviour of
functional materials using an atomistic finite element radthConsidering the computational
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costs of ab initio and MD simulations molecular statics gatages especially in the calcu-
lation of equilibrium configurations. Therefore the congliof molecular statics and continuum
mechanics is a promising future application.
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Abstract. Over the last two decades a variety of magnetorheologi@dtemers (MREs) and
devices utilizing them, have been patented and developscidmtists and engineering compa-
nies such as Ford Co., Toyota and Lord Co. Such materialstwitable mechanical properties
find use in controllable stiffness devices for the activetrobiof structural components eg. in
engine mounts and automotive bushings. Thus there is ardadsksl to model such materials
in @ manner that is convenient for structural and modal asaye. within a FEM framework.
In this work we present the modular construction and FEM enpntation of a MRE material
model that is firmly rooted in micromechanics and is testeslrag experimental data. Keeping
in mind the composite nature at the microscale, we develamatitutive formulation based on
a multiplicative magneto-mechanical split of the deforimragradient. We consider both Lee-
and Clifton-type right and left decompositions, where #téek seems more appropriate due to
its dependence on the true magnetic field. In contrast tonteimemulations like [6] and [7]
this general approach allows the use of micromechnicadlgdal network models for polymers
in a modular format and to extend its application for couptedgnetomechanical response.

1 Introduction and Physical Background of MREs

MREs are a class of composite materials consisting of rigidgnetizable iron particles
embedded in a viscoelastic rubber matrix. In the microspaiture below it can be shown
that the tangential component of the total force betweenrmagnetic dipoles with arbitrary
magnetic moment&, = 2(m-e,)(m-ey)ey always acts in such way so asdiign the magnetic
moments This key factor motivates us to consider a multiplicatipéitsof the deformation
gradient into elastic and magnetic parts.

2 Rate-type Variational Principle for Multiplicative Magn eto-Visco-Elasticity

The magneto-visco-elastic boundary value problem is geeby the rate-type variational
principle

. d .
(5,6, T} = arg { inf sup mf/ [SU(F, H,T; X) + &°(T)] dV — Hezt} 1)
¥ ¢ T JB dt

wherello,, = [z5-@dV + [, t- ¢ dA+ [,; BodA. The necessary condition of the saddle
point principle gives the equilibrium conditioniv[P] = 0, Gauss’s lawDiv[B] = 0, Biot
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Figure 1: Schematic representation of the deformation@htlhgnetorheological elastomer at the microscale.

equation for the evolution of the internal variabi&sl + 0;®” = 0 and boundary conditions
as the Euler equations. For more advanced concepts onieagahframeworks for coupled
electro-magneto-mechanical problems, see [1], [2] and [3]

Ingredient 1 Additive split of energy-enthalpy densitye assume an additive decomposi-
tion of the total enthalpy function per unit volume of thearefnce configuration into a mechan-
ical part¥,,..., including visco-elastic contributions due to micromeukally-based network
models of polymers, andrmaagnetostatic par,,,,,. ThusV = W,,..p, + V0.

Ingredient 2 Volumetric-isochoric split of local deformatio.he mechanical contribution
to the enthalpy function is assumed to decompose

Ve (F,H,Z) =U(J) + V*(F,H) + V'(F,H,T) (2)

into a volumetric contribution and a viscous and elasticlgwic part. The viscous internal
variable is determined by an additional evolution equagirplained below.

Ingredient 3 Local magnetically-induced deformatiorhe modular approach relies on a
kinematic assumption for a local homogeneous magnetbgérideformation, depending on
the material or spatial magnetic field := {H, h}, respectively. We obtain a closed-form
expression for the inverse isochoric stre@fx) = (1 + f)"?3[(1 + f)1 — fn® n|, where

n=x/|x|. Thus we define an elastic network deformatioy.,

F - case 1: total isochoric deformation,
F,. = FEH) -case2:right multiplicative decomposition, 3)
E(h)F - case 3: left multiplicative decomposition.

Ingredient 4 Local isochoric elastic network kernellThe current framework allows us to
include micromechanically-based network models for pagsrin a modular manner. In par-
ticular, we use the model in [4]. The micromechanical kedeflnes the elastic network stor-
age energyl = (1)°(\,..;)) and the viscous network storage functih= (4" (\,..;, ")) with
branch numbei = 1...s. The macro-dissipation is obtained by a homogenizationgatore as
PU=(¢"(¢")) in terms of the micro-dissipation functions of the form

. S 51 il =i 1}67
¢ —;m(n ]) o 4)

Ingredient 5 Local magnetostatic contribution to the energyVe outline a purely phe-
nomenological structure of the magnetostatic contrilbuttothe enthalpy function

\i]mag = —%J(h ® h) — pomsn In(cosh(h - h/n)) . (5)
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Figure 2: Multiplicative decompositions: ape-type:.F,,.; = FE(H) and b)Clifton-type: F,,.; = E(h)F.

This relatively simple constitutive ansatz aims to captheefree space contribution as well as
the magnetic energy stored in the material by virtue of itgmedization.

3 Representative Numerical Examples

We present some simulations to display the salient eattdis anodeling approach. For all
simulations we have used the viscoelastic microsphere hmofg which is based on [5].

3.1 Dynamic Compression Test

This simulation compares the results of our model with th@eexnental data. Here we com-
pare the force vs. displacement of an MRE sample in an applaghetic field. The magnetic
field is applied on an MRE block in the direction of the defotimia. We apply a sinusoidal
displacement and plot the corresponding reaction force. rékults of the model show a good

=00 =02 =04

or — simulation
4 experiment

O — simulation

0 —simulation
4 experiment

A experiment

-0.6 *I‘J.A *‘O Z' ‘ 0 ‘0,2 ‘0,4 0 -0.6 71),4 7‘0,2. ‘ 0 ‘0,2 ‘0.4 0 -0.6 7‘0,4 7‘0,2. ‘0 ‘0.2 ‘D.A [
displacement displacement displacement

Figure 3: Experimental data and the numerical results coetar different magnetic fields.

match with the experimental data which is attributed in nalémay to the highly predictive mi-
crosphere model that resides in the isochoric kernel. Haitsdiso favors the presented modular
approach.

3.2 MRE Block with Stiff Inclusion

In this example we consider a cubic block of the MRE with & stifn-magnetic spherical
inclusion. A monotonically increasing magnetic potentidderence is applied parallel to one
of the edges. Due to symmetry, only8"" of the geometry is used. A mesh consisting of 783
elements is used to discretize the domain. As expecteck thexr deformation of the matrix
in the direction of the magnetic field. The stiff inclusionw&ver, causes an inhomogeneous
deformation around it. The pole figures show the stereogcgmiojection of the stretch at
specific material points in the vicinity of the stiff inclusi.
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Figure 4: Deformed geometry with pole figures to indicatedinetch)\ at chosen points.

4 Conclusion

We have presented a highly predictive material model faragoc MRES, as well as a mod-
ular framework for the construction of MRE material modélattuse micromechanically-based
network kernels. The material model presented performkageainst experiment. The modular
construction of the model presents a framework for the coogbn of more complex models.
Additionally, we have presented FEM simulation of boundaalue problems.
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Abstract. Magnetoelectric materials allow control of the magnetization by an external electric field or
vice versa. These materials have received much attention recently due to their attractive technological
applications in sensors, actuators, potentially energy harvesters and non-volatile random access
memories. Composite materials show sufficient magnetoelectric coupling in the vicinity of room
temperature while intrinsic multiferroics only provide large coupling at low temperature. We report on
the converse magnetoelectric coupling in (0-3) ceramics composed of ferroelectric barium titanate and
ferrimagnetic cobalt ferrite. Using an organosol method we have successfully synthesized cobalt ferrite-
barium titanate (x)BaTiOs-(1-x) CoFe;04 nanopowders having a core-shell structure. The powder was
sintered into ceramics with (0-3) connectivity. Phases and morphology of the powder and ceramic
samples were studied using x-ray diffraction and scanning electron microscopy. Ferroelectric and
magnetic properties were investigated by a Sawyer-Tower circuit and SQUID magnetometry,
respectively. Electrically induced magnetization was tested using a modified SQUID ac-susceptometer

for measuring the converse magnetoelectric coupling coefficient (). We observed a value of

o = 2.37x10"sm™ for the composite containing 60% weight percent of barium titanate.

1 Introduction

Materials that exhibit two or more ferroic orders e.g. ferromagnetism and ferroelectric are defined to be
“multiferroics”. The outstanding physical properties of these materials make them the first candidate
for future sensors and actuators technology [1-2]. The magnetoelectric effect is expected in multiferroic
materials where the control of polarization and magnetization is possible by magnetic and electric field.
A weak magnetoelectric effect was experimentally measured in single phase magnetoelectric
multiferroics at low temperature [3]. On the other hand, a larger magnetoelectric effect can be found in
composite multiferroic magnetoelectric materials even at ambient temperature. In multiferroic
composites, the strain mediated approach is the main cause of the magnetoelectric coupling so that the
mechanical strain between the piezomagnetic and piezoelectric in the interface is the main factor. As
the interface between the phases is very important, the core shell structure is a promising approach for
enhancing magnetoelectric coupling due to the large well defined area between the piezoelectric and
piezomagnetic components [4]. Such core shell structure can be realized by ferromagnetic cores such as
cobalt ferrite and ferroelectric shells such as barium titanate. Large magnetostriction of polycrystalline
cobalt ferrite = 400ppm [5] and large longitudinal piezoelectric coefficient 190pCN! of barium titanate
[6] make them promising for fabrication of multiferroic magnetoelectric composites. In this paper we
report on the synthesis and measurements of the magnetoelectric effect of (0-3) cobalt ferrite barium
titanate ceramic composites sintered from core shell nanoparticles.
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2 Experimental procedures

For synthesizing multiferroic magnetoelectric composites, cobalt iron oxide nanoparticles were
successfully synthesized by co-precipitation method described in detail in [7]. The process of coating
the magnetic particles by barium titanate was accomplished by two main steps; the first is making a very
stable cobalt iron oxide ferrofluid. In this case the hydrophobic cobalt ferrite was suspended in toluene.
Second the ferrofluid was added to barium titanate organsol creating a multi-phase precursor.
Anhydrous tetramethyl-ammonium hydroxide (TMAH, Sigma-Aldrich) was added at 90°C to promote
gelation. All of the exact procedures, quantities and methods are described in [8]. The core shell powder
was obtained by calcinating the gel at 750°C for 15 minutes. The powder was pressed into cylindrical
pallets and then sintered at 1200°C for 2 hours in order to have a (0-3) ceramic composite. The
morphology and structure of the specimens was studied by scanning and transmission electron
microscopy (SEM and TEM). The ferroelectric and ferromagnetic hysteresis loops were measured using
a Sawyer-Tower circuit and SQUID respectively. Commercial microscopes SEMquanta 400 FEG and
TEM TECNAI F20 were used. For the magnetoelectric measurements, a converse magnetoelectric
coupling coefficient was determined in a modified SQUID ac-susceptometer using the following

procedure, an ac electric field, £ = E,_ cos @ was applied to the sample depending on the thickness.
The lock-in amplifier inside the SQUID was used to detect the harmonic induced ac magnetic moment
m=m,,cosar . The converse magnetoelectric coefficient ¢/, was calculated from the ac electric field

dependence of the induced magnetization.

3 Results and Discussions

The analysis of x-ray diffraction -not shown here- for the calcined cobalt ferrite and cobalt ferrite barium
titanate core shell structure proved the crystallinity of the two phases. No other phases are detected
assuring the purity of the composite. Figure 1.a shows SEM image for cobalt iron oxide nanoparticles.
The monodisperse particles distribute in the range of 30-40 nm. The composite core shell nanopowder
is shown in figure 1.b. The particles sizes are distributed in the range of 110-120 nm. Higher
magnification of the particles is shown in the inset. The darker core and brighter shell are easily
distinguished as well as the energy dispersive analysis which confirmed the core shell nature of the
powder [9]. In TEM analysis of the powder, the interplanar spaces between the planes are measured in
cores and shells. These measurements were in good agreement with x-ray diffraction data [8].
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Figure 1: SEM images for (a) calcined cobalt iron oxide nanoparticles synthesized by co-
precipitation method (b) calcined (1-x)CoFe»0s-(x)BaTiO; [x=0.8] core shell structure. The inset
shows a magnification of a particle with a core shell structure [7,8].

Figure 2 shows the SEM images for the ceramic sample. The bright regions are the matrix of barium
titanate which was also proved by EDS previously. Cobalt iron oxide regions (dark regions) distributed
in barium titanate matrix in the size of = 2um. To prove the (0-3) nature of the composites SEM scan
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was done in the edge of the sample as shown in figure 2.b. The cobalt iron oxide regions are separated
from each other forming (0-3) composite compared with the biphasic ideal model shown in the figure.
This separation may lead to better contact between the ferromagnetic and ferroelectric region, better
isolation of the magnetic particles and higher resistivity of the sample and consequently proper poling
and enhanced magnetoelectric effect.

— Edge scan

Biphasic model

Figure 2: Ceramic (1-x)CoFe»04-(x)BaTiOs [x=0.8] sintered at 1200°C and thermally etched
(a) surface SEM image (b) edge SEM image. Above is the ceramic sample and at the bottom an
illustration of the biphasic brick model for (0-3) ceramic composites.

The multiferroic nature of the composites was verified by measuring both the polarisation electric field
and the magnetization magnetic field hysteresis loops. Typical ferromagnetic and ferroelectric
behaviour were observed [9]. After that, the ac electric field dependence of the electrically induced
magnetization was measured and shown in figure 3. The measurements were done for different
compositions (x=0.8, 0.7, 0.6). All of the measurements were done at temperature 285K because the
maximum ME response was detected at this temperature. From the linear relation between the electric
field applied and the induced magnetization, the slope of the line is the converse magnetoelectric effect

which can be estimated by the relation & = (M, )/(E, ) where the value of M . is the electrically

induced magnetization divided by the volume of the sample. The maximum magnetization response
according to the electric field was recorded for the sample with composition x=0.6. The value of

converse magnetoelectric effect was estimated to be 2.37x107'sm™" which is seven times larger than

the best single phase magneoelectric material. The value of 4.4x10™">sm™" was estimated also for the
compositions x=0.8. These values still comparable with values reported for samples with the same
weight fraction between the piezoelectric and piezomagnetic phases.
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Figure 3: Electric field dependence of electrically induced magnetization for ceramic
(1-x)CoFe»0s4 - (x)BaTiOs sintered at 1200 °C and measured at p,H=0.15 T, T= 285K and f=10Hz.
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4. Conclusion

Using both the co-precipitation and organosol method we have successfully synthesized different
compositions of multiferroic cobalt ferrite barium titanate core shell nanoparticles. The mean sizes of
particles are 110-120 nm with shell thickness about 40nm. The nanoparticles were converted into (0-3)
ceramic magnetoelectric composite. We proved the multiferroic nature of the different compositions.

The maximum magnetoelectric coupling coefficient 2.37x107"" sm ™" was recorded to the composition
(x)BaTiOs-(1-x) CoFe;04 (x=0.6). This value is larger than the best single phase magnetoelectric
coefficient and comparable with others values previously reported. We related this large value to proper
separation of magnetic particles in the ferroelectric matrix as well as accurate magnetoelectric
measurement technique used.
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Abstract. In this paper a damage model for ferroelectric materials is presented. It is im-
plemented in terms of a user element in a commercial FEM-code Abaqus. The model is based
on micromechanical considerations of domain switching and its interaction with microcrack
growth and coalescence. The influence of damage evolution on the effective material proper-
ties is demonstrated. Further, a finite element analysis of a multilayer actuator is performed,
showing damage and crack patterns.

1 Introduction

Ferroelectric materials as components of smart structures are widely used in e.g. actuators,
acoustic sensors as well as in airfoil control systems. Due to the brittleness of these materials,
fracture mechanical approaches are playing an essential role in the modern research. Depending
on the application, the material is subjected to mechanical, electrical or combined electrome-
chanical loading. The mechanics of these materials is significantly determined by irreversible
nonlinear ferroic effects arising on the microscopic scale, such as polarization switching. These
switching processes are accompanied by internal stresses due to the strain incompatibility be-
tween neighboring grains, which results in damage and thus a significant variation of the ma-
terial properties [1]. That means that a comprehensive ferroelectric material model should
consider fracture and damage mechanical approaches. Besides that, the long term reliability
of smart structures requires the application of numerical tools predicting crack initiation and
growth under electromechanical loading conditions.

2 Micromechanical Model

The nonlinear effects are modelled by decomposing the strain ¢;; and electric displacement
D; additively into a linear piezoelectric part denoted with a superscript rev and a remanent
irr

strain ¢€;; and remanent polarization PI™ emerging due to polarization switching phenomena

€ = €5 + e, D; = D" + P". (1)
The remanent parts are functions of the load history and remain after switching off the electric
field and mechanical stress. The domain switching is simulated by applying a multidomain
switching model of polycrystalline ferroelectrics, as illustrated in Fig. 1. Four possible do-
main species are assumed with (") being the volume fraction of the N** domain within the
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Figure 1: Schematic illustration of an RVE, a single polycrystalline grain with 4 possible tetragonal domain species
and a single domain with poling direction ¢ in the (x1, x2) plane.

representative volume element (RVE). The volume fractions satisfy the following relation

4
> v =1, 0< v <1, )
N=1

The macroscopic constitutive law in a RVE is given by

0ij = Cijri(€r — €51) — €xij Bk, 3)

D; = e(ep — 61;5) + Rip By + PZIH 4)

Here, €;;, 0,5, E; and D), are respectively the components of the total strain, local stress ten-
sor, electric field and electric displacement vector. Cjji;, €1, Kij are respectively the effective
elastic, piezoelectric and the dielectric constants, which depend on the current configuration of
domain structure in the RVE. They are obtained by averaging over all domains within an RVE

4 4
Com = D CI ™ e =3 elv™ gy =3 6w, 5)
N=1 N=1

For small deformations, the strain tensor and electric field are calculated from the displacement
gradient and the gradient of the scalar potential, respectively

i = (Uij +uj4)/2, Ei=—p,. (6)

Within each domain, the polarisation vector F; is assumed to switch as soon as mechanical
and electrical energy reduction exceeds a critical energy barrier w_,, see [2]. The switching is

interpreted as the rotation of the polarization vector around the out-of-plane axis, see Fig. 1.
The evolution law for the change of internal variables vy reads

iss Y
crit

Y(N)
w(’iy(N) _ UijAe;yj(N) + El-AP](N), Uy = _,)JOVH (wdlss _ 1) 7 7

where 7% is a model parameter and different switching variants v = £90°, 180° are distin-

uished. Here, w ..’ is the sum of mechanical and electrical work per unit volume for the

guished. H gfjf) th f h 1 and electrical kp t vol for the N*"
omain species and w .. corresponds to the minimal energy required for domain switching, suc
d p dwl, ponds to th 1 energy required for d tching, such
that w2 = \/2E-P°, and w's"” = 2E-P°. In Eq. (7) a generalized Reuss approximation is

crit crit
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implied. That is, the mechanical stresses and the electric field components are assumed to be
constant and are not modified by the switching events. The local coordinates of the spontaneous

strain Ae M) and change of polarisation APW( ) are described by ep = (c —a)/ag

s ey 0). a0 ®

AP = P° (—11) , AP =P (:D , ARP” = p° (‘02) : 9)

The changes of remanent strain and polarization induced by domain switching are calculated by
building a sum over all switching events weighted by the change of the corresponding volume
fraction dv™Y), such that

4
=> AN dy ™), dpim = Z AP/ gy N (10)
N_

Note, once the polarization switches, the irreversible strain is locked and cannot be reverse-
switched unless external loads enforce it.

The above outlined model is implemented into a FE algorithm by introducing two additional
terms on the right-hand side of the algebraic system of equations, { f.} and {q.}, such that

[Kuu]{u} + [Kwp]{SO} ={f}+{f}, (1)
[Koul{u} + [Kpol{e} = {a} + {ge}- (12)

The additional terms describe the residual stresses and spontaneous polarization due to domain
wall motion and are calculated as follows

() = / OV, {g) = / e} — (PThav. (13)

Here, the matrices [B,] and [B,,] relate the nodal variables {u} and {¢} with strain and electric
field, in accordance with Eq. (6).

Now, the effective properties of damaged ferroelectric materials are calculated. The constitu-
tive law, as given by Eqgs. (3) and (4) is still valid. However, the material constants are modified
by the damage. Therefore, a general relation between the volume averages of two piezoelectric
field variables II and Z is considered as

(2) = F*(1), (14)

with II = (0'11, 092,012, Dl, DQ)T, and Z = (611, €99, 2612, —El, —E2>T. Here, F* is the gener-
alized compliance. Moreover, Eq. (14) can be written in an equivalent constitutive formulation
with strain and electric field being independent variables (IT) = C*(Z). The average strain and
electric field density can be decomposed into two parts (Z) = ZM + Z€ with ZM = FMIT°
representing the matrix and Z¢ = FCII° the defect phase. Here, (IT) = II° are the external
loads. Then, it can be shown that the generalized compliance F™* as well as C* are given as the
sum of the generalized compliance of the matrix medium F™ = [CM]~! and a contribution to
be determined through the crack surface deformation F'¢, i.e. F* = FM 4 . The contribution
of micro cracks to the averaged strain and el. field density Z€ is given by
+a a
C 1 C 1 c
€ =51 (Au;nj + Aujn;) da, E =— Z/Agp n; dxg. (15)

—a
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The calculations are done by applying the so called dilute model where defect interaction is
neglected. Jumps of the displacement and the electric potential across crack surfaces are given

by
AUM = QYMN\/ CLQ - (JZ%)Z HNQ. (16)

The latter is drawn from a closed form solution of the piezoelectric Griffith crack problem [3].
This means, that the crack is assumed to be in a flawless matrix medium. Here, Y, is the Irwin
matrix. Note that Egs. (15) and (16) are given in the coordinate system of a microcrack (z{, ).
After calculating F'“, the material properties in Eqs. (11) and (12) are updated according to

C* =[(CM) ' 4+ FO L (17)

The influence of damage evolution is governed by a damage parameter f = 4a®/A which
describes the density of microcracks, that is f = 0 for a flawless material and f = 1 for
the full damage. The microcrack initiation is controlled by a mode-I stress intensity factor
K; = Kjc, where K; = /Ta,or and o7 is the maximal principal stress. Once the criterion is
satisfied the microcrack is initiated and the calculation continues with crack growth, such that
a, = ap+n-Aaand f, = fo+n-Af, where a, is the crack length associated with the damage
parameter f,,.

3 Example

The model has been implemented into the commercial FEM-code Abaqus in terms of a user
element. In Fig. 2 an analysis of a multilayer actuator is presented, showing (a) polarization
vectors after the poling process with E,,,.,x = 5F, and (b) maximal principal stresses. Those are
largest close to the electrode tips leading to crack initiation.

=V

(a) o=V (®) ="

Figure 2: (a) Polarization vectors around electodes inside actuator after poling process. (b) Maximal principal
stresses at the electrode tips during polarization process: red color (100 MPa), green color (35 MPa).
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Abstract. A detailed account on VHB 4910 polymer under application of purely mechanical
and electro-mechanically coupled loadings is presented. VHB 4910 is a acrylic type viscoelas-
tic polymer that has potential applications as an electro-active polymer. To see the electro-
mechanical coupled effects for all experimental tests presented here, the polymer samples were
pre-stretched up to several hundred percent to make them thin enough initially. Then, the pre-
stretched samples were subjected to various amount of mechanical as well coupled deforma-
tions at different strain rates. All data produced from electro-mechanically coupled tests show
that the electric loading has profound effect in the time-dependent behaviour of the electro-
active VHB 4910 polymer. The data set from various tests can be used for the identification
of electro-viscoelastic parameters for a suitable constitutive model that can capture electro-
mechanically coupled behaviours of VHB 4910.

1 Introduction

Recently, much efforts have been invested in the so-called electronic electro-active polymers
(EEAPs) since these can potentially be used in the production of a class of smart materials. In
EEAPs, a large displacement mechanical output is produced by the application of an electro-
static excitation. The possibility of the high deformation characteristics is an attractive attribute
that has enabled a myriad of potential applications. Therefore, considerable research works
have been driven towards the development of constitutive modelling as well as numerical im-
plementation of such material models. EEAPs in actuators are utilized in the form of a thin film
that is sandwiched between two compliant electrodes and then exposed to an electric potential
difference, which creates Maxwell forces between the electrodes, i.e. a mechanical output is
the resultant due to electric stimuli [1,3,5]. VHB 4910 is an acrylic type polymer that can be
used in developing EEAP actuators.

Several constitutive modelling approaches both for mechanical and coupled problems in the
case of the dielectric VHB elastomer have been proposed in the literature [3,4]. However, very
few experimental works can be found in the literature that illustrate the time-dependent dissipa-
tive behaviour of the material with simultaneous electric and mechanical loadings. Diaconu et
al. [2] studied the electro-mechanical properties of a synthesized polyurethane elastomer film-
based polyester. Ask et al. [3] proposed a thermodynamically consistent electro-mechanical
coupled finite strain viscoelastic model based on a multiplicative decomposition of the defor-
mation gradient where they used Diaconu et al. [2] data for the identification of the model
material parameters as well as for their model validation.
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Here we present several standard experimental tests that are frequently utilized for a viscoelastic
polymeric material characterization. The experiments were performed on the acrylic type VHB
4910 polymer with and without the application of electric loads. For all cases, the pre-stretched
samples were stretched in lateral direction up to several hundred percent deformation to make
them thin enough so that the effect of two opposite charged electric loads will be high enough
to show their effect on the polymeric material with a pronounced mechanical deformation.

e

Figure 1: Preparation for electro-mechanical coupled tests: Specimen is hanged from the vertically-mounted load
cell by a hook; pre-stretched undeformed sample (a); Sample is clamped in-between the clamping plates, deformed
geometry (b). Legend: 1. upper cable, 2. lower cable, 3. pre-stretched but undeformed specimen, and 4. pre-
stretched and deformed specimen

2 Experimental set-ups

The purely mechanical counterpart of this experimental set-up is described in our previous
publication, cf. Hossain et al. [4]. Henceforth, we briefly review the procedure in the case
of the electro-mechanical coupled loading. For electric tests, electric connection is set up via
two cables that are connected to two metal plates (one at the top and one at the bottom of
the clamped specimen) attached to the linear stage, cf. Fig (1). A sample is held at its two
ends using two pairs of clamps, see Fig (1), which in turn are mounted on a linear translation
stage with the help of a table and a pair of metal hooks. The upper hook is connected to the
frame of the linear translation stage through a force transducer. The stretching of the sample
is realized by moving up and down the table using the linear translation stage. During each
test, the position of the table is recorded at the same time with the signal captured by the force
transducer. For the purely mechanical tests as well as tests with electro-mechanical coupled
loadings, all tests were conducted either with a constant strain rate as in the case of the cyclic
tests or at a predefined deformation level in the case of the stress relaxation tests. The resulting
force history was measured with the force transducer. The transducer is connected to a PC
LabView system for the data acquisition. All forces for required deformations in the lateral
direction of the two hundred percent pre-stretched sample are calculated in Newton (N).
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3 Electro-mechanical tests

In the following sections loading-unloading tests and multi-step relaxation tests will be pre-
sented with and without the application of electric loads. In the case of the electric load, the
aim was to apply maximum voltage, e.g. ten kilovolt (kV) on the pre-stretched sample in order
to observe large deformation. However, in this particular situation we can apply maximum five
kilovolt electric load on a two hundred percent pre-stretched sample.

25 T 4
— Electro-mech load [5kV] —Electro-mech load [5kV]
—NMechanical load [strain rate =0.01/s] 3.5|——Mechanical load [strain rate =0.05/s]
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25 3 35 4
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Figure 2: Loading-unloading test: Force (N) vs deformation on a two hundred percent pre-strained sample. The
strain rates were 0.01s~ 1 (left) and 0.05s~! for mechanical deformations as well as for electro-mechanical loads
while a five kilovolt electric load was applied in the case of coupled tests. Samples were deformed by a three
hundred percent deformation in the lateral direction of loading

Loading-unloading cyclic test is a typical experiment for the characterization of a viscoelas-
tic polymeric material behaviour. In the case of electro-mechanical coupled loading-unloading
tests, the electric loading was applied from the beginning of the deformation to the end of the
deformation, i.e. in a complete loading-unloading cycle. We had observed that the effect of
the electric load can only be sufficiently visible if the prestrained sample was elongated starting
from a three hundred percent mechanical lateral deformation during the loading path. All tests
were carried out at two selective strain rates 0.01s~! and 0.05s~'. The obtained results are

presented in Fig (2) in terms of required force (N) versus stretch.

For electro-mechanical coupled tests, the multi-step relaxation experiments can be used to see
the drop of the force due to an electric load in several consecutive load steps. In the first step-
wise elongation, deformations of a two hundred and fifty percent, cf. Fig (3), were applied
quickly to make the sample thin enough to get electric effect. Simultaneously, the electric
load was switched on from the beginning until completion of the entire test. We tried with
other smaller amount of mechanical deformations, e.g. a one hundred percent or even a two
hundred percent deformation but the applied deformations were not enough for the electric load
to affect the polymeric samples. Therefore, we had to go for a higher amount of deformation
in the first step load. After that another deformation of one hundred percent was applied in
the second step of loading with the same velocity as in the first case. We can not go further
step-wise deformation because samples either broke down during a mechanical load or short-
circuited during the application of an electric load. It can be observed that at the end of the
first step stretching with a holding period of ten minutes, the stress did not converge to an
almost constant state. This agrees with earlier observations that that a thirty minute holding
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Figure 3: Multi-step relaxation test: Coupled electro-mechanical load with a four (left) and a five kilovolt electric

loads were applied in a two step deformation on a two hundred percent pre-stretched sample. The holding period

was ten minutes while the speed for the sudden deformation was 1 mms—1.

time is required for a complete relaxation. However, we can not wait for more than ten minutes
since the thirty minutes holding period for the relaxation experiments was not suitable here as
the sample broke down before it reached the desired time span. The difference of the force
between the mechanical and the electro-mechanical cases has a thirty percent drop in the first
step relaxation but very little in the second phase. The reason might be that samples were
affected slightly in their thickness in the case of the second step deformation.

4 Conclusion

The data produced from several loading-unloading tests and multi-step relaxation tests show that
the electric loading has profound effect in the time-dependent behaviour of the electro-active
VHB 4910 polymer. The data set from loading-unloading cyclic tests can be used to identify
electro-elastic parameters while multi-step relaxation data would be useful for the identification
of electro-viscoelastic parameters for a suitable constitutive model that can capture electro-
mechanically coupled behaviours of VHB 4910 polymer.

REFERENCES

[1] J. Qiang, H. Chen and B. Li. Experimental study on the dielectric properties of polyacry-
late dielectric elastomer, Smart Material Structures, 21: 1-9,2012.

[2] L. Diaconu, D.O. Dorohoi and C. Ciobanu. Eletromechanical response of polyurethane
films with different thickness, Romanian Journal of Physics, 53(1-2):91-97,2008.

[3] A. Ask, A. Menzel and M. Ristinma, Electrostriction in electro-viscoelastic polymers,
Mechanics of Materials 50:9-21, 2012

[4] M. Hossain, D. K. Vu,and P. Steinmann. Experimental study and numerical modelling of
VHB 4910 polymer, Computational Materials Science 59: 65-74, 2012

[5] M. Wissler, E. Mazza, Mechanical behaviour of an acrylic elastomer used in dielectric
elastomer actuators, Sensors and Actuators A 134: 494-504, 2007

36 = TABLE OF CONTENTS



SECOND SEMINAR ON THE MECHANICS OF
MULTIFUNCTIONAL MATERIALS

MICROSCOPIC SIMULATION OF THERMALLY-INDUCED SECOND
ORDER EIGENSTRESSES IN AL-SI ALLOYS

Matthias Kabel!, Heiko Andri', and Sarah Staub'

! Fraunhofer Institute for Industrial Mathematics ITWM), Department of Flow and Material Simulation
Fraunhofer-Platz 1, 67663 Kaiserslautern, Germany
e-mail: matthias.kabel @itwm.fraunhofer.de

Abstract. Due to the different coefficients of thermal expansion of aluminium and silicium
high residual stresses of second order occur in AlSi alloys depending on the solidification rate
during the molding process. In products as for example crank cases made of AlSi alloys these
residual stresses may cause microcracks. In the work at hand measurements of the eigenstresses
in the single phases performed via neutron diffractometry are compared to numerical simula-
tions for different cooling rates. To this end different multiphase-models are presented and
compared which consider the o aluminium and the eutectic phase or the o aluminium, the eu-
tectic aluminium and the silicium particles. The presented model is able to predict the residual
stresses in the single phases within an elastoplastic framework. The influence of the cooling
rate onto the microscopic setting (dendrites geometry and amount of eutectic phase) and thus
the eigenstresses is studied. The numerical calculations are carried out directly on segmented
synchrotron images or on stochastic geometry models with the Fourier method.

1 Introduction

The Fourier method for the calculation of full field solutions was first proposed by Moulinec
and Suquet in the middle of the 1990s [6]. This method applies the Fast Fourier Transformation
(FFT) to solve integral equations of Lippmann-Schwinger type [12, 3]. Since no meshing is
required and the assembly of the linear system is avoided, the memory needed for solving
the problem is significantly reduced compared with other methods. This approach became
popular in recent years primarily due to the striking speed of available FFT implementations
[2], in particular for real world industrial applications [1]. Improvements of the original Fourier
method for dealing with nonlinear thermoelastic problems at infinitesimal strains can be found
in[7,4,8, 11].

Microstructures of cast aluminium alloys with large secondary dendrite arm spacing (SDAS)
are characterized by an extremely inhomogeneous distribution of inclusions. Therefore, tradi-
tional single-step homogenization methods (FEM, Voronoi cell FEM) are not suitable for this
type of microstructures due to the size of the representative volume element (RVE) and dual-
stage nested homogenization methods are proposed [10] even for two-dimensional RVE’s. By
using the FFT-based solver we overcome the size limitation of the RVE’s. The Fourier method
enables a single-step homogenization for realistic three-dimensional RVE’s of AlSi alloys.

2 Thermoelasticity

For the sake of simplicity, we omit volume forces and plastic (or other inelastic) strains in the
following derivation of the governing equations. In the linear approximation thermal expansion
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is governed by the equation
o(z) = C(z) : (e(z) — fa(x)),

where § = T'—Tj is the change in temperature 7' measured from some constant base temperature
To, €(x) and o(z) are the strain and stress fields, C'(z) is the stiffness tensor field, and a(x) is
the symmetric second-order tensor field of thermal expansion [S]. A(z) = —C(x)a(x) is
the thermal stress (eigenstress) tensor field. The (static) equilibrium condition without volume
forces is given by

dive = 0.

Combining the constitutive equation with the equilibrium condition on a representative volume
element (RVE) with periodic boundary conditions gives a set of explicit field equations for the
determination of the periodic displacement field « which is defined by

e(z) = E + (grad u(z) 4 (grad u(z))") /2.

Proper boundary conditions have to be defined by prescribing the average strain £ and the
temperature change 6.

3 Lippmann-Schwinger equation

By introducing a reference material with homogeneous stiffness C° and thermal stress A°
and the polarization

T(z) = (C(z) — C°) : e(x) + O(A(z) — A?),
the constitutive equation can be transformed as follows
o(z) =C%: e(x) + 0A° + 7(x).

For known residual stresses 7(z) the solution of div o(z) = 0 can be expressed by using the
nonlocal elastic Green operator I'° for strains associated with the reference Material C° [3],

e(z) = E— (I *7) (2),
where the convolution is defined by

(I 7) (2) = / Mz —y): 7(y)dy.

Q

By combining the last equations one obtains the Lippmann-Schwinger equation:
(I+Be=e+I"%((C-C"):e+0(A—A%) =E.

4 Numerical algorithm

The Lippmann-Schwinger equation can be iteratively solved using the Neumann series ex-
pansion for inverting the operator (I + B,). To be more precise, the iterates of the local strain
resp. stress read

e =EF,
= B+ E.
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b)

Figure 1: a) Two-phase model of AlSi7. b) Residual stresses of second order

These iterates can be efficiently calculated in four simple steps using FFT by the so called
basic scheme [4]:

7=(C—C%:e"+6(A— A%,

Explicit expressions for the Fourier coefficients I of the Green operator can be found in [9] for
different types of anisotropy.

5 Numerical results

In our presentation we consider RVE’s (see Fig. 1a) of AlSi microstructure models for vary-
ing solidification rates. In the numerical simulation we take into account the averaged hydro-
static stress in the Si particles of the eutectic phase which was measured by neutron diffractom-
etry. Therewith we compute the local and averaged residual stresses (and strains) in all phases
of the AlSi microstructure (see Fig. 1b). The magnitude of the so-called residual stresses of
second order are one essential reason for damage effects and crack initiation in AlSi alloys.

6 Acknowledgement

This study is part of a program supported by the Bavarian Research Foundation.

REFERENCES

[1] H. Andri, N. Combaret, J. Dvorkin, E. Glatt, J. Han, M. Kabel, Y. Keehm, F. Krzikalla,
M. Lee, C. Madonna, M. Marsh, T. Mukerji, E. H. Saenger, R. Sain, N. Saxena, S. Ricker,
A. Wiegmann, and X. Zhan. Digital rock physics benchmarks - Part II: Computing effec-
tive properties. Computers & Geosciences, 50:33—43, 2013.

39 = TABLE OF CONTENTS



M. Kabel, H. Andri, and S. Staub

[2]

(3]

[4]

[5]
[6]

[7]

[8]

[9]

[10]

[11]

[12]

S.G. Johnson and M. Frigo. A modified split-radix fft with fewer arithmetic operations.
Signal Processing, IEEE Transactions on, 55(1):111-119, 2007.

E. Kroner. Bounds for effective elastic moduli of disordered materials. Journal of the
Mechanics and Physics of Solids, 25(2):137-155, 1977.

J. C. Michel, H. Moulinec, and P. Suquet. A computational scheme for linear and non-
linear composites with arbitrary phase contrast. International Journal for Numerical Meth-
ods in Engineering, 52(12):139-160, 2001.

G. W. Milton. The Theory of Composites. Cambridge University Press, 2002.

H. Moulinec and P. Suquet. A fast numerical method for computing the linear and non-
linear mechanical properties of composites. Comptes rendus de [Acadmie des sciences.
Srie II, Mcanique, physique, chimie, astronomie, 318(11):1417-1423, 1994.

H. Moulinec and P. Suquet. A numerical method for computing the overall response of
nonlinear composites with complex microstructure. Computer Methods in Applied Me-
chanics and Engineering, 157:69-94, 1998.

H. Moulinec and P. Suquet. Comparison of fft-based methods for computing the response
of composites with highly contrasted mechanical properties. Physica B: Condensed Mat-
ter, 338(1-4):58-60, 2003.

T. Mura. Micromechanics of Defects in Solids. Martinus Nijhoff Publishers, Dordrecht,
1987.

D. Paquet, P. Dondeti, and S. Ghosh. Dual-stage nested homogenization for rate- depen-
dant anisotropic elasto-plasticity model of dendritic cast aluminum alloys. Int. J. Plasticity,
27:1677-1701, 2011.

V. Vinogradov and G. W. Milton. An accelerated FFT algorithm for thermoelastic and
non-linear composites, Int. J. Numer. Meth. Engng, 76: 1678—1695, 2008.

R. Zeller and P. H. Dederichs. Elastic constants of polycrystals. physica status solidi (b),
55(2):831-842, 1973.

40 — TABLE OF CONTENTS



SECOND SEMINAR ON THE MECHANICS OF
MULTIFUNCTIONAL MATERIALS

MODELING THE INTERACTION OF LITHIUM INSERTION AND
MECHANICS IN ELECTRODES OF LITHIUM ION BATTERIES

Magalie Huttin, Julia Ott, Ann-Christin Walk, and Marc Kaml ah!

L Institute for Applied Materials, Karlsruhe Institute ofcfenology
Hermann von Helmholtz-Platz 1, 76344 Eggenstein-Leopalfis), Germany
e-mail: marc.kamlah@kit.edu

Abstract. In this talk, we consider the interaction of lithium insertiand mechanical stresses
in electrode particles and electrodes of lithium ion batsr First, we consider a phase-field
model employing the Cahn-Hilliard equation to study the@fbf phase changes on the stresses
occuring in electrode particles made of lithium manganesdespinel. Second, this theory is
implemented in a finite deformation framework, and the cgueeces are discussed. Third,
with the help of the discrete element method, the impact ohamgcal effects on the transport
properties in a porous electrode are investigated.

1 Introduction

The original work summarized in this abstract has been phéd in references [1-5]. For
further reading we refer to the references given in theséqailons.

The electrochemical processes in the electrodes of lithambatteries (LIB) are coupled
to mechanical properties. On the one hand, insertion atihinto the host material leads to
strains and, as a consequence, mechanical stresses arednBepending on the host material,
very large deformations up to a few 100% may occur duringuithinsertion. On the other
hand, for thermodynamical reasons, there is a contribaionechanical stresses to the driving
force for diffusion of lithium in the host material. DuringHium insertion, most of the host
materials show non-ideal effects in the form of phase cheungye important example of current
candidates is lithium manganese oxide spine}n,O, or LMO).

As diffusion of lithium in the host material is the processiling cell power, the electrodes
usually are composed of small particles. Composition amiostructure of electrodes in chem-
ical power sources in general play a critical role for higectlode performance of the cells.
Hence, for optimization it is crucial to understand how efifee transport properties improve
cell performance and how they are affected by the mechastiatd.

2 Phase-field modeling of the interaction of lithium inserton and mechanical stresses in
LMO electrode particles

Many cathodic materials in lithium ion batteries show cagydade due to particle crackings,
especially cathodes made of LMO patrticles exhibit, evematdpplied charge and discharge
current, mechanical failure. This indicates that largesstes arise in the particle. One possible
origin for such large stresses is the occurrence of phasegagpn, for which we account by
means of a phase-field model coupled to mechanics. Usingnbdel, both the equilibrium
and dynamical behavior of the particle can be analyzed.[1/8h first step, we use a spher-
ically symmetric particle model (so-called core-shekvsario). Fig. 1 summarizes results for
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dynamical loading. The curves shown there are obtaineagduithium extraction and for two
different radii of the particle. Bigger applied C-rate,. ileading rates, values are represented
in the inset. It can be seen that phase changes lead to sénemses. And in contrast to the
stresses caused by the purely rate induced gradients irothmonly applied dilute solution
approach, very high stresses are present in the phase-fieldl ven for arbitrary low loading
rates. This observation has recently been confirmed by empets at IAM-WBM of KIT.
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Figure 1: Maximum hydrostatic stress reached using thegsfialsl model and the dilute solution model [1].

3 Comparision of small and finite deformation formulation of the phase-field model

In this section, a comparison will be made for a small and gelaleformation implementa-
tion of the theory introduced in the previous section [2M}e study charging processes close
to equilibrium, and we will look at the influence of certain ter@al parameters. As an exam-
ple, see the effect of a variation of Young’s modulus in FigltZcan clearly be seen that the
finite deformation formulation of the theory leads to lessrmunced gradients and to a reduced
concentration difference between the regions of diffepratse state.

In particular, for values of Young’s modulus beyond a certhireshold, phase segregation
is surpressed. For such values, the energetical cost die teldstic strain energy caused by
the strain mismatch between adjacent phases becomes ¢@) &ard the system stays in a
homogenous state even though it is in the spinodal regioneybge concentration.

4 DEM study on the effect of the mechanical state on the elegtrtransport in an porous
electrode

In this section, we study with the help of the discrete eleimagthod the impact of mechan-
ical effects on the transport properties in a porous eldet{b]. To be specific a mixture having
electrical conducting spherical particles describes tlamgar electrode structure, one phase
representing the intercalation material LMO and the otlagban black. To determine the per-
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Figure 2: Concentration profiles for increasing values afing's modulus [2].

colation threshold for binary mixtures a tracking algamtiiHoshen-Kopelman) was adapted
for non-lattice topologies with periodic boundaries. Base that, a network analysis method
is implemented to determine the effective conductivity afious structures.

In LIB, intercalation processes lead to volume change aecktbre internal stresses. To in-
vestigate this, the methods mentioned above for deterrmmat conductivity were combined
with discrete element modeling (DEM), which allows simidatof interparticular forces and
rearrangements in granular structures during loading teraene the impact of mechanical
stress on transport properties. In addition, the effechefdalendering process during manu-
facturing of an electrode in order to increase the densiynmilated.

Fig. 3 shows the change in conductivity for carbon blackmyigalendering and the subse-
quent intercalation process in a LMO electrode. In the Uermered state, the carbon black
phase is not percolated, and, consequently there is no@tectonductivity in this phase and
the electronic conductivity of the electrode is dominatgdhe low electronic conductivity of
the active material. After calendering, the carbon blackgehis now percolated, and one can
clearly see the anisotropy in conductivity with the highestductivity in the direction of the
applied mechanical load during calendering. A subseque@tdalation process leads to volu-
mentric swelling of the active material particles (LMO) qf to 6%. During this process, the
contact forces between patrticles increase, thus leadiag &ven improved electronic conduc-
tivity.
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Abstract. Liquid crystal elastomers combine the elastic properties of rubber with the orien-
tational properties of liquid crystals. Due to their unique properties they have attracted con-
siderable scientific attention during the last years. Amongst the various types of liquid crystal
elastomers, nematic elastomers are one special class. These undergo a phase transition from a
high-temperature isotropic state to a low-temperature nematic state, which is accompanied by
rather large deformations. As a consequence of the phase transition the elastomer may develop
domains which consist of homogeneously oriented nematic mesogens. The goal of this talk is
to discuss a phase-field model for the continuum mechanical description of nematic elastomers.
The model will be implemented into the finite element method and applied to the simulation of
domain evolution under specified initial boundary conditions.

1 Introduction

Liquid crystal elastomers (LCE) have attracted considerable scientific attention recently.
LCEs are soft materials and they mechanically react on externally applied fields like, for ex-
ample, temperature, electric and magnetic fields, as well as light. They do so with comparably
large deformations, which makes them a prototype material for soft actuators. Due to their
unique properties they may find application in the area of, for instance, micro-robotics and
medicine technology [6].

As the name implies, liquid crystal elastomers combine features of liquid crystals and elas-
tomers at the same time: they have the elastic properties of rubber and the orientational prop-
erties of liquid crystals. They are made from liquid crystals by cross-linking their polymeric
chains. A comprehensive textbook on liquid crystal elastomers is given by the fundamental
work from Mark Warner and Eugene Terentjev [12]. The interested reader may also be referred
to the classic on liquid crystals from Pierre-Gilles de Gennes and Jacques Prost [5].

A special class of LCEs is given by nematic elastomers, which are characterized by a phase
transition between an isotropic and an anisotropic state. The isotropic state exists at high tem-
peratures and shows a random distribution of nematic mesogens (mesogens are quasi-rigid and
mainly rod-like particles that are attached to the polymer chain). When cooled down below a
certain transition temperature, the elastomer undergoes an isotropic-to-nematic phase transition.

45 — TABLE OF CONTENTS



Marc-André Keip and Kaushik Bhattacharya

This phase transition is accompanied by the alignment of adjacent nematic mesogens. Here it
should be noticed that the properties of nematics depend significantly on their cross-linking his-
tory, where one distinguishes between cross-linking the polymer in the high-symmetry isotropic
and cross-linking it in the low-symmetry nematic state. This production history influences their
elastic behavior, which is characterized by a unique phenomenon given by soft (or semi-soft)
elasticity [11]. Theoretical studies on the effective elastic response of polydomain nematics for
both cross-linking histories have been conducted in [1].

There exist numerous works on theory and experiments of LCEs in the literature. Fundamental
experimental studies were, for example, performed by Finkelmann and co-workers [8]. Mi-
cromechanically motivated free energies for the description of nematic elastomers were pre-
sented in the context of a so-called neo-classical theory [2]. Mathematical issues have been
explored, for example, in the framework of relaxation theories [4,7]. Works on phase-field
modeling of nematic elastomers are given by, for example, [10,9].

2 Nematic phase transition, order parameters, and Landau-de Gennes theory

As mentioned above, nematic elastomers are characterized by a phase transition. Figure 1
shows a sketch of a nematic elastomer microstructure above and below the isotropic-to-nematic
phase transition temperature.

b) y

Figure 1: Phase transition of nematic elastomers: a) When the elastomer is cooled down below a critical temper-
ature it undergoes an isotropic-to-nematic phase transition. As a result the order of nematic mesogens changes.
b) Below the transition temperature the mesogens align in a homogeneous direction. This direction can be de-
scribed by the nematic director 7.

In Fig. 1a we see cross-linked polymer chains with attached mesogens, which order in a
homogeneous direction when they are cooled down below a critical temperatue. The mean di-
rection of order is usually described by the nematic director n that has unit length ||n| = 1.
Note that, due to the symmetry in the nematic phase, the states +7n and —n are indistinguish-
able. This is why the nematic director is often visualized by a double-headed vector, see Fig.
1b. Next to the direction of nematic order we may want to quantify the amount of order in this
direction. This can be done through the scalar nematic order parameter S

3, 1
S = (Py(cosh)) = <§cos 0 — 5) (1)
Here, 6 is the inclination angle between the individual mesogens and the nematic director, and
(o) defines the volume average. Due to the above mentioned symmetry reasons the order pa-
rameter S is derived from a Legendre polynomial of order 2, for a detailed discussion see [12],
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page 11. As a consequence we may distinguish, for example, three extreme cases of order. First,
when S = 1, all mesogens are perfectly aligned and we thus have perfect nematicity. Second,
when S = 0, the mesogens are randomly oriented in space, so that the elastomer is isotropic.
Third, when S = —1/2, all mesogens are oriented perpendicular to the nematic director and
thus decribe a plane ortogonal to n.

A combination of the vectorial order parameter n and the scalar order parameter S is given by
the Landau-de Gennes order parameter (), which is a tensor of second order. It is defined as
traceless tensor by

3 1
Q::§S<n®n—§1). 2)

This order parameter is the fundamental ingredient of the phase-transition theory by de Gennes.
The Landau-de Gennes free energy is given as a polynomial of the nematic order tensor () as

%?d(;:%Atr(Q'Q)—gBtf(Q'Q-Q)—I—;C’U(Q-Q-Q-Q)—l—... 3)

However, taking into account the definition of the order parameter @ in (2), this polynomial can
be reformulated to a function of the scalar nematic order parameter .S only:

1 1 1
¢§dG:§A52—§BSS+ch4+.... (4)

The individual coefficients A, B, and C' can be obtained from experiments, see, for example,
[3], or [12], page 18.

3 Phase field model for nematic elastomers

In order to provide a continuum model for the description of nematic elastomers we formu-
late a potential energy that comprises contributions from liquid crystal and elastic effects. The
energies associated to the liquid crystalline behavior are given by a part that models the phase
transition ¥ qc, see (3,4), and a furher part given by a suitable gradient energy ;.4 formulated
in terms of the order parameter. The elastic part will be given by a mechanical energy ¢ ech-
Consequently, the complete free energy is assumed to have the additive form

77Z) = 77Z)mech + ¢LdG + ¢grad' (5)

The first part defines the purely elastic part of the energy and can be given by one of the neo-
classical Warner-Terentjev energies derived in [2]. In detail, we choose for the isochoric part of
the elastic energy

. 1
wr = [tr (F" - 17" F) - 3] (6)

where F' is the deformation gradient and [ ! is the inverse of the step-length tensor l. In [1], an
explicit version of the step-length tensor is given as

L=r""P1+(r—1)men] sothat I"'=r[1+(r"'—1)nen], (7)

with det! = 1. The scalar r denotes the relative step length and is given as a function of the
nematic order parameter S by r = % As complete elastic energy we use a compressible
version of (6), so that we define

. 1 1
Vmech 1= ey — pIng — 1 MNJP—1) — 5 AnJ. )
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In order to complete the material model we use the equivalent Landau-de Gennes energies
Yrac given in (3) and (4), respectively, as well as a suitable gradient term 9g,,q formulated as
function of the gradient of the order parameter. The fundamental equations to be solved are then
the balance of momentum as well as the associated evolution equation of the order parameter.
This will be accomplished by numerical implementation into a finite element framework.
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Abstract: Micromagnetic simulations of magnetoelastic nanostructures traditionally rely on either the
Stoner-Wohlfarth model or the Landau-Lifshitz-Gilbert LLG model assuming uniform strain (and/or
assuming uniform magnetization). While the uniform strain assumption is reasonable when modeling
magnetoelastic thin films, this constant strain approach becomes increasingly inaccurate for smaller
in-plane nanoscale structures. This paper presents analytical work verified with experimental data to
significantly improve simulation of finite structures by fully coupling LLG with elastodynamics, i.e. the
partial differential equations are intrinsically coupled.

1 INTRODUCTION

Electrical control of ferromagnetic elements represents an important and emerging area of study in
multiferroics. Magnetic control has conventionally been accomplished using an applied magnetic field
rather than an electric field. Recently a number of researchers have focused on electric field induced
strain-mediated control of magnetic properties. While interesting, a robust modeling approach that
accurately predicts the response of nanoscale structures magnetic response is unavailable.

The strain-mediated multiferroic approach consists of mechanically coupling magnetoelastic elements
onto ferroelectric substrates [1], e.g. sputter deposition of composite heterostructures. In these
composites, an electric field applied to the ferroelectric/piezoelectric substrate induces an anisotropic
strain in the magnetoelastic material. The anisotropic stain induces a magnetic anisotropy via the
converse magnetoelastic effect [2]. There exist fairly extensive studies containing both theoretical and
experimental work on strain-mediated magnetization changes, coercivity changes [3], and strain-
induced anisotropy in continuous magnetic thin films [4]. In all of the continuous film studies the strain
is appropriately assumed to be uniform in the ferroelectric and ferromagnetic layers.

A relatively less studied area is the strain-mediated effect in multiferroic nanostructures [5]. For
example, Bur et al. [7] reported strain-induced coercive field changes in patterned single-magnetic-
domain nickel nanostructures deposited on Si/SiO, substrate. A few analytical studies also exist on
uniform strain transfer and strain-induced change of magnetization in nanostructures [5,6,8]; however,
as the thickness of the nanostructures increases or in-plane dimensions decrease, the validity of the
uniform strain assumption becomes increasingly compromised. Recently, researchers have begun to
investigate more sophisticated modeling techniques for coupling LLG with elastodynamics. These
approaches include mathematical [9] and numerical [10,11] methods for the solutions of coupled
micromagnetic and elastodynamic equations. While a few sophisticated solutions have been presented,
these presentations do not compare their data directly with experimental results and thus leaves the
modeling accuracy questionable.

In this study, we develop a numerical method based on finite elements to fully-couple micromagnetic
simulations with elastodynamics in finite size 3D structures. The analytical results are compared to both
conventional analytical methods and experimental results. The validated model is used to guide the
development of experimental tests and devices using nanoscale magnetoelastic structures.
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2 THEORY

The theoretical magnetoelastic framework for a problem between micromagnetics and elastodynamics
reduces to seven coupled PDEs, which can be formulated in their weak form (i.e. referred to as
LLG/EQ). Assumptions include small elastic deformations, linear elasticity, magnetostatics, and
negligible electrical current contributions. The elastodynamic governing equations are

P U g 5o (1)
or’ = -

where p is the density, ¢ is the stress tensor. The phenomenological Landau-Lifshitz-Gilbert (LLG)

micromagnetic relations represent the second set of equations defined by

om__, y(mx Heﬁ)+a[m><a—mj )
ot T\TTE ot

Where y is the Gilbert gyromagnetic ratio and a is the Gilbert damping constant. Substituting the
appropriate constitutive relations and definitions including magnetocrystalline anisotropy field Hagis,
exchange field Hex, demagnetization field Hy, and magnetoelastic field Hye reduces the set of equations
to six partial differential equations relating the displacements u and the magnetization m defined as:

azg 1 T m T\ __
v —V-g[E(VW(W) )}Wé(é mm )—Q 3)
om om
E = _luoy(mx(ﬂext +ﬂex (m) +ﬂd (¢) +ﬂanis (m) +ﬂme (m’ Z))) to EXE (4)

Equations (3) and (4) along with the Ampere’s law Hq= -\/ represent seven equations as a function of

seven unknowns defined by U, ¢, and m. To solve this system LLG/EQ of coupled equations, the

PDEs are formulated in their weak forms and solved numerically using finite elements.

3 SIMULATION & RESULTS

Experimental tests have been conducted on 100 nm X 300 nm X 35 nm nickel single domain
nanostructures subjected to mechanical loads. An illustration of the finite element model used to analyze
the experimental data is shown in Fig.1 (a). The structure is discretized using tetrahedral elements with
a size on the order of nickel’s exchange length (~8.5 nm). The nickel properties were derived from bulk
values [12] and the Gilbert damping constant was chosen to be & =0.5 to improve stability and process
time.

y
v
1000 = =
. I
2
i u
% | A _aiy E
[~
1000 nm
1000 nm Sio, S
._ . IUU’U
0 Roller condition
(a) Model setup (b)Boundary conditon (Top view)

Figure.1 Schematic diagram of the model and boundary conditions
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Figure 2(a) compares the coercive fields H  as a function of effective applied strain (¢,-¢..) for the

Stoner Wahlforth SW model, the micromagnetic LLG model assuming constant strain, the LLG/EQ
model (described in this paper), and experimental data. The SW model shows significant disagreement
with the experimental data by as much as 2350 Oe, while the LLG model and LLG/EQ model results
have relatively better agreement but differ by as much as 200 Oe. Such inconsistencies in the analytical
results are attributed to thermal issues, surface roughness, aspect ratio, or geometric smoothing in the
nanostructure, which are not adequately represented in the numerical simulations. In Figure 2(b), the

change in coercive field values (ie., AH, =H, - H f’ ) for the different curves are provided. The

LLG/EQ model shows very good agreement with experiment data (less than 2% deviation) while the
SW model and the LLG-constant strain model show relatively poor agreement with errors as large as
60%. These set of comparisons clearly indicate that non-uniform strain distributions must be considered
when predicting the strain-mediated magnetic anisotropic effect in nanostructures. This is especially
true when consider substantially stronger magnetoelastic materials such as Terfenol-D.

35004 H_(Oe) 200
: {1dH, (Oe)
Y v 3000 4 N 1504
¥ ¥ i s J
v \ . 100 <
2500 v \\ ]
H. (Experiment)| — iy,
= xpenmen T
L 2000 %
e H_(LLG/EQ) = . : Bt
-1000 -500 [
A
H, (1LE) 1500 4 ol X
v—H_(SW) ]
| -1004 ™
1000 B dHc (Experiment) L
: - ® dHc (LLGEQ) 1
—— ., Do ) 5
= -— w500y o000 g dHe (LLG) ]
T T . ¥ dHic (Stoner-wohifarth) | _zq ]
1000 500 1] 500 1000
£ e, (ue)
(a) (b)

Figure.2 Comparison of models for (a) coercive field He and (b) coercive difference AHe, as a function of (gyy-&xx).

Figure 3 shows analytical LLG/EQ results of the relative strain distribution in the Ni nanostructure
with an effective applied strain &,,-e..= -671ue and zero applied magnetic field. Figure 3(a) shows the
surface plot for strains (&y,-en= -671u¢) in the nickel nanostructure. The simulation results clearly show
that the strain distribution is non-uniform throughout the nanostructure. The relative strain values vary
substantially between -700ue and -80ue. Figure 3(b) plots the relative strain (&,,-&x:) as a function of y at
x = 50nm for four different z values. Large strain variations are observed near the nanostructure ends (y
=0 nm and y = 300 nm), while the strain in the middle (y = 150 nm) is relatively uniform. The volume-
averaged strain (&yy-&xy) for the nickel nanostructure is -322u¢ and is 50% less than the applied strain.
The strain variation as a function of position occurs due to a well-known phenomenon, classically
referred to as shear lag in the mechanics community. Therefore, one can clearly see that the assumption
of constant strain present in SW and LLG is inappropriate for this structure.

4 CONCLUSION

In conclusion, we have developed a numerical approach based on a weighted residual formulation and
finite elements for simulating magnetization states, magnetic hysteresis curves, and strain-induced
coercive field changes in magnetic nanostructures by coupling the spatially-dependent strain state with
micromagnetic simulation (LLG/EQ model) with elastodynamics. This model provides substantially
better predictive results than the LLG model and the conventional Stoner-Wohlfarth (SW) model and in
some cases must be used to accurately predict the response of a nanoscale structure. The LLG/EQ
coupled model was verified with existing experimental data validating its predictive capabilities. In
general this work strongly encourages researchers to use coupled solutions when modeling the
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magnetoelastic response of finite size structures to accurately predict the magnetic response. This is
important in a wide range of fields including memory, motors, and spin wave propagation.
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Figure.3. The strain distributions with (&yy-ex= -671€) (a) contour plot and (b) as a function of y direction.
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Abstract. The paper is concerned with a numerical formulation to simulate the behavior of
thin dielectric elastomer structures. Dielectric elastomers belong to the group of electroactive
polymers. Due to the efficient electro-mechanical coupling and the huge actuation strain they
are very interesting for actuator applications. The coupling effect in the material is mainly
caused by the polarization. In the present work a simple constitutive relation, which is based on
an elastic model involving one additional material constant to describe the polarization state,
is incorporated in a solid shell formulation. It is based on a mixed variational principle of Hu-
Washizu type. Thus, for quasi stationary fields, the balance of linear momentum and Gauss’ law
are fulfilled in a weak sense. As independent fields the displacements, electric potential, strains,
electric field, mechanical stresses, and dielectric displacements are employed. The surface
oriented shell element models the bottom and the top surfaces of a thin structure. This allows
for a simple modeling of layered structures by stacking the elements through the thickness. An
example is presented to demonstrate the ability of the proposed formulation. March 2014

1 Introduction

In the last decade electro-active polymers are increasingly applied to sensors and actuators.
This paper is restricted to model the behavior of dielectric elastomers in which actuation is
caused by electrostatic forces. The forces generate a compression between the electrodes and
due to incompressibility a large elongation in lateral direction occurs. This effect is very promi-
nent if one considers thin structures, which is shown in some experiments by [1], [2]. Typi-
cal dielectric elastomer devices consist out of thin membranes, see the above cited literature.
This motivates us to deal with a shell formulation incorporating electro-mechanical coupling to
model thin dielectric elastomer structures.

The electromechanical coupling occurs due to the contribution of the electromechanical body
forces in the balance of linear and angular momentum, see e.g. [3]. For the electrically induced
body force density and the couple density the polarization of the material plays an important
role. The polarization describes the density of the electric dipole moments in a dielectric ma-
terial. It appears only inside a material and may be derived from a constitutive relation. For
electro sensitive elastomers a principle how to derive a constitutive model in the frame work
of electro elasticity is proposed by [4, 5]. Within this framework Vu et al. [6, 7] suggested
an invariant formulation with additional material constants. To observe an adequate material
model these constants are needed to be determined by more or less complicated experiments.
On the other hand the relative permittivity, which could be expressed with the susceptibility, is a
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well known quantity. This motivates us to introduce a constitutive equation for the polarization
where only one material constant is involved, which is the susceptibility, see also [8, 9]. Models
which consider the viscous effect of the considered polymers are presented in [10, 11, 12, 13]

With restriction to elasticity the constitutive equations for the polarization and the mechan-
ical stress are considered in the electrostatic balance laws. These are fulfilled within a mixed
variational formulation. Here we make use of a Hu-Washizu type variational functional. In the
frame of the finite element method the advantage of a mixed formulation is the robustness with
respect to large load steps, cf. e.g. [14]. The surface oriented solid-shell element formulation
allows to model layered structures by simply stacking up the elements.

2 Governing equations

Let the deformation @()Z ,t) be a point map from the reference configuration 15 with XehB
to the actual configuration B; with & € B at the time ¢. If X and & = 4+ X are the coordinates
of B3 and the current configuration 13, the deformation gradient is given by F' = Vx ® @. The
Green-Lagrange strains are denoted by E, whereas the electric field is denoted by E and the
electric potential as . With the 2nd Piola-Kirchhoff stress tensor S, the electric stress tensor
T, the dielectric displacements D, the gravity load g and the charge density o the governing
equations read

E:%(FTF—l) in B, Vx - [F(S+T)+g=0 inB
E=-Vxop in B3, Vx - D+p=0 in B
=1 on 0,1, F,S'~]\7:’f1 on JsBB
o=@ on J,B, D N = —( ondpB.

Here, N denotes the unit normal outward vector on the boundary of the reference configuration

and T is the traction, ( is an external charge. The constitutive equations
ov 4 ov
S+T=—, D=—-——
+ OF OE

are determined by the energy function ¥ = ¢)—xe)(EQE) : C~' —LJe (EQE) : C, here
X 1s the susceptibility and ¢, the permittivity in vacuum. ) refers to the elastic stored energy; in
this work an Ogden-type of material is applied.

3 Variational formulation

A Hu-Washizu type variational functional is applied. As unknowns we assume displacements
u, electric potential ¢, generalized stresses S’, dielectric displacements ﬁ strains E and the

electric field E. The variational formulation reads

. Lo . oA N YA -
577—/5uE.S—6¢E~D—5u'g—5<deV+/5E.(8—E—S)+5E-(£+D)dv
B B

+/5S;(E—E)—55-(E—E)dvzo,
B

where 0, ., are the variations with respect to the displacements and electric potential respec-
tively. For the finite element approximation see [8].
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4 Numerical example

A two way bending actuator is investigated. The device consists out of two bonded layers.
An electric field through the thickness is applied only to one of these layers. The eccentric

elongation leads to a bending response of the composite. For the elastic behavior an Ogden

type of material is employed, the material parameters are given in Tab. 1, where ¢, = (1 + )&
denotes the relative permittivity.

gr | €0 4.7 | 8.854e—12 F/m
a | 0.7 | 5.488e—02 MPa
Qg | e 3.25 9.1e—04 MPa
as | ps || —=3.7| —6.3e—06 MPa

Table 1: Material parameters, see [15]

The device with the displacement boundary conditions and the geometrical data is given in
Fig. 1. It is modeled with 18x32 elements in plane and each layer with one element through the
thickness. The voltage is applied either on top of the upper layer or on bottom of the lower layer.
The interface between the layer is grounded. When the loading is applied on the upper layer,
the area of this layer expands and the whole structure bends down, because of the eccentricity.
Utilizing this effect it is possible to reach 360° bending down or up response. In Fig. 1 several

deformed configurations are displayed. For this calculation the voltage is raised from 0 kV up
to 4.2 kV in 42 steps with a step range of 100 V.
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Figure 1: Left: initial geometry of the bending actuator. Right: deformed configurations with a color plot of the
applied voltage
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Abstract. Macroscopic models for nonlinear behavior of ferroelecsrpresented in [1,4,6,8]
use remanent strain and remanent polarization as intergaiables. In general form these
models are difficult to handle within the mathematical ense theory. We consider a simple
geometric case, when the material body has a constant cext®nr perpendicular to thes-
axis. Electromechanical forces applied to the whole top batlom surfaces of the material
body are supposed to be constant in a spatial variatded depend only on timte In this case
the problem can be reduced to the system of ordinary diffedesguations, which has a local
in time, unique solution. We discuss the dynamics of intefagables.

1 Introduction and setting of the problem

We consider models for nonlinear hysteresis behavior obé&ectrics presented in [1,4,6,8].
In general form these models contain two nonlinear relatiovhich raise difficulties for the
mathematical existence theory. The first nonlinearity ésglezoelectric tensor, which depends
on the remanent polarization. The equations of piezoat@gtfor the fixed values of internal
variables can be regarded as an elliptic system of parffardntial equations. The assumptions
on the coefficients required by the common existence themrelfiptic systems can not be
automatically deduced for the piezoelectric tensor in aegarferroelectric model. The second
difficulty is a composition of two nonlinear functions in tlegolution differential equations
for the internal variables: the flow rule function and thedtion which constrains the internal
variables by its saturation values. Differential equadiasith such kind of nonlinearity are often
referred to as doubly-nonlinear equations and to the asitkmowledge there is no existence
results, which can be applied directly to the unmodifieddelectric equations. We discuss
briefly mathematical existence results [2,3,7] proved fadifications of general ferroelectric
models. In the presented work the following special casewbelectric models is considered.
We suppose that the cross section of the material body peiqeéar to thers-axis is constant
for all 3. The electromechanical forces are assumed to be appliée totiole plane top and
bottom surfaces. In this case we prove that the solutiorieelkisally in time and is unique.

Let Q c R? be an open bounded set with the origin inside the externaidmy of (). Let
the material body occupy the setc R? defined by2 = Q x yx3 withy € [0, H]. Unknown are
the following functions which in general depend on the matgointz € Q2 attimet € [0, T7:
the displacement field, the Cauchy stress tensey the remanent strain tensorthe electric
potentialy, the vector of electric displacementsand the vector of remanent polarizatiéh
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The functions .
€= §(V,;u +(Vou)') and E = -V,¢

denote the linearized strain tensor and the electric fietdloverespectively. The fundamental
assumption of the models under consideration is that tagngensoe and the vector of electric
displacement® can be additively decomposed into reversible and irreblrgarts

e=(Ee—-r)+r, D=(D—-P)+P.

Herec —r andD — P are reversible (for fixed values of the functionand P) andr and P are
irreversible parts of and D, respectively.
The unknown functions satisfy the following system of equzd

—dive =0, divD =g, (1)
e—r=S0+dE, D-P=d% +kE, (2)
PtEgl(E—ﬁpf—i—(@pd)E-a), Tt 692<0'—arf+(87«d)E'0') (3)

completed by the boundary conditions

O"TLZO,D'HZO, (I17I2)€a§7 IgG[O,H], (4)
Qb(t,l'l,])g, 0) = 07 ul(tu 071’271’3) = Ug(t,l'l, 07I3) = U3<t,$1,$270) = 07 (5)
os3(t, x1, 00, H) = T(t), @(t, 21,29, H) = ¢(t), (6)

and the initial conditions
r(0)=7",  P(0)=P°. (7)

The equations (1) are the equilibrium equation and the Gegusation in a quasi-static case,
respectively. Heré € R* andg € R are supposed to be constar8. is the fourth-order
tensor of elastic compliance measured in the absence dfieléeld, k is the second-order
dielectric permittivity tensor measured the absence ofraeical forces. Both tenso&and
k are supposed to be isotropic and independent of internalblas [4]. The mappind is the
third-order piezoelectric tensor. In [1,4,6,8] the tendds supposed to depend on the remanent
polarizationP and to be transversally isotropic with the symmetry axisicWitoincides with

the polarization directiop = |—§‘. For example, in [1,4,6d has the form

P
dyij = lp

1
| <d33pkpipj + dgiprov; + §d15 (picji + pjaik))a (8)

wherea;; = d;; — pip;, Ps is the saturation value 9P| andd;; are piezoelectric constants
measured whefP| = P,. The experimental results in [5,9] show that the reversieponse
of the material strongly depends on the state of internahbes, therefore the assumption that
d depends on internal variables seems to be unavoidable. SMenasthat the given functions
@ and¢ depend ort and do not depend an The boundary of} is supposed to be flat enough
to avoid contacts of surface points under applied forces. dihgonal matrix° with elements
rd =%, r% and P’ = (0,0, PY) are assumed to be constant. The form of the functions,
andf in (3) is a constitutive assumption of the models. The na&airfunctionf = f(r, P) is
the additive irreversible part of the energy, which conss@ternal variables by their saturation
values.
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2 Local existence and uniqueness of solution for the model (1)-(7).

We construct an approximative sequence of functiehsu,, r,, P,) by the iterative pro-
cedure. We show that the sequeneg, u,,, r,, P,) converges to the local unique solution
(¢, u,r, P) of the model (1)-(7) under continuity assumptions for thestiutive functions
a1, 92, f. We discuss the result in relation to the models [1,4,618tdnclusion, we analyze the
dynamics of internal variables governed by the evolutiamegigns (3), (7).
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Abstract.  In this paper the application of the configurational forces concept to fracture
mechanics analysis of ferroelectric ceramics is presented. To predict the non-linear ferro-
electric material behavior due to polarization switching in ferroelectric polycrystals, a three-
dimensional micromechanical material model for tetragonal domain types is applied. The
underlying electromechanical boundary value problem is solved by means of the finite ele-
ment method. The configurational forces are calculated in a post-processing for several three-
dimensional crack configurations. The correlation between configurational forces and the elec-
tromechanical J-Integral vector is discussed. This concept might offer a suitable approach to
assess fracture in ferroelectric structures.

1 Introduction

Ferroelectric ceramics are brittle and susceptible to cracking at all scales. The limited relia-
bility of ferroelectric devices due to fracture constitutes a major impediment to their large-scale
usage. While linear piezoelectric fracture is now well investigated, the fracture behavior in fer-
roelectrics shows high complexity attributed to the inherent non-linear polarization processes.
High concentration of stress and/or electric fields near the crack tip will cause domain switching,
which is found to have a significant influence upon fracture. The change of domain structure
strongly affects the internal electric field and/or stress state near the crack tip which may reduce
or intensify the applied external electromechanical loading, resulting in strengthening or weak-
ening of the effective fracture toughness. Therefore, capturing non-linear constitutive behavior
of ferroelectric polycrystalline materials is inevitable to identify appropriate fracture parameters
and criteria.

2 Micromechanical ferroelectric material model

There exist several approaches for the treatment of non-linear ferroelectric behavior such
as non-linear phenomenological continuum models, phase field models and micromechanical
models of domain switching. In the present work, the micromechanical approach is favoured
because it represents the switching and evolution of domain variants with regard to the materials
microstructure such as grains and anisotropy, typical for engineering ferroelectrica like PZT.
Moreover, it allows to simulate specific failure mechanisms occurring in the crack vicinity and
to capture any multi-axial electromechanical loading path.

The material model employed here is mainly based on works of Huber ef al [1] and Pathak,
McMeeking [2]. The idea of the model is to consider the ferroelectric polycrystal as an as-
sembly of single crystals with specific lattice orientations. Each of the crystals consists of
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several domains with different spontaneous polarization directions. Assuming tetragonal unit
cells, six domain variants are possible in 3D space. The volume fractions of these domains
can change if an electric field or mechanical stress is applied. This domain switching is de-
termined by an energy-based criterion. Due to switching the average polarization vector, the
remanent strain and the average mechanical, electrical and piezoelectrical material properties
of the crystal change, resulting in non-linear macroscopic response. The material model has
been implemented in the commercial finite element software ABAQUS by means of a three-
dimensional user element and a user material routine. The non-linear system of equations is
solved in the usual way by an incremental, iterative Newton’s scheme. A more detailed descrip-
tion can be found in [3, 4]. The parameters of the micromechanical model were adjusted to
PZT-5H. This concerns the elastic, piezoelectric and dielectric anisotropic constants, as well as
the spontaneous polarization P*? = 0.3C'/mm, strain ¢ = 0.003 and coercive field strength
E. = 0.8kV/mm. By means of finite element simulations of a representative volume ele-
ment of a polycrystal, a qualitative good representation of measured polarization and butterfly
hysteresis loops [5] was achieved as function of mechanical pre-load.

Figure 1: Switching zone around a crack tip and Figure 2: Calculation of configurational forces
integration of .J-integral along 3D crack front

3 Configurational forces

The theory of configurational forces is based on ideas of Eshelby and represents a very useful
tool for analysing the thermodynamic driving energy on cracks in a material. The configura-
tional force g;, can be derived from the divergence of the configurational stress tensor Yj;:

Ok = —2kjj- (1)

The latter is given as:
Ygj = hogj — oijuir — Djpk (2)

with the stresses o;;, the displacement vector u;, the dielectric displacement D;, the electric
potential ¢, and the electric enthalpy h:

h = ; (51‘]‘ - 55) Cijkl (Z‘fkl - 5le) - (Eij — 65) ekijEk — ;Ek/‘fklEl — P}fEk; (3)

considering the remanent strain 5{} and polarization PF. To calculate the configurational forces
numerically within the finite element method, Eq. (1) is multiplied with a vectorial test function
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7; and integrated over the domain B [5]:
/B (Sui + ) m:dV = 0. @)

Discretising the test function with nodal values and shape functions N leads to the definition
of the discrete configurational forces at the nodes I of a finite element:

GfI = / N]gde == / EZ]NyldV (5)
ve ve !

with the volume of the finite element V¢. The second integral in Eq.(5) can be easily calcu-
lated using Eqs.(2) and (4). The total discrete configurational force at a node I consists of the
contributions of all adjacent elements:

Gl =G (6)
e=1

4 Application to fracture mechanics

It is well known that the configurational forces and the J-integral of fracture mechanics
are related. If the classical electromechanical line integral J is computed along an arbitrary
contour [' around the crack tip in a ferroelectric material (see Fig. 1), it is found that J is not
independent of the chosen path. This is obvious, since J includes not only the effect of the
crack tip singularity but also the non-linear remanent strains and polarizations due to domain
switching in the enclosed region. To separate both effects the integration contour is shrunk to
the crack tip yielding the near tip J-integral .J,:

Ji = lim /F Signyds. (7)

tipl

k
12

c

51
Jrip = Jpymy, = — my, (8)
with the unit vector my, lying in the crack plane and perpendicular to the crack front and I/ being
the length of a crack front segment assigned to the crack front node /. By these considerations
the dissipative processes in the switching domain are separated from the real crack driving force.
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Figure 3: Plate with a part-through crack under cyclic electromechanical loading
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S Numerical Example of a 3D Crack

The configurational forces are used to calculate the J-integral of a part-through crack in a
finite plate (see Fig. 3) under cyclic loading by a perpendicular electric field, altering from
- 4F,. to +4FE.. The results at one node of the crack front are shown in Fig. 4 for various
integration contour. Applying the electrical load, the J-integral becomes negative first. This
effect is known from piezoelectric materials if the crack is electrically impermable as in this
study. If the coercive field strength E. is reached, domain switching occurs, which has a strong
influence on the J-integral. After unloading the remanent strain and polarization remain in the
body, leading to a positive value of .J. This means the residual fields induce a positive crack
driving force. The path-dependency of the classical .J-integral becomes obvious. Only the crack
tip value J;;, can serve as a real fracture parameter to be confronted with material toughness
values. The behavior is qualitatively the same for all nodes along the crack front, see Fig. 5.
However, the domain switching processes are different in due to the random distribution of
lattice orientations in the model, influencing the crack driving force along the crack tip.

0,5

node 1

hode 2 | |
node 3
node 4 ||
node 5
node 6

05 4 —1node

— contour a
contour b

N — contour ¢

J, [IN/mm]

-1,5 4
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-4 -3 -2 -1 1 2 3 4

0
E/E.

Figure 4: Path dependency of J-integral for 3D
part-through crack under cyclic electrical loading

Figure 5: J-integral along crack front
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Abstract. In the paper a condensed model for ferroelectric solids wathagonal and rhom-
bohedral unit cells is presented. The approach is micraedezechanically and physically mo-
tivated, considering discrete switching processes ondbel lof unit cells and quasi-continuous
evolution of inelastic fields on the domain wall level. Toccgte multiple grain interactions
an averaging technique is applied. Hysteresis loops arailsitad for pure electric and elec-
tromechanical loading, demonstrating e.g. the influen@ aimpressive preload on the poling
and stress-strain behavior. Further, residual stresses @alculated as a result of switching
processes and interactions between statistically arranggstallits. These stresses and some
hysteresis loops are compared to Finite Element calcutatademonstrating the potential of the
condensed approach.

1 Introduction

Ferroelectric materials such as barium titanate (BT) od lgeconate titanate (PZT) have
been established as components of so-called smart seaaturing the past few decades. They
are used as bulk material in actuators or sensors and argtatergs of micro electromechan-
ical systems (MEMS) and composite devices. To model theimeaul behavior of ferroelectric
materials, a variety of models has been published duringdise decades. WMANG et. al. [1]
propose a model that assumes a polycrystal with monodonmaingy where the polarization
switches by a discrete angle if an energetic switchingroites satisfied. In WBER et. al. [2],
scalar weights are introduced for each orientation of theis-of a tetragonal unit cell within
a grain. Within the context of material theory, they have éarterpreted as internal variables
controlling all dissipative processes. Their evolutiom@erned by energetic considerations
based on the first and second principles of thermodynamicst bf the approaches that have
been developed are implemented within the framework of theed=Element Method (FEM),
enabling the solution of complex boundary value problems it other hand, the implemen-
tation of a discretization scheme is going along with a hifjreand the solution of problems
requires high computational costs. However, many restltsva in papers are restricted to
very basic boundary value problems under uniaxial loadifilge goal mostly is to calculate
different hysteresis loops of tetragonal ferroelectrlsas demonstrating and investigating their
constitutive behavior. This kind of investigation, howew#oes not require the application of
a discretization method. On the other hand, it is not appatpjust considering a single grain
based method, since grain-grain interaction is cruciahfost macroscopically observed fea-
tures of a polycrystalline ferroelectric material.
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In the presented approach, the interaction between grailagén into account applying an
averaging technique calculating effective inelastic naeatal and electrical fields for a poly-
crystalline material. The computational and implementagffort going along with the con-
densed model is low compared to FEM based approaches. Nele=s, all essential features
are included yielding smooth hysteresis loops of the bulkeni under combined electrome-
chanical load and residual stresses in each grain. Bedaesaally modelled tetragonal ferro-
electrics, rhombohedral unit cells are in the focus of itigagion.

2 Condensed approach for a nonlinear ferroelectric model

In the whole paper the analytical notation is applied impdysummation over double in-
dices. The system under consideration is a ferroelectranae. Here, barium titanate is sup-
posed for tetragonal unit cells aidhTiZrO5 for rhrombohedral ones. Further, volume forégs
and charges, are neglected. Therefore, the balance equations of mexiamd electrostatic
equilibrium are reduced to:

Uij,j =0 and Diﬂ' =0 (1)

with stresses;; and electric displacemet?;. To describe the nonlinear behavior of a ferro-
electric material, the thermodynamic potential

1 1 irr
(0 (€k1, El) = 5 i]:klgkleij —‘ €lijEl€ij - §/€izEin - Cijkﬁkl €t (2)
+ eiklgeri — P;TTEZ'
leads to the following constitutive equations of a nonlirfearoelectric material:
0 .
Oij = a¢ = Oijk:l (€kz - 527) — €lij Ey, (3
Cij |k,

0 , 4

D, = — E;EZ) = €kl (gk'l — 627) + ki By + Pi”r, (4)

Eij

whereg;; ande?;" are the total and irreversible switching strains, respebti £ is the elec-
tric field and P/"" denotes the spontaneous polarization. The domain steuofutetragonal
ferroelectrics exhibit90° and180° and of rhombohedral ferroelectri€s.5°, 109.5° and 180°
domain walls, respectively. In the presented model, theadostructure of a grain is condensed
to a single material point with internal variable’¢) representing the four possible orientations
(s. Figure 1 and Figure 2). The orientations of the domaitis sespect to the global coordinate

Figure 1: Domain structure of a tetragonal single grain aotivation of the internal variables™.
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Figure 2: Domain structure of a rhombohedral single grain.

system are described by an angle The calculations start with an unpoled material, thus the
internal variables are™ = 1, = 0.25. All material properties and the change of irreversible
quantities on the macroscopic scale can be expressed ia téritmer ™). The evolution law of
volume fractions is based on the &Jsius-DUHEM inequality [3] reading:

crit (k) ij(k)

diss(n)

w .

dl/((]:)) =—dvy H ( ® __ _ 1> and w®s™ = Uijeﬁ.’(n) + EZ-AP;’(’,';()H). (5)
(k)

In Eq. (5)dv, describes a numerical parameter and the Heaviside fungtimequal to zero
in case ofwd,ifs(") < wiiy' or equal to one iiugl,i‘;’s(") > w()'. The indices: andk represent the
possible orientation and switching directions. Criticalues of a tetragonal unit cell are e.qg.
given by [4]. For a rhombohedral unit cell the calculatioriled critical values, spontaneous po-
larization and spontaneous strain are determined likesaseunting for the different switching
directions.

To account for interactions, the considerations of a siggén have to be extended to a
polycrystalline body. Macroscopic stress and electripldisement are microscopic volume
averages. In this respect, grains are assumed to be hontagendghe present work. Thus, the
volume average of stregs;;) and electric displacemefD;) are given as an average over all
grainsm = 1, ..., M. The material properties of a polycrystal are calculatkelise. Further,

a generalized Voigt approximation is assumed, thus thenstral the electric field are constant
in each grain. To calculate an interaction tensor, one hésrioulate Eq. (3) as an average.
With the assumptions mentioned above, the constitutivatmuof average stress results in:

(i) = (Cigra) (em = (€1)) — lews) B (6)
For an electromechanical loadixg;;) andE; are prescribed and only the strain is unknown:
ew = (Cigr) ™" {{og) + (ews) B} + (ei)- (7)

With Eqg. (8) it is possible to determine an interaction tenso

en™ = e — ey ™ (8)
and to calculate the residual stress

ol = ) (e — ™) = el B 9)

of each grainn.
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3 Numerical results

The numerical results presented in this section refer teragenal unit cell. A pure electric
loading E; is considered and 25 grains are assumed. In Figure 2 the roainesults for the
strainey, and the residual stress into the loading directign are presented. The numerical
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a) Butterfly hysteresis loop b) residual stress vs. electric field

Figure 3: Numerical results fo a polycrystalline materighva pure electric loading

result of the butterfly hysteresis loop is in a good agreemhtthe solution of the FEM. The
residual stress,, shows, that there are some grains with a tensile and othervabmpressive
stress, however the averagey) is equal to zero. That agrees with the boundary condition
mentioned above.

4 Closure

A condensed approach for ferroelectric ceramics with getnal or rhombohedral unit cells
has been presented. Being mechanically, electrostgtiaatl thermodynamically consistent,
it provides a powerful and efficient tool to investigate thelastic constitutive behavior of
multifunctional materials without the requirement of empee FE calculations.
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Abstract. Coupling between electric and magnetic fields may find agipdtio in sensor tech-
nology and data storage. Since natural materials are gelheharacterized by a very low
magneto-electric (ME) coupling effect at room temperatsgmthetic materials consisting of
magnetically and electrically active phases are promistagdidates for the generation of a
high ME coupling effect. These ME composites generate theddRling as a strain-induced
product property. Due to the significant influence of the ostructure on the ME effect, we de-
rive a two-scale homogenization framework, which allowste consideration of microscopic
morphologies. A real two-phase composite microstructmmeststing of a electro-active ma-
trix with magneto-active inclusions is simulated and theutts are compared to experimental
measurements.

1 Introduction

In the last decades there has been a steady increase incattenmagneto-electric (ME)
materials that couple polarization and magnetization wébh other. By using such materials
smart applications in sensor and actuator technology,di&etrical magnetic-field sensors as
well as electric-write magnetic-read memories, see e.g],[tan be realized. Such ME multi-
ferroics have been investigated intensively, see for exaf3b,8]. Since the ME coupling in
natural materials at room temperature is very weak, theldpreent ofME composite materials
with much higher ME coefficients becomes very important. FSM&E composites, consisting
of electro-active and magneto-active phases, producedsieed ME coefficients as strain-
induced product properfysee e.g. [9,10,11,13], where one distinguishes betwesditdct and
the converse ME effect. The direct effect characterizesnacplly induced polarization: an
applied magnetic field yields a deformation of the magnetosa phase that is transferred to
the electro-active phase, which results sti@in-induced polarizatiom the electric phase. On
the other hand, the converse effect is characterized byeatriehlly activated magnetization.
However, this macroscopic response is a result of the niopoes interaction between two
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phases and significantly depends on the underlying micppsqmoperties. In order to ex-
plicitly account for the microscopic morphology of such qmusites, we make use of a scale
transition in the framework of the FEmethod. This homogenization procedure allows for
the determination of macroscopic effective propertiesansideration of attached representa-
tive volume elementsRVES) in each macroscopic integration point, see, for exanipjdor

the application to electro-mechanically coupled probleinsthe present contribution the ho-
mogenization approach is extended to magneto-electrdvamézally coupled boundary value
problems and applied to realistic two-phase magnetoraetticrostructures. The resulting
effective ME coefficient is compared to experimental measients obtained by [4].

2 Theoretical framework

The main idea of the FEmethod is to attach a representative volume elen@) in
each macroscopic integration point instead of solving eenedtlaw. The material response is
then given by solving the microscopic boundary value pnobde theRVE, which is driven by
macroscopic quantities. Subsequently, the homogeniZedtieEe properties are given back to
the macroscale, where the macroscopic boundary valuegsmoisisolved.

2.1 Magneto-electro-mechanical boundary value problemsral scale transition

The considered body on the macroscale is denotefl as R* and parameterized with
the coordinate¥. Furthermore, the macroscopic displacement field, the @saopic electric
potential as well as the magnetic potential are definad, @s and¢, ,, respectively. Depending
on theses variables the basic kinematic and magnetic dgieards well as the balance of linear
momentum, the Gaul}’s law of electrostatics and the Gau$’sianagnetostatics are given by

e=grad’"u, E = —grad,¢, and H = —grad,¢,, ,

divge+f=0, divgD=¢q. and divzB=0,

(1)

with the macroscopic symmetric linear strain tenspthe electric and magnetic field vectors
FE and H, the Cauchy stress tensat, the vector of body forceg, the vector of dielectric
displacementdD, the free charge carriergs and the vector of magnetic flux densil§. In
order to connect the macroscopic magneto-electro-mecélajuantities to their corresponding
microscopic quantities for the performed scale transjtvoa define the macroscopic variables
in terms of suitable volume integrals, see [12], as

€= €dv with ¢:={e, o, E D H,B} (2)
RVE
The RVE is driven by boundary conditions that arise as a consequaintecroscopic fields.
These boundary conditions have to ensure energetic censysbf the scales, derived by ex-
ploring ascale transition For this purpose, we decompose the microscopic fields ometant
macroscopic fields and fluctuation parte as¢ = £ + £. Energetic consistency is then ensured
by postulating a generalized macrohomogeneity conditidheoform

7. ¢ D E-B-H-= oc:é6—D-E—B-H dv, 3)
RVE

in this context we refer to [7]. Boundary conditions satisfythe macrohomogeneity condition
are the following periodic boundary conditions

(@, 6es o} (@") = {@, 6, 0w} (@) and {£,Q,(}a") = —{t.Q. (M=)  (4)

70 = TABLE OF CONTENTS



M. Labusch, M.-A. Keip, J. Schrdder and D.C. Lupascu

wherex™ andxz~ denote points on opposite faces of a periodic unit cellarde fluctuations
of the mechanical displacements.

2.2 Constitutive framework and effective ME coefficient

For the analysis of the effective ME behavior of the commgsite consider a transversely
isotropic material law for both phases and use the conistttramework proposed in [6]. With-
out going into detail, the constitutive effective quamtitiof the composite are defined as

A = C:Ae-¢e'-AE-q' AH,
~AD = —e:ANe— € AE-a' AH, (5)
~AB = —-q:Ae- a-AE—- u-AH.

Although the ME coefficientx is zero for each of the two phases, the overall macroscopic
ME modulus of the composita is in general non-zero since it is activated by the electiic-
magnetic-field induced microscopic deformations. Thismscopic property is defined as

o =

0B {aﬁr‘ 6)

OE |oH
For the simulation of the ME coefficients and the comparisoexperimental measurements in
[4], we use a realistic microstructure, shown in Figure 1.

@
o9 ‘. ¢

b

Figure 1: Real composite microstructure with represergatblume element analyzed in the computations.
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Abstract. The fracture of dielectrics and ferroelectrics can exhibit interactions between the effects of
mechanical and electrostatic fields; in the case of the ferroelectric material these interactions are over
and above the direct coupling of ferroelectricity. A simple configuration that encompasses some of
these phenomena is that of an infinite strip of finite width between two attached electrodes, i.e. an infinite
capacitor. The electrostatic or Maxwell stresses must be accounted for to allow analysis of the behavior
of this system. These stresses account for the action at a distance that occurs between the charges on
the electrodes and are associated with the attraction that occurs as a consequence. This attraction
occurs whether the strip is intact or separated by a gap within the dielectric or ferroelectric,
representative of a crack that may be present in the system. In some cases where the loading system is
evolving, either by adjustment of the strain between the electrodes or the electric potential difference,
there may occur a jump into contact eliminating a gap or a sudden separation creating a gap. In this
sense, the system has features analogous to adhesive behavior where similar jumps into and out of
contact can occur. These phenomena play a role in determining how fracture can occur in the dielectric
or ferroelectric, and constitute aspects of the physics that control whether unstable fracture or unstable
reattachment may or may not occur according to the relevant energy balance and rates of change of the
driving force for fracture relative to the fracture toughness.

1 Overview

The manner in which electrostatic and mechanical fields interact in the fracture of dielectrics
and ferroelectrics has long been a puzzle that has proved to be difficult to resolve due to the
paucity of experimental data and the lack of completely rigorous theories in regard to the
relevant phenomena playing a role in the fracture processes. One of the challenges has been
the fact that a complete picture of the problem in the presence of a crack can only be obtained
by inclusion of electrostatic or Maxwell stresses, since otherwise a proper accounting of the
interaction among charges present cannot be given. An obvious example is a vacuum capacitor,
where the attraction between the electrodes must be represented by a Maxwell stress in the gap
between them, so that the electric field that one normally associates with such a configuration
is alone an incomplete picture. Of course, the Maxwell stress and the electric field have an
intimate connection, but the attraction cannot be represented mechanically by anything other
than the Maxwell stress.
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We therefore consider the problem of an infinite strip of dielectric or ferroelectric material
between 2 electrodes along with the possibility that a crack may separate the system parallel to
the electrodes. Far away from the crack tip the strip is either fully intact or is a pair of dielectric
or ferroelectric layers with a gap between them. The Maxwell stress in the gap where it exists
allows for the accounting of the attraction across the gap, just as it allows for the same aspects
in the dielectric or ferroelectric itself. We therefore analyze the electric fields and the stress,
including the electrostatic or Maxwell stress, in both the intact segment of the capacitor and the
segment where the crack separates it with a gap.

Due to nonlinear phenomena associated with the straining of the dielectric or ferroelectric
material and the stress generated within it and the gap, unstable situations can arise. For
example, in certain circumstances as the strain between the electrodes is held fixed and the
electric potential difference between them is increased, the gap in the cracked segment can be
closed by a jump into contact when the situation loses stability. Similarly, as the strain between
the electrodes is increased and the potential difference between them held fixed, the gap can
suddenly and unstably separate where previously it has not existed despite the material already
having a crack present. The question of whether this jump into contact and this jump out of
contact can occur is a stability issue, just as is the question of the propagation of the crack into
segments of the capacitor that has previously been intact.

We therefore analyze both the jump into contact and the jump out of contact for the infinite
capacitor having a dielectric that can be isotropic or that is a ferroelectric along with the
phenomenon of the propagation of the crack by fracturing previously intact material. The
propagation of the crack is considered to occur when the energy release rate, as the driving
force, exceeds the toughness of the material. The issue of stable versus unstable growth is
addressed as is the question the unstable jump into and jump out of contact. We find that these
aspects of the system behavior interact in a rich a complex manner and lead to interesting
phenomena in the interaction of electrostatics and mechanics within the overall problem of the
fracture of a dielectric or ferroelectric material.

As such, the analysis extends the previous treatment [1] of the subject that hinted at some of
the above phenomena but that did not bring them fully to light in the approach that was adopted.
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Abstract. Electroactive polymers exhibit large mechanical deformation under an applied elec-
trical field. This electro-mechanical coupling is an attractive property for actuators, e.g., ar-
tificial muscles for micro-robotics. In this work we focus on the formulation of geometrically
nonlinear electroactive polymers as established by the balance of linear momentum and Gauss
law. These balance laws govern the evolution of the deformation and the electric field and
can be given for both, the classical direct and the inverse motion problem. The latter leads us
first to the notion of configurational forces where the electric field and the viscous behaviour of
electroactive polymers can be understood as a source of inhomogeneity and thus influence in
the case of a cracked actuator the crack driving forces. Moreover, the inverse motion problem
can be used to solve the problem in form finding applications for the case of electroelasticity —
in other words, the computation of an undeformed and load free configuration for a given de-
formed configuration and given boundary conditions. This is of practical interest for the design
of actuators such as grippers. We address issues of implementation of the quasi-incompressible
case and discuss representative numerical examples.

1 Introduction

An important class of materials that exhibits an electromechanical response are electroactive
polymers (EAP). EAP convert electrical energy directly into mechanical energy through their
material response and are commonly used in actuators and sensors. Their performance is com-
parable with that of natural muscles. Together with the electromechanical behaviour, the typical
properties of polymers — for instance, light weight, high flexibility, and low cost — make EAP
highly interesting in technical applications such as micro-robotics, biomimetics, and energy
harvesting; see [1].

Only a few works in the literature deal with the determination of the undeformed shape of a
hyperelastic body in the purely mechanical case. The original numerical scheme was introduced
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Figure 1: Cylindrical sealing — inverse form finding: Given deformed configuration (left) and initially unknown
undeformed configuration (right); cf. [5].

in [2] and, later on, interpreted in the more general framework of configurational mechanics in
[3]. Details on the extension to the case of finite deformation electromechanics, as addressed
in this contribution and related to the framework for electromechanics established in [4], are
discussed in [5].

When EAPs undergo cyclic deformations, the predictive modelling of fracture-related effects
such as fatigue crack growth are of high interest. The framework of configurational forces
provides a suitable theory to calculate crack driving forces; see [6,7]. In this contribution, we
address the framework of material forces with application to the electro-viscoelastic model as
introduced, and calibrated, in [8].

2 Inverse-motion problem for quasi-incompressible electro-elasticity

Let x = ¢(X,t) € B; denote the direct motion, whereas X = ®(x,t) € By characterises
the inverse motion. The related deformation gradients are introduced as F' = Vx¢ and f =
VP, both possessing non-negative determinants .JJ and j, respectively. Their isochoric parts
are represented as F' and f. Similarly, we assume that the electric field can be derived as the
gradient of an electric potential with referential representation E = — V x ¢ and spatial form
e=—V,o.

In view of the quasi-static inverse motion problem, we assume the existence of a free energy
density Qt(ﬁ, f, e) per unit volume in B;, wherein the inverse motion dilatation is denoted by
Y() and the inverse motion pressure will is represented by ¢(x). The total potential energy of
the system — in the context of the mixed formulation at hand and for the case of dead loads —
reads

U@(@). 6(@). V@), (@) = [ (20, F.e)+qlj—v]dv
' (1)
— [ & . B,dv - @-Ttds—/ éd, ds
Bt agt aBt

with T, and d, the mechanical and electrical flux with respect to the outward surface normal and
the mechanical volume forces B;. Let the inverse motion Piola-type total stresses be denoted
by p and, together with the electric displacements d, be defined in the context of stationarity of
the total inverse motion potential [(®, ¢, U, ¢). We assume that possible defects present in the
material will not move relative to the ambient material and obtain
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Figure 2: Three-dimensional crack — mixed-mode loading conditions: Discretisation (left) and discrete configura-
tional surface forces at crack front (right); R. Denzer and A. Menzel [2014].

5y, = / Vmédi:pdv—/ 56 B,dv— | 6&-T,ds = 0
Bs B OB:

oly|, = /vaw-ddw/% 5édyds = 0
ool = [ dg[i—v]dv =0

o, = /Btw [%‘é _

Solving this system of coupled equations in discrete form, here by means of the finite element
method, enables us to simulate complex boundary value problems; see Fig. 1 for an example,
where the deformed configuration together with loading and boundary conditions are given and
the undeformed, or rather initial, configuration is obtained as solution of the electromechani-
cally coupled inverse motion problem. This illustrates that solving the inverse motion problem,
the shape of the body can be tailored to produce a specific deformed configuration.

2)

dv =0

3 Material forces for quasi-incompressible electro-viscoelasticity

In order to additionally account for viscous effects of the EAPs considered, (referential and
symmetric) internal variables C,,, are introduced, each of which represents one Maxwell ele-
ment «. The evolution of these internal variables is chosen to be caputured by

Cva = Foa Cva ' [C;O} ' aCua QO]dev (3)

This renders the material volume forces and the Eshelby stresses for the electro-viscoelastic
problem at hand to take the representations

Y=0I-F P+E®D By=-Y 0c,.2:VxCy — F' b 4)

Material forces related to the material motion quasi-static balance of linear momentum form
Vx - Y 4+ By = 0 can — in a finite element context — be computed as a post-processing step.
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The representation of the discrete material surface force at node [ results in

Tle]

FE = A [ = vxNt - N1 Byav 5)
e=1 0

Fig. 2 shows an illustration of crack driving material forces along a crack front. The spec-
imen is pre-stretched in longitudinal direction before an electric field is applied in transverse
direction. Due to the initial crack orientation, mixed-mode loading is induced. Fig. 2 shows the
almost fully relaxed state, whereas the material forces exhibit time-dependent effects due to the
viscosity of the underlying material. Future work shall address the crack propagation problem.
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Abstract. The numerical computation of effective elastic properties of heterogeneous materials
using the Lippmann-Schwinger equation in elasticity becomes problematic in the presence of
pores. Under mild conditions on the interface of the pore the Lippmann-Schwinger equation is
well-posed, but ill-conditioned. Introducing a fictitious soft material renders the problem well-
conditioned again. We will discuss the exact rate of convergence of these regularized problems
to the porous problem.

1 Introduction

In [1] Moulinec-Suquet introduced a trigonometric collocation discretization of the Lippmann-
Schwinger equation in elasticity

e+T%C-CY =F,
which has become a powerful alternative to FEM or BEM computations for various reasons.

1. The discretization is based on a regular grid. It can directly handle voxel-based data
(coming for instance from CT scans) and renders time-consuming meshing and assem-
bling superfluous.

2. The Lippmann-Schwinger equation can be solved by FFT-accelerated fixed point or Krylov
subspace solvers, leading to very short computation times compared to FEM or BEM.

3. The arising systems are well-conditioned in the sense that their conditioning depends
solely on the contrast (i.e. the ratio k = C'/¢, where ¢ and C' are lower and upper bounds
on the stiffness C). In particular, they are independent of the mesh spacing and the loca-
tion/size of the inclusions.

4. Similarly to the FEM and in contrast to the BEM, the method can be adjusted to treat
problems of non-linear elasticity and large deformations [2].
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The method assumes a perfect bonding between the materials, and cannot handle more interest-
ing interfacial conditions.

The above considerations apply only if the contrast x is not too large. In practice one observes
that k < 10° works robustly. Thus most practically relevant situations devoid of imperfections
like pores or stiff inclusions can be covered.

The literature contains solvers and stopping criteria, which are claimed to work in the presence
of pores [3,4]. The basic problem is usually overlooked: for a complex 3D porous medium, the
Lippmann-Schwinger equation is ill-conditioned. This is a problem of the formulation and the
discretization, and also appears for FEM problems. In particular, no solver can handle pores if
it does not address the ill-conditioning.

We will give an example for a strange phenomenon arising from the conditioning.

0.585 . Moullnecl-Suquet valule history

0.584

0.583

0.582

value

0.581

0.580

0.579

0.578

0 2000 4000 6000 8000 10000
iterations

The figure above shows the history of the elastic modulus in the direction of applied strain
for a single 3D spherical pore for a large number of iterations of the basic iterative scheme of
Moulinec-Suquet. Apparently there is no convergence of the effective elastic constants, even
for large iteration numbers. Thus, any stopping criterion, if triggered, singles out a more or
less random value. The Krylov subspace solvers behave similarly, raising the question how to
overcome these difficulties.

Since the original problem seems numerically intractable, we propose to regularize the problem
and to solve the regularized problem.

More precisely, we introduce a fictitious material aB into the pore, where B is a fixed material
and o < 1. From the point of view of physical intuition, this should not change the problem
too much, but we can still profit from the advantages stated in the beginning.

In the talk we want to assess the magnitude of the error generated by introducing the fictitious
material. We will discuss the rate of convergence as @« — 0 and how to make use of this
information numerically.
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2 Problem formulation

Let V be a brick-shaped RVE in R3. Suppose that C : V' — L(Sym(3)) denotes a given
stiffness distribution, and £ a fixed macroscopic strain. Then, solving

dive =0, o=C(E+¢e(u)),

where ¢(u) = %(Vu + Vu®), for the displacement v : V' — R? with periodic boundary
conditions is equivalent to finding a solution' ¢ : V' — Sym(3) of the Lippmann-Schwinger
equation

e+TI%(C—-CYe=EFE

for any fixed elastic reference material C'. Here, I'Y = ¢ o GY o div, where G° denotes the
fundamental solution of div o C o ¢ with periodic boundary conditions. The relation between
the two problems is given by ¢ = E + ¢(u).

Suppose that V' is the union of (the closures of) two open disjoint sets 2,4 and €2,,0,.. Suppose
furthermore that C = 0 on (2, and uniformly positive definite on €2,,;;4. Then both equations
are no longer uniquely solvable. If the interface between the domains is Lipschitz continuous,
it is possible to restrict to a suitable subspace of displacements (and corresponding strains), on
which both operators above are symmetric and positive definite in a suitable sense. In particular,
we can prove existence and uniqueness in the corresponding spaces. The coercivity constant,
however, enters the proof only indirectly, making a direct estimate difficult.

In numerical simulations we observed that the condition number of the Lippmann-Schwinger
equation for 3D elasticity is extremely high, i.e. of the order 1/machine precision. Conse-
quently we face a mathematically well-posed, but numerically ill-conditioned system.

3 Replacing voids by soft inclusions

Fix a material B, and consider, for o > 0, the material

_ C(.Z'), T e Qsolicb
Ca(2) = { aB, € Qpore,

which corresponds to adding a fictitious material a3 to the pores. This procedure can be re-
garded as a Tikhonov-type regularization from a mathematical point of view. Consider the
Lippmann-Schwinger equation

ga +T(C, — Ve, = E.

For fixed a > 0, this equation is well-posed and well-conditioned, and can thus be solved by
standard methods. For decreasing «, the solution procedure becomes more expensive. Further-
more, for fixed grid spacing the Moulinec-Suquet discretization becomes less accurate.

4 On convergence and the choice of the regularization

Under the hypotheses above there are positive constants C'; and Cs, independent of «, s.t.
we have o o

< — Eq < Cs.
1+« 1< le—e HLQ(V)_l—I-oz 2

't is important to distinguish the strain operator u — &(u) from the total strain ¢ = E + ¢(u). This notation is
standard, but confusing at first.
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The proof is based on a reformulation of the differential equations as a boundary integral equa-

tion of the second kind. As - =~ « for small o we have a linear convergence rate.

For the Moulinec-Suquet discretization one observes convergence that is linear in the grid spac-
ing h, but inversely proportional to «.. That means there is a positive constant C's with

h
lean — €allz2ov) < Cs o

Combining the last two estimates we obtain

h
lean —€ll2evy < Cy (Oé + a)

where ¢ denotes the solution in the suitable subspace alluded to above. Thus, if we choose
o ~ v/h, we obtain the convergence

lean —ellzey = O(Vh),

which can be successfully used in conjunction with Richardson extrapolation.
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Abstract. An electro-mechanically coupled phase field model for featric domain evolu-
tion is presented [1]. The thermodynamical framework isdobsn a generalized micro-force
balance from which a Ginzburg-Landau type evolution equmis derived [2]. By adopting
an invariant theory for transverse isotropic piezoelectrj3], the material tensors in the phase
field model can be derived in a consistent way. In the prodesswariant basis taken from the
literature is extended to avoid a loss of positive definigsnaf the stiffness and the dielectric
tensor. After a reduction to 2d, the material constants ate@ed under the condition of a
vanishing micro-force [4]. Within a 2d finite element impkemation [5] the model is used to
study different size effects in tetragonal barium titarthta films, nanodots, and polycrystals.

1 Phase field model

The phase field approach is based on the electric enttalpizich depends on the linearized
strain tensok, the electric fieldE, and the spontaneous polarizatiéh (the primary order
parameter) and its gradient, i.e.

H=H(e, E,P,VP), (1)

The thermodynamical framework is based on [2] which postsla micro-stress vector which
is thermodynamically conjugate to the time rate of the opdgameter. Then the integral form
of the second law reads

/88((an).u+(D.n)<,b+(En).P)da+/B(f.up¢+C.P>dv/BHdvzi)z.)

Hereo is the mechanical stres#) is the electric displacemeny; is the micro-stress tensor,
Y.n the micro-force vectom represents the displacement fields the electric potentialf and

p are volume forces and volume charges, respectively{asdn external micro-force vector.
The second underlying assumption is the balance of miaeo

Ynda+ [ ((+g)dv=0, (3)
f =
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whereg is the internal micro-force which does not enter the secand The local form of the
second law reads

o0H . oOH . oOH — . OH :

The following constitutive equations are derived from thisquality:

o OH oMo oH -
- Oe’ - 0E’ - OVP’
The residual dissipation inequality then reads
. 0H :
N—_——

Gdis

This inequality can be fulfilled in a sufficient way by posting ... = —3P, whereg is a
constitutive positive semi-definite second order inversdifity tensor. The Ginzburg-Landau
type evolution law for the order parameter is obtained byl@mamg the residual inequality and
the local form of the micro-force balance. The field equagitmbe solved numerically consist
of this evolution equation, Gauss’ Law, and the mechanigaildrium equations:

: 0H
P=divx - =
where( is assumed to vanish in the following.
The electric enthalpyd is assumed to be the sum of the bulk enthdlgy'x, the non-convex
phase separation potentidf°?, and the interface gradient energfy*:

divD—p=0, dive+f=0, (7)

H = H""(¢, E, P) + H**(P) + H™(VP) (8)
with
Hbu“‘:%(e—eo) € (e — )] — (e — &) -eTE—%E-eE—P-E, )
H* = 5, L5 (P). (10)
H = %m;—gnva | (11)

The material tensor€, e, ande denote the elastic stiffness, the piezoelectric coupliog c
stants, and the dielectric tensor, respectively; thesemaaparameters generally depend on the
polarization state, i.e. on the order parameter. The cotsteande are characteristic energy
density and the characteristic width of an interface, rethpaly [1]. The constant’, designates
the spontaneous polarization of the unloaded ferroeteptrase and defines the minima of the
phase separation potential. The parametgendx; are dimensionless calibration constants.
In order to obtain the order parameter dependent materiabts, the bulk enthalpss >
is expressed by means of an invariant formulation for trarsvisotropy. The preferred direc-
tion p and the structural tenson are defined by

P

D B m=pxp (12)
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The bulk enthalpy can then be written as

1
Pk — 5)\112 + pdy 4 (W™ an + w™ag) s + (W™ay + w™ay) Iz + (Was +w™as) 1,
+whiliJo + Bolyds + wBs Ky + (71 4+ wys) i + 125 + 7' T (13)

with w := trm = |p|?, n; € N, and the invariants

I, =tr(e — €, L=tr[(e —€"?], I3=tr[(e —€&%],
Iy =tr[(e —€”m], I;=tr[(e —€°)?m], (14)
Ji=tr(EQE), J=tr(E®p), K, =tr[(e — €°)(E ® p)],

wheretr(-) is the trace operator. The spontaneous st&i®) reflects the tetragonal symmetry
of the poled material and is given by

e'(P) = c,1w + (6. — €,)m (15)
with
Ea = (atet - acub)/acub y &= (Ctet - atet)/acub . (16)

The parameters..;,, a..; andc;.; are the lattice constants of the cubic and the tetragonalepha
The material constants of the invariant formulation areregged in terms of the “classic” con-
stants by

A=cip, p= %(011 —c12)
ay = { 2¢44 + C12 — C11 |f 244 +C12 — 11 >0
—C11 if 244 +c1o—c11 <0 7
066:{0 |f 244 +C12—c11 >0
2¢44 + C12 if 2c44 +c1o—c11 <0 7
y — { %(011 + c33) — 2C44 — C13 ?f %(011 +c33) — 2c44 — 13> 0
2C11 — 2C44 — C13 if S(ci1+es3) =204y —c13<0 7
= { (1] |f %(611 + 633) —2¢c44 — 13 >0
5C33 if 5(611 + 633) —2¢4 —c13<0 7’
tg = { C13 — C12 ?f C13 > C12 s = { 0 ?f C13 > C12
—C12 if ci3<cp C13 if ci3 <cpo
" :{ —%én ?f §11 < §33 _ { (3 ) ) ?f §11 < §33
—5€33 if €1 >¢€3 7 5(633 —€1) if €1 > €33
Yo=3(en—€3), V=P, Pi=—€n, Po=—eyp+2e5+en, [3=—2é5,

(17)
where the overbar is used to distinguish between the valussterial constants and the re-
spective components efande. The elastic, piezoelectric, and dielectric moduli areagied

by

_ 90 _ 9§~ 9N, (18)
_Gs_ﬁsi A ol; Oe

C(P)

=A1®1+2pl 4+ (W™ + W) B + 2 (was + w™ay) m ® m (19)
-+ (w"3043 +w”5a5)(1®m+m® 1) 5 (20)

9D 9 (_8Hb““‘ 0Jy  OH" 9K,

®P)= 5 =5 \"an 9B ok, aE) = ~whp®1-fpdm-wfie, (21)
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oD 0 OH™%8J,
0E  OE4 9J; 0E
wherel;ju = 5 (005 + dudjr) @NAZx = pidjrpr + prdup; @andeéy;; = 5(dup; + d;xpi). For
BaTiO; the following values are used; = 1, ny = 0, n3 = 0, ny = 1, andas = ag = 0.

The 2d version of the dimensionless non-convex potenti#!) is assumed to take the form

$(P) = o + B + FPLP} +

This energy is normalized by(0,0) = 1, p, (£ Py, 0) = 0, anddp, (0, £Py) = 0.

€(P) =

—2(71 + wy3)1 — 29m (22)

(PE+P))+ — (Pt +P)) + (PE+PJ) . (23)

2 Simulation results

The following simulation results were obtained with BaTi@aterial data. A polycrystal
consisting of five grains with randomly oriented crystalagad initially random polarization
is mechanically constrained.(= 0 on the boundary) and electrically charge free. The figure
shows the resulting domain structures for the equilibratate. As the size of the polycrystal
increases the domain structures become more complex.

Figure 1: Resulting domain structures for load and charge fiolycrystals subject to the ba.= 0. The edge
lengths of the quadratic simulation regions are from lefight: 24 nm, 48 nm, 72 nm, 96 nm.
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Abstract. The impressive performance of piezoresponse force microscopy (PFM) in conjunc-
tion with its omnipresence — PFM is a standard operation mode in today’s commercial scanning
probe microscopy systems — has repeatedly led to an overestimation of its capabilities. PFM,
although being decidedly a very powerful technique for investigating ferroelectrics, comes up
with a series of difficulties regarding the interpretation of the, unfortunately almost always per-
fectly looking images. In my contribution, I will give a brief overview on the crucial conditions
for reliable PFM-imaging, both from the side of the instrument and of the sample. This will lead
me into the discussion of the reliability of PFM imaging and consequently the meaningfulness
of a PFM image, may it be ever so beautiful. I will then in particular focus on quantitative
PFM-imaging, or in other words: what can one quantitatively learn from a PFM image about
the sample investigated. Here, special attention will be drawn on those parameters of ferro-
electrics that can, at least to some extend, be answered by PFM, namely the arrangement of the
domain pattern, the polarization direction of an individual domain, and the width of domain
walls or the values of the coercive field, the piezoelectric coefficients, and the surface charge
density. It will turn out, that although PFM-imaging does indeed allow to obtain at least the
order of magnitude for some of the parameters listed above, it can not, in general, answer the
ambitious expectations based on its otherwise unrivaled precision.

1 Introduction

Ferroelectrics have recently attained increasing attention because of their widespread poten-
tial applications. The full potential of these materials can, however, only be exploited when
locally controlling the direction of polarization. i.e. when structuring them with domains. Elab-
orate techniques for creating large area domain patterns in the mm-range with the individual
domains being of the order of few microns only, have enabled real applications. Using period-
ically poled crystals for efficient frequency conversion using quasi phase matching is certainly
the most prominent example.

Firstly, in view of potential applications, a technique for mapping the ferroelectric domain
patterns with good lateral resolution was highly desired. Among the wealth of techniques that
have been developed over the past fifty years [1], piezoresponse force microscopy (PFM) has
taken over basically because of its ease-of-use: without any specific sample preparation, domain
patterns can be non-destructively mapped with few 10 nm lateral resolution. This achievement
whet the appetite for exploiting PFM imaging, and even more generally scanning force mi-
croscopy (SFM) imaging for gaining additional information of the materials properties. In this
context, the very recent insights regarding domain wall conductivity, observed by conductive-
SFM, is worth to be mentioned [2].
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Nowadays, PFM has emerged from a domain-mapping tool towards an elaborated instru-
ment for investigating various material properties of ferroelectrics and multiferroics. PFM has
not only an excellent lateral resolution down to 10 nm, but also an unparalleled sensitivity,
thus enabling to record domain patterns in materials with piezoelectric coefficients as small as
0.1 pm/V. Quite naturally, the demand for obtaining quantitative answers to a series of open
questions of these materials have come to PEM. It has, however turned out, that obtaining quan-
titatively reliable results by PFM is much more challenging than initially assumed.

2 Experimental

PFM is based on the fact that ferroelectricity entails piezoelectricity, and a ferroelectric do-
main can thus be identified with a piezoelectric domain. The latter undergoes a shape-change
upon the application of an electric field via the converse piezoelectric effect, and it is this very
shape-change that is mapped by PFM. The application of the electric field is realized by the
application of a small voltage to the tip of the SFM, and in order to increase the sensitivity,
an alternating voltage is utilized and the accordingly periodic shape-changes of the sample are
detected with the help of a lock-in amplifier. As mentioned above, piezoelectric responses as
small as 1 pm can be mapped (with a typical value for the amplitude of the alternating voltage
of 10 V). As for the lateral resolution, it is directly correlated to the tip radius, and values of
~ 50 nm can be routinely achieved.

3 Results and Discussion[3]

At this moment I just want to exemplarily put attention on two points, namely the tininess
of the PFM-signals detected and the rotational-symmetric field distribution from the tip, and
discuss their consequences on quantitative PFM imaging.

Indeed, the impressive sensitivity of PFM directly calls for determining piezoelectric coef-
ficients with high accuracy. This hope, however, must be given up for a series of reason that
will be briefly outlined in the following. Firstly, as a consequence of the rotational symmetric
field distribution of the tip, basically all piezoelectric coefficients within a single domain of the
sample are excited, and the signal recorded is therefor a superposition of the different individ-
ual responses. One might now argue, that by applying a large-area top electrode to a single
domain sample, thus realizing a capacitor-like field geometry inside, one could overcome this
difficulty. This consideration being basically correct, one encounters however, a different issue,
namely a system-inherent background which is superimposed to every PFM-signal. The origin
of this frequency-dependent background lies in the mechanics of the setup itself which has a
complicated frequency spectrum. Remind that the shape-changes of the sample are of the order
of few pm only, which is small when compared to the size of an atom. Every excitation of the
instrument’s head, howsoever small, might therefor yield a contribution to the piezoresponse
signal, thus falsifying any presumably quantitative result. Note that this effect plays only a
significant role when investigating materials with small piezoelectric coefficients and thus of
comparable magnitude than the contribution from the instrument’s head. In case of large coef-
ficients (as they are typical for ceramics), this background contribution is not significant. But,
for these materials, the standard techniques can be used for determining the piezoelectric coef-
ficients, and PFM is therefore out of place.

Coming back to the rotational-symmetric electric field distribution from the SFM-tip, there is
another important consequence on PFM-imaging to be discussed. As mentioned above, the net
movement of the sample surface underneath the tip will be the superposition of the response of
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basically all individual piezoelectric coefficients with the appropriate component of the electric
field. Consequently, this movement has not only an out-of-plane but also an in-plane compo-
nent. The direction of the latter, however, is arbitrarily oriented with respect to the cantilever of
the probe and will thus lead to both, torsion and buckling of the cantilever. Whereas the torsion
signal can be separately read-out with the help of an additional lock-in amplifier, the buckling
signal is necessarily recorded together with the out-of-plane signal. As a consequence, for de-
ducing the net movement of the sample surface, one must physically rotate the sample by a
known angle (preferably by 90°) and record a second image of the very same area. Only by
doing so, the net movement of the sample surface underneath the tip can be obtained. This can
be accomplished by mounting the sample on top of a high-precision rotation stage, whereby the
rotation axis must be perfectly aligned with the apex of the tip, a quite cumbersome task which
must be repeated each time the probe is changed. Indeed, recording the torsion of the cantilever
during sample rotation directly yields the information wanted, a maximum torsion signal of
the cantilever indicating the direction of the sample’s surface movement (perpendicular to the
cantilever axis).

We upgraded our SFM setup with such a rotation stage, mounted on top of a high-precision
x/y-translation stage. We could thereby not only perform the rotation-scans described above,
but also record PFM images of the very same area at different angles. Such measurement are in
particular interesting for non single-crystalline samples such as ferroelectric nanoparticle com-
posites or ceramics since here, the possible directions of polarization vary within the sample.

Finally I would like to address a point which is the most crucial one for quantitative PFM
imaging, and which is generally underestimated: the calibration of the microscope. Self-
evidently, any attempt for quantitative PFM must start out from a reliable calibration of the
experimental setup. Some difficulties can be easily outlined: 1) the deflection and the torsion
movement of the cantilever must be calibrated, i1) the smallest step-heights of z-calibration stan-
dards are some nanometer, which is by three orders of magnitude larger than what is the surface
movement of a single-crystalline sample, iii) the calibration must include the total signal path,
including also the lock-in amplifier (remind the frequency-dependent background). Indeed, an
absolute calibration being obviously difficult, one can however compare data recorded with the
signals obtained on a reliable sample. For the latter we use periodically poled lithium niobate.
A big advantage is its being commercially available at reasonable price. Furthermore, one can
orient the sample in such a way that no buckling contribution occurs, a mandatory requirement
for calibrating the deflection of the cantilever. And finally, by using a PFM response for cal-
ibration, the total signal path is included. Hence, PFM signals of unknown samples can be
quantitatively connected to the PFM signals obtained on lithium niobate. This however is a first
step towards quantitatively reliable, although not absolute PFM data.

4 Conclusions

Fully quantitative PFM is still a challenge and might, at least for small signals as they are
typical for a series of single crystals, generally not be possible. However the analysis of the
possible cantilever movements, together with a detailed knowledge of the pitfalls surrounding
PFM-imaging, allows at least to estimate the quantitative reliability of the PFM-data. Given the
difficulties described above, it seems at present most appropriate to connect the values obtained
to such a ones measured on reliable, intensively investigated, and thus well known samples.
Although fully quantitative PFM-imaging continues to be an ambitious dream, a wealth of
information on ferroelectrics can be obtained using the varieties of SFM, and thus also PFM
among others.
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Abstract. Magnetorheological elastomers (MRE) feature mechanicaduti that become en-

hanced by an applied external magnetic field as well as thitylbd generate magnetically

induced deformations and mechanical actuation stressggicdlly, MRE represent a two-

component system, in which micron-sized magnetizablecfgstare embedded in a cross-
linked polymer network. Because the effective coupled atagnechanical behavior is of
special interest in technical applications, an in-deptidarstanding of the structure-property
relations in MRE as well as suitable theories for computimg ¢ffective macroscopic material
response are required. To this end, this contribution ps@ homogenization approach for
coupled magneto-mechanical problems.

1 Continuum formulation of the problem

In this contribution we present the basic equations of thdedging magneto-mechanical
field problem in a continuum based phenomenological way.Kiimematic relations are speci-
fied in the context of finite deformations, because the MREimataterial is an elastomer able
to undergo large deformations. A detailed description effteld equations, the corresponding
jump and boundary conditions (BC) and a constitutive mooepaesented in [1].

The continuum formulation of the stationary magnetic filedigpem is given by the Mx -
WELL equations with respect to a current configuration. The figldaéons are completed by
their corresponding jump conditions. According to [2] thagnetic field quantities in the refer-
ence configuration are given by an appropriate set of puk bperations. There are alternative
ways to perform the link between a current the reference gordtion. To solve the stationary
magnetic filed problem it is convenient to use magnetic veptiential A. Together with an
additional condition, namely thedlLOMB gauge, the vector potential is well-defined. The
considered magnetizable particles possess a experirtyetddrmined nonlinear magnetiza-
tion curve with negligible hysteresis effects. An apprateiconstitutive model is derived in
[1].

The coupled mechanical boundary value problem (BVP) is geatby the balance of linear
momentum and angular momentum, expressed in terms of th@eym total stress tensor. We
use a magnetic stress tensor which is microscopically rati/by de Groot and Suttorp in [3].
In accordance with the pull back operations of the magnetid fjuantities, an alternative split
of the total stress tensor is obtained out of thea@sius-DUHEM inequality, see also [2]. It
results in the decomposition of the total stress tensortimtosymmetric parts. However, this
decomposition is not free of arbitrariness. The constieutiehavior of one stress contribution
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is modeled by assuming a compressible form of a nemkEan material, which is a special
case of the @DEN material. The second part of the stress tensor is computéuehyagnetic
field variables.

The preceding explanations are used to model the coupledet@agnechanical behavior
and response of magnetoactive heterogeneous materieiuses, e.g., representative volume
elements (RVE) of MRE.

2 Numerical modeling

The numerical solution of the underlying system of partiffedential equations is accom-
plished by the extended finite element method (XFEM). The MHE, 5] offers the possibility
to use nonconforming computational meshes which do not teelve adapted to material inter-
faces. Hence, the meshes are independent of the locatiosaaintinuities. This is advanta-
geous if random particle arrangements are to be discretinealddition, the implicit interface
representation by level sets facilitates the automativemon of micrographs or computed
tomography (CT) scans into a numerical model of the localenmlt structure, which is one
of the essential requirements for a multi-scale analysiSEM is therefore used to model the
heterogeneous material structure of the problem mentiabegte. The implemented higher-
order XFEM formulation for the solution of stationary magoend coupled mechanical field
problems in the context of small deformations is extengidascribed in [6, 7]. The vector
potential A and the displacement vectarserve as the primary field variables. Some results of
a convergence analysis of a bimaterial inclusion probleth wicircular material interface are
presented in Figure 1 and prove the ability of the implemeghigher-order XFE [8].

10-! 10°
1072} .
o 510
— 1073 =
510 5 1072
9] ()
g0 210
= 107°¢ =
z A S
1077} 2
4
[~
1078 - - 1073 - -
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—»— Q4 magnetic BVP  —6— Q4 coupled BVP —+&— Q4 mechanical BVP
- % - Q8 magnetic BVP - -O- - Q8 coupled BVP - -+ - Q8 mechanical BVP

Figure 1: Convergence behavior of bilinear (Q4, solid l)nasd biquadratic elements (Q8, dashed lines) for a
magnetic, a coupled magneto-mechanical and a mechanidald@gending on the characteristic element &ize
by means of normalized error&) with respect to the £ norm and(b) in terms of the energy norm [8].

There are different approaches to treat the coupled field@nonumerically. One possibility
is a weak numerical coupling, also known as load vector, eeiipl, partitioned or staggered
coupling. The implemented algorithm is schematically présd in Figure 2.
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For simplicity and demonstration purposes, only problem®adgeneous in the third direc-
tion will be considered. In this two-dimensional case= A, = 0 is an appropriate choice and
the vector potential contains only one nonzero componeht Since there are no gradients
in the third direction, the GuLoMB gauge is fulfilled and has not to be considered.
Furthermore a hybrid model of the isogeometric FEM and thgasnetric boundary element
method is applicable to solve coupled magneto-mechanésdlgroblems, as it is demonstrated
in [9].

Next increment (update of BC)

Yes
oo { Magnetic BVP } AcATAA {Mechanical BVP] ucutdu  Eonvergence?
No

Update of configuration (fixed BC)

Figure 2: Implemented numerical coupling scheme with stegg)solution strategy [1]

3 Homogenization and effective behavior

Based on the simulation of the magneto-mechanical interactn a microscopic RVE, the
effective coupled material behavior has been predicteasguseriodic boundary conditions for
both the magnetic potential and the displacements in theegbaf small strains. Results ob-
tained from computations are comparable to the analytierfgsdof Ponte Castafieda and Gali-
peau [10] and outlined in more detail in [7].

The following example which considers a two-dimensionahrgement of three circular
inclusions (Figure 3 (a)) representing an idealized chi&microstructure. The nonlinear
magnetization behavior of the inclusions is modeled byaa&evVIN function. While the mag-
netic inductionB is gradually increased, the macroscopic deformation wasi firevertheless
allowing for periodic fluctuations. The effective resporseomputed in terms of macroscopic
mechanical actuation stresgesvhich result from the magneto-mechanical interactionhén
case of fixed marcoscopic deformations. The results showigure 3 (b) and (c) correspond
to a load case where the macroscopic induction is applied ahgle of45°. In Figure 3 (b) the
contour plots of the local magnetic induction with a signabdeformed RVE are displayed. An
essential aspect of the results is, that the macroscopibhaneml stress tensor in Figure 3 (¢) is
nonsymmetric witht;, < 0 andty; > 0.
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Figure 3:(a) Idealized RVE including three circular inclusiorfb) local magnetic induction and periodic displace-
ment field andc) macroscopic acutation stresgesbtained from homogenization process [4].
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In addition to the small strain results mentioned aboveptiesent contribution will discuss
the extension of the approach to account for large defoomatand more complex random
isotropic and anisotropic particle distributions. Thislirdes the generalization of the contin-
uum model, the implementation of an update-Lagrange XFEMrfagneto-mechanical prob-
lems, the conversion of CT scans into XFEM models and the ditation of suitable material
models as outlined in [1].
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Abstract. Polycrystalline ferroelectric materials like PZT ceramics show a distinct saturation
behaviour. The present contribution describes a simple method to compute the theoretical multi-
axial saturation states for remanent polarisation and strain. The approach is applied for the
purely tetragonal crystal structure as well as for a mixture of the tetragonal and the rhombohe-
dral phase. Thereby, material parameters are chosen, which are typical for PZT ceramics.

1 Introduction

Any material model of polycrystalline PZT ceramics must adequately capture the bounds
of remanent polarisation and strain. For macroscopic phenomenological material models, the
boundary of attainable remanent states (“remanent boundary”) is usually incorporated by energy
barrier functions. One possibility to determine appropriate energy barrier functions is to choose
certain ansatz functions and fit them to a previously micro-electromechanically computed data
set, which describes the remanent boundary [1]. Efficient determination of this data set for
different underlying crystal structures is the main focus here. With the saturation data in hand,
fitting can be done based on (simultaneous) invariants of the remanent polarisation vector and
the remanent strain tensor.

Initially, restriction is made to the theoretical (kinematic) saturation states. It is noted that,
due to domain and grain interactions, it may be impossible to realise these saturation states ex-
perimentally. The modelling of such interactions is not discussed here, though it is an important
issue. Nevertheless, it is outlined how the remanent states can be determined which are theoret-
ically possible without causing any additional grain interactions with respect to the initial state
being free of remanent polarisation and strain.

The present work is primarily an extension of a contribution of Landis et al. [1]. The main
difference of our approach is that the determination of the saturation states does no longer re-
quire a complete micro-electromechanical material model. Rather, the problem of finding the
limiting values of remanent strain and remanent polarisation is formulated in terms of a lin-
ear optimisation problem, which can be easily solved by standard algorithms (e.g. the Simplex
method or the Interior point method). Therefore, it is a simple task to examine the saturation
behaviour for different crystal structures and phase mixtures.
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2 Computation of the remanent boundary

For the computation of the remanent saturation states, the polycrystalline aggregrate is de-
scribed in a simplified way. A representative volume element composed of n = 1... N grains
of equal volume is assumed. Each of the grains can contain domains of « = 1... A domain
variants (intrinsic dipole directions), where v, , > 0 is the volume fraction of the variant o
in the grain n. For the mixture of the tetragonal and the rhombohedral phase A = 14 and the
variants &« = 1...6 belong to the tetragonal phase, while the variants & = 7... 14 belong to
the thombohedral phase. Furthermore, the following equalities for the volume fractions are
assumed to hold for each grain

14

ZU”@ =" vaa =" vt = 1. (1)

a=1 a="7

Here, v' and v" are the volume fractions of the tetragonal and the rhombohedral phase, respec-
tively. The intrinsic dipole direction of a variant « in a grain n is described by the unit vector
n"™“. For the tetragonal phase, there are six dipole directions, which are oriented from the cen-
tre of a cube towards the faces. Similarly, for the thombohedral phase, there are eight dipole
directions, which are oriented form the centre of a cube towards the vertices. The spontaneous
polarisation vector is defined by

pPre — Ps,oa,n,n,oz’ (2)

where P*“ is the spontaneous polarisation magnitude of the respective variant. Similarly, the
spontaneous strain tensor is

g™t = 3e%4/2 (n™*n™* — 1/31), (3)

with >“ being the spontaneous strain magnitude of the respective variant and I the unit tensor.

It is assumed that the macroscopic remanent polarisation vector P' and the macroscopic
remanent strain tensor €' are given by the volume weighted averages of the spontaneous quan-
tities:

T ]' - - 7,00 T ]‘ - - n,o
P :N; _1%,&13» e :N;;ums @, (4)

r,trial

To obtain a single point of the saturation boundary, a remanent trial state P""# ¢ is
chosen. Then, this trial state is scaled by the scalar factor d > 0 and the maximum value d™*
is computed, for which the remanent state is kinematically admissible. The resulting remanent
state @™ prial - gmaxgruial jg 9 point on the saturation boundary. The computation of d™* is
performed by solving the following linear optimisation problem:

d —Max.

. . 5
dPr,Lnal —P'=0 der,trlal — e = 0, ( )

where the independent variables are d > 0 and v, , > 0. The latter are additionally subject to
the equality constraints (1). The solution of this problem can be obtained by standard methods.
For the results presented below, the interior point method provided by the commercial software
Matlab is used. Note that it is also possible to obtain a point on the saturation boundary for a
fixed admissible remanent polarisation state or a fixed admissible remanent strain state. This
can be achieved by applying the scaling factor d only to e""! or Prrial,
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3 Computation of the interaction boundary

It is pointed out by Neumeister and Balke [2] that interactions between the grains have strong
impact on the achievable remanent states. Moreover, it is shown in [3] that saturation behaviour
occurs as soon as grain interactions begin to play a role. Hence, it is also useful to know the
boundary of the remanent states, which can be attained without giving rise to grain interactions.
As a first approximation, it is assumed here that grain interactions do not occur as long as all
grains have the same remanent polarisation and strain. Consequently, the “interaction bound-
ary” can be obtained by solving (5) individually for each grain n. If the resulting scaling factors
are denoted by d™*", a point on the interaction boundary is described by d™* = Min,, (d™*").

4 Results

Saturation data has been obtained by the method described above for the whole space of re-
manent polarisation and remanent strain. Here, however, restriction is made to the presentation
of some important results. All computations are performed with 64 grains. The orientations
of these grains are optimised with respect to isotropy by a method, which will be presented
elsewhere. The spontaneous polarisations and strains for the tetragonal and the rhombohedral
phase of PZT are taken from [2] (tetragonal: P*' = 0.5C/m?, &' = 1.91%; rhombohedral:
Pyt = 0.5C/m?, 5™ = 0.55%). For the phase mixture, v' = 0.2 is assumed. Owing to
isotropy and incompressibility, two principal remanent strains "', e together with the rema-
nent polarisation values P*, P!, Pl in the principal remanent strain directions are sufficient
for the characterisation of the remanent state.

The data presented below is normalised as follows: For v' = 1.0, the maximum attainable
remanent polarisation P™™* = (0.414C/m? = 0.83P*' and the maximum tensile remanent
strain e""™* = 1.04% = 0.55e™" are used for normalisation. Accordingly, all curves for v' = 0.2
are normalised by P 02m* —= ().429 C/m? and "™ = (0.49%. Normalised quantities are
denoted by an overbar.

Figure 1 (a) shows the remanent strain boundary for v' = 1.0 and v' = 0.2 as well as the
interaction boundary for v' = 0.2 in the case of zero remanent polarisation. Note that the inter-
action boundary reduces to a point at the origin for v' = 1.0. According to the maximum tensile
remanent strains "™ and ¢"0>M the phase mixture allows theoretically for less remanent
strain than the purely tetragonal crystal structure (the situation is different if grain interactions
are taken into account as discussed in [2]). Nevertheless, it is evident from Figure 1 (a) that the
shape of the remanent strain boundary for v' = 1.0 and v' = 0.2 is almost identical. Thus, if
a suitable (artificial) spontaneous strain is chosen for the tetragonal phase, the remanent strain
boundary of the phase mixture can be described with good approximation by a purely tetragonal
model. The curve for the interaction boundary for v' = 0.2 shows that a substantial portion of
the theoretically possible remanent strain can be attained without grain interactions for the phase
mixture. In contrast, for v' = 1.0, no remanent strain is possible without grain interactions.

Figure 1 (b) and Figure 1 (c) show the achievable remanent polarisation P! in dependence

of the remanent strain ! in the case of transversally isotropic extension (e" = g+l = —¢rl/9)
and pure shear (e"! = —¢ol; ¢t = (), respectively. Again, the curves for the remanent
polarisation boundary for ' = 1.0 and v' = 0.2 are brought into reasonable agreement by

the normalisation, though detail differences are present. It is noted that there are portions of
the (normalised) remanent boundary, where the deviations between the purely tetragonal case
and the phase mixture are much larger than in the results shown. However, these portions
correspond to complicated remanent states, and it is not yet clear whether they are important for
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Figure 1: Results for the boundary of remanent states and the interaction boundary

practical examples. As in Figure 1 (a), the interaction boundary in Figure 1 (b) and (c) indicates
that substantial parts of the remanent polarisation and strain can be realised without significant
grain interactions for the phase mixture.

5 Conclusions

From the results presented above the following main conclusions are drawn: 1) For a coarse
approximation, it is valid to describe the saturation behaviour of the phase mixture based on a
tetragonal model with artificially chosen spontaneous polarisations and strains and, 2) for the
phase mixture, a significant part of the theoretically accessible space of remanent states can be
attained without giving rise to additional grain interactions.
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Abstract. In this work we propose numerical differentiation schenoesah implementation
of finite strain material models. The approaches for the misakdifferentiation are compar-
atively analyzed, including the finite difference (FD) sdleeand the complex-step derivative
approximation (CSDA). While the FD suffers from roundofbes and is quite sensitive to the
choice of perturbation values, the CSDA achieves monotompovement with decreasing per-
turbations. Thereby, the numerical derivatives by the Ca&@falmost identical to the analytic
ones when choosing perturbations close to machine prectiside compare the results of the
numerical approaches using a polyconvex anisotropic glpstic material model .

1 Introduction

Many material models lead to complicated formulations &f &xact expressions for their
constitutive equations and they might result in tedious @mdr-prone tensor calculations. In
those cases numerical differentiation schemes can previ@dternative in particular for scien-
tific development purposes. The often-used classical fihifterence (FD) schemes are highly
sensitive with respect to perturbation values and onlyiegble for a small range of values.
To overcome this difficulty of the FD schemes, Lyness [1] deslithe complex-step derivative
approximation (CSDA) scheme. In this work, we focus on treafghe CSDA for the numer-
ical approximation of the constitutive equations and rolusnerical approaches that can be
implemented within FE-software are thoroughly investghat

2 Scheme for numerical derivatives

The CSDA is a powerful technique to avoid the sensitive arstabie choice of the pertur-
bation parametek which is often observed in the FD scheme. The derivation ®ABDA is

accomplished from Taylor series expansion using an imagiparturbation with 2 = —1,
le.
h? h3
f(x +ih) = f(z) +ihf' (@) = 5 f"(2) —igp [ (@) + -, 1
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whereini denotes an imaginary unit. Taking an imaginary part of batbssof (1) and neglect-
ing higher-order terms yields the CSDA scheme as

fi(a) ~ 2L @

whereing denotes an operation of taking the imaginary part of the dexfpinction. Note that
since the expression (2) does not have any subtractiontopgréne roundoff errors never arise.

3 Application to constitutive relations between stress andtrain tensors
Spatial setting:
The spatial tangent modulusin 7= ¢ : d with the objective Oldroyd rate of the Kirchhoff

stress tensor and the symmetric part of the spatial velocity gradi¢iean be derived by using
the Doyle-Ericksen formula as

ijkl _
(C) Ogi

®3)

wherein,F' is the deformation gradient tensor agndenotes the metric tensor in the current con-
figuration. With the contravariant base vector in the curoemfigurationg® the approximation
of (¢)”* using the CSDA scheme is written by

o (s
Sk g+
(€)™ ~ lim 2

h—0 h

() ()

o 1
with g =2(g" g% +9% @ g"). (4)

Nominal setting: . .
The nominal tangent modulus in P = A : F' with the material time derivative of the first
Piola-Kirchhoff stress tensd? and deformation gradient tensbBrcan be derived as

OP’(F
(A)7" = aTSL) )

With the covariant base vector in the current configuragipand the contravariant base vector
in the reference configuratioB® the approximation of A);”, using the CSDA scheme is
written by

3 [PZ-J (F +ih Foo <L>)]
(A);7" ~ lim

i (L) _ (L)
jm . with  Fy g @ G, (6)

4 Numerical examples

Model description:
The strain energy density function for the polyconvex aimeguc hyperelastic model reads

1 1 i) o a B2
1/):041<Il—}3—3>+61([§2+F—2)+Z{51<I1J4)_Jé)_2> :|7 (7)
3

3 a=1

wherein(e) denotes the Macaulay bracket, is a number of fiber familiesy, > 0, 1, 2, €1 >
0, €5 > 0 are material parameters, I, I3 are invariants of the right Cauchy-Green deformation
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tensorC and the mixed invariants are defined.48 = tr [CM @] and J\*) = tr [C*M @],
whereM (@ = a(* @ a'® is the structural tensor governed by the preferred diracti® .

Convergence behavior in a Cook-type cantilever beam:

To assess the performance of the approximated spatialrtangeduli (4), we analyze a
Cook-type cantilever beam. We choose the set of materianpeters asy, = 6.0, f; =
100.0, B2 = 2.5, ¢ = 100.0, e = 5.0 with «y, ¢; and 5, in unit of stress. The preferred
direction is assigned as; = 1 anda” = 1/v/3 (1 1 1)T. The shear loag is successively
increased until the maximum shear load= 5.0 is reached, cf. Figure 1(a). Figure 1 (b-c)
show the deformed configurations with the resulting stréstsilbutiono ... Figure 1 (d) shows
the comparison of CPU time, and Table 1 reports the sergit¥ithe rate of convergence. We
conclude that the resulting tangent moduli with FD scheneerat accurate enough and the
Newton-Raphson method loses its characteristic quadraticergence. In contrast to that, the
CSDA scheme shows robust and highly accurate performanhesufficiently small value of.
Furthermore, the CSDA is not expensive for finer meshes shreceomputing time associated
with the calculation of the stiffness matrices becomes segsificant than the time for solving
the system of equations.

Normalized CPU time
&

0 5000 10000

Number of elements

(a) Boundary value problem (b) Analytical (c) CSDA (d) CPU time

Ghbbio-vosra I

Figure 1: The deformed configurations of analytical, FD, @3idheme for Cook-type problem and comparison
of CPU time for each scheme.

Table 1: Euclidean norm of residual of Cook-type problemhvanhalytical, FD, CSDA computation of tangent
moduli tensor.

Analytical —3 F_Dg —0 —3 CS_DQA —
h =10 h =10 h =10 h =10 h =10 h =10

1.0901 x 102  Failed 1.0901 x 102  Failed 1.0901 x 102 1.0901 x 10—2  1.0901 x 10—2
9.3049 x 1072 — 34733 x 1072 — 4.0149 x 1071 3.8953 x 102 9.3049 x 10~2
1.0079 x 1073 — 3.8899 x 1072 — 8.7424 x 1019 4.0374 x 10~2  1.0079 x 10~3
7.1403 x 10=7 — 4.1916 x 10~* — 8.8939 x 1079 8.1633 x 107°  7.1264 x 10~7
5.0581 x 1078  — 1.0431 x 10°% — 4.1320 x 10~ 57772 x 10~8  5.0173 x 10~8
— - 5.8564 x 107  — 8.2395 x 1072 4.9528 x 1078  —

— — 7.1674 x 1078 — 1.4558 x 10~4  — —

- — 5.1623 x 1078 — 1.5088 x 10~7  — —

— — 5.0849 x 10-8  — 5.2052 x 108  — —

Application to localization analysis:

The investigation of material stability of a constitutiveodel requires the analysis of the
positive definiteness of the acoustic tensor which in tupedels on the nominal tangent mod-
uli A, see [2][3]. Here, we consider the polyconvex anisotropiciet (7) with two fiber fami-
lies (n; = 2). The set of material parametersis= 1.0,¢; = 1.0,e, = 0.1, 51 = 1.0 andj; =
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T
3.0. The preferred directions in the reference configurati@adl = 1/1/2 (1 1 0) and

T
a? =1/v/2 <1 -1 0> . We compute the localization parametefsee the definition and

details in [2]) for a specific deformation gradiedt'( = 1.1, F'; = 2., F?, = F?33 = 0.9535,
Fl'y=F? = F?; = 3, = I3, = 0.). The results of the localization analysis according to the
numerical approximations of the tangent moduli are showkign 2. For the CSDA scheme all
of the considered perturbation values lead to the samahiistm of ¢ showing only positive
values. In contrast to that, the localization analysis 8asethe FD scheme is rather sensitive
regarding the choice of the perturbation value. This meaatstty using the wrong perturbation
value (which is user-defined and therefore not a priori knatve FD scheme may detect ma-
terial instabilities where there are none. The CSDA schearsiead can efficiently and reliably
be used when choosing sufficiently small perturbation v&alue

(d) FD,h = 10712 (e) FD,h =10"13 (f) FD, h =10~

Figure 2: Distributions of localization measuyéased on numerical approximations of the tangent modulie No
that blue and red colors indicate positive and negativeegliespectively.
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Abstract. Magneto-sensitive elastomers are smart materials thahghaheir mechanical
properties under the influence of a magnetic field. The mathpceparation and characterisa-
tion of MSEs by rheological experiments and imaging tealescare presented. Data, obtained
through rheological experiments, is used to validate a matenodel that couples the theories
of viscoelasticity and magnetoelasticity. Using modebpaeters received by fitting the relax-
ation tests and shear experiments, the behaviour of MSEgnandic mechanical experiments
under various experimental conditions can be successfudigicted. The material model is
validated for small deformations and magnetic fields up ® D.and has been implemented
within an in-house finite element code.

1 Introduction

MagnetoSensitive MS) or MagnetoRheological MR) Elastomers belong to the class of
smart materials that possess the ability to change thepesaad/or material properties under
the influence of magnetic fields. In general, MSEs are contgpoka non-magnetic, rubber-like
polymeric matrix (e.g. natural or silicone rubber) filledtkvmagnetically permeable particles
(e.g. carbonyl iron powder) typically in a range of one tow fens of micrometers in diameter.
Anisotropic MSEs can be prepared by curing the mixed raw nads$an the presence of a mag-
netic field. The originally randomly distributed particlesild up chain-like particle structures
oriented in field direction.

On the application of an external magnetic field to MSEs, netigrdipoles are induced in
the magnetisable particles leading to significant parpedicle interactions associated with
particle movements. A rapid, continuous and reversibleaghan the shape and/or material
properties are achieved. MSEs are therefore of great sitéoe application in novel smart
sensors, actuators, and adaptive damping systems [1, 2].

The characteristic response of MSEs is affected by the nodogly of the composite, the
properties of the polymeric matrix and particles (type aachposition, aspect ratio, size, and
size-distribution), and volume filler fraction (see [2] aswlreral references therein). Addition-
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ally, the chemistry of the particle surface and other ingmet$ (e.g. reinforcing fillers and
plasticisers) present in the rubber may have an effect orethdting MSEs as well [3].

Mathematical modelling of the coupling of electromagnéigtds in deformable continua
has been studied extensively in the past (see [4, 5] andaeederences therein). Based on
these works, Dorfmann and Ogden [6] have developed a fotionlaased on ‘total energy’ to
model soft elastomeric MREs.

From an engineering point of view, the numerical simulabbMSEs under operating con-
ditions provides a powerful tool in the design process. e &md, it is necessary to attain
simulation results using material models that best reptetbee complex composite material
behaviour. To achieve this requirement, several stepsitale Firstly, it is necessary to under-
stand the underlying morphology of the MSE and its partitlecsure. Secondly, the material
response related to the change of the internal structwee fiarticle network) and particle-
particle interactions under different mechanical and netignoading conditions has to be char-
acterised. Finally, material models that couple electgmetic and mechanical phenomena in
deformable viscoelastic solids must be developed and imgihéed within analytical models
and finite element codes.

This work is focussed on all these topics. Some selectedtseme shown below.

2 Material preparation and experimental methodology

The results presented here refer to model systems basegliahdilicone rubber (ELASTOSI®
LR3003/03, Wacker) filled with carbonyl iron powder (type Sy ~ 5 pum, BASF). Well
defined MSEs are prepared, using a SpeedMix@DAC 150 SP, Hauschild), a desiccator
equipped with a vacuum pump (RV3, Edwards) and a two-patbousnade casting mould.
The MSEs are cured in an oven (VT 6060 M, Thermo Fisher Séieptt 120C for 16 hours.
Lastly, specimens of 26vm diameter are punched out of the 50 x 50 x f* cast sheet.

SEM andu-CT imaging techniques are used to gain insight into the lgemeity and struc-
ture of the composites. The particles are also charactebgdaser diffraction. Oscillatory,
quasi-static and transient shear experiments were pegfbbhy means of a rheometer equipped
with a magneto-rheological device (MCR 502, Anton Paar)e @iata obtained was used for
verification and validation of the material model and siniola

3 Numerical modelling and simulation

Coupling the theory of magnetoelasticity [6] with that ofthaear viscoelasticity (see [7] for
example), the following formulation for modelling ratepandent dissipation effects in MREs
is used [8].

Consider a finitely deformed magnetoelastic solid on whichagnetic inductioriB is ap-
plied and the deformation is given by the deformation gnaidiensorF. In order to model
dissipation, we consider a decompositiorfointo equilibrium and non-equilibrium parts as

F=F, F,. (1)

The total energy. is further decomposed into ‘equilibrium’ and ‘non-equiliom’ parts such
thatQ2 = Q.(C,B) + Q,(C, C,), where we defin€€ = F' - F andC, = F! - F,. The second
law of thermodynamics leads to the constitutive equationthie second Piola—Kirchhoff stress
S, the magnetic field and dissipation condition faC, as

o0 of) o9, dC,

—2—— = : <0.
S=2%¢c =i o, @ = @)
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The model is completely defined once we specify the functamffor 2., 2, as well as the
law for evolution of C,. The development of the total energy function and evolutiown are
closely linked to the phenomena observed in the experirhdata.

This non-linear, rate-dependent phenomenological moaelbeen implemented within an
in-house finite element code developed using a modern opaces FEM library [9]. Devel-
oped from variational principals [10], a fully-coupled fiistrain formulation was used in the
simulation of the experimental conditions. The incompi#esnature of the material matrix
was accounted for using a mixed approach [11].

4 Material model and simulation validation

The experimental conditions have been simulated using aodtytical models and finite
element analysis. The material parameters in the equifiband non-equilibrium part of the
total energy function as well as the evolution parameter®htained by fitting the experimental
data. Figure 1 shows an example of the experimental datea@@ef at least 5 measurements
at 25 C) obtained for a MSE filled with 15 vol%s carbonyl iron powder. Such data was used to
fit the parameters of the material model.

3600 15000 :
——B=0
— 3200 _ 125004 B=02T
[ [
& & 10000
o 28001 5
@ @ 7500 1
S 2400- 3
z £ 5000-
R L]
$ 2000+ $ 25001 7 =001s’
- C ¢, =0.15
1600 : ; ; 0 ; ; ; o
10° 10° 10* 000 002 004 006 008 0.10
time t [s] strain vy [-]
a) Relaxation testy = 0.02) [12] b) Shear experimerit, = 0.01s7') [12]

Figure 1: Example of experimental results obtained withaitdout magnetic loadings = 15 vol.-%).
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a) Lissajous plotw = 6.28 rad/s [12] b) Representative FEM simulation

Figure 2: Examples of modelling and simulation resgts= 15 vol.-%, T=25°C).

The viscoelastic behaviour of MSEs in dynamic mechanicpkerents under varying ex-
perimental conditions can be successfully predicted falsdeformations and low magnetic
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fields. Within the scope of the measurement accuracy, therrakatnodel and experiment results
correlate reasonably well. This is demonstrated in theipred dynamic stress-strain curves
(Lissajous plot) in Figure 2 a). Figure 2 b) illustrates tHeMFsimulation of a test specimen

in the rheometer. The sample is placed in torsion and the etagonad, shown by the arrows,

applied in the axial direction.
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Abstract. This work is restricted to linear material behavior, i.e. the structure is considered to
be in a perfectly poled state. Different numerical homogenization methods are investigated and
used to calculate effective properties of a 0-2 composite modelled in representative volume ele-
ments. Bariumtitanate (BT) and cobaltferrite (CFO) are employed in the Finite Element model,
where the roles of matrix and particle are mutable. As a third variant, BT and CFO are included
as functional particles in a non-functional matrix. Mixed magnetoelectromechanical boundary
conditions based on different homogenization theories are applied to the model. The calculated
macroscopic behaviors described by the different approaches are compared and presented in
the paper. The special focus is on the prediction of coefficients of magnetoelectric coupling with
respect to an optimization of the structural arrangement of the composite.

1 Introduction

Multiferroic materials in consequence of the special atomic structure provide properties e.g.
ferroelectricity and magnetostriction, which connect behaviors of different fields [2]. The cou-
pling of magnetic and electrical fields due to the constitutive behavior of a material is commonly
denoted as magnetoelectric effect (ME-effect). During the last years, increasing research activ-
ities are observed in this area because of potential application in industry. This effect, however,
is only possible in a few crystal classes and is very weak. Larger coupling coefficients are
obtained in composite materials, in which the ferroelectric and ferromagnetic constituents are
embedded [2, 3]. Here, the (inverse) magnetostrictive and (in-) direct piezoelectric effects are
coupled by the deformation of the composite, producing the macroscopic ME-effect.

On the other hand, numerical homogenization is widely used to obtain effective properties
of composite structures. The homogenization as well as numerical approaches for mechanical
properties have been investigated for many years and different methods have been developed.
In this research area not only pure mechanical structures but also multifunctional composites
with different ferroic effects are involved. Thus, classical approaches have to be extended for
application to multiferroic composites revealing ambiguities which have to be investigated.

2 Theoretical framework
2.1 Linear constitutive equations
The scalar electric and magnetic potentials are motivated from the Maxwell equations for the

electrostatical and magnetostatical case, such that I; = —go‘f; and H; = —"]. With the help of
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these equations, the constitutive law of magnetoelectroelasticity is formulated on the basis of
the thermodynamic potential

(I)<5z'j7 Ei, Hl) = (O'Z'jéfl'j — D'LEz - Bsz)/z (1)

The constitutive equations in compressed notation are then obtained as

Oq = quap—eini—qquj, Dz = €ip8p+l£ijEj+ginj, Bl = ql-pé?p—f—gijEj +/~Linj7 (2)
where 0, D;, B;, €, E); and H;, denote stress, electric displacement, magnetic induction, strain,
electric and magnetic fields. Moreover, the tensors Cy,, Kij, [ij, €ips ¢ip and g;; character-
ize elastic properties, electric and magnetic permeabilities, piezoelectric and magnetostrictive
properties as well as magnetoelectric constants. The latter three tensors take the responsbili-
ties of connecting the behaviors crossing the fields, i.e. multiferroic properties.To calculate the
members of the material tensors in Eq. (2), partial differentials are introduced with quantities

behind the vertical bar being constant [1]:

o _ 97 o 90| _ 0D
T 0g Ei,Hj7 . OE, g, H ey El,Hl’
0D; Jdo 8Bl
e 8EZ ep ’ o=~ 8_qu en a 8_5(1 By, H, 7 ®
0B; oD, 0B,
Hij = OH, ep,E]-’ 9ij = OH, ok = JE, EwHi.

2.2 Homogenization procedures

The relationship of effective properties and the averaged fields can be given in the form
(¥) = L*(Z), where the ¥ stands for (0;;, D;, B;) and Z for (e, Ex, Hy), while L is the
compressed tensor with all components of effective material properties. For the purpose of
calculating L* from the definitions in Eq. (3), appropriate boundary conditions are needed.

2.2.1 Voigt- and Reuss-approximation

(pel — 0 FEM (pm. =0
qobl — O s q)e’f — O q)gr — 0 .(pel = 0
oy — — [
@™ =0 ib Hy <%{pm. =0 oM = Ul E; éq)m =0
5 b o FEM T » 2
el — EU_’(JB) m
p =0 ] L ™ =0

Figure 1: Boundary conditions for the calculation of the effective magnetoelectric tensor, generalized Voigt ap-
proximation

The problem of calculating elastic constants is often treated within the framework of Voigt-
and Reuss-approximation, in which simple boundary conditions are applied. For Voigt-approxi-
mation the displacements as well as strain are assumed as constant and for Reuss the stress
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is controlled. Here, the approaches have to be extended to multifields [4], which means the
boundary conditions are formulated as:

(Z)=2° or (x) =x° 4)

where the superior 0 denotes the constant quantity. In these generalized approaches, constant
fields are applied at the boundaries of the RVE. For example, the corresponding magnetoelectric
constant in x;-direction gy, is calculated as shown in Fig. 1.

2.2.2 Periodic boundary conditions (PBC)

In some composites the arrangment of particles in the matrix is ordered neatly. Each single
unit (RVE) looks exactly like the neighboring units around it. From this postulate, the following
equations are derived to guarantee that the structure is periodic:

uf —up =gl =), ¢ =¢" = =Bl —a7), @™ g™ = —H](zf -a7). (5)
Here, constant strains, electric and magnetic fields are applied to the RVE. The displacements
as well as electric and magnetic potentials of upper and lower, left and right bounds (+, -)
are corresponding. It has to be noticed that these requirements are implicit. Although the
relationship of fields in Eq. (5) must be obeyed, the concrete quantites of displacements, electric
and magnetic potentials are unknown. For example, the corresponding magnetoelectric constant
in x;-direction ¢y, is calculated as shown in Fig. 2.

@L,f =0 o™ =
. 0 FEM
3 % 2 - Qf}
= £
el — o el — "o m

o= H g et=0 70 o

3 FEM

> 2,2 52 @)

=0

Figure 2: Periodic boundary conditions for the calculation of the effective magnetoelectric tensor

3 Results

In this paper two- (BT-CFO) and three- (BT-CFO-epoxy) phase composites are considered,
where epoxy is a non-functional matrix material. The materials of matrix and particles in two-
phase composites are commutable. The RVE models, see Fig. (3), are generated automati-
cally. The coordinates as well as particle sizes and shapes are statisticaly distributed for a given
volume fraction (Gaussian distribution). The simulations are performed for different volume
fractions using an Abaqus USER-subroutine [1]. The calculated effective properties for each
homogenization method mostly approach to similar values. This holds in particular, if the vol-
ume ration of one particle and the whole RVE is small. If the particle size increases, results of
the different methods diverge. Further, the different definitions of coupled properties in Eq. 3
yield small differences.
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Figure 3: Different RVEs of multiferroic composite. All models have equal volume fraction of particles

A BT-CFO-epoxy composite is taken as numerical example and the effective properties are
compared. In this model, each kind of particles (BT and CFO) has a volume fraction of 10%.
The ratio between the volume of a single particle and the RVE is 0.2 - 10~2. The RVE and
particle distributions are those of the right sketch in Fig. 3. Tab. 1 presents the effective prop-
erties of the composite, where the coupled effective properties according to Eq. (3) have two
different definitions of which the averaged values are taken. The results show the accordance
of numerically calculated properties based on different approaches. Larger differences are only
observed at C¢; and g5,.

VoiGT | REUSS | PBC VOIGT | REUSS PBC
Ct,[GPa] 7.341 7.332 | 7.324 || e}, (x10°[N/GVm]) 1.202 1.192 1.195
C3, [GPa] 7.402 7.393 | 7.389 || ei,(x10°[N/GVm]) | -3.710 | -3.700 | -3.627
C75 [GPa] 3.667 3.647 | 3.741 e5(x10°[N/GVm]) 8.630 9.069 | 9.051
Cgs |GPa] 1.792 1.192 | 1.796 || ¢i,;(x10*[GVfs/m?]) | 3.826 3.784 | 4.289

k31 (x10°[N/GV?]) 1.157 1.156 | 1.156 | qi,(x10*[GVfs/m?]) | 2.743 2723 | 2.925
K55 (X 103[N/GV?]) 1.146 1.144 | 1.145 || ¢55(x10*[GVfs/m?]) | -1.496 | -1.561 | -1.923
i (x10°[GV3fs?/m?]) | 1.442 1.440 | 1.440 911 [Nfs/VC] -2.989 | -2.942 | -3.224
Wao(x10°[GV3fs?/m?]) | 1.430 1.428 | 1.429 G52 [Nfs/VC] 4.609 4.668 | 6.982

Table 1: Effective properties of a 0.1BT-0.1CFO-0.8epoxy composite
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Abstract. During the application of an external electrical or mechanical field, ferroelectric perovskite
ceramics display nonlinear, hysteretic constitutive behavior. In addition to the ferroelectric and
ferroelastic response, due to the nucleation and growth of domains, field-induced phase transitions have
also been observed that can lead to large jumps in polarization and strain. In the following, various
characterization and simulation techniques have been employed to elucidate the role of external fields
on the phase stability in polycrystalline and single crystal perovskite ferroelectrics.

1 Introduction

Due to their excellent electromechanical coupling, ferroelectric materials are widely used in numerous
transduction applications. In addition to piezoelectricity, it is understood that external electrical and
mechanical fields are capable of both nucleating domains and moving domain walls, which results in an
intrinsic and extrinsic contribution to the piezoelectric response [1]. The most commercially important
of these materials is the Pb(Zr,Ti)Os (PZT) system, which is typically used in the compositional range
around the morphotropic phase boundary (MPB) that separates the ferroelectric rhombohedral phase (R)
from the ferroelectric tetragonal phase (T) [2]. In addition to a relatively temperature stable piezoelectric
response, PZT can also be easily tuned through chemical doping and microstructure modification [2].
Recently, however, legislation in Europe and elsewhere has lead to an intensive search for a lead-free
alternative [3]. A number of possible candidates have been found, with KosNagsNbO3 (KNN) [4] and
Bi1»Nai»TiOs (BNT) —based [5] materials showing the most promise. As part of this research, there has
been a renewed interest in field induced phase transitions, as they have been shown to be the origin of
the large unipolar strain observed in BiioNai»TiOs—BaTiOs— Ko sNagsNbOs; (BNT-BT-KNN). During
loading it has been shown that the material undergoes a reversible relaxor—ferroelectric (RE—FE)
phase transition, which is modulated by the KNN content that destabilizes the long—range ferroelectric
order [6]. Recent investigations have also attempted to tailor this behavior through inclusion of second
phase ferroelectric seeds in a matrix material undergoing a RE—FE phase transition [7].

In the following work, the influence of stress and electric field on the macroscopic constitutive behavior
of perovskite ferroelectrics will be discussed for polycrystalline Pb(Zri«Tix)Os across the MPB. The
experimental data are contrasted with X-ray powder diffraction results, which give insight into the
influence of applied fields on the stable phase. The results provide indirect evidence of field-induced
phase transitions in polycrystalline ferroelectrics.

2 Experimental Methodology

The ferroelastic and ferroelectric behavior of Ba and Nb modified Pb(Zr;-,Ti.)Os solid solution ceramics
Pbo.9sBag.o1(Zr1-<Ti.)0.0sNbo.0203 with varying PbTiO; content (x = 0.40, 0.47, 0.49, 0.51, 0.53, 0.55, and
0.60) has been characterized. In the following discussion, the composition is referred to by the PbTiO3
content, e.g., PZT45 for x = 0.45. The powders were prepared by mixed-oxide method using PbO
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(Sigma, 99.9%), TiO, (Alfa, 99.8%), ZrO, (TZ-0, Tosoh), Nb,Os (Sigma, 99.9%), and BaCO3 (Alfa,
99.8%) as precursors. Powder mixtures were homogenized in isopropyl alcohol in a planetary mill and
calcined twice at 900 °C for 1 h with a heating/cooling rate of 5 °C/min and milling after each calcination
step. After drying and sieving, the powder mixtures were pressed into pellets and sintered at 1275 °C
for 2 h with a heating/cooling rate of 5 °C/min.

X-ray powder diffraction was performed using PANalytical X’Pert PRO diffractometer (Cu Kal/Ka2
radiation) at room temperature. For the XRD analysis of the sintered samples, the pellets were crushed
into powders. The data were collected in the 20 range from 15° to 80° with a step size of 0.026°/100 s.
The cell parameters of the PZT samples were obtained from the Rietveld analysis. The chosen space
groups for these refinements were PAmm (SG no 99) and R3m (SG no 160) for the tetragonal and
rhombohedral PZT phases, respectively. Additional experimental details are available elsewhere [8].

The ferroelectric behavior was characterized at room temperature for each composition on disk samples
with diameter of 4.2 mm and a thickness of 1 mm. Prior to electrical characterization the samples were
annealed at 600 °C to ensure that each sample was unpoled prior to testing. Following annealing, silver
electrodes were sputtered on the ground circular faces. During measurement a triangular wave electrical
load was applied to the sample at a frequency of 50mHz with a high voltage amplifier (Trek Model
20/20C) and a function generator (Agilent 33220A). The maximum electric field was 6 kV/mm. The
unipolar strain and polarization were measured during testing with a linear variable differential
transducer and a Sawyer-Tower circuit, respectively.

Ferroelastic samples had a diameter of [15.8 mm and a height of [/6 mm. Prior to measurement the
samples were annealed at 600 °C to ensure that each sample was unpoled prior to testing. The ferroelastic
behavior was characterized at room temperature with a screw-type load frame fitted with a linear
variable differential transformer. A maximum mechanical compressive stress up to — 390 MPa with a
loading and unloading rate of —3.7 MPa/s was applied to the specimen.

3 Results

XRD Measurements

The structural investigation using XRD revealed that PZT 47, 49, 51, 55, and 60 were tetragonal at room
temperature, while PZT 40 and 45 were rhombohedral. It is important to note, however, that PZT 45
and 47, the two compositions closest to the MPB, also contained a minority tetragonal and rhombohedral
phase, respectively. The amount of the minority phase was, however, too small to accurately determine
the lattice parameters. From the XRD analysis, the MPB at room temperature is located between PZT
45 and 47. This is further from the PbTiOs-rich side of the phase diagram than in the undoped PZT
system [2]. The cell parameters determined during the XRD refinements were used to calculate the
tetragonal (0r) and rhombohedral (6r) spontaneous lattice distortion for each composition with the
following equations:

Sr=<-1 (1)

a

Sp =3 _q )

di11
where ¢ and a are the tetragonal lattice parameters and d;1q and d;;7 are the rhombohedral lattice
spacings. The resultant lattice distortion values are shown in Figure 1.
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Figure 1. Lattice distortion of Pb(Zri-.Tix)Os in the vicinity of the MPB. The filled symbols represent the rhombohedral
phase and the open symbols represent the tetragonal phase.

Ferroelectric Measurements

The macroscopic strain-electric field behavior for PZT 40, 45, 47, 49, 55 and 60 during the initial poling
cycle from the virgin state is shown in Figure 2. These measurements show the initial poling of the
material, which gives information on the development of remanent strain (&,.) and the poling field, i.e.,
the electric field required to ferroelectrically switch domains from the unpoled state, which is defined at
the inflection point during electric loading. From these measurements the influence of the MPB, located
between PZT 45 and PZT 47, can be clearly observed. In the vicinity of the MPB there is an increase in
the remanent and maximum strain that corresponds to a decrease in the poling field. In addition, the
overall form of the hysteresis changes are well, where an increasing PbTiOs content results in a more
continuous strain evolution during electrical loading.

PZT 40 (R) PZT 45 (R*) PZT 47 (T*) PZT 49 (T) PZT 55 (T) PZT 60 (T)
0.6f
€ 04
£
S
& 0.2} j ]
0 2 4 60 2 4 60 2 4 60 2 4 60 2 4 60 2 4 6

Electric Field (kV/mm)

Figure 2. Strain-electric field behavior of Pb(Zr1—xTix)O3 during poling from the virgin state. The stars denote the presence of
a minority phase.

Ferroelastic Measurements

Figure 3 shows the room temperature stress-strain behavior of unpoled PZT 40, 45, 47, 49, 55 and 60.
Similarly to the ferroelectric measurements, it can be clearly observed that the proximity to the MPB
influences the macroscopic constitutive behavior significantly, resulting in a decreasing coercive stress,
defined at the inflection point during mechanical loading, and an increasing hysteresis with increasing
PbTiOs content. Interestingly, in contrast to the electrical measurements, the largest remanent strain was
not observed near the MPB, rather on the tetragonal side of the MPB.

0 PZT 40 R) PZT 45 (R*) PZT 49 (T) PZT 55 (T) PZT 60 (T)
= -1001
o
£ 200
g
£ -3001
wv

-400

-0.8 -0.4 0-0.8 -04 0-0.8 -04 0-0.8 -0.4 0-0.8 -0.4 0-0.8 -0.4 0
Strain (%) Strain (%) Strain (%) Strain (%) Strain (%) Strain (%)

Figure 3. Ferroelastic behavior of unpoled Pb(Zri-xTix)Os. The stars denote a minority phase.
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4 Discussion

From the observed ferroelectric and ferroelastic behavior, the resulting remanent strains as a function of
PZT composition were determined, shown in Figure 4a. For both loading conditions, an increase in the
remanent strain can be found in the vicinity of the MPB, which indicates that external electrical and
mechanical fields can reorient more domains. In the case of high PbTiOs content compositions, this is
partially due to the maximum fields applied in relation to the coercive electric field and stress. For
example, the coercive stress of PZT 47 was found to be approximately —50 MPa, while PZT 60 displayed
a value of nearly —200 MPa. It is expected that the applied -390 MPa compressive stress has a larger
influence on PZT 47 than PZT 60. However, if we normalize the observed remanent strain values by the
switching strains (&) of the untested material (Fig. 1), we find a much different picture. Namely, the
&,/ € ratio was maximum in the rhombohedral composition. Interestingly, in both the electrical and
mechanical case, the observed &,./&g ratio is larger than the theoretical value allowed for by
ferroelectricity or ferroelasticity. During ferroelectric and ferroelastic loading, the maximum &,./ € ratio
for the rhombohedral phase is 0.424 and —0.285, respectively. This finding strongly indicates the
presence of hysteretic processes in addition to domain wall motion during electrical and mechanical
loading, such as field induced phase transitions that have been observed in other perovskite ferroelectric
materials.

0.45 0.6
(b) —0O— Ferroelectric
0.5 —O— Ferroelastic
0.4
~ "
w
g S 03
& Py
0.2
0.1
.15 0.0
40 45 50 55 60 40 45 50 55 60
PbTiO; Content (mol%) PbTiO; Content (mol%)

Figure 4. The remanent strain (a) and the remanent strain normalized by the switching strain (b). Filled symbols represent the
rhombohedral phase and open symbols represent the tetragonal phase.

5 Conclusions

Macroscopic ferroelectric and ferroelastic constitutive behavior has been characterized for a various
PZT compositions in the vicinity of the MPB. Together with lattice parameters determined with and
XRD analysis, it was found that the observed remanent strain was larger than theoretically allowed by
domain wall motion alone. This indicates the presence of additional mechanisms, such as field induced
phase transitions, that contribute to the remanent strain.
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Abstract.

In this contribution a model of segregation of temperatweasstive binary blends triggered
by non-uniform local heating is presented. Capturing therostructural evolution results
in a phase-field model of Cahn-Hilliard type extended by gbuations originated from ther-
mophoresis. The diffusion problem constitutes a partitiedéntial equation involving spatial
derivatives of fourth order. Consequently, the variaticleamulation of the problem mandates
approximation functions which are at least piecewise simamoid globallyC!-continuous. In
order to fulfill these requirements a spline-based finiteneat scheme is provided.

Numerical simulations of phase separation subjected teuraform temperature field within
a binary polymer blend consisting of poly(dimethylsilogpand poly(ethyl-methylsiloxane)
will illustrate the presented approach.

1 Introduction

Applications of polymers blend may be found in plenty of aggions, ranging from poly-
mer solutions in adhesives over cosmetics to industrialufsauring processes such as the
production of microelectronic components. In order to coratbeneficial characteristics of
single components specific multiphase mixtures are estaddli In general, such polymer mix-
tures are subjected to a great variety of microstructurahgks such as separation of phases
and coarsening processes. However, comparatively lititiess have been performed for phase
behavior of polymer blends subjected to local non-unifoemperature fields.

2 Modeing thermal diffusion and phase decomposition

Thermal diffusion comprises that different particle typesve differently under the force of
the temperature gradient which, therefore induces a aifusass fluxJ ;.

Jr =—pDrc(l —c) VT. Q)

In a pure phase it is not possible to achieve thermal diffusioceJ, vanishes forc = 0
andc = 1. Usually the thermally activated diffusive mass currenyroacur in either direc-
tion, dependent on the materials involved. Thermophilisssances diffuse up the tempera-
ture gradient. Thermophobic materials diffuse down thepemature gradient. Typically the
heavier/larger species in a mixture exhibits a thermophbbhavior while the lighter/smaller
species exhibit thermophilic behavior. In addition to tiees of the various types of particles
and the steepness of the temperature gradient, the heaiatiy and heat absorption of the
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particles play a role in thermal diffusion. Howevgr leads to a buildup of a concentration
gradient, which is accompanied by a generalized Fickiaa typss diffusion current.

Jp=—pMVpu (2)

Inserting entire diffuse mass fluk = Jp + J into the general diffusion equation (for
a detailed derivation see [1]) we obtain a modified Cahnidtdl equation, i.e., in its strong
formulation the problem reads: Fird 2 x (0,7) — R such that

% =V - (MV (9.%%" — AAc) + Dpc(1 —¢) VT) + £ (x,t)  inQ x (0,7) (3)
holds. The initial concentration is given(x, 0) = ¢, (x) in €2 and, in order to account for the

conservation of mass, homogeneous Neumann boundary iomsditre prescribed.

j'n=—MVu+Drc(1—¢c)VT)-n=0 indQx (0,7) 4)
Ve-n=0 indQx (0,%) 5)
Additionally, the temperature field must comply with the heat equation
O _ poarT+ 1. (6)
ot PCp

Here Dy, denotes the thermal diffusivity. Eq. (6) shows that the keatce term is proportional
to the laser intensity, wherep is the average density of the heated mediunis the optical
absorption coefficient ang, is the specific heat capacity at constant pressure.

3 Numerical approximation in space and time

For the spatial discretization of the diffusion problem ahti we employ a Galerkin method
basing on the concept of isogeometric finite element amaly¥sithis end the space of test/ansatz
functions H? (Q2) is approximated by a finite dimensional subspaéec H? () which is re-
garded to be a span @f!-continuous B-spline basis functions. These basis funstiffer
high-order accuracy and numerical robustness, cf. [2/@this setting the employed B-spline
basis functions are deduced from the classical de Boorsexuformula on element level. The
construction of multivariate B-splines is realized by tiseial tensor-product formalism consid-
ering univariate B-splines.

Let n be the dimension of” then the discrete solutiart and the discrete testfunctions®
can be depicted as linear combinations of basis functigria V":

(SCh = Z a; IN; and Ch = ijNj (7)
i=1 j=1
Note that the applied basis functions are non-interpofaadmnodes as it is usual for standard
Lagrangian basis functions. Therefore the values of thetisol coefficients); cannot be as-
signed directly with the function values at the nodes. In,fdee function values arise from a
linear combination of adjacent basis functions.

The temporal discretization is straightforward. The cdestd time intervall is divided
into n; subintervalsl,, = [t,, t,.1]. The first order time derivative is approximated by finite
differences

oc  Cpy1 — Cy

ot At ®)
with (equidistant) time stepj\t = ¢,,.1 — t,. The time integration is performed by an implicit
Crank-Nicholson scheme, known to be second-order accurate
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Figure 1: Simulation results for a critical PDMS/PEMS pobmblend subjected to a periodic forcing.

4 Thermal decomposition of acritical PDM S/PEM S system

In the following we present a numerical simulation of phaspagation in the presence of
local temperature fields within a real binary polymer blewasisting of polydimethylsilox-
ane (PDMS) and polyethylmethylsiloxane (PEMS). Both ammieated with trimethylsiloxane
endgroups, one methyl respectively ethyl group in the repganit makes the only difference.

CH;
CH; —NSi—
oh,
CH;
CH; —Si—
CH;s

O —

O

CH;

CH;
i—

CyH;

O

CH,
—>Si— CHs (PDMS)
1, CH;

CH,
—Si— CH;y (PEMS)
1, CH;

A polymer blend in a critical composition &5% polydimethylsiloxane and5% polyethyl-
methylsiloxane, which has been investigated experimignsale Fig. 2, will be simulated. Start-
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t=442s t =802s t=1524s t =3407s
Figure 2: Micrographs from optical grating experiments ®@MS/PEMS blend. The specimen size is about
300 um x 200 pm. Subfigures are adapted from [3].

ing from a homogeneous one-phase configuration the eagegstaf microstructural evolution
are driven by spinodal decomposition of phases. Only gigdilee periodic forcing asserts it-
self against the suppression of phase decomposition. vetlhe inhomogeneous temperature
gradient increasingly coins the microstructure. A peiogtripe pattern evolves and destroys
the typical coarsening scenario as customary for standaina-Elilliard systems.

These results are displayed in Fig. 1 and fit nicely to thecapfirating experiments illus-
trated in Fig. 2. The PEMS-rich phases appear here as daggens. The second micrograph
of Fig. 2 shows that horizontal lamellea-shaped phasesrasept between the evolving peri-
odic stripe patterns. This phenomenon is clearly reprodigicging simulation in Fig. 1. Due
to the fact that PDMS is thermophilic, the laser light getesdocally heated domains where
a PDMS enrichment takes place. During the experiment (s - 2366 S) there are sequences
where the laser is turned on and later turned off in orderudysthe interplay between thermal
diffusion and coarsening effects, cf. [3]. In addition, stability of the evolved structure is
investigated. At = 2366 s the laser illumination is completely turned off and theteysis left
on its own devices. At = 3407 s a steady decay of the periodic microstructure can be obderv
Due to the surface energy of the single phases the outerdme& to reach a configuration of
constant curvature that is achieved in a circular structure
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Abstract. Multiferroic materials showing both magnetic and electric ordering allow an ad-
ditional degree of freedom in the design of actuators, transducers and storage devices and
thus have attracted scientific interest from the technological perspective as well as from ba-
sic research. Because the choice of single-phase multiferroic materials being suitable at room
temperature is limited, the use of magnetoelectric two-phase composites has proven to be more
promising [1]. Here we study ferrimagnetic CoFe,04 (CFO) nanopillars embedded in a ferro-
electric BaTiOs (BTO) matrix (Fig. 1 a)). They operate at room temperature and are free of any
resource-critical rare-earth element, which makes them interesting for potential applications.
Prior studies succeeded in showing strain-mediated coupling between the two subsystems. In
particular, the electric properties can be tuned by magnetic fields and the magnetic proper-
ties by electric fields. Here we take the analysis of the coupling to a new level utilizing soft
X-ray absorption spectroscopy and its associated linear dichroism [2]. We demonstrate that
an in-plane magnetic field breaks the tetragonal symmetry of the (1,3)-type CoFe;0,/BaTiOs
structures (Fig. 1 b)) and discuss it in terms of off-diagonal magnetostrictive-piezoelectric cou-
pling. This coupling creates staggered in-plane components of the electric polarization, which
are stable even at magnetic remanence due to hysteretic behaviour of structural changes in the
BaTiO3 matrix. The competing mechanisms of clamping and relaxation effects are discussed
in detail. The effect in the electric in-plane polarization of BTO obtained in this work extends
over a large area. Under the constraint of completely regular arrays of CFO nanopillars, one
might even envisage data-storage concepts by encoding the local polarization patterns of single
nanopillars via external current-controlled local magnetic fields.

b)

Figure 1: a) Scanning electron microscopy image of the sample corresponding to a top view on the nanopillar
structure. b) Schematic presentation of the strained CFO nanopillars in the BTO matrix (not shown) when applying
a magnetic field perpendicular to the pillars [2].
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Abstract. Doping in ferroelectrics can influence their properties significantly. The bound
charges appear at domain wall for head-to-head or tail-to-tail domain structures and they give
rise to an electric field, making the domain structure unstable. For ferroelectrics with semicon-
ducting feature, the electrons and holes can accumulate near the domain wall and screen the
bound charges. Domain structures can be stabilized by those free charges and the domain wall
conductivity is enhanced. A phase field model is applied to study two defect systems. One is an
ideal defect system where the only point defects are oxygen vacancies and the other is a realistic
defect system where doping of manganese generates multiple kinds of point defects. It is shown
that the domain wall conductivity enhanced by electrons or holes depends on many factors
(domain configuration, type of defect system, concentration of certain point defects etc). The
simulation results can help to explain some corresponding experimental results on conductivity
of domain walls.

1 Introduction

Ferroelectric materials are widely used in electronic industry. “Up-down”, ’head-to-head”
and “tail-to-tail” domain walls are three possible 180 degree domain walls. The "head-to-head”
and tail-to-tail” domain walls are not stable in ferroelectrics without semiconducting feature
because of the electric field generated by the bound charges. The driving force has been studied
quantitatively [1]. After doping ferroelectrics can contain point defects which can give rise to
ionic and free space charges. Then the materials can be treated as semiconductors. Head-to-
head and tail-to-tail domain configurations can be stabilized by the screening charge [2]. There
are experimental verifications on head-to-head and tail-to-tail domain wall conductivity [3][4].

2 Phase field model of ferroelectrics with semiconducting feature

The equilibria for mechanical stress and electric displacement are fulfilled,

Oij.5 — O, in \Q, (1)
The Landau-Ginzburg equation is
) OH
L= —-M— 3
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where F; is the spontaneous polarization vector and H is the Gibbs free energy. This equation
describes the domain structure evolution in ferroelectrics.

In Mn-doped barium titanate, six possible sources can make contribution to the local space
charge: oxygen vacancies, titanium vacancies, oxygen-titanium di-vacancies, manganese-titantium
substitutions, electrons and holes. Oxygen vacancies act as donors, whereas titanium vacancies,

oxygen-titanium di-vacancies and manganese-titanium substitutions act as acceptors according
to their valency. The space charge then has the expression [5]

kT kT
“4)
+qzvg NVO o (gb) — qRvp, NVTitVTi (¢) - qz[VTrVo]N[VTrVo]t[VTi*Vo] (¢)

Er — Eo+ Ey — B —
P(¢)=—QNCF1/2( F c q¢)+quF1/g< v fa C]¢)

We apply the scheme suggested by van Halen et al. for estimation of the Fermi integral [6].
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Figure 1: Variation of the space charge with respect to the electric potential in ferroelectrics with a realistic defect
system according to Eq.(4).

3 Simulation results

A barium titanate sample with its left and right edge short circuited is studied by the phase
field model. It can be shown that the head-to-head or tail-to-tail domain configurations in non-
semiconducting ferroelectrics can not maintain their initial state, evolving into a multidomain
configuration [7]. For semiconducting ferroelectrics, two kinds of defect systems are studied:
ideal and real defect systems. In ideal defect system, for a head-to-head configuration, an elec-
tric field is built up in the middle and electrons are accumulated there which compensate the
bound charge and make the domain wall conductive. Similarly, for tail-to-tail domain configu-
ration, holes at the domain wall also give rise to domain conductivity.

It can be seen that the head-to-head domain conductivity is not influenced by donor concen-
tration. But the tail-to-tail domain wall does: the higher the donor concentration is, the less
conductive the domain wall becomes. Because the more space charge which compensate the
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bound charge come from ionized donors, less holes appear at the domain wall. When the con-

centration of the donors exceed certain value, the domain wall conductivity becomes as low as
that of the bulk.

Charge conc. ele. (Cm~3) Charge conc. hol. (Cm~3)
- “mm — m
—7e6 0 0 5e6

a) b)

Figure 2: In a ideal defect system: (a) Distribution of space charge from electrons for head-to-head domain con-
figuration. (b) Distribution of space charge from holes for tail-to-tail domain configuration
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Figure 3: In a ideal defect system: (a) Distribution of space charge from electrons for head-to-head domain con-
figuration. (b) Distribution of space charge from holes for tail-to-tail domain configuration for different oxygen
vacancy concentrations

In a realistic defect system, for head-to-head configuration, most of the space charge which
compensate the bound charge stems from the electrons for small concentration of manganese-
titanium substitutions (0.01mol%). The proportion of compensating charge coming from elec-
trons decreases as the concentration of manganese-titanium substitutions gets larger. The con-
ductivity vanishes as the concentration of Mn-Ti substitutions exceeds certain value. For tail-
to-tail domain configuration, the compensation of the bound charge is mostly undertaken by the
holes and the ionized oxygen vacancies also make a small contribution. However, the space
charge from the ionized oxygen vacancies is smaller than that from the holes by several or-
ders of magnitude. The influence of manganese concentration on the tail-to-tail domain wall
concentration is rather insignificant.

It is shown that for different metals used as electrode, the electric potential profile in the
sample is merely shifted over the same value as the work function of metals. Therefore the type
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of metals as electrode has no influence on the domain wall conductivity.

For the case that the oxygen vacancies are able to diffuse, the simulation show that for head-
to-head or tail-to-tail domain configurations, the domain wall conductivity decreases or even
vanishes after some time of diffusion.
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