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Abstract

The paper concerns a study of our previous general construction for sim-
ple t-designs, called the basic construction, with the goal to establish existence
theorems for ¢-designs. As a general framework the basic construction involves
a great deal of possibilities of combining ingredient designs, and thus compu-
tations are necessary for constructing designs by this method. The work shows
the results of an investigation finding specified conditions under which the re-
quired computations can be avoidable. They thus lead to existence theorems
for simple t-designs and many of them have been found. Also a large number
of examples are included to illustrate the results.
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1 Introduction

Two recursive methods for constructing simple ¢-designs with arbitrary ¢ have been
presented in [5, 6]. Both methods are of combinatorial nature in which a ¢-design
is built up from other small designs. The first method in [5], also called the basic
construction, gives a construction in which the blocks of the constructed ¢-design are
formed as a collection of block unions from a number of appropriate pairs of disjoint
ingredient designs. As a result, the construction sets conditions on the indices of
the ingredient designs for which a certain set of equalities have to be satisfied. The
second method in [6] is a further extension of the basic construction using the concept
of s-resolutions for ingredient designs. The explicit applications of the second method
as shown in [6] are derived from large sets of s-designs, which are special examples of
s-resolutions of the trivial ¢-designs for s < t.

In this work we particularly focus on the first paper [5]. The basic construction
is a generic method which may be viewed as a general framework for constructing
t-designs by block unions. First, to construct a simple ¢-(v, k, A) design, the method
allows all |v/2] possible choices of two disjoint sets X; and X, of size v; and vy with



v1 + v2 = v, on which (k + 1) pairs of ingredient designs ((Xi, B™), (X5, B*=9))
of block sizes ¢ and k — i, for ¢ = 0,...,k, are formed. Second, the method also
allows the “vanishing” of certain such pairs, which means that they are not involved
in the construction. Thus the basic construction produces a great number of possible
combinations of ingredient designs. Consequently, the method requires computations
to find all the designs for any given set of parameters ¢, v, k. In spite of this fact, we
investigate the equations of the basic construction to determine specified conditions
for the existence of solutions, where computations can be avoided. In particular, this
leads to establishing existence theorems for simple ¢t-designs. The results of the study
are presented by distinguishing between two cases t < k < 2t and 2t +1 < k. We
also include numerous examples to illustrate the obtained theorems.

For the sake of completeness we recall a few basic definitions. A ¢-design, denoted
by t-(v, k, A), is a pair (X, ), where X is a v-set of points and B is a collection of
k-subsets, called blocks, of X having the property that every t-set of X is a subset of
exactly A blocks in 8. The parameter A is called the indez of the design. A t-design is
called simple if no two blocks are identical i.e. no block of B is repeated; otherwise, it
is called non-simple (i.e. B is a multiset). It can be shown by simple counting that a
t-(v, k, A) design is an s-(v, k, \s) design for 0 < s < ¢, where A\; = )\(::j)/(]::j) Since
A, 18 an integer, necessary conditions for the parameters of a ¢-design are (l;:j) \A(::j),
for 0 < s < t. For given t,v and k, we denote by Apin(t, k,v), or Ay, for short, the
smallest positive integer such that these conditions are satisfied for all 0 < s < ¢.
By complementing each block in X of a ¢t-(v, k, A) design, we obtain a t-(v,v — k, \*)
design with A* = )\(U;k)/@), hence we shall assume that & < v/2. The largest value
for A for which a simple ¢-(v,k, \) design exists is denoted by An.x and we have
Amax = (Z:i) The simple t-(v, k, Amax) design is called the complete design or the
trivial design.

We refer the reader to [1, 2, 3] for more information about designs.

1.1 The basic construction

We include a summary of the basic construction as described in [5] in the following
theorem. This is necessary for the main investigation in the next section.

Theorem 1.1 (Basic construction) Let v, k, ¢ be integers with v > k >t > 2.
Let X be a v-set and let X = X1 U Xy be a partition of X with |X1| = v; and
| Xs| = vy. Let D; = (X1,B9) be the complete i-(vy,i,1) design fori =0,...,t and
let D; = (X1,BY) be a simple t—(vl,i,)\gi)) design for i = t+1,... k. Similarly,
let D; = (X2, BW) be the complete i-(vy,4,1) design for i = 0,...,t, and let D; =
(X2, BD) be a simple t-(vy,1, S\Ei)) design fori=t+1,..., k. Define

B = %(O,k) X [Uo] U %(l,k—l) X [ul] J---u %(k—l,l) X [uk,l] U %(’%0) X [uk],

where ) o o
Biwi ={B=B;UBw; | B; € BO B, € %(k—z)}'



Assume that

Loy =1L1p 1= 1Lot o="--+=Lyo:=A, (1)

)

for a positive integer A, where
Leir = Y undONEY, (2)

r=20,...,t, and u; € {0,1}, fori = 0,..., k. Then (X,B) is a simple t-(v,k,\)
design.

Some explanations of the symbols in the theorem need to be included.

e Two degenerate cases for designs occur when either k =t =0 or v = k.

— The case k =t = 0 gives an “empty” design, denoted by (); note however
that the number of blocks of the empty design is 1.

— The case v = k gives a degenerate k-design having just 1 block consisting
of all v points.

e The notation X X [u], where X is a finite set and u € {0, 1}, has the following
meaning. X x[0] is the empty set 0, and X x[1] = X. In particular, B s X [u;]
indicates that either it is an empty set ) (when u; = 0) or the set B; 5_;) itself
(when u; = 1). The case u; = 0 means that the pair (D;, Dy_;) is not involved
in the construction.

e Any t-subset T of X is denoted by T(,.;—,y where |[TNX;| = r and [TNX,| = t—r,
for r=0,...,t. And L,,_, is the number of blocks in 5 containing T{, ;).

We should mention that Theorem 1 in [4] is a special case of the basic construction,
in particular, the easiest case with v; = 1 and vy = v has widely been used to generate
new designs from two specific known designs.

2 Existence Theorems

We present in this section various existence theorems which arise from studying spe-
cific conditions of the basic construction.

2.1 Designs with £ < 2t

In this section we study the case k < 2t and ¢t < 8, where we restrict to conditions
v] = v9 = v and )\gi) = X@ for i < k. The goal is to find solutions of the basic
construction for which u; can be set to 0, or the ingredient design corresponding to
u; can be chosen as the trivial design.



Theorem 2.1 (i) Suppose there exist simple 5—(U,i,)\éi)) designs, i = 7,8, such
that

A = (v =2)(v-9)/2,
)\és) = 8(v — 2).

Then there ezists a simple 5-(2v,8, A1) design with

A1:4(U_2)
3

1) Suppose there exist simple 5-(v, 1, A desi ns, 1 = 6,7,8, such that
(i1) 5 g

—2
AP = —oA® 4 2(” , )

—2
A® =20 v+ 39 /3 - (v +3) (“ ) )
Then there ezists a simple 5-(2v, 8, Ay) design with

Ay = (”;3)A$)/3+(v—3)(”;2).

Proof. 1t is traightforward to see that the theorem follows from equalities of the
basic construction. However, as an illustration, we show here some details of the
proof.

(i) For case (i) we choose v = vy = v, k = 8, uy = ug = 0 and )\éi) = 5\?) for
1=17,...,8. We obtain the following equalities

v — 2 v — 2
Log=Lss=23
2,3 3,2 (3)4'(3),
v—1
Liy= Ly = (v— 4)>\é7) + ( 9 )(U —4),
L0,5—L5,0—)\é8)+v)\é7)+(g)(v—él).

The values for )\g), AéB) and A; are derived from Log = L1 4 = Los = Ay.

(ii) Similar to case (i), here however, we choose us = 0. The equalities become
v—3 v—2

L273 = L372 = )\éﬁ)/f} + (U — 3),

2 2

v—1
Lis=1Lyi=@w—DA"/3+ (v —1)v -2 /2 4 ( 5 )
Los = Lso = AP + uA + (g) ALY,
From Lys = L1 4 = Los = Ay we compute )\g), )\ég) and Ay, as desired. O
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Remark 2.1 In Case (i) of the theorem, for a given v, if required ingredient designs
exist, then the index A; of the resulting design is unique. In Case (ii), the existence

of ingredient designs depends on “free” parameter )\gi), and thus the resulting designs
normally have different values for A,. For example, consider the case v; = vy = 24 for
Theorem 2.1. Without any restriction on w;, there are altogether 7 solutions for 5-
(48,8, \) from the basic construction. One of which is the complete 5-(48,8, 1763 x 7)
design. One solution for case (i) with us = ug = 0, namely 5-(48, 8,880 x 7) has its
supplement 5-(48, 8,883 x 7) with us = 0. There are two further solutions for case (ii)
with us = 0, namely 5-(48, 8,863 x 7), 5-(48, 8,873 x 7) and two of their supplements
5-(48, 8,900 x 7), 5-(48,8,890 x 7).

Examples 2.1 Case (i) of Theorem 2.1:

1. vy = vy = 18. There is a simple 5-(36, 8,448 x 5) design, since there are simple
5-(18,4, A designs for i = 7,8 with A\ =12 x 6 and \%®) = 64 x 2.

2. vy = vy = 22. If there are simple 5-(22,1, /\éi)) designs for ¢+ = 7,8 with )\g) =
65 x 2 and A% = 8 x 20, then there is a simple 5-(44, 8, 4560) design.

3. v; = vy = 23. If there are simple 5-(23, 1, )\éi)) designs for i = 7,8 with )\g) =
49 x 3 and A¥ = 21 x 8, then there is a simple 5-(46, 8, 266 x 20) design.

4. vy = vy = 24. There is a simple 5-(48, 8,880 x 7) design, since there are simple
5-(24,i, A% designs for i = 7,8 with A\ = 55 x 3 and A = 176.

5. v; = vy = 32. If there are simple 5-(32, 1, )\éi)) designs for i = 7,8 with )\g) =
115 x 3 and A" = 48 x 5, then there is a simple 5-(64, 8, 16240) design.

Case (ii) of Theorem 2.1:
1. v; = vy = 24. The following simple 5-(48, 8, As) designs exist with
Ay = (836 +10§) x 7, j=0,1,2
since there exist simple 5-(24, 1, )\éi)) designs for i = 6,7, 8 with

A = (174 5), M) = (18- 85) x 3, A = (534 3705), j =0,1,2.

2. v = vy = 32. If there exist simple 5-(32, 1, )\éi)) designs for ¢ = 6, 7,8 with
AD =8+ x3, AD =(34-32) x3, A® = (139+398) x5, j=0,1,
then there exists a simple (64, 8, Ay) design with

Ay = (15863 + 4065), j =0, 1.



Theorem 2.2 (i) Suppose there exist simple 6-(v, 1, )\g)) designs, i = 8,9, 10, such
that

A = (v =3)(v—10)/2,

Then there exists a simple 6-(2v, 10, A;) design with

A1:2(v—3)(vgg).

(i1) Suppose there exist simple 6-(v, 1, )\éi)) designs, 1 = 7,...,10, such that

A === +2("7),

-3
A =2(0" =30+ 5N /3~ (0 +2) ( 2 )
A = (30 4 602 + 90 — 60)AS /12 + (v ; 3) (v* —v+12)/2.

Then there exists a simple 6-(2v, 10, A2) design with

B v—3 (7) v—3 2
A2_< ) ))\6 /2+( 5 )

Proof. 'The proof is similar to that of Theorem 2.1.

(i) For the equalities of the basic construction with v; = vo = v, k = 10 and
AD =AY for i = 8,...,10 choose us = u; = 0.

(ii) Asin (i), but choose uy = ug = 0.

Examples 2.2 Case (i) of Theorem 2.2:

1. v1 = vy = 24. If there are simple 6—(24,2',/\6(;)) designs for i = 8,9,10 with
)\és) = 49 x 3, )\ég) = 7 x 24 and )\élo) = 7 x 90, then there is a simple 6-
(48,10, 266 x 210) design.

2. v; = vy = 33. If there are simple 6—(33,i,>\éi)) designs for i = §8,9,10 with
Agg) = 115 x 3, )\ég) = 16 x 15 and )\élo) = 140 x 90, then there is a simple
6-(66, 10, 16269 x 15) design.

3. v1 = vy = 40. If there are simple 6—(40,2’,/\6(;)) designs for i = 8,9,10 with
)\ég) = 185 x 3, )\ég) = 37 x 8 and )\ém) = 19425 x 2, then there is a simple
6-(80, 10,95830 x 6) design.



Case (ii) of Theorem 2.2:

1. v = vy = 45. If there are simple 6-(45, i, Af;')) designs for ¢ = 7,...,10 with
A =12 %3, AP =46 x 3, AY = 5013 and Al'” = 8324 x 9, then there is a
simple 6-(90, 10, 15047 x 63) design.

2. vy = vg = 59. If there exist simple 6-(59, 1, )\g)) designs for ¢+ = 7,...,10 with

AV =484 5, AP = (148 — 29.5) x 2,
A = (5974 + 1103.5) x 2, A!? = (53012 — 9913.5) x 5, j=0,...,5,

then there exists a simple 6-(118, 10, Ay) design with

As = (43384 4+ 198.5) x 70, j=0,...,5.

Theorem 2.3 (i) Suppose there exist simple 7—(U,i,)\(7i)) designs, i = 9,...,12,
such that

-3
A = 920 — 3)AY /3 4 2(” 5 )(2v —19)/3,
-3
A = (1102 — 290 + 30) A /12 — 5(” ) )(v2 — v —10)/6,
~3
)\(712) — —(21)3 o 5,02 4+ 30+ 10))\(79)/5 + (U 5 )(21}3 — 21’02 + 190 — 150)/5

Then there ezists a simple 7-(2v,12, A1) design with

Ay = (“;4)A§9>/10+3(”;3)(U—4).

1) Suppose there exist simple 8-(v, 1, ADY desi ns, ¢ = 10,...,14, such that
(i1) 8 g

v—4

AN = — (40— 10007 /3 + 2( 2

)(2’0 —21)/3,
-
ALY = (110% — 510 + T0)ALY /12 — 5(” , )v(v — 11)/6,

_ 4 .
A = 202 — 110 + 19A” /5 + (U ) )(21)“ — 270% + 67v — 192) /5,

A = (2301 — 12803 + 25307 — 2680 + 840)AL /180
— (v —4)(v — 5)(3v* — 38v® 4 33v% 4 2420 — 1680)/48.

Then there exists a simple 8-(2v,14, Ay) design with

B v—4 (10) v—4 v—4
e T s (75 ()



Proof.

(i) Choose ug = ug = 0 for equalities of the basic construction with v; = vy = v,
k=12and A =2 =9 ... 12

(ii) Choose u; = ug = 0 for equalities of the basic construction with v; = vy = v,
k=14 and A =2 i =10,...,14.

Examples 2.3 Case (i) of Theorem 2.3:
1. vy = vg = 60. If there exist simple 7-(60, 7, )\(7i)) designs for i = 9,...,12 with

A = (672 + ) x 2, AMY = (1316 — 78.5) x 2,
A = (37436 + 1263.5) x 5, AP = (392088 — 23668.5) x 7, j =0,...,16,
then there exists a simple 7-(120,12, A;) design with

Ay = (455112 + 36.j) x 154, j=0,...,16.

2. v1 = vy = 66. If there exist simple 7-(66, , )\(7i)) designs for ¢ = 9,...,12 with

A = (1670 + 11.5), A" = (3506 — 946.5),
A = (21410 4 3014.5) x 14, A" = (28898 — 7906.5) x 154, j =0,...,3,

then there exists a simple 7-(132,12, A1) design with

Ay = (10646330 + 3782.5) x 11, j =0,...,3.

3. vy = vy = 69. If there exist simple 7-(69, 7, AY)) designs for i =9, ..., 12 with

A — (1841 4+ 2.5), AV? = (224 — 9.5) x 20,
MY = (69965 + 1680.5) x 5, A = (3119008 — 126686.5) x 2, j =0,...,24,

then there exists a simple 7-(138,12, A1) design with
Ay = (74290944 + 4368.5) x 2, j=0,...,24.
Case (ii) of Theorem 2.3:
1. v; = vy = 61. If there are simple 8-(61, 1, )\g)) designs for ¢ = 10,...,14 with

AL = 686 x 2, AU =224 x 2, A = 55118 x 5,
A = 4672 x 91, AU = 41853 x 364.

then there is a simple 8-(122, 14, Ay) design with Ay = 8656704 x 154.
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2. vy = vy = 70. If there are simple 8-(70,4, \Y) designs for i = 10,...,14 with

A = (1869 + 2.5), ALY = (98— 9.5) x 20, AL = (93485 + 1680.5) x 5,
AU = (1345404 — 126686.5) x 2, A" = 2221149 + 56616425, j =0,...,10,

then there is a simple 8-(140, 14, Ay) design with

Ay = (5719392 + 336.5) x 572, j =0,...,10.

Theorem 2.4 Suppose there ezist simple 4-(v, 1, )\Y)) designs, 1 = 5, 7,8 such that

A = (w—=2)(w—-9AY/6,
A® =200 — 2.

Then there exists a simple 4-(2v,8, A) design with

A=2(v-—2) (” ) 2) AP /3.

Proof. The result follows from equalities of the basic construction with v; = vy = v,
k=8 us=us=ug=0and \)) =2 i=573. 0

Examples 2.4 1. vy = v = 22. There exist simple 4-(44,8, A) designs with
A =7.1520x 10, 7=1,2,3,
since simple 4-(22, i, /\Ef)) designs for ¢ = 5,7, 8 exist with

A =56, A7 =4, AP =30, j=1,2,3.

2. vy = vy = 23. There exist simple 4-(46, 8, A) designs with
A=3j14x%210, j=1,...,19,
since simple 4-(23, i, )\Ef)) designs for i = 5,7,8 exist with

A = A0 = AP =2 i=1,... 10

In previous theorems we observe that certain u; are set to 0 for the basic con-
struction. On the other hand, we may view a complete t-(v, 1, (Z’j)) design, whose
existence is guaranteed for all possible parameters, as a “constant”. So, we may as-
sume that the complete design is the corresponding design for certain u; = 1. The

next theorem shows how to use complete designs for the case k = 2t.



Theorem 2.5 (i) Suppose there exist simple 5-(v, 1, )\g)) designs, i = 8,9, 10, such
that

AD = 20— 1)AP 24 (v = 2)(v = 3)(v — B)(2v — 17)/12,
A = (1107 — 70 +12)A% /20 — (0 — 2)(v — 3) (v — 5) (v — Tv — 18)/12.

Then there ezists a simple 5-(2v,10, A1) design with
A = <“ 5 3>A§8>/10 + <v 5 2) (U ) 3> (v —5)/2.
(ii) Suppose there exist simple 6-(v, 1, )\g)) designs, 1 = 9,10, 11,12, such that
A 9y 31209 4 (” 5 3) (v — 6)(20 — 19)/6.
A = (1102 = 290 + 30)AY /20 — (” ; 3) (v —6)(v? — 9v — 10)/6,
AP = —(20° — 50”4 3v + 10)A /10 + (“ ; 3) (v —6)(20° — 210 + 190 — 150)/30.

Then there exists a simple 6-(2v,12, Ay) design with

Ay = (”;3>Ag9>/10+ (Ug?’) (Ug3>(v—6)/2.

(i1i) Suppose there exist simple 7-(v, 1, )\;i)) designs, 1 = 11,12,13, 14, such that

A2 = — (60— 10)AMY /5 — (v — 3) (” ;

)(13'0 ~10)/20
+ 7(” 5 3) (v — T)(v — 10)/10,

-7
A = (1102 = 290 + 24)AMY /15 + (40 — 12) (U 9 )(21}2 —4v +5)/15

3
AM = (310% — 800 + 61v + 60)AMY /105

- 4<” N 3) (v — 7)(202 — 200 — 3)/15,

-7
—(v—13) (“ 5 ) (101v* — 199v* 4 194v + 480) /420

-3
+ (U ; )(v — 7)(296° — 2950° + T4v — 960)/120.
Then there ezists a simple 7-(2v,14, A3) design with

Ay = (U;4)A$11)/35+8(U;3) (0;7)/35+8(U;3) (U;L)(v—?)/m
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Proof.

(i) Choose v; = v9 = v, k = 10, u5 = uy = 0 and ug = 1 with the complete
5-(v,6, (v —5)) design for the basic construction.

(ii)) Choose v; = v9 = v, k = 12, ug = ug = 0 and u; = 1 with the complete
6-(v,7, (v — 6)) design.

(iii) Choose v1 = vy = v, k = 14, uy = ug = 0 and ug = uj9 = 1 with the complete
7-(v,8, (v — 7)) and 7-(v, 10, (*;")) designs.

O
Examples 2.5 Case (i) of Theorem 2.5:

1. vy = vy = 23. If there are simple 5-(23, 1, )\éi)) designs for ¢ = 8,9, 10 with

A® = 98+ ) x 8, AP = (7-2j)x90, A' = (74+9.j)x252, j=0,...,3,

then there is a simple 5-(46, 10, A1) design with

Ay = (186998 + 76.5) x 2, j=0,...,3.
2. vy = v = 24. There are simple 5-(48,10, A;) designs with
Ay = (11438 + 6.5) x 42, j =0,1,2,
since there are simple 5-(24, 4, )\éi)) designs for ¢ = 8,9, 10 with

A = (031 +12.5), AY = (133 -474) x 6, A" = (133 +206.j) x 18, j =0,1,2.

3. vy = vy = 64. If there are simple 5-(64, 4, Al”) designs for i = 8,9,10 with

A®) = (30267 +28.5), AP = (10148 — 127.5) x 14,
AN = (1888 + 4462.5) x 14, j =0,...,79,

then there is a simple 5-(128, 10, A1) design with
Ay = (2562488 +122.5) x 42, j =0,...,79.
Case (ii) of Theorem 2.5:
1. v; = vy = 59. If there are simple 6-(59, 4, /\g)) designs for ¢ =9, ..., 12 with

AD = (11414 + j) x 2, AU = (6824 — 23.5) x 5,
AT = (256122 + 523.5) x 7, AU® = (818600 — 2811.j) x 28, j =0,...,291,

then there is a simple 6-(118, 12, Ay) design with
Ay = (1202784 + 6.5) x 924, j =0,...,291.

11



2. v; = vy = 68. If there are simple 6-(68,4, \\”) designs for i =9, ..., 12 with

AD = (1840 + j) x 20, ALY = (13504 — 266.5) x 5,
A = (2000080 + 24461.5) x 2, AS? = 60842624 — 1211916.5, j =0, ...,50,

then there is a simple 6-(136, 12, Ay) design with
A = (14177280 + 416.5) x 210, j =0, ..., 50.
Case (iii) of Theorem 2.5:
1. vy = vy = 39. If there are simple 7-(39, 1, Agi)) designs for ¢ = 11, ..., 14 with
A =5 %10, AP = 3548 x 56, AYY =876 x 84, AU = 6500 x 312.
then there is a simple 7-(78, 14, A3) design with Az = 930002 x 715.
2. vy = vy = 48. If there are simple 7-(48,4, \Y”) designs for i = 11, ..., 14 with

A = (7413.) x 10, A = (372466 — 3614.5) x 2,
)\93) _ (938 4 1332.) x 156, )\94) = (24720 — 5154.5) x 780, 7 =0,...,4,

then there is a simple 7-(96, 14, A3) design with

As = (78208958 + 1118.5) x 44, j=0,..., 4.

2.2 Designs with arbitrarily large ¢t and £ > 2t + 1

In the previous section we have dealt with specified conditions for the basic construc-
tion for 4 <t < 8 and k < 2t. In this section we investigate specified conditions for
the basic construction with arbitrarily large ¢, and £ > 2t + 1. This case is interesting
as we obtain statements about internal relationship between ingredient designs and
constructed designs.

Theorem 2.6 Let t, k, and v be positive integers such that 2t +1 < k < v — {.
Assume that there exist simple t-(v, h, )\Eh)) designs for h =k —t,... k such that the

indices X,E’“‘), forh =k —t+1,...,k, can be computed from ngit) by the recursive

formulas
. t—i (t+1—i
v—(t—1) ( j ) S (k—i—j)
Liyi= < ; ) Z (k—t—j) ¢ )
j=0 \ i
and equalities Loy = Ly, = --- = L. Then there is a simple t — (v+t+1,k,A)
design with
_ (@) 500
A= (kt_t) A
t

12



Proof. The theorem follows from the basic construction with |X;| = vy = t + 1,
| Xo| = vy =vand w; =1 fori=0,...,t and w1 = 0. More precisely, from the
general expression for

k
Li,tfi = Z 'U/])\EJ);\EE:]),
=0
we have

t+1=0\ () cen (1= (T8 e
Ly = ( i )m)\t + ( .)mkt

%

t+1—1i (Uﬁ(ffi)) 3 (k—(i+2)) t+1—i (Uﬁ(fii)) 3 (k=)
+(~ _-)mAt +"'+<¢+<t—z’>—i) (’“—f‘f‘“)At ’

(2

(U—(t—i))[ (tﬁ(z_l)) A ((fii)IZ() ') A (+1)
(lcfzfi t—i ) (kf z+1if t—i )

(t+1—z') ( t+1—i )

i+2—i 3 (k=(i+2)) 4oy (i) =) 3 (k—t)
(k—(i+2)—(t—i)) t (k—t—'(t—i)) t ?

)

+

) AG—(2) () 5\(1@4)]

i =)
as desired.
The equalities Loy = Li4—1 = -+ = Lo := A for a positive integer A shows in
particular that
() 500
A — Lt70 - ¢ >\t .

;")

O

Here is an example to illustrate the recursive computation of XE’”, h=Fk—t+
1,...,k in terms of v, k and XE’H) from L;;_; for t = 5. The expressions L;5_;, for
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1=>5,4,3,2,1,0, are then

o= () ()

= () ™ )

o= (13) (™ g )

ma= (75 (gt T e )
e L L = R ]

Los = A" + 625D 1152572 1 20AF Y 1508 4 6AF .

It is clear that the equalities L5y = Ly1 = Lzo = Loz = L14 = Los yield a

recursive computation of S\ék_4), /_\gﬁ_?’)7 j\ék_m, S\ék_l /\ék) in terms of v, k£ and /\ (k=5),

Remark 2.2 Observe that in Theorem 2.6 the number of ingredient designs whose
indices need to be computed from )\,Skft) is always t independent of the given value k
in the interval [t +1,v — ¢ — 1].

As an illustration of Theorem 2.6 we show two corollaries for ¢t = 5, k = 12 and
t = 6, k = 15, with explicit expressions for computing the indices of the ingredient
designs.

Corollary 2.7 Suppose there are simple 5-(v, h, ;\éh)) designs, h = 7,...,12, such

14



that

= gy (5 1))

L I S R G [ R Q)

4 = e (200 -0
w( )G s O)

¥ - e O
(30T w3050
()00 ()5
—son(* (50 (350
~an(*, QL) O L)

R e T et ] ER L G [P [
(0T ) 0
() () ()

QU0 w000

3
oro(", ) () (7 1) ~ss0(" %) ()
~uo(* %) () 0)
Then there is a simple 5-(v + 6,12, A) design with A = %(g) /_\g).
Examples 2.6 (Corollary 2.7):
1. v; =6, vy = 25. If there are simple 5-(25, 1, 5\?)) designs for 1 = 7,...,12 with

M) =65 x 10, AP =117 x 20, A =815 x 15,
ALY = 141 x 24, A = 1555 % 60, A = 1445 % 120, j=1,2,3

then there is a simple 5-(31,12, A) design with

A =345 x 440, j=1,2,3.

A close look at these 3 solutions shows that a 5-(31, 12,690 x 440) design exists
for j = 2 which was not known before. When j = 1 and 3, all the ingredient
5-(25,1, 5\?)) designs exist, except for 5-(25, 11, E\én)) designs with 5\&11) = 155 x
60 and 465 x 60, whose existence is still undecided.

15



2. vy = 6, vy = 28. If there exist simple 5-(28,4, \”) designs for i = 7, ..., 12 with
A0 =155, . A =105 x7, M =124 x 35,
A =210 x 7, A =20 x 231, A? =330 x33, j=1,...,16,
then there exists a simple 5-(34, 12, A) design with
A=5850.5 x 12, j=1,...,16.

Corollary 2.8 Suppose there are simple 6-(v, h, ;\éh)) designs, h = 9,...,15, such
that

W= 0 (-0 Y)
20D _ = 3 eI )\(9)< (; (“5 ) —2r( ”42)(g)+45(”;2)(“;1)>,
W = e (OC 05 900
20 = C0)
W= e (000
S5O+ E )
ww;ﬂcgﬁcfxaﬂ%cfxz%04>0;D,
- e (30
B [ [ [ EE AU T TGy
G0 (00
(" >c;%<4x>ﬂm426€g%”2x !
T | Y BT PTG
e O TG [H TG B G T [ TR

) 1 B v\ v — 4\ v —3
R T T 1><v_5ﬁ59)<_68(6>< )G,
4

>/|

v v

- 1287v(

+ 2251}(

(2000
e
() s () ()



Then there is a simple 6-(v + 7,15, A) design with A = & () /_\ég).
Examples 2.7 (Corollary 2.8):
vy =7, vy = 30. If there are simple 6-(30, 1, Xg)) designs for i =9, ..., 15 with
D =145 %8 MY =8jx42, A" =;x 1848, A" =16.j x 308,
=185 x 792, A" =280.5 x99, AP =1211.j x 44, j=1,...,18,
then there is a simple 6-(37,15, A) design with

A=12180.j x 65, j=1,...,18.

Remark 2.3 The expressions for /_\Ei) in Corollaries 2.7 and 2.8 were computed by
using Maple 14, Maple April 5, 2010.

Theorem 2.9 Let t, k, vy, and vy be positive integers with v = vy + vy such that
2t +1 < k < v—t. Assume that there are simple t-(vy, 7, )\gj)) and t-(vy, J, ng))
designs for j = 0,...,k having the pmperty that either )\gj) =\ or X,Ek_j) = \ED
but not both (i.e. in each pair (BY) BEI)) of the basic construction, exactly one
design is not the complete design). Let

J:={j | AV 4 X9 for j=0,...,k},

J={j | S\Ej)%jxr(ﬁ;x, for j=0,...,k}

denote the subsets of non-trivial designs in all such pairs. Let

- )\max/)\mnv - )\max/)\mlrn

forje JulJ.
Let
n o= ged(miy, ..., My, Myys oo,y ),

where J = {i1,..., iy} and J = a0}
Forie J and j € J, define
o = m;/n, o) = m;/n.
Assume that
A= AD o@D and AP =29 500 p,

J and 1 < h < n. Then there is a simple t-(v, k,\) design, with A =

€ J,je€
t :L(Lt_l)::L(t,O) <v1+v2 t)*h/n

Z
L(0,
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Proof. Recall that the expressions L(0,t), L(1,¢t—1),...,L(t—1,1), L(¢,0) from the
basic construction are obtained by taking the union of blocks from (k + 1) pairs of
the ingredient designs

(%(0)7 gB(k))7 e (;B(t)’ ;B(kf )) (;B (t+1) ;B —(t+1) )7 e (;B(k (t+1)) i_B (t+1) )
k—t)

(%( - 7%(t))7"7(%(k)7%( )7

L(s,t —s) Zu]/\J)\f -7

_ B
—E UjCik—j AL AL -

J=0

with ¢;j,—; as constant.

Here is the crucial point. Set u; = 1 for j =0, ..., k. From each pair (B, B*-7)
choose exactly one, either BY) or B*9) as the tr1v1al design. In other words, in all
the terms ¢; 5 AP A¥ 7 we have either AP = A, or AP = X007,

In doing so we treat the index of the trivial design in each pair (‘B(j), BEI)) as
a constant, and the index of the other design as a variable.

Now, observe that if all ingredient designs are trivial designs, we then obtain the
trivial t-(vy 4wy, k, (”jﬁift)) design from the basic construction. In this case, we have
either

AD = 2D Do or A =39 50
for =0,...,k and

L(0,t) = L(1,t —1) = - - = L(t,0) = (”1+“2_t).

k—t

This implies that each of the expressions L(0,t) = L(1,t — 1) = --- = L(¢,0) is a
multiple of n. In particular, if the non-trivial ingredient designs have indices

A =20 o0 o NED = XEA) k)

min

for j =0,...,k, then we obtain a non-trivial ¢-(v; + ve, k, A) design with

L(O,t) = L(l,t — 1) [ L(uo) — A= (Ul ‘l:iQt— t)/n
Therefore, if
A< = A( Q h or )\(k 7) — )\(k: ])' )h7

min* min

for 1 < h < n and j = 0,...,k, the construction will yield a non-trivial ¢-(v; +
vo, k, N)= t-(v1 + vo, k, (vlzg_t) x h/n) design. O
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Examples 2.8 L.t =5, v =18, v =19 and k£ = 12. For the pair (BO), BO)
we choose (X, B©®) as the trivial 5-(19, 6, 14) design. Here we have
S 2D AB 2O \0D N N2y (16,2, 5,9,132,132),

min?’ min’ min?’ mln’ min >’ min’ min

A XD XE X X0 XD X2y (97 28,7, 14, 231, 264),

min? min?’ min?’ min’ min’ min ’ min

so, n = ged(zo, . .., x12) = 13 and
(09,017, 0%, 0@, 019, oM o)) = (1,1,11,11,11,1, 1),
(27,89, ", g™V, p1?) = (1,1,11,11,1,1).
Hence, if

AG XD NE AO N NOD N2y — (h h6, 11h2, 1105, 119, h132, h132),
AD X® XO X0 XA X2y — (B7, h28, 11h7, 11h14, h231, h264),

for h = 1,...,12, then there exists a non-trivial 5-(37,12, A) design with A =
(nvemh) h/n) (372) h/13. It turns out that for h = 4, 5 all the ingredient designs
exist, hence there exist a 5-(37,12,43152x24) and a 5-(37, 12, 53940 x 24) design.
Both designs were unknown.

2.t =5, vy = vy =21, k = 12,13,14,15. It is straightforward to check that
n = ged(xg, ..., x15) = 2 and

©) (M &) 59 ,(10) 11

(0™, 07, 0", 0", 0

Lo, o1 18 o o5y = (22 1,13,13,13,13,1,2,2),

with o = g, i =7 ..., 15. Since the 5-(21,4, A\®)) ingredient designs with the

following 1ndlces

(/\(6)7 AT NG N0 A00) A1) 3 (12) A(13) 3 (14) )\(15)) —

(2 x4,2x 30,1 x 180,13 x 70,13 x 168,13 x 308,13 x 440,1 x 6435, 2 x 2860, 2 x 2002)

exist, there exist non-trivial simple designs with the following parameters

— (42,12, 38998 x 132),
— (42,13, 38998 x 495),
— (42,14, 1130942 x 55),
— (42,15,1130942 x 154).

Note that these designs are all halvings of the complete 5-(42, k, (;’1,))) designs
for k =12,...,15.

3.t =05 v =wvy =25k =13,...,18. Observe that n = ged(xg,...,r153) = 19
and

(017, 0®), 0 10 o) o2 p(13) o
(1,3,17,34, 34, 34,34, 34, 34,17, 3, 1),

(14) Q(15), Q(16)7 9(17)’ 9(18)) —
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with o = g, i =7 ...,18. Since the 5-(25,4, A\)) ingredient designs with the
following indices

()\(7)’ )\(8)7 )\(9)’ )\(10)’ )\(11)’ )\(12)’ )\(13)’ )\(14)7 )\(15)7 >\(16)7 )\(17)7 )\(18)) —
(8 x 10,24 x 20,136 x 15,272 x 24,272 x 60,272 x 120,
272 x 195,272 x 260,272 x 286, 136 x 520,24 x 2210, 8 x 4080)

exist, there exist non-trivial simple designs with the following parameters

5 — (50,13, 14104 x 6435),

5 — (50, 14, 521848 x 715),

5 — (50, 15, 1565544 x 858),
5 — (50, 16, 1565544 x 2730),
5 — (50, 17, 1565544 x 7735),
5 — (50, 18, 5740328 x 5355).

Remark 2.4 1. It should be noted that if appropriate -(v,4, A()) designs would
exist fori € {t+1,...,v—(t+1)}, then Theorem 2.9 could be able to construct
t-(2v,k, A) designs for 2t +1 < k <wv — (t+1).

2. Observe that in Example 2.8 (3) above if we would consider the case k = 12,
then Theorem 2.9 would only yield the trivial design. This is because the
trivial 5-(25,6,20) design is the only simple design for 5-(25, 6, Aé6)). So, n =
ged(xg, ..., 212) = 1, hence the theorem will give the trivial 5-(50,12, (475))
design as the single solution.

The next proposition is useful with regard to the application of Theorem 2.9,
as it will show us that n = ged(miy,...,m;, My, ..., m; ) # 1 under a specific

condition.

Proposition 2.10 Let t, k, v be integers with 0 < t < k < v —t such that (v — t)
is a prime. Then there is a permissible parameter t-(v,k, o) with Apin < 0 < Amax;
in other words Amin 7# Amax. In particular, Ay, divides (Z:Eiﬁg)/(kz —t) and (v —t)
divides Amax/ Amin-

Proof. We have

Set
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Because (v —t) is a prime and kK — ¢ < v —t for all i = 0,... k&, it follows that o is
an integer. For the trivial design t-(v, k, Apax)=t-(v, k, (Z:i)), we have

R (T
-0 )G2)

for 0 < s <t. Again, because (v —t) is a prime larger than k — s and ¢t — s, it follows

that 0(1;:::) / (]::j) is an integer. In other words, ¢-(v, k, o) is a permissible parameter.

Since Amin|o and 0 < Apax, we have A\pin # Amax- a

The next examples show an application of Theorem 2.9 together with Proposition
2.10.

Examples 2.9 1.t =5, vy =vy=22and k = 11,12,13,14,15,16. By Propo-
sition 2.10 it follows that n = gcd(wo,...,x;) = 17. Since the 5-(22,4, A(?)
ingredient designs with the following indices

(AG XD A AO) N0 AAD) 3(12) A13) A1) A15) \16)y —
({5,6} x 1,{20,24} x 2,{10,12} x 20, {10,12} x 70, {130,156} x 14, {130,156} x 28,
{130,156} x 44,{10,12} x 715,{10,12} x 715,{20,24} x 286, {5,6} x 728)

exist, there exist non-trivial simple designs with the following parameters

5 — (44,11,45695 x 21), 5 — (44,11,54834 x 21),
5 — (44,12,45695 x 99), 5 — (44,12, 54834 x 99),
5 — (44, 13,14060 x 1287), 5 — (44,13, 16872 x 1287),
5 — (44, 14, 435860 x 143), 5 — (44, 14, 523032 x 143),
5 — (44, 15, 435860 x 429), 5 — (44, 15,523032 x 429),
5 — (44, 16,6319970 x 78), 5 — (44, 16, 7583964 x 78).

2.t =06,v; =wvy =23 and k = 13,14,15,16. By Proposition 2.10 it follows that
n = ged(zg, ..., ry) = 17. Since the 6-(23,i, A\®)) ingredient designs with the
following indices
(/\(7)7 A A N0 AOD A(02) A(3) A4 A15) /\(16)) —
({5,6,8} x 1, {10,12,16} x 4, {10,12,16} x 20, {10,12,16} x 70,
{130, 156,208} x 14, {130, 156,208} x 28, {10,12,16} x 572, {10,12,16} x 715,
{10,12,16} x 715, {5,6,8} x 1144)
exist, there exist non-trivial simple designs with the following parameters
6 — (46, 13,3515 x 1560), 6 — (46,13,4218 x 1560), 6 — (46, 13,5624 x 1560),
46,14, 3515 x 6435), 6 — (46,14,4218 x 6435), 6 — (46, 14,5624 x 6435),

6—(
6 — (46, 15,28120 x 2860), 6 — (46, 15,33744 x 2860), 6 — (46,15,44992 x 2860),
6 — (46,16,217930 x 1144), 6 — (46,16,261516 x 1144), 6 — (46, 16,348688 x 1144).
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3

Conclusion

The main purpose of this work was an investigation of specified conditions for the
basic construction, under which the existence of solutions can be proved without
computations. The results have led to various existence theorems for simple ¢-designs,
and would contribute to a better understanding of the solutions emerged from this
general construction. We think there are further cases which are worth studying.

References

1]

2]

T. BETH, D. JUNGNICKEL AND H. LENZ, Design Theory, 2nd Edition, Cam-
bridge Univ. Press, Cambridge (1999).

C. J. CoLBOURN AND J. H. DiNiTz, Eds. Handbook of Combinatorial Designs,
2nd Edition, CRC Press (2007).

D. R. STINSON, Combinatorial Designs: Constructions and Analysis, Springer,
New York (2003).

TRAN VAN TRUNG, On the construction of t-designs and the existence of some
new infinite families of simple 5-designs, Arch. Math. 47 (1986) 187-192.

TRAN VAN TRUNG, Simple t-designs: a recursive construction for arbitrary t,
Des. Codes Cryptogr. 83 (2017) 493-502, DOI 10.1007/s10623-016-0238-.

TRAN VAN TRUNG, A recursive construction for simple t-designs using reso-
lutions, Des. Codes Cryptogr. 86 (2018) 1185-1200, DOI 10.1007/s10623-017-
0389-6

22



