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ABSTRACT. The paper deals with recursive constructions for simple 3-designs
based on other 3-designs having (1, o)-resolution. The concept of (1, o)-resolution
may be viewed as a generalization of the parallelism for designs. We show
the constructions and their applications to produce many previously unknown
infinite families of simple 3-designs. We also include a discussion of (1,0)-
resolvability of the constructed designs.

1. INTRODUCTION

In our previous papers [16, 17] we have presented several recursive constructions
for simple 3-designs. In [16], among others, generalizations of the well-known dou-
bling construction of Steiner quadruple systems for 3-designs are introduced. In [17]
more general recursive constructions of simple 3-designs are described, whereby in-
gredient designs may have repeated blocks. The methods in these papers are based
on the existence of 3-designs having a parallelism, i.e. the blocks of the design can
be partitioned into classes of mutually disjoint blocks such that every point is in
exactly one block of each class. Designs with parallelism have shown to be useful
for constructing designs in the literature [13], [7], [10], [12], [9], [11], [15], [16, 17].

The concept of (1,0)-resolvability for ¢ — (v, k, A) designs may be viewed as a
generalization of that of parallelism. For the latter means that the design is (1,1)-
resolvable. It should be mentioned that if a ¢ — (v, k,\) design has a parallelism
we necessarily have k|v; this condition does no longer hold for (1,0)-resolvability
in general. Thus, the natural question is that whether or not the methods in our
previous papers [16, 17] can be extended to (1,o)-resolvable 3-designs. We show
that this is in fact the case. Our aim in this paper is to present this generalization.
The result provides a general method for constructing simple 3-designs which largely
extends the use of complete designs as ingredients for the construction. We show the
strength of the method by giving some simple applications to construct a number of
families of simple 3-designs, which, to our knowledge, were not previously known to
exist. We also include a discussion of (1, o)-resolvability of the constructed designs.

For notation and general definitions of t-designs we refer to [3, 8].
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2 TRAN VAN TRUNG

2. CONSTRUCTIONS OF 3-DESIGNS USING (1, 0)-RESOLUTION

In this section we present recursive constructions of simple 3-designs using (1, 0)-
resolution of their ingredients.

2.1. PRELIMINARIES. We begin with a few definitions and set up necessary condi-
tions for the ingredients used in the constructions.

Definition 1. A ¢t — (v, k, A)-design (X, B) is said to be (s, o)-resolvable for a given

s € {1,...,t}, if its block set B can be partitioned into w classes 71, ..., 7, such
that (X, ;) isa s— (v, k,0) design for all i = 1,...,w. Each 7; is called a resolution
class.

It is worth noting that the concept of resolvability (i.e. (1,1)-resolvability) for
BIBD introduced by Bose in 1942 [6] was generalized by Shrikhande and Raghavarao
to o-resolvability (i.e. (1,0)-resolvability) for BIBD in 1964 [14]. A definition of
s-resolvability (i.e. (s,o)-resolvability) for t-designs with ¢ > 3 and 1 < s < ¢ may
be found in [1], for example.

Remark 1. If (X, B) is the complete t — (v, k, (;_})) design, then a (¢, o)-resolution
of (X, B) is a large set of t — (v, k, o) designs.

It should be remarked that each ¢ — (v, k, \) design always has a trivial (s, As)-
resolution consisting of a single class, i.e. w = 1, for all 1 < s < ¢. Throughout
the paper when we speak of (s, o)-resolution we mean that w > 2. Note that w =

M) /o))
Definition 2. Let D be a t — (v,k, \) design admitting a (s, o)-resolution with

m1,...,Ty as resolution classes. Define a distance between any two classes m; and
7 by d(mi, m;) = min{|i — j[,w — [i — j|}.

For the constructions in this paper we employ designs having a (1, o)-resolution.
We now describe the detailed assumption and notation used throughout the paper.

Let {ki,...,kn,knt1,.-.,k2n} and k be integers with 2 < ky < -+ < k,, < k/2
such that k; + k4 =k fori=1,.

Assume that there exist 3 — (v kz, )\ ) designs D; = (X, B;) having a (1,0®)-
resolution such that w; = w4, for all i« = 1,...,n, where w; denotes the number
of classes in a (1, a(j))—resolution of Dj, i.e. D; and D,,; have the same number of
resolution classes.

It is also assumed that

1. For each pair (D;, Dy4;), 1 <1i <mn, either D; or D,4; has to be simple.

2. If a Dj, j € {i,n+1}, is not simple, then D; is a union of a; copies of a simple

3 — (v, kj7a(j)) design Cj, wherein C; admits a (1,00))-resolution. Thus,
AD) = g,

Note that the trivial 2 — (v, 2, 1) design will be considered as a 3 — (v, 2, A) design

with A = 0.

Further we need to specify the way of setting up (1, J(j))—resolution classes for
D;, when D is the union of a; copies Cj.

Let PU) = {77 ..7Tl't(j)} be a (1,00))-resolution of the simple design C;. The
corresponding (1, 0%))-resolution of Dj is chosen to be the “concatenation” of a;
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CONSTRUCTION OF 3-DESIGNS USING (1, 0)-RESOLUTION 3

sets PU). This means that the w; = a;t; resolution classes of D; are arranged in
the following way
(4) (4) (4) @ (4)

T T Ty , T ,...,77755_).
Finally, we also assume that there exists a 3 — (v, k, A) design D = (X, B), when
it is needed in our construction.

Notation:

. Tl'ge),...,ﬂq(i) denote the wy, classes in a (1,0(%))-resolution of D, for ¢ =
1,...,2n. Recall that wy, = wyqp for h=1,... n.

e The distance defined on the resolution classes of Dy is then d(z)(ﬂ'y), wlgé)) =
min{li — j|, we — |i — j}. _

e ) = ¢UWy/k denotes the number of blocks in each class of a (1,00))-
resolution of Dj.

o ;= o) denotes the number of blocks containing a point in each class of a
(1,0))-resolution of D;.

. )\(2]) = A9 (v —2)/(kj — 2) denotes the number of blocks of D; containing two
points.

2.2. CONSTRUCTION I. In this section we describe the first construction by using
the set-up above for the case k, # k/2.

Let l~)i~: (Xl Bi) be a copy of D; defined on the point set X such that XN X = (.
Also let D = (X, B) be a copy of D. .
Define blocks on the point set X U X as follows:
I. blocks of D and blocks of D:;
II. blocks of the form A U B for any A € ﬂ'Eh) and B € 7~r§"+h) with ep,
d(h)(w§h),w§h)) <sp,ep=0,1,forh=1,...,n;
IT1. blocks of the form AU B for any A € ﬁl(h) and B € 7r§n+h) with ey,

d(h)(wgh),w§h)) <sp, en=0,1forh=1,...,n.

IN

IN

Here, and in the sequel, the non-negative integers sp, h = 1,...,n, denote the
parameters that have to be determined, for which the defined blocks of types I, IT
and III form a 3-design. Thus, s, should not be confused with s in (s, o)-resolution
as defined above.

Notation: Define z;, = (25, +1 —¢p,) if s, < 5, and 2, = (25, — ) if 55 = 7,
forh=1,...,n.

Any 3 points a,b, ¢ € X, resp. @,b,¢é € X are contained in

e A blocks of type I,
o 2 A\Mp(+h) blocks of type I for h=1,...,n,
o 2 A\ Hp(h) blocks of type III for h = 1,...,n.

Thus a, b, c appear together in

A+ "z AR g AR
h=1
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4 TRAN VAN TRUNG

blocks. Set

A = Z 2 AP pnth) 4o Nt h) p(R),
h=1

Now consider 3 points a, b, ¢, where a,b € X and é € X. Because of the symmetry
the number of blocks containing 3 points a,b,¢, is equal to the number of blocks
containing a,b,c. For each h = 1,...,n, any two points a and b are contained in
)\gh) blocks of Dj, and in )\ém'h) blocks of D,,1p; further, the point ¢ is in wy, (resp.
Un1,) blocks of each resolution class of Dy, (resp. Dy ).

So a, b, ¢ appear in

. zh)\éh)uwrh blocks of type Il for h =1,...,n,

. zh/\g”+h)uh blocks of type III for h =1,...,n.

Thus a, b, ¢ are contained together in

O .= Z Zh)\éh)un_;_h + zh)\(2”+h)uh
h=1
blocks.

Therefore the blocks defined in I, IT and IIT will form a 3-design if

A+ A=0,
or
A=0-A.
Note that A =0 — A > 0. The case A = © — A = 0 implies that D and D are
not needed in the construction. In both cases either © — A > 0 or © — A = 0 the
constructed blocks form a simple 3 — (2v, k, ©) design with

0 = S (O unen + AT )}z,
h=1
where 1 < 2, < wy, if both Dy, and D,y are simple and 1 < 2, < ¢; if D; is
non-simple, j € {h,n + h}.

What remains to be verified is the simplicity of the resulting design when either
Dy, or Dy is non-simple. Evidently, if both D; and D,.; are simple for all
1 < h < n, then the constructed design is simple.

To start with we observe that two blocks constructed from two pairs (D;, D,1;)
and (D;,Dpn4j), @ # j, are always distinct. Further any two blocks of different
types are also distinct. Thus, we need to consider two blocks of the same type, in
particular, of type II or type III constructed from a pair (Dj, Dy4;). W.lo.g. we
may assume that D; is a union of a; copies of a simple 3 — (v, kj,a()) design C;
and D, ; is simple.

The following argument is the same for blocks of types II and III. So let E =
Ay UB; and F = A5 U By be two blocks of type II of the resulting design, where
Ay € el B € 7?,(:+j), Ay € 79 and By € ﬁfgﬂ). Suppose £ = F. Then

i1 0 P2

B, = Bs, and hence hy = ho, since D,,; is simple. Consequently, A; = A3, so we
have

1. either iy = i,
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CONSTRUCTION OF 3-DESIGNS USING (1, 0)-RESOLUTION 5

2. or il 7é iQ.

In the first case, F and F are the same block. In the second case, E and F' are
repeated blocks; this can happen only if |io—i1| is a multiple of ¢;, i.e. t;| [i2—i1], this
is because the resolution classes of D; are chosen to be the concatenation of a; copies
of a given set PU) of resolution classes of C;. Now, as &; < d(j)(ﬂ'g), ﬂ'}(i)) < s;j and
g; < d(j)(ﬂ'g),ﬂ'}g)) = d(j)(ﬂ'g),ﬂ',(ljl)) < sj, it follows that z; > ¢;. Therefore, the
second case will not occur if z; <t¢;.

Hence, if z; < t; for all non-simple D;’s, the resulting design remains simple.

With the notation above, we summarize Construction I in the following theorem.

Theorem 1. Let {ki,...,kn,knt1,...,kan} and k be integers with 2 < k) < --- <
kn < k/2 and ki+k, i =k fori=1,...,n. Assume that there exist 3— (v, k;, \(V))
designs D; = (X, B;) admitting a (1,0®)-resolution such that w; = wyy;, where w;
is the number of resolution classes of D;j. Assume further that at least one design
from each pair (D;,Dp1;), 1 < i < mn, is simple and if a D;, j € {i,n + i}, is
not simple, then D; is a union of a; copies of a simple 3 — (v, kj, a(j)) design C;
admitting a (1,U(j))—resoluti0n, ie. A0 = aja(j). Let t; denote the number of
resolution classes of C;. Let

0 = Z{()\gh)unyl + )\é7l+h)uh)}zh,
h=1

A= Z{(A(h)b(’”h) £ AR
h=1
(i) Assume that
(1) 0 = 6-A,

with 1 < 2z, < wy, if both Dy, and Dy4p, are simple and 1 < zp, < t; if Dj is
non-simple, j € {h,n + h}. Then there exists a simple 3 — (2v,k,©) design
D.

(ii) Assume that

2) 0 < ©-A,

with 1 < 2z, < wy, if both Dy, and D4y, are simple and 1 < zp, < t; if Dj is
non-simple, j € {h,n + h}; further assume that there is a 3 — (v, k, A) design
with A = © — A. Then there exists a simple 3 — (2v,k, ©) design D.

2.3. CoNSTRUCTION II. In this section we consider the case k,, = k/2.

We observe that the resulting designs in Construction I would have repeated
blocks if k,, = k/2 and the block sets of D,, and Dy, are not disjoint. To deal
with the case k,, = k/2 the blocks constructed from the pair (D,,, D, ) need to be
modified.

Suppose now 2 < k; < --- < k,, = k/2. Take D,, = D5, and assume that D,, is
simple. Now define the blocks on the point set X U X as follows:

I. blocks of D and blocks of D:;

II. blocks of the form A U B for any A € ﬂ'Eh) and B € 7~r§"+h) with e, <

d(h)(wgh),ﬂh)) <sp,ep=0,1,forh=1,...,n—1;
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6 TRAN VAN TRUNG

III. blocks of the form A U B for any A e ﬁgh) and B € 7r§n+h) with g, <
d(h)(ﬂgh)77r§h)) <sp,en=0,1,forh=1,...,n—1;
IV. blocks of the form A U B for any A € Wl(n) and B € 7?](-2") with ¢, <

d™ (wgn),ﬂ§n)) < Sp,en=0,1.

Construction II differs from Construction I only in blocks of type IV. Observe
that any three points a,b,c € X (resp. a,b,¢ e f() are contained in z, \(p(™)
blocks of type IV; any three points a, b, ¢ with a,b € X and ¢ € X (resp. a, l~), c) are
contained in zn)\én)un blocks of type IV. All other countings as well as the proof of
simplicity of the resulting design remain unchanged as shown in Construction I.

We obtain the following theorem for the case k, = k/2.

Theorem 2. Let {ki,...,kn,knt1,...,kan} and k be integers with 2 < k; < ... <
kn=k/2 and ki 4k, i =k fori=1,...,n. Assume that there exist 3 — (v, k;, \(V))
designs D; = (X, B;) admitting a (1, J(i))—resolution such that w; = wn,, where w;
is the number of resolution classes of Dj. Assume further that at least one design
from each pair (D;, Dpy;), 1 < i < n, is simple and if a Dj;, j € {i,n + i}, is
not simple, then D; is a union of a; copies of a simple 3 — (v,kj,oz(j)) design C;
admitting a (1,09))-resolution, i.e. A9 = a;al9). Let t; denote the number of
resolution classes of C;. Let

n—1
0" = )\én)unzn + Z{(Aéh)umh + /\gnJrh)Uh)}Zha
h=1

n—1
A" = A 2, ST {AWRER) ARz
h=1
(i) Assume that
(3) 0 = O"-A%
with 1 < 2z, < wy, if both Dy and D, 1 are simple and 1 < 2z, <t if Dy is
non-simple, j € {h,n + h}. Then there exists a simple 3 — (2v, k, ©*) design
D.
(ii) Assume that

(4) 0 < O —A"

with 1 < 2z, < wy, if both Dy and D, 4 are simple and 1 < 2z, <t if Dy is
non-simple, j € {h,n + h}; further assume that there is a 3 — (v, k, A) design
with A = ©* — A*. Then there exists a simple 3 — (2v, k, ©*) design D.

3. APPLICATIONS

In this section we show applications of Constructions I and II for some small
values of n. It turns out that we can construct many new infinite families of simple
3-designs by merely using complete designs as ingredients. For these applications
we implicitly use the following result and observation.

e Baranyai’s Theorem [2]. The trivial k — (v, k, 1) design is (1,1)-resolvable

(i.e. having a parallelism) if and only if k|v.
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CONSTRUCTION OF 3-DESIGNS USING (1, 0)-RESOLUTION 7

e Block orbits. If ged(v, k) = 1, then the k— (v, k, 1) design is (1, k)-resolvable.
The resolution classes are the block orbits of a fixed point free automorphism
of order v.

3.1. APPLICATIONS OF CONSTRUCTION 1.

3.1.1. n = 1. We consider the most simple case of Construction I, namely the case
with n =1, ky =2 and ky = 3.

Let v > 5 be an integer such that v = 0 mod 2 and ged(v,3) = 1.

e D is the union of a; = (v—2)/6 copies of the complete 2 — (v, 2, 1) design C.
By Baranyai’s Theorem Cj is (1,1)-resolvable, and the number of resolution
(parallel) classes of Cy is t; = (v—1). For D; we have A(Y) =0, )\él) = (v—2)/6,
u =1, b0 = v/2 and wy = at;.

e Dy is the complete 3 — (v,3,1) design. Recall by the observation above that
Dy admits a (1, 3)-resolution, which is derived from the block orbits of a fixed
point-free automorphism of order v on the point set. For Dy we have A(?) =1,
/\52) =v—2,uy =3, 0% =0 and wy = (v —1)(v — 2)/6.

e D is the complete 3 — (v,5,A) = 3 — (v, 5, ("3°)) design.

With the notation of Theorem 1 we can check that
A=0-A
if 21 = (v —4)/2, where
0= {)\gl)UQ + )\gz)ul}zl =3 —2)z/2,
A= {20y L APz = vz /2,
A= (” R 3).
2

The constructed design then has parameters 3 — (2v, 5, 2 (v — 2)(v — 4)). Since a; =
(v —2)/6, we have that v = 2 mod 6. Thus we have shown the following.

Theorem 3. There is a simple
3
3 — (20,5, Z(v —2)(v—4))

design for any integer v = 2 mod 6.

We can construct another family of 3-designs with moderate value for ©. Let
v =27 41 with odd f.

e D is the union of a; = 2f — 1 copies of the complete 2 — (2/ +1,2,1) design
Cy. So, Dy is (1,2)-resolvable with AV = 0, A{Y = a; = 2f — 1, uy = 2,
b(l) =2f + 1 and wy = aqtq with t; = 2f-1,

e D, is the complete 3 — (27 +1,3,1) design. Since f is odd, we have 2/ +1 =
0 mod 3. So, Dy is (1,1)-resolvable. For Dy we have A(?) =1, )\52) =2/ —1,
ug =1, @ = (2 +1)/3 and wo = 27127 — 1).

e Disa3—(2/+1,5,10(27 — 2)) design, which is obtained from the 4 — (2 +
1,5,20) design [5] with ged(f,6) = 1. Thus A = 10(27 — 2).
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8 TRAN VAN TRUNG

Now
0 = Ay + MNP ugtzr =327 — 1)z,
A= {2 £ A@pN 2 = (27 + 1)z,
A =10(2" —2).
Hence
A=0-A

if z; = 5. The constructed design has parameters 3 — (2(2f 4 1),5,15(2f — 1)). We
have the following.

Theorem 4. There is a simple 3—(2(2/ 4+1),5,15(2f —1)) design for gcd(f,6) = 1.

3.1.2. n = 2. We construct a family of simple 3-designs with £ = 7 by using Con-
struction I with n = 2.

Let v be an integer such that v = 0 mod 4, ged(v,3) = 1 and ged(v, 5) = 1.

e D; is the union of a; = (”52)/20 copies of the complete 2 — (v,2,1) design
Cy. So, Dy is (1,1)-resolvable. Here we have AL =0, )\él) =ay, u; = 1 and
() = v/2 and wy = a1ty with ¢, = (v —1).

e D3 is the complete 3 — (v, 5, (”;3)) design, which is (1, 5)-resolvable. For D3
we have \®) = (”53), )\53) = (U§2)7 ug =5, b3 = v and w3 = (Ull)/‘r)-

e Dy is the union of ay = (v — 3) copies of the complete 3 — (v,3,1) design Cs.
So, Ds is (1, 3)-resolvable. For Dy we have A® = v —3, A\ = (v—2)(v—3),
us = 3, b® = v and wy = asts with to = (”51)/3.

e D, is the complete 3 — (v,4,v — 3) design, which is (1, 1)-resolvable. For Dy

(4 _ , 4) _ (v—2 o (4) _ _ (v—1
we have \'*) =v — 3, A —( 9 )7U4—17b _v/4andw4—( 3 )

We have

e = ()\él)’l@, + )\(23)’11,1)21 + ()\52)’(@1 + )\54)’11,2)22
_ 9 fv=2 45 v—2
BEAE A 2 )

A = AW L AEpD) 1 (WD L ABpP) 4,
1
= iv(v -3)(v—4)z + Zv(v —3)z2

Construction I will yield a simple 3 — (2v,7,0) design, when there exist values
for z; and 2o such that ® — A = 0.
Set
© — A:=—Az + Bz.
Then we have

1
A= ﬂ(v —3)(v—4)(v+10)

and

5
B= Z(v —3)(v—4).
It follows that ® — A = 0 if we have Az; = Bzs, which reduces to the equation
(v+10)z1 = 3024,
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CONSTRUCTION OF 3-DESIGNS USING (1, 0)-RESOLUTION 9

where 21 < t; and 29 < t3, 1l.e. 21 <v—1and 2o < (v—1)(v —2)/6. It is clear
that z; = 30m and z2 = (v + 10)m for integer m < (v — 1)/30 are solutions to the
equation. From z; = 30m and z5 = (v 4+ 10)m we obtain

35
0= IU(U —2)(v—3)m.

Recall that v = 0 mod 4, v = 1,2 mod 3, and ged(5,v) = 1. Moreover, since a; =
(”52)/20 must be an integer, we have v = 2, 3,4 mod 5. Now the congruence system
v=0mod4, v=1,2mod 3, v =2,3,4mod 5 has v = 4,8, 28, 32,44, 52 mod 60 as
solutions. Thus we have proven the following.

Theorem 5. There is a simple 3— (20,7, %v(v —2)(v—3)m) design for any integer
v =4,8,28,32,44,52 mod 60 (with v > 32) and any integer m < (v — 1)/30.

3.2. APPLICATIONS OF CONSTRUCTION II.

3.2.1. n = 1. Here is the first example.

Let f > 3 be an odd integer such that ged(f,3) = 1.

e D is the complete 3 — (2f + 1,3, 1) design. D, is (1, 1)-resolvable. For D; we
have AV =1, AV = 2F — 1wy = 1, 80 = (2 +1)/3 and wy = 2/~1(2 —1).

e Disa3— (2 +1,6,A) design, which is obtained from the 4 — (2f + 1,6, )
design [4] with ged(f,6) = 1, where A € {10, 60, 70,90, 100,150, 160}. Thus
A= )\2f-2)/3.

Now from Theorem 2 we have ©* = )\él)ulzl, A* = XDpM 2 So, ©F — A* =
2(2/ —2)z;. Thus A = ©* — A* if z; = \/2. The constructed design has parameters
3—(2(27 +1),6,0%) with ©* = (27 — 1)z, = (2 — 1))/2.

We have the following.

Theorem 6. There exists a simple 3 — (2(2f 4+ 1),6, (2 — 1)m) design for m €
(5,30, 35, 45,50, 75,80} and ged(f,6) = 1.

We consider another example of general form. Let v, k be integers with v > k > 3
and ged(v, k) = 1.
e D; is the complete design 3 — (v, k, (Z:g)) So, A1) = (Z:g), )\él) = (Z:g),
up =k, b =0, and wy = (Zj)/k
e Disa3— (v,2k,A) design.
We have ©* = )\gl)ulzl, A* = AWpM 2, Construction II yields a simple 3 —
(2v, 2k, ©*) design, when it holds

0 — A* = APy — ADpM) 2 = A,

v—3
2(k2)21 :A,

with z; < (Z:i)/k In this case we have

or

We record the result obtained above.
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10 TRAN VAN TRUNG

Theorem 7. Let v > k > 3 be integers with ged(v, k) = 1. Assume that there
ezists a simple 3 — (v,2k,A) design such that m = A/2(}°5) is an integer and

m < (kfl) /k. Then there exists a simple 3 — (2v, 2k, ]2“((:)’ 2; A) design.

We will illustrate some explicit families for 3-designs from Theorem 7 by taking
the 3 — (v, 2k, A) design D to be the complete 3 — (v, 2k, (4, 3)) design.

e k=3. D is the 3 — (v,6, (”53)) design. There exists a simple 3 — (2v, 6, 0*)
design with ©* = 2(5 3;( it m = (5%)/2(73) = (v—4)(v—5)/12 is
an integer. This condition is equivalent to v = 1,2 mod 3 and v = 0,1 mod 4.
Hence v =1,4,5,8 mod 12.

e k=4.D isthe 3 — (v 8, (”:3)) design. There exists a simple 3 — (2v, 8, ©*)

design with ©* = 2(5 i;( ), if m = (UEB)/Q(U;?’) = (v—="5)(v—06)(v—
7)/2.3.4.5 is an integer. This condition is equivalent to v = 1,3 mod 4 and

v =0,1,2 mod 5. Hence v =1,5,7,11, 15,17 mod 20.

e k=5. D is the 3 — (v, 10, (“_3)) design. There is a simple 3 — (2v, 10, 0*)
design with ©* = 58 ig( ), iftm = (V22)/2(Y5°) = (v —6)(v — T)(v —
8)(v —9)/16.3.5.7 is an integer. This condition is equivalent to ged(v,5) =1,
v=0,1,6,7mod 8 and v =0,1,2,6 mod 7.

In summary, we have the following corollary of Theorem 7.

Corollary 1. The following hold.

(i) There is a simple 3 — (2v, 6, ggz_gg (”5‘3)) design for v=1,4,5,8 mod 12.
(ii) There is a simple 3—(2v,8 2(v=2) (”33)) design forv=1,5,7,11,15,17 mod

» 2(v—4)
20.
(iii) There is a simple 3 — (2v,10, ggz:g; (”;3)) design for v = 0,1,2,6 mod 7,

v=0,1,6,7 mod 8, and ged(v,5) = 1.

3.2.2. n = 2. Let v,k be integers such that v > 2k, k > 3, ged(v,2k) = 1 and
ged(v, k+1) = 1.

e Dj is a union of a1 = m (ZUk__QQ) copies of the complete 2 — (v,2,1) design
(. Since ged(v, 2) = 1, Cy is (1, 2)-resolvable and has ¢, = (v—1)/2 resolution
classes. For D; we have \(1) = 0, )\;1) = m(;{i), u = 2, b = v,
w1 = a1t1

e Dj is the complete 2 — (v, 2k, (5, 3)) design which is (1, 2k)-resolvable. For

D3 we have \®) = (on 3) )\(3) = (g0 2) ug = 2k, b®) = v, wy = ﬂ(zvk—ll)'
e D5 is the complete 2— (v, k+1, (k_Q)) design which is (1, k+1)-resolvable. For
D we have \(?) = ( ) /\(2 = (Z:i)’ uy =k +1, 0% = v, wy = k%—l(vgl)
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CONSTRUCTION OF 3-DESIGNS USING (1, 0)-RESOLUTION 11

We have
0F = ()\él)u:g + )\é?’)ul)zl + )\gz)UQZQ
4k v—2 v—2
= — k+1
2% — 1 <2k—2>zl +(k+ )<k— 1)Z2’
AF = ()\(1)[)(3) + )\(3)()(1))21 + AP,

v—3 n v—3
ok —3) Tk —2)™

We then obtain a simple 3 — (2v,2(k + 1),©*) design, if there exist positive
integers z; and zo with z; < t; and zo < ws for which ©* — A* = 0.

Set
O — A* := —Az; + Bzs.

4 - 4k v—2 B v—3
T ok—1\2k—2) “\ak_3

o v—3 o
- 2k —3

with a = [v(4k? — 10k + 2) + 8k]/(2k — 2)(2k — 1),

B — (k+1)(2j>—v<2:3)
- 2(Z_§>(U_k_1)/(k_1).

Hence, if ©* — A* = 0, we have Az; = Bzy. In particular, if A/B is an integer,
then for any integer 1 < z; < t; such that 25 = 21 A/B < ws, we obtain a simple
3—(2k,2(k+ 1),0*) design.

Here we record this result.

Theorem 8. Let v,k be integers such that v > 2k, k > 3, ged(v,2k) = 1 and

ged(v, bk + 1) = 1. Define A = (;2133)%# and B = 2(2:3) ”;ﬁ;l. If
A/B is an integer, then for any integer 1 < z; < (v—1)/2 such that zo = 21A/B <

%_H(vgl), there exists a simple 3 — (2v,2(k + 1), 0*) design with
N v—2 4k v—2

We illustrate two special cases with £ = 3 and k = 4 of Theorem 8.

o k=3.
We then have A/B = % The conditions that ged(v, 6) = ged(v, 4) =
1 and A/B is an integer are equivalent to v = 2 mod 3, v = 1,3 mod 4 and
v = 0,2 mod 5. Thus we have v = 5,17, 35,47 mod 60. Note that zo = 21 A/B.
In this case we have a 3 — (2v,8,0*) with

v—2\12 v—2
7

= %’U(’U —2)(v—3)(v—>5)z1,
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12 TRAN VAN TRUNG

where 1 < 2z < (v—1)/2.

o k=4.

We obtain A/B = (v — 6)(v — 7)(13v + 16)/8.3.5.7 . The requirement
that ged(v,2k) = ged(v,8) = 1, ged(v,k + 1) = ged(v,5) = 1 and A/B is
an integer, reduces to v = 7Tmod 8, v = 1,2,3mod 5 and v = 0,2,6 mod 7.
Hence v = 7,23,63,111,167,191, 223, 231, 247 mod 280. And we have a simple
3 — (20, 10,0%) design with

« _ (v—2\16 v—2
v—2
= 81'0( 6 >21/7(1}5).

In summary, we have proven the following.

Corollary 2. The following hold.
(i) There is a simple 3 — (2v,8, v(v —2)(v—3)(v—"5)m) design for any positive
integers v =5,17,35,47 mod 60 and m < (v —1)/2.
(ii) There is a simple 3 — (2v, 10,810(”g2)m/7(v — b)) design for any positive
integers v = 7,23,63, 111,167, 191, 223,231, 247 mod 280 and m < (v — 1)/2.

3.3. (1, 0)-RESOLVABILITY OF THE CONSTRUCTED DESIGNS. In this section, we
discuss the question of (1, c)-resolvability of the designs obtained by Constructions
I and II. In particular, we will consider the cases © — A =0 and ©* — A* =0, i.e.
the cases where a 3 — (v, k, A) design D is not used in the construction.

We make use of the following observation.

e Let (Dp, Dy 4p) be a pair of designs in Constructions I or II such that k;, #
kntn. For given (i,j) the blocks constructed from the resolution classes

(w7 ) and (7", 7)) will be denoted by BY’7), . Thus

B

hn+h_{AUB AUB/AETF()AET((}L) Beﬂ_(nJrh) B€~(n+h)}

Recall that e, < d( (wgh),wyl)) < sp. It follows that each point z € X or
feX appears in
o = bt 4 un+hb(h)
blocks of By} . Note that [Bf'7) | = 26 p(n ),
e For the blocks of type IV in Construction II we have D,, = Dy, i.e. k, = kay,.
Let By(:'ﬁ) denote the set of blocks constructed from resolution classes of D,
and D,, corresponding to the pair (¢,7). Then we have

B ={AUB JAen™, Ber™}.
We have |B§f,’])| b (™) and each point = € X or # € X appears in
o™ =, b™
blocks of Bﬁf,{)
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CONSTRUCTION OF 3-DESIGNS USING (1, 0)-RESOLUTION 13

Let mq, ..., m, be positive integers such that
mie® =... =m,c™ =0
Observe that the blocks constructed by each pair (Dy, Dy4p,) is @ union of zpwy,
subsets Bg’iih of equal size. Now assume that my|zpwy, for all h = 1,...,n. This
is equivalent to say that the blocks constructed by the pair (D, D,1p) can be
partitioned into zpwy/my, disjoint 1 — (2v, ky, + kptn,0) =1 — (20, k, o) designs. It
is then clear that the constructed design is (1, 0)-resolvable.

In summary, by using the notation above we have the following result.

Proposition 1. Let D be a 3— (2v,k,0) (resp. 3— (2v,k,0)* ) design obtained by
Construction I (resp. Construction II) for which © — A =0 (resp. ©* — A* =0).

Assume that there exist positive integers my, ..., my, with mp|zpwy, forh =1,...,n,
such that mioM) = ... = m, 0™ := 0. Then the constructed design D is (1,0)-
resolvable.

In the rest of this section we consider the (1, 0)-resolvability of some families of

3-designs constructed above.

e We begin with the simple 3—(2v, 7, 32v(v—2)(v—3)m) design D in Theorem 5,
where v = 4, 8, 28,32, 44,52 mod 60 (with v > 32) and integer m < (v—1)/30.
The design D is obtained by Construction I with n =2 and © — A = 0. From
the parameters of the ingredients (see the proof of Theorem 5) we have

o = 115G + uzb™ = v+ 50/2 = Tv/2,

0 = upb® + ugb? = 3v/4 +v =Tv/4.

Choose my; = 1 and my = 2. Then we have 0 = o) = 262, Now the
condition of Proposition 1 reduces to ma|zows, i.e. 2|(v + 10)mwsq, which is
always satisfied since v is even. Hence D is (1, 7v/2)-resolvable.

e Consider the designs in Corollary 2 obtained by Construction II with n = 2
and ©* — A* = 0.

(i) Let D be a simple 3 — (2v,8, 55v(v — 2)(v — 3)(v — 5)m) design from
Corollary 2, where v = 5,17,35,47 mod 60 and m < (v — 1)/2. Here we
have
oD = 410G 4+ uzbM) = 20 + 6v = 8v,

@ =y = 4y.

Take my = 1 and my = 2, then o = ¢ = 20(2) = 8v. The condition is

Ma|zows, i.6. 2|z9ws, where zo = 21 A/B with A/B = % Since v
is odd, so A/B is even. Thus 2|zows. Hence D is (1, 8v)-resolvable.

(ii) Similarly, let D be a simple 3 — (2v, 10, 81v (”gz)mﬁ(v —5)) design from
Corollary 2, with v = 7Tmod 8, v = 1,2,3 mod 5, v = 0,2,6 mod 7 and
m < (v —1)/2. We have
oM = 6B 4+ ugbM = 20 4 2kv = 100,
0 = ub®@ = (k+1)v = 5v.
Take m1 = 1 and my = 2, then o = o) = 202 = 10v. The condition is
ma|zows, i.e. 2|zows, where 2o = 21 A/B with A/B = (”76)(%f37_%§;3v+16).
Thus, if either z1(= m) is even or A/B is even, then the condition 2|zows
is satisfied. Hence the design D is (1, 10v)-resolvable. Note that A/B
being an even integer is equivalent to 16|(v — 7) or v = 7 mod 16, v =
1,2,3mod 5 and v =0,2,6 mod 7.
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We have proven the following.

Proposition 2. The following hold.
(i) The3—(2v,7,8v(v—2)(v—3)m) design D in Theorem 5 is (1, Tv/2)-resolvable

forv=4,8,28,32,44,52 mod 60 (with v > 32) and integer m < (v —1)/30.

(ii) The 3— (20,8, sv(v—2)(v—3)(v—>5)m) design D from Corollary 2 is (1,8v)-
resolvable for v =>5,17,35,47 mod 60 and m < (v —1)/2.

(ili) The 3 — (20,10,81v("5%)m/7(v — 5)) design D from Corollary 2 for v =
7,23,63,111, 167, 191, 223, 231, 247 mod 280 and m < (v — 1)/2 s (1,100)-
resolvable, if either m even or 16|(v — 7).

It is an open question whether Constructions I and IT provide a (2, o)-resolvable
3-design.

Finally, we include a table listing the simple 3-designs constructed in the paper.

TABLE 1. Families of simple 3-designs constructed using Theorems 1, 2

No. Constructed design Condition Comment
1 3—(2v,5,3(v—2)(v—14)) v=2mod 6 Thm. 3
2 3—(2(2 +1),5,15(27 — 1)) ged(f,6) =1 Thm. 4
3 3 — (20,7, %v(v —2)(v—3)m) v=4,8,28, 32, 44,52 mod 60 Thm. 5
v>32,m< (v—1)/30
4 3—(22 +1),6,27 —1)m) m € {5,30,35,45,50,75,80} Thm. 6
ged(f,6) =1
5 3—(20,6, 3=3("3%) v=1,4,5,8 mod 12 Cor. 1(i)
6 3—(20,8, 5=3("3%) v=1,57,11,15,17mod 20  Cor. 1(ii)
T 83— (20,10, 3222 (°7) v=0,1,2,6 mod 7, Cor. 1(iii)
v=0,1,6,7 mod 8,
ged(v,5) =1
8 3— (20,8, 5v(v—2)(v —3)(v —5)m) v =5,17,35,47 mod 60, Cor. 2(i)
m< (v—1)/2
93— (20,10,810("5})m/T(v — 5)) v=7,23,63, 111,167, Cor. 2(ii)
191, 223, 231, 247 mod 280,
m< (v—1)/2
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