Asymptotic behavior of global
. solutions to a model of cell invasion

<: n
= C. Morales-Rodrigo
Departamento de Ecuaciones Diferenciales y Analisis Numérico, Universidad de Sevilla, Spain

cristianm@Qus.es

HE cell invasion into the surrounded extracellular matrix is a process that plays an impor-

tant role in various biological phenomena like wound healing, tumor invasion or morpho-
genesis. During this poster we will focus on the tumor invasion. Tumor cells on contact with
the extracellular matrix produce proteolytic enzymes which degrade the extracellular matrix
creating a space where the cells can move following the gradient of the matrix. Such a move-
ment is called haptotaxis

Our objective is to study a version of a model which underlies the models in [1, 2] which
involves three variables, u(x,t) the density of invasive cells, v(x,t) the density of the ex-
tracellular matrix and m(x,t) the concentration of degradative enzymes, each of them are
considered in the space x and time t. More precisely the model is the following:
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Here 2 c RY is a bounded regular domain, g, x € C*([0, +00)) with g(s), x(s) > 0forall s > 0,
1> 0and a, 3,7, p positive constants.

A similar model with an additional chemotactic term in the first equation was considered in
[3, 4] where it was shown the global existence and uniqueness of a classical solution in the
three dimensional case when the logistic growth rate is rate whereas in the one or two di-
mensional case this hypothesis was removed, see also [5] for the case of nonlinear diffusion
of the cells.

The poster is organized as follows. In the next section we introduce the results concerning
the local and global solvability of (1) and the continuity of the solutions respect to the initial
data. In the last section we will show all the stationary solutions of (1) and we will study the
nonlinear stability of the system.

UR first step is to show the existence and uniqueness of local in time solutions as well
as the continuity respect to the initial data. To this aim we will need to introduce some
notation.

Let p € (1,00) and let us define the operator
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ou

D(Ay) = {u c WP(Q) - 5 = 0 on 8@} .
Since Reo(Ay) > B8 > 0, where o(A,) stands for the spectrum of A,, we can introduce the
fractional powers Ag forall & > 0. Let us set

X9 = D(AD).

For simplicity we will state the Theorem concerning local existence and the continuity respect
to the initial data just in the 3-Dimensional case.

Theorem 2.1 Letp € (3,6) and 0 € (% + 55, 1). Given the non-negative initial data

ug = (ug, vg,mg) € WH(Q) x WHe(Q) x X)) =Y |
there exists 7(||ug||y) > 0 such that the problem (1) has a unique non-negative solution

u € C([0,7); W) n CH((0,7); Whe(Q)),
v € C([0,7]; Wh(Q) N CL((0, 7); WH(Q)),
m € C([0,7]; X7) N CH((0,7); XJ) N C((0,7); WP(€)).

Moreover, the solution depends continuously on the initial data.

In order to show that 7},,,, = +00, whvere Tmar denote the maximal existence time, we intro-
duce the change of variable ¢ = ue™ Jo X(5)ds gnd we apply the Gagliardo-Nirenberg inequality
and the parabolic regularity.

TATIONARY solutions are candidate to be the limit of the solutions of (1) as time goes to

infinity. Therefore, it will be helpful to provide some information about the stationary prob-
lem. In particular, by the simplicity of the v-equation, we are able to identify all the stationary
solutions. However through this section we require an additional condition on g

gv) £0ifv #£0.

Theorem 3.1 If (u*,v*, m*) € CLQ) x WL>X(Q) x CYQ) are non-negative solutions to the
stationary problem associated to (1), then are given by:

(U*,U*,m*) — (07@/7 O) )
(u*,v*,m*) = (k,0, %)ég(o)) ;

where k =0 ork = 1ifu > 0, k > 0 is an arbitrary constant if ;1 = 0 and v € WH>X(Q) is an
arbitrary non-negative function.

Now, we deal with the long time behavior. The next Lemma asserts, under some conditions,
the component u is separated from zero independently of time.

Lemma 3.2 Let i1 > 0, vy positive and if ;i > 0 additionally we assume vy < 1. If there exists a
constant a > 0 such that ug > a, then every global solution satisfies

u(x,t) > min{l, a}efovox(s)als7

forall x € Q), t > 0.

Since the next results depend on the behavior of g around zero, we distinguish between
g(0) # 0 and ¢(0) = 0.

e g(0) # 0 then by the hypotheses on g there exists a constant C' > 0 such that ¢(s) > C for
all s € |0, supg{vg}]. Therefore, by the strong maximum principle and the previous Lemma
we get

Lemma 3.3 Under the conditions of Lemma 3.2 there exist t,5 > 0 such that
m(x,t) >0 >0, Vit >

The previous lemmas and some computations involving the components v, m allow us to
conclude the strong decay of v to zero. In particular we have that forall ¢t > 7 > 0

/ Vo2 < Ce™ M,
0

for all k € (0,0).

Theorem34Lletp >2,0<1,u>0,7>0,t>7,ug€ Y, myg>0,v9>0,uy>0andvy <1
if © > 0. Then there exist C, 0,6 > 0 such that the unique solution to (1) satisfies

Im() = (a/Bunll 5 < Ce™, ol < e, Jult) = upllyr < Ce, £ > 7 >0,

where

u::Tﬁbu#u:Q
- 1 if 1n > 0.

e ¢(0) = 0 In this case we use a different argument and we will not be able , as in the previous
case, to determine the rate of convergence of the solution to the constant stationary solution.
Thus, let us define

y(t) = [lut) = upll2.

m y(t) = 0. Notice that the inequality
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is not sufficient to claim that y(¢) goes to zero as time goes to infinity. We need an addi-
tional condition in order to have a control of the oscillatory behavior of y(¢). For example, the
condition

Our objective is to prove that

) ds = 0.
imye(s)]ds

Using the previous idea we can prove the following:
Theorem 3.5 Let C' > 0 and g(v) > Cv. Under the hypotheses of Theorem 3.4, we deduce:

im lu®) — el =0, lm o)l  lim [jm(t)l2
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