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Abstract

We investigate the time discretization of two compressible Navier-
Stokes system with the slip boundary conditions

1

4t
(
%k − %k−1

)
+ div(%kvk) = 0,

1

4t
(
%kvk − %k−1vk−1

)
+div(%kvk�vk)−µ∆vk−(µ+ν)∇divvk+∇π(%k) = 0,

vk·n = 0, at ∂Ω

n·T(vk, π)· τ + fvk· τ = 0, at ∂Ω

Ω ⊂ R2 is open, bounded with smooth boundary.
The internal pressure is given by the constitutive equation

π(%k) = (%k)γ, γ > 1.

1. Main result

THE goal is to show that for 4t = const. and in the case when
(%k−1, vk−1) are given functions satisfying conditions

%k−1 ≥ 0 a.e. in Ω, %k−1 ∈ Lγ(Ω),

%k−1vk−1 ∈ L2γ/(γ+1)(Ω), %k−1(vk−1)2 ∈ L1(Ω).

the solutions of our system exist in the sense of the following definition

Definition 1 The pair of functions (%k, vk) ∈ Lγ(Ω)×W 1
2 (Ω), vk·n = 0 at

∂Ω is called a weak solution provided∫
Ω

%kvk · ∇ϕ dx =
1

4t

∫
Ω

(%k − %k−1)ϕ dx, ∀ϕ ∈ C∞(Ω),

1

4t

∫
Ω

(%kvk−%k−1vk−1)ϕ dx−
∫

Ω

%kvk� vk : ∇ϕ dx+ 2µ

∫
Ω

D(vk) : D(ϕ) dx

+ ν

∫
Ω

divvkdivϕ dx−
∫

Ω

π(%k)divϕ dx +

∫
∂Ω

f (vk · τ )(ϕ · τ ) dS = 0,

∀ϕ ∈ C∞(Ω); ϕ · n = 0 at ∂Ω.

The existence has been proved in [6]. This result can be sum-
marised as follows:

Theorem 1 Let Ω ∈ C2 be a bounded domain, 4t = const., µ > 0,
2µ + 3ν > 0, γ > 1, f ≥ 0. Let (%k−1, vk−1) ∈ Lγ(Ω) ×W 1

2 (Ω) be given
functions). Then there exists a weak solution such that

%k ∈ L∞(Ω) and %k ≥ 0,

vk ∈ W 1
p (Ω) ∀p <∞,∫

Ω

%kdx =

∫
Ω

%k−1dx,

moreover ‖%k‖∞ ≤ (4t)
−3γ

2(γ−1)2 .

The proof is based on introducing the new type of approximative sys-
tem being a modification of the one used for the first time by P. Mucha
and M. Pokorný [3] for the steady case.

2. Approximation

INTRODUCE the notation:

α = 1
4t, h = %k−1, % = %k, v = vk, g = vk−1.

The new scheme of approximation is the following:

α (%− hK(%)) + div(K(%)%v)− ε∆% = 0,
α (%v − hg) + div(K(%)%v � v)− µ∆v − (µ + ν)∇divv +∇P (%) + ε∇v∇% = 0,

∂%
∂n = 0, at ∂Ω
v · n = 0, at ∂Ω

n·T (v, P (%))· τ + fv· τ = 0, at ∂Ω

where
P (%) = γ

∫ %

0

sγ−1K(s)ds,

K(%) =

 1 % ≤ m1,
0 % ≥ m2,
∈ (0, 1) % ∈ (m1,m2),

K(·) ∈ C1(R) K ′(%) < 0 in (m1,m2),

where m2 −m1 is constant.
The existence of a regular solution is provided due to the following the-
orem

Theorem 2 Let Ω ∈ C2 be a bounded domain. Let ε, α be positive con-
stants. Let h ∈ L∞, h ≥ 0, hg ∈ L2γ/(γ+1), hg2 ∈ L1. Then there exists a
regular solution (%, v), % ∈ W 2

p , v ∈ W 2
p for all p <∞.

Moreover

0 ≤ % ≤ m2 in Ω,∫
Ω

%dx ≤
∫

Ω

hdx.

Sketch of the proof In the first step we define for p ∈ [1,∞]:

Mp =
{
w ∈ W 1

p ;w · n = 0 at ∂Ω
}
.

Then the following proposition holds true

Proposition 1 Let assumptions of Theorem 2 be satisfied. Then the
operator S : M∞ → W 2

p , where

S(v) = %,
α% + div(K(%)%v)− ε∆% = αhK(%),

∂%
∂n = 0, at ∂Ω

is well defined for any p <∞. Moreover

• % = S(v) satisfies ∫
Ω

%dx ≤
∫

Ω

hdx.

• If h ≥ 0 then % ≥ 0 a.e. in Ω.

• If ‖v‖1,∞ ≤ L, L > 0 then

‖%‖2,p ≤ C(ε, p,Ω)(1 + L)‖h‖p, 1 < p <∞.

In the next step we consider the Lamé operator

T : M∞ →M∞

defined as follows: w = T (v) is a solution to the problem

−µ∆w − (µ + ν)∇divw = αhg − α%v − div(K(%)%v � v)−∇P (%)− ε∇v∇%,
w · n = 0 at, ∂Ω

n· (2µD(w) + νdivwI)· τ + fv· τ = 0, at ∂Ω.

Employing the Leray-Schauder fixed point theorem we finish the proof
of existence, provided we have the information from the energy esti-
mate.

3. Passage to the limit

THE energy estimate together with estimate of higher power of % (us-
ing the Bogovskii operator) give rise to:

‖%ε‖∞ ≤ m2, ‖vε‖1,2 ≤ Cα,

‖P (%ε)‖2 ≤ C(α),

‖vε‖1,q + ε1/2‖∇%ε‖2 ≤ C(m2, α, q) for 1 ≤ q <∞,
ε‖∇vε∇%ε‖q ≤ C(m2, α, q) for 1 ≤ q < 2.

Therefore, passing with ε→ 0 we have

α
(
%− hK(%)

)
+ div(K(%)%v) = 0,

α (%v − hg) + div(K(%)%v � v)− µ∆v − (µ + ν)∇divv +∇P (%) = 0,
v · n = 0, at ∂Ω

n·T(v, P (%))· τ + fv· τ = 0, at ∂Ω.

Thus, we should answer the following questions:

1. Is K(%) = 1?

2. Is P (%) = %γ?

Ad.1. We introduce the Helmholtz decomposition of the velocity vector
field:

v = ∇φ +∇⊥A,

where the divergence-free part ∇⊥A =
(
− ∂
∂x2
, ∂
∂x1

)
A and the gradient

part φ are given by:{
∆A = rotv in Ω
∇⊥A · n = 0 at ∂Ω

,

{
∆φ = divv in Ω,
∂φ
∂n = 0 at ∂Ω

.

Inserting this decomposition to both: the approximative and the limit
system one gets

∇Gε = − 1

4t
(%εvε − hg)− div(K(%ε)%εvε � vε) + µ∆∇⊥Aε − ε∇%ε∇vε,

∇G = − 1

4t
(%v − hg)− div(K(%)%v � v) + µ∆∇⊥A.

Where G, Gε are defined as:

Gε = −(2µ + ν)∆φε + P (%ε), G = −(2µ + ν)∆φ + P (%).

Step 1. We show that

‖G‖2 ≤ C(α), and ‖∇G‖q ≤ C(α,m2), for q > 2.

Where we take advantage of the following property:

‖∆∇⊥A‖q ≤ ‖∇ω‖q ≤ α‖hg‖q+α‖%v‖q+‖div(K(%)%v�v)‖q+C‖v·τ‖1−1/q,q,∂Ω,

where ω is a weak solution to the following problem:

−µ∆ω = −αrot(hg − %v)− rotdiv(K(%)%v � v) in Ω,

ω =

(
2χ− f

µ

)
v · τ at ∂Ω.

Step 2. We prove that

∇(Gε −G) ⇀ 0 in L2(Ω).

We need the observation ‖∆∇⊥(Ak
ε − Ak)‖−1,2 ≤ ‖∇(ωε − ω)‖−1,2, and

∆∇⊥(Aε − A) = B1
ε + B2

ε ,

where
B1
ε → 0 in W−1

2 (Ω), B2
ε ⇀ 0 in L2(Ω).

Step 3. Next we show a crucial information about the convergence of
the density:

Lemma 1 Let κ > 0 and let m satisfy

‖G‖1/γ
∞ < m < m1 and

mγ+1

m2
− ‖G‖∞ − 2α(2µ + ν) ≥ κ > 0

then we have
lim
εn→0+

|{x ∈ Ω : %εn(x) > m}| = 0.

Thus
∫

Ω%εK(%ε)φdx→
∫

Ω%φdx, ∀φ ∈ C∞(Ω), hence K(%) = 1 a.e. in Ω.

Ad.2. We test the approximate continuity equation by ln m2
%ε+δ

for δ > 0.
Then δ → 0+ [Fatou Lemma] + Def. Gε + ε→ 0+ yields∫

Ω

P (%)% dx +
2µ + ν

∆t

∫
Ω

(%− h) ln % dx ≤
∫

Ω

G%k dx.

Next, we test the limit continuity equation by ln δ
%n+δ for δ > 0.

Then n→∞ + δ → 0+ [Lebesgue monotone theorem] + Def. G yields∫
Ω

G% dx = (2µ + ν)
1

4t

∫
Ω

(%− h) ln %k dx +

∫
Ω

P (%)% dx

where %n is obtained due to the lemma

Lemma 2 Let Ω ∈ C0,1, vk ∈ W 1
q (Ω), 1 < q <∞, % ∈ Lp(Ω), 1 < p <∞,

v% ∈ Ls, 1/s = (1/p) + (1/q). Then there exists %n ∈ C∞(Ω) such that

v · ∇%n → v · ∇% in Ls(Ω) and %n → % in Lp(Ω).

By comparison of above expressions and the standard arguments
for weak limits of convex functions we show

(%k)γ = (%k)γ for a.e. x ∈ Ω ⇒ strong convergence of density.

Remark 1 The density obtained in the above procedure is bounded by
some m as we could see from Lemma 1, in particular, m satisfies

mγ ≥ C
(
α + α3/2m + α3 + α

6γ
2γ+γq−2qm1+2(1−2/q)γ

)
,

moreover, for q → 2+ and for 1 < γ < 2 one gets

‖%‖∞ ≤ α
3γ

2(γ−1)2 .
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