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The existence of solutions to the compressible

We investigate the time discretization of two compressible Navier-
Stokes system with the slip boundary conditions

1 |
At(@-—@ B+ div(g"") = 0,
1

N (0"0" — 0" " ) +div(0" " ®v") — AV — (u+1) Vdive" + Vi (0") = 0,

vPon =0, at o
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() C R? is open, bounded with smooth boundary.
The internal pressure is given by the constitutive equation

m(") = ("), v > 1.

THE goal is to show that for At = const. and in the case when
(o1, v*"1) are given functions satisfying conditions
o1 >0aeinQ, ole L. (),

O e Loy iy (), 00N € Ly(Q).

the solutions of our system exist in the sense of the following definition

Definition 1 The pair of functions (0", v*) € L.(2) x W3(Q), v*-n =0 at
0€) is called a weak solution provided

1 -
/ oot Vo dp — /(g’f N d, Yo e (),
0 At Jq

1
~ /(Q v — "N da — /kak@)vk Vo dr+2u /D(vk) :D(p) dx
0 0

% /divvkdivgp dx — /ﬂ(gk)divgp de+ [ f(o*-7)(¢-7)dS =0,
0 0 o0
Vo € C®(Q); ¢ -n =0 at 5.

The existence has been proved in [6]. This result can be sum-
marised as follows:

Theorem 1 Let Q) € C? be a bounded domain, At = const., ;n > 0,
2u+3v>0,v>1, f>0.Let (0" " 1) € L (Q) x W) be given
functions). Then there exists a weak solution such that

Q € Lo(Q) and o" >0,
v EWlﬂ) Vp < o0,

/ Qk: 1dﬂf,
Q

moreover || 0", < (At)

The proof is based on introducing the new type of approximative sys-
tem being a modification of the one used for the first time by P. Mucha
and M. Pokorny [3] for the steady case.

2. Approximation

INTRODUCE the notation:

a=z;, h=0¢"1 o=0" v=0v" g=uv
The new scheme of approximation is the following:

a (o —hK(g)) + div(K(g)ov) — eAp =0,

a(ov — hg) + div(K(g)ov ® v) — pAv — (u + v)Vdive + VP(p) + eVuVo = 0

%20, at  0f)

v-n=0, at 0
T(v,P(0))- 7+ fu-7=0, at 09

where

0
Plo)=7 [ & 'K(s)as
0
1 0 S my,
K(Q) — 0 0 Z ma,
S (07 1) 0 < <m17m2>7

K() e C'R) K'(p) <0in (mq,ms),

where my — m; is constant.
The existence of a regular solution is provided due to the following the-
orem
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Theorem 2 Let ) € C? be a bounded domain. Let e, o be positive con-
stants. Leth € Lo, h > 0, hg € Loy (,41), hg® € Ly. Then there exists a
regular solution (o, v), 0 € W7, v € W forall p < cc.

Moreover

<o<myg inf),
/de</hdaz

Sketch of the proof In the first step we define for p € |1, oo:
:{wEW]};w-nz()at@Q}.

Then the following proposition holds true

Proposition 1 Let assumptions of Theorem 2 be satisfied. Then the
operator S : M., — W?2, where

S(w) = o,
o+ div(K(0)ov) — eAp = ahK (o),
Jo 0, at 0f)

is well defined for any p < oo. Moreover

/Qdil? < /hd:ﬁ.
Q Q

o /fh >0 thenop> 0 a.e. in .
o If||v]|100 < L, L>0then

e 0 = S(v) satisfies

lollp < Cle,p, Q1+ L)||A],, 1<p< oo

In the next step we consider the Lamé operator
T M — My

defined as follows: w = T (v) is a solution to the problem

—pAw — (u+ v)Vdivw = ahg — apv — div(K (9)ov @ v) — VP(p) — eVuVy,

w-n=0 at, 0N
n- 2uD(w) + vdivwl)- 7+ fv-7=0, at 5.

Employing the Leray-Schauder fixed point theorem we finish the proof
of existence, provided we have the information from the energy esti-
mate.

3. Passage to the limit

THE energy estimate together with estimate of higher power of o (us-
iIng the Bogovskii operator) give rise to:

Qe”oo < Mo, HUGHLQ < Ca,

P(od)]l2 < Cla),
Ue“l,q T EI/QHVQGHQ < C(m2, aaQ) for 1 < q < o0,
e|| VoV, < C(me,a,q) for 1 < g <2.

Therefore, passing with ¢ — 0 we have

&(Q—hK@D+ﬂWUﬂ@mO=Q
a(ov — hg) + div(K(0)ov ® v) — plAv — (u + v)Vdive + VP(p) = 0,
v-n=0, at 0f)
n-T(v, P(o))- 7+ fuo-r=0, at O

Thus, we should answer the following questions:

1.1s K(p) =17
2.1s P(p) = 077
Ad.1. We introduce the Helmholtz decomposition of the velocity vector
field:

v=Ve¢+ VA,
where the divergence-free part V- A = ( 303’ D] ) A and the gradient
part ¢ are given by:

AA = rotv in ) A¢p =dive  in €,
ViA-n=0 atoQ’ %:O at 0Q)

Inserting this decomposition to both: the approximative and the limit
system one gets

1
E((Qeve - hg) T diV(K(Q€>Q€U€ X ’Ue> + ,UAVLAE _ EVQEVUE,
1 -
VG = —Kt(gv — hg) — div(K(0)ov ® v) + pAV*A.

Where G, G, are defined as:

VG, = —

G, = —(2u+ v)Ad. + P(0.), G = —(2u+v)Ad + P(o).

Step 1. We show that

|G|l £ C(a), and ||VG|, < Cla,mg), forq> 2.

Navier-Stokes system via time discretization

Where we take advantage of the following property:
|AVEAll, < [[Vwll, < allhgllytallovll+div(E () ov@v) | +Cllo-]li-1/g.4.00,

where w is a weak solution to the following problem:

—pAw = —arot(hg — ov) — rotdiv(K (0)ov @ v) in €,

w = (2x—i)v-7 at 0f).
(4

Step 2. We prove that
V(G.—G)—0 in Ly(Q).

We need the observation [[AV+(AY — AY)|| 12 < ||[V(we — w)]||-1.2, and
AVY(A, — A) = B! + B?,

where
B} =0 inW;YQ), B*—=0 in Ly ).

Step 3. Next we show a crucial information about the convergence of
the density:

Lemma 1 Let x > 0 and let m satisfy

m7+1

IGIIX < m <my  and — |G|oo — 22+ v) > k>0

mo

then we have
lim |{z € Q: o (x)>m}|=0.

en—07T

Thus |0 K (0e)pdr — |ppdz, Yo € C(12), hence K(o) =1 a.e. in Q.

Ad.2. We test the approximate continuity equation by In Tf(s for 6 > 0.

Then § — 0" [Fatou Lemma] + Def. G, + ¢ — 0" yields

9
/f@ﬁd$+/ZZ{/@—JQMQMﬁE/éfdm
Q

Q Q

Next, we test the limit continuity equation by In n+5 for 6 > 0.
Thenn — 0o + § — 07 [Lebesgue monotone theorem] + Def. G yields

1 S
/GQd$:<2M+V>—/(Q—h>1DQk daz+/P(g)gdaz
Q At Jo 0

where o, is obtained due to the lemma

Lemma 2 Let) € CV1, vF € WC}(Q), l<g<oo, p€ L)), 1 <p< oo,
vo € L, 1/s = (1/p) + (1/q). Then there exists o, € C*°(Q) such that

v-Vo,—>v-Vo inLy(Q) and o, =0 inL,(Q).

By comparison of above expressions and the standard arguments
for weak limits of convex functions we show

(0F)Y = (o) forae.z € Q = strong convergence of density.

Remark 1 The density obtained in the above procedure is bounded by
some m as we could see from Lemma 1, in particular, m satisfies

m’ > C (a + a3 m+ o’ + oﬂwgﬁml”(l_wm) ,

moreover, forq — 2+ and for1 < v < 2 one gets

3y
lolloo < 2017,
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