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The Kneser Property for reaction-diffusion equations in some unbounded domains
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°
SETTING OF THE PROBLEM

Let Ω ⊂ RN be a nonempty open set, not necessarily bounded, and suppose that Ω satisfies the Poincaré inequality, i.e.,

there exists a constant λ1 > 0 such that
∫

Ω
|u(x)|2 dx ≤ λ−1

1

∫

Ω
|∇u(x)|2 dx ∀u ∈ H1

0 (Ω) . (1)

Let us consider the following problem for a non-autonomous reaction-diffusion equation with zero Dirichlet boundary condition

in Ω, 



∂u

∂t
−4u = f(x, u) + h(t) in Ω× (τ, +∞),

u = 0 on ∂Ω× (τ, +∞),

u(x, τ) = uτ(x), x ∈ Ω,

(2)

where τ ∈ R, uτ ∈ L2 (Ω), h ∈ L2
loc(R; H−1 (Ω)) and f : Ω × R→ R is Caratheodory, i.e., f (·, u) is a measurable function for

any u ∈ R and f (x, ·) ∈ C(R) for almost every x ∈ Ω, and satisfies that there exist constants α1 > 0, α2 > 0, and p ≥ 2 and

positive functions C1(x) ∈ L1 (Ω) ∩ L∞ (Ω), C2(x) ∈ L1 (Ω) such that

|f(x, s)| p
p−1 ≤ α1 |s|p + C1(x) ∀s ∈ R, x ∈ Ω, (3)

f(x, s)s ≤ −α2 |s|p + C2(x) ∀s ∈ R, x ∈ Ω. (4)

By |·| we denote the norm in L2 (Ω), by ‖·‖ = |∇·| the norm in H1
0 (Ω) and by ‖·‖∗ the norm in H−1 (Ω).
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°
EXISTENCE OF SOLUTION

The following results can be found in [1].

Definition 1 A weak solution of (2) is any function u : (τ, +∞) → Lp(Ω)∩H1
0(Ω), such that u ∈ Lp (τ, T ; Lp (Ω))∩L2

(
τ, T ; H1

0 (Ω)
)

for all T > τ, and

(u(t), w) +

∫ t

τ

(∇u(s), w) ds = (uτ , w) +

∫ t

τ

〈f(x, u(s)) + h(s), w〉 ds ∀ t ≥ τ, (5)

for all w ∈ Lp(Ω) ∩H1
0(Ω).

Theorem 2 Assume that Ω satisfies (1), h ∈ L2
loc(R; H−1 (Ω)) and f is Caratheodory and satisfies (3) and (4). Then, for all

τ ∈ R, uτ ∈ L2 (Ω), there exists at least a weak solution u of (2).
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°
PRELIMINARIES ON THE THEORY OF PULLBACK ATTRACTORS

We recall some basic definitions for set-valued non-autonomous dynamical systems (see [3] and [4] for more details). Let

X = (X, dX) be a metric space, and let P (X) denote the family of all nonempty subsets of X, and let us denote R2
d :={

(t, s) ∈ R2 : t ≥ s
}

. Let D be a class of sets parameterized in time, D̂ = {D(t) : t ∈ R} ⊂ P(X).

Definition 3 A multi-valued map U : R2
d × X −→ P (X) is called a multi-valued non-autonomous dynamical system (MNDS)

on X (also named a multi-valued process on X) if

U(s, s, ·) = idX(·) for all s ∈ R,

U(t, τ, x) ⊂ U(t, s, U(s, τ, x)) for all τ ≤ s ≤ t, x ∈ X.

An MNDS is said to be strict if the second property is an equality.

Definition 4 An MNDS U on X is said to be upper-semicontinuous if for all t ≥ τ , for any x0 ∈ X and for every neighborhood

N in X of the set U(t, τ, x0), there exists δ > 0 such that U(t, τ, y) ⊂ N whenever dX(x0, y) < δ.

Definition 5 We say that a family B̂ = {B(t) : t ∈ R} ⊂ P(X) is pullback D-absorbing if for every D̂ ∈ D and every t ∈ R,

there exists τ(t, D̂) ≤ t such that U(t, τ,D(τ)) ⊂ B(t) for all τ ≤ τ(t, D̂).

Definition 6 The MNDS U is pullback asymptotically compact with respect to a family B̂ = {B(t) : t ∈ R} ⊂ P(X) if for all

t ∈ R and every sequence τn ≤ t tending to −∞, any sequence yn ∈ U(t, τn, B(τn)) is pre-compact.

Definition 7 A family Â = {A(t) : t ∈ R} ⊂ P(X) is said to be a global pullback D- attractor for the MNDS U if it satisfies

1) A(t) is compact for any t ∈ R,

2) Â is pullback D-attracting, i.e.

lim
τ→−∞

distX(U(t, τ,D(τ)), A(t)) = 0 ∀t ∈ R,

for all D̂ ∈ D, where distX(·, ·) denote the Hausdorff semidistance,

3) Â is negatively invariant, i.e., A(t) ⊂ U(t, τ, A(τ)), for any (t, τ) ∈ R2
d.

Â is said to be a strict global pullback D-attractor if the invariance property in the third item is an equality.

Theorem 8 Assume that the MNDS U is upper-semicontinuous with closed values, and let B̂ be pullback D- absorbing and

such that U is pullback asymptotically compact with respect to B̂. Then, the following statements hold:

1) The set Â given by

A(t) := Λ
(
B̂, t

)
:=

⋂
s≤t

⋃
τ≤s

U(t, τ, B(τ)) t ∈ R, (6)

is a pullbackD-attractor for the MNDS U . Moreover, suppose that D is inclusion closed (i.e., if D̂ ∈ D and ∅ 6= D′(t) ⊂ D(t)

for all t ∈ R then D̂′ ∈ D), B̂ ∈ D and B(t) is closed in X for any t ∈ R. Then Â ∈ D and is the unique pullback D-attractor

with this property. In addition, in this case, if U is a strict MNDS, then Â is strictly invariant.

2) If, in addition to the main assumptions, U(t, τ, ·) has connected values and A(t) ⊂ C(t), where Ĉ ∈ D is connected, then

Â is connected, which means that any A(t) is connected for any t ≥ τ .
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°
THE PULLBACK ATTRACTOR FOR SYSTEM (2)

The following results can be found in [1].

For each τ ∈ R and uτ ∈ L2(Ω), let us denote S(τ, uτ) the set of all weak solutions of (2) defined for all t ≥ τ . We define a

multi-valued map U : R2
d × L2(Ω) → P(L2(Ω)) by

U(t, τ, uτ) = {u(t) : u ∈ S(τ, uτ)} , τ ≤ t, uτ ∈ L2(Ω). (7)

Lemma 9 Under the assumptions of Theorem 2, the multi-valued mapping U defined by (7) is a strict MNDS on L2(Ω).

Let Rλ1
be the set of all functions r : R→ (0, +∞) such that

lim
t→−∞

eλ1tr2(t) = 0,

and denote by Dλ1
the class of all families D̂ = {D(t) : t ∈ R} ⊂ P(L2 (Ω)) such that D(t) ⊂ BL2(Ω)(0, rD̂(t)) for some rD̂ ∈ Rλ1

.

Theorem 10 Suppose that Ω satisfies (1) and suppose that f is Caratheodory and satisfies (3) and (4). Let h =
∑N

i=1
∂hi

∂xi
, with

hi ∈ L2
loc(R; L2 (Ω)) for all 1 ≤ i ≤ N, such that

N∑
i=1

∫ t

−∞
eλ1s |hi(s)|2 ds < +∞ ∀t ∈ R. (8)

Then, the MNDS U defined by (7) has a unique pullback Dλ1
-attractor Â belonging to Dλ1

, which is given by A(t) := Λ
(
B̂λ1

, t
)

,

where Bλ1
(t) = BL2(Ω)(0, Rλ1

(t)), where Rλ1
(t) is the nonnegative number given for each t ∈ R by

R2
λ1

(t) = 2e−λ1t
N∑

i=1

∫ t

−∞
eλ1s |hi(s)|2 ds + 2λ−1

1 ‖C2‖L1(Ω) + 1. (9)

Moreover, Â is strictly invariant.
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°
THE KNESER PROPERTY

When we consider a partial differential equation with non-uniqueness of the Cauchy problem it is interesting to consider the

Kneser property , that is, the connectedness and compactness of the set of values attained by the solutions at any moment

of time. In particular, this problem has been studied for reaction-diffusion equations by several authors so far. In [6] the results

of [5] were extended to unbounded domains. However, due to technical difficulties it was necessary to assume an additional

condition concerning the derivatives of the nonlinear terms. In this work we improve the method of the proof given in [6] in

order to avoid such condition.

Remark 11 We note that the compactness of U(t, τ, uτ) in L2 (Ω) is a consequence of Proposition 16 in [1].

We shall obtain now that U(t, τ, uτ) is conected in L2 (Ω) and for this aim we need some preliminary lemmas. We take a

sequence 0 < εk < 1 converging to 0 as k →∞ and define a sequence of smooth functions ψk : R+ −→ [0, 1] satisfying

ψk (s) :=





1, if 0 ≤ s ≤ √
εk,

0 ≤ ψk ≤ 1, if
√

εk ≤ s ≤ 2
√

εk,

0, if 2
√

εk ≤ s ≤ 1/εk,

0 ≤ ψk ≤ 1, if 1/εk ≤ s ≤ 1/εk + 1,

1, if s ≥ 1/εk + 1.

Let ρεk
: R −→ R+ be a mollifier, that is, ρεk

∈ C∞0 (R;R), suppρεk
⊂ Bεk

,
∫
R ρεk

(s) ds = 1 and ρεk
(s) ≥ 0 for all s ∈ R, where

Bεk
= {u ∈ R : |u| ≤ εk}. We define the following approximating function

fk (x, u) := ψk (|u|)
(
C1

0 |u|p−2 u + f(x, 0)
)

+ (1− ψk (|u|))
∫

R
ρεk

(s) f (x, u− s) ds,

where k ≥ 1, p ≥ 2, and C1
0 is a negative constant. Then for a.a. x ∈ Ω it is easy to check that

sup
|u|≤A

∣∣fk(x, u)− f(x, u)
∣∣ −→ 0, as k −→∞, for any A > 0.

Lemma 12 Assume (3)-(4). Then the function fk satisfy conditions (3)-(4), i.e., there exist constants α̂1, α̂2 > 0, and positive

functions Ĉ1(x) ∈ L1 (Ω) ∩ L∞ (Ω) and Ĉ2(x) ∈ L1 (Ω), not depending on k, such that

∣∣fk(x, u)
∣∣ p

p−1 ≤ α̂1 |u|p + Ĉ1(x) ∀u ∈ R, x ∈ Ω,

fk(x, u)u ≤ −α̂2 |u|p + Ĉ2(x) ∀u ∈ R, x ∈ Ω,

for k great enough.

Lemma 13 Assume (3)-(4). Then, there exist Dεk
such that

fk
u (x, u) ≤ Dεk

, ∀u ∈ R, for a.a. x ∈ Ω, (10)

where fk
u is the derivative with respect to u.

Let T > τ be arbitrary. In order to prove the Kneser property let us consider the following auxiliary problem




∂u

∂t
−4u = fk(x, u) + h(t) in Ω× (γ, +∞),

u = 0 on ∂Ω× (γ, +∞),

u(x, γ) = uγ(x), x ∈ Ω,

(11)

where γ ∈ [τ, T ]. In view of Lemma 12 for all k ≥ 1 the function fk satisfies (3) and (4), so that by Theorem 2 for any uγ ∈ L2 (Ω)
problem (11) has at least one weak solution uk

γ (·) defined on [γ, T ]. Using Lemma 13 it is standard to check that the solution
of (11) is unique.

Lemma 14 Suppose that Ω satisfies (1) and suppose that f is Caratheodory and satisfies (3) and (4). Let h =
∑N

i=1
∂hi

∂xi
, with

hi ∈ L2
loc(R; L2 (Ω)) for all 1 ≤ i ≤ N, such that

N∑
i=1

∫ t

−∞
eλ1s |hi(s)|2 ds < +∞ ∀t ∈ R. (12)

Then there exists R = R(B, T ) (not depending neither on γ nor k), where B is a bounded set of L2 (Ω), such that

∣∣uk
γ(t)

∣∣ ≤ R, ∀t ∈ [γ, T ], (13)

and ∥∥uk
γ(·)

∥∥
Lp(γ,T ;Lp(Ω)) ≤ R, (14)

for any uγ ∈ B, where uk
γ(·) is the unique solution to (11) with uk

γ(γ) = uγ.

Lemma 15 Under the assumptions in Lemma 14, let K be a relatively compact set in L2 (Ω). Then, for all τ ≤ T and ε > 0

there exists M = M(γ, T, ε,K) such that
∫

Ω∩{|x|RN≥2m}
uk

γ(x, t)2dx ≤ ε, ∀t ∈ [γ, T ], ∀γ ∈ [τ, T ], ∀m ≥ M ,

for any uγ ∈ K, where uk
γ(·) is the unique solution to (11) with uk

γ(γ) = uγ.

Now, we can deduce the following result.

Theorem 16 Under the assumptions in Lemma 14, the set U(t, τ, uτ) is connected in L2 (Ω) for any t ∈ [τ, T ].

²

±

¯

°
CONNECTEDNESS OF THE PULLBACK ATTRACTOR

Our aim now is to obtain that the attractor is connected in L2 (Ω).

Theorem 17 Under the assumptions in Lemma 14, the MNDS U defined by (7) has a unique pullbackDλ1
-attractor Â belonging

to Dλ1
, which is strictly invariant and connected.

Proof. In Theorem 10 it is shown the existence of a unique pullback Dλ1
-attractor Â for U which is strictly invariant and

belongs to Dλ1
. On the other hand, we shall study the connectedness of the pullback Dλ1

-attractor Â. By Theorem 16,

U(t, τ, uτ) has connected values in L2 (Ω). By Lemma 12 in [1] we have that B̂λ1
is pullback Dλ1

-absorbing, then in particular

we can deduce that there exists τ(t, Â) ≤ t such that

U(t, τ, A(τ)) ⊂ Bλ1
(t) for all τ ≤ τ(t, Â).

Since Â is negatively invariant, we have

A(t) ⊂ Bλ1
(t) = BL2(Ω)(0, Rλ1

(t)),

where B̂λ1
∈ Dλ1

is connected. Hence, all conditions of the second statement of Theorem 8 are satisfied. Then, we have that
Â is connected.

²

±

¯

°
REFERENCES

[1] M. Anguiano, T. Caraballo, J.Real & J. Valero, Pullback attractors for reaction-diffusion equations in some unbounded domains with an H−1-valued

non-autonomous forcing term and without uniqueness of solutions, Discrete Continuous Dynamical Systems, Series B, 14, (2010), 307-326.

[2] M. Anguiano, F. Morillas & J. Valero, On the Kneser property for reaction-diffusion equations in some unbounded domains with an H−1-valued

non-autonomous forcing term, submited.

[3] T. Caraballo, G. Lukaszewicz & J. Real, Pullback attractors for asymptotically compact non-autonomous dynamical systems. Nonlinear Analysis 64,

(2006) 484–498.

[4] T. Caraballo & P.E. Kloeden, Non-autonomos attractors for integro-differential evolution equations. Discrete Contin. Dyn. Syst. Ser. S, vol. 2, 1,

(2009) 17–36.

[5] A. V. Kapustyan & J. Valero, On the Kneser property for the complex Ginzburg-Landau equation and the Lotka-Volterra system with diffusion, J.

Math. Anal. Appl., 357 (2009), 254–272.

[6] F. Morillas & J. Valero, On the Kneser property for reaction-diffusion systems on unbounded domains, Topol. Appl., 156 (2009), 3029-3040.


