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[ SETTING OF THE PROBLEM j

Let O c RY be a nonempty open set, not necessarily bounded, and suppose that 2 satisfies the Poincaré inequality, i.e.,
there exists a constant \; > 0 such that

/ lu(z)]? do < )\11/ Vu(z)]*dz Yu e Hy (). (1)
Q Q

Let us consider the following problem for a non-autonomous reaction-diffusion equation with zero Dirichlet boundary condition

in Q,
r % — Au= f(z,u) + h(t) in Qx (1,+00),

u=0 on 00 x (7,400), (2)
u(x, 7) =u(x), =€,

\

where 7 € R, u, € L*(Q), h € L? (R;H1(Q)) and f : Q x R — R is Caratheodory, i.e., f (-,u) is a measurable function for

loc

any u € Rand f (z,-) € C(R) for almost every = € 2, and satisfies that there exist constants «; > 0, as > 0, and p > 2 and
positive functions C(x) € L' (Q) N L*>® (Q), Co(z) € L () such that

]f(:r;,s)]l% <o |sff +Ci(x) VseR,xze€Q, (3)
f(z,8)s < —ag s’ + Cy(x) Vs € R, z € Q. (4)
By || we denote the norm in L? (Q2), by ||-]| = |V:| the norm in H} (Q) and by |||, the norm in H~1 ().
[ EXISTENCE OF SOLUTION j

The following results can be found in [1].

Definition 1 A weak solution of (2) is any function u : (7, +oo) — LP(Q)NHj(S2), such thatwu € LP (7, T; LP ())NL* (7,T; H} (2))
forall T" > r, and
t t
(uft).w) + [ (Vuls),w)ds = (ursw) + [ (fouls)) + hs)wpds Viz, ®
for all w € LP(Q) N H ().

Theorem 2 Assume that Q) satisfies (1), » € L7 (R; H ' (Q)) and f is Caratheodory and satisfies (3) and (4). Then, for all

loc

T € R, u, € L*(Q), there exists at least a weak solution u of (2).

[ PRELIMINARIES ON THE THEORY OF PULLBACK ATTRACTORS ]

We recall some basic definitions for set-valued non-autonomous dynamical systems (see [3] and [4] for more details). Let
X = (X,dx) be a metric space, and let P (X) denote the family of all nonempty subsets of X, and let us denote R? :=
{(t,s) e R*:t > s}. Let D be a class of sets parameterized in time, D={D(t): t e R} C P(X).

Definition 3 A multi-valued map U : R? x X — P (X) is called a multi-valued non-autonomous dynamical system (MNDS)
on X (also named a multi-valued process on X) if

U(s,s, ) =1idx(:) forall s € R,
U(t,7,x) CU(t,s,U(s,m,z))forall T < s <t xeX.
An MNDS is said to be strict if the second property is an equality.

Definition 4 An MNDS U on X is said to be upper-semicontinuous if forallt > 7, for any z, € X and for every neighborhood
Nin X of the set U(t, 1, z¢), there exists 6 > 0 such that U(¢, 7,y) C N whenever dx (zq,y) < d.

Definiton 5 We say that a family B = {B(t) : t € R} c P(X) is pullback D-absorbing if for every D € D and every ¢ € R,
there exists 7(¢, D) < t such that U(t, 7, D(r)) C B(t) for all 7 < 7(t, D).

Definition 6 The MNDS U is pullback asymptotically compact  with respect to a family B = {B(t) :t € R} C P(X) if for all
t € R and every sequence 7, < t tending to —oo, any sequence vy, € U(t, 7,, B(7,)) IS pre-compact.

Definition 7 A family A = {A(t) : t € R} C P(X) is said to be a global pullback D- attractor for the MNDS U if it satisfies
1) A(t) is compact for any t € R,
2) Ais pullback D-attracting, i.e.
TEIPOO distx(U(t,r,D(1)), A(t)) =0 Vt € R,
for all D € D, where distx(-,-) denote the Hausdorff semidistance,
3) A is negatively invariant, i.e., A(t) C U(t, 7, A(7)), for any (¢, 7) € R2.

A is said to be a strict global pullback  D-attractor if the invariance property in the third item is an equality.

Theorem 8 Assume that the MNDS U is upper-semicontinuous with closed values, and let B be pullback D- absorbing and
such that U is pullback asymptotically compact with respect to B. Then, the following statements hold:

1) The set A given by

A(t) == A (E, t) =NUUt,mB(r) teR, (6)

s<trt<s
is a pullback D-attractor for the MNDS U. Moreover, suppose that D is inclusion closed (i.e., if D e Dand () + D'(t) C D(t)

forall t € R then D' € D), B € D and B(t) is closed in X forany ¢t € R. Then A € D and is the unique pullback D-attractor
with this property. In addition, in this case, if U is a strict MNDS, then Ais strictly invariant.

2) If, in addition to the main assumptions, U(t, 7, ) has connected values and A(t) c C(t), where C' € D is connected, then
A is connected, which means that any A(t) is connected for any ¢ > 7.

[ THE PULLBACK ATTRACTOR FOR SYSTEM (2) J

The following results can be found in [1].

For each 7 € R and u, € L*(Q), let us denote S(r,u,) the set of all weak solutions of (2) defined for all ¢ > 7. We define a
multi-valued map U : R? x L*(Q2) — P(L*(Q)) by

Ut,m,u) ={u(t): vwe Sru)}, 7<t, wu,¢€ L2(Q). (7)

Lemma 9 Under the assumptions of Theorem 2, the multi-valued mapping U defined by (7) is a strict MNDS on L?().

Let R, be the set of all functions r : R — (0, +oc0) such that

lim eMir?(t) =0,

t——00

and denote by D,, the class of all families D = {D(t) : t € R} c P(L?(2)) such that D(¢) C Bi2)(0,75(t)) for some r5 € R, .

Theorem 10 Suppose that €) satisfies (1) and suppose that f is Caratheodory and satisfies (3) and (4). Let h = Zf\; . g’;j, with
h; € L7 (R;L*(Q)) forall 1 <i < N, such that

loc
N ¢
Z/ M |hi(s)]? ds < +o00 Vit € R. (8)
i=1 Y~

Then, the MNDS U defined by (7) has a unique pullback D, -attractor A belonging to D,,, which is given by A(t) := A (EM, t),
where B), (t) = B2q)(0, Ry, (t)), where Ry, (t) is the nonnegative number given for each ¢ € R by

N t
B () =23 [ o) s+ 20 1 Coll gy + 1 ©
i=1"Y >

Moreover, A is strictly invariant.

[ THE KNESER PROPERTY j

When we consider a partial differential equation with non-uniqueness of the Cauchy problem it is interesting to consider the
Kneser property , that is, the connectedness and compactness of the set of values attained by the solutions at any moment
of time. In particular, this problem has been studied for reaction-diffusion equations by several authors so far. In [6] the results
of [5] were extended to unbounded domains. However, due to technical difficulties it was necessary to assume an additional
condition concerning the derivatives of the nonlinear terms. In this work we improve the method of the proof given in [6] In
order to avoid such condition.

Remark 11 We note that the compactness of U(t, 7, u,) in L? (Q) is a consequence of Proposition 16 in [1].

We shall obtain now that U(t, 7, u,) is conected in L* () and for this aim we need some preliminary lemmas. We take a
sequence 0 < ¢, < 1 converging to 0 as k£ — oo and define a sequence of smooth functions ¢, : R* — [0, 1] satisfying

( 1,if0 < s < /e,
0<n < 1,if V& <5 < 2/
0,if 2/c < s < 1/er,
0<¢p <1,ifl/e <s<1/e +1,
1,if s> 1/ + 1.

Let p., : R — R* be a mollifier, that is, p,, € C3° (R;R), suppp., C Be,, Jp pe. (5)ds =1 and p,, (s) > 0 for all s € R, where
B, = {u € R : |u|] < ¢ }. We define the following approximating function

15 () o= (Jul) (C3 Jul” ™ w+ f(,0)) + (1= vy (Jul) / e (5) f (2,1 = 5) ds,
where k£ > 1, p > 2, and C} is a negative constant. Then for a.a. z € Q it is easy to check that

sup {fk(x,u) — f(z,u)| — 0, as k — oo, for any 4 > 0.
ul<A

Lemma 12 Assume (3)-(4). Then the function f* satisfy conditions (3)-(4), i.e., there exist constants @;, &, > 0, and positive
functions C, (z) € L' (Q) N L™ (Q) and Cy(z) € L* (), not depending on %, such that

}f’“(azu)l’% <ai|uf +Ci(z) YueR,zeqQ,
fk(ﬂ%u)u < —ay |ul” + 62(56) Vu e R, x € (),
for k great enough.

Lemma 13 Assume (3)-(4). Then, there exist D, such that
f¥x,u) < D, ,VueR, foraa. z e, (10)

where f* is the derivative with respect to u.

Let 7" > 7 be arbitrary. In order to prove the Kneser property let us consider the following auxiliary problem

( % — Au = fF(z,u) + h(t) in Qx (v, +00),

u=0 on 90 x (vy,+00), (11)
\ u(gj,fy) — UV(:IJ«), x € (),

/\\

where v € [, T)]. In view of Lemma 12 for all £ > 1 the function f* satisfies (3) and (4), so that by Theorem 2 for any u” € L? (Q)
problem (11) has at least one weak solution u@ (-) defined on [y, T]. Using Lemma 13 it is standard to check that the solution
of (11) is unique.

Lemma 14 Suppose that () satisfies (1) and suppose that f is Caratheodory and satisfies (3) and (4). Let h = ZN Ohi \with

h; € L (R; L*(Q)) forall 1 <4 < N, such that
N t
Z/ M | hi(s)]? ds < +o00 Vit € R. (12)
i=1 Y =X
Then there exists R = R(B,T) (not depending neither on ~ nor k), where B is a bounded set of L* (Q2), such that
[ub(t)] < R, Vt € [y,T), (13)
and
k
Huv(')HLp(%T;Lp(Q)) < R, (14)

for any «” € B, where «/(-) is the unique solution to (11) with /() = u”.

Lemma 15 Under the assumptions in Lemma 14, let K be a relatively compact set in L? (€2). Then, forall 7 < T and ¢ > 0
there exists M = M (~,T, e, K) such that

/ ui(z,t)de < e, Vt € [y,T], Vye€[r,T], Ym> M,
QN{|z|zn>2m}
for any u” € K, where «f(-) is the unique solution to (11) with /() = u”.

Now, we can deduce the following result.

Theorem 16 Under the assumptions in Lemma 14, the set U(t, 7, u,) is connected in L? (Q) for any ¢ € [, T.

( CONNECTEDNESS OF THE PULLBACK ATTRACTOR J

Our aim now is to obtain that the attractor is connected in L? (Q).

Theorem 17 Under the assumptions in Lemma 14, the MNDS U defined by (7) has a unique pullback D, -attractor A belonging
to D,,, which is strictly invariant and connected.

Proof. In Theorem 10 it is shown the existence of a unique pullback D, -attractor A for U which is strictly invariant and
belongs to D,,. On the other hand, we shall study the connectedness of the pullback D,, -attractor A. By Theorem 16,
U(t,T,u;) has connected values in L? (2). By Lemma 12 in [1] we have that EAI s pullback D, -absorbing, then in particular

AN

we can deduce that there exists 7(¢, A) < t such that

e

U(t,7,A(T)) C By, (t) forall 7 < 7(t, A).
Since A is negatively invariant, we have
A(t) C By, (t) = ELZ(m(Ov Ry, (1)),

where EM € D,, is connected. Hence, all conditions of the second statement of Theorem 8 are satisfied. Then, we have that
Ais connected. =
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