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INTRODUCTION

We study the initial-value problem for a general class of nonlinear nonlocal wave
equations arising in nonlocal elasticity. The model involves a convolution integral op-
erator with a general kernel function whose Fourier transform 1s nonnegative. Some
well-known examples of nonlinear wave equations, such as Boussinesq-type equa-
tions, follow from the present model for suitable choices of the kernel function. We
establish global existence of solutions of the model assuming enough smoothness on
the initial data together with some positivity conditions on the nonlinear term. Fur-
thermore, conditions for finite time blow-up are provided.

The integro-differential equation modeling the propagation of longitudinal waves in a
one-dimensional nonlocal nonlinear elastic medium

uy = (B* (u+gw))w TR, t>0 (1)

and the system modeling the propagation of two transverse waves in a nonlocal non-
linear elastic medium

wi = (81 * (w1 + g1(u1,u2)))ee, T €R, t>0
Ugr = (B2 * (ug + go(U1,u2)))sws, T €R, >0

are derived. Note that, v = wu(x,t) and u; = wu;(x,t) represent strains and g(u)
and g;(uy,us) i = 1,2 represent the nonlinear parts of the strain energy functions,
subscripts denote partial derivatives, the symbol * denotes convolution in the spatial
domain and § is an integrable function whose Fourier transform, (3 (&), satisfies the
growth condition

0< B <CA+&H)™? forall ¢

for a suitable constant C' and » > 2. The number r is closely related to the smoothness
of 3. As the decay rate r gets larger the regularizing effect of the nonlocal behaviour
increases.

Moreover the nonlinear functions g; (¢ = 1, 2) satisfy the exactness condition

dg1 _ dgo
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or equivalently there exists some G(u;, us) satisfying

e
gz_@ui

(i=1,2).

Examples for the Kernel

Two kernel examples used in the literature are given below:

e The Dirac measure: 3 = ¢. In this case r = 0 and (1) becomes a nonlinear wave
equation,
Ut — Ugy = <g<u>>xx

o The exponential kernel: 3(x) = Le~1*l. Since 3(&) = (1+€2)7!, wehave r = 2 and

(1) becomes the generalized improved Boussinesq equation,

Ut — Ugy — Uggtt = <g<u>)x:€
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GLOBAL EXISTENCE

Theorem 1. Consider

up = [B* (u+ gu))|ee, T€R, t>0, (2)
u(z,0) = p(x), u(zr,0)=1(x). 3)

Let s > 0 and r > 3. If there is some k > 0 such that
G(u) > —ku* forall uwé€R,

where G(u) = [ g(p)dp, then the Cauchy problem (2)-(3) has a global solution for
initial data in Sobolev space H".

Theorem 2. Consider

Uy = |G * (U1 + g1(w, u2))|ee, € R, t>0, 4)
Uy = (B2 * (U2 + ga(wr, u2))|e, € R, t>0, (5)
u1<£C, O) — 901<33>7 u1t<x7 0) — ¢1(£E> (6)
us(x,0) = o), u(z,0) = 1hs(x). (7)

Let s > 0, r1,r9 > 3. If there is some k > 0 so that
G(a,b) > —k(a® + b?),

forall a,b € R, then the Cauchy problem (4)-(7) has a global solution for initial data
in H°.

BLOW-UP

~ N\ 1/2
Define an operator P as Pv = F ! (|§ ! (6 (& )) v(& )) with the inverse Fourier

transform F 1. Observe that P?(3 * v),, = —v.

Lemma 3. (Conservation of Energy)
For a solution u of (2)-(3), the energy

E(t) = || Puy||® + ||u]] +2/RG(u(a:,t))da:

LS constant. (where the norms are L*(R) norms)

Theorem 4. Let s > 1/2 and 1,75 > 2. If E(0) < 0 and there exists some v > ()

satisfying
uf (u) <2(1+2v)F (u)

where F(u) = [ f(p)dp with f(u) = u+ g(u), then the solution u of (2)-(3) blows
up in finite time.

Define an operator P; as Pw = F1(|€]716:(€))"20(¢).
Lemma 5. For solutions (uy, us) of (4)-(7), the energy

E(t) = || Prun||” + || Pouae||” + [Jua|)* + JJul|” + 2/ G(ur, ug)dx
R

1S constant.

Theorem 6. Let s > 1/2 and 11,75 > 2. If E(0) < 0 and there exists some v > ()
satisfying

wy f1 (g, u2) + ug fo(ur, ug) < 2(1 4 2v)F(ug, ug)
where F(uy,us) = 3(uf + u3) + G(u1,u2) and f; = g—i (i = 1,2) then the solution
(u1,usz) of (4)-(7) blows up in finite time.
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