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Problem. Time-dependent nonlinear Schrodinger equation for macroscopic
wave function (order parameter) ¥ : R4 x [0, T] — C

iedy(x, 1) = (- Le2A+ V) +0 i, 0] wix, o), "
W (x,0) given, xeR? 0<t<T,

subject to asymptotic boundary conditions.

Aim. Study accuracy and efficiency properties of tull discretisations in depen-
dence of critical parameter 0 < € << 1.

Splitting. Time integration of nonlinear evolution equation

Lut)=A(u®)+B(u®), 0<t<T, 1(0) given,

by high-order exponential operator splitting method. For linear problems set

A)
U, = H gliltn-1B e“fh”‘lAun_l =~ U(t,) = eh”‘l(A+B)u(tn_1), l1<n<N.

j=1
Extension to nonlinear problems by formal calculus of Lie-derivatives.

Realisation. Splitting results in numerical solution of two subproblems
Oy (1) =Ay(, 1) =%2Ay(, 1), (2)
0, 1) =By, )= -1 (V+0|ye,nl)ye,o.

Theorem ([3]). An exponential operator splitting method of (classical) order p = 1
applied to a linear Schrodinger equation satisfies the global error estimate

o=yt = lwo- w0+ C X 223 e .0l

j=0

with constant C > 0 depending on max{ll@ijllLoo 0<j<2plandiny=<T.

Theorem ([4]). The Lie-Trotter splitting method applied to the Gross—Pitaevskii
equation under a regular initial condition with derivatives bounded independent
of € > 0 satisfies the local error estimate

3 .
|2(hye0),=P@ R, PO=Y el
j=0
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Numerical solution of (1) for
€ =0.01 (top), € =0.1 (middle), € =1 (bottom),
V=0,9=1attime T =1 with initial value

W (x,0) = Ag(x) e’
Ap(x) = e X%, So(x) = —log (eX %k + e~ L %)

by Strang splitting and Fourier spectral method.

Comparison of the approximation error for
€ =0.01 (left), e = 0.1 (middle), € = 1 (right)
of finite elements and the Fourier spectral
method. The deal.Il library was utilized

for finite element computations.
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Spectral approximation. Fourier basis functions

Fn(X) = e lie)
- (%) =

d

d

= xeQ=]|[l-anal, mez”,
/=1 /=1

satisfy eigenvalue relation

d
AG = AT, Am=Y —%,  meZ°.

Hence, for w(-, t,-1) = ) c¢mF, analytical solution of (2) given by

17”(3 tn) — ehn_lAW(°) tn—l) — Z Cm ehn_l/lm Lijn’l :
m

Truncation of Fourier series and computation of v,,(t,,_;) by Trapezoidal rule.

Theorem ([2]). Let ¢, denote the analytical Fourier coefficients and c,, the
quadrature formula approximations. Then

meZ —M<=m<M-1 lm|=M+1
Finite Elements. Let ¢4, ¢ denote numerical solution operators and set

Uor = | | palaih)pp(bih)u(0) = Vo, +iW,,,
j=1

U(fr — ¢B(br+1hr+1) UO,T — V()l?r + iI/‘/()l?r'

Approximate solution of real-valued PDE system (x € [0, 1])

Vors1— Vg, B
= = — £ (kAW 1+ A —K) AW, ),
hr+1 ’
Wo,re1 — WY
™ 0r =£(kAVp 1 + (1 -x)AVy),
hr+1 ,

subject to homogeneous Dirichlet boundary conditions on rectangular grid with
piecewise polynomial basis functions.
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