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1. Introduction

e The goal We want to show existence of weak solutions to un-
steady flow of incompressible fluids with nonstandard growth con-
ditions of a stress tensor prescribed by quite general convex func-
tion. We wish to understand mathematical properties of equations
describing fluid flow of type more general then power-low, i.e.:

S(Du) ~ |Dul’*Du.

o Motivations Non-Newtonian fluids, whose properties are not de-
scribed by a single constant value of viscosity. The viscosity may
change in response to an applied force, shear stress, electric or mag-
netic field.

— shear thickening fluids - fluids which viscosity increases rapidly
and significantly

— shear thinning fluids fluids which viscosity decreases - blood flow,
glacier-ice, paint, nail polish,

— fluids which rheology is close to linear
— anisotropic fluids - magnetorheological fluids
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2. Considered Problem , Generalized Stokes system

If we assume that w is small or we consider the case of simple flow be-
tween two fixed parallel plates) then the convective term div (u ® u) can
be neglected in the momentum equation.

Let Q C R™ be open bounded domain with a sufficiently smooth boundary
092. We consider generalized Stokes system

Oru — divS(t,z,Du) + Vp=fFf in (0,7) x €,
divu =0
u(0,z) =uy in 0,
u(t,z) =0 on (0,7) x 052

Du = +(Vu + VTu), S+ Ip Cauchy tensor.

3. Anisotropic Orlicz Spaces

Definition 1 (Anisotropic N -function) Function M : R"*" — R, is said

sym

to be an N'—function if it satisfies the following conditions

D=

1. It is continuos and convex, M (§) = M (=€) and M (&) =0 iffé =0

2.
M(§) M(€)

lim —>2 = (), lim ——>/ —
HENEY €ls00 €]

Definition 2 The complementary function M* to a function M is defined

by
M*(m) = sup (§-n— M(E)) forn € Ry,

EERL
Examples:

o M(§) = L[ép, M*(n) = Hlnl”, where L + 1 =1

p
o M(€) = exp(J€]?) — 1, M*(n) = |n|/log [n] asymptotically
o M(&) =, €, M*(n) = ;Inl”, where -+ =1

Definition 3 An anisotropic Orlicz class L,
Ly = {{ : Q — RE, measurable | / M(&(t, x))dxdt < oo}
Q
An anisotorpic Orlicz space L (Q) ,

sym

Ly = {.{ : @ — RI" measurable | / M(M(x,t))dxdt — 0 if A — O}
Q

The space L), is a Banach space with Orlicz norm

113 = sup {/Qn-ﬁdxdt ne LM*(Q),/QM*(n)dxdt < 1} .

By F,; we denote the closure of bounded functions in Orlicz space Lj,.
Note that: (Ea)* = L.
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Definition 4 We say that N -function M satisfies A, condlition, if for some
constant C > 0

M(26) < CM(&) forevery€& e R

Sym °
Remark: If M (-) grows faster then polynomial then we are in troubles

e L, is not separable, C* is not dense in L,

o Ly(Q)# Ly(0,T; Ly(€2)), Orlicz space is not reflexive

4. Stress tensor S

We assume that the stress tensor S : (0,7') x Q x R — R2<? satisfies
the following conditions:

S1. S(¢t, z, &) is a Carathéodory function and S(¢, =, 0) = 0.

S2. There exist a positive constant ¢,, an N—function M and M* stands
for the complementary function to M such that for all £ € R%<? and
a.a. t,x € it holds

S(t,2,€) : & > cs[M(§) + M"(S(t,,£))]
S3. S is monotone i.e. forall £;,&, € R%4 a.a. t, z € Q

sym

[S(t,x,61) = S(t,2,€5)] - [§1 — £2]=0.

5. Existence Result

Below we define two function m, m : R, — R, which control the growth
of N-function M:

m(r):= min M(¢), m(r):= max M(§).
SR [€|=r R |€|=r

Theorem 1 (A.W., P. Gwiazda, A. Swierczewska-Gwiazda [2]) Let
condition D1. or D2. be satisfied

(D1) 2 is a star-shaped domain,

(D2) Q) is a non-star-shaped domain, m satisfies A,-cond. and forr € R,

m(r) < en((m(r)= +|r +1).

Let M be an N -function andS satisfy conditions (S1)-(S3). Then for given
uy € L3,(Q) and f € E,,)-(Q) there exists u € Z}' such that

/ —u - Opp + S(t,z,Du) - Depdxdt = / f - pdxdt — / ugpdr
Q Q 0
forall p € CX(—00,T;V).

V= {p € CX(Q;R"); dive = 0}, L%, := closure of V in L? — norm.

7z} - the closure of smooth, compactly supported functions with respect
to the weak* topology for gradients in L,

Zy' ={p € L*(0,T; Lg;, (), Dy € Ly (Q) 3 {¢'}}2) € CF((—00,T); V) :

gpj A @ in L>(0, T, L?hv (Q)), Dgpj A Dy weakly*in Ly (Q)}.

6. Main steps in the proof

e Galerkin approximation with help of eigenvectors of Stokes operator
- approximate solution «*

—/uk-atgoda:dtJr/ S(t,x,Du") : Dcpdxdt:/f-cpd:vdt—/ uy-pdx
Q Q Q Q

where ¢ € CX((—o0,T); V).

e A priori estimate
1 t t
(1) gy + & / / M(Du)dzdr + ¢ / / M*(S(r, 2, Du))dudr
0 JQ 0 JOQ

t
. 1
< / / (m)" (C|£1)dwdr + =l 20
0 9] 2

D'u,k X Du in LM(Q)
S(-,-,Duf) B x in Ly+(Q)
ub S in L>(0,T; Lzliv(ﬂ))

e We pass to the limit with £ for all ¢ € C2°((—00,T); V)

—/u-@tcpdxdtJr/x-Dcpdxdt:/f-cpda:dt—/uo-cpdx
Q Q Q Q

forall p € CX((—00,T); V).

e We want to characterise now the nonlinear term y, in particular, if

X=S(t, z,Du)

To this end we will use a monotonicity argument for non-reflexive spaces
[3], but first we need an integration by parts formula.

Lemma 1 Ifu c YM, y € Ly(Q), f € L,+(Q) and
&gu — leX = f in D,(Q),

then fora.a. sy, s: 0 <syp<s<T

1 1 S S
s = o) ooy + [ [ x-Dudsdt = [ [ f - udoit.

e To prove the Lemma 1 we take a sufficiently regular test function
@ = ué’A’E(t, x) =05 % ((05 * 0- * uA(t, 7)) U5y 5))

where
u(t,x) == u(t, Nz — x0) + 20)

o- regularisation kernel w.r.t. space and o; w.r.t. time.

e A little problem appears when we want to pass to the limit in nonlin-
ear term

/ /u-@t(goj)d:vdt:/ /x-Dcpjdxdt—/ /f-gojda:dt.
So Q So Q So Q

— If M* satisfies A,-condition, then x € L)+ = E);~ and we pass to
the limit with weak* convergency.

— In another case we need to pass to the limit using modular con-
vergence.

Definition 5 The sequence =’ converges in modular to z in L, if there
exists A > 0 such, that [, M((z' — z)/\)dxdt — 0.

Remark: We need the limit of Dy’ in weak* topology and in modular
topology in L,, to coincide. It means that we need to show

yM =z

Y ={p € L™(0,T; L3, (),Dyp € Ly(Q) 3 {132, € CZ((—00,T); V) :
¢ 5 pin L™(0,T; L%, (), Dg/ -5 Dy modularly in Ly (Q)}

e In case of star-shaped domains it is not so difficult. We construct
sequence by squeezing the function to the vintage point and regular-
ising it w.r.t. space and time variable.

¢ In case of more general domain (at least Lipschitz) need to put much
more effort.

Since we consider the domain with at least Lipschitz boundary, then
there exists a countable family of star-shaped Lipschitz domains
{QZ‘}Z‘GJ such that ) = U Q;.

e
We introduce the partition of unity 6; with
0<6,<1 0,€CxX(Q;) suppb; = Z@i(x)zl forx € Q.

ied

We have to show

. 1 . 1 - ~
Du/0; + Su/V'0; + SVO(u')" =D(u't;) € Ly ((0,T) x )",

Unfortunately, the only information we have is Du € £, and we need
to control w in Lz, not only in L,,.

Therefore we need to prove and apply here the Korn-Sobolev in-
equality for anisotropic Orlicz spaces
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and control the spread between m and m.
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