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��

.ODVVLVFKH�=DKOHQEHUHLFKH
'LH

”
NODVVLVFKHQ“ =DKOHQEHUHLFKH��0DWKHPDWLNHU�VSUHFKHQ�YRQ 5LQJHQ RGHU .|USHUQ��VLQG�GLH�JDQ]HQ�=DKOHQ Z
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GLH�UHHOOHQ�=DKOHQR

*UHQ]ZHUWH�DOOHU�&DXFK\�)ROJHQ�YRQ�UDWLRQDOHQ�=DKOHQ� ]�%� e, π,

XQG�GLH�NRPSOH[HQ�=DKOHQC = R[
√
−1]� 'LH�NRPSOH[HQ�=DKOHQ�KDEHQ�GLH�VFK|QH�(LJHQVFKDIW� GDVV�MHGH�3RO\�

QRPJOHLFKXQJ��EHU�LKQHQ�HLQH�/|VXQJ�EHVLW]W� G�K� MHGH�*OHLFKXQJ�GHU�)RUP

anx
n + an−1x

n−1 + . . .+ a1x+ a0 = 0

PLW�NRPSOH[HQ�=DKOHQ a0, a1, . . . , an XQG�GHU�8QEHNDQQWHQ x EHVLW]W�HLQH�/|VXQJ� 0DQ�VDJW C VHL DOJHEUDLVFK
DEJHVFKORVVHQ�

��

0RGXODUH�$ULWKPHWLN�XQG
”
SRVLWLYH�&KDUDNWHULVWLN“

$OOH�GLHVHU
”
NODVVLVFKHQ“ =DKOHQEHUHLFKH�KDEHQ�GLH�(LJHQVFKDIW�JHPHLQ� GDVV�VLH�GLH�JDQ]HQ�=DKOHQ�HQWKDOWHQ�

=XU�FNJHKHQG�DXI�GHQ�0DWKHPDWLNHU (YDULVWH�*DORLV �����±������ZHUGHQ�DXFK�=DKOHQEHUHLFKH�VWXGLHUW� GLH
QLFKW�GLHVH�(LJHQVFKDIW�KDEHQ� (LQ�VROFKHU�=DKOHQEHUHLFK F �JHQDXHU .|USHU��KDW�GLH�(LJHQVFKDIW� GDVV�HV�HLQH
3ULP]DKO p ∈ Z JLEW� VR�GDVV�I�U�MHGHV�(OHPHQW a GHV�=DKOHQEHUHLFKV F JLOW

p · a = a+ . . .+ a︸ ︷︷ ︸
p 6XPPDQGHQ

= 0.

3URWRW\SLVFK�I�U�VROFKH�=DKOHQEHUHLFKH�LVW�GHU�.|USHU Fp� 6HLQH�(OHPHQWH�VLQG�GLH�=DKOHQ 0, 1, . . . , p − 1 XQG
VHLQH�9HUNQ�SIXQJVUHJHOQ�VLQG� )�U�(OHPHQWH a, b DXV Fp� GLH�ZLU�DOV�QDW�UOLFKH�=DKOHQ�]ZLVFKHQ 0 XQG p − 1
DXIIDVVHQ� VLQG a

”
+“b E]Z� a

”
·“b GHILQLHUW�DOV�GLH�5HVWH� GLH�HQWVWHKHQ�ZHQQ�PDQ�GLH�QDW�UOLFKHQ�=DKOHQ a+ b

E]Z� a · b YHUVXFKW�GXUFK p ]X�WHLOHQ� GLHVH�5HVWH�ZHUGHQ�DXFK0RGXOXV JHQDQQW� GDV�5HFKQHQ�LQ�GLHVHQ�=DKOHQ�
EHUHLFKHQ�ZLUG�GDKHU 0RGXODUH�$ULWKPHWLN JHQDQQW� XQG p ZLUG�GLH &KDUDNWHULVWLN GHV�=DKOHQEHUHLFKV�JHQDQQW�
0DQ�VDJW�GHU�=DKOHQEHUHLFK�KDEH SRVLWLYH�&KDUDNWHULVWLN�

'LH�6LWXDWLRQ�LVW�lKQOLFK�GHP�5HFKQHQ�PLW�8KU]HLWHQ� LVW�HV����8KU� XQG�DGGLHUW�PDQ����6WXQGHQ� VR�HUKlOW�PDQ
DXFK�QLFKW

”
���8KU“ VRQGHUQ���8KU��DXFK�ZHQQ 24 QDW�UOLFK�NHLQH�3ULP]DKO�LVW��

$OJHEUDLVFKH�*HRPHWULH

��

$OJHEUDLVFKH�*HRPHWULH�LQ�SRVLWLYHU�&KDUDNWHULVWLN
'HU�8UVSUXQJ�GHU�$OJHEUD�LVW�GDV�%HVWUHEHQ�/|VXQJVPHQJHQ�YRQ�6\VWHPHQ�YRQ�3RO\QRPJOHLFKXQJHQ�]X�YHUVWH�
KHQ� 6ROFK�HLQ�6\VWHP�QHQQW�PDQ DOJHEUDLVFKH�9DULHWlW� XQG�GHU�8QWHUEHUHLFK�GHU $OJHEUDLVFKHQ�*HRPHWULH JHKW
DXI�GLH�%HREDFKWXQJ�]XU�FN� GDVV�VLFK�GLH�/|VXQJVPHQJHQ�HLQHV�VROFKHQ�6\VWHPV�JHRPHWULVFK�YHUDQVFKDXOL�
FKHQ�ODVVHQ� %HWUDFKWHW�PDQ�]�%��GLH�3RO\QRPJOHLFKXQJ

x2 + y2 = 1 ���

LQ�GHQ�]ZHL�8QEHNDQQWHQ x XQG y� VR�LVW�QLFKW�VFKZHU�]X�VHKHQ� GDVV�GLH�0HQJH�GHU�3DDUH�YRQ�UHHOOHQ�=DKOHQ
(a, b)� GLH�GLH�*OHLFKXQJ�O|VHQ� HLQHQ�.UHLV�LP�]ZHL�GLPHQVLRQDOHQ�5DXP R2 ELOGHQ� ,Q�GHQ�$XVGUXFN x2 + y2

NDQQ�PDQ�DEHU�DXFK�3DDUH�YRQ�(OHPHQWHQ�EHOLHELJHU�DQGHUHU�=DKOHQEHUHLFKH�HLQVHW]HQ� HV�HUJLEW�DOVR�6LQQ
QDFK�GHU�/|VXQJVPHQJH�GHU�*OHLFKXQJ ��� LQ�DQGHUHQ�=DKOHQEHUHLFKHQ�]X�IUDJHQ� %HWUDFKWHW�PDQ�GLH�3DDUH
YRQ� NRPSOH[HQ� =DKOHQ� GLH� GLH� *OHLFKXQJ ��� O|VHQ� VR� VWHOOW� PDQ� IHVW� GDVV� GLH� 0HQJH� GLHVHU� 3DDUH� GLH
6WUXNWXU�HLQHU NRPSOH[HQ�0DQQLJIDOWLJNHLW LQC2 WUlJW� 6ROFKH�2EMHNWH�NRPPHQ�DXV�HLQHP�DQGHUHQ�%HUHLFK�GHU
0DWKHPDWLN� VLQG�YRQ�JUR�HP�,QWHUHVVH�DXFK�LQ�GHU�3K\VLN� XQG�HV�JLEW�VHKU�ZHLW�HQWZLFNHOWH�JHRPHWULVFKH
0HWKRGHQ�XP�VLH�]X�DQDO\VLHUHQ�

(V�LVW�DEHU�HEHQVR�VLQQYROO�QDFK�GHU�/|VXQJVPHQJH�GHU�*OHLFKXQJ ���� RGHU�DOOJHPHLQHU�QDFK�GHU�/|VXQJVPHQ�
JH�HLQHV�6\VWHPV�YRQ�3RO\QRPJOHLFKXQJHQ� LQ�HLQHP�=DKOHQEHUHLFK�YRQ�SRVLWLYHU�&KDUDNWHULVWLN�]X�IUDJHQ� )�U
VLH�JLEW�HV�NHLQH�VR�QDKHOLHJHQGH�JHRPHWULVFKH�,QWHUSUHWDWLRQ� DEHU�HV�HUJLEW�VLFK�GLH�)UDJH�

�

�

�

)UDJH
/DVVHQ�VLFK�GLH�(LJHQVFKDIWHQ�GHU�/|VXQJVPHQJH�LQ�GHQ�NRPSOH[HQ�=DKOHQ� GLH�PDQ�PLW�JHRPHWULVFKHQ
0HWKRGHQ�JHIXQGHQ�KDW� DXI�GLH�/|VXQJVPHQJH�GHU�*OHLFKXQJ�LQ�=DKOHQEHUHLFKHQ�YRQ�SRVLWLYHU�&KDUDNWH�
ULVWLN��EHUWUDJHQ"

,Q�PHLQHU�'LVVHUWDWLRQ�EHDQWZRUWH�LFK�GLHVH�)UDJH�I�U�HLQH�JDQ]�EHVWLPPWH�(LJHQVFKDIW�

'LH�)UDJH�LVW�I�U�0DWKHPDWLNHU�LQWHUHVVDQW� ZHLO�VLH�$XVNXQIW��EHU�GLH
”
1DWXU“ GLHVHU�(LJHQVFKDIWHQ�JLEW� ,VW

HLQH� (LJHQVFKDIW� GHU� /|VXQJVPHQJH� HLQHV� 6\VWHPV� YRQ� 3RO\QRPJOHLFKXQJHQ
”
LQWULQVLVFK“ LQ� GHP� 6\VWHP

NRGLHUW� RGHU�KlQJW�VLH�YRQ�GHP�.RQWH[W�LQ�GHP�PDQ�DUEHLWHW�²�GHP�=DKOHQEHUHLFK�LQ�GHP�PDQ�GLH�/|VXQJHQ
VXFKW�²�DE"

'DV�6WXGLXP�GHU�%H]LHKXQJHQ�GHU
”
NODVVLVFKHQ�6LWXDWLRQ“ �EHU�GHQ�NRPSOH[HQ�=DKOHQ�]X�GHU�6LWXDWLRQ�LQ�SR�

VLWLYHU�&KDUDNWHULVWLN�KDW�HLQH�ODQJH�7UDGLWLRQ� XQG�HV�LVW�EHNDQQW� GDVV�LQ�SRVLWLYHU�&KDUDNWHULVWLN�JDQ]�QHXH
3KlQRPHQH�VLFKWEDU�ZHUGHQ� GLH�NODVVLVFK�QLFKW�]X�HUDKQHQ�ZDUHQ� ,Q�YLHOHQ�)lOOHQ�EHVWHKHQ�GHQQRFK�VWDUNH
3DUDOOHOHQ� VRIHUQ�PDQ�HLQH�)RUPXOLHUXQJ�LQ�SRVLWLYHU�&KDUDNWHULVWLN�ILQGHW� GLH�GLH�QHX�DXIWUHWHQGHQ�3KlQRPH�
QH�EHU�FNVLFKWLJW�

=XVDPPHQKlQJH�XQG�GLH�5LHPDQQ�+LOEHUW�.RUUHVSRQGHQ]

��

/LQHDUH�'LIIHUHQWLDOJOHLFKXQJHQ�XQG�=XVDPPHQKlQJH
'LH�7KHRULH�GHU�'LIIHUHQWLDOJOHLFKXQJHQ�LVW�YRQ�JUR�HP�,QWHUHVVH�I�U�DOOH�%HUHLFKH�GHU�1DWXUZLVVHQVFKDIWHQ�
'HU�%HJULII�HLQHV IODFKHQ�=XVDPPHQKDQJV ∇ DXI�HLQHP�9HNWRUE�QGHO E DXI�HLQHU�NRPSOH[HQ�0DQQLJIDOWLJNHLW
X LVW�HLQH�ZHLWUHLFKHQGH�9HUDOOJHPHLQHUXQJ�GHV�.RQ]HSWHV�HLQHV�6\VWHPV�YRQ�OLQHDUHQ�'LIIHUHQWLDOJOHLFKXQ�
JHQ� 'LH�6\VWHPH�YRQ�JHZ|KQOLFKHQ�'LIIHUHQWLDOJOHLFKXQJHQ�GLH�PDQ�YLHOOHLFKW� LQ�GHU�6FKXOH�NHQQHQJHOHUQW
KDW�HQWVSUHFKHQ�=XVDPPHQKlQJHQ�DXI�GHP�WULYLDOHQ�9HNWRUE�QGHO��EHU�GHU�NRPSOH[HQ�0DQQLJIDOWLJNHLWCn�
(LQ�9HNWRUE�QGHO�PLW�=XVDPPHQKDQJ (E,∇) LVW�DOVR�HLQH

”
9HUNOHEXQJ“ YRQ�VROFKHQ�NODVVLVFKHQ�6\VWHPHQ�YRQ

'LIIHUHQWLDOJOHLFKXQJHQ� )RUPDO�GHILQLHUHQ�ZLU�KLHU� �HWZDV�XQJHQDX� GLH� ([SHUWHQ�P|JHQ�HV� YHU]HLKHQ�� HLQ
9HNWRUE�QGHO�PLW�IODFKHP�=XVDPPHQKDQJ�DOV�HLQ�9HNWRUE�QGHO� GDV�JOHLFK]HLWLJ�HLQ�0RGXO��EHU�GHP�5LQJ�GHU
'LIIHUHQWLDORSHUDWRUHQ DX LVW�

,VW X HLQH��JODWWH��DOJHEUDLVFKH�9DULHWlW��EHU�HLQHP�.|USHU k� VR�JLEW�HV�GHQ�%HJULII�GHU DOJHEUDLVFKHQ�'LIIH�
UHQWLDORSHUDWRUHQDX/k� XQG�ZLH�REHQ�HUKDOWHQ�ZLU�GHQ�%HJULII�HLQHV IODFKHQ�DOJHEUDLVFKHQ�=XVDPPHQKDQJV DXI
HLQHP�9HNWRUE�QGHO E DXIX� ,VW k = C� VR�LVW�HV�HLQ�IXQGDPHQWDOHU�6DW]�YRQ 3LHUUH�'HOLJQH �>'HO��@�� GDVV
GLH�%HJULIIH

”
IODFKHU�DOJHEUDLVFKHU�=XVDPPHQKDQJ�DXI E“ XQG

”
IODFKHU�=XVDPPHQKDQJ�DXI EDQ“ ]XVDPPHQ�

IDOOHQ� VRIHUQ�PDQ�VLFK�DXI�=XVDPPHQKlQJH�PLW UHJXOlUHQ�6LQJXODULWlWHQ��LQ∞� HLQVFKUlQNW� 'LHVH�%HGLQJXQJ
EHGHXWHW� GDVV�GLH�/|VXQJHQ�GHU�'LIIHUHQWLDOJOHLFKXQJHQ�QXU

”
PRGHUDW“ ZDFKVHQ� ZHQQ�PDQ�GHP�5DQG�GHU

NRPSOH[HQ�0DQQLJIDOWLJNHLWXDQ QlKHU�NRPPW�

��

'LH�5LHPDQQ�+LOEHUW�.RUUHVSRQGHQ]
'LH�5LHPDQQ�+LOEHUW�.RUUHVSRQGHQ]�LQ�GHU�)RUPXOLHUXQJ�YRQ 'HOLJQH �>'HO��@��KDW�IXQGDPHQWDOH�%HGHXWXQJ�
,VWX HLQH�DOJHEUDLVFKH�9DULHWlW��EHUC� VR�EHVFKUHLEW�VLH�HLQH�9HUELQGXQJ�GHU�7RSRORJLH�GHU�NRPSOH[HQ�0DQ�
QLJIDOWLJNHLWXDQ PLW�GHQ�DOJHEUDLVFKHQ�(LJHQVFKDIWHQ�GHU�9DULHWlWX� :LU�VFKUHLEHQ πWRS

1 (XDQ, x) I�U�GLH )XQ�
GDPHQWDOJUXSSH YRQ Xan DP�%DVLVSXQNW x� 'HOLJQH EHZHLVW� GDVV�HV�GLH�IROJHQGH�bTXLYDOHQ]�YRQ�.DWHJRULHQ
JLEW� GLH�DXFK 5LHPDQQ�+LOEHUW�.RUUHVSRQGHQ] JHQDQQW�ZLUG�

�����
HQGOLFK�GLPHQVLRQDOH�NRPSOH[H
'DUVWHOOXQJHQ�YRQ πWRS

1 (XDQ, x)
���

9HNWRUE�QGHOE DXIX
PLW�IODFKHP�=XVDPPHQKDQJ∇
XQG�UHJXOlUHQ�6LQJXODULWlWHQ

�
5LHPDQQ�+LOEHUW

'LH�*UXSSH πWRS
1 (XDQ, x) LVW�HLQH�UHLQ�WRSRORJLVFKH�,QYDULDQWH� GLH�VLFK�LP�DOOJHPHLQHQ�QLFKW�DXV�GHU�DOJHEUDL�

VFKHQ�6WUXNWXU�YRQX UHNRQVWUXLHUHQ�OlVVW� 1XU�GLH�HQGOLFKHQ�4XRWLHQWHQ�GHU�*UXSSHπWRS
1 (XDQ, x) VLQG�LQ�GHU�DO�

JHEUDLVFKHQ�9DULHWlWX NRGLHUW� QlPOLFK�DOV�GLH�HQGOLFKHQ�4XRWLHQWHQ�GHU pWDOHQ�)XQGDPHQWDOJUXSSHπpW
1 (X, x)�

3RVLWLYH�&KDUDNWHULVWLN�XQG�6WUDWLIL]LHUWH�%�QGHO

��

'DV�+DXSWUHVXOWDW
6HL�I�U�HLQHQ�0RPHQWX ZHLWHUKLQ�HLQH�DOJHEUDLVFKH�9DULHWlW��EHU�GHQ�NRPSOH[HQ�=DKOHQ� )DVW�SHU�'HILQLWLRQ
VFKUlQNW�VLFK�GLH�5LHPDQQ�+LOEHUW�.RUUHVSRQGHQ]�HLQ�]X�HLQHU�bTXLYDOHQ]�YRQ�.DWHJRULHQ

�����
HQGOLFK�GLPHQVLRQDOH�NRPSOH[H
'DUVWHOOXQJHQ�YRQ πpW

1 (X, x)
PLW HQGOLFKHP�%LOG

���

9HNWRUE�QGHOE DXIX
PLW�IODFKHP�=XVDPPHQKDQJ�
UHJXOlUHQ�6LQJXODULWlWHQ
XQG HQGOLFKHU�0RQRGURPLH

�
5LHPDQQ�+LOEHUW

%HLGH�6HLWHQ�GLHVHU�bTXLYDOHQ]�VLQG�MHW]W DOJHEUDLVFKH�2EMHNWH� HV�HUJLEW�DOVR�6LQQ�]X�IUDJHQ�

�

�

�

)UDJH
:HQQ X HLQH�JODWWH�DOJHEUDLVFKH�9DULHWlW��EHU�HLQHP�DOJHEUDLVFK�DEJHVFKORVVHQ�.|USHU k SRVLWLYHU�&KD�
UDNWHULVWLN�LVW� JLEW�HV�HLQ�JXWHV�$QDORJRQ�I�U�GLH�RELJH�bTXLYDOHQ]"

,Q�PHLQHU�'LVVHUWDWLRQ�EHDQWZRUWH� LFK�GLHVH�)UDJH�YROOVWlQGLJ� +LVWRULVFK�EHGLQJW�ZHUGHQ�9HNWRUE�QGHO�PLW
DX/k�0RGXOVWUXNWXU�LQ�GLHVHP�.RQWH[W VWUDWLIL]LHUWH�%�QGHO JHQDQQW� %DVLHUHQG�DXI�HLQHU�$UEHLW�YRQ 'DYLG�*LH�
VHNHU �>*LH��@��GHILQLHUH�LFK�HLQHQ�DOOJHPHLQHQ�%HJULII�YRQ�UHJXOlUHQ�6LQJXODULWlWHQ�I�U�VWUDWLIL]LHUWH�%�QGHO�
XQG�LFK�EHZHLVH�

�

�

�

7KHRUHP��>.LQ��@��:HQQX HLQH�JODWWH�DOJHEUDLVFKH�9DULHWlW��EHU�HLQHP�DOJHEUDLVFK�DEJHVFKORVVHQ�.|U�
SHU�SRVLWLYHU�&KDUDNWHULVWLN�LVW� GDQQ�JLEW�HV�HLQH��⊗��bTXLYDOHQ]

�����
HQGOLFK�GLPHQVLRQDOH

k�'DUVWHOOXQJHQ�YRQ πWDPH
1 (X, x)

PLW HQGOLFKHP�%LOG
���

6WUDWLIL]LHUWH�%�QGHO�DXIX
UHJXOlUHQ�6LQJXODULWlWHQ
XQG HQGOLFKHU�0RQRGURPLH�

+LHUEHL�LVW πWDPH
1 (X, x) GLH ]DKPH�)XQGDPHQWDOJUXSSH� VLH�LVW�HLQ�4XRWLHQW�YRQ πpW

1 (X, x) GHU�QXU�LQ�SRVLWLYHU
&KDUDNWHULVWLN�VLFKWEDU� XQG�DX�HURUGHQWOLFK�LQWHUHVVDQW�LVW��>.6��@��

/LWHUDWXU

>'HO��@ 3� 'HOLJQH� eTXDWLRQV�GLIIpUHQWLHOOHV�j�SRLQWV�VLQJXOLHUV�UpJXOLHUV� /HFWXUH�1RWHV�LQ�0DWKHPDWLFV� 9RO������ 6SULQJHU�9HUODJ�
%HUOLQ� ������������������������

>*LH��@ '� *LHVHNHU� )ODW�YHFWRU�EXQGOHV�DQG�WKH�IXQGDPHQWDO�JURXS�LQ�QRQ�]HUR�FKDUDFWHULVWLFV� $QQ��6FXROD�1RUP��6XS��3LVD�&O�
6FL����� � ������� QR� �� �±����05������������������

>.6��@ 0� .HU]�DQG�$� 6FKPLGW� 2Q�GLIIHUHQW�QRWLRQV�RI�WDPHQHVV�LQ�DULWKPHWLF�JHRPHWU\� 0DWK��$QQ� ��� ������� QR� �� ���±����

>.LQ��@ /� .LQGOHU� 5HJXODU�VLQJXODU�VWUDWLILHG�EXQGOHV�DQG�WDPH�UDPLILFDWLRQ� DU;LY����������� WR�DSSHDU�LQ�7UDQV��$PHU��0DWK�
6RF��
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