Constitutive Parameters for a Nonlinear
Cosserat Theory

P. Neff l. MUnch , W. Wagner
Darmstadt University of Technology Karlsruhe University of Technology
Department of Mathematics Institute of Structural Analysis
. Motivation «  Simple Glide
. Kinematic Relations . Torsion Test
. Constitutive Model o Imperfection Algorithm
. Numerical Treatment . Compression Test
. Conclusions and Outlook

Weierstrass Institut Berlin
7.November 2006



Applications for Cosserat continua:

e Stress concentration

« continua with periodical
microstructure

* binary media (suspensions)

* plasticity

ﬁ Motivation
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Relations for Cosserat theory (e.g. Ehlers, Bluhm [1]):

Connection between micro-

IIIIIII 4 and macrorotation:
++++++F| | (F) o _ "
+++++E+] R = polar(F) R
+4++++++ —
+++++++

macrorotation

+++++++

Nonsymmetric
stretch U = RTF

\ additional

kinematic

first Cosserat strain: T — I=RIF — I

second Cosserat strain: K = R’VR (curvature)
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Relations and linearizations for Cosserat theory (e.g. Ehlers, Bluhm [2]):

. - - A A2 A3
Euler-Rodrigues formula: R = exp(A) :I+F+ o + 3 + ...

= e®e + (I —e®e)cos|y|| + (e x I)sin|ly|
e ... axis of microrotation vector vy

1) linearization: Ry, =I+A=1—¢e¢y , 7=axl(A)
e ... permutation tensor

first Cosseratstrain: U — I=RIF _ I

2) linearization: (U — I)jjy =Vu + ey=Vu—- A

second Cosserat strain:. K = R'VR (curvature)
L pull back, similarto T = RTF
3) linearization: K, = VY
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Quadratic ansatz in first Cosserat strain:

Hilla

Experiment dI dOI > \:\

|
Deformation model !
uniaxial strain l !

—> Cosserat couple modulus pc penalizes
differences of microrotations to macrorotations:

HSkeW(U B I)HQ —0 = R — polar(F) @ @ @ @
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Nonlinear ansatz for curvature energy:

— — (|2
Weuro(K) = £(1 + L2 |K[[D)® = £(1 + L2 [RTVR]?

R
++++++4+| /_\

+++++++ (+ t X
phenomenological +++++++ ; 5 ;
+++++++| + t+ Rl
parameter of HEHHH iy e
Inner structure: L, +++++++
+++++++

T R - L, penalizes curvature

X + N ‘\, X * > curvature increases for
small structures

+~ f <4 - higher stiffness for smaller

I structures
SE
ey = F(Le) = acts like - influences angular
torsional spring momentum
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Free Helmholtz energy:

Winp(T) = p Hsym(U _ I)H + e ||skew (T — I)H (tr(U _ I)>
Weurv(K) = 21+ L2 [K|?)° = 2 %)
which turns for the linear Cosserat model into:
W&”D(U”n) = W Hsym(Vu — A)H + pe||skew(Vu — A)H (tr(Vu — A))

= pllsym(Vu)[|* + pc
-

skew(Vu — A)H + > (’EIF(VH))2

~
coupling of displacement u and microrotation y= axlI(A)

1 - > 1 2
—u L [|[Kjip||© = §NLC NGl

Wcl:ilrjlrv(KIin) — 5

- linear isotropic theory decouples for uc = 0
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« variational formulation and nonlinear 3-d finite element model
« Lagrangean description
 consistent linearization for stiffness matrix and Newtons strategy

« 8/ 27 node brick elements with trilinear / triquadratic shape functions for
both fields

 system of algebraic equations:
<sp',8(p"), ap' >= - <5p',P(') >

S ... stiffness matrix : P...residual vector

]_SI... discrete nodal point vector of displacement and microrotation

Apl ... discrete increments of displacement and microrotation

 additive update of displacements and infinitesimal microrotations for linear theory

» multiplicative update of microrotations for nonlinear theory (Sansour,Wagner [2])
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Motivation: from planar shear to simple glide

planar: no displacements
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<«—— maximal shear

Analytical investigations i
in simple glide:

no displacements in
2- and 3-direction

3A
microrotations @ (around

2-axis) linked in 1-2-plane \2

1 0 u/(z3) displacements in 1-direction
Vo(z3) =F=| 0 1 0 linked in 1-2-plane = no
O O 1 gradients in 1-direction

cosa(xz) O sina(xzz)
—sina(xz3z) 0 cosa(zz)

R(z3) = ( 0 1 o)
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Internal energy expression:

2

W a,a) = (2 g 12+ Y ’
Al — M (COSOé 1) _|_ 2 _|_

sin au’Q
2

+ 2(cosa — 1) sinau’)
\
2
+ %COSQE[Qtana—u’} + 2u L2|e|?
consider temporary L. = 0, consistent with homogeneous response

e = 0 — non-convex! pe = p — convex!

a a
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T hree possible overall homogeneous solutions for pu. =0 :

~

u’zyzconst., a1 =0, azzarctan%, ag,:2arctan5

For pue > O solutions depend on «:
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T he critical value for u. depends on applied displacement ~

B/ p
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Numerical investigations: measure 1. P.K. shear

height=width=length=1 stress = reaction force
p=1.10° /
A=1.5-10° § "

L. = 0.05 Y =

always y=0.2
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Numerical results for linear Cosserat theory and L., = 0.05

shear stress t for given sheary = 0.2
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Numerical results for nonlinear Cosserat theory and L. = 0.05

shear stress t for given shear y = 0.2

20300 : ‘ -
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b
20000 | T,
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o, (prescribed microrotation angle at upper and lower face)
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Numerical results for nonlinear Cosserat theory and L., = 0.05

strain energy for given shear y = 0.2
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Lamination microstructure solution for Lo =0 and u. =20

(y+6)

Beats energetically the homogeneous response, construction possible due
to non-convexity of W (u/, @)
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> For pe < pSt nonlinear Cosserat theory delivers three possible
homogeneous solutions — too much freedom — need for
boundary condition: Dirichlet or consistent coupling

- With consistent coupling boundary condition
(micro=macrorotation on Dirichlet boundaries) one homogeneous
solution appears — clearness

- Boundary conditions on microrotations effect the stiffness behaviour.
The greater u., the greater the effect. This interferes with L.
in describing length scale effects.

- ue =0 and L. = 0: lamination microstructure solutions appear

ﬁ Conclusions in Simple Glide o




Constant sample values: From now on: Nonlinear Cosserat theory

height = 2 |
dth = 0.4 Sy upper border rotates
we 6 Sk PP all results
£=1-10 / concern
v = 0.3 this point

J

S)
53

no displacements
in 3-direction

Y@

no displacements
in all directions

Y 3 ey Y R e )
Y A - . Y|

microrotations
fixed to zero
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results concern Macrorotation for various internal length scale L.
this point

torque
45 5 — L.
...l 4 -
] I as
il
H,,l!,ll,' ° —e— St.V.-Kirchhoff
: i”’iall 25 e L =10
il "
"”’,’ 2 - ——L=1
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q i"m LS ——L =001
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05 L _=00001
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lateral macro-twist (boundary condition is true rotation in the twist)

- solution shows unbounded stiffness for pue. = p and L — oo
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results concern Macrorotation for various Cosserat couple modulus ue
this point

torque
45

pc = 0

4 A
35 i /
3 ‘ 7
25 | J / —— St.V.-Kirchhoff
A /' —A— M= 10p
2 X o o > p=1p
K & o / > p=0.1p
1,51 / ——pn.=0.01 p
1. ; / ——p,=0.003 u
S5 —— p,=0.001 n
05 - ﬂ//// p=0.0001 p
—#— p=0.00001 p

microrotations
fixed to zero

01 0,2 0,3 04 0,5 0,6
lateral macro-twist (boundary condition is true rotation in the twist)

- nonlinear Cosserat theory with pu. — O starts like classical elasticity
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resuIFs concern Macrorotation for various internal length scale L.
this point

torque
4> Le — oo
4 -
35
3 _
25 - —— St.V.-Kirchhoff
2 —%— LC= 100
15 | —A— LC: 10
. —— Lc: 1
L =01
0 C
—— LC: 0.01
. - 0« T \ \ \ \ \ \
microrotations 0,1 0,2 03 04 05 0,6 07 08
fixed to zero lateral macro-twist (boundary condition is true rotation in the twist)

- nonlinear Cosserat theory with u. = 0 starts deformation similar

to classical elasticity for any L.
> solution shows bounded stiffness for u. =0 and L, — oo
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- For L. > 0 nonlinear Cosserat theory starts deformation
similar to classical theory only if u. =20

= curvature energy variation of uc looks like length scale effect
. torque
should be responsible 4s p A N
for length scale 4- ; -
effects! 35 : 7
3 | ‘ y

25 - ] o /
/ —=— St.V.-Kirchhoff

27 ; ° —A—uc=10p,
> pe > 0 interferes /. 7 SRS

1,5 1 y / —*—p=01p

with L¢ in describing | s s
length scale effects

o o

7 ———p=0.001 p
/ / 1 = 0.0001
% —HK—pE 0.00001 p

0,5
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lateral macro-twist (boundary condition is true rotation in the twist)

- results in general difficulty to determine u. > O independent of L.
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Boltzmann continua
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model without e 000600 o
orientation e 00000
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orientation boundary conditions the full
spectrum of possible solutions
Cosserat continua can often not be reached
+++++++ numerically - disturb perfect +++x++x
+++++++ situations t++ ¥ 4+
+++++++ *Y++x+ 44
+++++++ > X+44++++
+++++++ stochastic ++++ 14+
+++++++ rotational ++ +4++ X 4
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Constant sample values: displacement

height = 2 - only in
width = 0.4 . 3-direction

E =1-10°
vr = 0.3
i
microrotations
fixed to zero \
s function
—— of L
. 1141
no displacements
. ) . )
in all directions
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Macrorotation arround vertical axis for various internal length scale factors r,..

L.=0.001 L.=0.01

-4,339E-04 min -2.754E-04 min -2.461E-03 min -2.949€-03 min
-3.526E-04 2.684E-04 8.131E-03 1.063E-02
-2.714E-04 8.123E-04 1.872E-02 2,420E-02
-1.901E-04 1.356E-03 2.931E-02 3,777E-02
-1.088E-04 E 1.900E-03 3.991E-02 5.135E-02
-2.754E-05 I 2.444E-03 5.050€-02 6.492E-02
5.374E-05 2.988E-03 6.109E-02 4+ 7.850E-02
1.350E-04 3.531E-03 7.168E-02 y  9.207E-02
2.163E-04 4.075E-03 8.227E-02 1.056E-01
2.976E-04 4.619E-03 9.287E-02 1.192E-01
3.788E-04 5.163E-03 1.035E-01 1.328E-01
4.601E-04 5.707E-03 1.140e-01 1.464E-01
6.251E-03 1.246E-01 1.599E-01
6.794E-03 1.352E-01 1.735E-01

7.338E-03 max 1.458€E-01 max 1.871E-01 max

twist [rad] _
Rotations 4,0E-01 Boltzmann continua
measured at 5 0E.01 | 'E_mf"lcm'rott ! " -
. ' —— - -2.631E-04
half height — > MICTo-ro 21eos
0,0E+00 = # = | % 1.3156-04
2,0E-01 + i
' 1.076E-17
e = 0 aiasse:os
“4,08-01 Ta18E0q
0,0001 0,001 001 01 1 10 JTseoe
2.631E-04

internal length scale L . 3.069E-04 max
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Simple model to motivate
shortening through twist

stochastic
imperfections

Compression test




Inner energies for various internal length scale factors L.

energy
1,6E+03

—=—total
1,5E+03 -

—e—strain

1,4E+03 -

1,3E+03

=0
1,2E+03 - ‘ ‘ ‘ He

0,0001 0,001 0,01 0,1 1 10
internal length scale L

» total energy increases for increasing
internal length scale factor — but
not arbitrary

» pronounced length scale effects for
L. € [0.001; 1]

logarithmic
scale
energy /
1,0E+05
1,0E+03 ¢ o O—-o—"9 &
1,0E+01 -
1,0E-01 | —e—strain
A —&— CUrv =0 \
1,0E-03 ‘ ‘ — He s

0,0001 0,001 0,01 0,1 1 10
internal length scale L

e curvature energy only of second
order (maximal 4% of strain energy)
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Load-displacement curves for u. = 0 and various L

reaction force R

20
—— St.Venant-K.
18 1 —=— SVK.linear
16 - —— Neo-Hooke
L =10
14 - ¢
—x— L c= 1
12 —L o= 0.1
10 | — LC: 0.03
——L = 0.01
8- —— L=0.001
6 - —o— LC =0.0001
4 //
//,
5 /
=
O T T T
0 0,05 0,1 0,15 0,2

displacement d

- Size effects not as significant as in torsion test - as expected !!!
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Compression test with various slenderness h=4. deformation with
ratios (different aspect ratio), constant internal twist and buckling
length scale factor and constant maximal strain

d/h=10% -4.181E-01 min
: -3.880E-01
_ h=2.0: deformation -3 578E-01
h=1.0: symmetric with twist ppsenbe
deformation 2'976E ol
-6.661E-03 min e )
-5.709E-03 -5.078E-02 min -2.674E-01
-4.354E-02
::';225:82 3.629E-02 -2.373E-01
2.854E-03 -2.904E-02 -2.072E-01
-;.ggig-gi o -1.770E-01
b irmes e -1.469E-01
Z/ 9.536E-04 7.207E-03 -1.167E-01
| N s 1446502 8.661E-02
wn 2.857E-03 2.170E-02
; 11; 3.809E-03 2 .895E-02 -5.647E-02
i 4.761E-03 3.620E-02 i i
‘ ‘-V 713608 §A5E-09 2.633E-02

3.804E-03 max

6.665E-03 max 5.070E-02 max

deformed mesh and coloured displacement in 1-direction
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Determinant of global stiffness matrix; various heights of structure

1,0E+08
1,0E+07 -
1,0E+06 -
1,0E+05 -
© 1,0E+04 - 2 \ _
X /i buckling
9 1,0E+03 <
X 1,0E+02 —h=04
g —h=1
1,0E+01 —h=15
1,0E+00 h=2
10E-01 e | < — twist —h=8
1,0E-02 = ‘ ‘ ‘ ‘ d/h
0,00 0,02 0,04 0,06 0,08 0,10
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Reaction force for various heights of structure

20
18 - —h=0.4
16 - —h=1 size
o _
S — h=15 effect
S12 - P2
p h=4
c 10 L
= — h=8 \
(qv] 8 - _
L 6 / buckling
4 -
2 N 7
O I I I I I d / h
0,00 0,02 0,04 0,06 0,08 0,10

—> size effect (caused by twist) is much less significant than buckling
—> size effect hardly measureable in practical tests
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-> ue = 0 necessitates nonlinear framework and boundary conditions
for microrotations (e.g. consistent coupling)

> ue = 0 is consistent with linear elasticity for small strains and
any internal length scale L.

- bounded stiffness for any internal length scale L. in torsion test if u. =0

> non-classical deformation modes (twist) appear for p. =0

Outlook: Extension to micromorphic theory (simulation of foams)

Open question: Right choice of boundary condition for microrotations (is there a
physical interpretation of consistent coupling?)

ﬁ Conclusions and Outlook o
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