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SUMMARY

We investigate a representative model of continuum infinitesimal gradient plasticity. The formulation is
an extension of classical rate-independent infinitesimal plasticity based on the additive decomposition
of the symmetric strain tensor into elastic and plastic parts. It is assumed that dislocation processes
contribute to the storage of energy in the material whereby the curl of the plastic distortion appears in the
thermodynamic potential and leads to an additional nonlocal backstress tensor. The formulation is cast
into a numerical framework by a saddle point approximation of the corresponding minimization problem
in each incremental loading step. This allows one to reformulate the (nonlocal) dissipation inequality to
a point-wise flow rule and yields a solution scheme, which is a direct extension of the standard approach
in classical plasticity. Our numerical results show the regularizing effects of the additional physically
motivated terms. Copyright © 2008 John Wiley & Sons, Ltd.
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1. INTRODUCTION

This article addresses the numerical analysis of a geometrically linear isotropic gradient plasticity
model. There is an abundant literature on gradient plasticity formulations, in most cases letting the
yield stress Ko depend also on some higher derivative of a scalar measure of accumulated plastic
distortion [1-3]. Experimentally, the dependence of the yield stress on plastic gradients is well
documented (see, e.g. [4]), and several experimental facts testify to the length scale dependence of
materials. The Hall-Petch scaling, for instance, relates the grain size in polycrystals to the yield

stress in the form K0:K8+k+/‘/grain size.
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INCREMENTAL INFINITESIMAL GRADIENT PLASTICITY 415

Similarly, the Taylor scaling relates the yield stress Ko to the dislocation density qualitatively
by Ko= Kg +k+|curl(Fp)|, where F,, is the incompatible intermediate configuration appearing in
the multiplicative decomposition [5] and curlF}, is a measure for the defect density.

It is also known that the thinner the grains, the stiffer the material gets. As a rule one may
therefore say that the smaller the sample, the stiffer it gets (while unbounded stiffness must be
excluded from atomistic calculations).

From a numerical point of view, the incorporation of plastic gradients may also serve the purpose
of removing the mesh sensitivity, ubiquitous in the softening case, or, more difficult to observe
numerically, already in classical Prandtl-Reuss plasticity (shear bands and slip lines with ill-defined
band width, as, for example, in the case of a plate with a hole under uniform tension [7]).

The incorporation of a plastic length scale, which is a natural by-product of gradient plasticity,
has the potential to remove the mesh sensitivity. The presence of the internal length scale should
cause the localization zones to have a finite width. It allows for the analysis of failure problems
in which strain localization into shear bands occurs. However, the actual plastic length scale of
a material is difficult to determine experimentally and theoretically, and thus it remains an open
question how to determine the additionally appearing material constants. Moreover, how the width
of the shear bands depends on the characteristic length is also not entirely clear.

Models similar in spirit to our formulation may be found in [8, 9]. Although gradient plasticity
seems to be of high current interest [10—14] we have not been able to locate many rigorous
mathematical studies of the time continuous higher gradient plasticity problem, apart for Reddy
et al. [15], treating a geometrically linear model of Gurtin and Anand [12], which is substantially
different from our proposal.® A rigorous mathematical study of a rate-independent problem with
full gradient regularization, although coming from ferroelasticity, is presented in [16, 17].

Gurtin includes curl(F}) in the free energy and takes free variations with respect to Fp, leading
to a model with additional balance equations for microforces, similar, e.g. to a Cosserat- or Toupin—
Mindlin-type model. We refer to [7, 18] for a model including plasticity and Cosserat effects. In
modification of Gurtin’s approach, the plastic distortion F},, and thus curl(Fp) in [19, 20], is treated
as an inner variable included only in the thermodynamic potential, leading to a system of evolution
equations for F}, of degenerated parabolic type.

In [21] the time-incremental finite-strain problem is investigated. It is shown that once the update
potential for one time step is established and known to be properly coercive and polyconvex as
a function of F, in the multiplicative decomposition of the deformation gradient, then adding a
regularizing term depending only on curl(F}) is indeed enough to show the existence of minimizers
for the new deformation and the new plastic variable.l

INote that we use the transpose of Gurtin’s definition of the curl operator for second-order tensors, i.e. curl acts
row-wise such that curl Do =0. Formulas given in [6] do not obtain for this definition.

In Reddy’s analytical treatment of the corresponding infinitesimal model, strong assumptions on the presence of
the full plastic strain rate gradient (instead of the curl) are introduced depending on the yield stress of the plastic
gradients (isotropic hardening) in order to show existence and uniqueness. His model features a priori purely
symmetric plastic strains. Such a model is called ‘irrotational’; it does not allow for plastic spin. Local kinematic
hardening is not considered.

11t is noteworthy that the update problem in [21] is a two-field minimization problem for the deformation and plastic
distortion (¢, Fp) in the spirit of a micromorphic model [22] with a very special coupling between the different
fields ¢ and Fp. Polyconvexity in Fe alone is not sufficient to obtain existence by Ball’s method since F. is not a
gradient, but the term curl(Fp) provides additional compactness in the spirit of Murat-Tartar’s method.
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416 P. NEFF, A. SYDOW AND C. WIENERS

Adding a curl(Fp)-related term to the time-incremental problem has also been suggested in [23]
for the description of subgrain dislocation structures. It therefore seems necessary to investigate
the general structure of this class of gradient plasticity models. Here our interest mainly concerns
the regularizing power of these models. Focussing therefore on localization limiters we investigate
a well-posed plasticity model that includes the dislocation energy density and local linear Prager
kinematic hardening. In the large-scale (classical) limit of vanishing plastic length scale our model
turns into Prandtl-Reuss plasticity with linear kinematic hardening.

As far as classical rate-independent perfect elasto-plasticity is concerned, we remark that global
existence for the displacement has been shown only in a very weak, measure-valued sense, while
the stresses could be shown to remain in L,(€, Sym(3)). For these results we refer, for example,
to [24-26]. If hardening or viscosity is added, then global classical solutions are found, see,
e.g. [27-29]. A complete theory for the classical rate-independent case remains elusive; see also
the remarks in [25]. It is therefore hoped that including plastic gradients in the formulation will
regularize the problem and lead to a well-posed model. This is what is shown in [20].

In the small strain gradient plasticity model proposed in [20] the plastic distortion p is in
general not symmetric. Imposing certain form-invariance conditions (invariance of the referential,
intermediate and spatial configuration under superposed rotations) on the thermodynamic potential
shows that the local kinematical backstress in the linearized regime can depend only on sym(p),
while the nonlocal backstress depends on the (in general, nonsymmetric) expression curl(curl(p)).

However, excluding plastic spin (i.e. skew (F 1Fp)) as a constitutive choice (no spin assumption,
see [30, 31]) leads, after linearization, to a symmetric plastic distortion rate (p € Sym(3)), thereby
considering only the symmetric part of the relative (elastic) stress a=o— Dp—curl(curl(p)).
Taking symmetric initial values for the plastic distortion p, it is thus possible to consider a gradient
plasticity model in which only symmetric plastic strains occur. This is what we do here; we may
rename g, =symp.

One of our main objectives is to show that our gradient plasticity model can simply be obtained
by augmenting the classical energy contribution with a nonlocal term. In addition, the classical
concept of a discretization with the help of the flow rule can still be used in our proposed mixed
formulation.

This article is organized as follows. In Section 2, we introduce the model step by step, where we
discuss, in particular, the relation of the flow rule and dissipation inequality for the nonlocal model.
Then, in Section 3, we consider the incremental model and we derive a mixed approximation
in space. It is shown that this problem corresponds to a constrained minimization problem, and
we derive the characterizing KKT-system. For this KKT-system an iterative numerical scheme is
developed in Section 4 by linearizing the flow rule in every step, where each iteration step itself is
a non-linear problem (solved by a nonsmooth Newton method). Finally, in Section 5 we present a
numerical study, which shows that the proposed scheme is a robust and efficient solution method.
Moreover, the results clearly illustrate the regularization properties of the nonlocal method.

2. A REPRESENTATIVE MODEL FOR INFINITESIMAL NONLOCAL PLASTICITY

We develop a model for nonlocal plasticity in three stages: beginning with infinitesimal perfect
plasticity (which is not well posed in the primal setting), the model is first regularized by including
local kinematic hardening. In the last step it is extended by a nonlocal term that depends on the
curl of the plastic distortion.
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2.1. Data

Let QCR3 be the reference configuration, and let 'pUI'n=0Q be a decomposition of the
boundary. The outer unit normal vector on the boundary is denoted by n(x). Let [0, T'] be a fixed
time interval. We prescribe a displacement vector

up:I'p x [0, T]—>R3

for the essential boundary conditions on I'p and a load functional
Z(t,éu):/ b(t)-éudx+/ tn(7)-duda
Q I'n

depending on body force densities and traction force densities
b:Qx[0,7]— R?, tx:I'nx[0,7]—> R?

In all cases below we assume that the data are sufficiently smooth.

Let Sym(3) ={teR>3:1T =1} be the set of symmetric matrices. The elastic material properties
(in the infinitesimal model) are given through the isotropic elasticity tensor C: Sym(3) —> Sym(3)
defined by C:e=2pug+ Atrace(g)1, depending on the Lamé constants 4, . On Sym(3), we assume
that the elasticity tensor is symmetric and positive definite. For a displacement vector u, the
linearized strain tensor is denoted by &(u) =sym(Du).

We restrict ourselves to von Mises plasticity ¢ (o) =|dev(c)|— K¢ depending on the yield stress
Ky>0, where dev(e) =6 —(1/3)trace(s)1 is the deviatoric part of the stress.

2.2. Perfect plasticity revisited

We start with the classical Prandtl-Reuss model:
find displacements

wQx[0,7] —R
symmetric stresses
6:Qx[0,T]—> Sym(3)
symmetric plastic strains
£:Qx [0, T]— Sym(3)
and a plastic multiplier
1:QAx[0,T]—R
satisfying the essential boundary conditions
u(x,t)=up(x,t), x,1)el'px[0,T]
the linear elastic constitutive relation

o(x,)=C:(e(w)(x,1)—gp(x,1)), (x,1)eQx][0,T]
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418 P. NEFF, A. SYDOW AND C. WIENERS

the equilibrium equations
—dive(x,t) =b(x,t), (x,1)eQx][0,T] (1a)
o(x,/)n(x) =tn(x,1), (x,1)elNx[0,T] (1b)

the local flow rule
dev(o(x, 1))

: ) =yX, ) ————, , 1) eQx|[0,T 2
Ep(x, 1) =p(x )|dev(c(x,t))| (x,1)eQx[0,T] @)

and the complementary conditions
y(x, ) (|dev(e(x,1))| — Ko)=0, y(x,1)=0, |dev(a(x,1))[<Ko 3)

The flow rule and complementary conditions can be reformulated in the form of a dissipation
inequality, and the equilibrium equation can be given in an integrated form. To this end we define
the spaces S=L;(Q, Sym(3)), E={neS:trace(n) =0}, K={teS:|dev(t)|<K( a.e. in Q}, and
V=H'(Q,R?), Vo={veV:v|r, =0}, V(up)={ve V:v|r, =up}.

Lemma 1
If o(¢) €K, then we have (the integrated dissipation inequality)

fKo|5sp|dx>/ Kolép(t)|dx+/ 6(1):(0gp—&p(2))dx, dgpeE 4
Q Q Q

Proof

The flow rule (2) gives y(t) =|&,(¢)| and thus

dev(o(t)):0(t)
|dev(o(2))]

ie. 0=Koléy(2)| —o (1) : &, (2). Together with

gp(1):o(r)=y =&p()|dev(a(t))| = Kolép(1)]

Koldep|>|dev(a(1))||0ep|>dev(a(t)) : dgp =06 (1) : Ogp
and integrating in Q this gives the result. ]

The equilibrium equation (1a) together with the dissipation inequality (4) gives

/G(t):s(éu)dx—f—/ Ko|og,|dx
Q Q

>Z(t,5u)+/ K0|ép(t)|dx+/ 6(1):(0gp—&p(1))dx
Q Q

Substituting the constitutive relation 6() =C: (e(u(t)) —&p(t)) and testing with Ju—u(t) yield

/(s(u(t))—sp(t)):C:a(éu—l'l(t))dx—i—/ Kologp| dx
Q Q
>E(t,5u—l'1(t))+/ Kolép(t)|dx+/(s(u(t))—sp(t)):C:(ésp—ép(t))dx
Q Q
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INCREMENTAL INFINITESIMAL GRADIENT PLASTICITY 419

Defining the symmetric bilinear form

app((u, gp), (0u, dgp)) = /Q(s(u) —gp):C:(g(ou) —dgp) dx

(corresponding to perfect plasticity) and the convex, one-homogeneous integrated dissipation
functional

)= [ Koliglx

Q

allows one to rewrite the equations of quasi-static infinitesimal plasticity as variational inequality:
app((u(2), &p(1)), (0w, 0gp) — (1), £p(1))) +j (98p) — j (& (1)) 2L(1, ou—1(1))

2.3. Local kinematic hardening

Since app(-, -) is not coercive on Vo x E, we next study a regularized problem defining

axn((u, £p), (ou, 5sp)):/ (a(u)—sp):C:(s(éu)—ésp)dx—l—/ g D:dgpdx
Q Q

with a local kinematic hardening modulus D = puHyid (where Hyp>0 is a nondimensional scaling
factor).
For c=2/Hy>0 we have &,:C:gp=2pug,: &, =cep:D:g,. This gives
1 1
(a—sp):C:(s—sp)+8p:D:£p2ms:6:s+5£p:[ﬂ):sp
and therefore (by Korn’s inequality)
an((u, ), (0, 8,))>C1 | (£W), &) 17, ) =Call (W, &) [§ e (5)

with |[vllv=I[IVl g1 qrs) and llelle=I&llz,r3x3). Now, the standard theory applies [32,
Theorem 7.3]:

Theorem 2
A unique solution (u, &,) € H'(0,T:VxE) with u(z) € V(up) and
axn ((u(?), gp(1)), (0w, dgp) — (1), &,(2))) +j (08p) — j (&p (1)) =€ (t, ou—u(t)) (6)

exists for all (ou, dg,) € Vo xE and a.a. 1[0, T].

Testing with Ju=u(¢) in (6) and substituting the constitutive equation for the stress yield the
dissipation inequality for plasticity with hardening in the form

/QKo|5sp|dx>/QKO|ép(t)|dx+/Q(c(t)—D:sp(t)):(ésp—ép(r))dx )

Within the hardening model, f=D:g, is the local symmetric backstress, and a=6—f=0—D:¢g,
is the automatically symmetric relative (elastic) stress (cf. [33, Chapter 3.3.1]).

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 77:414-436
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Lemma 3

If (7) holds for all dgp €E, we have a() €K a.e. in Q. In addition, it holds that &,(r)=0 a.e.
in the elastic zone Q.((z) ={x€Q:|deva(t)|<K( a.e. in some neighborhood of x}, and we have
Kogp(t) =|gp(¢)|dev(a()) a.e. in Q.

Proof
Testing (7) with sog, for s>0 and then dividing by s give

1 1
/K0|5£p|dx>—/ K0|ép(t)|dx+/ ot(t):éspdx——/a(t):ép(t)dx
Q s Jo Q s Ja

Passing to the limit s — oo yields
/ dev(a(1)) : 0gp dx:/ a(t):éspdx</ Kologp| dx ®)
Q Q Q

for all dg, € E. For all open subsets QCQ we can substitute a test function 0gp, which is defined
as dgp(x) =dev(a(x, 1)) for xe Q and 0gp(x) =0 else. This results in

[|dev(oz(t))|2dx</~Koldev(a(t))ldx
Q Q

Since QC Q is arbitrary, this givgs |dev(eu(1))|><Ko|dev(at))| a.e. in Q, i.e. dev(a(r)) € K. Now,
testing (7) with dg, =s&,(¢) on QCQ gives for s>0

(s—1)/~ K0|é(t)|dx2(s—1)fa(t):ép(t)dx
Q Q
and thus (by substituting s = 1 £ 1) equality

fKolé(t)|dx:/~a(t):ép(t)dx:[dev(a(t)):ép(t)dx
Q Q Q

Then, |dev(a(?))|<Kp yields Kolé(t)|=a(t):£y(¢) ae. in Q. In the case of |a(x,?)|<Ky, this
implies that £,(x, 1) =0; otherwise we have the equality in the Cauchy—Schwarz inequality. Thus,
sdev(a(x, 1)) =£(x, ) are linearly dependent with s =|£,(x, )|/ Kp. O

Reformulating this lemma shows that the solution (u,g,) of (6) satisfies the point-wise
flow rule
dev(er)
|dev(er)|’

and the complementary conditions

&p=7 y=I&l, o=C:(e(w)—¢gy), a=c—D:g 9)

y(ldev(a)|—Ko)=0, =0, [dev(a)|<Ko (10)

a.e. in Qx [0, T] which can also be reformulated as a subdifferential inclusion [20, p. 17].

Remark 4
The equivalence of (point-wise) flow rules and (integrated) dissipation inequalities is well studied
in the general framework of convex analysis [32, Chapter 4; 34]. Extensions of this concept are
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considered within the energetic plasticity approach by Mielke [35]. In general, corresponding
equivalence relations hold for local models only [20].
2.4. Nonlocal-dislocation-based plasticity with symmetric plastic strains

Next, we extend axp (-, -) by a further term involving nonlocal dislocation density effects to read
an((u, &), (0u, 0gp)) =axn((u, €p), (0w, 4gp)) —}—/ curl(gp) : E: curl(dgp) dx
Q

with [EzuL%id. Here, L.>0 is the internal plastic length scale with units of length. The curl-
related term represents the energy stored in the material due to deformation incompatibility. In
particular, diffuse phase boundaries are energetically favored by larger values of L., while sharp
phase boundaries are favored by smaller values of L.. In the next theorem we will show that this
extension of the bilinear form is equivalent to modifying the flow rule (9) to (14) by appending a
curlcurl-term.

We define the space

Eni:={gp € L2(Q,R"?):curl(ep) € Lo (Q, R?), trace(g,) =0, skew(g,) =0}
(where the curl-operator is applied row-wise on &,). Equipped with the norm
lep I, ==llepll7 ¢ gty + llcurleplly o paa) (11)

this is a closed subspace of H (curl, Q)3. From (5) we conclude that ap (-, -) is elliptic in Vo x Epy,
so that again [32, Theorem 7.3] applies and gives the following:

Theorem 5
A unique solution (u, &,) € H'(0,T;VxE,) with u(t) € V(up) and
an((u(?), g5(1)), (0w, ogp) — ((2), £p(2))) + j (98p) — j (£, (1)) =L(t, Su—u(?)) (12)

for all (ou, égp) € Vo x Eyy and a.a. 1 €[0, T exists.

Testing with du=u(¢) in (12) and substituting the stress 6=C:(g(u)—g,) yield the corre-
sponding integrated dissipation inequality for the nonlocal plasticity model in the form

/;)Ko|58p|dx>/QKO|ép(t)|dx—|—/Q(6(t)—D:ap(t)):(ésp—ép(t))dx

—/ curl(gp(¢)): E:curl(dgp, —£€p(1)) dx (13)
Q

Without additional regularity, we cannot derive a point-wise flow rule in this case (in general,
the stress is not bounded in L). Formally, if curl(E:curl(e,(2))) exists and if one includes
homogeneous boundary conditions in Ey, integration by parts yields the dissipation inequality in
a strong form

/K0|58p|dx>/ Ko|ép(t)|dx+/(G(t)—ID:sp(t)—curl([E:curl(sp(t)))):(5£p—ép(t))dx
Q Q Q
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This corresponds to flow rule (9) and complementarity conditions (10), where the relative stress
has the form ¢ —D: g, —curl(E:curl(gp)). In fact, since g, is symmetric, only its symmetric part
enters the model. Thus, for simplicity of notation, we denote in what follows the symmetrized
relative stress by a. This means that with the preceding provisions, a smooth solution (u, &,) of
(12) satisfies the point-wise flow rule

) dev(a)

/Idev(a)|’ y=1%l, a=06—D:g,—sym(curl(E:curl(ep))) (14)

&=
and the complementary conditions
y(ldev(syma)| —Ko)=0, 720, |dev(syma)|<Ko (15)

a.e. in @ x [0, T]. In Theorem 8 this is addressed in more detail, where a saddle point formulation
is introduced in order to provide an elegant framework, which avoids extra boundary conditions
and which recovers (numerically) a point-wise flow rule.

Remark 6

This construction of a nonlocal model is only one prototype for a large class of dislocation models,
which can be handled in the same framework. Observe that our model can be obtained as a special
nonspin case of a model in [20]. Since our main focus is the clear presentation of a numerical
solution method, we do not discuss other models; see [15, 20, 36] for other proposals in this respect.

3. INCREMENTAL NONLOCAL PLASTICITY

Replacing the time derivative by backward difference quotients and introducing suitable finite
element spaces for displacements and plastic strains directly yield the discrete analog to the nonlocal
problem (12). This incremental problem is fully implicit, and the solution of the incremental
problem can be characterized by a minimization problem.

Unfortunately, this approach is not compatible with standard (local) plasticity, since it requires
discrete plastic strains in H (curl). Thus, in the second step we discuss a saddle point formulation
(introducing an additional variable for the approximation of curlep), which results in a constrained
minimization problem.

3.1. A primal approach

Let V2 C 'V be a finite element discretization of the displacements, and let 0=fg<t;<--- <tN=T be
a decomposition of the time interval [0, T']. We set Aupy =up(,) —up(t,—1), V" (up) = {v: vj(x) =
up(x) for all nodal points on I'p} and VE=V"(0). Let Eﬁl C Eq be a finite element discretization
for the plastic strains. Note that this requires H (curl)-conforming finite elements in Eﬁl, whereas
in the classical setting E can be approximated simply by Gauss point values. In our applications,
we use standard H'! -conforming finite elements V" and Nedéléc elements in H (curl) [37].

For fixed ¢, and given (ur—1, ag’"_l) eV x Eﬁl we define

L (Ou") =Lty "), €8 (Ou", 5ef) =€, (Su") —an (" g, (Su”, el)

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 77:414-436
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Now we obtain by Han and Reddy [32, Theorem 6.6] for the backward Euler discretization of (12):

Theorem 7
A unique minimizer (Au"", Asg’") evh (Aupy) x Eﬁl of

Ty (Bu", Aep) = Jan (Au", Aep). (Au", Ae))+j (Aey) — £ (Au", Asy) (16)
exists. Moreover, the minimizer is characterized by the discrete variational inequality
an (" AU g0 Ay, (S0, Gep) — (Au™", Agp™))

+j (Sgp) — j (Agh™) 2L, (Su” — Au™"™),  (Su”, Sep) e Vi x Ely (17)

Thus, the incremental problem is well defined, and we set

@ ey ™) = @ e+ (A, Agp ™) (18)

3.2. A mixed formulation

There is no need to impose or discuss explicit boundary conditions on g,, since coercivity is
automatically satisfied. This results in natural boundary conditions for the variational solution. In
the dual formulation this requires essential boundary conditions for the dual test functions: for
given g, € H (curl, Q)3 we can define gp € Hoy(curl, Q)3 ={ge H(curl, Q)%:gxn=0} by

/ gp: E-! :0gp dx:/ gp:curl(dgy) dx, dg, € Ho(curl, Q)°
Q Q
which defines g, =[E:curl(gp) in terms of distributions.

Thus, in order to obtain a discrete flow rule for the nonlocal model, we consider a mixed formu-
lation in E" x G" C E x Hy(curl, Q)3: we introduce a finite element function gg € G approximating

[E:curl(sg) in a variational (weak) sense: the pair (gg, £’I§) €G" x E" is assumed to be coupled by

/gg:[E_lzég’;dx=/sg:curl(égg)dx, 5gpeGh (19)
Q Q

The extended bilinear form is obtained from ay (-, -) by replacing E:curl(g,) with gp, i.e.
amX((u9 aps gp)s (5“, 581;)1 5gp)) Zakh((u7 8p)3 (5113 58[))) +Lgp : |E_1 5gp dX

The bilinear form apyx(-,-) is positive definite in the discrete, extended space Vg x E" x G" and
thus in the closed subspace X" (0), where
X" (up)={(u", &}, g") € V" (up) xE" x G": (g} &) satisfies (19)}

For the incremental problem we now fix the values (uh’”*l,sﬁ’"il,gg’"fl)eXh (ugl) of the
previous time step. Introducing

h, h seh hy _ h h,n—1 _h.n—1 Sh.n—1 h seh h
em)}: (5“ ’ 58137 5gp) —en (5“ ) _amx((u " ’ ap " ’ gp " )7 (5“ ’ 58p5 5gp)) (20)
Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 77:414-436
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we obtain the following:

Theorem 8
A unique minimizer (Au”", Asg’", Agg’") eXx” (Aup) of

Tt (Au", Agh, Agh) = Sams(Au", A}, Agl), (Au”, Agp, Ag)))
+j(Agh) — Lt (Au", Agl, Agh)

exists. Moreover, (u" sg",gp )= (u"! g" 1,gg" h+ (Autn, Asg" Agp ) is character-

ized by the linear variational saddle point problem

/ 6" C:g(5u") dx = ¢, (5u™), 5uheVg (21a)
Q

/ gg’” ! :5gg dx = / sg’" :curl(égﬁ) dx, 5gg eG" (21b)
Q Q
and the variational inequality

/K0|5s’;|dx>/ KolAsg’"ldx—i—/ ah’”:(ésg—As’;"’)dx, 5sgeEh (21c)
Q Q Q

with 6" =g(u") — 83’" and " =¢"" —D: sg’" - sym(curl(gg’")).

Proof

The proof uses standard techniques of convex analysis and is included for convenience of the
reader. Since me (+) is uniformly convex, a unique minimizer (Au"" Asg " Agp ) in the discrete
space Xh(AuD) exists. Now we show (21c). Therefore, we define

red (5ap,5g )= Zamx((Auh o’ 5£p,(5g ), (Au" 5ap, 5g ), (582,5gg)eEh x G"
For any s € (0, 1), the inequality
T (Au"" Ak Agh )< TRT (A" Agh " +5(5eh — Aeh™), Agh" +5(5gh — Agh™))
can be rewritten as
red (Ash i Ag )+j(Asg’") red (Aah "—}—s(&s —Ash ™, Ag +s(5gg—Ag’;’"))
. h,n h h,n h,n h,n
+J (Asp —i—s(ésp—Asp ) —sly (0, 68 Asp )
Using the convexity of j(-), i.e.
JAg)" 45 (0gh — Agl™)) = j (1 —5)Agp" +55e)<(1—5) j (Agp™) +5j (Og))

gives
g [ (Mg, Agh™) < Jh [ (Agp" +5(5eh — Aeh™), Agh" +s(Agh™" — 5gh))
+s(j (Ogp) — j(Agh™)) —stmr (0, el — Agh™)
Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 77:414-436
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and thus
0 < samy((Au"", Agh" Agh™), (0, 6gh — Agh", 5gh — Agh™))
+52amy (0, 5 — A" ogh — Agl™), (0, 0e! — A", ogl — Agh™))
LS5el)y — i (Ael h, h h,

+s(j (0gp) — j (Agy™)) — st (0, g, — Agy ™)

Dividing by s and then taking the limit s — 0 yield
0 < am ((Au™", Al Agh™) (0, 0el — Al ogh — Agh™))
+J (SEp) — j (Agp™) — €120, 5 — Agp™)

ie.

j(Agg‘”) < —LAGh‘n2(583—Asg’h)dx+LAsg'":D:(ésg—As’;’h)dx
—f—/!;Agg’" E! :(5gg—Agg’”)dx+j(5sg)

—/ ol :(58S—Asg’h)dx+f sg’”_l :D:(ésg—As’;‘h)dx
Q Q

+ fQ g E (ol — Agy") dx
The linear constraint (19)
/Q((Sg’é —Agy"):E gy dx= /Q (3l — Agl™):curl(gh") dx
gives

]'(Aﬁg’n) < —/Qch’n2(583—Asg’h)dx+/gsg’”:D:(&sg—Asg’h)dx

+/ curl(gg’”):(5ag—Asg’”)dX+j(5sg)
Q

which shows the dissipation inequality (21c).
Next, we derive (21a). Since the corresponding reduced functional

T (Au") =Tk (Au" Agh™ Agh™),  Au” e V" (Aufy)

X

is quadratic with respect to Au”, the minimizer Au" of Jl}f ""(+) is a critical point of Jlﬁ’ "(.) and
characterized by DJI" (Au")[(su]=0, i.e.

amx (A", Agl", Agh™), (u”,0,0)) — €7 (5u”,0,0)=0, su" eV}

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 77:414-436
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This yields for the stress increment Ac"" =C: (g(Au") —Asg’")
/ A6 g(ou)dx = Z"mi’ (6u”,0,0), ou'e Vg
Q

and substituting (20) gives (21a). In the same manner, we obtain (21b) by minimizing
h,n hy _ 7h,n h,n h,n h h h
Jg (5gp)_Jmx (Au ,Asp ,5gp), 5gp eG
at given (Au", Asg’”). O
In the fully discrete scheme, all integrals are replaced by a quadrature formula
/V-WdXZ Y wev(€)-w(E), v,weV,
Q EeEy

where E;, CQ are the integration points and wg the corresponding quadrature weights. Then, the
space Ej, is identified with its values at the integration points, i.e. E;, ={gp:E;, —> s1(3)NSym(3)}.
In the same manner, the discrete return parameter 7" is approximated in I', ={y":E;, — R}
at integration points only. This allows for a point-wise evaluation of the flow rule. We obtain
(analogous to Lemma 3) independently for every integration point:

Lemma 9
The discrete dissipation inequality

Kologpn| > KolAe)" |+a™" : (Sep —Asg’h), Sep €s1(3)NSym(3) (22)
is equivalent to the flow rule

han dev(a")

Agh" =yt ——— = = |Agh" 23
P = Gevdy |Ag,"| (23)

and the complementary conditions
7" (dev(e™)| = Ko)=0, "">0, |dev(e"")|<Ko (24)

Together, the discrete solution can be obtained by the solution of the finite element problem
(21a), (21b) and—independently for every integration point & € E;,—by the flow rule (23) and the
complementary conditions (24).

4. ALGORITHMIC NONLOCAL PLASTICITY

In the mixed form we can apply a projection method, where the flow rule and complementary
conditions are evaluated by the standard closest point projection [33, Chapter 3.3.2] depending on
the actual trial stress, and the result is substituted into the variational problem (21a), (21b). This
yields a non-linear system for (uh’",gg’"), which is solved with a generalized Newton method
by substituting the consistent tangent modulus in both equations, linearizing the stress response
in (21a) and the strain response in (21b). Note that this results in a fully coupled non-linear

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 77:414-436
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formulation, since a derivative of the projection with respect to both g(u”) and gg has to be
provided (which makes the realization of such a method quite involved).

Thus, we decided for a modified algorithmic approach. We extend the linearized projection
method introduced in [38] to our mixed formulation of nonlocal plasticity: for a given iterate, the
flow rule is linearized, so that in every step a linear variational system with linear constraints at
the integration points is solved. This subproblem is—due to the constraints—non-linear itself, but
the corresponding projections on linear half spaces are easy to compute (in comparison with the
fully non-linear constraints).

In order to simplify the notation, we skip in what follows the mesh parameter 4.

4.1. The linearized projection method

For fixed values (u”_l,sg_l,gg_l) eX(u’l’)_l) of the preceding time step we consider the incre-
mental problem for the computation of the approximation in step n at time #,. The linearized
projection method iterates on the extended space Y" =X(uf,) x I', where the linearized parameter
is an independent variable.

Substituting the flow function ¢(er) =|dev(at)| — Ko the incremental problem defined by (21a),
(21b), (23), (24) is reformulated as follows: find (u”, sg, gg, ") eY" with

/(s(u")—sg):C:s(éu)dx:zn(éu), oueVy (25a)
Q
/gg:[Efl:égpdx=/sg:curl(égp)dx, 0gr,eG (25b)
Q Q
sg—sg_lzy”Dqﬁ(a"), oz":C:(s(u")—ag)—D:sg—sym(curl(gg)) (25¢)
Y@ =0, 7">0, ¢p(@")<0 (25d)

This non-linear problem (25) is solved iteratively: for an iterate (u T, sg’k_l , gg’k_l k=l eyn
of the previous step we define the corresponding relative elastic stress
o =C: (g™ —83"‘71) -D: 83”‘71 - sym(curl(gg*kfl))

and the linearized flow rule
bp i@ =¢@" )+ Dp ) (@—am T (26)

The next iterate (u”*k, sg’k, gﬁ’k, y"'k) €Y" is determined as the solution of the linearized system

/ (e"*) —grh):C:e(0u)dx=£,(5u), JueVy (27a)
Q
/ gt og, dx:/ ent curl(0gy)dx, 0g,€G (27b)
Q Q
sg,k _sg—l =yn’kD¢(dn’k_l)+Vn’k_] D2¢(an,k—l) . (an,k _an,k—]) (27¢)
PG @ =0, 720, ¢, 1 (@")<0 (27d)
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with 0"k =C: (e(u™F) — ag’k) —-D: sg’k — sym(curl(gg’k)), where the derivatives of the flow rule are

dev(er) 2 dev(n) dev(a):dev(n) dev(ar)
Do(a) = , D°¢d(a):n= — , o#0
o |dev(ar)| o) |dev(a)| |dev(a)|?  |dev(a)] a
For the solution of the system (27) we introduce the elastic trial stress
0,(u,g,)=C:(e(u)— sg_l )—D: sg_] —sym(curl(gp))

Lemma 10

Equations (27¢) and (27d) have a unique solution
7 =Gk (0 (28a)
ek =R, 1 (0"F) (28b)

P

depending only on the trial stress 0k =0, "k, gg’k), where the return parameter and the plastic
strain response are defined by

max{0, ¢, ,(0)}

Gk = = o

1 'yn’k_lldCV(dn’k_l)l
(2t Ho)pt 78T+ [dev o)

Rn,k(e) = sg—l + D2¢(anvk_1) 9+ Gn,k(e)Dd)(d”’k_l)

Proof
We have (C+D): (sg’k —sg_l) ="K —ok | and (27¢) can be rewritten in the form

C+D)~": (Gn,k _an,k) _ yn,kD(p(an,kfl) _H/n,kfl D2¢(an,k71) (oK — k)
This gives (using D2k~ 1) o 4—1=0)
(id_(2_|_H0)'u)yn,k—lD2¢)(an,k—l)) otk — gk _ (2+H0)Wn,kD¢(dn,k—1)
Substituting (27d) yields (2+ Ho)uy™* =max{0, ¢,, ;(6"%)} and

ok Wk ,Vn,kfl |dev(an,k71)|
O~ = 1
YR 4 dev(a )|

(this can be verified by direct computation; see [38] for details). U

D*$(e~1): 0" + 2+ Ho)py" * D (a1

Substituting (28b) into (27a), (27b) results in a variational non-linear problem:
find (™, g’f,’k) such that

Fy 0k, gl *)[5u, 5gy]=£,(50),  (Su,dgy) €Vox G

with
Fy i (u, gp)[ou, 5gp]=A(S(U)—Rn,k(ﬁn(u,gp)))iCiS(éu)dX
+/§2Rn,k(9n(u,gp)) scurl(dgp) dx—/Qgp E! :0gp dx
Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 77:414-436
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4.2. The consistent tangent operator

The plastic strain response R x(-) is only non-linear with respect to the term max{0, ¢,, ;(0)} and
therefore a Lipschitz function. Thus, a generalized multi-valued derivative exists (see [39] for the
definition and for properties of generalized derivatives). A consistent linearization of the plastic
strain response is obtained by the specific choice

yn,k—l |deV(dn’k_l)|

D2 n,k—1
(2+H0)M(V"’k_l-l-ldeV(a"’k_l)l P

Rk (8) =

+sgn(Gn,k<e>>D¢<a"”‘1)®D¢(a"””>) €0Ry 1 (0)

(see [38] for details on the subdifferential calculus for the computation of consistent tangent
operators). Thus, a consistent linearization of F ; is given by the symmetric bilinear form

An .k (u9 gp)[(AlL Agp)7 (511, 5gp)]

=/ s(Au):(C—4u2Rn,k(9)):8(5u)dx+/ 2ucurl(Agp) : Ry (0) :e(0u) dx
Q Q
—}—/ 2ue(Aun): R, 1 (0):curl(dgp) dx
Q

—/ (Agp:[Ef1 :0gp +curl(Agp) : Ry, 1 (0) : curl(dgp)) dx
Q
with 0=0, (u, g,). This results in the following algorithm:

(S0) Start for 1p=0 with u’=0 and &) =0. Set n=1.

(S1) Choose (™0, &n® gh® 79 e Y. Set k=1.

(52) Set (w*k0, gnk0) = @0, g%). Set m=1.

(S3) Evaluate the residual r,, g, = £, @™%= — F, (@»%m=1, gg’k’m_l).

If |7 k.m|l 1s small enough, go to (S5).

nk,m—1 Gh.k.m—1
’ gp )
n,k,m

Compute the Newton update (Au"*" Ag,™™) by solving

(S4) Assemble the linearization a, k m =an k(U

An,k,m [(Aun,k,m’ Agg,k,m), (Ou, 5gp)] =Tn,k,m [Ou, 5gp], (Ou, 5gp) eVoxG

choose a suitable damping parameter p,, ¢ ,, € (0, 1] and set

.k, Jhomy _ cgnikom—1 gn.k,m—1 .k, k,
(un m’ gg WL) _(un m , gg m )_}_pn’k’m(Aun m’ Agg m)

Set m:=m+1 and go to (S3).
(S5) Set uwtk=urkm ghk_ghhkm gnk_p @k ght), ok =G, (K, gh*).
Compute ¥ =C: (g(u*) — sg’k) -D :ag’k - sym(curl(gg’k)).

(Se) If IISg’k—z;”’l — %D ()| and max{0, H(a)} are small enough,

p
set u”" =uk, s’gzsg’k, n:=n-+1 and go to (S1).

(87) k:=k+1 and go to (S2).
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In our application, the damping is realized by a simple line search: choose p,, ; ,, €{1, %, %, .
maximal such that |[r, g m || <ll7n.km—1l. For sufficiently small Az,, we have p, ; , =1 in most
cases.

5. NUMERICAL EXPERIMENTS

In this section we discuss numerical test calculations for the evaluation of the regularizing properties
of the nonlocal model. The computations are realized in the parallel finite element code M+ +
[40]. Note that all our discretizations and all non-linear and linear solution methods are provided
in a general manner and do not specifically depend on the studied representative model; they easily
transfer to other nonlocal models without substantial changes.

5.1. An example configuration

For the numerical test we consider a traction problem where the load functional
o, 5u)=t/ ty-ouda, tN=(0,0, )T
I'n
depends linearly on the loading parameter ¢ (see Figure 1 for some configuration details).

5.2. Reparametrization

Since this model is rate independent, the parameter ¢ has no direct link to the physical time. Here
we are interested in the regularization properties of the local hardening parameters Hp and the
nonlocal plastic length scale L., so that we will evaluate the model close to the limit load of the

Figure 1. Initial configuration Q C (0,4) x (0, 1) x (0, 7). On the bottom I'p =(0,4) x (0, 1) x {0} the body

is fixed (homogeneous Dirichlet boundary conditions up=0 on I'p), a traction force is applied on the

top surface I'v=1(0,4) x (0, 1) x {7}. Material parameters: the Poisson ratio v=0.29, Young’s modulus
E =206900.00 (N/mm?), yield stress Ko=450.00 (N/mm?).

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 77:414-436
DOI: 10.1002/nme



INCREMENTAL INFINITESIMAL GRADIENT PLASTICITY 431

model of perfect plasticity. For small hardening the model is quite sensitive, when the loading
parameter ¢ is close to the limit load. This can be easily avoided by the following reparametrization.
We consider a load cycle with 2N loading steps using uniform steps s, =nAs, n=1,...,N
with a fixed increment As=S/N and s,=S—m—N)As, n=N+1,...,2N. In our tests we use
§=0.6 and N =60. For every parameter s, we compute #, such that the external work satisfies

Lty u") =5, (29)

Therefore, in every step of the non-linear iteration we now solve the following problem: find
(™, gg”‘, tx.n) such that

Foxu™*, gh ) [5u, 5gp]=£(tn k, S0), (5w, 0gp) € Vox G

subject to the linear constraint £(z, x, uky=g,.

nkm—1 gn.k,m—1

Thus, for the iterate (u » €p s te.n.m—1) in (S3) we compute the modified residual

Jkom—1 Jkom—1
rn,k,ng(tn,k,m—ls5“)_Fn,k(un " ’gg " )

and in (S4) the following saddle point problem is solved: find (Au™km Agg’k’m, Aty n.m) such that

an,k,m[(Aun’k’m’ Agg,k,m)’ (Ou, 5gp)] +E(Atk,n,ma ou) = Tn,k,m [Ou, 5gp] (30a)

0(3t, A" = 5, — Lty -1, 0™ (30D)

for all (du, 6g,) € Vo x G and ot €R.

150

100

50

-50

-100

-150 I I I I I I
-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 us(2)

Figure 2. Convergence study of the load—displacement curve for levels 1-3 with 400, 3200, 25600 cells
(6904, 46 420 and 338 500 degrees of freedom) for L, =0.01 and Hy=0.001. Here, the load is proportional
to ¢, and the displacement u= (u1, us,u3) is given at the point z=(0, 0, 7T,
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5.3. Solution of the linearized system

The linear system (30) has the form
K ¢\ [x r
AN t q

with K e RV*Ni ¢ e RVi | where Nj, =dimX". This bordered linear system is resolved by the
following algorithm:

solve Kc=1¢ (31a)
set t=(c'r—q)/(c0) (31b)
solve Kx =r—t{ 31c)

t=10 =30 t =60

Figure 3. Distribution of the plastic strain on the boundary and on an isosurface for the
nonlocal model (L.=0.01 and Hy=0.001).
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For the solution of the two linear subproblems (31a) and (31b) we use a parallel Krylov method
[41] accelerated with a multilevel ILU preconditioner with pivoting and dropping strategy by

Mayer [42, 43]. Note that the matrix K = ( E‘T _BC) is symmetric, invertible but indefinite (A and

C are symmetric positive definite), so that simple cg-iterations with standard preconditioners do
not apply.

5.4. Convergence properties

The result for a sample computation is illustrated in Figure 3, and in Figure 2 we present the
convergence with respect to the mesh size for fixed parameters Hy>0 and Ly>0.

In this experiment we observe linear convergence with respect to 4, which is realistic for lowest
order elements. Because of the reparametrization and the sufficiently small choice of the increment
parameter As, we always observe local quadratic convergence of the non-linear scheme; a typical
convergence history is illustrated in Table I.

5.5. Evaluation of the parameter dependence

Finally, we consider the dependence of the results on the nondimensional hardening parameter Hy
and the plastic length scale L. in Figure 4. Here, we observe clearly that both kinematic hardening
and gradient plasticity have a regularizing effect and can be used (for small parameters) to substitute
the not well-posed model of perfect plasticity. In particular, we observe that the nonlocal plasticity
already has strong regularization effect even with very small kinematic hardening. Moreover, we
observe stable convergence and approximation properties for all tested parameters, so that the

Table I. Non-linear convergence of the linearized projection method in
loading step n=32 on level 2 with 3200 cells.

kK m 17 k| max{p(a™km,0)  Jlgpt e~ =y kDpan )|
0 0 0.00000000 0.94854414 0.0000042244

1 1 11.53189802

1 2 0.11205330

1 3 0.00324081

1 4 0.00000032 0.12747705 0.0000035837

2 1 0.01711659

2 2 0.00003864

2 I3 0.00001832 e

3 1 0.00000292
3 2 e e €

The iteration is started with the extrapolated solution from the previous loading
step. Thus, the initial residual vanishes in the equilibrium equation. Here, we need
three steps in the linearized projection method, where projection onto the linear
half space requires 4, 3 and 2 generalized Newton steps. The iteration is stopped
for <10~2. Note that the algebraic error in this non-linear test is far smaller
than the approximation error of the finite element scheme.
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150 E
100 T .
50 B
0 —
50 s ol —

_____ Le=0,Hy = 0.03 —e—

_____________ Le = 0.01, Hy = 0.0001 ——
S100 [esessriis sttt Le=0.01, Hy = 0.01 —e— —

L. =0.1, Hy = 0.0001 —e—

-150 | | |
0 0.05 0.1 0.15 u3(z)

Figure 4. Load—displacement curves for the three different models: perfect plasticity (L. =0 and Ho=0),
kinematic hardening (local plasticity with L.=0), and the nonlocal model with three different parameters
(Ho, L.). Here, we use 3200 cells on level 2, and again the displacement is given for the point z= (0, 0, Y.

new model is now ready to use in the context of experimental data fitting or for the extension to
geometrically non-linear models. Both will be the topics for further research.

Comparing with the results in Figures 2 and 4 we observe, in addition, that for coarse meshes
the regularization effect caused by the FEM-discretization dominates over the regularization due
to the material model; this indicates that the evaluation of regularization effects indeed requires
powerful numerical methods, otherwise it is not possible to separate clearly between discretization
effects and material properties.

Remark 11

Our model does not feature plastic spin; this would require to consider nonsymmetric plastic
distortions p as well. The difficulty that one encounters for this extension is tied to the fact that
coercivity is not obtained in known Hilbert spaces such as H (curl) since only the symmetric part
of the plastic distortion is an L, (Q)-function a priori, so that a suitable analytical framework has
to be developed.
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