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Introduction

A totally ordered semigroup H with identity e which is left cancellative and
right naturally ordered is called a right invariant right holoid, r.i.r. holoid for
short. The extended positive cone Gt = {g € G | g > e} of an ordered group
@G or the ordinal numbers less than a power of w, the order type of the natural
numbers, are examples of r.i.r. holoids. These semigroups have been discussed by
KLEIN-BARMEN [7] in the commutative case, additional results were obtained
by CLIFFORD [4] and CONRAD [5], and related structures were defined by
SCHEIN [9] as left holoids. R..r. holoids of rank 1 are subsemigroups of the
additive semigroup of the non-negative real numbers. The structure of rank two
r.i.r. holoids is described in [1] and the right noetherian r.i.r. holoids are exactly
the above mentioned semigroups 0y = {@ | @ < w’} of ordinals less than a
power of w, see [2]. The set H(R) = {aR | 0 # aeR} of non-zero principal right
ideals of a right chain domain R forms a semigroup with ideal multiplication as
operation if and only if R is right invariant (i.e. all right ideals are two-sided).
In this case, H(R) is a r..r. holoid and these semigroups play for right invariant
right chain rings the role, that ordered groups play for invariant chain rings and

commutative ordered groups for commutative valuation domains.

Here, we prove a structure theorem (Theorem 3.1) for certain r.i.r. holoids of
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finite rank using the methods developed in [3]. All rank 2 r.i.r. holoids and
all noetherian ri.r. holoids of finite rank fall into this class. Essential is the
existence of semigroups of representatives for certain factor structures of the

given semigroup (Theorem 2.2).

1 Definitions and preliminary results

We recall some definitions and results from {3], for the standard notations and

definitions see [8].

DEFINITION 1.1. A totally ordered semigroup H with identity e is called a
r.i.r. holoid if the following two conditions hold:
(i) hhy = hhy implies hy = hy for h,hy,h, € H; i.e. H is left cancellative.
(i) h = k' for h,h' € H if and only if there ezists an element h"” € H with
h = h'h"; i.e. H is right naturally ordered.

It follows that a r.i.r. holoid H is positively ordered, since h = eh, i.e. h > e,
for every h € H. If a,b are elements in H then ba > a and ba = ab’ for some
¥ € H,. hence H is right invariant, i.e. every right ideal in H is two-sided.
We observe that a right cancellative r.i.r. holoid H can be embedded into the

extended positive cone of an ordered group G.

Throughout the paper we assume that convez subsemigroups contain the identity
e. The ideal I will be called prime if A- B C I, A, B ideals, implies A C I or
B C I. Again, a prime ideal P in a r.i.r. holoid H will be always completely
prime, i. e. a,b & P implies a-b ¢ P for a,b € H. The complement S = H\P
of a (completely) prime ideal P # H in H is a convez subsemigroup. We remark

that in r.i.r. holoids all prime ideals are completely prime.

We say the r.i.r. holoid H has rank n if there exist exactly n prime ideals # H

in H,i.e. we have the following chain of distinct prime ideals:
H=FDOPDOPD.DPF,
and a corresponding chain of convex subsemigroups:
{e}=85CS5 CSC..CS,=H

where P, = H\S; 1,1 =1,...,n.
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Since only the left cancellation law is assumed for a r.i.r. holoid H, it can happen
that F(a) = {zeH | za = a} # {e} for some element a € H. This set E(a) of
elements absorbed by a is a convex subsemigroup of H. If E(a) # {e} the set
E(a) is strictly contained in each convex subsemigroup containing a. The set
A(H) = {a € H | E(a) # {e}} is a prime ideal of H or 0, called the absorber
radical of H. Exactly in the case A(H) =0 is H embeddable into a group.

DEFINITION 1.2. Let H be a r.i.r. holoid and S a convez subsemigroup with
S’ O S its immediale upper neighbour in the lattice of convez subsemigroups of
H. We say that there is a jump at S if E(a) D E(s) for some a € S'\S and all
s€S. Ajump at S is complete if E(b) = S for allb € S'\S, i.e. sb =10 for all
se S be S\S.

2 Semigroups of representatives and denominator sets

We recall from [3, Theorem 4.3] the definition of a special type of factor structure
which is central in the following. Let S be a convex semigroup of a r.i.r. holoid
H that satisfies Sa C aS for all a € P = H\S. The set of classes [a] = {z €
H|3s€ S:zs=aords € §:2z = as} with [a][b] = [ab] as operation is a
r.i.r. holoid, denoted by H/S (Theorem 4.3 in [3]). The additional assumption
Sa C aS for all a € H\S holds automatically in the finite-rank-case ([3, Theorem
3.7)).

The following lemma gives information on the factor structures originating in

complete jumps.

LEMMA 2.1. Let H be a r.i.r. holoid of finite rank. Let H have jumps at S,
as well as at S, C Sz or S; = H, but no jumps at S for all convez subsemigroups
S with §; C § C S3. Then S;/S; ezists and is right cancellative.

PROOF: The existence of S;/5; follows from Theorem 4.3 in [3], S3/$ is a
r.i.r. holoid and thus left cancellative. Furthermore S;/S; is right cancellative:
Assume that [t;][s;] = [s;] for elements s,,¢; € S;\S;. This implies 58, = 353,
or 1,8,8; = 8, for some element s; € S;. The first of these equations leads to
t, € E(sT) for large énough m € IN (Theorem 3.8 in [3]), and the second equation
implies s; = 228,81 = $3thsy, with 58, = s,t}, for some t; € S,, hence #33, =
e,t) = e = 8, and t; € E(s;). As there is no jump between S; C S, we have
E(s3) = E(s7), hence E(s;) = E(s3) C S; and thus [t;] = [¢]. This observation
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is sufficient to prove that S,/S; is right cancellative. Let be [h][h] = [h:][R];
w.l.o.g. assume [hy][r] = [h;], hence [hy][h] = [h1][r][R]. As the r.i.r. holoid S,/$;
is left cancellative we obtain [h] = [r][h] and by the previous arguments [r] = e
follows, which implies r € S; and therefore [h;] = |h;]. Therefore $;/5; is right

cancellative and embeddable into an ordered group. =

Let 53,5, as in Lemma 2.1. We then call D = 5,/5; a factor of H and denote
by Q(D) = G = {ab™? | a,b € D} the ordered group of quotients of D. Then D
is not necessarily equal to Gt = {ab™! | a > b,a,b € D}.

It was proved in [3, Theorem 5.2] that there exists a semigroup of representatives
in the r.i.r. holoid H for H/S provided there is a complete jump at the maxi-
mal convex subsemigroup S C H. These semigroups of representatives are not
uniquely determined, on the contrary for any element h with [h] # e there exists
at least one system containing h. In that case, H/S is a rank 1 r.i.r. holoid and
as such isomorphic to a (commutative) subsemigroup of (IR, +), the additive
semigroup of non-negative real numbers. This result will now be used to show
that there exists a subsemigroup of representatives in a r.i.r. holoid of finite rank
for every factor S,/S; of H, provided the jump at Sy is complete.

THEOREM 2.2. Let H be a r.i.r. holoid with a convezr subsemigroup T such
that

(i) sp=pforallsecT and pe H\T.

(ii) H/T is a r.i.r. holoid of finite rank which is right cancellative.

Then there ezists in H a subsemigroup R of representatives for H/T.

We remark that a convex subsemigroup T satisfying (i) and (ii) defines a jump

which is complete by definition.

PROOF: We denote by [h] = {k € H | kt = h or k = ht for some t € T} the
elementsin H/T where h € H. Let T' be the convex subsemigroup in H minimal
above T and D’ = T'/T exists and is isomorphic to a subsemigroup of (R*, +).
By the above quoted result {Theorem 5.2 in [3]) there exists in T, and hence in
H, a semigroup R, of representatives of 7'/T'. In order to find an extended set of
representatives let A € H\T" be arbitrarily and choose e # p € Ry NT". We have
h = ph, for some hy € H\T' and h = ph; = h;p’ for some p’ € H follows. By

Theorem 3.8 in [3] the elements p’ lies in the same prime segment as p. However,
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[k] = [p][P1] = [M]lp'] € H/T, which is a right cancellative r.i.r. holoid of finite
rank. Hence, [p] # [e] implies [p] # [e] and [p'] € D’ using Corollary 3.6 and
Theorem 3.8 in [3]. Then there exists an element e # r € R; with [p'] = [r] and
[hy7] = [A] follows.

Let h € H\T" and assume that elements h;r}, hy7; exist in [h] with ri,7, € R,.
We can assume that ry > r; and 7y = vr; = ryv follows for some v € Ry, as R,
is commutative. Hence, [hyr;] = [hivr;] = [hor;] and [hyv] = [h,] since H/T is
assumed to be right cancellative. Therefore, hyv and h; differ by a factor s € T'.
W.lo.g. assume hjvs = h;, hence hyry = hyvsry = hyvr, = hyry since the jump
at T is complete. We conclude that there is exactly one element in [k] of the

described form.

We define hyr as the representative of h € H\T" if hyr € [h] and r # e € R;; the
elements in R, are the representatives of the elements in T'. We proved that to
every element in H a unique representative has been assigned and it is easy to
check that the representative of a product is the product of the representatives
of the factor. We obtain R = Ry U{e # hr | r € Ry,h € H\T'} as a system of
representatives of H/T in H. u

In the situation of Theorem 2.2 it is not enough to know 7' and the semigroup
of representatives R of H/T in order to describe H. An element h € H is of the
form A = rsor hs = r forr € R, s € T. The elements r and s are uniquely
determined by h in each case, however s and r do not determine % uniquely in

the secona case. We recall the following definition from [3, Definition 6.1]:

DEFINITION 2.3. Let P be a prime ideal in the r.i.r. holoid H,S = H\P,
p € P. We write N(p,S) = {s € S| there ezists € H with zs = p} and say
N(p,S) is the set of denominators s of p with respect to S. The set of solutions
L(p,s) = {z € H | zs = p} is called a quotient set.

We are interested in the set of denominators N(p,T') where p € R in the situation

of Theorem 2.2 and prove a generalization of Theorem 6.2 in [3].

THEOREM 2.4. Let H and T be as in Theorem 2.2 and R a semigroup of
representatives in H for H/T as constructed in Theorem 2.2. Then N(p,T) =

N(q,T) for allp# e #q in R.

PROOF: If p # e # q are elements in R; the statement follows from the quoted
result: Theorem 6.2 in [3]. It is therefore enough to show that N(p,T) = N(q,T)
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for e # p € Ry and ¢ € R\R,. We know that ¢ = h;r for some ¢ # r €
Ry, hy € H. We will show N(q,T) = N(r,T), which will prove the theorem.
Let s € N(r,T),i. e. zs = r for some ¢ € H, hence hjzs = hyr = q and
N(r,T) C N(q,T) follows.

If conversely ys = ¢ = hyr for some y € H,s € N(q,T) then either h; = yt or
hit =y for somet € H.

We have ys = hy» = ytr,s = tr € T a contradiction in the first case. The other
possibility kit = y implies hits = ys = hyr and ts = r,i. e. s € N(r,T) and
N(q,T)= N(hyr,T) = N(r,T) follows and proves the theorem. m

The semigroup R of representatives of H/T in Theorem 2.2 is by no means
unique. One of the key arguments in the proof of the main theorem is the
changing of the semigroup of representatives in order to change the common set
of denominators. We list here an easy result which will be used later several

times.

PROPOSITION 2.5. Let R be the semigroup of representatives of H/T in
Theorem 2.2, d an element in T. Then R = {rd | e < v € R}U {e} is again
a semigroup of representatives in which all elements # e have the same set of

denominators.

PROOF: Since the jump defined by T is complete it follows immediately that R
is again a semigroup of representatives for H/T. If we replace R, in the proof
of Theorem 2.2 by R, = {rid | ¢ < 7, € Ry} U {e} then R, is a semigroup of
representatives of T'/T and N(7,T) = N(7,,T) for any 7, # e # 7, in R;.
However, R is the semigroup of representatives of H/T obtained by the proof of
Theorem 2.2 if we begin with R, in place of R;. Theorem 2.4 then shows that
the elements # e in R; all have the same set of denominators with respect to 7.

We will also need the following process for changing R, the semigroup of repre-
sentatives of H/T. Let s be a common denominator for the elements r # e in
R (by Theorem 2.4 without loss of generality). Choose one r # e in R, arbi-
trary and one 2 € H with zs = r; s is of course an element in T. We write
x(r) = z. Let r' be another element # ein Ry,. If »' = kr for k € Ry - we
use the fact that R; is commutative - then x(r') = kz. If on the other hand
r = kr' = 23, s € T, we must have 2 > k and z = kz' for some uniquely deter-
mined z' € H. The equation kr’ = kz's implies r' = z's and we put x(r') = 2'.
The set {x(r) | ¢ # r € R;} U {e} = R is a semigroup of representatives for
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T'/T, i.e. it can replace R;. We apply the proces of Theorem 2.2 to obtain a
semigroup of representatives, but start with R{ instead of R;. Let R"” be the
resulting semigroup of representatives. It follows that if hy» € [h] was the repre-
sentative of [k] in R then r = x(r)-s and h;x(r) is the representative of [4] in R"
where r # e and hence x(r) # e. It follows from Theorem 2.4 that all elements
# e in R" have the same set of denominators with respect to T'. We summarize

these results.

PROPOSITION 2.68. Let R be a semigroup of representatives for H/T con-
structed as in Theorem 2.2. Assume s € T is a common denominator for all
elements r # e in R. Then one can choose for each r # e in R an element
x(r) € H with x(r)s = r such that R = {x(r) | e # r € R} U {e} is again a
semigroup of representatives of H/T in H such that all elements # e in R" have

the same set of denominators with respect to T'.

Even though R" is not uniquely determined by R and s we occasionally use the

notation Rs~! instead of R". We recall and reprove the following result from [3]:

PROPOSITION 2.7. The set N(r,T) of denominators of r in T is left natu-
rally ordered in H.

PROOYF: Let 218y = » = 238,. Then 2z, = z,y or z,y = z, for y € H. This

implies ys; = 85 ors; = ys;. m

3 The structure of r.i.r. holoids of finite rank with com-
plete jumps only

We assume in this section that H is a r.i.r. holoid of finite rank in which every

jump is complete. Let
H=T,011>5..0T,,0T,

be the chain of convex subsemigroups defining the jumps and let D; =
T./T:_y,+=1,...,m, be the factors of H.

As it was observed earlier we can embed D; into the extended positive cone G} =
{ab~! | a,b € D;,a > b} of the ordered group Q(D;) = G; = {ab™! | a,b € D;}.
We define a semigroup H = {(eyeryeydiy gicay ) | di € GF,g; € Gyy5 < dyd; >
efori>1,i1=1,..,n} with the operation

45



BRUNGS TORNER

(6, 1 € iy Gis1s ey gl)(ey sy €y dfn g;’i—]’ ’g{)
= (& s}y 5 1500 81) for 7 >1;
= (e,"-7eadid.;’g_;'—ly*'wgi) for j =3
= (es s diy i1,y ---vgj+1sg:id;'a g;'—l’ ey g{) for j<i.

This operation is best described as lezicographically absorbing.

The semigroup H has a subsemigroup Hy = {(d,,...,d;) € H | d; € D;,i =

1,...,n}. Checking the defining axioms one proves the following result:

PROPOSITION 3.1. Hy and H are r.i.r. holoids of the same rank as H in
which all jumps are complete and the factors of Hy are isomorphic to the factors

of H, and the factors of H are isomorphic to GH,(i=1,..,m).

The main result states that H is isomorphic to a subsemigroup H' of H with
H,CH' CH.

THEOREM 3.2. Let H be a r.1.r. holoid of finite rank in which all jumps are
complete. Then there exists a semigroup monomorphism ¢ from H into H such

that every element of Hy has a preimage in H.

PROOF: We use the notation as defined at the beginning of this section and
induction on the number of complete jumps n. The statement of the theorem is

true for n = 1 and we assume that it is true for T,,_; = T in place of H.

We therefore have a monomorphism 3 from T into T and Dy, ...yDyq or
Gf,..G¢

T, respectively are the factors of T and 7. Using identification we

can assume that the D}s,i = 1,...,n — 1 are subsemigroups of T and hence of H.
Of course, H/T=D,, and by Theorem 2.2 there exists a semigroup R’ of repre-
sentatives of H/T in H. We choose an element d,_, # e in D,_, and replace R’
by R={r'd,_1 | e # ' € R’} U {e}. By Proposition 2.7, R is again a semigroup
of representatives of H/T in H and every element r # e in R has the same set

of denominators with respect to T'.

Let A be any element in H. As observed earlier, there exist » € R, s € T with
h = rsor hs = r and s and r are uniquely determined. We are mainly concerned
with the second possibility. The equation ks = r means that s € N(»,T). By
construction we have d,,_; € N(r,T) and by Proposition 2.7 we know that the
set N(r,T) is left naturally ordered in T. The element s is therefore equal to
yd,_, or ys equals d,_; for some y € T. By induction, the statement of the
theorem holds for T which implies that N(r,T) C U D;.
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Assume N(r,T) contains a largest element, say d, in D,_;. Using Proposition
2.6 we form Rd™! = R,_, where the initial r # ¢ in R is chosen arbitrarily, and
z with zd = r is equal to = = 2'd,,_, for an arbitrary ' € H with z'd = r and

Cln_.g ?é ein Dn—2-

It follows that R, , is a semigroup of representatives for H/T whose elements

# e have common denominator sets contained in - D;.

We repeat this argument and end up with one of the following two possibilities:
(A) H/T has a semigroup R, of representatives in H whose denominator sets

consist of {e}.
(B) H/S has a semigroup R,, of representatives in H with N(r,T) C UD;,i =

1,...,m such that @ # N(r,T)N D,, does not contain a largest element for
r#£e.

The proof of Theorem 3.1 is easily finished in the situation (A). For every h € H
there exists an s € T" and an r € Ry with h = rs. We define ¢(r) = (r, ¢, ...,€) €
H and ¢(s) = (e,%(s)). Finally ¢(h) = #(r)é(s) = (r,%(s)) in H defines a
mapping from H to H that satisfies the statements of the theorem.

We are left with the situation (B) where we write R instead of R,,. By construc-
tion, N(r,T) C U, D; for e # r in R and N(r,T) "\ D,, is not empty and does
not contain a largest element. Let h € H with hs =r,» € R,s € T. Then there
exists an element d € N(r,T) N D,, with d > s; assume zd = r for z € H. We
have z < h (the other possibility leads to a contradiction) and A = zs’ for some

s’ € T follows.

We will now show that for every d € N(r, T)ND,, we can choose z € H with zd =
7 such that the mapping ¢ defined by ¢(z) = (r,e,...,e,d ¢, ...,e) € H,d™?
appears in the m*® component counted from the right, ¢(s) = (e, ¥(s)),s € T,
and ¢(h) = ¢(z)¢(s’') for h = zs’, s’ € T, satisfies the statements of the theorem.

To choose the element z with image (r,¢,...,e,d7 !, ¢, ...,€) in the solution set
L(r,d) let @'d = r for some z' € H and we pick an element d' > d in
N(»,T)N D,,. There is an element y € H with yd' = ». Since z'd = r,
there is an element ¢ € T with 2’ = yt and td = d' follows. We have
P(t) = (e, €,y €,ky g1y, 1) In T with k # e in D,, and kd = d' follows.
We now define ¢(yk) = (v, €,...,e,d" 1, ¢,...,€), 1. e. & = yk, with 2d = ykd =r,

is the chosen element in L(r,d).
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To prove that z is uniquely determined by » and d we observe first that it does
not depend on the choice of 2’ € L(r,d). Let =" be another element in L(r,d),
then z’ and z” differ by an element s € E(d). Hence, if 2’ = yt, 2" = yt',t,t' € T,
then both ¥(2) = (e,e,...,e,k, gn-1,..., 01} and ¥(t') = (e,...,e, k, &1y, 1)
lead to the same k and the same z = yk.

Next, let 'd = r,yd’' = ykd = r,2d" = ztd = r with d,d', k,d",t # ein D,,,r £ ¢
in R,z',y,z € H. We claim: yk = zt.

If k = 1, then ykd = zkd,ys = z or zs = y for some s € E(kd) = E(k) = E(1).

Therefore, yk = z¢ in this case.

If £ > t, then y < z and z = yt] for some t; € H. We obtain r = ykd = ztd =
ytitd and kd = t{td by cancelling y from the left in H. As before there exists
in D,, an element #; with kd = tjid = t,1d and, cancelling d from the right in
D,,, we obtain k = t,¢, which in turn equals t{¢t. Hence yk = yt ¢t = yt{t = zt,
which shows that the element = which is mapped to (r,e,e¢,...,e,d7 ¢, ...,€) is
uniquely defined. We call this element rd~!.

To extend the mapping ¢ to all of H we saw that it is sufficient to define ¢ on
the elements (rd=')-s for s € T.

We define: ¢[(rd1)s] = ¢(rd=1)¢(s).

To check that this is well-defined, let h = (r,d;)s; = (rd;!)sy for ry,7, # € €
R,dy,d; € D, N N(r,T),51,8, € T. It follows that r; = r, = r and if d; = d,
then s, = s, and there is nothing to prove. Otherwise we may assume d, > d;
and d, = dd, for some d # e in D, follows, since d, and d, as denominators of

r are left naturally ordered.

For z; = rdi',z, = rd;® the equations z;d; = r = ®,d, = z,dd;, imply by

definition z; = zd.

Next assume that ¢(s,) = (e,%(s1)) = (€y.yesdiygigs-y9t) and ¢(s;) =
(ey9(s2)) = (&yer€, 597 15, 91), 1,5 < n—1. We compare

B(z1)p(s1) = (rr€yyeydity e,y €) (€ enyeydiygiyy ..y gi) with

B(z2)p(s2) = (rre,ere,d5 ey r€) (€5, d), g1, .0 g7) where d;! and d;t
both appear in the m** position (counted from the right).

We know that z,s; = z,ds; = z,8,, which implies ds; = s,. Hence,

if i > m,d! > e, then ds; = s; = s; and ¢(z1)P(s1) = ¢(r)P(s1) = (r)d(s2) =
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¢(1‘2)¢(82)-

If i = m, d; > e, then dd} = dj with j = m, g, = ¢;/ for t < m. In the m** position
of ¢(z,)¢(s,) appears d;'d; which is equal to d{ldg’ = d;'d~'dd}, since d;, = dd,.

Ifi < mors =e then j = m,dj = d and di' = d;'d. This shows that
&(z1)P(81) = ¢(z3)P(s2) if h = 181 = 23,. It must be checked that the mapping

¢ is one-to-one and multiplicative.

To show that ¢ is one-to-one let h = zs,z = rd;', h' = yt,y = r,d; ", r,7; € R,
di,dy € D, N N(r1,T), s,t € T and assume that ¢(h) = ¢(h'). It follows
immediately that ry = r; = r. If d; # d,, say d; > dy,d, = ddj,e #d € D, N
N(r,T) (Proposition 2.7), then again ¢ = yd. Hence, ¢(kh) = ¢(zs) = ¢(yds) =
$(y)¢(ds) and ¢(h') = ¢(y)é(t) = ¢(y)é(ds) implies ¢() = ¢(ds),t = ds by

induction and h = A’.

The multiplicativity of the mapping ¢ will follow from the following two proper-
ties:

(x)  P(srd™?) = ¢(s)p(rd " )fors € T,e# r € R,d€ D,, N N(r,T).
(%x) ¢((r1d1‘1)(r2d2'1)) = ¢(r1d7)p(rod;?)fore # ry,7; € R,dy,d; € D N N(r,T).

Equation () follows trivially, since #d = r implies # € H\S and sz = z; both
sides in () equal ¢(rd~1).

To prove (x*) let z; = rydi, 2, = rod; ! and z122d; = 7, follows. We need to
show that 2,2, = (ry7;)d;": Let ds > d; and d3 € D,,NN(r;,T) and yds = r, for
some y € H. We have d3 = vd, for e # v in D,, and z, = yv by definition. This
leads to x,z,d; = z1yvd; = 2,yds = ryr;. It follows that z,2; = z,yv = (7y73)d3?
or equivalently ¢(z1z;) = ¢(z1)¢(z2).

We are now in a position to show that ¢(hh') = ¢(R)$(h'),h,h' € H. The
equality follows by induction if both h,h' arein T. If k' € H\T, h € T, then
the equality follows from (%). If A € H\T, then h = zs,z = rd{’,7, # e € R,
dy € D, N N(r1,T) and ¢(zst) = $(z)d(st) = (z)d(s)d(t) = d(zs)d(t) i. e.
d(hh') = ¢(h)p(h') in case k' =t € T,or b’ € H\T, k' = yt,y =ryd;',e #m €
R,d, € D, N N(r;,T), t € T and ¢(hh') = ¢(zsyt) = d(zyt) = (=zy)P(t) =
H)(u)8(E) = B(2)B()8(2)(E) = (R)H(K"), using (++). mm

It is clear from the above proof that in order to describe the r.i.r. holoids in
Theorem 3.1 more precisely, it is necessary to determine the various possibilities

for denominator sets at each jump.
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It would be interesting to have a construction for right invariant right chain
domains R such that H(R) is a given r.i.r. holoid of finite rank with complete

jumps only.
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