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I-compactness and prime ideals 

By H.  H. BRUNCS (~dmonton) t  and C. TORNER ( ~ u i s b u r ~ ) t  

Abstract. Let R be a right chain ring with P # P2 for every completely prime 
ideal P # R, (0) of R. Then R is I-compact for every right ideal I of R if and only if 
R is P-compact for every completely prime ideal P of R. 

1. Introduction 

Let R be a ring with identity and M a right uniserial R-module, i.e. an 
R-module whose lattice of right submodules is totally ordered by inclusion. 
The module M is called (linearly) K-compact for a submodule K M if 
the natural mapping from M into the inverse limit of MIMA is onto for 
every indexed family of submodules {MA I X E A ) ,  with nAEA MA = K.  
A ring R which is right uniserial is called a right chain ring. The module 
M is called compact if it is K-compact for every submodule K of M. The 
following result is proved: 

Theorem A. Let 3 be the family of right ideals I of a right chain 
ring R such that the right module R I I  is not compact. Then either 3 = 0 
or there exists a completely prime ideal P of R with 3 = {I I I C P }  or 
I = =  { I  I I c_ P} .  

This result (see BRANDAL [2] for the commutative valuation rings) 
is obtained by investigating the set of right ideals K' of R for which 
a K-compact right chain ring is also K'-compact. We obtain with the 
same methods, which however are very different from the ones used in the 
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commutative case, an extension of a theorem about discrete commutative 
valuation rings by RIBENBOIM [8] and MACLANE [7]. 

As usual we say that an ideal P # R of a ring R is completely prime 
if ab E P for a, b E R implies a or b in R. 

A right chain ring R is called discrete if P # P2 for every completely 
prime ideal P # (0) of R. 

Theorem B. Let R be a discrete right chain ring. Then R is compact 
if and only if R is P-compact for every completely prime ideal P of R. 

2. Preliminaries 

A right chain ring R is a ring with identity for which aR bR or 
bR C aR for any a, b E R. Compact commutative valuation domains were 
introduced by KRULL [6] and it was proved by KAPLANSKY [5] that these 
are exactly the maximal valuation domains that have no proper valuation 
overdomains with the same value group and residue field. A right chain 
domain R can be embedded into a skew field D = Q(R) of quotients, has a 
unique maximal ideal J(R) such that R/ J(R) is a skew field, but a group 
of values exists only if R is also a left chain ring and is invariant under all 
inner automorphisms of D (see SCHILLING (101). A compact right chain 
domain is still maximal in the sense that no proper overdomain exists 
with the same lattice of principal right ideals and the same skew field of 
residues. However, not every maximal right chain domain is compact ([3]). 

Let R be a right chain ring and A, B(# R) right ideals of R. We say 
that A and B are related, A - B, if there exists s, t E R, s 4 A, t 4 B and 
s-I  A = t-'B where s-'A = {r E R I sr E A). This defines an equivalence 
relation on the set of all right ideals (# R) of R. One can prove (see [3]) 
in a straightforward way the following result: 

Lemma 2.1. Let A, B be related right ideals in a right chain ring R. 
Then R is A-compact if and only if R is B-compact. 

We will give proofs for the next two results even though they can be 
found in [I]. 

Lemma 2.2. Let x, a be elements in a right chain ring R. Then 
xa = uax' for a unit u E R and an element x' E R. 

PROOF. We can assume that x and a are nonzero nonunits in R. 
Either xa = ax' for some x' E R or xas = a for some nonunit s E R. We 
obtain xa(1 + s) = xa + a = (x + l)a and xa = (x + l )a( l  + 3)-' for the 
units 1 + x, 1 + s in R. 0 
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In spite of Lemma 2.2 there exist right chain rings with R > J(R)  > 
(0) as the only two-sided ideals ([4]). 

For every right ideal A # R of the ring R we define the (right) asso- 
ciated prime ideal P,(A) = P(A) = { p  E R 1 Ap-' > A). 

Lemma 2.3. Let R be a right chain ring and A # R a right ideal in 
R. Then P(A) is a completely prime ideal of R. 

PROOF. That pr E P(A)  for p E P(A) ,  r  E R, is obvious. To prove 
rp E P(A) for r  E R and p E P(A)  we observe that there exists t E R \ A 
with tp E A. By Lemma 2.2 there exist elements u, r' E R, u  a unit, with 
rp = upr'. Hence, (tu-l)rp = tu-'up' = tpr' E A and tu-' $ A implies 
r p  E P(A).  If pl , pz are in P(A) we can assume pl = pz b for some b E R 
and pl + n = p2(b + 1 )  E P(A) follows. Finally, if sl ,s2 E R \ P(A),  t  E R, 
then tslsa E A implies tsl E A, t  E A and sls2 $ P(A). 0 

5. The main results 

We consider the associated prime ideals for related right ideals. 

Lemma 3.1. Let R be a right chain ring, A and B related right ideals 
in R. Then P(A)  = P(B) .  

PROOF. Assume 3 - ' A  = t- 'B for s E R \ A, t  E R \ B. Take p E 
R \ P ( A )  and assume zp E B for some x E R. To show that p E R \ P(B)  
suppose first that tzl = x for some zl E R. Then xp = tzlp E B ,  hence 
z l p  E t - 'B = s- 'A and szlp E A,szl E A,z, E s-'A and tzl = x E B 
follows, i.e. p E R \ P(B) .  If t  = xz2 and 22  = pz' for some 2 2 ,  z' E R 
we obtain t = xpz' E B - a contradition. Hence, we are left with the 
case t = xz2 and z2z1 = p and xp = xz2z1 = tz' E B and sz' E A for 
some z' E R. This implies s  E A, since z2z1 = p E R \ P(A) and hence 
2' E R \ P(A).  The other containment R \ P ( B )  2 R \ P(A)  follows by 
symmetry. 

The next result gives some indication about the range of a class of 
related right ideals in the lattice of all right ideals of R. 

Lemma 5.2. Let A # R be a right ideal in the right chain ring R and 
let R(A)  = {I I I is a right ideal of R related to I). Then P = P(A)  = 
U W-4)- 

Here and in the following we write US = UIEs I for a set S of right 
ideals of R. 

PROOF. We write B = U R ( A ) .  For I E R ( A )  we have I E P and 
B 2 P follows. Conversely, pick z  E P and let I be in R(A) .  There exists 
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t 4 I with z E t" I, since P( I )  = P be the previous lemma. Similarly we 
have P(t-'I) = P( I )  and z E t - ' I  C P(t-'I) = P follows which proves 
B = P .  0 

PROOF (of Theorem A). Let R be a right chain ring and 3 be the 
set of right ideals I in R such that R / I  is not compact. Then for any I in 
3 there exists a right ideal K of R with I C K and K E 30 = {L 1 R not 
L-compact ) C 3. Therefore: U 3 = U Fo . 

By Lemnia 2.1 it follows that the set Fo is a union of classes of related 
right ideals and hence, by Lemma 3.2, that 3 = 0 or that UFO is the 
union of completely prime ideals of the form UR(Lx) = PA E 3 0 ,  and 
hence equal to a completely prime ideal P, i.e. U 3 = U 3 0  = P. Either 
P E 3 and then 3 = {I I I P )  or P 4 3 and F = { I  I I c P) where I 
indicates right ideal in R. 

Examples exist, even in the commutative case (see [2]), that show that 
none of these alternatives is void. 

We saw earlier that P(A) is the union of right ideals related to A. 
The next results gives a condition under which P = P(A) itself is related 
to A. 
- - - - - - - - - - - - - - - - ~  ~ ~ ~ 

Proposition 3.3. Assume that A # R is a right ideal of the right 
chain ring R with P(A) = P # P 2 .  Then A is related to P. 

PROOF. By Lemma 3.2 we have P = U A A  for the set {AA I X E A}, 
of right ideals of R related to A. Hence, there exists a right ideal B,  related 
to A, with P 2 B > P 2 .  We have P(B) = P by L e m m  3.1. To prove 
P = B assume that there exists x E B \ P and choose a E B \ P2. Then 
there exists s 4 P with xs = a (otherwise a E P 2 )  and x E B follows (by 
the definition of P(B)) - a contradiction. 

We can apply this result to discrete right chan rings R. 

PROOF (of Theorem B). Let A be a right ideal # R in a discrete 
right chain ring R which is P-compact for all completely prime ideals P. 
We want to show that R is A-compact. This follows immediately from 
Lemma 2.1 and the above Proposition if A # (0). If A = (0) then either 
A is completely prime and R is A-compact or a6 = 0 for some elements 
a # 0 # b in R. Then B = a-'(0) 3 b # 0 is a nonzero right ideal related 
to (0) and it follows that R is B as well as (0)-compact. 

Since non-completely prime prime ideals in a right chain R are paired 
with idempotent completely prime ideals ([I], Theorem 3.12)) the assump- 
tion of Theorem B guarantees that all prime ideals in a discrete right chain 
ring are completely prime. -----------  - - - - - - - - - - -  

---- ------- 
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