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1.1

1.1.1

Introduction

The story so far: In the beginning the Universe was
created. This has made a lot of people very angry
and been widely regarded as a bad move.

— Douglas Adams
The Restaurant at the End of the Universe

Introduction and main results

Let (Q, A, P) be a probability space. At the center of this thesis are symmetric Feller processes.
That is, strong Markov processes defined on (€, A, P) with values in some topological space S
that possess additional regularity properties. Many stochastic processes fall into this class, for
example Brownian motion, Lévy processes or random walks. We generalize the state spaces
from metric measure spaces to uniform measure spaces and show how hitting times play an
important role in the analysis of such processes.

This research was initially motivated by the question under which conditions a sequence X
of symmetric Feller processes converges to a limiting process X,

Motivation

One of the earliest results of such a convergence is Donskers invariance theorem. It was
obtained by MonroE D. DonskER as a result of his doctoral dissertation and published in
[Don51]. Loosely speaking, Donsker showed that a simple symmetric random walk (linearly
interpolated) converges in distribution to the Brownian motion as random variables on the
space of continuous functions on the unit interval, C([0, 1]). More precisely, suppose (&,),,en
is a sequence of independent and identically distributed real valued random variables with
E[£] =0and E [52] = 0. Define S = 0 and for eachn € Nset S, := >t—1 éx- Moreover, for
neN, rel0,1], we Q set

n 1 nt — |nt]
X" (w) 1= ——8 py(w) +

Vo Wﬁmm(w)- (1.1)

Then X™: Q — C([0, 1]) and
P" = W, (1.2)
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weakly as probability measures on C([0, 1]), where W denotes the Wiener measure. Sometimes
this result is phrased as “the simple symmetric random walk converges to the Brownian motion
in the scaling limit”.

In [Sko56], AnatoL SkorokHOD laid the groundwork for the analysis of processes that are
not necessarily continuous but may contain jumps by introducing a topology (actually four
different topologies) on the space of function f: [0, c0) — S that are continuous from the right
and possess limits from the left. Here S denotes a complete and separable metric space. We
call such functions cadlag' functions and denote the space of such functions by Ds ([0, ©)).
We refer to the space Ds ([0, o)) equipped with the Skorokhod topology as the Skorokhod
space or pathspace.

CHARLES STONE considered in [Sto63] Markov processes on subsets of the real line such that
“the random trajectories do not jump over points in the state space”” and depend continuously
on a speed measure v when considered on their “natural scale”. Stone was able to show that
under certain conditions on the convergence of the state spaces as well as the speed measure,
such processes converge in the Skorokhod topology to a limiting process. Donskers functional
limit theorem can be considered an example of Stones result.

More than 50 years later, StvA ATHREYA, WOLFGANG LOHR and Anita WINTER extended Stone’s
result to an invariance principle for random walks on metric measure trees in [ALW17]. Here,
metric measure trees are metric spaces (7', r), that have a tree-like structure and are equipped
with a measure v. The speed-v motion on a metric measure tree (7, r,v) is a y-symmetric
Feller process which is determined by the structure of the tree, encoded in the metric r, and
the measure v. The speed-v motion was constructed earlier in [AEW 13] using Dirichlet forms.
It is worth pointing out that this construction makes use of the geometry of the tree through its
metric. The speed-v motion can therefore be considered to be on its natural scale.

In [ALW 7], the authors were able to show the very elegant result that the speed-v" motions
X™ started in p"™ on a sequence of rooted metric measure trees ((T("), rm, p™, v(”)))neN
converges weakly in path space to the speed-v motion X started in p‘® on a rooted metric

measure tree (T(‘"’), ), p(‘"’), v(m)) whenever
(T, £, o)D) s (709, ), pfe9) ) (1.3)

as n — oo, in pointed Gromov-Hausdorff vague topology and a uniform bound on the lengths
of edges emanating from a ball around the root holds. Pointed Gromov-Hausdorff vague
convergence takes place when the rooted metric trees (T(”), r(”),p(”)) can be isometrically
embedded into a common metric space (S, d) so that (T(”), r®, p(”)) converge in the pointed
Hausdorff sense as subsets of the metric space (S, d) and the push-forwards of the measures
v under this embedding converge vaguely.

To illustrate this result consider again the simple symmetric random walk on Z. We can
consider Z as a (graph theoretic, discrete) tree where x,y € Z are connected by an edge (x ~ y)

'from French: continue a droite, limite & gauche
2[Sto63, p. 638]

Chapter 1 Introduction



if and only if |x — y| = 1. We let r(x, y) = |x — y| be the Euclidean metric and v(A) = #(A N Z)
the counting measure. Then, X = (Z,r,0,v) is a rooted metric measure tree and the speed
v-motion X on X is the y-symmetric Feller process that jumps from x e Ztoy € Z with x ~ y

at rate
1 1

= =, 1.4

" By 2 4
The total jumprate at x € Z is then y, := },.,., ¥xy = 1. Hence, X is the continuous time
version of the simple symmetric random walk. Now define for each n € N a rooted metric

measure tree X = (T(”), rm. 0, v(”)) by setting
TW =7, r(x,y):=|x—yl/vn and V"(A) = v(A)/ Vn. (1.5)

The metric spaces (T(”), r(”)) are all naturally embedded into R and they converge to (R, d)
in the Hausdorff topology where d denotes the Euclidean metric on R. Moreover, for real
numbers a < b, the set [a, b] N T™ contains of the order of (b — a) many points. More
precisely,

(Vata—b)~1)/Vn < ¥ (a,b]) < (Vi@ ~b) + 1)/ Vn. (1.6)

Consequently, v = 1 weakly as n — oo, where A denotes the Lebesgue measure on R.

Moreover, the jump rates of the speed-v™ motion X is 7;") = 1/n. The spaces X converge
pointed Gromov-Hausdorff weakly to X(* = (R, d, 0, 1) and the speed-v" motions converge
to the speed-A motion on R which is simply the standard Brownian motion. Note that the same
result remains true when we rescale the metrics 7™ by a constant factor ¢ > 0, as long as we
make up for this rescaling by also rescaling the measures v by ¢~!. In this sense, constant
factors can be shifted between the measure and the metric.

The result of Athreya, Lohr and Winter was extended by Davip Croypon in [Cro18] to so-called
resistance forms. Resistance forms are a tool that was developed by Jun Kicamr and others
(cf. [Kig01]) to describe and analyze random walks on fractals and fractal-like graphs like the
Sierpiniski Gasket (see Figure 5.2). Technically, a resistance form is a symmetric bilinear form
& on a subspace ¥ of the real valued functions on some set S satisfying certain conditions to
ensure that & induces a metric R, called the resistance metric, on S by virtue of the following
variational principle

R(x,y) = sup{ &7.7)

feF, 8(f,f)>0}, x,yES. (1.7)

We will discuss the concepts related to resistance forms in more depth in Section 5.6. On the
other hand, a resistance form together with a Radon measure v on the metric space (S, R) gives
rise to a regular Dirichlet form on L*(S, v) which in turn uniquely defines a v-symmetric Feller
process with values in §. Again these processes can be considered to be on their natural scale
as processes on the metric measure space (S, R, v). Croydon showed that under an additional
uniform recurrence condition an analogue of the invariance principle of [ALW17] holds. That
is, the processes X" associated to a sequence of resistance forms (&™), 7) on a sequence

1.1 Introduction and main results
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of sets § ™ started in p” converges weakly in pathspace to a »(*)-symmetric Feller process
started in p(*, whenever

(5, R, o0 1) 5 (S0, R, ) () (18)
pointed Gromov-Hausdorff weakly as n — oo.

All these results have in common that they are basically low dimensional in the sense that the
processes hit points with positive probability, i.e. P, ({3 > 0 : X; = y}) > 0 for all x, y in the
state space. In other words, singletons have positive capacity (for the definition of capacities
and other potential theoretic notions see Section 5.4). However this property fails in higher
dimensions, for example for the Brownian motion in R? for d > 2.

A complementary result that closes this gap was shown by Koner Suzuki for Brownian motions
on Riemannian Manifolds. The Brownian motion on a Riemannian manifold M equipped
with the volume measure dV is again constructed by means of its Dirichlet form which is
given in terms of the Laplace-Beltrami operator on M. The Laplace-Beltrami operator, on
the other hand, is again related to the metric d on M through the Riemannian metric (see
Section 5.7). The Brownian motion on a manifold M can therefore again be considered to be
on its natural scale. In [Suz19a], Suzuki showed that under a uniform bound on the Ricci
curvature of a sequence of Riemannian manifolds, the convergence of these manifolds in the
Gromov-Hausdorff weak topology® implies pathwise convergence of the Brownian motions
on said manifolds.

All these results have in common that the geometry of the state space and the probabilistic
behavior of the processes defined on these state spaces are linked. This is what is meant by
the expression that the processes are on their natural scale. This connection is maybe best
illustrated by the occupation time formula for the speed-v motion X on a metric measure tree
(T,r,v),

Gy f(x) = Ex [ fo CFXD) dt] =2 fT r(y, c(x,y,2))f(2) v(dz), (1.9)

where 7, :=inf {# > 0 | X; = y } is the first hitting time of y € T and c(x, y,z) € T denotes the
unique branchpoint of the three points x,y,z € T. The occupation time formula relates the
Green operator Gy, on the left to the geometric structure and the speed measure through the
Green kernel g,(x,z) = r(y, c(x,y,z)) on the right.

If we now consider a v-symmetric Feller process X on a “nice” metric measure space (S, d, v)
the question arises wether this process is on its natural scale and what is actually the natural
scale for X?

Consider for example the random walk on a finite weighted graph G = (V, u) (see Section 4.5.1).
Here V # @ denotes the set of vertices and u: V X V — [0, o0) is a symmetric map that
represents the weights (or inverse lengths) of edges between vertices. That is, two vertices

3Suzuki actually uses pointed measured Gromov convergence (pmG) that was introduced in [GMS15]. However,
this topology is weaker than the topology of Gromov-Hausdorff weak convergence (cf. [Suz19a, Remark 2.2.

b))
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1.1.2

x,y € V are connected by an edge of length u;; if 1,, > 0 and there exists no edge between
x and y if uy, = 0. Such a graph comes with at least two natural metrics, the simple graph
distance d(x,y) which is the minimal number of vertices on a path from x to y (minus 1) and
the weighted graph distance d,(x,y) which is simply the length of a shortest path between x
and y. Neither of these metrics represents the natural scale for the random walk on G. Instead
the natural scale is given by the resistance metric which can heuristically be understood as the
electrical resistance between two vertices when we think of the graph as an electrical network
where the vertices are connected by resistors with a resistance given by ,u;;.

Moreover, if we have a sequence (X (’”) . of symmetric Feller processes living on a sequence
n

of metric measure spaces { (S ) g v(”)) | neN }, under which conditions does this sequence
converge to a limiting process? Since the processes have a priori no relation to the metrics
d™, we remove the metric from the state spaces and consider uniform spaces instead of metric
spaces as state spaces for symmetric Feller processes. A Uniform space (S, U) is a topological
space with an additional structure that is just enough to define uniform continuity. In this sense
uniform spaces are intermediates between topological spaces and metric spaces.

The idea to consider uniform spaces as state spaces is not new and goes back to Apam
JakuBowskr who introduced the Skorokhod topology on uniform spaces in [Jak86]. However,
this idea had only little resonance.

Main results

One of the central results of this thesis is the introduction of uniform spaces as state spaces
for stochastic processes. This entails a careful study of the space of cadlag functions with
values in a uniform space (S, U). We show that the Skorokhod topology is uniformizable and
describe the Skorokhod uniformity in terms of a family of pseudometrics (Proposition 3.14
and Theorem 3.16). Moreover, we show how many known quantitative results, in terms of
the Skorokhod metric, can be reformulated as qualitative statements which hold true for the
Skorokhod uniformity. For example we proof a result about relative compactness in Dg ([0, 0))
by replacing the convergence of the modified modulus of continuity by a quantitative statement
in Theorem 3.21.

Of particular interest is Theorem 3.27 where we characterize the convergence in Ds ([0, c0))
by the convergence of hitting times of certain sets. This result is new even in the context of
metric spaces. The theorem was proven jointly with GERONIMO Roias and it will appear in his
dissertation for the metric case. For A C § we define the first contact time of A by

Ya(w) :=inf{1> 0| {w@®).0(-)}NA =0}, (1.10)

Moreover, for each t > 0 let 6,: Dg ([0, 00)) — Dg ([0, 00)) with 6;(w(+)) := w(- + ) denotes
the shift operator on Dg ([0, 00)). Then Theorem 3.27 states the following.

1.1 Introduction and main results
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Theorem. Let (S, U) be a uniform Hausdor{f space, w € Dg([0, )) and (w,),en € Ds ([0, 00))
be relatively compact. Then the following are equivalent.

(i) lim,_c w, = w in the Skorokhod topology.

(ii) Forall x € S, U € U, all continuity points s > 0 of w, and all D € U, there exists a
E € U with E C D open, such that

TWoE)x(Wn © 05) = Twop)x(wo by), asn— oo, (1.11)

(iii) For all x € S, all continuity points s > 0 of w and all U € U open such that Ty (w o
0s) = yurx(w o 6y) it holds that

Tyg(w, 0 bs) = Typg(w o by), asn — oo, (1.12)

In Theorem 3.48 we lift this statement to the space of probability measures on Dg ([0, o))
and show how the convergence of hitting times can be used to show weak convergence of
probability measures on Dg ([0, 00)). The theorem reads as follows.

Theorem. Let (S, U) be a separable uniform Hausdor{f space with a countable base. Assume
that X, (X(”))neN are Dg([0, 0))-valued random variables with distribution PX" and PX

respectively. Then, pX" — pX if and only if the following conditions are satisfied.

n—oo
(i) The sequence {PX(") | ne N} is tight.

(ii) There exists a countable dense setT C {t > 0| X; = X,_ a.s. }, a countable dense subset
D c S and a countable base V C U of U consisting of open entourages such that for
all x € D, all V € V open with tyq(X) = yyq(X) a.s. and all s € T it holds that

d
Ty (X® 0 60,) = Ty1g(X 0 6)). (1.13)

We apply our analysis of the pathspace to obtain a tightness criterion in Theorem 4.75 for
Feller processes with values in uniform state spaces. The criterion states that the a sequence of
Feller processes (X (”>)neN is tight when the probability that the processes move far from their
starting point in a short time ¢ goes uniformly to 0 in the starting point and n as ¢ — 0. Such a
criterion was already shown in [ALW 17, Corollary 4.3] as a corollary to Aldous’ tightness
criterion. Instead of using Aldous’ criterion to proof Theorem 4.75 we present a direct proof
using the Feller property.

Theorem. For each n € N let X be a Feller process with values in a subset S, of a locally
compact Polish uniform space (S, U). Assume that for every open entourage U € U it holds
that

lim lim inf P,((x, X)) € U) = 1. (1.14)

t—0 n—o xes,

Chapter 1 Introduction



Then for every sequence of initial distributions u, € M;(S ) the family { xm ’ neN } is tight
in the one-point compactification (S g, Uy).

We follow up on the idea to analyze Feller processes by hitting times. For a symmetric Feller
process X and a closed set A C S we introduce the killed process X* which is the same as X up
to the first hitting time 74 of A and is then moved to a cemetery state J. In Theorem 4.65 and
Theorem 4.66, we proof that the killed process is again a symmetric (strong) Feller process
with state space Dy := D U {1}, where D = § \ A.

Theorem. Let X be a v-symmetric (strong) Feller process with values in Sy and A € By closed.
Then the killed process X4 is again a v|p-symmetric (strong) Feller process with values in Dy,
where D = § \ A.

We apply this result in Theorem 4.72 to show that a symmetric doubly Feller process is already
uniquely determined by its family of Green operators

Ga: By = By, Gaf(x):=E;y [‘f(; f(Xt)dt]. (1.15)

The theorem is stated as follows.

Theorem. Let (S, U) be compact and X be a v-symmetric doubly Feller process with values
in Sy. Then X is uniquely determined by the family of Green operators

{Ga: B, > By | A e Bclosed}. (1.16)

Other than in the situation of metric measure trees and resistance forms, points do generally
not have positive capacity in our setup. That means we cannot define a resistance metric to
introduce a natural scale for symmetric Feller processes on uniform spaces. We can however
define a resistance between closed subsets of the state space in a very similar manner as in
(1.7) using the Dirichlet form of the process.

Our final result is a convergence theorem for symmetric doubly Feller processes on compact
uniform spaces. Theorem 6.1 can be formulated as follows.

Theorem. Suppose (S, U) is a compact uniform space and for each n € N® = N U {oo}, v is
a Radon measure on (S, B) with support S™. Let further X™ be a v'"-symmetric conservative
doubly Feller process with values in S,. Denote by P™ = PX” the distribution of X and
assume that the following conditions hold.

(C1) v converges Hausdorff weakly to v,

1.1 Introduction and main results
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(C2) The family { om | ne N} of maps given by

Q" S™ x[0,00) > Mi(S), (x.1) > QUN(+) =Py (X" € -) (1.17)

is uniformly equicontinuous.

(C3) For every sequence (Xy),eny C S with x, € S and limy—e X; = Xeo € S, the

sequence { Pg’? neN } is tight as probability measures on Dg ([0, 00)).
(C4) The Green’s functionals Gf:) converge to Gf:o) in the following sense. For all bounded
measurable functions f € Bp(S) and all A € B(S) with T4 < oo, P&Z)—a.s.,

Tim G f(x,) = G5 f(xeo), (1.18)
for all sequences (X,),eny C S With x, € S™ and lim, e X, = Xeo € S .

Then X™ converges in distribution to X for all sequences of initial distributions (,u(”))neN C
M(S) with u™ € My(S™) and u™ = 1> € M{(S). In other words,

(1) ()
PY, = P, (1.19)

weakly as probability measures on Dg ([0, 0)) as n — oo.

Outline

This thesis is structured as follows.

In Chapter 2 we introduce the notion of uniformities and uniform spaces. We present several
different ways to define a uniform structure on a set S. Moreover, we explain how uniform
spaces are related to topological spaces (uniformities induce topologies) and to metric spaces
(metrics induce uniformities). In Section 2.5 we show that uniform spaces admit Cauchy
sequences and therefore a notion of completeness. We introduce the notion of a Polish uniform
space that is a separable and complete uniform space. This allows us to define uniform
measure spaces. We also introduce a notion of uniform equicontinuity and proof a variant of
the Arzela-Ascoli theorem for uniform spaces in Theorem 2.46 and Lemma 2.47. We close
this foundational chapter with a discussion of Hausdorff and Hausdorff weak convergence of
subspaces of uniform spaces.

Chapter 3 is dedicated to the pathspace Dg ([0, 00)) of cadlag functions with values in a uniform
space (S, U). We pick up an idea of Jakubowski [Jak86] and define a uniform structure on
Dy ([0, 00)) that is compatible with the Skorokhod topology using a family of pseudometrics.
We use the Skorokhod uniformity to reformulate many important results that are usually stated
in terms of the Skorokhod metric in a more qualitative way. In Proposition 3.19 we give a
useful criterion for convergence in the Skorokhod topology. In Section 3.3 we discuss the
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relatively compact subsets of Dg ([0, o)) and give conditions for relative compactness in the
Skorokhod topology. Section 3.4 is centered around Theorem 3.27 where we characterize the
Skorokhod convergence by the convergence of hitting times of certain sets. We continue with
a short discussion of the space of probability measure on a uniform space and show that the
concept of the Prokhorov metric can be extended to define a uniform structure, the Prokhorov
uniformity, on the space of probability measures on a uniform space. In Theorem 3.43 we give
a characterization of tightness of a family of probability measures on Ds ([0, c0)) which will
come in handy when we proof our tightness criterion Theorem 4.75 in Chapter 4. We conclude
this chapter with our result on weak convergence of a sequence of probability measures on
Dg ([0, 0)), Theorem 3.48.

We continue to introduce symmetric Feller processes with values in uniform spaces in Chap-
ter 4. We first introduce Markov processes to fix some notations. In particular, we introduce
filtrations, stopping times, semigroups, resolvents and v-symmetry of semigroups. In Sec-
tion 4.2 we introduce the normal and the strong Feller property and introduce the generator.
We also state the Hille-Yosida theorem Proposition 4.40 to characterize Feller semigroups
in terms of the generator. We then continue to show that Feller processes possess cadlag
modifications. Next we discuss hitting times and give some bounds on hitting times. In
Section 4.3 we introduce the killed process X that is killed upon hitting a closed set A C S.
We show that the Markov property, the strong Markov property, symmetry as well as the
normal and the strong Feller property carry over from X to the killed process X4. We then
briefly discuss recurrence and transience of Feller processes and continue to show one of
our main results, Theorem 4.72, where we state that a symmetric doubly Feller process is
already determined by its family of Green operators. Before we conclude this chapter with the
discussion of two important examples, the random walk on graphs and Brownian motion on
R4, we proof our tightness criterion Theorem 4.75 in Section 4.4.

In Chapter 5 we introduce Dirichlet forms. We start with the definition of a closed symmetric
form then define Dirichlet forms as closed symmetric forms that possess the Markov property.
We begin Section 5.2 with a brief discussion of operators on Hilbert spaces and then illustrate
the relationship between strongly continuous contraction semigroups, strongly continuous
resolvents, generators and closed forms on LZ(S, v). In the next subsection we introduce
the Markov property of the semigroup and show that a Markovian semigroup gives rise to a
Dirichlet form. We conclude this section by explicitly extending a Feller semigroup (P;)s>o on
Cw(S) to a strongly continuous Markovian semigroup on L*(S, v). Thereby showing how a
Feller process induces a Dirichlet form. We go on to define the extended Dirichlet space and
discuss the implications of transience and recurrence for the extended Dirichlet space. Namely,
the extended Dirichlet space is a Hilbert space if and only if the Dirichlet form is transient. In
Section 5.4 we introduce important potential theoretic notions like the capacity. We begin with
a general definition of Choquet capacities and then move on to define a-capacities with respect
to a Dirichlet form (&, D). The a-capacity is given by the following variational principle.

Cap,(4) = inf { &, ) | f € L}, (1.20)

1.2 Outline
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where L4 :={ f € D| f > 1 v-a.e. on A }. Moreover we characterize the minimizer of (1.20)
in Theorem 5.51 and identify the minimizer with p§(x) = E, [e"*™]. For transient Dirichlet
forms we define the O-capacity in Section 5.4.3 and proceed similar as for the a-capacity. In
Section 5.5 we define the resistance R(A, B) between two closed subsets of S as the inverse of
the O-capacity of the killed Dirichlet form. We conclude this chapter again with two examples.
First, we formally introduce resistance forms and discuss some of their properties. Finally we
define the Brownian motion on Riemannian manifolds in a rather condensed form.

We proof the convergence theorem Theorem 6.1 in Chapter 6. We proceed thereby as follows.
We first show that under the Hausdorff weak convergence of the state spaces and the uniform
equicontinuity of the semigroup there exist subsequential limits of the semigroup that again
possess both the normal and the strong Feller property in Theorem 6.2. We then show in
Theorem 6.4 that this already implies that the sequence of processes X" has subsequential
limits in finite dimensional distributions. Together with the assumption that the sequence X"
is tight, we obtain the existence of subsequential limits in pathspace, Theorem 6.5. Finally, the
convergence of the Green operators implies by Theorem 4.72 that all subsequential limits mus
coincide, which proves the theorem. The last part of this chapter, Section 6.4, is dedicated to a
discussion of the assumptions (C1) to (C4).

The last chapter, Chapter 7 contains remarks and conjectures that are potentially of interest
for further research on the topic of convergence of symmetric Feller processes and uniform
measure spaces as state spaces.

The appendices contains some important facts that are good to have at an arms length but
which have not found their way into the main text.
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2.1

Uniform spaces

Gedanken ohne Inhalt sind leer, Anschauungen ohne
Begriffe sind blind.

— Immanuel Kant
Kritik der reinen Vernunft (B 75)

In this chapter we introduce the notion of uniformities or uniform spaces. We will show that a
metric induces a uniformity which in turn induces a topology; but not the other way round. In
this sense uniform spaces are an intermediary between metric spaces and topological spaces.

Uniform spaces will serve as state spaces for our stochastic processes throughout this thesis.

Although in many cases the uniform spaces under consideration will be metrizable we want, on
the one hand, emphasize the sufficiency of the uniform structure for many results. On the other
hand, we want to equip the state spaces with a structure that is related to the processes under
consideration (think of resistance metrics) and the “correct” metric can be quite inaccessible.

Historically, the concept of uniform continuity for real valued functions was introduced by
Epuarp Heme [Hei70] in 1870. Heine attributes the insight that a stronger notion of continuity
is needed to KArRL WEIERSTRASS. The concept of uniform continuity was further extended to
uniform continuity of functions on metric spaces by Maurice FREcHET [Fré06] in 1906 and
FeLix Hausporrr [Haul4] in 1914. It took until 1937 that ANprRE WEIL formally introduced
uniform spaces in [Wei37]. Weil used families of pseudometrics to define the uniform structure
and we will present this approach in Section 2.3. A different approach was put forward in
1939 by Joun W. Tukey in his dissertation which has been recompiled and published as the
monograph [Tuk40]. Tukey relied in his work on uniform coverings to define a uniform
structure. In the 1950s and 1960s there were further contributions to the theory of uniform
spaces by Vabmm A. ErrRemovi¢ and Yurt M. SMirRNov who constructed uniform spaces from
the proximity relation we will introduce in Section 2.6. In this thesis we will mainly rely on
so-called diagonal uniformities which were used in [Bou66a] by the famous author’s collective
Nicoras, BourBaki which Weil was a founding member of. More on the history of uniform
spaces can be found in the preface to [Isb64] and in the historical appendix in [Wil70].

Diagonal uniformities

We begin with a bit of motivation. Let (S, d) and (7, r) be metric spaces. A function f: § —» T

is continuous, if and only if the preimage f~'A of every open set A C S is open in T.

11
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Furthermore, f is uniformly continuous if for every € > 0 there exists a ¢ > 0 such that
r(f(x), f(y)) < e for all x,y € S with d(x,y) < 6. We can even measure the degree of
continuity with the modulus of continuity or Lipschitz constants. In fact, the metric structure
is not necessary to define uniform continuity. Write

B :={(x.y) € §?|d(x,y) < | 2.1)

for the tube around the diagonal in S2 with radius & > 0 and analogously B, ¢ T? for the &-
tube around the diagonal of T'2. Then the condition for uniform continuity can be reformulated
as: for all € > O there exists a ¢ > 0 such that

{(f). fo)) € T?| (x.y) € B | € BL. 22)

These tubes or entourages allow us to compare neighborhoods of different points across the
whole space to each other. This idea is generalized by uniformities, in particular by diagonal
uniformities.

Let S be a nonempty set. There are different ways to introduce a uniform structure on §'. One
way is via coverings and their refinements and another way is by families of subsets of S X S.
In the literature (cf. [Wil70]) the uniformities obtained from coverings are called covering
uniformities and the latter are called diagonal uniformities. Both definitions are of course
equivalent. We will mainly focus on diagonal uniformities.

We denote by
A=AlS)={(xx)|xeS}cS xS (2.3)

the diagonal of the space S X S. Furthermore, we write
U'={(x,y) €S xS |(y,x)e U} (2.4)

and say that U is symmetric if U* = U. For two subsets U,V of S X § we define the
concatenation of U and V as

UoV:i={(x,y)eSxS|AzeS:(x,20eVand(z,y) e U}. (2.5)

We can now define the main object of this section. The definition formalizes the intuition
gained from the motivation above.

Definition 2.1 (Uniformities). Let S be a nonempty set. A (diagonal) uniformity on S is a
family U = U(S) of subsets of S X S satisfying

Ul) if U e UthenAC U,

(U2) if Uy VeUthenUNV e U,

(U3) if U € U then there existsa V € U suchthat Vo V Cc U,
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(U4) if U € U then V* c U for some V € U,
UsS) ifUeUUand U c VthenV e U.

The elements U of a uniformity U are called entourages or surroundings. A pair (S, U(S)) is
called a uniform space. o

Most of the time is it enough to work with bases or even subbases of uniformities.

Definition 2.2 (Bases and subbases). Let (S, ¢) be a uniform space. A family V c U of
subsets of S is called a base of the uniformity U if

U={UcCSxS|AVeV:UDV}. (2.6)

The elements of a base V C U are called basic entourages.

A family V c U is called a subbase of U if all finite intersections of elements of V form a
base of U. o

We have indicated in the introduction that metric spaces carry a uniform structure. It is
instructive to have the following example in mind.

Example 2.3 (Metric spaces have uniform structure). Let (S, d) be a metric space. Consider
the family V of sets of the form

B: ={(x,y) €S xS |dx,y)<e}, &>0. .7

Clearly, V satisfies (U1) and (U4). For 0 < £ < § we have B, C Bs and hence B, N Bs =
B, € V and V satisfies (U2). Finally, we have for every € > 0 that B;/3 o B¢/3 = Byg/3 C B,
verifying (U3). Thus the family V is the base of a uniformity on S. We refer to this uniformity
simply as the metric uniformity when there can be no confusion about the metric involved. O

Given a uniformity U on S we can define neighborhoods of points by setting
Ulx] :={yeS |(xy eU} (2.8)

for some entourage U € U. This definition can be extended to neighborhoods of sets in a
natural way by setting

U[A] := U Ulx] 2.9)

x€eA

for an entourage U € U and a subset A of S.
We will show that these neighborhoods in fact give rise to a topology on S.

Recall from Definition A.4 and Proposition A.6 the properties of neighborhood bases.

2.1 Diagonal uniformities
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Proposition & Definition 2.4 (Topologies and uniformities). Let (S, U) be a uniform space
andV C U a base of U. The family N, = { V[x] |V € V } forms a neighborhood base at
x € S and thus U induces a topology on S which we call the uniform topology (associated
with the uniformity U) on S. Furthermore, any base V of U induces the same topology on S .
We call any topology that can be obtained in this way from some uniformity uniformizable.

Proof. We show that the family of subsets given by N, := { V[x] | VeV }ateachx € §
satisfies (1)—(iii) of Proposition A.6. By definition, (x, x) € V for all V € ¥V and consequently
x € V[x]. Assume that N1, N € N, then there exist Vi, V, € Vsuch that N; = V;[x], j = 1,2.
By property (U2) of Definition 2.1 we have V := V| NV, € V and hence

NiNNy={yeS|(x,yyeVinVy}=Vi[x]NnVy[x] = V[x] € Ny (2.10)

which implies (ii) of Proposition A.6. Consider N € N, with N = V[x] for some V € V.
By Definition 2.1 (U3) there exists a U € V such that U o U C V and consequently, for all
y € Ulx] and z € U[y] we have (x,z) € U o U c V and hence U[y] C N, verifying the final
property of neighborhood bases.

Let V’ c U be another base of U then for each x € S the family N, :={ V[x] |V € V' }is
a neighborhood base by the same arguments as above. Now, N, and N, are bases for same
neighborhood system at x and hence induce the same topologies on S, by Proposition A.3. O

It follows immediately from the arguments laid out above that the uniform topology is first
countable if the uniformity possesses a countable base. We will say that the uniform space
(S, U) has a countable base if the uniformity 2/ has a countable base. This does not mean, and
should not be confused with, that the topology induced by U has a countable base (second
countable) but rather a countable local base (first countable).

By taking the product of the uniform topology, any uniformity on S induces a topology on
S x S. We say that an entourage is open, closed, compact etc. if it is open, closed, compact
etc. with respect to the product of the uniform topology on § X S. In the same way we define
the interior and the closure and related notions of an entourage.

As is customary, we denote by A° the interior of A C S, that is the largest open set contained
in A (cf. Definition A.2). We make the following simple observation.

Lemma 2.5 (interiors of entourages are again entourages). Let (S, U) be a uniform space.
Assume U € U then U° € U.

Proof. Let U € U. In order to show the claim we show that there exists a V € U such that
V c U°. The claim then follows from Definition 2.1 (U5). By definition of an entourage (U4),
there exists a V € U such that Vo Vo V C U. In order to show V € U° we must show that
every element (x,y) € V has a neighborhood that is contained in U. By construction,

(x,y)eVix]xV[ylcVoVoVcCU, 2.11)
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hence V o V o V is the desired neighborhood. O

The next result can be found in [Wil70, Theorem 35.6]. The proof is straight forward but we
present it here for completeness sake.

Proposition & Definition 2.6 (Separating uniformities). Let (S, U) be a uniform space. The
uniformity U is called separating if

ﬂ U=A. (2.12)

UelU

Furthermore, the uniformity U is separating if and only if (2.12) holds for some and hence
for any base V of U. The uniform topology is Hausdor{f if and only if the uniformity U is
separating

Proof. By definition of a base it follows immediately that (2.12) holds for every base of U if
it holds for ¢. On the other hand, since every base is a subset of U, (2.12) holds if it holds for
some base V of U.

Now assume that U is separating and let x,y € S be distinct. Then there exists a U € U such
that (x,y) ¢ U. By Definition 2.1 (U3) and Lemma 2.5 there exists a V € U open such that

VoV c U. We claim that V[x] and V[y] are disjoint neighborhoods of x and y, respectively.

If there exists a z € V[x] N V[y] then, by definition, (x,y) € V o V C U which was ruled out by
assumption.

Now assume that (S, 7") is Hausdorff, where 7 is the uniform topology induced by U. Let
x,y € § be distinct. By definition of the uniform topology there exist V, W € U open such that
VIx] N W[y] = @. Then VN W € U is an (open) entourage that does not contain (x,y). O

Different authors use slightly different definitions of uniformities. Isbell [Isb64] for example,
includes the Hausdorff property in the definition of a uniformity.

The next lemma provides a convenient base for proofs involving uniformities. We say that
U cS xS is symmetric, if S = §*.

Lemma 2.7 ([Wil70, Theorem 35.9]). The open, symmetric elements of U form a base of U.

Proof. Let U € U, then U N U* € U, by Definition 2.1 (U4) and furthermore UNU* Cc U. It
remains to show that the open sets form a base. Let U € U and V € U be symmetric with the
property that Vo Vo V c U. By Lemma 2.5 we have U° € U, completing the proof. O

It turns out that uniformities are the structure that is needed to define uniformly continuous
functions — hence the name.

2.1 Diagonal uniformities
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Definition 2.8 (Uniform continuity). Let (S, U) and (T, V) be two uniform spaces. A function
f: S — T is uniformly continuous, if for each V € <V there exists a U € U such that

(), fON () eU)cCV. 3

If either S, T or both are metric spaces, the function f: S — T is uniformly continuous if and
only if it is uniformly continuous with respect to the uniformities generated by metrics on S
and/or T respectively.

It follows immediately from the definition of the metric uniformity that a function f: S — T,
where (S, U) is a uniform space and (7', d) is a metric space, is uniformly continuous if and
only if for every € > 0 there exists a U € U such that d(f(x), f(y)) < & whenever (x,y) € U.

The trinity of topological, uniform and metric spaces becomes apparent when considering con-
tinuous functions: on topological spaces we can only discern continuous from non continuous
functions. On uniform spaces we can compare the degree of continuity at different points of a
function, which leads to the notion of uniform continuity. In metric spaces, however, we can
even measure the degree of continuity via the modulus of continuity and compare the degree
of continuity across functions.

We conclude this section with a couple of examples.

Examples 2.9 (cf. [Wil70, Examples 35.3]). Let S be a non empty set.

(i) The uniformity U = {U c S xS |Ac U} is called the discrete uniformity. The
discrete uniformity generates the discrete topology.

(i) The uniformity U = {S x S} is called the trivial uniformity. The trivial uniformity
generates the trivial topology. O

The next example illustrates that there may exists multiple uniformities that induce the same
topology.

Example 2.10. Let S = R. For any r € R the sets of the form
Ur={(xy) €eR?*|x>randy>r}uA (2.13)

form a base for a uniformity 2 on R which is not the discrete uniformity (e.g. the unit ball is
not contained in U). On the other hand, for every x and every r < x we have U,[x] = {x} and
hence U generates the discrete topology on R. O

On the other hand, different metrics may induce the same uniformity.

Example 2.11. Let (S, d) be a metric space. Assume « > 0, then the metrics d, @d and Vd all
induce the same uniformity on S. O
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2.2 Weak uniformities

Similar to the weak topology induced by a family of functions one can define the weak
uniformity.

Definition 2.12 (Weak uniformities). Let S be a set and (7, V) an uniform space. Further let
F :={f:S — T} be a family of maps from $ to T. The weak uniformity U generated by F
is the coarsest uniformity on S such that all f € ¥ are uniformly continuous. o

Proposition 2.13 (A base for weak uniformities). Let S be a non empty set and (T,V) a
uniform space. Let further ¥ C {f: S — T} be a non empty family of maps from S to T and
define for each f € ¥ the map Fy: S xS — T X T by

Fr(x,y) = (f(0), f(¥). (2.14)

Then the collection of sets

n
W = { F]_c[lvi
i=1

1

neN, fieF, ViE(VforallieN} (2.15)

forms a base for the weak uniformity Ug on S.

Proof. We first show that ‘W is a base, i.e. satisfies properties (U1) to (U4). By definition,
A(T) c V forall V € V and clearly, FJII(A(T)) = A(S). Hence, A(S) c W forall W € W
showing (U1). Property (U2) follows immediately from the definition of ‘W. Properties (U3)
and (U4) are consequences of the corresponding properties of V. We only show (U3) as
(U4) can be shown by a similar argument. Assume W = F]‘ClV for some f € F and V € V.
Then there exists a V' € V such that V' o V' c V and set W’ := F]?IV’. Fori = 1,2,3
let x; € S be such that (x1, x2), (x2,x3) € W’. Then there exist y; € T, i = 1,2, 3 such that
xi € fYy;} fori=1,2,3 and (y1,y2), (y2,y3) € V’. Thus, (y1,y3) € V and hence (x, x3) € W
and consequently W’ o W’ c W. The same conclusion follows for general W € ‘W from the
observation that for two subsets A,BC S xS and A’,B’ c S XS suchthat A’ oA’ C A and
B’ o B’ C Bt holds that

(A’NBYo(ANB)c (A oA )YN(B oB)CANB. (2.16)

We have shown that ‘W is indeed the base for a uniformity U# on S. It remains to show that
every uniformity on S with respect to which all f € ¥ are uniformly continuous, contains ‘W.
But this follows immediately from the definition of W . O

Remarks 2.14. (i) In (2.15) it suffices to restrict choice of the V; to a base of V.
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(i1) In the case where (T, d) is a metric space the weak uniformity associated with a family
F ={f: S — T}is generated by the sets of the form

n
ﬂ F;'Bs, (2.17)
i=1

wheren € N,6 >0, f; € F forall 1 <i<nand
Bs ={(u,v)eTXT|d(x,y)<d}. (2.18)

To see this recall that the sets Bg, 0 > 0 are a base for the metric uniformity. Furthermore,
the inclusion B, C B; for € < ¢ is preserved under the preimage operation and hence
we can choose 6 = min;=1__,{d;}. o

For a more detailed account on weak uniformities see [Wil70, Chap. 37]. For our purpose
weak uniformities generated by real valued function will suffice. Observe that the topology
generated by the weak uniformity generated by F coincides with the weak topology generated
by ¥ (cf. the remark after [Wil70, Definition 37.7]).

Uniformities and pseudometrics

Recall from Definition A.26 that a pseudometric on a set S is a distance functionp: § XS — R
that satisfies all the axioms of a metric except that p(x, y) = 0 does not necessarily imply x = y.
That is, p is non negative definite, symmetric, satisfies p(x, x) = 0 for all x € § and the triangle
inequality holds.

Pseudometrics, or rather families of pseudometrics provide a different way to characterize
uniform spaces. Given a non empty index set I # @ and a family { p; | i € I } of pseudometrics
on S we can define a uniformity 2 on S using the sets of the form

Ul ={(x,y)eS xS |pi(x,y)<e} icle>0

as a base of U. An important question is when is a uniformity generated by a family of
pseudometrics separating or, equivalently, when is the uniform space (S, U) Hausdorft.

Lemma 2.15 (Pseudometrics and separating uniformities). Let S # @ and ' = {p; |i €1} a
family of pseudometrics on S. Then the uniformity generated by I is separating if for each
pair (x,y) € S\ A there exists a p € T such that pi(x,y) > 0.

Proof. Let (x,y) € S\ A. By assumption there exists a € > 0 and a p € I" such that p(x,y) > e.
Hence, (x,y) ¢ U% and thus (per Neso Ut = A. -
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More interestingly, every uniformity can be obtained from a family of pseudometrics (cf.
[Bou66b, IX Theorem 1.4.1]). To construct such a family of pseudometrics on a uniform
space (S, U), consider the space S x S endowed with the product uniformity 2/?. That is the
coarsest uniformity that makes the projections uniformly continuous. Then U is generated
by the family of all pseudometrics that are uniformly continuous on § X S (see [Bou66b, IX

§1.5]).

These observations lead to the following result. (see e.g. [Jak86])

Proposition 2.16 (Consistent families of pseudometrics). Let (S, U) be a uniform Hausdorff
space. Then there exists an index set | and a family {p; |i €1} of pseudometrics on S
generating U with the properties

(i) forall x,y € S with x # y there exists an i € I such that p;(x,y) > 0

(ii) for alli, j € 1 there exists an index k € 1 such that max{p;,p;} < pi.
Proof. By Lemma 2.7 we can choose a base V of U consisting of the open and symmetric
entourages U € U. For U € V set py(x,y) = Ly((x,y)). It is easy to check that py is a
pseudometric. Furthermore it is evident from the construction that the family { pyy | U € V' }
generates U. By the Hausdorff property, for each pair (x,y) € S? \ A there exists a basic
entourage U € V such that (x,y) ¢ U and hence py(x,y) > 0, showing (i). Now let U,V € V,
by definition of a uniformity, U N V € U and hence there exists a basic entourage W € V

such that W c U N V. Assume py(x,y) > 0 then, (x,y) ¢ U and hence (x,y) ¢ W and we have
pu(x,y) = pw(x,y) = 1. The same holds for py, establishing (ii) O

We use the common short hand a V b := max{a,b} and a V b := min{a, b} for a,b € R.
Analogously we set for real valued functions f,g: Q - R

(f V @)w) = max{f(w), g(w)}, (f A g)(w) = min{f(w),g(w)}, weQ. (2.19)

Without loss of generality we can always take the family { p; | i € I } to be bounded by 1.

Lemma 2.17 (Truncated pseudometrics generate the same uniformity). Let { p; | i €1} be a
family of pseudometrics on S and U the uniformity generated by this family. Then U is also
generated by the family {p; A1 |iel}.

Proof. The claim follows immediately from the observation that forall0 < e < 1 andi €1

[y es?|prny) <ef={(xyes?|pixyal<el. (2.20)

O

2.3 Uniformities and pseudometrics

19



20

Apparently there is a close connection between uniformities and (families of) pseudometrics.
So it comes as no surprise that ANDRE WEIL used families of pseudometrics, so called gage
structures, to originally define uniformities in [Wei37].

Definition 2.18 (Gage structures). Let S be a nonempty set and I # @ some set of indices. A
family G = { p; | i € I} of pseudometrics on S is called a gage structure if it satisfies

(i) whenever p;,p; € G then maxp;,p; € G

(ii) if p is a pseudometric on S and for every € > O there exists ad > 0 and a p’ € G such
that p(x, y) < € whenever p’(x.y) < d,thenp € G. o

It can be shown (cf. [Kel75, Theorem 6.18]) that gage structures are in a one-to-one correspon-
dence with uniformities.

The term “gage” does not appear in Weil’s work in 1937 or in Doss’ article [Dos49] in 1949.
But it appears in the first edition of Kelley’s [Kel75] in 1955. T have not been able to find out
who first coined the term. In more recent publications about uniform spaces one can also find
the term “gauge” (see for example [HNV04]) which appears to be a copying error.

We have already seen, that every metric induces a uniform structure which in turn induces a
topology. We are now interested in conditions under which these implications can be reversed.
In other words we seek conditions for a topological space to be uniformizable and for uniform
spaces to be metrizable. We cite the following results from [Wil70] and omit the proofs.

Recall from Definition A.14 that a completely regular topological space is a topological space
where points can be separated by continuous functions. As it turns out, the uniformizable
topological spaces are exactly those that are completely regular.

Proposition 2.19 (Completely regular spaces are uniformizable). Let (S, T") be a topological
space. The topology T is uniformizable if and only if (S,T") is completely regular.

Proof. See [Wil70, Theorem 38.2]. O

Next, we turn to the question which uniformities can be derived from a metric.

Proposition 2.20 (Metrizable uniform spaces). Let (S, U) be a uniform space. Then the
uniformity is pseudometrizable if and only if U has a countable base. Furthermore, U is
metrizable if and only if U has a countable base and is Hausdorff.

Proof. See [Wil70, Theorem 38.3 & Corollary 38.4]. O
We will say that a uniform space (S, U) is metrizable if the uniformity U/ is metrizable.

It is important to observe that metrizability of the topology induced by U does not imply
metrizability of U itself. For a pathological counterexample refer to [Wil70, Example 38.5].
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2.4 Covering uniformities

Next we give a brief introduction to covering uniformities. This is another, and equivalent, way
to define a uniform structure and we will need this construction in the proof of Theorem 3.16.
Some authors, notably Joun W. Tukey [Tuk40] and Jonn R. IsBeLL [Isb64] advocate this
approach. Isbell summarizes his opinion

However, Weil’s original axiomatization [via pseudometrics] is not at all con-
venient, and was soon succeeded by two other versions: the orthodox (Bourbaki)
[via diagonal uniformities] and the heretical (Tukey) [via uniform coverings].
The present author is a notorious heretic, and here advances the claim that in this
book each system is used where it is most convenient, with the result that Tukey’s
system of uniform coverings is used nine-tenths of the time.'

Let S # @ be a non empty set. Recall that a cover of S is a family A = {A c S} such that
S = Useqa A. Given a cover A of S and some C C S, the star of C with respect to A is the
family
SUC, A) = U A. 2.21)
AeA: ANC+D

Before we can define what a uniform covers or a covering uniformity is, we need a bit of
vocabulary.
Definition 2.21 (Refinements). Let (A, B be two covers of §. We say that

(i) A refines B, A < B, if for each A € A there exists a B € B such that A C B.

(1) A star-refines B, A <« B, if for each A € A there exists some B € B such that
St(A, A) C B.

(iii) A is a barycentric refinements of B, A C B, if the family of sets of the form
{St({x}, A) | x € S } refines B. o

Lemma 2.22 (Barycentric refinements of barycentric refinements are star refinements). Let
A, B, C be covers of S and assume that AT B T C. Then A <« C.

Proof. Let A € A. Since A C B, there exists for each x € A a B, € B such that St({x}, A) C
B,. By construction, we have St(A, A) C | J,es Bx and A C ()4 By wWhich implies St(A, A) C
St({x}, B) for each x € A. By assumption B C C and consequently there exists a x € A and
C € C such that St(A, A) c St({x}, B) c C and hence A < C. O

In uniform spaces certain coverings play a special role.

[Isb64, p. v]
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Definition 2.23 (Uniform covers). Let (S, U) be a uniform space. A covering A of S is called
a uniform cover if it is refined by a cover of the form

Ay ={Ulx] | xS} (2.22)

for some U € U. ¢

Proposition 2.24 (Properties of the family of uniform covers). Let (S, U) be a uniform space
and denote by u the family of all uniform covers of S. Then the following hold

(C1) If Ay, Ay € uare uniform coverings then there exists another uniform covering Az € u
such that Ay <« Ay and Az <« Ay.

(C2) If A€ puand A < A for some covering A’ of S, then A’ € .

Proof. Let A € ube a uniform cover of S. Then there exists a U € U such that A is refined by
Ay :={U[x]|x€S }. Choose Ve Usuchthat VoV cUandlet B={V[x]|x€S }. For
each x € § we have St({x}, 8) C U[x] because each V[y] for which x € V[y] is contained in
(VoV)[x] c U[x]. Hence B C A and by Lemma 2.22 there exists another uniform cover C such
that C <« A. What is left to show is that A;, A, € u possess a common barycentric refinement.
Without loss of generality, assume that let U, U, € U are entourages that induce A; and Ay,
respectively. Now choose an open symmetric entourage U € U suchthat U o U Cc Uy N U,
and denote the uniform cover induced by U by A, then St({x}, A) c U[x] N U,[x] and thus
A is a barycentric refinement of both A; and A, which proves (C1).

The second assertion follows immediately from the definition of uniform covers. O

The converse of Proposition 2.24 holds true, too.

Theorem 2.25 (Uniform covers induce uniformity). Let u be a family of covers of the set S
satisfying (C1) and (C2) of Proposition 2.24. Then the family

(V::{UAXA

AeA

Acpu } (2.23)

forms a base of a diagonal uniformity U and the collection of all uniform covers induced by

U is p.

Proof. Let U € V, i.e. there exists a cover A € y such that U = [ Jscq A X A. We check the
axioms (U1) to (U4) of Definition 2.1 one by one. Since A is a cover of § we readily get
A c U and thus (U1). By construction, the elements of V are symmetric, implying (U4). Now
assume V € V is another element and 8 € y is such that V = [ Jgcg B X B. Then,

UmV:UAxAmUBxB:UU(AmB)x(AmB) (2.24)

AeA BeB AeA BeB
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and the family C := {ANB|A €A, Be B}isacover of S. By (Cl) there exists a star-
refinement C’ € u of both A and B. By construction, C’ refines the cover C and thus C € u
by virtue of (C2), which in turn implies U NV € V and hence (U2). Finally, (U3) follows
immediately when we choose B to be a star-refinement of A and U, V defined as before.

Next we need to show that the uniform covers with respect to the uniformity U generated by
V is just u. It suffices to show that each A € y is a uniform cover with respect to U.

Let A € pand U € U, as before, the entourage generated by A. Choose an entourage V € U
such that V o V c U then the cover { V[x] | x € S } refines A and by definition (A is a uniform
cover with respect to U. O

We call a family u of covers of S satisfying (C1) and (C2) a covering uniformity. If u satisfies
only (C1), we say that u is a base for a uniform covering.

The connection between covering uniformities and families of pseudometrics on § is straight
forward.

Lemma 2.26 (Pseudometrics and covering uniformities). Let I be a non empty index set and
(0i)ie1 a family of pseudometrics on S satisfying (i) of Proposition 2.16. Then the family u
consisting of all covers of S of the form

Aie ={Bi(x,e) ={yeS |pkxy)<e}lxeS} i€l e>0 (2.25)
is a base for a covering uniformity of S.
Proof. We only need to show that u satisfies condition (C1). Let &,6 > 0 and i, j € I. We need
to find a star-refinement of both A; . and A 5. It follows from condition (i) of Proposition 2.16
that there exists an index k € I such that p, > max{p;, p;} which means Bi(x, &) C B;(x, €)

and By(x,6) C Bj(x,06) for all x € §. That implies that Ay ss)/4 star-refines both A; ; and
A 6 O

Remark 2.27. Let D C S be a dense subset of S. Then the conclusion of the last lemma still
holds if we replace u by the family of covers consisting of the sets

3{1’-’8 ={Bix,e) ={yeS|pxy)<e}|lxeD} icl >0, (2.26)

as these are clearly covers of S and the same proof as before applies. &

It comes as no surprise, that uniform continuity can be defined in terms of covering uniformities
equally well.

2.4 Covering uniformities
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Proposition 2.28 (Uniform continuity [Wil70, Theorem 36.8]). Let (S, U) and (T,V) be
uniform Hausdorf{f spaces and denote by u and v the families of uniform covers of S and T,
respectively. A function f: S — T is uniformly continuous if and only if any of the following
two equivalent conditions is satisfied.

(i) For each uniform cover B € v of T there exists a uniform cover A € u of S such that
f(A) < B, where f(A)={f(A)|Aec A}

(ii) For each uniform cover B € v of T, the family f~'8B := {f‘lB | Be B} is a uniform
cover of S.

Proof. First observe that the equivalence of the two conditions is an immediate consequence
of Proposition 2.24. Now assume that f: § — T is uniformly continuous and let 8 € v be a
uniform cover of 7. Then there exists an entourage V € V such that By :={ V[y] |y € T }is
a refinement of B. By uniform continuity, there exists a U € U such that (f(x), f(x")) € V
whenever (x, x’) € U and hence, f(Ay) < By < B.

Conversely, suppose that conditions (i) and (ii) hold and fix V € V. For 8 € v, write

Vg :=| | BxB, (2.27)

BeB
and compare this to (2.23) to deduce that Vg € V for all B € v. Then there exists a uniform
cover B € v such that Vg C V and by assumption a uniform cover ‘A € u of S such that
f(A) < B. Hence, (x,x") € Ug implies that (f(x), f(x")) € Vg C V. And since V € V was
arbitrary this proves uniform continuity of f, as claimed. O

The next result is well known for metric metric spaces from any introductory calculus course.
We nevertheless prove it here for uniform spaces as the proof is rather instructive.

Lemma 2.29 (Continuous functions on compacta are uniformly continuous). Let (S, U) and
(T, V) be uniform Hausdorff spaces and assume that S is compact. Then, every continuous
function f: S — T is already uniformly continuous.

Proof. Let V € V and choose V' € V open and symmetric such that V' o V' c V. Consider
the open (uniform) cover B/ AV If(0)] ] xeS }of f(S). By continuity of f, the family

A={fVIfwl|xes | (2.28)

is an open cover of S. By definition of the uniform topology, there exist open entourages U
such that

(Uyo Uplx] € fV'[f(0)] (2.29)
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for all x € §. By compactness, there exist finitely many xi,...,xy € S such that the family

{ Uy,lx;] | j=1...,N } is an open cover of S. By definition of a uniformity, we obtain
N
Ui=(\UyeU (2.30)
j=1

and furthermore, U is open.

Assume that (y, z) € U. By construction, there exists a j € {1,..., N} such that (x;,y) € Uy,
and hence

(.2} € (Uy; 0 D)xjl € 7V If(x))]. (2.31)
As a consequence, {f(y), f(2)} € V'[f(x;)] and by a similar argument as before we finally
obtain (f(x), f(y)) € V for all (x,y) € U. O

Much more can be said about covering uniformities and we refer the interested reader to
Isbell’s book [Isb64] for an in depth treatment of covering uniformities. The take away from
this section is that covering uniformities offer a different view on the uniform structure of a
space.

Further properties of uniform spaces

We described in the first section of this chapter how uniform spaces are halfway between
topological spaces and metric spaces with respect to their structure. Many structural properties
that are known from metric spaces can be generalized to uniform spaces by exchanging
quantitative statements for qualitative statements.

In this section we explain how the notion of metric measure spaces can be extended to uniform
measure spaces which will serve as the state spaces for the processes that are the focus of this
research.

Definition 2.30 (totally bounded sets). Let (S, U{) be a uniform space. A subset A C § is
totally bounded if for every open entourage U € U there exists a finite collection of points
{x;eA|1<i<n}in A such that

AcC O Ulxi]. ¢
i=1

Lemma 2.31 (A condition for totally boundedness). Let (S, U) be a uniform space and D C S
a subset. Assume that for each U € U there exists a totally bounded set A C S such that

Dc U Ulx]. (2.32)

2.5 Further properties of uniform spaces

25



26

Then D is totally bounded.

Proof. Fix U € U open and choose V, W € U open such thatthat Wo W c Vand Vo V C
U. By assumption there exists a totally bounded A ¢ S such that D c (J,4 W[x]. Let
X{,...,X, € A be such that

AcC U Wlxg]. (2.33)
k=1

Since U ewpy,) Wlx] C V[xi] forall k = 1, ..., n it follows that

n

Dc| Jvixd. (2.34)
k=1
Without loss of generality assume that for some N < n the points xy, ..., xy are exactly those

xi for which V[x ] N D # @. Now let y, € V[xig]NDfork=1,...,N. Then, V[x;] C Ulyx]
and consequently

N
pc| Jul (2.35)
k=1

O

Naturally, any uniform spaces (S, ) induces a measurable space (S, B(S)), where B(S)
denotes the Borel o-algebra generated by the open sets of (S, U).

Recall from Definition A.35 the definition of a Radon measure.

Definition 2.32 (Boundedly finite measures). Let (S, U) be a locally compact uniform Haus-
dorff space. A Radon measure v on (S, B(S)) is boundedly finite, if v(A) < oo for every totally
bounded set A C S. o

Recall the definition of a net from Definition A.42: A net is a generalization of a sequence in
the sense that we allow arbitrary directed sets (I, >) as index sets.

The uniform structure allows us to define Cauchy sequences and nets as follows.

Definition 2.33 (Cauchy nets). Let (S, Uf) be a uniform space. A net (xy)qer is called a Cauchy
net if for every open entourage U € U there exists a ag € I such that

(xg, xy) € U (2.36)

whenever 8,y > agp. o

With the definition of Cauchy nets at hand we can introduce the notion of completeness for
uniform spaces and define uniform measure spaces.
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Definition 2.34 (Complete uniform spaces). A uniform space (S, ) is called complete if
every Cauchy net converges. o

Next we make two useful observations about compact sets.

Lemma 2.35 (Heine-Borel). Let (S, U) be a complete uniform space. Then A C S is compact
if and only if A is closed and totally bounded.

Proof. Assume A C S is compact. Then A is closed and furthermore for every open entourage
U € U, the covering { U[x] | x € A} of A has a finite subcover, i.e. there exists a collection
of points {xi,...,x,} C A such that A c |J_, U[x;]. The converse implication follows from
[Wil70, Theorem 39.13]. O

Lemma 2.36 (Totally bounded uniform neighborhoods). Let (S, U) be a locally compact
uniform Hausdorff space. Then there exists for every x € S an open entourage U € U such

that U|x] is compact.

Proof. Fix x € §. By local compactness, there exists a compact set K, C § and an open
entourage U € U such that U[x] C K. Suppose { B, | n € N } is an open cover of the closure

m. Then,
(B, |neN)U{CU) (2.37)

is an open cover of K. By compactness of K, there exists a finite open subcover,
{Bi.....B,|ne N}U{CU} (2.38)

of K. Since CU[x] N U[x] = @, we have found with { B|,...,B, |n € N }an open subcover

of U[x] which is therefore compact. O

A similar result holds true for compact subsets of S'.

Lemma 2.37. Let (S, U) be a locally compact uniform Hausdorff space. For each K C S
compact there exists an open set A C S such that K ¢ A C S and the closure A is compact.

Proof. For each x € K choose by Lemma 2.36 an open entourage U* € U such that U*[x] is
relatively compact. Take a finite subcover consisting of xy,...,x, € Kand Uy,..., U, € U
open such that

K C U U,[x,] =: A. (2.39)
i=1

2.5 Further properties of uniform spaces
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Then A is open and contained in the compact set

Ac U U lx,]CS, (2.40)
i=1

as claimed. m]

In order to use the classical results from probability theory, we need to make sure that our
spaces are separable and complete. We adapt the terminology that is known from the theory of
metric spaces and call such spaces Polish.

These assumptions can certainly be weakened to some degree, but it is not within the scope of
this thesis to do so.

Definition 2.38 (Polish uniform space). A metrizable uniform space (S, U) is called Polish
uniform space if is separable and complete. o

Some remarks about this definition are in order. First, observe that by Proposition 2.20 Polish
uniform spaces are Hausdorff and possess a countable base for the uniformity ¢. Furthermore,
we note the following result for further reference.

Lemma 2.39 (Completely metrizable uniform spaces). [ Wil70, Theorem 39.4]] Let (S, U) be
a uniform Hausdorff space with a countable base (sc. U is metrizable). Assume further that

U is complete. Then every metric on S that induces U is complete.

This gives rise to the question why to consider Polish uniform spaces at all instead of relying
on the well developed theory of metric measure spaces. The main reason is that we want to
emphasize that the structural properties of the spaces that are important are those expressed by
the uniformity and do not depend on the concrete metric that generates the uniform structure.

Lemma 2.40 (Lindelof property). Let (S, U) be a Polish uniform space. Then (S,U) is
Lindeldf.

Proof. Metrizability and separability together imply the existence of a countable base of the
uniform topology. Hence, every Polish uniform space is second countable and therefore, by
Lemma A.19, Lindelof. ]

For further reference we introduce the analog of metric measure spaces for our uniform setup.
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2.5.1

Definition 2.41 (Uniform measure spaces). A uniform measure space is a triple (S, U, v),
where (S, U) is a Polish uniform space and v is a o-finite Radon measure on (S, B(S)), where
B(S) is the Borel o-algebra, as usual. We write B,(S) for the completion of B(S') with respect
to v, i.e.

By(S)=0cBES)U{ACNeBS)|vN)=0}). (2.41)

¢

Remark 2.42 (Properties of Radon measures on Polish spaces). Let A C S be totally bounded.
By Lemma 2.35, A is compact and therefore, by Definition A.35,

U(A) < u(A) < . (2.42)

Hence, every Radon measure on a Polish uniform space is boundedly finite. o

In the next chapter we will develop the theory of the Skorokhod space of cadlag functions on
a uniform space. We will be as general as the scope of this thesis permits in order to show that
the assumptions on uniform measure spaces can be relaxed while still retaining a meaningful
theory.

Uniform equicontinuity

In this section we introduce the notion of equicontinuity of a family of real valued functions
on a uniform Hausdorff space and present a version of the celebrated Arzela-Ascoli theorem
that will be central to the proof of Theorem 6.2. The proof presented here is based on the
proof of [DS58, Theorem IV.6.5.7].

Let S, T be two non empty sets, we denote by F(S;7) = {f: S — T} the family of all maps
ffromS toT.

Lemma 2.43 (Uniformity of uniform convergence). Let S # @ be a set and (T,V) a uniform
Hausdorff space. Assume that V' C V is a base of V. Then the family of subsets of F(S; T)?
of the form

{(f.0) e F (ST | (f(0).8x) eV, VxeS}, VeV (2.43)

is a base of a uniformity on F(S; T) which does not depend on the choice of the base V'.

Proof. Let V' C V be a base of ‘V and assume that ‘W is the system of subsets of 7(S; T)?
induced by V” as described in (2.43). We first show that ‘W’ is indeed a base for a uniformity
on F(S;T). Clearly, A c W for all W € “W’. The remaining properties of a base (U2) to (U4)
follow readily from the analogous properties of V’. Now Let V', V" c V be two bases of
the uniformity V and W’, W’ the families of entourages defined as in (2.43). Let W € ‘W,
then there exists a V’ € V’ such that (f(x), g(x)) € V' forall (f,g) € W and x € S. Since V’

2.5 Further properties of uniform spaces

29



30

and V" were assumed to be bases of the same uniformity, there exits a V"’ € V" such that
V' c V. Let W ={(f.g) € F(S:T)* | (f(x),8(x)) € V", ¥x € S }, then W’ c W’ and we
can deduce that W’ is contained in the uniformity generated by “W”’. By symmetry we obtain
the converse inclusion and ultimately the identity of the uniformities generated by ‘W’ and
W, respectively. O

Let (T,V) be a uniform Hausdorft space and recall that a sequence (f;),eny € F(S;7T)
converges uniformly to a limit f € 7 (S; T) if and only if for all V € <V there exists a ny € N
such that

{(a), f() [xeS}CV (2.44)

for all n > ny.

We call the uniformity ‘W on C(S; T') as described in Lemma 2.43 the uniformity of uniform
convergence for it induces the usual fopology of uniform convergence .

Observe that both the uniformity of uniform convergences and the topology of uniform
convergence fundamentally depend on the uniform structure of 7'.

More details on the uniformity of uniform convergence can be found in [Bou66a, Chapter
X.1]. We collect some of the results in the following remarks.

Remarks 2.44. Let S be some set and (7, V) a uniform Hausdorff space. We equip the space
F(S; T) with the uniformity of uniform convergence which we denote by “W.

(i) Let A be some family of subsets of S. We can equip ¥(S;7T) with the coarsest
uniformity that makes the restrictions maps f +— fla, A € A uniformly continuous with
respect to the uniformity of uniform convergence on ¥ (A4; 7). This uniformity is called
uniformity of uniform convergence on the sets of A. One example is the uniformity of
uniform convergence on compacta which is obtained by taking S to be a topological
space and (A to be the family of compact sets (cf. [Bou66a, Definition 2 X.1.2]).

(i) The space C(S;T) is a closed subset of the space 7 (S ; T') equipped with the topology
of uniform convergence (cf. [Bou66a, Theorem 2 X.1.6]). In particular, uniform limits
of continuous functions are again continuous.

(iii) If T is complete, then so is 7(S; T') equipped with the uniformity of uniform conver-

gence (cf. [Bou66a, Theorem 1 X.1.5]). ¢

Next we introduce the notion of uniform equicontinuity for a family of continuous functions
and extend this definition to continuous functions that are defined on (possibly different)
subsets of a common uniform space (S, U).
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Definition 2.45 (Uniform equicontinuity). Let (S, ) and (7T, V) be uniform Hausdorft spaces
and F' C C(S; T) a family of continuous functions. We say that F’ is uniformly equicontinuous
if for all V € “V open there exists a U € U open such that

1@, o) | eucv. (2.45)

feF

Let (f,),cny be a sequence of continuous functions with each f, defined on a subset S,, C S.
Then the sequence (f;),cy 1s uniformly equicontinuous if for all open V € V there exists an
open U € U such that

U {(fi), i) | (.y) €UNS, xSy} C V. (2.46)

neN &

We can now state and proof a version of the Arzela-Ascoli theorem for uniform spaces.

Theorem 2.46 (Arzela-Ascoli). Let (S, U) and (T,V) be uniform Hausdorff spaces and
assume that (S, U) is compact and (T,V) is complete. A family K C C(S;T) is relatively
compact if and only if K is uniformly equicontinuous and the set

Jrs)er (2.47)

feK

is relatively compact.

Proof. First assume that K c C(S; T) is relatively compact and recall the definition of the
uniformity ‘W from Lemma 2.43. Let V € V and choose V’ € V open and symmetric such
that V' o V’ C V, as usual. Fix f € K, by compactness of S and continuity of f, we deduce

that f(S) c T is compact and hence there exist x1,...,x) € S for some M € N such that
M
Fs) e Jviren (2.48)
i=1

Now choose W € ‘W open such that
W {(f.0) € F(S;TY | (f(x),g(x) €V, ¥xeS |, (2.49)

where ‘W denotes the uniformity on 7(S; T') as defined in Lemma 2.43. By relative compact-
ness and Lemma 2.35, K is totally bounded and we can find fi,..., fv € K for some N € N
such that

N
Kc| |WIf (2.50)
j=1

2.5 Further properties of uniform spaces
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Foreach j=1,...,N let x(lj), e, s%-), €S, M; € N be a finite family of points such that (2.48)
J

is satisfied for f;. By construction we have

M;

N M; N
sy« JUo e vasedn e (U vised @.51)

fek j=1 i=1 j=1 i=1

and since V € V open was arbitrary, we have that {J sex f($) is totally bounded and hence
relatively compact by Lemma 2.35.

Observe that by Lemma 2.29 each f € K is uniformly continuous. We continue to show
that K is actually uniformly equicontinuous. Fix V € <V and choose V' € V, W € ‘W and
fi,..., fn € K as before with the only difference that we assume that V' o V' o V' o V' C V.
By uniform continuity, there exist open entourages Uy, ..., Uy € U such that

(fix), fion eV’ (2.52)

for all (x,y) € Ujand j = 1,...,N. We can take the intersection U := ﬂ?’zl U; of these
entourages to obtain another open entourage U € U. By construction we find for each f € K a
J €1{1,..., N} such that (f(x), f;(x)) € V' for all x € S. In combination with (2.52) we obtain

(f), fO) eV oV oV CcV (2.53)
for all (x,y) € U and f € K.

For the converse implication recall that by completeness of 7', C(S; T) is complete, too. It
therefore suffices by Lemma 2.35 to show that K is totally bounded. To that end fix some
W € W open. By definition of W there exists a V € V open such that

W={(f,.9) e FS: D (f(x).gx) €V, YxeS}c W (2.54)

As before, we choose V' € V open with the property that V' o V' o V' o V' C V. By uniform
equicontinuity, there exists an open U € U such that (f(x), f(y)) € V’ for all (x,y) € U and
S € K. Since S and {J ek f(S) are totally bounded by assumption, we find finitely many
Xl,...,xy €S and f1,..., fu eKsuchthat{ Ulx;] ’j: 1,...,N}isanopencoverofS and

{V’[f,-(xj)] | i=1,...M, j= 1,...,N}is an open cover of sex f(S), i.e.
N
s e visia (2.55)

fekK i=1 j=1

—_

We claim that the family { W[f;]|i=1,..., M } is a finite open cover of K. Suppose this was
not the case, then there exists a f € K such that f ¢ W[f;] foralli =1,..., M. This means,
foreach i € {1,..., M} there exists some x € S such that (f(x), fi(x)) ¢ V’'. By (2.55) we can
choose i € {1,..., M} such that (f(y), fi(y)) € V for some y € S. For convenience write g := f;.
By compactness of S we can find (x, y) € U such that (f(x), g(x)) ¢ V' but (f(y),g(») € V'.
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By construction of U and uniform equicontinuity we obtain (f(x), f(»)), (g(x), g(y)) € V' and
hence
(f(x),g(x) eV oV oV CV, (2.56)

in contradiction to the assumption. O

We present another formulation of the Arzela-Ascoli theorem that is specifically tailored
to our needs in Chapter 6. This formulation is due to [ALW17, Lemma 5.4] and a similar
version can be found in [Cro18, Lemma 5.3]. Although the proof is very similar to the proof
of Theorem 2.46, we give a detailed proof as both papers omit a proof and there are a few
subtleties that require careful treatment.

Lemma 2.47 (Arzela-Ascoli). Let (S, U) and (T, V) be uniform Hausdorff spaces with count-
able bases and assume that (S, U) is compact and that (T, V) is complete. Assume further
that there are non empty closed subsets S, C S for each n € N U {oo} and a sequence (f),en
of continuous functions such that f, € C(S,; T) and the sequence (f),cx IS uniformly equicon-
tinuous. Suppose for each x € S there exists a sequence (x,),eny C S with x, € S, for all
n € N and lim,,_, x, = x with the property that { f,(x,) | n € N} is relatively compactin T.

Then there exists a continuous function f € C(Seo; T) and a subsequence (f,, )ken such that for
all' V € V there exists a U € U with the property

{(F, O | () €UN S XSy } CV, VkeN. (2.57)

Proof. Let V € V be open. By uniform equicontinuity there exists an open entourage U € U
such that for all n € N

[ ={ (@), i) | (oy) e UN ST} V. (2.58)
Choose U’ € U open such that U’ o U’ C U. As Sw is a closed subset of a compact space, it
is itself totally bounded and we can find finitely many x!,...,x" € S, such that
N .
Sw | JU'LH1. (2.59)
j=1

Furthermore, the x/ can be chosen in a way that

FelUl¥] @ k=] (2.60)

J

For each j € {1,...,N} let (xf,;)neN C § be a sequence with x;, € S, for all n € N and

lim,_,. x, = x/. By assumption such sequences exist and furthermore we can choose a
subsequence (fy, ),y such that

Jim fulxl)=2 €T, Vje{l,...,N}. 2.61)

2.5 Further properties of uniform spaces
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For x € S set a(x) := min{j =1,...,N | x € U'[x7] } and define hy: S, — T by setting
hy(x) = 729, (2.62)

Observe that hy(x/) = z/ for all j € {1,..., N}. It is worth noting that if T is path connected,
hy can be chosen to be continuous.

Let (Ve € V be a sequence of open entourages such that
VisioVigr V. (2.63)

For each [ € N define #; = hy,: Seo — T as above but choose the sequence (f;),qy in the
definition of A, as a subsequence of that in the definition of 4;. We claim that the sequence
(h1)en 18 Cauchy with respect to the uniformity of uniform convergence ‘W on ¥ (So; T).
To see this, take any W € ‘W open. By definition, there exists a [y € N such that for
/8 €F(Se0sT),

{(f(x),8(x) | x €S} C V) (2.64)

implies that (f, g) € W. Now take lp < k < [ and fix x € So. Choose Uy, U; € U open such
that f,,(U) C Vi and f,(U;) C V). As before take U,’(, Ul' € U open such that U,’( ) U,’C c U
and U] o U] C U, respectively. Denote by y* := x*™ the x/ from the definition of A which
determines the value of Ay at x, i.e. hi(x) = hk(yk) and in the same manner define yl € S for hy.
By construction, we have x € U,'{[yk] nu; [y'] and thus (%, y) € Uy, as U; € Uy. Furthermore

denote the sequences from the definition of A and h; converging to y* and y! by (yﬁ)neN and

(yfl)neN respectively. Observe that we can indeed take the same subsequences by construction.

As Uy is open, we deduce that (y¢,y) € Uy, eventually. Hence,

(£ (%) £ (50)) € Vi € Vi (2.65)

for all n € N sufficiently large and consequently (/x(x), hi(x)) € Vj,. Since x € S, was
arbitrary we conclude that (4, hy) € W which proves the claim that (/) is Cauchy. By
completeness of T together with Remarks 2.44 (iii) we have convergence of the sequence
(hy);en and we denote the limit by f.

It remains to show that f is continuous and satisfies (2.57). To that end take V € V open and
choose V' € V open with V' o V/ C V. Then there exists a [y € N such that (f(x), iy(x)) € V'
for all [ > ly. By construction, there exists a /; € Nand a U € U open such that /;(U) c V’ for
all / > [;. Consequently, f(U) C V and we have that f is even uniformly continuous. Finally,
(2.57) holds by construction of f. O

Proximity spaces

For further reference we introduce the notion of proximities and show that proximity spaces
are in a one-to-one relation with uniform spaces. The main source for this section is [Wil70,
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Chapter 40] where further details can be found. Willard traces the notion of proximities back
to FricYEs Riesz (1908) [Rie08] and mentions works on proximity spaces by ALEXANDER D.
WaLrLace [Wal41], Vapim A. ErrRemoviC [Efr52] and Yurt M. SMirNov [Smi52].

Definition 2.48 (Proximity spaces). Let S # @ be a set. We call a binary relation >« on £(S) a
proximity (relation) if for all subsets A, B, C C X it holds

(P1) @k AforallAcCS

(P2) {x}ea{x}forallx e S,

(P3) A< Bimplies B> A,

P4) A (BUC)ifandonly if A<« Bor A »C,

(P5) if Avk B then there exist E, F C S such that EN F = @ and A v E€ and Bk F€.

If >« is a proximity relation on $(S ), we call the pair (S, ) a proximity space and we say that
A, B c S are close (or p<-close) if A >« B. If in addition

(P6) {x} >« {y}implies x =y,
we say that the proximity space (S, ) is separated or that the proximity > is separating. ¢
Examples 2.49 (Proximities). (i) For any set S and subsets A,B C S we can define a

proximity by A » B if and only if AN B # @. It is easy to check, that this indeed defines
a proximity and this proximity is called the discrete proximity ant it is separating.

(1) If (S,d) is a metric space we set A »< B if and only if
d(A,B) =inf{d(x,y) | x€A,ye B} =0 (2.66)
for A,B c S. Again, it is straightforward to check that this defines a separating

proximity. O

In the sequel we omit the braces around singletons and simply write x >« y or x »< A.

First, lets observe some simple facts.

Lemma 2.50 (Properties of proximities). Let (S,><) be a proximity space and A,B,C C §S.

Then the following hold.
(i) x> A forall x € A,

(ii) if AN B # @ then A > B,

2.6 Proximity spaces
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(iii) if Avk Band C C B then Avk C.

Proof. By writing A = (A \ {x} U {x}) we immediately obtain (i) from (P2) and (P4) of
Definition 2.48. Using (i), we obtain (ii) by writing A = (A \ {x} U {x}) for some x € A N B.
Claim (iii) is another direct consequence of (P4). O

The reason for the introduction of proximities is that they provide a further way to define
uniformities on a set S. First, we observe that proximity spaces are topological spaces. To that
end we introduce the notion of proximity neighborhoods.

Definition 2.51 (Proximity neighborhood). Let (§,») be a proximity space. For subsets
A,BcC S, wewrite A € Bif Ava(S \ B). We call B a proximity neighborhood (p-neighborhood,
or »<-neighborhood) of A, if A € B. o

Recall from Definition A.8 the definition of a closure operator and that we can associate a
topology to a closure operator by virtue of Proposition A.9.

Proposition 2.52 (Topology induced by proximity). Let (S,><) be proximity space. The
operator I : P(S) — P(S) given by

TA):=A:={xeS |{x}~A} (2.67)

is a closure operator. Furthermore, the topology induced by I is Hausdorff if and only if (S, <)
is separated.

Proof. By Lemma 2.50 (i) we readily get A C I'(A). We proceed to show that I'(I'(A)) = I'(A).
IfI'(A) = S, there is nothing to show. Assume instead that there exists a x ¢ ['(A4), i.e. x>& A.
By property (P5), there exist sets E, F C § with EN F = @ such that x» E° and A vk F€.
From A vk F¢ we can deduce that I'(A) C F. Now, since sets E and F are disjoint, we also have
F c E° and hence I'(A) ¢ E° which implies x < I'(A) by Lemma 2.50 (iii) because x » E°€.
From (P4) we can easily conclude that T'(A U B) = I'(A) U I'(B). Finally, I'(@) = @ follows
from (P1).

Now assume that (S, ) is separated and take x,y € S with x # y. By (P6) we have x » y and
by (P5) we can find E, F C § with EN F = @ such that x>« E and y» F€. Then, because
I'(A) = T'(T'(A)), we have xs4'(E€) and ys& ['(F€). Furthermore, ['(E€)¢ and ['(F€)° are disjoint
open neighborhoods of y and x, respectively.

Conversely, assume that the topology 7 induced by I' is Hausdorft and let x,y € § with x # y.
Let A, B € 7 be disjoint open neighborhoods of x and y, respectively. Then, A, B are closed
and hence x4 A€ and y»& B¢ which in turn yields x»4 y by (P5), thus concluding the proof. O
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2.7 Hausdorff and Hausdorff-weak convergence

We have observed throughout this chapter that known concepts from metric spaces can be
generalized to uniform spaces by replacing quantitative statements by qualitative ones. We
conclude this chapter with a generalization of the Hausdorff distance on the space of subsets
of a metric space.

Let A # @ be some set. Recall (cf. Definition A.42) that anetin A, { x, € A|a €1}is a set
where the index set I is a directed set (see Definition A.41) that is not necessarily countable.

Definition 2.53 (Hausdorff convergence). Let (S, /) be a uniform Hausdorff space. Assume
that (Ag)eer C P(S) is a net in the family of subsets of . We say that (A, ).er converges to
some A € P(S) in the Hausdorft sense, if and only if for all U € U open there exists a ag € 1
such that

A, CU[A] and A c Ul[A,], (2.68)

for all @ > ay. &

Proposition 2.54 (Hausdorff topology). Let (S, U) be a uniform Hausdorff space. Then
Hausdorff convergence uniquely determines a topology on the space P(S) of subsets of S and
we call this topology the Hausdorff topology. Furthermore, the Hausdor{f topology restricted
to the family K(S) C P(S) of closed subsets of S is itself Hausdorff.

Proof. By Theorem A.44 it suffices to show that Hausdorff convergence determines a con-
vergence class in the sense of Definition A.43 in order to show that Hausdorff convergence
uniquely determines a topology on $(S'). But this is trivial.

On the other hand, it is clear that the Hausdorff topology on $(S) cannot be Hausdorff as
A° c U[A] and A c U[A°] for all open U € U and A C S, where A° denotes the inner and A
denotes the closure of A.

Now assume A, B € K(S) are distinct closed subsets of §. Without loss of generality assume
that there exists a x € A \ B. As x is contained in the open set (B, there exists an open
symmetric entourage U € U such that U[x] C C B which implies that x ¢ U[B]. Hence every
net (Ag)eer C K(S) that converges to A cannot converge to B and vice versa. O

The next lemma shows that a Hausdorff convergent sequence of closed subsets of a uniform
Hausdorff space satisfies the conditions on the domains in Lemma 2.47.

Lemma 2.55 (Approximating points in the Hausdorff limit). Let (S, U) be a uniform Hausdorff
space with a countable base and (S ;),eny C K(S) a sequence of closed subsets of S. Assume
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that (S ,),en converges in the Hausdorff topology to some closed subset So, € K(S) of S. Then
there exists for each x € S a sequence (x,),en C S such that x, € S, and

lim x, = x. (2.69)

n—oo

Proof. Assume that lim,_,e S, = S € K(S) with respect to the Hausdorft topology and
let x € Seo. Fix U € U open. By Hausdorff convergence we have that U[x] N S, # O,
eventually. Now take a sequence (U,,)eny € U of open entourages with U,,41 C U, and
Mmen Um = A. By a diagonal argument we can find a sequence (x,),cy With x, € S, for all
n € Nand x, € Uy, [x] for all n > np € N and a (not necessarily strictly) increasing sequence
(mp)pen € N with lim,,_,o, m,, = co. Since x € S, was arbitrary this concludes the proof. O

We now generalize the concept of a correspondence (cf. [BBIO1, Definition 7.3.17]) to uniform
spaces.

Lemma 2.56. Let (S, U) be a uniform Hausdorff space with a countable base and A, (Ap),en
subsets of S. Then, A,, — A in the Hausdorf{f topology if and only if there exist sets (Ty,),en
and for each n € N surjective maps ¢,: T, — A,, ¥,: T, — A with the property that for
every open entourage U € U there exists a natural number N € N such that

{ (@) 1 z€T, } CU (2.70)

foralln > N.

Proof. We start with the necessity. Suppose A,, — A in the Hausdorff sense. Take a sequence
(Um)men € U of open entourages with U1 C Uy, and (,eny Um = A. We can choose
(Um)men so that for each n € N there exists a minimal m(n) € N such that Ay C U,,,)[A] and
A C UpmlAi] for all k > n. For each n € N let T, be defined as follows

Tw:={(x,y) €Ay XA | (x,y) € Upny }- 2.71)

Let and ¢, ¥, the projections on the first and second component, respectively. By construction,
¢, and Y, are surjective for every n € N. Moreover, there exists for each U € U opena N € N
such that U, c U for all n > N and consequently, (2.70) holds.

Conversely, fix U € U open. Then there exist sets T, and surjective maps ¢,: T, = A,
Y, T, — A satisfying (2.70) for all n > N for some N € N. Hence,

Ac U Ulx] = U[A,] and A, C U Ulx] = U[A] (2.72)

X€EA, X€A

proving sufficiency. O
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Recall the notion of uniform measure spaces from Definition 2.41 and the definition of the
support supp(v) of a Radon measure v from Definition A.36. Observe that the support of a
Radon measure is always closed by definition.

Definition 2.57 (Hausdorff-weak convergence). Let (S, U) be a uniform Hausdorff space. For
each n € N U {oo} let v be a Radon measure on S with support S, C S. We say that (VY
converges Hausdorff-weakly (Hausdorff-vaguely) to v® if and only if ¥ = v(* weakly
(vaguely) and S, 2 S in the Hausdorft topology. o o

Hausdorff-weak convergence is indeed stronger than weak convergence alone, as the following
simple example demonstrates.

Example 2.58 (Hausdorff-weak vs. weak convergence). Let S = R be equipped with the
uniformity generated by the Euclidean metric. Assume that for each n € N,

n—1 1

Yy = 8o + =61, (2.73)
n

where ¢, denotes the Dirac measure at x € S. Then v’ = §, but supp v = {0, 1} for all
n—-oo

n € N whereas supp dg = {0}. O

Morally, the Hausdorft convergence of the supports ensures that no points disappear from
supports of the approximating sequence. This becomes crucial when we consider v to be the
speed measure of random processes. If points vanish from the support of the speed measure,
the limiting process would be essentially funneling through these points without visiting them.
This breaks the pathwise convergence that we will introduce in the next chapter.

2.7 Hausdorff and Hausdorff-weak convergence
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3.1

The path space

Not all those who wander are lost.

— J.R.R. Tolkien
Lord of the Rings

It is well known that when (S, d) is a metric space, there exists a metric on the space Dg ([0, 0))
or right continuous functions with left limits w: [0,00) — S that metrizes the Skorokhod
topology on Dg ([0, 00)).

We begin this chapter with a couple of observations about the space Ds ([0, c0)) when (S, U)
is a uniform Hausdorff space. Most importantly, we show that the knowledge of a large

class of hitting times already determines a path (i.e. an element w € Dg([0, 00))) uniquely.

We then proceed to show that in the situation where (S, U) is a uniform Hausdorff space,
there exists a uniformity on Dgs ([0, 00)) that is compatible with the Skorokhod topology. We
call this uniformity the Skorokhod uniformity. This idea goes back ITaRuU MiToma [Mit83]
and Apam JakuBowski [Jak86] who considered completely regular topological spaces which
are just uniform spaces by Proposition 2.19. We then translate some known results for the

Skorokhod topology in terms of the Skorokhod metric to the language of uniform spaces.

Often this involves restating quantitative convergence statements (i.e. some distance goes to
0), as qualitative statements (i.e. for all U € U open, there exists...).

The main result of this chapter is Theorem 3.27, which was proven in a joint effort with
GEerONIMO Roias, characterizes the Skorokhod convergence in terms of the convergence of
hitting times.

In the last section we discuss random paths and give a criterion for the tightness of a family
of probability measures on Dg ([0, 00)). This result will be crucial for the proof of our
tightness criterion in Theorem 4.75. Finally, we show that Theorem 3.27 can be lifted to
probability measures to obtain a characterization of weak convergence of probability measures
on Dg ([0, o)) in terms of the weak convergence of hitting times.

The space of cadlag paths

Let (S, U) be a uniform Hausdorff space. We denote by Dg ([0, o)) the space of functions
w: [0,00) — S that are continuous from the right and possess left limits at each > 0. As is
customary, we refer to such functions with the adjective cadlag.
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We introduce a family of homomorphisms { 8, | > 0 } on Dg ([0, o)) by
Ow)(+) =wob(-)=w(-+1), 120. (3.1)

For obvious reasons we call the family { 6, | t > 0 } the family of (time) shift operators.

Denote by w(t—) = lim, w(s) the left limit point of w at t > 0. The points of discontinuity of
w are called jumps and we write

Jw) ={t>0]|w(t-) # w)} 3.2)

for the set of jump points of w.

When § is a metric or metrizable space, cadlag functions can only have countably many jumps
(see e.g. [EK86, Lemma 4.5.1]). This is not true for general uniform spaces. This is illustrated
by the following example which is due to Apam JakuBowski [Jak86, Example 1.2].

Example 3.1. Consider the space S = [0, 1011 = ¢ f:10,1] — [0, 1]} equipped with the
product topology, i.e. the topology of pointwise convergence. Analogously to the product
topology we can define the product uniformity on S as the weak uniformity generated by
the projections { 71; | i € [0, 1] } and observe that the product uniformity generates the product
topology on S. Furthermore, S is Hausdorff as a product of Hausdorff spaces but has no
countable base (compare [SS78, #105]).

Let w: [0,1] — § be defined as w(f) = Ljop(x). Then (w(t,))nen converges pointwise
to Ljo,(x) for every sequence (#,),eny C [0,1] with 2, | ¢ € [0,1]. On the other hand,
(w(ty))nen converges pointwise to 1o (x) for every such sequence with 7, T ¢ € [0, 1]. Hence,
w € Dg([0, 1]) but w is discontinuous at every ¢ € (0, 1]. O

Instead of countably many jumps we have for cadlag functions on general uniform Hausdorff
spaces that there can only be countably many jumps exceeding a certain «size», in the following
sense.

Lemma 3.2 (Discontinuity points of cadlag paths). Let (S, U) be a uniform Hausdorff space
and w € Dg ([0, 0)). Then the following hold
(i) ForeveryU € U and T > O the set
Jh() = 1{1€[0,T]| (w®),w(t=)) ¢ U} (3.3)
is finite.
(ii) forevery U € U the set

Jy(w) :=={1>0](w(-),w®) ¢ U} (3.4
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is at most countable.

(iii) If U has a countable base, then the set J(w) = {t > 0| w(t) # w(t—) } of discontinuity
points of w is at most countable.

Proof. The second claim follows readily from the first by taking the limit 7 — oo and the
third claim follows from the second with the observation that the points of discontinuity of w
are
J@w) =] vw) (3.5)
Vevy
for some base V of U. By assumption V can be chosen to be countable and the countable
union of countable sets is again countable.

To show the first claim, fix U € U and T > 0 and assume that there exists a sequence
(tper C J3(w) with 1, T 1 € J](w). Now choose V € U open and symmetric such
that V o V c U and observe that V[w(t)] N V[w(t—)] = @. Because w is cadlag, we have
lim,,_,0 w(t,;) = w(t—) and hence there exists some ng € N such that

w(ty) € Vlw(t-)] VYn > ny. (3.6)

From the existence of left limits we deduce that there exists another entourage W € U, open
and symmetric, with W o W C V and a sequence (s,),en C [0, T'], not necessarily contained in
JIT](w), with s, < 1, and s, T t such that w(s,) € W[w(t,—)] for all n € N. By assumption s, T f,
there exists a n; € N such that w(s,,) € W[w(t-)] for all n > n;. Since (w(s,), w(t,—)) € W
and (w(s,), w(t—)) € W for all n > ny, it follows that

(wt,=),w(t-) e WoWcCV Vn>n. 3.7
By (3.6) we have (w(t,), w(t—)) € V for all n > ny and together with (3.7) we deduce
(w(ty),w(t,—)eVoVcCclU VYn>nyVn, (3.8)
in contradiction to the assumption (#,),en C JlT](a)).

By the same logic there can not exist a decreasing sequence (#,),cy C JIT](a)) witht, | t €
7 (w). Hence J{,(w) has no cluster points and is thus finite. o

Lemma 3.3 (cadlag functions are measurable). Let S be a uniform Hausdor{f space. Then
every w € Dg(]0, 00)) is Borel measurable.

Proof. Fix w € Dg([0,)) and let A C S be open. Assume that there exists a t > 0 such that
w(t) € A and let I C [0, o) be the largest interval such that ¢ € I and w(I) C A. Then [ is
nonempty, open to the right by right continuity and either open or closed to the left depending
on whether w enters A continuously or by a jump. Either way, I has positive length and is

3.1 The space of cadlag paths
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Borel measurable. Furthermore, w™'A is at most a countable union of such intervals and hence
measurable. O

Recall that (cf. [EK86]), the modified modulus of continuity for cadlag functions w €
Dg ([0, 00)) where (E, d) is a (Polish) metric space is defined as

W (w,6,T) =infmax sup d(w(s),w(r)), 6>0andT >0, 3.9

Ly 0 srelnn)

where the infimum is taken over all partitions of [0, T] of the form 0 =19 < #; <--- <1 <
T < t, with minj<;<,(t; — ti—1) > dand n > 1.

Cadlag functions w € Dg([0, o)) have the property that they are “almost continuous” in the
sense that lims_,o w'(w, 8, T) = 0 for all T > 0 (see [EK86, Lemma 3.6.2 (a)]). In the uniform
setting we cannot measure the modulus of continuity but we can substitute the quantitative
statement for a qualitative one.

We introduce the following notations for partitions of the time axis

H::{ﬂ:(ﬂn)neNo|0=7T0<7T1<7T2<...}
Hj}] ::{":(”0’”1’"2""’”N)|770=0<7T1<"'<7TN_1<T§7TN}, T>0 NeN.
(3.10)

Every m € I1 induces a unique partitions of [0, o) via the map

.o u(n) i={[m_,m)|ieN}, mell 3.11)

Since no confusion can arise, we use the same notation for the map that maps a w € Hj}’ toa
partition of [0, T], i.e.

caeun) =L li=1,... N}, nelly. (3.12)

It is often required to have some control over the length of the intervals of a partition. We
write
L(n) := sup A() and I(n):= inf A(]) (3.13)
Teu(n) Ieu(m)

formellorme Hl}’ , where A denotes the Lebesgue measure on R.

In the following we suppress the dependence on N from the notation and write I17 := H’}’ if N
is not explicitly needed

Lemma 3.4 (Modulus of continuity). Let (S, U) be a uniform Hausdorff space and w €
Dgs([0,00)). Forall U € U and T > O there exist a 6 > 0 and a partition « € Iy of [0, T] with
[() > & such that

{(w(s),w®)|s,tel}cU VIeun). (3.14)
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Proof. Fix U € U and T > 0. Let V € U be open and symmetric such that VoV c U.

Further, let o9 := 0 and for k € N set

o =inf {1 > oy | (W(0), w(op-1)) €V}, (3.15)

where we set inf @ = oo, as usual. If o = oo for some k € N we set o = oo for all [ > k.

Observe that by existence of left limits the family { o | K € N } contains no finite limit points
and by right continuity we have o1 —0} > Oforallk € N. Hence N :=inf{n e N|oy > T }
is finite. Now, let
O:=min{op —or|or <T}. (3.16)
k>0

Then, { o | k=1,...,N } gives rise to a partition r € [17 of [0, T'] with the desired properties.

O

Separation of paths by hitting times

In this section we show that a path is uniquely determined by its hitting times of uniform
neighborhoods. In the case where (S, ) has a countable base we improve this result by
reducing the number of neighborhoods.

First recall the definition of a hitting time.

Definition 3.5 (Hitting times). For A ¢ § we introduce the (first) hitting time operator
7a: Dg([0, 00)) — [0, co] as

Ta(w) =inf{t>0]w(@®) €A}, (3.17)

where we set inf @ = oo, as usual. g

First we show that the hitting times of a subset of all neighborhoods is separating on Dg ([0, 00)).

Proposition 3.6 (Separation by hitting times 1). Let (S, U) be a uniform Hausdorff space and
w1, ws € Dg([0, 00)). Then the following are equivalent

(i) w1 =ws,
(ii) for all x € S there exists aV € U such that for all U € U with U Cc Vand all t > 0

Ty (w1 © 6;) = Typg(ws o 6;). (3.18)
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Proof. The implication (i) = (ii) is trivial. For the reverse implication we proceed by
contraposition. Assume w; # w;. Then there exists a t > 0 such that w;(¢) # w»(?). By virtue
of the Hausdorff property there exists a V € U open such that V[w;(#)] N V[wa(1)] = @. By
right continuity of the elements of Dg ([0, 0)) there exists a € > 0 with w;(s) € V[w;(#)] for
i=1,2andall s € [t,1 + £). Hence

0 = Tyrwm)(wi © 6;) # Tywe(w2 0 6) > & >0, (3.19)

for all U € YU with U c V, concluding the proof. m|

Next, we introduce the notion of first contact times.

Definition 3.7 (Contact times). Let w € Dg([0,0)) and A C §S. The first contact time of A by
w is defined as
ya(w) := inf{ t>0 | {w(@), wit-)NA+O } (3.20)

A set A C § is called regular (for w), if y4(w) = T4(w). o

As an immediate consequence of the definition observe that y4(w) < T4(w) forall A c S and
ya(w) = T4(w) if A is closed and w is continuous.

Lemma 3.8 (Approximation of contact times by hitting times). Let (S, U) be a uniform
Hausdorff space with a countable base, A C S and w € Dg([0, )). Assume further that

ya(w) > 0.

(i) For any sequence (E,),en C U of open entourages with E,.1 C E, and (51 En = A,

Tim 7, (4)(@) = Y4(@). (3.21)

(ii) Foreach s < ys(w) and D € U there exists an open entourage E € U with E C D such
that

YEA(W) > 5. (3.22)

Proof. We begin in the beginning and show (i) first. Observe that the Hausdorff property
guarantees the existence of such a sequence. Furthermore, if A € U, the topology generated by
U is discrete and the statement becomes trivial. Clearly, 7£,(4)(w) is an increasing sequence
in n and by definition of y4(w) and w(t—), we find {w(ya(w)-), w(ya(w)} N E,[A] # @ for all
n > 1. Hence 7g,[4)(w) < ya(w) and the limit lim, . 7E,[4](w) exists and

,,hi?o TE,[A](w) < ya(w). (3.23)

Denote fy := lim;,—« TE,[a](w). Then there exists a sequence (&), C (0, 00) with g, | 0
as n — oo such that w(tg,a1(w) + &,) € E,[A] for each n € N. We have by construction
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lim,, 00 W(TE, (A1 (W) + &) € {w(to—), w(tp)} and lim, o W(TE,[a)(W) + &,) € (o1 En[A] = A
and hence
ya(w) <t = nlgglo TE,[A(W). (3.24)

For (ii) suppose the statement does not hold. Then there exist 0 < s < y4(w), D € U and a
sequence (E,),cy C U of open entourages with E,.; C E,, € D and (1,51 E, = A such that
foralln e N,

YEAl(W) < 5. (3.25)

Since yg,[a1(w) is an increasing sequence, the limit lim,, .« Vg, [4](w) =: #; exists and 1] < s.

Furthermore, {w(t;—), w(t1)} N E,[A] # @ for all n € N. Because E,.1[A] C E,[A], it follows
that

@ # [ )(w(t1-), w(t)) N ELAD = {w(ti-), i)} 0 (| E[A]
=l nzl (3.26)
= {w(t-), w(t)} N A.

Hence y4(w) < s in contradiction to the assumption. O

In fact, y4(w) # T4(w) can only happen for exceptional sets and the regular sets are dense in
the following sense.

Lemma 3.9 (Most neighborhoods are regular). Let (S, U) be a uniform Hausdorff space with
a countable base, A C S and w € Dg([0, )). Then there exists for each D € U an open
entourage E € U with E C D such that

YEAN (W) = TEA)(W). (3.27)

Proof. Fix D € U and choose some U € U open with U o U C D. If U[A] is regular, we are
done. Thus assume that

Tya)(w) > yua(w) =: . (3.28)

We distinguish two cases of how w behaves before time ¢#,. First consider the case where w
jumps to m or, more precisely, to JU[A] at time ¢1. In that case we have w(t;) € m and
w(t1—) # w(ty). Hence, we find for each E € U with E C U and E[w(t;—)] N (E o U)[A] = @
some € = &(E) > 0 such that w([t; — &,11)) C Elw(t;—)]. Now take s € [t] — &,¢1). By
Lemma 3.8 there exists a E’ € U open with E’ C E such that ygopa(w) > s. By
construction, we find Y(E'oU)[A] (a)) = T(E’oU)[A] (a)) = yU[A](a)), as desired.

For the contrary case assume w(t;—) € U[A]. Let s = /2, by Lemma 3.8 there exists an
E1 € U open such that E1 C U and y(g,ou)a)(w) > s1. By definition of w(t—), we find an
&1 > 0 such that w([t; — &1,#1)) € (E1 o U)[A]. Hence,

51 < YEAl(W) £ T(Eoual(W) < 1 — &1 (3.29)

3.1 The space of cadlag paths
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If we have equality of the contact time y(g,.u)a](w) and the hitting time 7(g,ov)4;(w), We are
done. If not set 2 := y(g,0v)41(w). If we find w(tr—) # w(f) and w(ty) € m, we can
use the same arguments as before to construct E € U, E C U such that lim,,,c T(or)a)(wn) =
TwoE)A](w). In the case where w(tr—) € m we proceed as before and take s, =
(s1+12)/2and E> € U open with Ey C E; C U such that £3 := y(g,0u)a)(w) > s2. Then we find
some &, > 0 such that w([t,—&2, 12)) C (E20U)[A]. We can repeat this construction inductively
until we find some E,, € U open with E,, C U such that either yg,.v)a1(w) = 7(E,0v)a]1(w)
or W(ty1—) # W(ty+1) and w(t,+1) € (E, o U)[A]. In both cases we find an E € U open with
E c U such that the hitting time of (U o E)[A] and the contact time of (U o E)[A] coincide.
If this procedure does not terminate we end up with a strictly increasing sequence (5y),cn»
a strictly decreasing sequence (f,),cyy and a family of open entourages (E,),cn C U with
E, c E,.; C U such that

Sn < V(EoAl(W) £ TE,ou)a)(W) < ty. (3.30)

Since E := {J,»1 E;, € U isopen and E o U C D, by construction, we conclude ygoryaj(w) =
T(EoU)[A)(W). O

The second condition in Proposition 3.6 can be sharpened significantly if we assume that w
has only countably many points of discontinuity.

Theorem 3.10 (Separation by hitting times II). Let (S, U) be a uniform Hausdor{f space with
a countable base and w1, wy € Ds ([0, 0)). Then the following are equivalent

(i) w1 = wy,

(ii) There exists dense subsets D C S and T C {t > 0| w;(s) = wi(s—), i =1,2} C [0, c0)
such that forall x € Dand s € T and all U € U open with Tyq(w; 0 6s) = yypx(w;obs),
i=1,2,

Ty (Wi 0 8s) = Ty (ws o by). (3.31)

Proof. The first implication is again trivial. Conversly, assume there exists a ¢ > 0 such that
wi(?) # wy(t). We argue along the same lines as in the proof of Proposition 3.6. There exist
W € U such that W[w;(H)] N Wlw,(¢)] = @. By right continuity, there exists a V € U open
with Vo V. c W and & > 0 such that w;(s) € V[w;(¢)] for all s € [t,t+ &) andi = 1,2. By
assumption, U has a countable base and we can apply Lemma 3.2 to deduce that there exists
a continuity point s € [£,¢ + £/2) N T of both w; and w,. Now let U € U open be such that
U o U c V. Then there exists a x € D such that w;(s) € U[x]. We have constructed UJ[x]
and s in such a way that Tg.yy(w © 65) = 0 and Te.yy(w2 © 0;) > /2 for all E € U open
with £ c U. By Lemma 3.9 there exists an open entourage £ € U with E C U such that
TEU[x(W20085) = VEou[x](w200;). Furthermore we have Y.y (w1 06s) < TEou[x(wi06s) =0
and the proof is complete. O
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3.2 Path space

Next, we want to obtain conditions for the convergence of paths. To do so, we first need to
introduce a topology on Dg ([0, c)). One can consider various topologies on Dg ([0, 00)). One
possible choice being the topology of uniform convergence where we set lim;,—,o W, = w if
and only if for all open entourages U € U there exists a ny € N such that

(wn(®),w() e U Vte[0,T]and Vn > ny. (3.32)

This topology is induced by the uniformity of uniform convergence (cf. Lemma 2.43), which
has as a base the family of sets

[, | (@0, @) eU Y120} Uet. (3.33)

Observe that the uniformity of uniform convergence has a countable base if the original
uniformity U on S has a countable base. Thus, the topology of uniform convergence is first
countable and hence determined by the converging sequences (cf. Proposition A.46) if U
possesses a countable base.

ANaTOLLY SKOROKHOD observed in his seminal paper [Sko56]

[T]he uniform topology in [Ds ([0, T])] requires that the convergence of [w;]
to [w] imply that there exists a number such that for all n greater than or equal
to this number the points of discontinuity of [w,] coincide with the points of
discontinuity of [w]. This means that if ¢ is considered to be the time, we must
assume the existence of an instrument which will measure time exactly, and
physically this is an impossibility. It is much more natural to suppose that the
functions we can obtain from each other by small deformations of the times scale
lie close to each other.'

He introduced four topologies on Dg ([0, T']) that take this observation into account. The
strongest of the four, the J; topology is now commonly called the Skorokhod topology.

Definition 3.11 ([Sko56]). Let (S, d) be a metric space. The sequence (w;),en € Ds ([0, T]) is
called Skorokhod convergent (J-convergent) to w € Dg|[0, T] if there exists a sequence of
continuous bijections A, : [0,T] — [0, T'] such that

lim sup d(w,(1),w(1,(¥))) =0 and lim sup [4,(r) —¢ =0. (3.34)
n—oo 1€[0,T] n—oo t€[0,T] O

It is important to note that this definition indeed well defines a topology on Dg ([0, T']): Clearly,
the topology described in Definition 3.11 is coarser than the topology of uniform convergence

1[Sko56, p. 264f] with notation adapted to our notation.
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and hence is first countable if the topology of uniform convergence is first countable but this is
the case because every metric uniformity possesses a countable base.

As indicated in the quote above, it is natural to think of [0, T'] or [0, c0) as a time interval and
w(t) describing the position of a particle in the space S at time ¢. With this interpretation in
mind we call the elements of Dg ([0, 00)) paths and Dg ([0, o0)) itself the pathspace.

It is well known that the Skorokhod topology on Dg ([0, o)) is metrizable when (S, d) itself
is a metric space. For a detailed account of the Skorokhod metric we refer the reader to the
classical book [EK86] by STEwART N. ETHIER and Taomas G. Kurtz.

We will show in the following that a similar approach can applied to show that in the case where
(S, U) is a uniform Hausdorff space, the Skorokhod topology on Dg ([0, 00)) is uniformizable.
Furthermore we will explicitly construct the Skorokhod uniformity using the approach via
families of pseudometrics. This Idea goes back to ITaru Mirtoma [Mit83] and Apam JAKUBOWSKI
[Jak86].

The Skorokhod uniformity

Let (S, U) be a uniform space. Denote by Dg := Dg([0, o)) the space of cadlag functions
w:[0,00) = S.

We can define a uniformity on Dy that generates the Skorokhod topology on Dyg using a similar
approach as in the metric case. More precisely, we use the family of pseudometrics associated
with the uniformity U to define a family of pseudometrics on Dg. This Idea was introduced
by Mitoma in [Mit83] and further developed by Jakubowski in [Jak86]. For reference, we
present the construction suggested by Jakubowski.

We mimic the construction of the Skorokhod metric in the case of a metric space S (see e.g.
[EK86]). For s > 0 let Ay denote the family of continuous and strictly increasing functions
A: [0, s] — [0, 5] such that A(0) = 0 and A(s) = s.

Given any pseudometric p on S we can define a pseudometric 5° on Ds ([0, s]) via

p'(w, ') = inf [sup |A(t) — 1| vV sup p(w(t),w’(/l(t)))). (3.35)
A€As \ 1e[0,5] 1€[0,s]

For s > 0 consider the maps ¢g;: Ds ([0, o)) — Ds ([0, s + 1]) given by

gs(w)(t) = {w(t)’ Hzeld.s) (3.36)

w(s), iftels,s+1].
For two paths w, w’ € Dg([0, )) let

LW, ') = p ™ (gs(w), g5()). (3.37)

Chapter 3 The path space



As a function in s € [0, o0) this is an element of Dg+([0, 00)) and we can define

Plw, ) = foo e (1 A (w, w))ds. (3.38)
0

It is straight forward to show that this construction indeed yields a pseudometric on Dg ([0, 00)).

Lemma 3.12 (Pseudometrics on the pathspace). Let p be a pseudometric on S. Then {F as
defined above is a pseudometric on Dg([0, o0)).

Proof. Clearly, {P(w,w) = 0 for all w € Dg ([0, )) and {* is non-negative definite. The
triangle inequality for £ follows immediately if we can show that for every s > 0, the triangle
inequality holds for p° as defined in (3.35). To show this, fix s > 0 and let w,, wp, W, €
Dy ([0, 00)). Then, by the triangle inequality for p,

P (Wa, we) = inf (sup |A(t) — 1|V sup p(wa(t),wc(/l(t))))
A€As \ 1[0, 5] t€[0, 5]

< inf inf D) = (¢ V@) -t
‘AIQASA}QAS(ES;E](H) O+ V() — 1))

V sup (p(wa(z‘), wp(X' (1)) + pwp(X' (1)), a)c(/l(t))))

1€[0,s] (3.39)

< inf inf (su @O =1 v sup plwat). wp(X (@) )
AEN; /l’eAs( te[O]i] ze[og]p( “ ( ))

+( sup [A(H) = (D] V sup p(wb(ﬂ’(t)),wc(ﬁ(t))))
te[0,s] t€[0,s]

= ﬁs(wae wp) + ﬁs(wb, wWe).

In the last equation we have used the fact that with 4 € A it follows that A1 e Ay and
furthermore 17" o A’ € A,. O

Denote by A the family of increasing continuous functions A: [0, 00) — [0, c0) such that
A(0) = 0 and A(f) — oo as t — oo. Jakubowski has shown the following.

Proposition 3.13 (Convergence in the Skorokhod topology [Jak86, Proposition 4.1]). Let
(Wn)nen be a sequence of elements of Dg([0, 0)) and w € Ds ([0, )). Assume that p is a
pseudometric on S and let (P be defined as in (3.38). Then lim,_,c {P(wy, w) = 0 if and only
if there exists a sequence (A,),eny C A such that for each T > 0

lim sup [4,(s)—s]=0 (3.40)
N0 ¢e[0,T]
lim sup p(wy(4,(s)), w(s)) = 0. (3.41)

=99 5e[0,T1]
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Let I denote some index set and let (p;);c; be a family of pseudometrics on S that generates
U with the properties described in Proposition 2.16. Analogously to the classical case where
(S, d) is a metric space, we aim to define a uniform structure on Dg ([0, o)) through the family
(£PH)jer of pseudometrics on Dg ([0, 00)).

Proposition 3.14 (Skorokhod uniformity generated by pseudometrics). Let (S, U) be a uniform
Hausdorff space and (p;)ic1 a family of pseudometrics that generates U and satisfies the
conditions of Proposition 2.16. Then the family of pseudometrics ({*);cr on Ds ([0, 0)) as
defined above, satisfies the conditions in Proposition 2.16 and induces a uniformity D on
Ds ([0, 00)) which is Hausdorff.

Proof. We first show that the family (£;);; satisfies condition (i) of Proposition 2.16. Assume
w,w’ € Dg([0,00)) and w # «’. Then there exists a ¢t > 0 such that w(r) # «’(f). By the
Hausdorft property there exists a basic entourage U € U such that U[w()] N Ulw'(1)] = D.
By definition of uniformities and their bases, there exists another basic entourage V € U such
that V o V C U and by right continuity we find an & > 0 such that V[w(s)] N V[w'(s")] = @ for
all s, 5" € [t, 1+ &). Since V is a basic entourage, there exists an i € I and a 6 > 0 such that
V= { (x,y) € S? | pi(x,y) <o } As a consequence we have for any s > f + ¢ that

0’ (w,w’) > min{e/2,6} > 0 (3.42)

and hence {Pi(w, w’) > 0. As an immediate consequence we obtain that the uniformity 9
induced by (&) on Ds ([0, c0)) is Hausdorff.

The second property of Proposition 2.16 follows directly from the corresponding property of
the family (o;)jer. O

It is important to know whether this construction of 9 depends on the choice of the family
(0i);e1 — it does not. But before we can show this fact we need to show that we can approximate
elements of Dg ([0, «0)) by piecewise constant functions with countably many jumps.

We denote the family of piecewise constant functions by

Es([0,00)) :={w € Ds([0,0)) | F(Xp)pew € S, meIl: wly=x;,VieN, [ €un)}.
(3.43)
We refer to the elements of Eg ([0, 00)) as simple paths.

Lemma 3.15 (Simple paths are dense in Ds ([0, ))). Let (S, U) be a uniform Hausdorff
space and (p;)ier a family of pseudometrics on S, as before. Denote by D the uniformity on
Ds ([0, o)) generated by the family ({*),o. Then the family of piecewise constant functions
Es ([0, 0)) is sequentially dense in Dg ([0, 00)). That is, for every w € Ds ([0, 00)) there exists

a sequence (wy),en C Es ([0, 00)) such that lim,_,c W, = w.
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It is worth pointing out that in general topological spaces, a subset D C § is dense if and only
for each x € S there exists a net (x,), such that lim, x, = x. Thus, sequential denseness is
stronger than denseness in general.

Proof. Let w € Dg([0, 00)). It is sufficient to show that for fixed 7 > 0 there exists a sequence
(Wnpen € E5([0, ©0)) such that

lim p! (w,@,) =0 Viel (3.44)
n—oo

To construct such a sequence, take a sequence of partitions (n(”))neN of the interval [0, 7] such
that 7 € IT% and lim,, 0 L (n(")) = 0 and define

. w(ﬂgf)l), ifﬂgf)ISI<7r§")AT,izl,...,n
wy(1) = (3.45)

w(T), ift>T.
Now fix £ > 0 and i € I. By Lemma 3.4 there exists a partition r € I17 of [0, T'] such that

sup pi(w(s), w(t)) < e VI € «n). (3.46)

s,tel

Clearly, we can choose 7 such that L(r) < €. Then there exists a A € Ay and a n € N such
that sup,cjo 71 [4(7) — 1| < & and the partition A (n(”)) = (/l(zrf)”)), /l(zrf)”)), ... ,/l(ﬂ,g"))) refines 7,
i.e. forall J € (/l (ﬂ(”))) there exists an I € «(r) such that J C I. It follows that

sup pi( (1), Ba(A(D) < & (3.47)
r€[0,T]
and consequently [)I.T(a), w,) < &, which concludes the proof. O

Theorem 3.16. Let (S, U) be a uniform Hausdorff space and (p;)ic1 and (0 j) jey two families
of pseudometrics that generate U and satisfy the conditions of Proposition 2.16. Then the
uniformities on Dg ([0, 00)) generated by ({*');; and ({°7) el coincide.

Proof. We will make use of the covering uniformities introduced in Section 2.4 to prove this
theorem. Observe that by Lemma 2.26 the families of covers of S of the form

Aie = {{w € Ds([0,00)) | ¥ (w,wp) <&} | wo € Ds([0,00)} i€l >0 (348)
and

Bje = {{we Ds([0,)) | {7 (w,wp) <6} | wo € Ds([0,00)} jeL, 6>0 (3.49)

form bases of the covering uniformities u and v of Dg ([0, o)), respectively. Once we can
show that each A; . is refined by some B s we obtain u C v by the definition of a base and the
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conclusion follows by symmetry. As before, it suffices to show that for fixed 7 > 0 and every
pair (i, ) € I X (0, o0) there exist a pair (j,0) € J X (0, o0) such that for every wg € Ds ([0, 00))

{w e Ds(10,00)) | &7 (W, w0) < 6 | < {w € Ds([0,0)) | 5 (w, wp) < & }. (3.50)

Both (p;)ier and (o) jer are bases for the same uniformity on S. By the definition of covering
uniformities this implies that for each pair (i, €) € Ix (0, o) there exists a pair (j, §) € Jx (0, oo)
such that the cover { B, (x, &) | xes } is refined by the cover { By (x,0) | xes } Without
loss of generality we can assume that § < €. Now fix wy € Dg ([0, o)). For every w €
{ w € Dg([0, 00)) | o”';(a), wpy) <O } there exists a A € A7 such that

sup |[A(H) =7/ <6 and  sup o (wW(A(1)), wo()) <6 (3.51)

t€[0,T1] 1€[0,T]
By choice of (j,6), this immediately implies sup,c(o 71 pi(w(A(1)), wo(?)) < &. Together with
Sup;epo.r7 14(t) — 1| < 6 < & we readily obtain [)l.T(w, wo) < &, concluding the proof. O

There is a plethora of results on the Skorokhod topology for metric spaces and even more for
R. The next result is due to Jakubowki and gives a handy way to translate these results to the
uniform setting.

Proposition 3.17 ([Jak86, Theorem 4.3]). Let ¥ C C(S) be a family of continuous real
functions on S that is closed under addition and generates the topology on S. For f € F
denote by f : Dg([0, ©0)) — Dg([0, o)) the map defined by f(w)(+) := f(w(-)). Then the
Skorokhod topology on Ds ([0, 00)) is generated by the family F = { f | feFr }

Using the fact that the topology induced by the weak uniformity generated by a family of
functions ¥ coincides with the weak topology generated by these functions, we readily get
the following.

Corollary 3.18. Let F be a family of uniformly continuous functions mapping S to R that is
closed under addition and generates the uniformity on S. Then the Skorokhod topology on
Ds ([0, 00)) is uniformizable and generated by the weak uniformity generated by the family
F. Moreover, this uniformity does not depend on the choice of ¥. We call this uniformity
Skorokhod uniformity and denote it with D = D(S).

We can use this definition of the Skorokhod topology together with [EK86, Proposition 3.6.5]
to obtain a useful characterization of Skorokhod convergence.

Proposition 3.19 (Characterization of Skorokhod convergence). Let S be a uniform Hausdorff
space. Assume (wp)n>1 C Ds and w € Dg. Then w, — w in the Skorokhod topology if and
only if for all t > 0 and sequences (t,,),>1 C (0, 00) with lim, .« t, = t the following three

conditions are satisfied
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(i) Forevery U € U open,
wu(ty) € Ulw()] U Ulw(t—)] eventually. (3.52)
(ii) If there exists a subsequence (t;)ien Of (tn)nen such that limy_,. wi(ty) = w(t), then

for all sequences (s;)i>1 With si > ty for each k > 1 and limy_,« s; = t it holds that
limy 0 Wi (%) = w(1).

(iii) If there exists a subsequence (ty)ien Of (tn)nen Such that limg_,e wi(ty) = w(t—), then
for all sequences (s;)i>1 With 0 < s <t for each k > 1 and limy_,, sy = t it holds that
limy 00 Wi (%) = w(t-).

Proof. In the case where S is a metric space the statement is just a reformulation of [EK86,

Proposition 3.6.5]. Without repeating the proof we assume that the statement holds for § = R.

Throughout this proof let # € { f: S — R | f unif. cont. } denote a family of uniformly
continuous functions that generates U. Recall from Proposition 2.13 and Remarks 2.14 that

this means that for every U € U there exists a m € N, functions fi,...,f,, € ¥ and 6 > 0
such that
m
ﬂ F;'Bsc U, (3.53)
j=1

where Bs = { (u,v) € R? || u—v| < 6 | and F;: § — R? is given by F;(x,y) = (f;(x), £i(»)),
as usual.

As in Proposition 3.17 define £: Dg([0, %)) — Dr([0, )) by f(w)(?) = f(w(t)) for each
fe?anddenote?f“:{f|f€7-'}.

We start with necessity. Let (w;),en € Ds ([0, 00)) and assume that w, — w € Dg([0, 00)) with
respect to the Skorokhod topology on Dg ([0, 0)). Let (t,,),en € Rso be such that ¢, — ¢ > 0.
By continuity, f (wy) — f (w) for each f eF. Applying (i) to the Dg([0, o)) valued sequence
(f(a),,))neN, we find for each £ > 0 and f €EF a nog = no(f) € N such that

|f(wn)(t2) = F@)OI A f(@n)(tn) = flw)t-)]

(3.54)
= | fwa(tn) = FO) A |f(wn(tn)) = flw(-))] < &

for all n > ny.

Nowlet U € U beopen and m € N, fi,..., f, € F and 6§ > 0 be such that (3.53) is satisfied.
Taking the maximum over all ny(f;) as above we find a Ny € N such that

filwn(ta)) € Bs[ fj(w(®))] U Bs[ fi(w(t-))] (3.55)

foralln > Nog and all j = 1,...,m. By continuity of the f; and after choosing a smaller
6 > 0 or a bigger Ny € N, if necessary, we can assume that if fj(w,(1,)) € Bs[fj(w(?))]
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(fi(wn(ty)) € Bslfij(w(t—))]) for some j = 1,...,m then the same holds forall j =1,...,m.
Thus, for every n > Ny we obtain

wn(ta) € (F7'By)lw(®] forall j=1,...,n (3.56)

or
wn(ty) € (F7'By)lw(t-)] forall j=1,....n (3.57)

and hence, by construction,
wy(ty) € Ulw(®)] U Ulw(1-)] (3.58)

for all n > Ny. The same argument can be applied to show (ii) and (iii).

We now show sufficiency. Assume (wp),en C Ds ([0, 0)) and w € Ds ([0, 00)) are such that for
all (ty)exr C [0, 00) with lim, 0 2, = £ > 0 (i)—(iii) hold. If we can show that f(w,) — f(w) in
Dg([0, 0)), we are done by Lemma A.34. Let f € , by continuity we can deduce that (i)—(iii)
hold for the sequence ( f (a)n))neN and hence, by assumption, f(w,) — f(w), concluding the
proof. O

Next, observe that the space of cadlag paths over a Polish uniform space is itself again a Polish
uniform space. We phrase this result as a corollary to the known result for Polish metric spaces
but it is possible to prove this fact directly.

Lemma 3.20 (Completeness and separability of the Skorokhod uniformity). Let (S, U) be a
uniform Hausdorff space with a countable base. Then the Skorokhod uniformity on Dg ([0, o0))
is separable if (S, U) is separable and complete if (S, U) is complete.

Proof. By assumption, (S, U) is metrizable and by Lemma 2.39 every metric that induces U
is complete and the claim follows directly from the corresponding theorem for metric spaces
(cf. [EK86, Theorem 3.5.6]). O

Observe that we can drop the assumption that 2 has a countable base in Lemma 3.20 and
still show that separability of S implies separability of Dg ([0, o)) by the same proof as in the
metric case. Furthermore, we strongly believe that also completeness can be shown without
the assumption of first countability. But as we will only use the statement only for metrizable
spaces, we do not intend to prove it here.

Relative compactness in Dg ([0, «))

Recall the notation we introduced for partitions in (3.11) and (3.12) and (3.13).

We seek to proof the following theorem which is a qualitative restatement of the quantitative
statement of [EK86, Theorem 3.6.3].
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Theorem 3.21 (Relative compactness in Dg([0, ©0))). Let (S, U) be a complete uniform
Hausdorff space with a countable base and A C Dg([0, 0)). Then A is relatively compact if
and only if the following conditions are satisfied for every T > Q.

(i) There exists a compact I't C S such that for all w € A and t € [0, T], w(t) € I'y.

(ii) For all U € U and w € A there exists a 6 = 6(U) > 0 depending only on U and a
partition n¥ € Iy of [0, T] with [(7) > & such that

{(w(s),w(®)|s,tel}cU VIeun®). (3.59)

As before, this theorem can be regarded as a corollary to the corresponding statement for
metric spaces. We will nevertheless include a proof that relies on the uniform structure to
highlight its significance.

The proof relies on a Lemma from [EK86] which holds verbatim for uniform Hausdorft spaces.
We present it here together with a proof for sake of completeness. First, we introduce the
following notation for an w € Dg ([0, o)) with countably many jumps. Given such an w we
define the jumptimes s ;(w) of w as follows. Let so(w) := 0 and fork = 1,2,... let

sp(w) = inf {1 > sp_1 (W) | W) # w(t-) }, (3.60)

if sp_1(w) < o0 and sp(w) = oo if s;_1(w) = co. Here we use the convention that inf @ = co.

Lemma 3.22. [EK86, Lemma 3.6.1] Let (S, U) be a uniform Hausdorff space and " C S
a compact subset. Fix 6 > 0 and define AL, 9) to be the set of piecewise constant paths
w € Eg([0, 0)) such that w(t) € T for all t > 0 and sp(w) — sp—1(w) > 6 for all k € N with
Si(w) < oo. Then A(T', 9) is relatively compact (in Ds ([0, 0))).

Proof. Let (wy),eny € A(I, 6). We need to show that there exists a convergent subsequence
(Wn,,) meny Of (Wp)neny- For k € N denote by My := {n € N | s5;(w,) < oo } the set of indices for
which (w,),ey has at least k jumps and observe that My, C M. In the case where M| < oo
there exists a subsequence (cu,,m)mEN such that wp,, () = x,, € I" for all t > 0. Because I is
compact there exists another subsequence that converges.

Now assume M := sup{k e N | [My| =0} > 1. Observe that M may be infinite. Then
there exists a subsequence (w”m)meN such that sy(wp,) < oo for all k < M and all m € N.
Choosing an adequate subsequence if necessary, we can assume without loss of generality that
limy, 00 Sk(wy,,) = fx €Xists (¢ = oo is possible) and lim,—,co Wy, (Sk(wy,,)) = xx € I for all
k < M. By assumption we have f; — 1 > ¢ > 0 for all K < M and hence lim,;,_,oo Wy, = W,
where

(3.61)

X, tE€[f,n), k=1,....M
w(t) =
Xpm, t2=ty.

O
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Proof of Theorem 3.21. Let A C Dg(]0, o)) and assume that the conditions (i) and (ii) of the
theorem hold. By Lemma 3.20, Ds ([0, o)) is complete and by Lemma 2.35 it suffices to show
that A is totally bounded.

Let (0;);e1 be a family of pseudometrics on S that generates U and write ({;);c1 for the family
of pseudometrics on Dg ([0, 00)) induced by (p;);c1, as before. Fix a pair (i, &) € I X (0, co) and
choose T' > 0 large enough such that fTw e 'dt < £/2. By (ii) there exists a § > 0 and for each
w € A apartition 1 € [y with /(7*) > § such that

sup pi(w(s), w()) < /2 VI € «(n®). (3.62)

s,tel

For w € A define w as

- {a) (7)), relme a9, k=1,....N, a63)

Then w € A(I'r, 0) and {i(w, w) < &.

As (£;)ier generates the uniformity D on Dg ([0, o)), we have shown that for every entourage
D € D there exists a compact set I'p and a 6p > 0 such that

Ac U Dw]. (3.64)

weA(FD,(SD)

Since A(I'p, dp) is totally bounded by Lemma 3.22 it follows from Lemma 2.31 that A itself is
totally bounded.

Now assume that A is relatively compact. Then every sequence (w,),cy C A contains a
converging subsequence. Furthermore, every sequence (t,),en C [0, T] contains a converging
subsequence and thus, by Proposition 3.19, every sequence (wy(?,))sen contains a converging
subsequence. Therefore the set { w(?) | w € A, t € [0,T] } is contained in a compact set 'y C
S.

Now assume that (ii) does not hold. Then there exist T > 0, U € U open and a sequence
(wn)neny C A such that for all partitions 7™ e Iy of [0, T] with I(7") > 1/n there exists an
interval I, € «(7™) and s, ¢ € I, such that

(Wn(8), wy() ¢ U. (3.65)

Choosing an adequate subsequence if necessary, we can assume without loss of generality that
there exists a w € Dg ([0, 00)), not necessarily in A, such that lim, e w, = w. By Lemma 3.4
there exists a 6 > 0 and a partition & € I1y with I(zr) > ¢ such that

{(w(s),w®)|s,tel}cU VIeun). (3.66)

For large enough n € N we can choose the partitions 7" such that 70" refines 7 and L(rr) < 2/n.
Now let (s,),en C [0, T] and (#,),eny € [0, T] be such that s, < ¢, and s,,1t, € I, for some
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I, € «(n™). By compactness, there exist converging subsequences (sy, ke and (, )keny such
that limy_, $p, = s and limy_, #,, = ¢. By construction we have f,, — s,, — 0 and hence
s = t. On the other hand we have (wy,, (s, ), W, (ty,)) € U for all k € N. Using the fact that the
sequence (wy, )reny converges and Proposition 3.19 we deduce that limy—co Wy, (sy,) = w(t—)
and limg_,e0 Wy, (1) = w(t) and (w(t—), w(1)) ¢ U. But this contradicts (3.66) thus concluding
the proof. O

Observe that in the proof we have used the existence of a countable base only in the first
paragraph to justify that Dg ([0, 0)) is complete. If we can show the Conjecture 7.1 the
assumption of first countability and hence also the implicit assumption of metrizability can be
dropped from the statement of the theorem.

Lemma 3.23 (Skorokhod convergence). Let (S, U) be a uniform Hausdorff space with a
countable base. Assume that (wy,),en C Ds ([0, 00)) and w € Dg ([0, 00)). Then limy,—c w;, = W
in the Skorokhod topology if and only if the following two conditions are satisfied.

(i) For all sequences (ty),en C [0, 00) with lim,_,« t, = t < co and all open entourages
U € U there exists a ng € N such that

wy(ty) € Ulw(@-)1 VU Ulw(®)] VYn > ng. (3.67)
(ii) The sequence (w,),en IS relatively compact.

Proof. We have shown necessity of (i) already in the proof of Proposition 3.19 and (ii) follows
directly from the convergence of the sequence (wy),en-

For sufficiency we show that together with (i), relative compactness implies that (ii) and (iii)
of Proposition 3.19 hold. To that end assume that Proposition 3.19 (ii) fails. We want to show
that the sequence (w;),ey cannot be relatively compact. Assume that there exists a sequence
(t)pen C [0, 00) such that lim,,—,o #, = t < 00 and lim,—,e (W, (2,)) = w(?). Assume further that
there exists another sequence (s,),eny C [0, o) with lim;,, 5, = 1, limy,—e0 Wy (Sy) = W(—)
and s, > t, for all n € N, where w(r—) # w(t). By the Hausdorff property there exists an
open entourage U C U such that U[w()] N Ulw(t—)] = @ and we can choose another open
entourage V € U with the property Vo Vo VoV C U. By right continuity and definition of
the left limit point there exists &€ > 0 such that

w(r) e Vlw(t-)], Vre[t—e,t) and w(r) € V[w(t)], Vr e [t,t+ ¢). (3.68)

Choose ¢ € (0, ) fixed but arbitrary. By Lemma 3.2 there exist continuity points u € [t—0/2,1)
and v € [t,t + §/2) of w. By (i) we have

lim w,(u) = wu) € Viw(-)] and lim w,(v) = w(v) € Vw(®)]. (3.69)

3.3 Relative compactness in Dg ([0, o))

59



3.4

60

Observe that there exists an open entourage W € U such that W[w(u)] C V[w(t—)] and
Wlw()] C VIw(r)]. After choosing an adequate subsequences we can assume without loss of
generality that

wp(u) € Vlw(t-)],  wnp(v) € VIw(D)], (3.70)

Su» I € (u,v) and
wn(sn) € V[w(t=)],  wn(ty) € VIw(1)], (3.71)

for all n € N. If we now collect all the pieces, observe that we constructed for each n € N
t—0/2<u<t, <s, <v<t+6/2 (3.72)
with the property

VIw,(w)] N VIw,(t,)] = @, VIwa ()] N VIwy(sy)] = (4]

(3.73)
and  Vi{w,(sn)] N VIwa(v)] = D.

Since v —u < ¢ and d € (0, &) was arbitrary this is a contradiction to the relative compactness
condition in Theorem 3.21 and hence (w,),¢y is not relatively compact.

If instead condition (iii) fails, we can exchange the roles of s, and t,, in the previous argument
to deduce that (wj),cy 1S not relatively compact. O

Convergence of paths via hitting times

In this section we show that the convergence of a sequence (wp),en C Ds ([0, 00)) of paths is
equivalent to the convergence of hitting times.

Throughout this section let (S, U) denote a uniform Hausdorff space and equip Dy ([0, o0))
with the Skorokhod uniformity. The first important observation is that the hitting time operator
is upper semi-continuous for open sets.

Lemma 3.24 (Semi-continuity of hitting times). For A C S be consider the hitting time
operator
T4: Ds([0,00)) = [0,0], Ta(w):=inf{t>0|w(@®) €A}. (3.74)

If A is open, the hitting time operator T is upper semi-continuous, i.e. for all (wy),en C
Dys ([0, 00)) such that lim,,_,e w, = w € Dg ([0, 00)),

lim sup 74(w,) < TA(w). 3.75)

n—oo

Proof. We proceed by contradiction. Let A C S be open and assume there exists a sequence
(Wnneny C Ds ([0, 00)) such that w, — w € Dg([0,0)) and limsup,_, ., Ta(w,) > Ta(w).
Passing over to subsequences we can assume without loss of generality that ¢, := T4(w,) >
Tpg(w) and lim, o t, = t > T4(w). By definition of the hitting time and Lemma 3.2 there
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exists a continuity point s € (74,f) of w such that w(s) € A. Hence, there exists an open
entourage U € U such that U[w(s)] C A and. By construction, w,(s) ¢ Ulw(s)] for all n e N
in contradiction to Proposition 3.19 (i). O

The convergence of all hitting times of neighborhoods is certainly sufficient for the convergence
of a sequence of paths (w;),cny C Ds ([0, 00)) but it is not a necessary condition.

Example 3.25. Let S = R and consider the sequence of constant paths w, = 1/n and w = 0.

Clearly, w, = w, as n — oo. But for the hitting times of B=B(1,1) ={xeR||x-1| <1}
we have 73(w,) = 0 and 75(w) = oo. O

The example shows that we have to allow the convergence of hitting times to fail for a few
exceptional sets. We will show that the Skorokhod convergence implies the convergence of
the hitting times of all slightly enlarged neighborhoods. A similar result in the metric case
was proved by Rojas [R0j20].

Lemma 3.26. Ler (S, U) be a uniform Hausdorff space, w € Ds ([0, 0)) and (wp),en C
Ds ([0, 00)) such that w,, — w in the Skorokhod topology as n — co. Assume A C S is such
that ys(w) = Ta(w). Then limy, e Ta(wy,) = Ta(W).

Proof. Let A C S be such that the first contact time is the first hitting time, i.e. y4(w) = T4(w).

Fix t € [0, T4(w)) N Q. By assumption, w(¢) and w(t—) are contained in the open set CA hence
there exists a V € U open such that V[w(t)]ﬂZ =@ and V[w(t—)]mZ = (). By Proposition 3.19
we have that w,(?) € V[w(t—)] U V[w(?)] for all n € N large enough. By right continuity we
even find for every n € N large enough some &, > 0 such that w,(s) € V[w(t—)] U V]w(1)] for
all s € [t, t+&,). Hence there cannot exist a subsequence (wnk)keN such that limy_,co Ta(wp,) = ¢
and consequently lim sup,,_,, Ta(w,) > ¢ for all < 74(w). On the other hand we have by
semicontinuity of the hitting times that lim sup,,_, ., Ta(w,) < Ta(w). O

Theorem 3.27 (Convergence via hitting times). Let (S, U) be a uniform Hausdorff space,
w € Dg([0,00)) and (wp),en € Ds([0, 00)) be relatively compact. Then the following are
equivalent.

(i) lim,_c w, = w in the Skorokhod topology.

(ii) Forall x € S, U € U, all continuity points s > 0 of w, and all D € U, there exists a
E € U with E C D open, such that

TWoE)x(Wn © 05) = Twop)x(Wo bs), asn— oo, (3.76)
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(iii) Forall x € S, all continuity points s > 0 of w and all U € U open such that Ty (w o
0s) = yuix(w o 6y) it holds that

Ty (wy © 05) = Typ(w o bs), asn — co. (3.77)

Proof. We start with the implication (i) = (iii). Assume that w, — w in the Skorokhod
topology. Then also w, o 8; — w o ; for every continuity point s > 0 of w. We can thus
assume without loss of generality s = 0. Now assume that (iii) does not hold, i.e. there exists
an x € § and a U € U open such that 7yp,(w) = yypy(w) fails. By upper semi continuity
Lemma 3.24 this implies

ti= liLILS(Ep Ty(wn) < Tu(w) = Yo (w) (3.78)
and furthermore {w(?), w(t—)} C CU[x]. Wecan thus finda V € U open such that V{w(#)] U
Viw(t-)] C Cm We can then choose a subsequence (wi)en such that # := typq(wr) — ¢
By Proposition 3.19 we have wi(t;) € VIw(?)] U V]w(t—)] for all k € N large enough and
by right continuity there exists a sequence (&;)ieny C (0, 00) such that wi([#, tx + &) C
VIw(®)] U V]w(t-)] for all k € N large enough. In contradiction to the definition of #.

The implication (iii) = (ii) is a direct consequence of Lemma 3.9.

Finally, we turn to the implication (ii) = (i). Assume (w;),cn does not converge to w €
Dgs ([0, 00)). We want to apply Lemma 3.23 and Lemma 3.2 to find a continuity point s > 0
of w and a subsequence (wy,),,en such that lim,, e wy,(s) = x exists and w(s) # x. Then
the claim follows because the hitting times of either U[x] or U[w(?)] do not converge for all
U € U open and sufficiently small.

Since (wp),en 1s relatively compact by assumption, assume that (i) fails. Namely, there exists
a sequence (#,),en C [0, 00) such that lim,,» #, =t > 0 and a U € U open such that

wnp(ty) ¢ Ulw(@-)] U Ulw(?)] for infinitely many n € N. 3.79)

Passing over to a subsequence (% )iy We can assume that (3.79) holds for all k € N. Further-
more, Supgey ik =: T < oo and by assumption, (wi(#))reny C I'r for some I'r C § compact.
Hence, there exists a further subsequence (#;),y such that lim; e wy(#)) = x € I'p. Let V e U
be open with V o V c U. We can choose yet another subsequence (%,,),,cx such that

Wn(ty) € Vlx] forallmeN (3.80)

and observe that
Vix] N (Vlw(=)] U Viw®)]) = 9. (3.81)

Furthermore, by right continuity of w and by definition of w(#—) there exists a € > 0 such that
([t —e,t+¢]) C Vlw(t—)] U V[w(r)]. Observe that (¢,,),,cn contains either an increasing or a
decreasing subsequence — or both. Without loss of generality we assume that (,,),,cy 1S either
increasing or decreasing itself and treat both cases separately.
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Assume that (1,,),,ey 18 increasing. By Lemma 3.2 there exists a continuity point s € (f — &, t)
of w. By construction we have ¢, > s eventually and thus

lim Ty (@ o 65) = 0. (3.82)

on the other hand, 7y[,j(w o ) > &. Observe that this holds for all open entourages W € U
with W c V.

Now assume that (#,,),,e is decreasing. Again by Lemma 3.2 there exists a continuity point
s € (t—€/4,1) of wand we have

lim sup Typq(wm © B5) < /2, (3.83)

m—o0

while Typ(w o 65) > €. O

We conclude this section with a few simple examples to highlight the importance of the
assumptions in Theorem 3.27.

Example 3.28 (shifts to discontinuity points). The restriction of the shifts in the statement of
Theorem 3.27 (ii) is necessary because the starting point plays a special role in the Skorokhod
topology and shifting the starting point to a point of discontinuity may break convergence in
the Skorokhod topology. To illustrate this, consider the path

w(t) = 1y1,00)(2) € Dr([0, 00)) (3.84)
and the sequence (wy),cny € Dr([0, 0)) given by
wn () = L{141/n,00)(0), (3.85)

for every n € N. O

Example 3.29 (relative compactness is necessary). Let w € Dr([0, 0)) be defined as
w(t) 1= 11,00)(). (3.86)
For each n € N let w, € Dg(]0, >)) be defined as
Wp(1) 2= Tp—1 /(D) + L{141/0,00)(0). (3.87)

Clearly, w is discontinuous at + = 1 and continuous on [0, o) \ {1}. For every sequence
(t)pen C [0, 00) with lim,,—,o 2, = £ € [0, 00) \ {1} we have w,(t,) — w(¢). For every sequence
(t)pen C [0, 00) with lim,_,o t, = 1 we have w,(¢,) € {w(1), w(1-)} = {1,0}. Hence, the
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condition (i) of Proposition 3.19 is satisfied. On the other hand, (ii) of Proposition 3.19 fails.
To see that, consider the sequences (t,),en and (s,),cn defined as
1 1
t, = 1- Zl and Sy =1+ E (388)
Then, lim,,_,o t, = 1 = lim,_,« s, and ¢, < s, for every n € N. Furthermore, it holds for every
neN
wy(ty) =1=w() and wu(s,) =0=w(l-). (3.89)

v

+ - ----"-"-""-""“"-"-"-"-"- - ——— -

| $--—-""-""-"""""“""“"“"-"-"“"-"-"-"-"-"-—-——— -
==

1=

1 Iy 1 s

Fig. 3.1.: The process w,

Hence, we have found a sequence (f,),cy such that lim, . w,(#,) = w(f) and a sequence
($n)neny With the same limit, that dominates (#,,),,x such that lim, e w,(s,) = w(—) # w(1).
Thus, w, does not converge to w in the Skorokhod topology by Proposition 3.19.

On the other hand, we have
TB(x,5)(Wn © O5) = Tp(xs)(w o by) (3.90)

for every x € R, § > 0 and every continuity point s > 0 of w. O

The following example was brought to our attention by WoLrGanG LoHR [L6h21] and illustrates
that the convergence of the hitting times can fail for infinitely many balls although the processes
converge.

Example 3.30. Let S = R and w € Dg([0, o)) be the path that starts in 1, waits for one unit of
time and jumps by 1/2; waits again 1/2 unit of time and jumps by 1/4 and so on in a geometric
fashion. In other words

win =" 2-k11[0’2§20 210 = > 2= 2 gk g (0), (3.91)
k=0 k=0

Chapter 3 The path space



3.5

3.5.1

Forn € N and ¢ > 0 let w,(f) := w(t) + 1/n. Then w, — w in the Skorokhod topology.

Consider for example the ball B(3,1) around 3 with radius 1. Then 7p31)(w,) = 2 and
7p(3,1)(w) = oco. Furthermore, let 6 > 0 then there exists a k € N such that ¢ := (2 - 2>2-6
and for every n € N, we have

TG 14e)(Wy) = 2 — 27K (3.92)

but
T31+e (W) =2 - 27K, (3.93)
hence, T3 1+6) (W) — T3, 146)(Wy) = 27k, independently of n. O

Random cadlag paths

In this section we introduce probability measures on the space of cadlag functions Dg ([0, o))
equipped with the Skorokhod uniformity. We will lift some of the statements we have proved
in the last sections to the random elements. Namely, we will shortly introduce tightness for
a family of probability measures and give criteria when a family of probability measures on
Ds ([0, 00)) is tight. Finally, we will give a criterion for the convergence of a sequence of
probability measures based on the hitting times of certain (uniform) neighborhoods.

We will consider mainly polish uniform spaces. Recall from the discussion in Section 2.5 that
if (S, U) is a uniform Polish space, Ds([0, o)) also becomes a uniform Polish space when
equipped with the Skorokhod uniformity 9. By Definition 2.38 and Lemma 2.39, (S, U) and
(Ds ([0, 0)), D) are then completely metrizable. Instead of choosing one specific metric we
continue as before and use the uniform structure thereby showing that many classical results
can be translated by using uniformities instead of metrics.

We begin with some general remarks about probability measures on uniform spaces.

Probability measures on uniform spaces

Let (S, U) be a uniform Hausdorff space. We equip S with the Borel-o-field 8 and denote
by M; = M;(S) the family of probability measures on (S, $B). In a similar fashion as we
generalized the Skorokhod metric we can generalize the Prokhorov metric on the space of
probability measures over a uniform space. Recall that there exists a family of pseudometrics
(0i)ier for some I # @ on S that generates U and satisfies (i) and (ii) of Proposition 2.16. For
every i € I we introduce the maps &; : M; X M; — [0, 1] as

Li(u,v) =inf{e > 0| w(A) < v(Bi(A,¢e)) + e and v(A) < u(Bi(A,e)) + &, YA e B}, (3.94)

where Bi(A,e) = {xe S |dxeA: pi(x,y) < e} denotes the (open) e-blowup of A with
respect to p;.
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Proposition 3.31. Let (S, U) be a uniform space and ({;)ic1 defined as above. Then the family
(&))ie1 satisfies the conditions of Proposition 2.16 and the uniformity generated by ({;)ic1 does
not depend on the choice of the family (0;)jcr.

Proof. First, let u,v € M (S) with u # v. Without loss of generality there exists an A € B
such that u(A) < v(A). Suppose

inf{e>0|vA) < puBi(A,e)+£}=0 (3.95)

for all i € I. Then,
v(A) <inf{v(U) | U € Bopen, AcU}+c, (3.96)

where ¢ = v(A) — u(A) > 0, in contradiction to the fact that v is a probability measure and
therefore (outer) regular. Hence we have verified (i) of Proposition 2.16.

Now let i, j € I. By (ii) of Proposition 2.16 there exists a k € I such that p; V p; < p. Suppose
again that u, v € M;(S) and A € B such that u(A) < v(A). Then, Bi(A, &) UBj(A, &) C Bi(A, &)
for all € > 0. Consequently, u(B;(A, €)) V u(Bj(A, €)) < u(Bi(A, €)) and hence,

inf{e>0]|v(A) Su(Bu(A,e))+e}>inf{e>0]|v(A) < u(Br(A, &) + ¢} 3.97)

fora =i, j. Since A € B was arbitrary we obtain {;V{; < {i, and this confirms Proposition 2.16
(ii).

The final part of the statement will follow from the next result, Proposition 3.32. (O

We call the uniformity generated by ({;);c1 the Prokhorov uniformity and denote it by D .
A different construction of the Prokhorov uniformity can be given in terms of the diagonal
uniformity on S.

Proposition 3.32. Let (S, U) be a uniform Hausdorff space. Then the sets of the form

Dy :={ (1. v) € M} | u(A) < W(U[A]) + £ and v(A) < p(U[A]) +&, YA€ B}, (3.98)

where € € (0,1) and U € U form a base of the Prokhorov uniformity on M(S). The same
holds true if we let € range over a dense subset of (0, 1) and U over some base V of U.

Proof. We only show the second part of the statement. Let D € D without loss of generality
we can assume that D is a basic entourage with respect to a family of pseudometric ({;);er as
in Proposition 3.31. In other words, there existsai € land a 0 < ¢ < 1 such that

D={(uv)e M |Guv)<s}. (3.99)

By definition of {; we can immediately conclude that D is of the form (3.98) with U =
{(x, y) e S? ' pi(x,y) < 6} and U an element of the basis V' generated by the family of

Chapter 3 The path space



pseudometrics (p;);cr. In every dense subset of (0, 1) there exists an &€ > 0 such that £ < § and
we find that
Dy C D, (3.100)

which yields the claim. Note that the uniformity 9 s does not depend on the choice of the
base V or of the family (o;);er. O

The following results are completely analogous of the results for the Prokhorov metric, as are
their proofs. We leave the proofs to the reader as an exercise in handling uniformities.

Proposition 3.33. Let (S, U) be a uniform Hausdorff space and D s, the Prokhorov uniformity
on My(S). Then

o (M(S), Dpy) is separable if and only if (S, U) is separable.
o (M(S), Da) has a countable base if and only if (S, U) has a countable base.

o (M(S), Dpy) is complete if and only if (S, U) is complete.

The main feature of the Prokhorov metric is that it metricizes the weak convergence of
(probability) measures. The analogue holds true for the Prokhorov uniformity.

Proposition 3.34. Let (S, U) be a uniform Hausdorff space and D pq the Prokhorov uniformity
on M(S). A sequence of probability measures (,),eny € Mi(S) converges weakly if and
only if it converges with respect to the Prokhorov uniformity.

As usual, we want to know more about the (relatively) compact subsets of M;(S). Recall the
following definition.

Definition 3.35 (Tightness). Let (S, U) be a uniform Hausdorff space. A family A € M;(S)
of probability measures is called tight if for all € > 0 there exists a compact set K. C S such
that

supu (CK;) < . (3.101)
HEA

If (Q, A, P) is a probability space and E C {X: Q — S} is a family of §-valued random
variables, we say that Z is tight if the family { PX=PoX'|XeE } c My(S)is tight. ¢

The next result is a simple extension of the well-known result for metric spaces.

Lemma 3.36. Let (S, U) be a uniform Polish space. Then every probability measure u €
M(S) is tight.

3.5 Random cadlag paths

67



3.5.2

68

For uniform spaces we have the following version of Prokhorov’s Theorem.

Proposition 3.37 (Prokhorov). Let (S, U) be a uniform Hausdorff space and A € M(S) a
family of probability measures on S .

(i) If A is tight then A is relatively compact.

(ii) Ifin addition (S, U) is separable, complete and possesses a countable base, then relative
compactness of A implies tightness of A.

Proof. See [Klel4, Theorem 13.29]. The proof is easily adapted to the uniform setting. O

Random paths

Let (S, U) be a uniform Hausdorff space and (2, A, P) a probability space. We equip the
space (Ds ([0, 00)), D) with the Borel o-field By generated by the open sets and denote by
72 Dg([0,00)) — S the projections w — m(w) = w(?). The next result can be found in
[EK86, Proposition 3.7.1] and the same proof can be applied almost verbatim for uniform
spaces and we will omit it here.

Proposition 3.38. Let D C [0, ) be a dense subset. Then,
BpodBp:=c(mltel0,c0))=c({m|teD}). (3.102)

If' S is separable, we have By = B,
For further reference, we cite the following result from Dudley’s book [Dud02].

Lemma 3.39 ([Dud02, Proposition 4.1.7]). Let S, T be two topological spaces. Then B(S) ®
B(T) C B(S xT). If both S and T are second countable, we have equality of the o-fields.

We continue with a simple observation.

Lemma 3.40. Let (S, U) be a separable uniform Hausdorff space with a countable base.
Assume that U € U is open. Then the sets

{w € Ds([0,00)) | (w(s), w(®) € U} (3.103)

and
{w e Ds((0,)) | (w(s-). (1) € U} (3.104)

are Bp-measurable for each 0 < s < .
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Proof. Let 0 < s < t and write 5, Dg([0,00)) — § X S for the map defined as 75 (w) :=
(m5(w), m(w)) = (w(s), w(t)). By Proposition 3.38, the map 75, is By — B2-measurable, where
$B? denotes the product o-field on S x §. By assumption S is second countable and hence the
product o-field B2 and the Borel o-field B(S X S) on S x S generated by the product topology
coincide by Lemma 3.39. Consequently, U € B2 and the set in (3.103) is Bp-measurable as
the preimage of a measurable set under a measurable map.

The measurability of the set in (3.104) follows by the same arguments if we can show that the
map 75— : Dg ([0, 00)) — S with m,_(w) := w(s—) is measurable. By definition of left limits,
75— is the pointwise limit of (7, ),y for every increasing sequence (s,),en With s, T 5. Under
the assumptions of the lemma S is metrizable and we can apply [Dud02, Theorem 4.2.2] to
conclude that 7r,_ is, indeed, measurable. O

Assume that X: Q — Dg ([0, 0)) is a Dg(]0, 00))-valued random variable that is a A-By-
measurable map. As before, we denote the Borel-o-field on S by B. By virtue of Proposi-
tion 3.38, the concatenations X; := ;0 X: Q — Dy ([0, 0)) — § are A — B-measurable for
each ¢ > 0 and hence S -valued random variables.

Proposition 3.41 (fdd’s determine distribution of cadlag random variables). Let (S, U) be
a separable uniform Hausdorff space and X,Y two Dg ([0, 00))-valued random variables.
Assume that X and Y agree in their finite dimensional distributions. Then, X and Y have the
same distribution, PX = PY.

Proof. We use a classic Dynkin system argument. Consider the family

D={AeBp|PXcA)=PYecA)}. (3.105)

Naturally, D is a Dynkin system. Let T C [0, co) be a countable dense subset and define the

n
E:= { ﬂﬂng,-
i=1

By measurability of the projections ; we have & C Bp and as a direct consequence of the

family

neN; ;€T; B; € B(S), Vi=1,...,n}. (3.1006)

definition of &, the family is a 7-system, i.e. & is closed under intersections. Furthermore, by
Proposition 3.38, & generates Bp.

By assumption, we have for all A € &,

P(X € A)=P((X;,....X;) € B X--- X B,)

(3.107)
=P((Y,.....Y,) € B X---XB,) = P(Y € A)

and hence & C O. By the Dynkin system argument (or Dynkin’s 7-A-Theorem cf. e.g. [Kle14,
Theorem 1.19]) we conclude that D = Bp and hence P(X € A) =P(Y € A) forallA € Bp. O

3.5 Random cadlag paths

69



3.5.3

70

Definition 3.42 (One-dimensional and finite dimensional distributions). Let (S, U/) be a uni-
form Hausdorff space and X a Dg ([0, 00))-valued random variable. The family of probability
measures on S, PX = P o X! for ¢ > 0 are called the one dimensional distributions of X. For
any finite set 0 <t <, < --- < t,, of points we refer to the probability measure

PXnXu) = Po(X,,....X, )" € M(S™) (3.108)

as a finite dimensional distribution of X. o

It is useful to introduce the canonical version of X by identifying the probability space
(Q, A, P) with (Ds ([0, 00)), Bp, PX) where PX := P o X! denotes the push-forward of P under
X. In this case, X is just the identity map and we can define the shift operator 8, for ¢ > 0 as

X060, =w( +1). (3.109)

From now on we always implicitly assume that we are working with the canonical versions of
the involved processes.

Tightness of random cadlag paths

Let (S, U) be a uniform Hausdorft space and X a Dg ([0, c0))-valued random variable. Recall
the notations for partitions of the time axis we introduced in (3.10) to (3.13) of Section 3.1.
For T > 0, U € U and 6 > 0 we consider the event

W5s(X) = 3 e Ny with I(n) > 6 : (X, X) e UVs,tel, [eum}c Q. (3.110)

For a family E c {X: Q — Dg([0, 00))} of Ds([0, c0))-valued random variables defined on a
common probability space (Q, A,P)and T > 0, U € U, 6 > 0 we set

Wis(E) = | W50 (3.111)

Xe=

Theorem 3.43 (Tightness). Let (S, U) be a uniform Hausdorff space and = a family of
Ds ([0, 00))-valued random variables on a common probability space (2, A, P). Then E is
tight if and only if the following two conditions are satisfied.

(i) Foreverye > 0and T > O there exists a compact setI' C S such that

infP(X |0<r<T)ch)21-e (3.112)
e
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(ii) Foreverye >0, U € U and T > 0 there exists a 6 > 0 such that

P(Wis(®)21-e. (3.113)

Proof. Fix € > 0. By tightness of Z there exists a K C Dg ([0, o)) compact such that
infxez P(X € K) > 1 — &. As K is in particular relatively compact, we obtain (i) and (ii) from
Theorem 3.21.

Now assume (i) and (ii) hold and fix &£ > 0. We will construct a compact set K C Dy ([0, o))
such that infxez P(X € K) > 1 — £ establishing tightness of E. Let I' € § be such that (3.112)
holds for £/2. Furthermore, let U € U be open and choose ¢ > 0 such that (3.113) holds for
U and g/2. Define A = A(T', 6) as in Lemma 3.22. Now let w € Dg(]0, o)) be such that there
exists a partition 7 € Ily of [0, T'] with /(1) > ¢ and

{(W(s),w®) | s,tel}yc U VIeun). (3.114)

Furthermore, assume that w([0, T']) C I'. By the same argument as in the proof of Theorem 3.21
we can find some w € A and D = D(U, 6) € D open depending only on U and ¢ such that
(w,w) € D. Since A is relatively compact by Lemma 3.22 we obtain from Lemma 2.31 that

D[A] is totally bounded and hence relatively compact by completeness. Taking K = D[A] we
have found the desired compact set. O

Next we want to derive equivalent conditions for the two conditions for tightness in Theo-
rem 3.43. We start with condition (ii) and construct a partition explicitly.

Fix w € Dg([0,)), U € U open and let V € U open be such that Vo V c U. For each
k € Ny we define 7¢, o as follows. Let 79 = 09 = 0 and inductively define

T =inf {1 > 7y | (@), w(Ti-1)) €V } (3.115)
if Tp—1 < o0 and 14 = o0 if T3 = c0. And
o i=sup{t <1 | (W), w(tr)) & Vor (w(it—),w(ty) €V}, (3.116)

if T4 < o0 and oy = o0, if T} = 0.

Furthermore, we write N
g, T,
b= =5 kel 3.117)

and observe that, by definition, limg_, & = o0. If T4 < 00, we have (w(1y), w(Tr+1)) € V

and hence o1 > 7. Thus,

Ok <& < Tk < Okt < k1 < Thals (3.118)
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for all k € Ny. If & < oo we obtain the following lower bound for the difference &1 — &
from (3.118)

Thal ¥ Tkl Tk ¥ Tk Tkt Thtl Okt Tk Thel — Tk
2 2 - 2 2 2

Erv1 — & = (3.119)

For sake of readability we do not indicate the dependence of oy, 7, and & on V € U by
notation at this point but note that the definitions very much depend on V (and U).

Now take 7" > 0 and 6 > 0. Assume that there exists a partition 7 € IIy of [0, T] with I(7) > §
such that { (w(s), w()) | s,t € 1} c V forall I € «(r). From (3.118) we deduce that

min{rk+1—0'k|7'k<T}>6, (3.120)

as Ty+1 — 0k < 0 for some k > 0 would imply that any interval I of length at least ¢ with 74 € 1
also contains either o or Ti,1 or both in its interior. That means there exist s, # € I such that
(w(s), w(t)) ¢ V, in contradiction to the assumption. Consequently, (3.119) implies that

0
min{ & — & | & <T} > 7 (3.121)

On the other hand, if we have (3.121) we can take

ﬂ-, = (60751""’§k+1)€HT (3122)

as a partition of [0, T'] with the properties I(n’) > 6/2 and { (w(s), w(?)) | s,t€el}Cc VoV CU
for all I € (7).

It is now straight forward to extend our definitions of o, 7x and & to maps Dg ([0, 00)) —
[0, oo] for k € Ny. In fact, these maps are measurable.

Lemma 3.44 (Measurability of o, 7x, &). Let (S, U) be a separable uniform Hausdorff space
with a countable base. Then the maps o, Ty, & : Ds([0,00)) — [0, 0], k € Ny as defined
above are Borel measurable.

Proof. By Lemma 3.20 and the subsequent remarks, Dg ([0, 00)) equipped with the Skorokhod
uniformity is a separable uniform Hausdorff space. We proceed by induction. Clearly o¢ and
T are measurable as constant functions. Let k > 1 and consider the preimage T;l [0, s) of [0, 5)
under 7 for some s > 0. We use the event notation and write

(e < s} = {w € Ds([0,)) | Tp(w) < s} = 77 [0, 5). (3.123)
We can decompose the set {1} < s} as

(re<sh=lno <oln ) (@), wm) ¢ Vinin <1). (3.124)
te[0,)NQ
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By induction hypothesis, the sets {T;_; < oo} and {1}—; > t} are measurable and it remains to
show that the sets {(w(Tx-1), w(t)) ¢ V} are measurable. Again, by hypothesis 74— is measur-
able and so is the map ¢x: Ds ([0, 0)) — §, defined as ¢r(w) = w(Ti—1(w)), as composition
of measurable maps by Lemma 3.3.We can thus follow the lines of the proof of Lemma 3.40
to conclude that {(w(1x-1), w(1)) € V} is measurable, which implies the measurability of 7.
Then, measurability of o follows from the definition and the measurability of 7; together
with Lemma 3.40 and Lemma 3.3. Finally, measurability of & is a direct consequence of the
measurability of o and 7. O

Given a random variable X: Q — Ds([0, o)), the preceding lemma shows that the concate-
nations O'i( =0 oX, Ti( =1 0Xand fff 1= & o X are [0, co]-valued random variables. In
order to make the dependence on the entourage V in the definition explicit, we add it to the
superscript.

Lemma 3.45. Let (S, U) be a separable uniform Hausdorff space with a countable base and
E a family of Ds ([0, o0))-valued random variables on a common probability space (Q, A, P).
Then condition (ii) of Theorem 3.43 is equivalent to each of the following.

(i) ForallU € U open and T > 0 it holds that

lim inf P(WL .(B)) = 1. 3.125
fingJng P (W5,(3) 129

(ii) Forall U € U open and T > 0 it holds that

.. . U XU . XU _
lim inf 2 (min{ 7 — o} [keN: f¥ < T} >6)=1. (3.126)

(iii) Forall U € U open and T > 0 it holds that
.. . XU XU . #XU _
lim inf P(min { £57 - &5 [keN: £ <T)26)=1. (3.127)
Proof. Clearly, (i) is equivalent to (ii) of Theorem 3.43. In the discussion above we have

shown that (i) implies (ii) as well as (iii). Furthermore, we have shown that (iii) implies (i)
hence the claim is established. O

Convergence of random cadlag paths

For A C § open recall the first hitting time operator 74 : Ds ([0, 00)) — R, from Definition 3.5
and the first contact time operator y4 : Dgs ([0, 0)) — R, from Definition 3.7, respectively.

Lemma 3.46 (Measurability of hitting times and contact times). Let (S, U) be a separable
uniform Hausdor{f space with a countable base and A € B a Borel subset of S. Then the maps
T4, Y4 : Ds([0,00)) — [0, 0o] are Borel measurable.
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Proof. Fix s > 0 and assume for now that A C § is open. By right continuity of w, the set
Tgl [0, 5) can be written as

{ta < s} = U {w e Ds([0,00)) |w(t) €A} = U 7 lA. (3.128)
t€[0,5]NQ t€[0,s]NQ

And the measurability of 74 follows from the measurability of 7, for all # > 0. On the other
hand, if A C § is closed, we have by the same argument

(ta>sh= (] 7'A\S) € BR0). (3.129)
t€[0,s]1NQ

Now let A € B(S) be arbitrary. Then A is the countable union of open or closed sets (A;),en»
hence

(ra < sh = Jira, < 5} € BRs0). (3.130)
neN

For the first contact time of an arbitrary Borel set A C § we obtain

) {weDs0,0) | w®n eA}u{we Ds(10,00) | wit-) € A}
t€[0,s]NQ
N;IZ ) n,__lz,
t€[0,s]NQ

{ya <s}
3.131)

which readily implies measurability of y,4 as 7, is measurable for all ¢ > 0 (see the proof of
Lemma 3.40) O

In metric spaces and in metrizable uniform spaces we have the following probabilistic version
of Lemma 3.2.

Lemma 3.47 (cf. [EK86, Lemma 3.7.7]). Let (S, U) be a separable uniform Hausdor{f space
with a countable base. Assume that X is a Ds([0, 00))-valued random variable. Then the set

JX):={t>0|P(X, # X;-) >0} (3.132)

is at most countable.

Proof. Letd > 0and U € U open. For T > 0 fixed but arbitrary consider the set
ThsX) = {1 €[0,T] | P(X, X;-) ¢ U) > 5} (3.133)

Assume JZT] 5(X) contains a sequence (t,),ey of distinct points. Write A, := {(X;,, X;,-) ¢ U},
by Fatou’s lemma we obtain

P ({(X;,, X;,—) ¢ U infinitely often}) = P(liminf A,) > limsupP(4,) > § > 0, (3.134)
n—00

n—oo
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in contradiction to Lemma 3.2 and hence J& 5(X) is finite. Letting 7' — oo and 6 — 0 we find
that the set
JuX):={t>0|P(X,,X;-) ¢ U)>0} (3.135)

is at most countable. Finally, taking a sequence of open entourages U,, € U with U,, > U,
and (1 U, = A, we conclude that

JX) =) Ju,00 (3.136)

n>1

is at most countable. m|

Theorem 3.48 (Weak convergence of paths by weak convergence of hitting times). Let (S, U)

be a separable uniform Hausdorff space with a countable base. Assume that X, (X(”))neN

are Dg ([0, o0))-valued random variables with distribution PX” and PX respectively. Then,
PX” — pX if and only if the following conditions are satisfied.
n—oo

(i) The sequence { pX*” | ne N} is tight.

(ii) There exists a countable dense setT C {t > 0| X, = X,_ a.s. }, a countable dense subset
D c S and a countable base V C U of U consisting of open entourages such that for
all x € D, all V € V open with tyq(X) = yyq(X) a.s. and all s € T it holds that

d
TVIx] (X(n) ° 95) — Typ(X 0 by). (3.137)

Proof. To keep the proof more readable we set P, := PX” forn € N. We begin with the
implication “=”. Assume P, converges weakly to PX. Then (i) is obvious (cf. [Kal2l,
Theorem 23.2]) and it remains to show that (ii) holds. By Skorokhod’s coupling theorem
Theorem C.6 there exist Dg ([0, 0))-valued random variables &, (f("))neN on some probability
space (@', A’,P’) such that P¢ = PX and P£" = P, forall n € N and EMW — £ P-as. Using
Theorem 3.27 we conclude that there exists a P’-nullset N’ c ©’ such that for all x € S, all
U € U open with Ty[(£(w")) = Yy (é(w’)) and all s > 0 with &4(w’) = é,-(w’) it holds that

Tim 7ug (£7() 0 65) = Tup (@) © 6y) (3.138)

for all ' € Q" \ N’. That implies (ii), as Lemma 3.47 ensures the existence of a countable
dense set T C {¢t> 0| X, = X,— a.s. }. Observe that we have actually shown the stronger
conclusion that (3.137) holds for all x € S and V € U open with Ty[(X) = Yy (X).

For the reverse implication “<” assume that (P,),.cy is tight. In order to show that X" — X

n—oo

we need to show that all subsequential limits of (X ("))neN have the same distribution. To that
end assume there exists a random variable Y : Q — Dg ([0, o)) with distribution P such that

P, = P’ (3.139)
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along a subsequence. Assume furthermore that (ii) holds, i.e. there exist countable dense
subsets D C S and T c {t> 0] X, = X,_ a.s. } as well as a countable base V c U of U such
that (3.137) holds for all x € D, s € T and all V € V with ty[(X) = yv»(X). By (3.139) we
have X,,, = Y and we can use what we have shown in the first part of the proof to deduce

k—o0

that for all x € D and s € T/, where
T"c{t>0|X;=X,_and Y; = Y,_as.} (3.140)
is a countable dense subset by Lemma 3.47 and all V € V with

Ty (X) = yvp(X)  and Ty (Y) = yypg(Y) (3.141)

it holds that .
d
Ty (Y0 0 6,) — Tya(Y 0 6) = Typ(X 0 6y). (3.142)

Again, we can conclude from Skorokhod’s coupling theorem, Theorem C.6 that there exists a
probability space (', A’, P’) and random variables ¢, (.f("))neN with P¢ = PY and P*“ = P, on
Q' such that £© — [ almost surely. Furthermore there exist a random variable & on Q’ with
P¢ = PX such that for all x € D, s € T” and V € V satisfying (3.141) there exists a nullset
N'(x, s, V) c Q' such that

lim 7y (YO() 0 6,) = v (Y (@) 0 ) = v (X (@) 0 6,) (3.143)

for all ' € Q' \ N'(x,s,V). As D, T’ and V were assumed to be countable, the set

N = U U U N'(x,s,V) (3.144)

xeD seT’ VeV

is still a nullset and (3.143) holds for all x € D, s € T’ and all V € V satistying (3.141)
outside the common nullset N’. From Theorem 3.10 we conclude that («w’) = &(w”) for all
W’ € Q\ N’, which implies that the laws of X and Y agree. Hence every subsequential limit of
(X("))neN has the same distribution as X and thus P, n_):oo PX, as claimed. O
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Symmetric Feller processes

At a purely formal level, one could call probability
theory the study of measure spaces with total
measure one, but that would be like calling number
theory the study of strings of digits which terminate.

— Terence Tao
Topics in random matrix theory

In this chapter we introduce the main objects of this thesis, namely symmetric Feller processes.

In this chapter we achieve two main results. First we state with Theorem 4.72 that a Feller
process X is uniquely determined by a family of Green operators associated with X. Finally,
we give in Theorem 4.75 a tightness criterion for Feller processes.

The chapter is structured as follows: We first introduce time homogeneous Markov processes
and their semigroups. We then define Borel right processes and the associated resolvent
or potential operators and Green operators. We further introduce the notions of symmetry
and strong symmetry of Borel right processes. Next we introduce the Feller property for
semigroups. This leads to the notion of a Feller process and we will show that each Feller
process possesses a modification with cadlag sample paths. Furthermore, we will show that to
each Feller semigroup, there exists a unique Feller process with cadlag paths. This leads to
the observation that a Feller process with cadlag paths is uniquely determined by its family of
resolvent operators. In preparation of the next chapter we introduce Hunt processes, that is
Feller processes with quasi left continuous paths.

Up to this point everything is standard and can be found in most textbooks on stochastic
processes. Our main references are the books [Kal21] by OLav KALLENBERG, [Kle14] by AcHim
Kienke and [CWO05] by Kar Lat CHuNG and Joun B. WaLsH. Although we state all our results
in the framework of Polish uniform spaces, the classical results for Polish metric spaces apply

as every Polish uniform space is completely metrizable by Definition 2.38 and Lemma 2.39.

Nevertheless we repeat the proofs of the most important results in order to remain as self
contained as possible and to highlight the fact that the actual choice of a metric does not matter
and that all important properties are already captured by the uniform structure.

We then proceed to show that a Feller process is not only uniquely determined by its resolvent
family but also by its family of Green operators. This result will play an important role in the
proof of our convergence theorem Theorem 6.1.
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Finally we proof a tightness criterion for Feller processes that is closely related to Aldous’s
tightness criterion (cf. [Ald78, Theorem 1]) and conclude the chapter with a couple of
examples.

Throughout this chapter let (S, U, v) denote a locally compact uniform measure space. As
usual, we denote by B(S) the Borel o-field on §. Furthermore, we write B(S ; R) for the Borel
measurable function f: § — R. When no confusion can occur, we drop the braces and write
for both sets simply B. We denote the set of bounded and Borel measurable functions by

By = By(S;R) = {feBS:R) [ Iflle <acR} 4.1

and the family of non negative Borel measurable functions by 8* = B8*(S,R) c B(S; R) with
the obvious meaning of the combination 8, = 8, N B*.

Finally we write C = C(S;R) for the continuous real valued functions and introduce the
following notations

Cpr =Cp(S;R) ={feC|lfllc <aeR} 4.2)
Cy =Ci(S;R) :=={feC| f(x)>0Vx€e S} (4.3)
Coo = Coo(S;R) :={ f €Cp | Ve > 0TK C S compact s.t. |[f(x)| <& Vxe K}  (4.4)
Co =Co(S;R) :={f€Cux | AK c S compact s.t. f(x) =0V¥xe K} 4.5)

for the bounded, the non negative, the vanishing at infinity and the compactly supported
continuous functions, respectively.

Markov processes

We begin with a fairly general introduction into stochastic processes. This section is kept as
short as possible while trying to make this thesis as self contained as possible. All the concepts
put forward here are mathematical folklore and can be found in any textbook on Markov
processes, for example [EK86], [MRO06], [Lig10], [RY99, Chapter 3], [FOT11, Appendix 2],
[Kal21], [Kle14], [KS98] or [CWO5].

Stochastic processes

Definition 4.1 (Stochastic process). Let (Q, A, P) be a probability space and 7' # @ some set
of indices. A stochastic process on (Q, A, P) with index set T and values in the measurable
space (S, B) is a collection of mappings X = { X;: Q —» § |t € T } such that foreacht € T
the mapping X;: Q — § is A/B-measurable and as such a S -valued random variable. &

Throughout this chapter we assume that (2, A, P) is a probability space and that (S, ) is a
Polish uniform space, that is, a separable uniform Hausdorft space with a countable base that
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is completely metrizable. It is useful to recall that in this situation the Borel o--fields B(S X §)
and B(S) ® B(S) coincide by Lemma 3.39.

Evaluating the process X at k € N many points in 7 yields a probability measure on the
product space S¥. This leads us to the following Definition (cf. Definition 3.42).

Definition 4.2 (Finite dimensional distributions & versions). Let X be a stochastic process
with values in (S, 8). For k € N and {z1, ..., #;} C T define the finite dimensional distribution

.....

Py (A :=P({(X,,....X,) €A}), AeBESh. (4.6)

.....

Furthermore, we say that two stochastic processes X and Y with values in (S, 8B) are versions
of each other, if they have the same finite dimensional distributions, i.e. for all k € N and

{t1,.... 5} € T itholds that P} ,k:P,{ ,,,,, - ¢

Note that in the above definition the processes X and Y are not necessarily defined on the same
probability space. In the case when X and Y are defined on the same probability space and
their finite dimensional distributions coincide, we say that X and Y are modifications of each
other. In that case we have X; = Y; a.s. forallr € T.

For the remainder of this chapter let X be a stochastic process indexed by time, i.e. we choose
T = [0, o) or, occasionally, 7 = N when we consider processes at discrete points in time.

For fixed w € Q we call the mapping t — X,(w) a sample path, or simply a path, of the
process X. We say that the paths of X have a certain property (almost surely) if the mappings
t = X;(w) have this property for (P-almost) all w € Q. By a slight abuse of terminology we
sometimes say that the process X has a property when the paths of X have that property.

We will only consider such processes which have almost surely right continuous paths with

left limits. That is, we consider stochastic processes as random variables X: Q — Dg([0, 00)).

This restriction will be justified later in this chapter, when we show in Proposition 4.44 that
Feller processes always admit a modification which has almost surely cadlag sample paths.

If the state space S is not compact and X has cadlag paths, the process X might leave the
state space S in finite time with positive probability. We provide the following (non rigorous)
example as an illustration.

Example 4.3. Consider the process X = (X;);»o with X; = (1 — W)™, where W = (W,)s0 is a
standard Brownian motion on R started in 0. Then the process X explodes when the Brownian
motion hits {1} which happens with positive probability (even a.s.) in finite time as W has
continuous paths. O
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Compactification

If the state space (S, U) is locally compact, we can avoid the pitfalls that come with explosion
by adjoining a point ¥ to S and consider the one-point compactification (Sy, By) of (S, B)
(see Definition A.22). Observe that every f € C can be canonically extended to a function
f eC = C(S y; R) by setting f(ﬂ) = 0. Under this extension, every f € C. is extended
to a function f € Coo = Coo(S9;R) and every f € Cy is extended to a function f € =
Co(S9:R)

The point 1 serves as a cemetery point for the process, meaning that

P(Xirs € {0} | X, =) =1 forall s,t>0. 4.7

Extending this metaphor we define the lifetime { of X as
(=inf{r>0]|X;, =79}, (4.8)

where we define inf @ = oo, as usual, and hence P(X,, = ) = 1.

Generally, we call any state x € S that satisfies (4.7) absorbing.

Filtrations

Next we introduce filtrations. Heuristically, filtrations capture the (incomplete) information
available up to time t > 0.

Set 7O := o ({ X, | s € [0, ) }) and 7’;’ =0 Xs|s<t} forall t € [0,0), where ()
denotes the smallest o--field that makes the content of the braces measurable.

For our purposes it is necessary to go a bit further into detail. We therefore collect some
measure theoretic notions in this paragraph for further reference.

Definition 4.4 (Admissible filtrations). Let (€2, A, P) be a probability space. A family (A;);0
of sub o-fields of (A is called a filtration (of the probability space (Q, A, P)), if it is increasing,
ie. Ay c A, for all s < ¢. In that case say that (Q, A, (A0 , P) is a filtered probability space.

Suppose X = (X;);»0 18 a stochastic process defined on (€2, A, P) with values in a measurable
space (S,8). A filtration (A;);o of (Q, A,P) is called admissible (for X) if X, is A;/B-
measurable for each ¢+ > 0. The process X is said to be adapted to (A;),¢ if (A0 1S
admissible for X. ¢

Coming back to the heuristics for filtrations above, let X be adapted to the filtration (A;),>0,
and A € A, for some ¢t > 0. Then we can decide whether the event A has occurred if we know
the process X up to time .
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It is clear that (?'to)t> o where 7.;0 =0 ({ X5 | s <t})is an admissible filtration and we refer to

it as the minimal admissible filtration or the canonical filtration.
A filtration (A;)sq 1s said to be right continuous if

K A ﬂ A, (4.9)

s>t

forall t > 0.

Remark 4.5 (Right continuous filtrations). Every filtration (A;),»¢ can be turned into a right
continuous filtration simply by setting A := A, for every ¢ > 0. Clearly, (A),, is coarser
that A in the sense that A, ¢ A for every t > 0. If (7—",0)[>0 is the minimal admissible
filtration then the right continuous filtration (%,),, is an admissible filtration for X. o

Let (S, B) be a measurable space and 1 € M;(S) a probability measure. We write N, :=
{A € B|ulA) =0} for the family of u-nullsets or u-negligible sets. For any sub o-field A of
B define the family of u-negligible A-sets as

Ny (A {A e A|uA)=0}. (4.10)

Recall that the powerset of a set A is the family of all subsets of A and denote the powerset of
A by P(A). For any family of sets A we define

PA) = ] P@), (4.11)

AeA

the union of all powersets of sets in A. Now recall that the completion of a o-field A C B
with respect to a measure y € M;(S) is defined as

A = o (AUPNA))). (4.12)

We define the universal completion of ‘A with respect to a family M c M;(S) of probability
measures as the intersection of the completion of A* over all probability measures u € M:

AM = ﬂ A (4.13)

UEM

Definition 4.6 (Complete and augmented filtrations). Let (A;).»( be a filtration of the proba-
bility space (Q2, A, P).

(1) The completion of the filtration (A;),»o with respect to P is the filtration (ﬁ,) 0 defined

by 1>
A, = o (A, UPNp(A)) . (4.14)
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(ii) The augmentation of (A;)»( with respect to P is the filtration (A;),, defined by

Al =0 (A UPNe(A)) . (4.15)
&

Some authors say that a filtered probability space (Q, A, (A;)sq , P) satisfies the usual condi-
tions if (A;);»( is right continuous and augmented with respect to P (cf. [Kle14, Definition
21.22)).

Again, it is an immediate consequence from the definition that if (%), is admissible for X,

then its completion (%,)t> 0 and augmentation (7). are admissible for X as well.

Stopping times

Let (2, A, (A0, P) be a probability space and 7: Q — [0, co] a random variable. We
continue to interpret the positive real axis as time, in the same spirit we call such a random
variable 7 a random time. If X is a stochastic process on the same probability space, we write
X; as a shorthand for the random variable w — X (w) = X()(w). Using the established
terminology, we refer to the process (X;ar);>0 as the process killed at time 7 or, simply, the
killed process. If the state space is locally compact, it is sometimes convenient to introduce a
process X where we set X; = ¢ for the cemetery point of the one point compactification Sy of
S, that is, we move the process to the cemetery right when it is killed.'

We are mostly interested in random times 7 that are related to a stochastic process X in a way
that we can determine whether 7 < ¢ if we know the process X up to time ¢. That leads to the
following definition.

Definition 4.7 (Optional times and stopping times). Let (2, A, (A;);»o , P) be a filtered proba-
bility space and 7: Q — [0, o] a random time.

(1) 7is called a (A;);»o-optional time if

(fr<tfeA, Vt>0. 4.16)

(i1) 7 is called a (A;)»o-stopping time if

fr<tfe A V=0 “4.17)
¢

It is worth pointing out that many authors do not distinguish between stopping times and
optional times. In [Kle14], Acatm KLENKE uses stopping times in the sense of our Definition 4.7.
On the other hand, Kallenberg in [Kal21] or Chung and Walsh in [CWO05] use the terms

'KALLENBERG [Kal21, p. 378] calls this terminology morbid but concedes that it is well established.
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synonymously and use the term optional time for stopping times in the sense of Definition 4.7.
The disambiguation we use here is due to Ioannis Kararzas and STEVEN E. SHREVE as found in
[KS98, Defintion 1.2.1]. The two definitions are quite similar. Indeed they coincide for right
continuous filtrations.

Lemma 4.8 (Stopping and optional times). Let (Q, A, (Ao, P) be a filtered probability
space. Then, every stopping time is optional. If, in addition, the filtration (A;),»q is right
continuous, then every optional time is a stopping time.

Proof. Assume T is a stopping time. Observe that
1
{TSt——}eﬂ,_l Cc A, (4.18)
n n

forevery t > 0 and n € N with t > % Hence,
1
{T<Z}IU{TSZ‘——}€C7{,;, (4.19)
neN n

and we have shown the first assertion. Now let (A;),( be right continuous and assume that 7
is an optional time. Analogously to (4.19) we can write

1
{TSt}:ﬂ{T<t+Z}. (4.20)

neN

Now, {t <t +1/n} € A, for each n € N and thus,

(r<tie( A, = A=A, (4.21)
neN

which is what we wanted to show. O
The simplest yet important example of stopping times are constant times. Let s > 0 as s < ¢ is
either the empty set or the whole of Q and thus contained in A; for every ¢ > 0.

From now on we will always implicitly assume that (Q, A, (A0, P) is a filtered probability
space and omit the reference to the filtration when no confusion can occur. For a stopping
time T we introduce the o-field of the T-past,

A ={AcA|AN{T<}eA Vi>0}. (4.22)

It is straight forward to check that A; is indeed a o-field.

Lemma 4.9. Let 7, 0 be stopping times with o(w) < 1(w) for all w € Q. Then, Ay, C A;.
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Proof. Let A € A, and t > 0. By definition of A, we have A N {o < t} € A,. Since T is a
stopping time we also have {r < #} € A,. By assumption, o < 7 and thus {r <t} C {0 < 1}.
Hence

An{ft<tl=An{oc<thYni{r<t} e A, (4.23)

and therefore A € A;. O

We present a well known lemma that shows that certain operations on optional times yield
new optional times.

Lemma 4.10 (optional times). Let (S, A, (A;) =0 , P) be a filtered probability space. Assume
(Tw)pen, T and o are optional times. Then the following random times are also optional:

(i) ovVtand o AT,
(ii) T+ o,
(i) sup,ep Tn and inf,en 7y,

(iv) limsup,_,, T, and liminf,_, Tj.

Proof. We obtain (i) from the simple observation
fovr<ti={o<tyni{r<t} and {ocAT>t}={oc=>t]Nn{r>1}. (4.24)

Now fix 7o > 0. By (i) we have that o A fp and T A g are optional times. We first show that
both random times are A;,-measurable. Suppose ¢ < #(, then

oA <th{tAnty<tfe A C Ay, (4.25)

Now suppose t > ty, then (0 A fg) and (7 A ty) are both bounded by ¢ and hence {0 A 1y < t} =
{[tAty <t} =Qe A, Nowdefine 6 := (0 Aty) + Lgxy, and T := (7t Aty) + L1y, and observe
that both 6 and 7 as well as the sum 6 + T are A;,-measurable, by construction. It is now
straight forward to check the equality

o+t <t} ={6+T <t} € Fy. (4.26)
Since #y > 0 was arbitrary, this proves (ii).
For (iii) we set 6 := inf,eny 7, and T := sup,,y 7. Then, for all > 0,

(6 <t)= U{T,, <t} e A, (4.27)
neN

On the other hand, by Lemma 4.8, every optional time is a stopping time of the right continuous
filtration (A;),s,. Hence,

(t<n=()ra<the A (4.28)
neN
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Thus, 7 is again a stopping time with respect to the right continuous filtration (A;) .. Apply-
ing again Lemma 4.8, shows that 7 is indeed optional with respect to (A;);o-

Finally, (iv) follows from (iii) by the fact that

limsupt, = inf sup7, 4.29)
n—oo MEN p>m
and
liminf 7, = sup inf 7, (4.30)
n—o0 meN n=m
thus completing the proof. O

Remark 4.11. Observe that (i), (ii) and the first part of (iii) of Lemma 4.10 hold also for
stopping times. But in general inf,ey 7, iS not again a stopping time for any sequence (7,),cn
of stopping times. o

Markov processes

We now introduce the Markov property and define Markov processes. Loosely speaking, the
Markov property means that the past and the future of a stochastic process are independent
of each other given the present. Despite the general definition we will restrict ourselves to
time homogeneous Markov processes, as they come with useful analytic features like the
transition semigroups and resolvent families. Furthermore, we will define stopping times and
introduce the Green operators. Finally we introduce a further subclass of Markov processes
namely Borel right processes and we define what it means for such processes to be symmetric
or strongly symmetric.

Definition 4.12 (Markov kernel). Let (Q, A) and (S, B) be two measurable spaces. A Markov
kernel (or stochastic kernel) is a map k: Q X B — [0, 1] with the following properties

(i) for each B € B, the map «( -, B): Q — [0, 1] is measurable,
(i1) k(w, +) is a probability measure on (S, B) for each w € Q.

If instead of (ii), for all w € Q, k(w, ) is a finite Borel measure on (S, B) with x(w, S) < 1 for
all w € Q then « is called a sub Markov (or substochastic) kernel. g

Definition 4.13 (Markov process). Let X = { X; | t € [0, co] } be a stochastic process on the
filtered probability space (Q, A, (A;);»0 , P). We say that X hast the Markov property if for
eachr >0

E[Y|A]=E[Y|X/] (4.31)

almost surely for all o({ X; | s > ¢ } measurable Y.
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The stochastic process X with state space S is called a Markov process if it possesses the
Markov property and if there exists a family of probability measures { Py | x € Sy } on (Q, A)
such that

(i) the map x — P(X; € B) € [0, 1] is Borel measurable for each r > 0 and B € B and

(i1) for all x € Sy it holds that P,(Xy = x) = 1. ©

Denote by M;(S) € M(S) € M(S) the set of probability measures on S, the set of finite
measures on S and the set of all measures on (S, B(S)), respectively. For a measure y € M(S)
we define

Pu(+) = fSPx( *u(dx). (4.32)

Taking P, () it is easy to see that P, € M; (€ My) if and only if u € M; (€ My). We denote
the expectations with respect to P, and P, by E, and E,,, respectively.

Forxe S,A e Bandt > s > 0 define
psi(x,A) :=P(X; € A X = x). (4.33)

Then { ps; ' t> s >0} is afamily of (sub) Markovian transition functions in the sense that
Dst: S X B — [0,1] is a is a (sub) Markov kernel for each ¢+ > s > 0 and that for all
u>s>t>0,xe8§ and A € B it holds that

PralxA) = fs Paa(r d)pra(y. A). 4.34)

The equation (4.34) is called Chapman-Kolmogorov equation and it is a consequence of the
Markov property of X.

We call a Markov process (time) homogeneous when the associated transitions functions
depend only on the difference | — s|. In that case p; (x,A) = p;—s(x,A) = Px(X;—y € A) and
the Chapman-Kolmogorov equation (4.34) reads as

Pi(x,A) = fs Pi-s(y, A)ps(x, dy) (4.35)

fort > s> 0.

Definition 4.14 (transition functions). Let (S, 8) be a measurable space. A family (p;);>0 of
(sub) Markov kernels p;: S X 8 — [0, 1] is called a family of (sub) Markovian transition
functions if it satisfies the Chapman-Kolmogorov equation(4.35) forall 0 < s < < oo and

po(x, A) = T4(x). o

It is worth noting that the transition functions p, are Markov kernels if and only if the associated
process is non-explosive.
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Suppose X is a Markov process, then for each w € Q the map X(w): [0,0) — S is called a
path. It is often useful to impose further regularity assumptions on these paths. For example,
one can consider only Markov processes with continuous paths. This turns out to be rather
restrictive as we want to allow the processes to have jumps. One possible choice is to
consider processes that have cadlag paths (more precisely, processes for which there exists
a modification with cadlag paths). As a first observation, homogeneous Markov processes
cannot jump at fixed timepoints, since that would break the homogeneity. As an illustration
consider the following example.

Example 4.15 (Processes with fixed jump times are non homogeneous). Let S = {a, b, c} and
consider the process X that jumps at integer times from one point to one of the others with
equal probability. It is easy to check that X is a Markov process. However the transition
probabilities are not homogeneous:

0=P(X34 €{b,c} | Xija =a) #P(Xsjs €{b,c} | Xz3ja =a)=1. (4.36)

O

It turns out that the holding times of a homogeneous Markov process X, i.e. the times that the
process X spends in a point x € § before it jumps are exponentially distributed.

Lemma 4.16 (Holding times are exponentially distributed). Let X be a homogeneous Markov
process with state space (S, U). Assume that there exists a x € S such that

T=inf{t>0|X,#x}=inf{r>0|X, #X,-} Pyas (4.37)
Then T is exponentially distributed under P,.

Proof. Observe that by (ii) of Definition 4.13 we have P,(T > 0) = 1. By time homogeneity
and the Markov property we have for all s, ¢ > 0,

PAT >s+t|T>s5)=P(T >s+1t|X;=x)=Pu(T >1). (4.38)

This is the so-called loss of memory property that characterizes the exponential distribution. O

The transition semigroup

For the remainder of this thesis we will only be concerned with time homogeneous Markov
processes.
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Let (S, B) be a measurable space and X a Markov process with values in S. Using the transition
functions (p;)r>0 of X, we can define for each # > 0 a linear operator on B(S) by

Pif =Pif(+):= fsf(y)pz(-, dy) =E.[f(X)], t=0. (4.39)
The family P = (P;)s>0 has some nice properties.

Proposition 4.17. Let (S, B) be a measurable space and X be a Markov process with values
in S. Then the family (P;)0 of operators on Bp(S) defined above has the following properties
forall f,g € Bp(S):

(i) Pof =1,
(ii) PPyf = Pgutf forall s,t >0,
(iii) Paf +Bg) = aP:f +BP,;g forallt >0,
(iv) if f 20, then P;f > 0 forallt > 0,
(v) 1P flloo < [1fleo-
Proposition 4.17 (i) and (ii) together imply that P = (P;),> is a semigroup on B(S). i.e. P is
equipped with a (commutative) binary operation o, there exists a neutral element but in general

P; has no inverse in P. Furthermore, (v) means that the semigroup P is contractive and (iv)
says that P is positive. We say that P is the semigroup determined by the process X.

Definition 4.18 (positive contraction semigroups). A family T = (7)o of operators on a linear
subspace of ¥ C B(S) containing constant functions that satisfies (i) to (v) of Proposition 4.17
is called a semigroup of positive contraction operators on ¥ . If, in addition, 7,1 = 1 for all
t > 0, then T is said to be conservative. &

We continue with the proof of the proposition.

Proof of Proposition 4.17. The property (i) follows from the definition of Py and (ii) is a
consequence of the Chapman-Kolmogorov equation (4.39):

PPf(x) = fs fs F@ps0. dpy(x. dy) = fS FOpos(x, d) = Pose (4:40)

The positivity (iv) and linearity (iii) of P, follow immediately from the definition (4.39) of P,.

By (4.39) we have forall x € S and > 0

sz(X)=fo(y)Pz(x,dy)SIIfIIMPz(x,S)SIIflloo (4.41)
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and thus sup,.¢ P/ f(x) < || fllco, proving (v). O

Now assume that v is a finite Borel measure on (S, 8). For p € [1, o) we obtain by application
of Jensen’s inequality

1P = fs IPCOPV(d) = fs Ex [FX)] P d) < f E, [Lf 0] v(dx)

S

= f P lf()IPv(dx) = f £ PV dx) < f £ @PY( dx) (4.42)
S S S
= I,

Hence, (v) of Proposition 4.17 can be strengthened to
@ii)* |IP.fll, < Ifll, forallz > 0and p € [1, o0].

We have shown that every Markov process is associated with a family (p;),>0 of (sub) Markov
kernels satisfying the Chapman-Kolmogorov equation (4.35). Kolmogorov’s celebrated
extension theorem shows that the converse also holds. We present the theorem for further
reference without proof as the proof can be found in any standard textbook on probability
theory e.g. [Kal21, Theorem 11.4] or [Kle14, Theorem 14.36].

Theorem 4.19 (Kolmogorov’s extension theorem). Let (S, B) be a measurable space, (p;)r=0
a family of (sub) Markovian transition functions on S. Assume that u € M(S). Then there
exists a Markov process with state space S, initial distribution u and transition functions

(P)r=0-

Proof. See[Kal21, Theorem 11.4]. O

Assume that (P;);»¢ is a contraction semigroup on B,(S). For x e S, A € Band ¢ > 0 let
P l4(x) = pi(x,A). (4.43)

Then the map x — p,(x,A) is Borel measurable because P, is a linear operator on B,(S).
Furthermore, we have pg(x, A) = 14(x) and (p,);>0 satisfies the Chapman-Kolmogorov equa-
tion:

Di(x,A) = Pila(x) = PgPr_s14(x) = Psps_s(x,A) = fs DPi-s(v, A)ps(x,dy), (4.44)

for 0 < s < t < 0o, where we used (4.39) in the last equality. Furthermore, we deduce from
the contraction property, Proposition 4.17 (v) that

sup pi(x, ) = [|Pilsllo < [ Lsllo = 1, (4.45)

xeS
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thereby showing that P induces a family of Markovian transition function (p,),>o via (4.43).
Approximating measurable functions by simple functions, it is straight forward to show that P
is the semigroup induced by (p;)~0. We have thus proved the following.

Corollary 4.20. Let (S, B) be a measurable space and P = (P;);>¢ a contraction semigroup on
Bp(S). Assume that u € My(S), then there exists a Markov process with state space S, initial
distribution u and transition semigroup P.

While there always exists a Markov process with a given transition function (or semigroup),
this process is generally not unique. Instead we have that all processes with the same transition
function are versions of each other.

Lemma 4.21 (Semigroup determines the finite dimensional distributions). Let X, Y be two
Markov processes on the measurable space (S, B) with the same initial distribution yu € M;(S).
Assume that both processes have the same semigroup P = (P;);>0. Then, the finite dimensional
distributions of X and Y coincide.

Proof. 1t is evident from the discussion above that both X and Y have the same transition
functions (p;)>0. Let A1,..., A, € Band 0 <t} < --- < 1y, then it follows by the Chapman-
Kolmogorov equation,

P(X, €Al,....X, €Ay)

= f p( dxo) f P (X0, daxp)- - f Pttt (Gn-1, d26y) (4.46)
S Aj Ap
= P(Ytl EA],...,Y;,, € Ap),

completing the proof. O

Remark 4.22. By definition, the semigroup and hence the finite dimensional distributions of a
Markov process are already determined by their one dimensional distributions. o

Now let v € M(S) be a Radon measure on (S, 8). This measure will later serve as the speed
measure for our processes in the sense that the time the process spends in a set A € 8 will
be roughly proportional to its measure v(A).But first we explain what it means for a Markov
process to be symmetric with respect to v.

Definition 4.23 ((strong) symmetry). Let X be a Markov process with values in the measure
space (S, B, v). Then X is said to be v-symmetric if the semigroup P = (P;);>o determined by
X satisfies

fs J()Pig(x) v(dx) = fs P f(x)g(x) v(dx) (4.47)
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for all non-negative f,g € B,(S) and ¢ > 0. In that case we also refer to the family P as
symmetric (with respect to v).

If, in addition, the (sub) probability measures p,(x, dy) are absolutely continuous with respect

tovforallz > 0and x € S, we say that the process X is strongly symmetric (with respect to v).

In that case we denote the density of p,(x, dy), with a slight abuse of notation, by p,(x,y). In
that case, P, f(x) can be written as

PLf(x) = fs FOIPey) V(dy). (4.48)
&

Let (S, B, v) be a compact measure space. Suppose that X is a v-symmetric Markov process
with values in S. Then v is a reversible measure for X in the sense that for all A, B € 8 with
v(A),v(B) >0andt > 0,

V(A)P,, (X, € B) = f P.(X, € B) v(dx) = f P,15(x)14(x) v(dx)

A § (4.49)

= f P.(X; € A)v(dx) = W(B)P,,(X; € A),
B

where v4 = (V(A)_1V)| A and vp = (V(B)_IV)' B denote the renormalized restrictions of v to A
and B, respectively.

We take note of the following useful property of v-symmetric Markov processes.

Lemma 4.24. Let X be a v-symmetric Markov process with values in S. Suppose that for
neN, fo,fi,....Jn€8,and0 =1ty <ty <...t, < oo. Then,

E, [fo(X0) fi(Xe) - - fu(X,,)] = By [fo(Xe) [i(Xppmr) -+ - frm1 Kty ) fr(X0)] - (4.50)

Proof. We proceed by induction and start with the case n = 1. For f,g € 8;(S)and 0 <t < oo,
we have by symmetry

E, [f(X0)g(X)] = f Ey [f(X0)g(Xp)] v(dx) = f S(x)Pg(x) v(dx)
S 5 (4.51)

= fs E. [f(Xg(Xo)] v(dx) = E, [f(X)g(Xo)]-

4.1 Markov processes
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Now suppose that the statement holds for some n € N and let fp, ..., fus1 € B, and 0 = 1 <
-+- < Iy < 0o, Then,

Ey [f0(X0) - -+ fus1(Xs,, )] = By [fo(X0) - - - (fu * Pty =t Jur1)(Xi,)]
=E, [/0(X;,) - (fu - Prror—1, Jur1DXo0)]

= fs Pyt it OB [fo(X,) -+ fa(Xo)] v(dx)
= Lfn+1(x)Pt,,+1—tnEx [fO(Xt,,) e fn(XO)] V(dx) (452)
= fs Funt OBy By, |, [fo(X,,) -+ fu(X0)]| v(dx)

- fs B [fo Ko )i Kipron) - font (Xo)] ()
=B, [foXe,. ) [iXepi—1) -+ Ja Ko=) Frs1(X0)]

completing the proof. O

Next we introduce the resolvent or potential operator (cf. [MR06]) of a Markov process as the
Laplace transform of the semigroup.

Definition 4.25. Let X be a Markov process with values in S and f € B(S). Then, for each
a > 0 we set

Ry f(x) :=E; [foo f(X)e ™ dt]. (4.53)
0

The family (R, )q>0 of operators is called the resolvent associated with the process X. For
a > 0, the operator R, is called the a-resolvent of X. o

Clearly, R,, is a linear operator mapping By(S ) to By(S). By Fubini’s Theorem, we can write

Rof(x) = f B e P, f(x)dt. (4.54)
0

Applying Fubini’s Theorem again and using the v-symmetry of (P;);»9, we find that R, is
v-symmetric as well. Observe that for @, 8 > 0

(Ra_Rﬂ)f=f e“”Ptfdt—f e PP, fdt
0 0
= f e P (e P 1) P, fdt
0
00 !
= —(@-p) f f e Pi=9-asp, o fdsde
0 0

=—(a-p) f ) f ) e e P'P P fdtds = —(a — BR.RsS.
0 0

(4.55)
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We have thus shown that the resolvent satisfies the resolvent equation

Ry —Rg+(@—B)ReRg=0 VYa,B>0. (R1)

Remark 4.26. The resolvent has another, probabilistic, interpretation. Let @ > 0 and consider
an exponential random variable ¢ with expectation 1/, independent of the process X. Let

5 )X 1<{
X, =: (4.56)
P, =<

be the exponentially killed process. Denote by E and P the expectation and the semigroup of
X, respectively. Then

Pif(x) =E[f(X); ¢ > t] = P({ > P, f(x) = e P, f(x). (4.57)

Thus, the a-resolvent can be regarded as the integrated semigroup of the process that is killed
at an independent Exp(a@)-time. When we consider f = 14 for some set A € B, the quantity
Ro14(x) is the expected time the process X spends in A, or occupation time, before it is killed
at time £. o

Definition 4.27 (a-excessive functions). Let (P;),»0 be the transition semigroup of a Markov
process with values in (S, 8). Furthermore, let @ > 0. A non-negative measurable function
h e B*(S) is called a-excessive with respect to (P;)o if

e Y P,h(x) < h(x) (4.58)
and
lina e Y P,h(x) = h(x), (4.59)
11—
foreachx € S. &

As an immediate consequence of Definition 4.27 we find that for every a-excessive function
heBY(S)and s, 1> 0,

e P h(x) = e Pye” Y Ph(x) < e Y P,h(x), (4.60)

and consequently the function ¢ — e~* P,h(x) is increasing as t — 0. Furthermore, constant
functions are a-excessive for every @ > 0 and / A g is a-excessive whenever f and g are
a-excessive.

Lemma 4.28. (i) Let @ > 0 and (hy),eny € BT (S) be an increasing sequence of a-excessive
functions such that lim,,_,« h, = h € BY(S). Then, h is a-excessive, too.
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(ii) Let f € BZ(S ) be non-negative, bounded and measurable. Then the function h := R, f
is a-excessive for all a > 0.

(iii) Let h € B*(S) be a-excessive for @ > 0. Then there exists a sequence (fy),en € B(S)
such that R, f,,(x) is increasing as n — oo and

lim R fu(x) = h(x), (4.61)

forall x€S.

Proof. Fix a > 0 and let (C,),c B (S) be an increasing sequence of a-excessive functions
with lim,,_, /, = h. Then,

e P.h(x) = lim e”P;h,(x) < lim h, = h. (4.62)
n—oo n—oo
Taking the limit # — 0 we can interchange limits because of monotonicity and obtain

lin(} e " Ph(x) = lim lim e~ P,h,(x) = h(x) (4.63)
—

n—oo t—(0

and the first assertion (i) is established.

For the second claim (ii) assume that f € BZ (8) is non-negative and bounded and let a > 0.
We start by showing that & = R, f satisfies (4.58):

e "Ph=e"PR,f = e_mP,f e YPfds = f e Ip, fds
0 0 (4.64)

- f e P, fds < Rof = h.
t

When we apply the limit for ¢+ — 0 at (4.64) we obtain the equality (4.59), thus proving the
claim.

For the last claim (iii) we construct the approximating sequence explicitly. Let & € B*(S) be
a-excessive for some @ > 0. For n € N set i, := h A n. By definition of the resolvent and
substituting ¢ = ns, we obtain

nR g nhn = f ne @spp ds = f el "Py, by, dt. (4.65)
0 0

Now, h,, is a-excessive since it is the minimum of two a-excessive functions. Therefore, the
function
gni=e P by, (4.66)

is increasing for fixed @, ¢ > 0 as n — oo and lim,,« g, = k. Hence, nRy,h, is increasing in
n and converges to h. Now observe that by the resolvent equation we have

nRysnhy = nRy (hy — nRy1nhy) (4.67)
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and therefore, the functions
Jn == n(hy — nRy4nhy) (4.68)

are the desired sequence with R, f, T hasn — oo. O

The importance of a-excessive functions stems from the following fact.

Proposition 4.29. Let h € B*(S) be a-excessive for some a > 0. Then, the real valued
stochastic process (Y;)»o = (e"""W(X,)),s( is a supermartingale with respect to the canonical
filtration (A,) .~ for every initial distribution p € M(S).

Proof. The proof is straight forward. Fix ¢ > 0, by a-excessivity of 4 we have P,-almost
surely

E Y | A = e DB [(X,10) | A = e B [PLI(X,) | A,

4.69
— e—me—ahphh(xt) < e_‘”h(X,). ( )

Feller processes

In the previous chapter Chapter 3 we have examined the space of cadlag functions on a
uniform space (S, U) with great care and in the previous section we have seen that the finite
dimensional distributions of a Markov process are determined by its semigroup. We are
interested in a stronger statement. Namely,we want to consider a class of Markov processes
that are already uniquely determined by their semigroups. This is where the cadlag paths come
into play.

Proposition 4.30. Let (S, U) be a separable uniform Hausdorff space and X, Y two Markov
processes with cadlag paths, i.e. X,Y: Q — Dg([0, 0)). Assume further that X and Y have
the same transition semigroup P = (P;);>o and the same initial distribution u € My(S). Then,
X and Y have the same law.

Proof. By Lemma 4.21, X and Y have the same finite dimensional distributions and the result
follows from Proposition 3.41. O

As a consequence, in the case of Markov processes with cadlag paths, the semigroup is a very
powerful tool in the analysis of the process. Yet, this result is not satisfying as it is a priori not
clear that a given Markov process even has a modification with cadlag paths. To make sure
that this is the case we need stronger assumptions on the semigroups.

4.2 Feller processes
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For the remainder of this chapter assume that (S, ¥{) is a Polish uniform space, i.e. a separable
and complete locally compact uniform Hausdorft space. Recall that under this assumption,
(S, U) is completely metrizable, yet we want to avoid fixing a specific metric. While some of
the concepts can be further generalized, we refrain from doing so as this would go beyond the
scope of this thesis.

Definition 4.31 (Feller semigroups). A semigroup (7;),»( of positive contraction operators is
called a Feller semigroup if it has the following properties

F1) Tif € Coo(S) forall f € Coo(S)and £ > 0,

(F2) 1im—0 |IP.f — flleo = O for all £ € Coo(S). o

Lemma 4.32. Let (T}),5o be a Feller semigroup on Cs(S). Then,

@, f,x) - T f(x) 4.70)

is continuous as a function [0, 00) X Coo(S) X S — R.

Proof. Let(t, f,x),(s,g,y) € [0,0) X Ceo(S) X §, then

T f () = TsgW = Tef () =T f ) + T f ) = T f ) + T f () = Tsg ()

@.71)
ST f) =T fDI+ T f ) = Ts fO)I + [T f(y) — TsgO)l .

By (F1), the first term vanishes as y — x. For every ¢ > 0, T, is a contraction by assumption
and the second term can be bounded by

ITe(Tis-1f = Plleo < N Tis-1f = flleo- (4.72)

By (F2) this bound converges to 0 as s — ¢. Similarly, the last term is bounded by || — glle
which also tends to O as g — f. O

Definition 4.33 (Feller processes). Let X be a Markov process with values in §. We call
X a Feller process, if the semigroup (P;);>0 associated with X satisfies (F1) and (F2) of
Definition 4.31. ¢

Some remarks about the above definition are in order. As the name indicates, the definition
goes back to a series of papers that WiLLiaM FELLER wrote in the 1950s, e.g. [Fel52; Fel54].
Feller introduced the conditions above in the context of his analysis of diffusion processes
2. However, Feller’s original work is rarely cited today®. Instead, classical textbooks like
[Mey66], [Dyn65] or [BG68] give a thorough account of the theory of Feller processes.

2[Fel54, Theorem 1]
3[CWO05, Notes on Chapter §2.2, p. 73]
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Some authors use slightly different definitions of the Feller property and require (F1) to hold
for all bounded f € Cp, instead.*

Assume that X is a Markov process with values in a compact space S and assume that it’s
associated semigroup (P;);>0 has the Feller property. Then, (F1) implies that for all # > 0 and
f € C the maps P;f are continuous and thus

fs F@pi(x, d2) = Ex [f(Xn)] = P f(x) P Pif(y) = j; f@pi(x, dy). (4.73)

Hence, laws £, and L, of X started in x and y, respectively, converge as x — y. In fact, the
reverse implication is also true. We say that (F1) means that X depends continuously on the
starting point. On the other hand, (F2) means that in probability (under P,),

limX; = x. 4.74)

t—0

Moreover, observe that under (F1) condition (F2) is equivalent to the seemingly weaker
condition
}l_r)% [P f(x) = f(x)| =0, 4.75)

forall f € Co(S)and x € S

We want to proof a slightly stronger result than (4.74).

Proposition 4.34 ((CWO05, Proposition 2.2.2]). Let X be a Feller process with values in S.
Then X is stochastically continuous, i.e. for all t > 0, every initial distribution u € M;(S) and
every open entourage U € U,

ljn}P# (X, X5)eU)=1. (4.76)

Proof. 1t suffices to show the claim for u = §, for some x € §. Let U € U be open and
V € U such that V o V c U. Now choose a continuous function #: S X § — [0, 1] such that
h(x,y) =0if (x,y) ¢ U and h(x,y) = 1 if (x,y) € V. Then h < 1y and we obtain

Py ((Xi, Xs) € U) 2 Ex [M(X1, X)], (4.77)

for all s, ¢ > 0. Consider the functions of the form

k
plxy) = ) fi0g,0), (4.78)
-

J

“See Martin Hairer’s comment in [Hai]
3See [RY99, Proposition I11.2.4]
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where f;,g; € Co(S) for j € {1,...,k}. These functions form a subalgebra of Co(S X §) and
separate points. We can therefore apply the Stone-Weierstrass Theorem (cf. [Con07, Corollary

V.8.3]) to obtain a sequence
ky

ha(x,3) = - £ (08" (4.79)

=1
of functions the form (4.78) that converges uniformly to /.

Now observe that for all f, g € C(S) and ¢ > 0 we have by (F2),

Ex [f(XD8(Xi+5)] = Ex [f(XnEx, [§(Xs)]] = Ex [f (X)) Psg(Xy)]

— B X)X, (50
Consequently,
lim Po((Xi, Xivs) € U) 2 Lim By [(X;, X146)] = Bx [1(X2, X)) = 1. (4.81)
Next we have to consider the left limit s T 7. To that end fix £ > 0 and 0 < § < ¢. Then,
E: [f(Xi-5)8(X1)] = Ex [f(Xi-6)Ex,_, [8(X5]] = Ex [f(Xi-5)Psg(Xs-5)] 4.82)
= P_s (fPsg) (x).
As 6 — 0, the right hand side converges to
Pi(fg)(x) = Ex [f(X)g(Xn], (4.83)
by Lemma 4.32. By the same argument as before we conclude that
(lsi_I)I(l) Pu((X;, Xi-5) € U) > (%1_1)1(1) E, [h(X;, Xi—5)] = Ex [h(X;, Xp)] = 1. (4.84)
O

Condition (F1) in Definition 4.31 can be exchanged for another condition, sometimes called
the strong Feller property.

Definition 4.35 (Strong Feller property). Let (T}),»¢ be as in Definition 4.31 but assume that
instead of (F1), (T}),»( satisfies the strong Feller property

(F3) T,f eCpforall f e By(S)andt > 0.

Analogously to Definition 4.33 we call a Markov process X whose transition semigroup

satisfies (F2) and (F3) a strong Feller process or simply strongly Feller. o

While the Feller property makes sure that the distribution of X at time ¢ depends on the
initial conditions continuously, the strong Feller property ensures that the process X behave
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diffusively in the sense that point masses in the initial distribution are smoothed out by the
semigroup.

As an example of a Markov process that is Feller but not strongly Feller consider the following
simple process.

Example 4.36. Let X be the process on R that remains in its initial distribution forever, i.e. we
have P,(X; = x) = 1. Thus, the semigroup (P;)s>0 of X is given by

Pif(x) = Ex [f(X)] = Ex[f(0)] = f(x) (4.85)

and P; is the identity operator for all # > 0. Hence, (F1) and (F2) from Definition 4.31 hold
but (F3) does not. O

Note that, despite the name, the strong Feller property does not imply the normal Feller
property. Instead we have the following definition.

Definition 4.37 (Doubly Feller). Let (7}),»( be a semigroup of strongly continuous contraction
operators. If (7T})¢ is both Feller and strongly Feller, i.e. (T}),sq satisfies (F1) to (F3), we say
that (T}),»( is doubly Feller. o

Resolvents and generators

Given a Feller semigroup (7;);>0 we can define the family of resolvent operators (Ry)q>0
associated with (T});»0 using (4.54), i.e.

Rof = f T fdt, € Co (4.86)

Observe that this definition of the resolvent coincides for Feller processes with the definition of
resolvents given before, apart from the domain. This justifies using the same letter to designate
both.

The resolvent has further remarkable properties. We write CY, := Coo NC™ for the non-negative
continuous functions that vanish at infinity.

Lemma 4.38 (Resolvents and supermartingales). Let X be a Markov process with values in
a uniform Hausdorff space (S, U). Assume that f € CZ, then for each a > 0, the process
Y = (Y))so with

Y i=e "Ry f(X), t>0, (4.87)

is a supermartingale under P, for every initial distribution u € M;(S).

Proof. The claim is a direct consequence of Lemma 4.28 and Proposition 4.29. O

4.2 Feller processes
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Next, we introduce the generator of a Feller semigroup and present briefly the interrelationship
between semigroups, resolvents and generators. We will keep this exposition as short as
possible as we will go more into detail when discussing Dirichlet forms associated with Feller
groups in the next chapter. Again, all of the following can be found in most standard textbooks
covering Feller processes and we will refer to Kallenberg’s book [Kal21] for most of the
proofs.

Let D C Cs be the family of functions for which the limits

Iif-f
t

Af =i 4.
A im (4.88)

exist in C. By [Kal21, Theorem 17.6], A is a linear operator on Co, with domain 9 such
that

%(th) =T,Af =AT,f, t>0. (4.89)

We say that (A, D) is the generator of the Feller semigroup (7;)s»0. The term generator stems
from the fact that (A, D) determines the semigroup (7}),>0 uniquely (cf. [Kal21, Lemma
17.5]).

Furthermore, A satisfies
!
T.f—f= f T,Af ds, (4.90)
0
forall f € Dand ¢t > 0, by [Kal21, Theorem 17.6].

On the other hand, the following relationship exists between the generator and the resolvent of
a Feller semigroup.

Proposition 4.39. Let (T;);>0 be a Feller semigroup on Co with resolvents (Ry)o>0 and
generator (A, D). Then

(i) for each a > 0, aRy is an injective contraction operator on Co, and limy_,c @R, = id
in the strong operator topology,

(ii) D = R,Cw independently of a > 0 and D is dense in C,
(iii) forall f € D and a > 0, the relation
R)'f=(a-Af (4.91)

holds.
Proof. See [Kal21, Theorem 17.4]. O

Here, (4.91) might be more familiar to the reader who knows the resolvent from a functional
analytic context.
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Recall that a linear operator A with domain 9 C B, where B is some Banach space, is called
closed if the graph of A, G(A) .= {(Af, /)| feD} C B? is closed (cf. [Yos78, Definition
I1.6.2]). A linear operator (A, D) is called closable, if for every sequence (f;,),oy € D with
lim,,, f; = 0 it holds that lim,_,., Af;, = O (cf. [Yos78, Proposition I1.6.2]). In that case, A
can be uniquely extended to an operator AonD by taking G(A) = G(A).

Finally, assume that (A, D) is a closed operator. We call a linear subspace D C D a core for A
if and only if the operator (A|p, D) is closable and its closure is (A, D). It can be shown (cf.
[Kal21, Lemma 17.8]) that the generator (A, D) of a Feller semigroup (7;),>0 is closed and
that a linear subspace D C D is a core for (A, D) if and only if the range (@ — A)D is a dense
subset of C, for one and hence for every a > 0.

The celebrated Hille-Yosida Theorem was proven independently by Einar HiLLe and Kosaku
Yosipa in the middle of the last century. It characterizes those operators that uniquely de-
termine a strongly continuous contraction semigroup. In the formulation we present here it
characterizes the generators of Feller semigroups.

Proposition 4.40 (Hille-Yosida). Let A be a linear operator on Co with domain D. Then A is
closable and its closure A is the generator of a Feller semigroup (T;)>0 on C« if and only if
the following conditions hold

(i) D is dense in Ceo,

(ii) the range of @ — A is dense in C«, for some a > 0,

(iii) Af(x) <0, forany f € D and x € S such that ||f V Olle < f(x).
Proof. See [Kal21, Theorem 17.11]. O

We conclude this brief discussion of the generator of a Feller process with the following useful
result.

Proposition 4.41 (Dynkin’s formula [Kal21, Lemma 17.21]). Let X be a Feller process with
values in S. Denote by (P;),»o and (A, D) the semigroup and the generator associated with X,
respectively. For f € D define the process (MZr ) by

>0

M = (X)) - f(Xo) - fo Af(X,)ds. (4.92)
Then

(i) M/ is a martingale with respect to (7). under every initial distribution u € M (S).
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(ii) For every bounded optional time T,

Ec[f(X0)] = f(x) + Ex

fT Af(Xy) ds]. (4.93)
0

Proof. We only show (i). The second assertion then follows by the optional sampling theorem.
Fix u e Mjandlett,6 > 0and f € D. Then,

1+0
MLy~ = ) = 00 = [ 870X ds = ] o, (4.94)
t
We can therefore apply the Markov property to obtain

By (M| 75| - M) =5 [M] o 6,| 7] = B, [M]]. (4.95)

Now,

0
Ex, f Af(Xs)ds]: f P,AF(X,)ds (4.96)
0 0

and we can apply (4.90) to deduce that Ey, [Mg ] = 0, P,-a.s. It then follows readily from
(4.95) that M7 is a martingale.

Existence of Feller processes with cadlag paths

Recall the one-point compactification (S, Uy) of the locally compact space (S, U) and that
every f € Cw(S) can be extended to function f € C(Sp) by setting f ) =0.

The following results are mathematical folklore but of fundamental importance for our treat-
ment of Feller processes. For that reason we choose to present them here along with their
proofs. We follow again very closely Kallenberg’s exposition in [Kal21, Chapter 17], where
further background material on Feller processes can be found.

Lemma 4.42 (Extension of Feller semigroups [Kal21, Lemma 17.13]). Every Feller semigroup
(T))=0 on Ceo(S) can be extended to a conservative Feller semigroup (T’)z>0 on the space
C(Sy) by setting

T.f = @+ T, (f = f@), 120, feCSy). (4.97)

Proof. First observe that for f € C(Sg), we have (f — f(19)) € Co(S) and hence, T, f € C(Sy)
for all f € C(Sy) and ¢t > 0. The strong continuity and semigroup property then carry over
from (T})s0 to (T)zzo by linearity.

Now let f € C(Sy) be non-negative and set g := f(&) — f € Co(S). Then, g < f(#) and we
obtain
Tig <Tig" <ITig"lloo < llg" lloo < f(I), (4.98)
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where g* := g v 0 denotes the positive part of g, as usual. Thus,

T.f = f(9) - T,g = 0. (4.99)
Finally, we have 7,1 = 1+T,0 = 1 and we can deduce the conservativeness and the contraction
property of (T)s0. O
Recall that a state x € Sy is called absorbing for a Markov process X if p,(x, {x}) = Py (X; €

{x}) =1forallt > 0.

First we show, that there is a Markov process associated with every Feller semigroup.

Proposition 4.43 (Existence [Kal21, Proposition 17.14]). For every Feller semigroup (T;)>0
on Cy there exists a unique family of Markovian transition functions (p;);y on Sy satisfying

Tif(x) = f JOpi(x, dy), (4.100)
foreach f € Co and t > 0 such that ¥ is absorbing for (p;);s¢.
Proof. By Lemma 4.42 the maps f + T, f are positive linear functionals on C(Sy) with norm
1 for each t > 0. Applying Riesz’ representation Theorem (cf. [Rud87, Theorem 6.19]) we

deduce that for each x € Sy and ¢ > 0 there exists a unique probability measure p,(x, ) on Sy
such that

Mm=fmmww> @.101)

for all f € C(Sy). By continuity, the right hand side is a measurable function of x. Measurabil-
ity of the maps x — p;(x, A) for all A € B(Sy) and ¢ > 0 is then obtained by an approximation
argument and an application of the monotone class theorem. In the same fashion we can show
that po(x, A) = 14(x). From the semigroup property of (f",)tzo we have

M®=ﬂﬂJ®=ffﬂWH@®mm&) 4.102)

for all 0 < s < r and by the same argument as before, we conclude that (p;),. satisfies the
Chapman-Kolmogorov equation (4.35). Finally, (4.100) follows from (4.101) as well as

ff(y)pt(l?, dy) = T,/ (@) = f®) = 0, (4.103)

for all f € Cy. Hence, 1 is indeed absorbing for (p;) . O

We say that ¢ is absorbing for X* if P(X, € {9}) = 1 for all ¢ > £, where

C=inf{t>0]9e{X;, X,-}}. (4.104)
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Proposition 4.44 (Feller processes admit cadlag modifications [Kal21, Theorem 17.15]). Let
X be a Feller process with semigroup (T;)>0 and values in S. For every initial distribution
w1 € Mi(S), there exists a modification X of X with values in Sg such that X has cadlag paths
and ¥ is absorbing for X*. If, in addition, (T, is conservative, then there exists a cadlag
modification X with values in S.

From now on we will always assume that a Feller process has cadlag paths and we will include
this in our definition of a Feller process.

Definition 4.45 (Feller processes 1I). A Markov process X with values in a Polish uniform
space (S, U) is a Feller process if it satisfies the following conditions

(i) for each w € Q, X(w) is cadlag,

(i1) the semigroup (P;);>0 associated with X has the Feller property. ¢

Remark 4.46. Combining Propositions 4.30, 4.43 and 4.44 we can deduce that every Feller
semigroup uniquely determines a Feller process. Consequently, every Feller process is
uniquely determined by its family of resolvent operators. This is an immediate consequence
of the definition (4.86), since the resolvent is the Laplace transform of the semigroup. &

Proposition 4.44 allows us to view a Feller process as a random variable X: Q — Dg ([0, o0)),
thus building the bridge to Section 3.5. As before, we introduce the canonical version of X
by identifying Q with Dg ([0, c0)) and setting X;(w) = w(?), where w € Ds ([0, )). Recall
further the translation operators (8;);»9, where 6;: Dg([0, ©)) — Dg([0, )) is defined as
0(w) := w(t+ ) foreacht > 0.

Feller processes and stopping times

Let X be a canonical Feller process on (2, A, P) with values in the Polish uniform space
(S, U). Denote by (F;);»0 the augmented filtration generated by X.

Recall that a random variable 7 on (Q2, A, P) with values in [0, o) is called a (F;)-stopping
time if for each r > 0 the event {7 < ¢} is F,-measurable. Whenever it is clear from the context
which filtration we are using, we just say that 7 is a stopping time. Further, recall the definition
of the o-field 7 from (4.22).

It is worth noting that the augmented filtration (¥;),»( generated by a Feller process is always
right continuous (cf. [CWO05, Theorem 2.3.4]). From Lemma 4.8 we then deduce that for a
Feller process every optional time is a stopping time (and vice versa).

Feller processes exhibit nice properties with respect to stopping times. First and foremost,
Feller processes are strongly Markovian.
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Proposition 4.47 (Feller processes have the strong Markov property). Let X be a Feller process
with initial distribution u € My(S). For every stopping time T with Py(t < o0) = 1 for all
x € § and non-negative random variable Y : Q — R, we have

E,[Y 0 6;|F] = Ex. [Y], P,-as. (4.105)

Proof. See [Kal21, Theorem 17.17]. O

On the other hand, Feller processes are quasi left-continuous.

Proposition 4.48 (Quasi left-continuity). Every Feller process X is quasi left-continuous. That
is, for every stopping time T and every sequence of stopping times (T,),en With T, < T,41 and
lim,, e T, = T almost surely,

lim X;, = X; a.s. on{t < oo}. (4.106)
n—o00
Proof. See [CWO05, Theorem 2.4.4]. O

While Feller’s approach is more analytic, another approach to the same objects was developed
by the mathematician (and tennis ace [HolO8]) GiLBerT A. HunT. Hunt’s definition starts with
Markov processes and their path properties. The following definition coincides roughly with
Hunt’s hypothesis A in [Hun56]°.

Definition 4.49 (Hunt processes). Let X be a Markov process with values in Sy. We call X a
Hunt process if it satisfies the following conditions

(i) X is right continuous,

(i1) X has the strong Markov property,

(iii) X is quasi left-continuous. o

Basically, Hunt processes are Feller processes but the approach is somewhat reversed.’

For some applications it is useful to extend the Borel o-algebra By on Sy to include those sets
that are “not seen” by a given Feller process X. This leads to the following

%Compare Chung’s remarks in [Chu82, p. 135].
7See [CWO05, §3].
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Definition 4.50 (nearly Borel measurable sets). Let X be a Feller process with values in Sy.
A set A C Sy is said to be nearly Borel measurable if there exist Borel measurable sets
Al,Ay € By suchthat A} C A C A, with

P.(X; € A2 \ A for somet>0) =0 (4.107)

for all initial distributions u € M;(S). We write 8" = B"(Sy) for the totality of all nearly
Borel measurable sets. o

Hitting times

We have observed in Remark 4.46 that the family of resolvent operators (R,).~0 of a Feller
process X uniquely determines said process. On the other hand, we have seen in Remark 4.26
that for @ > 0 the resolvent R, applied to 1, for some A € B can be interpreted as the
(expected) occupation time of the set A by the process X up to an Exp(«) distributed random
time £. Using the usual approximations by simple functions and the linearity of the resolvent
operator, we can deduce that the resolvent operators (R, )q>0 and a fortiori the Feller process
X is uniquely determined by the occupation times of all Borel sets A € B of the killed process
X, killed at an Exp(@) random time for all & > 0.

Following up on this idea, one might suspect that the same holds true for another class of
random times. Indeed, we will show that we can use hitting times of open sets instead of
independent exponentially distributed random variables.

To that end we start with a brief treatment of hitting times and stopping times in general.

Let X be a Feller process with values in (S, U) and denote by (7;),»( the augmented filtration
generated by X. Recall that ()5 is right continuous (cf. [CWO05, Theorem 2.3.4]).

Clearly, constant times a > 0 are stopping times since the events {a < t} are either the empty
set or the whole space Q and thus ¥;-measurable for every ¢ > 0. We write

TAa=TaX):=inf{r>0]| X, €A} (4.108)

for the first hitting time of the set A € B. Note that we use the same notation for the random
hitting times as we did in Chapter 3 for the deterministic hitting times. This ambiguity should
lead to no confusion as it is always clear from the context if the involved hitting times are
random or not.

Recall the definition of the first contact time y4 from Section 3.4 (3.20):
Ya() :=inf{t>0 | {w®),0-)NA£0]. (4.109)
Analogously we define the first contact time of the set A € 8 by the process X as

Ya=yaX):=inf{r> 0| (X, X, }nA%0}. (4.110)
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Proposition 4.51 (Hitting times of open and closed sets are stopping times). Let X be a Feller
process with values in (S, U). For each A € B, open or closed, the random times T4 and y
are (F)s0-stopping times.

Proof. Let A € 8 be open. In the case where P({T4 < oo}) = 0, the first hitting time 74 is
clearly a stopping time as {4 < ¢} is a P-nullset for each ¢t > 0 and (¥;);»o was assumed
to be augmented. Fix ¢t > 0 and choose w € {r4 < #}. Then there exists a s > 0 such that
T4 < s < t with X(w) € A. Now, since A is open, there exists an open entourage U € U such
that U[X(w)] C A. By right continuity of the map ¢ — X;(w), there exists a € > 0 such that
X (w) € UXy(w)] Cc A forall r € [s, s + €). That means there exists a g € Q N [0, ) such that
X,(w) € A and hence,

lr<t}= U (X, € A} e Fi, 4.111)

q€[0.HNQ

proving that 74 is a ()5 stopping time.

Now suppose A € B is closed. Let (B,),enr € B be a sequence of open sets such that

B,.1 € B, and A C B, for each n € N. Since U has a countable base, we can choose
for example (U,),en € U to be a sequence of open entourages with U, o U,y1 C Uy,
(Mnew Un = A and set B, := U,[A]. Then the sequence (7p,), is increasing and bounded by
T4. By right continuity we have for each B € 8

X., € B on{1p < oo}, (4.112)
By construction, we find that A = (), By = Npen By and
T := r}i_}HOIOTBn < T4 (4.113)
Consequently, by quasi left continuity of X (Proposition 4.48),

Xr = lim X, € ﬂﬁn =A on|T < o). (4.114)
n—oo neN
Hence, 74 < T and consequently 74 = T almost surely on {T" < co}. On the other hand, on

{T = oo}, we have 74 > T = oo, by construction. It follows that

74 = lim 735, (4.115)

n—oo

and we conclude from Lemma 4.10, that 74 is indeed a stopping time. It remains to show that
v4 1s a stopping time. Let A € B be open or closed and let (B,),cn C B denote a sequence of
open sets, as before. From the definition of y4 we obtain for each ¢ > 0,

ra<ti=( s, <t e, (4.116)

neN

proving that y,4 is indeed a stopping time. O
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Remark 4.52. In the proof of Proposition 4.51 we have actually shown the stronger statement
that y, is a stopping time for every Borel set A € 8. In fact, one can show that every hitting
time of a Borel set is a stopping time. This is sometimes called the Debut Theorem. Usually
the proof involves Choquet’s capacibility theorem (cf. Proposition 5.52). A proof using only
elementary methods was given by RicHARD F. Bass in [Bas10]. o

Definition 4.53. A random time 7 is called a terminal time if
ToO;+t=T1 4.117)

P,-almost surely on {¢ < 7} for any starting point x € S. o

Lemma 4.54. For all A € B open or closed, the first hitting time T4 is a terminal time.

Proof. Let w € {t < 1}. Then, 74 0 6; = 74 — ¢, almost surely. O

Clearly, the event {T4 = 0} is Fp-measurable for every A € B open or closed. With our remark
above, the same holds for every Borel measurable set A € 8B and by definition even for every
nearly Borel measurable set A € 8". By Blumenthal’s 0 — 1-law (cf. [Kal21, Corollary 17.18])
we therefore conclude

P.(t4 =0) € {0,1} (4.118)

forall x € S and A € B".

This leads to the following definition.

Definition 4.55 (regular points). Let X be a Feller process with values in Sy and A € 8" a
nearly Borel measurable set. We say that a point x € S is regular for A if

Py(ta =0) = 1. (4.119)
We denote by A" C S the set of regular points for A, i.e.
A" :={xeS |P(ta=0)=1}. (4.120)

Conversely, a point x € S is said to be irregular for A if it is not regular for A. In that case,
P.(t4 = 0) = 0. We say thata set A € B" is thinif A" = @. o

By right continuity of X we immediately obtain the relation,

A° c A" C A. (4.121)
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Lemma 4.56. Let X be a (strong) Feller process with values in Sy and A C S closed. Then,

limsupPy(t4 <£) =0 (4.122)

=0 xek

for all compact subsets K C D = S \ A.

Proof. Let K C D be a compact subset of D := § \ A. Let ¢ € Cx(S) non negative be such
that ¢(x) = 1 for all x € K and ¢(x) = 0 for all x € A. By either the Feller property (F1) or the
strong Feller property (F3) we have that P, € Cp(S) for all £ > 0. Furthermore, we have by
(F2) that lim,—,g||P;¢ — ¢|| = 0. For every £ > 0 we can thus find a T > 0 such that

sup Pyp(x) < £/2 and inf Po(x) > 1 — /2. (4.123)

xeA

for all r < T. Hence, for all x € K,

1—&/2 <Ex[p(X7)] = Ex [p(X7); T <7a] +Ex [0(X7); T > 74]

(4.124)
SPUT < 7a) + Ex[@(X7); T 2 74].
On the other hand, by the strong Markov property,
E.[@(Xr); T 2 7a] = By [Bx,, [0(X7—c)]5 T 2 74]. (4.125)

Because X;, € A, the inner expectation on the right can be bounded by &/2, by virtue of
(4.123). Consequently,
PuT <14)>1-¢ (4.126)

for all x € K. We conclude the proof by letting £ — 0. O

We go even further and show that the probability P,(t4 < #) decays at least linearly in ¢. This
result seems to have escaped notice in the literature in the general form we present it here. A
similar result for Feller processes on R was given in [BSW13, Theorem 5.1] and our proof is
inspired by their proof.

Theorem 4.57. Let X be a Feller process with values in Sy and A C S closed. For all compact
subsets K C D = S \ A there exists a constant C > 0 such that

Py(ta <t) < Ct (4.127)
forall x e Kandt > 0.
Proof. Let K ¢ D. By Lemma 2.37 we can choose ¢ € Co(S) such that 0 < ¢ < 1, ¢(x) = 1

for all x € K and ¢(x) = O for all x € A. Denote by (A, D) the generator of the Feller
semigroup (P;);>0 associated with X. Since D € Ce(S) is dense, we can assume without loss
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of generality that ¢ € D. Fix t > 0 and note that f A 74 is a bounded stopping time. We can
therefore apply the Dynkin formula Proposition 4.41 (ii) to obtain

AT A
Ei[1 - ¢(Xiar,)] = Ex [f —Ap(Xy) ds] . (4.128)
0

Observe that ¢ (X;rr,) = 0 on {74 < ¢} and therefore 1 — ¢ (X;a7,) = 1iz,<n. Consequently,

IATA
Py(tq < 1) <Ey [ f —Ap(Xy) ds] < E, [t A 14l llA¢lle < Ct, (4.129)
0
where C = [|A¢||co. m|

Corollary 4.58 (exit times). Let X be a Feller process with values in Sy. For each x € S and
U € U open, there exists a constant C > 0 such that for all t > 0,

Pyoypg <1) < Ct. (4.130)

Here, 04 = 74 denotes the first exit time from A.

Recall from Definition 4.27 that for @ > 0 we call a measurable function f € B(S) a-excessive
with respect to the semigroup (P;);>o if

Pie™f(x) < f(x) (4.131)

for all ¢+ > 0 and lim,_,o P;e™® f(x) = f(x) for all x € S. For later reference we note the
following fact.

Proposition 4.59. Let A € B" be a nearly Borel measurable set and T4 the first hitting time of
A. For each a > 0 the function

x> Ec[e°™], xeS (4.132)

is a-excessive.

Proof. Leta,t > 0. Then,

e "PE,[e "] = PE, [e_‘”a'_l f e ds]
A

= E, [EX[ [e—‘”ofl f e_‘”ds” (4.133)
TA

=E, |:f a,—le—(l(s+t) ds] =E, [f a—le—as dS:| )
TA00; t+74006;
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Since 74 is a terminal time, we have 74 = t+7400; forall t < 74. Hence, lim;_,g t+ 7400, = T4
and therefore,
lime “PE, [e"*™] = E, [e *™]. (4.134)

t—0

On the other hand we have t + 74 0 6, > 74 if t > T4, hence

e PE, [ "] < Ey[e"™]. (4.135)
O

When we consider hitting times of a v-symmetric Feller process X, the question where the
process first hits a set A € 8", naturally arises. This leads to the following definition of the
a-hitting distribution. For each @ > 0 and nearly Borel set A € B" we set

HY(x, B) := E, [¢™; X,, € B], (4.136)

if @ = 0 we write
HS(x,B) := P\(t4 < 0; X, € B), (4.137)

where x € § and B € 8. Using Definition 4.12 one easily verifies the following.

Lemma 4.60. For each @ > 0 and every nearly Borel set A € B", the a-hitting distribution
H{: S x8—[0,1] (4.138)
is a sub Markov kernel.
As usual, we write Hjj f(x) for the integral of a bounded Borel measurable function f € B,(S)
with respect to the measure H{(x, dy). In other words,
HYf(x) = Bx [f (Xr,) e ®™] fora>0and Hyf(x) =B, [f(Xr,):Ta <oo]. (4.139)
In particular, we have

H31(x) =B, [e®™] fora>0and H1(x)=P(t4 < ). (4.140)

Symmetric Feller processes

As before let (S, U) be a locally compact uniform Polish space and v € M(S) a boundedly
finite Radon measure on (S, B). Recall the definition of a (strongly) v-symmetric Markov
process from Definition 4.23. Naturally, we say that a Feller process X with values in S is
(strongly) v-symmetric if it is (strongly) v-symmetric in the sense of Definition 4.23. Observe
that the same definition holds true when we consider the extension of X to the one point
compactification Sy.

4.3 Symmetric Feller processes
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Suppose that X is a strongly v-symmetric Feller process with semigroup (P;),;>¢ and resolvent
(Ra)a>0- Then for all f € Coo(S),

Raf(x) = f e PLf(x) dt = f f Py f3) v(dy) dr
(4.141)

f f Y py(x, y) def(y) v(dy) = fs ua(x, ) f(y) v(dy).

The functions u,(x, y) are called a-resolvent kernels or a-potential densities for their potential
theoretic origin and the fact that the a-resolvent is sometimes referred to as the a-potential.

Furthermore, it follows from the v-symmetry that p, and u, are symmetric for every ¢ > 0 and
a > 0 (cf. [MROG6, Chapter 3.3]). Observe that in the book [MR06] by MicHAEL B. Marcus and
Jay Rosen, the authors start with (4.141) as the definition of strong v-symmetry and deduce the
existence of a symmetric family p;. Both definitions are equivalent as was shown by RAINER
WittManN in [Wit86] (cf. [MR06, Remark 3.3.5]).

By virtue of the Feller property and the strong continuity of the semigroup, we can choose the
functions p; such that the map (¢, x, y) — p(x,y) is continuous as a function on [0, c0) X § X §.
As a consequence, every strongly symmetric Feller process is regular in the sense of [Kal21,
Chapter 26].

The killed process

Let (S, U, v) be a locally compact uniform measure space. Suppose that A € B is closed.
Given a v-symmetric Feller process X with values in Sy. Recall the definition of the lifetime
E=inf{t>0]|X, € {9})of X. We introduce the process X" which is the same as the process
X but killed upon hitting the set A, i.e. for each f > 0 and w € Q we set

e {X,(a}), t < min{ra(w), £) Wi
4, t > min{t4(w), &}
and
D:=S\A. (4.143)

Note that D is again locally compact by Lemma A.18 and denote by Dy, = D U {4} its
one-point compactification. Observe that the cemetery point 14 does not necessarily coincide
with the cemetery point ¢ of the original process X. Keeping this in mind, we just write 9 for
the cemetery point of X# with an abuse of notation. As usual, we extend functions in B(D) to
Dy by setting () =

Further observe that every f € 8,(D) and f € Co(D) can be extended to B,(S) and C(S),
respectively, by setting f = 0 on A. Moreover, we can identify

CoD)={f€eCx(S)| f(x)=0VxeA}. (4.144)
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We can therefore consider the killed process as a stochastic process with state space Dy, . The
question remains which properties of X the killed process X* inherits. As a first property
observe that since A C § was assumed to be closed, every point x € D is regular for D, i.e.

Pu(X;j=x)=1 VYxeD. (4.145)

In the following we will restrict ourselves to the case where we kill in a closed set A € B.
Most of the results can be significantly generalized (see for example [CF11, Sections 3.2 ff.]
or [FOT11, Sections 4.1 ff.]) to sufficiently regular sets.

Despite being of natural interest, the killed process has gotten little attention in the literature,
as far as we can tell. Some results about the properties of the killed process were obtained by
Kar Lat CHunG in [Chu86] and more recently in [BLM18].

We start with the observation that the killed process is again Markov.
Lemma 4.61. Let X be a Markov process with respect to the filtration (F;),»¢ and values in

S . Suppose A € B is closed, then the killed process X is also a Markov process with respect
10 (F1)i0 With values in Dy.

Proof. The proof is straight forward. Let 5,7 > 0 and B € 8P a Borel subset of D = S \ A.

Then, for each x € D,

P (XA, €B | Fi) =Py (X;06,€ B, t <74, s<Ta00; | F7)

(4.146)
= Ly Px, (X, € B, 5 <74) =Py (X! € B), Peas.
O
Now, the semigroup associated with X4, denoted by (Pf)po, is given by
Pl f(x) = B [£(X)] = Ba [F(X0)s £ < 74l (4.147)

fort > 0, f € B,(D) and x € D. Similarly, the resolvent (Ré)a> 0 associated with X4 can be
written as

RAf(x) = fo ) PA f(x)dt = E, [ fo e (X)) dt} . (4.148)
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Suppose X is strong Markov process, then we have for all @ > 0 and f € 8B, (S) non negative,

HY (Rof(2) = fs Rof ) Ex [ X,, € dy]
= ny [foo e (X)) dt] Ey[e™*™; X;, € dy]
S 0

00 (4.149)
- E, [f e—(l(H—TA)EXTA [f(X,)] dt]
0
=E, [f e f(X;) dt] .
TA
By combining (4.148) and (4.149) we obtain for all @ > 0, f € B;(S)and x € §,
RAF(x) = Ro f(x) = HyRo f(x), (4.150)

which is a special case of Dynkin’s formula® (cf. [Dyn65, §1 Theorem 5.1]) due to the prolific
EuGeNE B. DYNKIN.

Lemma 4.62. Let X be a strong Markov process with respect to the filtration ()¢ and
values in S . Suppose A € B is closed, then the killed process X4 is also a strong Markov
process with respect to (F;);so with values in Dy.

Proof. Let 7 be a (), stopping time and ® € F;. Then,

E. [PLf(X2): 7 < 00; ©] = By [Ex, [f(X): t < 74ls T <743 O]
= B, [f Xevr); T+1 <743 O] (4.151)
=B |[f(X2): T < o0; O

Because ® € ¥, was arbitrary, we conclude that for all f € B(Dy) and x € Dy,

E.[f(X4)|F] = Bx. [£(X})] Pi-as. (4.152)

Therefore, X* is again strong Markov. O

Clearly, X4 has cadlag paths if X has cadlag paths. We now show that the v-symmetry of X is
preserved under killing.

Lemma 4.63. Let X be a v-symmetric Feller process with values in Sy. Suppose that A € By
is closed and denote D := S \ A. Then the killed process X* is a v-symmetric Markov process
with values in Dy.

8see [FOT11, p. 154]. Compare also with the Dynkin Formula from Proposition 4.41.
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Proof. Lett > 0. Suppose f, g € CL and fix n € N. Then, by Lemma 4.24,

f;g(x)Ex [f(X0); Xuyn € D, k=1,...,2"] v(dx)

=fEx
S

= j;f(x)Ex [e(X1); Xy € D, k=1,...,2"] v(dx)

v(dx) (4.153)

2"
gXo) | | 1K) £(X0)
k=1

By right continuity of X and because D C S is open, we obtain

f g(x)P} f(x) v(dx) = f 8OE, [f(X)); t < Ta] v(dx)
s s (4.154)

= f JOE [g(X0); 1 < 7a] v(dx) = f FOOP g(x) v(dx)
S S

as n — oo, Splitting f and g into positive and negative part and using the linearity of the
integral completes the proof. O

Next, we want to identify the generator of the killed process X*.

Proposition 4.64. Let X be a Feller process with values in Sy and denote by (A, D) its
generator. Let A € By be closed and D = S \ A. Then the generator of the killed process XA
is given by (A%, DY), where

D ={feD|fla=0}=DNCu(D), (4.155)

and NAf = Af for all f € DA

Proof. We first show that for all f € D4 and x € D,

P - f) P - f)] . |PAR) = Pif(0)
lim - = lim =

t—0 t t t—0 t

0. (4.156)

It suffices to show (4.156) for non negative f € CX (D) N D. Furthermore, we can extend Pf f
to Cwo(S) by setting Pf‘f(x) =0onA. Fix f € CL(D) N D, we want to show (4.156) for all
x € §. By application of the strong Markov property, we obtain

Pif(x) = PAF(x) = By [f(X0); t 2 Ta] = By [Prory f(Xr,); £ 2 T4 (4.157)
Now, by strong continuity (F2), there exists a 6 > 0 such that

1P f = fllo < &, (4.158)
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for all ¢ € [0,6). Suppose ¢ € [0, d), note that this immediately implies 0 < r — 74 < § on
{t > T4} and hence,

B [Prory f(Xz,); 1 2 T4l S By [f(Xry) + &5 12 7a] < €Px(t 2 1), (4.159)

because X;, € A by closedness of A and right continuity of the paths of X. Consequently,
f(Xz,) = 0. Clearly, the right hand side is equal to O for all x € S. By Theorem 4.57 we find
for every K C D compact a constant C > 0 such that

supP,(t > 14) < Ct. (4.160)
xeK

Cleaning up now leads to

A —_ a—
Jim sup Prf) - f(x) Ptf(x)t J(x) < &C. 4.161)

t—0 xeK t

Since € > 0 was arbitrary and C > 0 depends on K but not on &, we find that

Pf-f

t

— Af € Coo(S) (4.162)

uniformly on compacta as t — 0 and therefore uniformly on D. Furthermore, because the left
hand side of (4.162) is equal to O for all x € A, the right hand side is actually in Coo (D). We
have therefore shown that A4 f = Af for all f € Coo(D) N D and therefore Coo(D) N D € DA,
The converse relation “2” follows from the fact that Coo(D) C Coo(S). O

A similar argument can be found in [BLM18, Theorem 2.3].

We are now in a position to show the main result about killed Feller processes.

Theorem 4.65. Let X be a v-symmetric Feller process with values in Sy and A € By closed.
Then the killed process X* is again a v|p-symmetric Feller process with values in Dg, where
D=S\A

Proof. We have already shown the symmetry of X4 in Lemma 4.63. It only remains to show
that X4 is a Feller process. In Proposition 4.64 we have identified the generator (A%, DY)
of P# and we want to apply the Hille-Yosida Theorem, Proposition 4.40, to conclude that
Pf is Feller. Since D is dense in Cu(S), it follows immediately that D = D N Coo(D) is
dense in C(D) and (i) of Proposition 4.40 holds. Similarly, property (iii) follows from the
corresponding property of A. In order to verify (ii), we need to show that the range of (o — A%)
is dense in C (D). By Proposition 4.39 (ii) we know that D = R,C(S) for all @ > 0. Fix
some a > 0, it suffices to show that

R.f(x) >0 (4.163)
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for all f € Co(S) with f(x) > 0. Because then we can argue that
Ry (Coo(8) \ Coo(D)) C Coo(S) \ Coo(D) (4.164)

and therefore the preimage of f € D4 = D N Co(D) under R, must be an element of Coo(D).
Consequently, because (A, D) itself satisfies property (ii) of Proposition 4.40 i.e. (@ — A)D is
dense in C(S), we can conclude that

(@ - AHD = (a - AD* =R,'D? (4.165)

is dense in C (D).

We show (4.163). Suppose f € Co(S) and x¢ € S such that f(xo) = ¢ > 0. By continuity,
there exists for each &£ > 0 an open entourage U € U such that f(x) > ¢ — ¢ for all x € U[xp].
Denote by o = TCULy) the first exit time from U[xg]. Then,

e fw J(Xp)dt
0

By Corollary 4.58 there exists a ¢ > 0 such that Py,(o- > ) > &. That allows us to bound the
expectation on the right of (4.166) from below by e~*te > 0. Consequently, (4.163) is verified

Ro f(x0) = f ) e P, f(xo)dr > Ey, > By [0e™® ) (c—g). (4.166)
0

and the proof is finished. O

The final result of this section is basically due to [Chu86]. In the Theorem on p. 68 of [Chu86],
Kar Lar CHunG shows that X4 is doubly Feller whenever X is doubly Feller. We have decoupled
the Feller property from the strong Feller property in Theorem 4.65. The proof that the strong
Feller property is retained under killing is now rather simple.

Theorem 4.66 (the killed process is again strongly Feller). Let X be a strong Feller process
with values in S and A € By closed. Then the killed process is a strong Feller process with
values in Dy.

Proof. First assume that (P;)>( has the property (F3). Fix f € B,(D). Forx € Dandt > s > 0
let
Us(x0) 1= By [f(Xi—s; 1= 5 <7a]. (4.167)

Clearly, ¥ € B,(D). Hence,

Payy(x) = By [Ex, [f(Xi—s); t =5 < 7al]
= By [Ex, [f(Xi—); t =5 <Ta]5 5 < 14]
+Ey [Ex, [f(Xi—s); t =5 <7al]; s> 74]
=B [f(Xp); t <Tal +Ex[Ex, [f(Xi—s); t =5 <7al; 5> 74]

(4.168)

is continuous and bounded by (F3). Bounding the last summand on the right, we obtain

P2 f(x) = Prs(0)| < Wl Para < ). (4.169)
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By virtue of Lemma 4.56 the right hand side converges to 0 uniformly on compact sets
as s — 0. Hence, Pf f € Cp(S) (see for example [Fol99, Proposition 4.38]). Moreover,
P2 f(x) = 0 for all x € A, by definition, and therefore P2 f € C(D). In conclusion, (P;“)
satisfies the strong Feller property (F3).

>0

It remains to show the strong continuity of P4. Fix f € Co(D), then

|PA () = Pof ()] = B [f(X0s £ 2 Tal] < IflloPrlt > 7a). (4.170)

By Lemma 4.56, the upper bound goes to 0 uniformly on compacta as t — 0. Because
P,f — f uniformly as t — 0 and f € C (D), we can conclude from (4.170) that P;‘ f-f
uniformly as t — 0.

Recurrence and transience

In this section we introduce the notions of recurrence and transience for strongly symmetric
Feller processes.

Definition 4.67 (Recurrence and transience). A v-symmetric Feller process X with values in
(Sg, Uy) is recurrent, if

f 14(X;)dt = 0o, Py-as. 4.171)
0
forall x € § and A € B with v(A) > 0.

The process X is called (uniformly) transient if

sup Ey [ f N 1x(X) dt] < oo, (4.172)
0

xe§

for all K € B, compact. o

Again, there are various definitions of recurrence of a stochastic process. The definition we
use here is sometimes called Harris recurrence (cf. [Kal21, Chapter 26]). Clearly, (4.171)
implies that the first hitting time 74 of every A € 8 with v(A) > 0 is P,-a.s. finite for every
starting point x € S. Observe that in Definition 4.67 we consider the extension of X to the
one-point compactification (Sy, Uy). Yet the equations (4.171) and (4.172) take only x € §
and B, K € 8 into account.

The next result is important but we refer for a proof to the literature as the proof requires some
potential theoretic tools that we have not developed yet.

Proposition 4.68 (Recurrence dichotomy). Let X be a v-symmetric Feller process. Then X is
either recurrent or transient.
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Proof. See [Kal21, Theorem 26.17]. O

As a consequence we get the following result.

Lemma 4.69 (The killed process is transient). Let X be a v-symmetric Feller process and
A € B closed with v(A) > 0. Then the killed process X*, where X{‘ = X, on{t < 14} and
X;“ =G on {t > T4} is transient.

Proof. By Theorem 4.65, the process X4 is again a v-symmetric (at least up to time t = 74 = ¢)
Feller process. If X was already transient, there is nothing to show. If X is recurrent, then
T4 < oo Py-as. for every x € S. Hence, (4.172) holds because ¢ ¢ K for all K € 8
compact. O

Uniqueness by hitting times

For the remainder of this section we assume that (S, U/) is a compact uniform space and that
v is a Radon measure on § with full support. As before, let X denote a v-symmetric Feller
process with values in Sy.

Note that in the situation of compact state spaces, transience of X is equivalent to the lifetime
{ of X being almost surely finite for every starting point x € S.

We will apply the next lemma for killed processes but the result is in itself interesting. It shows
that the whole resolvent family is already determined by the O-resolvent if X is transient.

Lemma 4.70. Let (S, U) be compact and X a v-symmetric and transient Feller process with
values in Sy. Define the O-resolvent of X as

00 4
Rf(x) := E, [ fo F(Xy) ds] =B, [ j; f(Xs)ds] (4.173)

for f € Coo(S) and x € S. Then, Rf € Co(S) and X is uniquely determined by the 0-resolvent
R.

Proof. Let f € Cx(S). By definition of transience we have

IRflleo < supj(; |Prf(0)]df < ||fllo sup Eyx [fo Ls(X;) dt] < oo, (4.174)

xeS xes§

Moreover, for every n € N the function G,, f defined by

G, f(x) = E, [ f " (X)) dt] (4.175)
0
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is in Co(S) and G, f — Rf uniformly and consequently, Rf € C. We have therefore shown
that R: Co(S) — Cw(S) is a linear operator.

Now suppose that f € CL(S) is non negative and choose M < oo such that ||f|lc < M.
Assume further that X is another Feller process with the same O-resolvent R. Write (Ry) 40
and (I%)(Z> 0 for the resolvents of X and X, respectively. By the resolvent equation (R1) we
obtain for all @ > 0

Ry, f(x) = Rf(x) — aRR, f(x). (4.176)

Iterating this argument we get forall 0 < @ < M~!,
Rof(x) = ) (=) 'REf(). (4.177)
k=1

An application of the same argument to R, yields R, f = R, f for all a € (0, M~") and hence
for all @ > 0 by uniqueness of the Laplace transform. The extension of this equality to all
f € Cw(S) is easily obtained by splitting f into positive and negative part and applying
monotone convergence to f;© = f*1r+<,. Finally, the claim follows from the fact that X is
uniquely determined by its family of resolvent operators (see Remark 4.46). O

For every A € B with v(A) > 0 and f € B,(S) we introduce the Green operator G4 as
follows

Gaf(x) :=E, UA f(Xs)ds] , xeSs. (4.178)
0

Lemma 4.71 (Green operators are bounded). Let (S, U) be compact and X a v-symmetric
Feller process with values in Sy. For each A € B closed with v(A) > 0, the map G4 : Bp(S) —
By(S) is a bounded linear operator.

Proof. By Theorem 4.65 the killed process X is again Feller. Moreover, by Lemma 4.69, X4
is transient. Recall that Pf‘ f(x) == E;[f(Xy); t < Ta]. Although the domain of Pf contains
by definition only functions in B,(D), where D = § \ A, Pf can easily extended to B,(S).
Suppose f € B,(S), then

1Gafll < sup fo |PLf(0)| df < oo, (4.179)

as before. O

Theorem 4.72. Let (S, U) be compact and X be a v-symmetric doubly Feller process with
values in Sy. Then X is uniquely determined by the family of Green operators

{Ga: By — By | A € Bclosed ). (4.180)
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Proof. Consider the process killed upon hitting the closure A = U of some open set U € B,
i.e. XA = (X;ar,)=0. By assumption, v has full support, hence every open A € B has positive
measure v(A) > 0. Consequently, by Lemma 4.69, we have that the killed process X4 is
transient. Then the resolvent associated to X can be written as

Ry f(x) := B, UOA e‘“sf(Xs)ds}, x€es, (4.181)

which we can extend to B,(S), as before. The 0-resolvent R associated with X4 then coincides
with the Green operator G4 associated with X. By Lemma 4.70, the killed process X4 is
then uniquely determined by G 4. It therefore suffices to show that the resolvent (R,),>o of
X is determined by the resolvents of X“ for a suitable collection of A € B. To that end let

a,b € S and choose U € U open such that Ula], U[b] are compact and Ul[a] N U[b] = .
Such a U € U exists because of the Hausdorft property and the compactness of S, as shown

in Lemma 2.36. In order to save some ink we write A = Ula] and B = U[b]. Now, define
7o := T4 and for n > 0 set

Tus1 = inf{t>1, | X, €A, As € [1p,1] : X, € B}. (4.182)

Suppose that X is transient, then we have lim,_,o 7, = 00, P-almost surely for all x € S. If,
on the other hand, X is recurrent, we get 7, < oo, P,-almost surely for all x € §. By right
continuity of X and the strong Markov property we conclude that

inf inf E, [r, —1,-1]:=T > 0. (4.183)
neN xe§
Hence,
n
Tn=T0+ZTj—Tj_1. (4.184)
j=1

Consequently, we have by the strong law of large numbers lim,,_,o, 7, = o0, P-almost surely
for all x € §. Hence,

Rof(x) = By [fm e f(Xy)ds
0

+ > E, [ f " s ) ds]
n=0 Tn

= R’;\f(x) + Z E, [anH eI F(X,) ds]
n=0 Tn

Since A = Ula] is compact there exist (not necessarily unique) minimizers x, x, € A of the

(4.185)

variational problems
Ey[e®™] =inf{E.[e ]| xe A} (4.186)

E,, [ f ey ds] = inf { E. [ f e ds}
0 0

and

xeA}. (4.187)
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Applying the strong Markov property at the stopping times 7, we obtain

B, [ f e ey ds] _E, [E [ f e ) ds ?H
E, |:€_QTnEXTn |:le e f(Xy) dSH
0

- (4.188)
>E,[e™*™] Ey, [f e f(Xy) ds]
0
71
> E, [e7 "] B[] Ey, [f e f(X;) ds].
0
Using the fact that
70
R (x) = B, [ f e ds] =a ' (Be[e®™] - 1) (4.189)
0
we can write
E,[e7%] = 1 — aR 15 (). (4.190)
Now let y, Y, € B be minimizers of
Ey[e™*™] = inf { By [e "] | y € B (4.191)
and
7o 70
Eyo [f e " f(Xy) ds] = inf{]Ey [f e " f(Xy) ds] yeEB }, (4.192)
0 1Jo 0

respectively. Using these minimizers and (4.189), we can estimate

Ex [e—Q’Tl ]

E, [e—a‘rge—a(‘rl—m)] =E, [E [e—aTBe—a(‘rl—-rB) | 7_-TB]]
> E [e—(lTB] Ey [e—a/‘n] (4193)

(NS ((BNG)

and inductively

B[] > ((1 — aRLs (x)) (1 - aRALs (X))) (4.194)
Similarly, we obtain
Ey, [ f e ds] = By, [E [ f Yo ds+ f " e ) ds ”f”
0 0 TR

f‘m e K ds] (4.195)
0

= R2F o) + (1 - @R (o) R/ ()

> REf (xp) + Ey, [e7™] E,
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Plugging these estimates into (4.185), we obtain
Rof(x) 2 RO F(x) + (1 = aRGTs () (RES (xo) + (1 = aRE s (x,))) Ra S (v,)
X i((l — aRB1s (x))(1 - aRA1s (X)))n (4.196)
= ;gjf(x) +(1 - aRA1s(x)) H,(A, B, f)

By replacing the infima in (4.186), (4.187), (4.191) and (4.192) with suprema and writing
X, X0, Y, Y for their respective maximizers, we obtain a similar upper bound

Rof(x) < qRY f(x) + (1 - aR) L5 (1)) (RE f o) + (1 — aRZ s (X0))) R4 f (o)
X i(@ — aRS1s @) (1 - aR) L (y)))n (4.197)
n=0

=: RAf(x) + (1 - aR}Ls(x)) Ho(A, B, f)

Now let (U,),eny € U be a family of open entourages such that U > Uy > U; O ... and

Mn=1 Un = A. Observe that the killed processes are again strongly Feller by Theorem 4.66.

Therefore, H (A, B, f) and H,(A, B, f) are continuous functions of X X0 9>, and X, Xo, Y, Yo,
respectively. Therefore,

lim sup |Ho(Uylal, Uulbl, f) — H, (Unlal, U,b], )| = 0, (4.198)

n—oo

and hence the upper and lower bounds in (4.196) and (4.197) converge to the same limit as we
let U — A. Finally we can write

Rof(x) = RAF(0) + (1 — aRAT5 () lim H (Uylal, Uy[b, f), (4.199)

which concludes the proof. O

By assumption, (S, ) is a Polish uniform space. In particular that means that there exists
a sequence of open entourages (U,),cny € U such that U,y € U, and (N, Un = A. Upon
closer inspection of the proof of Theorem 4.72 it turns out that the assumptions can be relaxed
and we obtain the following.

Corollary 4.73. Let X be a v-symmetric Feller process with values in Sy. Suppose (Uy),en C
U is a decreasing sequence of open entourages with (\,en Un = A. Then X is uniquely
determined by the family of Green operators

{Gypg: By = By |[neN, xelablcs . (4.200)
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Tightness

Ultimately we are interested in the convergence of a sequence of Feller processes which may
live on different subsets of a common state space. We have already developed some conditions
for the convergence of random paths in Chapter 3. In order to apply Theorem 3.48 we need a
good criterion for the tightness of a sequence (X,,),en of processes. In the case of metric state
spaces and strong Markov processes one has Aldous’ tightness criterion that was developed by
Davip Arpous in his dissertation and can be found for example in [Ald78], [Bil99, Theorem
16.10] or [Kal21, Theorem 23.11], to name a few. Aldous’ criterion can be formulated as
follows.

Proposition 4.74 (Aldous’ tightness criterion). Let (X(”))neN be a sequence of stochastic

processes with cadlag paths with values in a metric space (S, d). Suppose that (X(”))neN is
compactly contained, i.e. for every T, & > O there exists a compact set K C S such that

n—oo

limian({ x"li<T)c K) >1-—s (4.201)
If. in addition, for every family (t,),en of bounded optional times (with respect to o(X™)) and
every sequence (0y),en With 6, > 0 and lim,,_,« 6, = 0,

lim P(d (X, X" ) > &) =0, Ve>0, (4.202)

n—oo0 Tp+0n

then the family (X(”))neN is tight.

Stva ATHREYA, WOLFGANG LOHR and Anita WINTER showed in [ALW 17, Corollary 4.3] that a
family of Feller processes satisfies Aldous’ tightness criterion when the probability that the
processes reach a given distance from the starting point before time ¢ goes to zero uniformly
in the starting point as ¢ tends to zero.

We show that a similar result holds for uniform state spaces. But instead of applying Aldous’
criterion we show the statement directly as we have the luxury of working with Feller processes
which possess the strong Markov property and we don’t need the full power of Aldous’ theorem.
The proof is inspired by the proof of [EK86, Lemma 3.8.1].

Theorem 4.75 (Tightness for Feller processes on uniform state spaces). For each n € N [et
X" be a Feller process with values in a subset S , of a locally compact Polish uniform space
(S, U). Assume that for every open entourage U € U it holds that

lim lim inf P,((x,X"”) € U) = 1. (4.203)

t—0 n—o xes,

Then for every sequence of initial distributions u, € M;(S,) the family { X | neN } is tight
in the one-point compactification (S s, Uy).
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Proof. Write B := { X | neN } We want to apply Theorem 3.43 to proof the claim. That
means that we have to show that the family = is compactly contained (Theorem 3.43 (i)) and
that jumps above a fixed threshold do not accumulate (Theorem 3.43 (ii)). As processes in
the compact space (Sy, Uy), the family clearly satisfies (i) of Theorem 3.43, i.e. the family is
compactly contained. It remains to show that = also satisfies (ii) of Theorem 3.43. We want to
apply one of the equivalent conditions from Lemma 3.45.

To that end fix U € U open. For each n € N define the random time 7 as
@ = inf{1>0 ] X" ¢ U|x]). (4.204)

Observe that 7 is the first hitting time of the closed set CU [X(()")] and therefore a stopping
time by Proposition 4.51.

From the assumption, in particular (4.203), it follows that for every &£ > 0 there exists a § > 0
such that

3 (n) > > 1 — .
inf B, (f"206)21-¢ (4.205)
for all sequences of initial distributions u, € M;(S,). Now set T = 0 and inductively define

(n) ._ (n)
T, .—1nf{t>Tk |

(X(?j) ,X(”)) ¢U } (4.206)

for each k € N if T](:l_)] < oo and T,((") = oo, otherwise. By the strong Markov property, we have

forall n € N and k € N with T](c") < oo,

By, (T = 7" 2 6) = By (7 2 6), (4.207)

where [, ; denotes the distribution of X at time Tk ) when started in the initial distribution

U, 1.€.
fnk(A) =By, (X('f,?) € A) A€ B(S ). (4.208)
AS flnx € M(S,) for each (n, k) € N2 with T](C") < oo, we can apply (4.205) to deduce that for
each & > 0 there exists a 6 > 0 such that
mf{ Hn (TI(:i-)l - TZ") ) ‘ nkeN: TZ") < oo } >1-¢ (4.209)
for all sequences (uy),c Of initial distributions with 1, € M;(S ). For convenience, we write
fork,ne N

£ ="~ 2, (4.210)

if T(") < oo and §<”) = oo, otherwise. For a fixed sequence (1), of initial distributions an
apphcatlon of the strong Markov property at times Tk ) together with (4.209) guarantees the
existence of a sequence (g“ (")) . of independent random variables satisfying the following
conditions,

&> " P, -as. (4.211)
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and for each € > 0O there exists a d > 0 such that
Py, (4" <6) <&, (4.212)

for all k,n € N. Taking ¢ ]E") A 1, if necessary, we can ensure that Var({,(cn)) <lforalln,keN
while maintaining (4.211). By construction we have

k
> > By, 4.213)
=1

We can therefore apply Kolmogorov’s law of large numbers (cf. [Fel68, Section X.7]) to
deduce that for each 7 > 0 and n € N the number of £k € N with T,(C") < T is Moreover, by
(4.212), there exists a K > 0 such that

E,, [4"] 2 K (4.214)

for all k,n € N. Consequently, there exists for each £ > 0 and T > 0 a number M. (T) € N
independent of n € N such that

P,, (T(A’Z(T) <T)<e Vnel. (4.215)

Now fix T, € > 0 and choose 6 > 0 such that

inf (B, (02, - 7" 2 6) [kneN: o <1} > (1 - —)M : (4.216)

To save some ink, we write M;» = M,/>(T) and obtain

supP n(inf{.f]((") keN: Tl({n) < T} <(5)

neN
< sup|E,, (inf{g,i’” k3M8/2}<5)
neN
+P (inf{f(") keN'T(")<T}<6 T>M )]
HMn k . k El 6/2
4.217
<supP,, (inf{f,(c") ’ k< Mg } < 6) +2 ( )
neN 2
Mg ( e ( Mg P
=1-infP D>+ <1—inf| inf P, (7 >6 +=
inf ~n[kQ{fk > }) et P 2 0)) S
g\ €
<1-(1-2)+=2=
= ( 2)+2 €
We can conclude that for each T > 0,
tim inf By, (inf { 7%, " [ke N ) <T}20)=1. (4.218)
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4.5

4.5.1

Now recall the definition of the random times o from (3.116). Analogously, set 0'82) =0and
inductively define for k € N,

o-]((”) = sup{ 1< T]((")

(x", x") ¢ U [Xi:’n))] } (4.219)
k

e () (n) _
if T, .

< ooand ;' = oo, otherwise.

Applying again the strong Feller property together with the strong continuity of the semigroups,
we can deduce that O'](Cn) = 7'5{") almost surely under P, for every initial distribution u, €

Mi(S ;). We have thus shown (3.126) and therefore established tightness of the family Z. O

Examples

We conclude this chapter with two examples of strongly symmetric (doubly) Feller processes.

These examples can be considered as our base examples. While both are strongly symmetric
Feller processes, they differ in a fundamental way. Furthermore, both examples can be
extended into different directions. The first example are random walks on graphs. This is a

discrete example in the sense that the state space is countable and carries the discrete topology.

The second example is Brownian motion where the state space is R?. While our first example
can be extended to non-discrete examples (speed-v motion on the R trees [AEW13] and more
generally to resistance forms [Cro18]), those examples remain basically low dimensional in the
sense that these processes always hit points with a positive probability. Brownian motion has
this property only in the case of d = 1 and can be further extended to other (high dimensional)
state spaces like Riemannian manifolds (cf. [Suz19a]).

Random walks on graphs

We first introduce weighted graphs and collect some basic facts about them.

Weighted graphs

Definition 4.76 (Graphs). Let V # @ be at most countable and E C { e C V | #e = 2 }, a subset
of the family of two-element subsets of V. The pair (V, E) is called a (undirected) graph and
the set V is the set of vertices whereas E is the set of edges of the graph. o

A directed graph is a generalization of an undirected graph that is obtained by taking £ C VXV.
We will only be considering undirected graphs in this thesis and therefore drop the attribute
undirected.

We say that two vertices x,y € V are connected by an edge if {x,y} € E. In that case we write
x ~ y. All vertices y € V with x ~ y are called neighbors of x. A path (of lengthn € N) is a
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n+ 1-tuple (xog, Xx1,...,Xx,) C V™1 with the property that x;_; ~ x; forall k = 1,...,n. We say
that a path (xo, ..., x,) is simple if x; # x; for all j,k =0,...,n with j # k. For two vertices
x,y € V we denote the set of simple paths of length n connecting x and y by

Fﬁy :={(xo,x1,...,xn)€V”+1 'xzxo~x1 ~ee~ Xy =Y, xjixkifjik}, (4.220)

and we write

Ty o= JI%, (4.221)
neN
for the set of simple paths from x to y. Given a simple path y,, = (xo, x1,...,x,) € Iy, from x
to y, we write
I(yy) =n (4.222)

for its length. A graph (V, E) is said to be connected if I'y, # @ for all pairs of vertices
(x,y) € V2. We will assume from now on that the graphs under consideration are connected if
not explicitly stated otherwise.

Furthermore, we introduce the degree of a vertex x € V, as the number of neighbors of x,
i.e.
deg(x) :=#{yeV]|x~y}. (4.223)

The graph distance d between two vertices x,y € V is defined as the length of the shortest
path connecting x and y:

d(x,y) = lnf{ l(yxy) ' Vxy € rxy } . (4.224)
It is straight forward to check that d is indeed a metric.

We introduce an important generalization of graphs by assigning weights to the edges. One
common interpretation of these weights are conductances in a electrical network. Here the
conductance is the reciprocal of the resistance which can be seen as proportional to the length
of an edge.

Definition 4.77 (Weighted graphs). A weighted graph is a triple (V, E, i), where (V, E) is a
graph and p: V XV — [0, 00) is a symmetric map with u(x,y) = u(y, x) > 0 if and only if
{x,y} € E. ¢

We usually write uy, := u(x,y) and with a slight abuse of notation we write for an edge
e={x,y}€E,
He = p(e) = pu(x,y) = p(y, X) = txy = fyx- (4.225)

For a weighted graph we can introduce weighted versions of the degree and the graph distance
by
deg,(x) = p1x = )ty (4.226)

yix~y
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and

dy(x,y) = inf { L(y) | v €Ty} (4.227)
where
I(VX)')
Lu(yxy) = Z (k-1 x6) 7" (4.228)
k=1

It is again a standard calculation to show that d,, defines a metric on V.

Observe that the edges E of a weighted graph is determined by the weights { Hxy ’ x,yevV }
because {x,y} € E & u,, > 0. For that reason we often write (V, i) for the weighted graph
V. E, ).

Definition 4.78 (Degree conditions). Let G = (V, 1) be a weighted graph.

(i) We say that G is of finite local degree if

Uy <00, VxeV. (4.229)

(i1) The graph G satisfies the controlled weights condition if there exists a 6 > 0 such that

Haxy
M

>0, VYxeVandyeVwithx~y. (4.230)

Effective resistance

Let (V, u) be a weighted graph. We introduce a bilinear form & on the space of real valued
maps V — R by

1
&(f.8) =5 Z My (F(X) = FO)) (8(x) = g() (4.231)

x,yeV

for f, g € D(E), where
DE)={f: VoR|ES,f)<oo}. (4.232)

We refer to the quantity E(f, f) as the energy of f and to & as the energy form associated
with (V, ). We will examine such bilinear forms in more depth in Chapter 5 where we also
explore the deep connection between Dirichlet forms and symmetric Feller processes. Using
the energy functional & we can define another metric on V by

R(x,y) = inf {Ef, /) | f € DE), f(x) =0, () =1} (4.233)
We introduce the following shorthand notation

TP ={feD@) | f(x)=0,f()=1}. (4.234)
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First, we check that R indeed defines a metric.

Lemma 4.79. Let (V, i) be a weighted graph of finite local degree and & the associated energy
functional. Then R as defined in (4.233) is a metric on V.

Proof. By definition of &, we have R(x,y) > 0 and R(x, x) = 0 for all x,y € V. On the other
hand, if x # y we can set f(y) = 1 and f(z) = O for all z € V \ {y} and obtain

1 1
EFS) =5 D malF@ = fOF =5 Dy = py < oo, (4.235)

u,veV ueV: u~y

Hence, R(x,y) > &(f, f)! = Hy "> 0. The symmetry of R follows from the fact that

&1 - f,1-/f)=&01,1) =281, f) + &(f. f) = &, f) (4.236)

together with the fact that (1 — f) € 7" forall f € 7.

It remains to show that R satisfies the triangle inequality. To that end fix x,z € V and observe
that for all f € D(E) with f(x) # f(z) we have

rAC))
=2 z 4.237
EEC R (4237
and we can write the energy of % as
8/, 1)
Eh,h) = —————. 4.238
W= Ta - ror @239
Consequently, we can rewrite (4.233) as
_ 2
R(x,7) = Sup{ % FeDE), 8f.f) >0 } . (4.239)
Now let y € V'\ {x, z} be arbitrary. Applying (4.239), we arrive at
(f@ - f)) | (O - f)
R(x,z) < sup{ 7. ) + &7 ) feDE), &, 1) > O}
(f(2 - f))* }
< — DE), &E(f, 0
< SuP{ &(f. ) feD©, 860> (4.240)
_ 2
+sup{ % feDE), &, f) > O}
= R(¥,2) + R(x, y).
m]
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We call the metric R the effective resistance metric or simply resistance metric. The name
stems from the interpretation of (V, i) as an electrical network and it can be shown that R
satisfies the usual rules for parallel resistors and resistors in series.

A good survey of the resistance metric on (finite) graphs can be found in the article [Weil§]
by ToBias WEmHRAUCH. Another rich source is the book [AF02] by Davip ALpous and JAMES
ALLEN FiLL.
Remark 4.80. Clearly, the graph metric induces the discrete topology on V since
dx,y) <1 & x=y. (4.241)
Let (V, u) be of finite local degree. Fix x € V and suppose ¢ > 0 is such that u, < c¢. Then,
{yev]duxy) <1/c)=1x (4.242)

and hence d,, induces the discrete topology, too. The same holds for the resistance metric as is
easy to check. For each x,y € V, the function 1y € ;. Hence,

R(x,y) = EMypxy, Tvya) ™" = 150 (4.243)

and therefore R introduces the discrete topology on V by the same argument as before.

Now denote by U?, U and UR the uniformities generated by d, d, and R, respectively. Recall
from Example 2.3 that the sets of the form

U ={@yeV?|rxy<e}, £>0 (4.244)

form a base of the uniformity U", where r is one of the metrics d, d;, and R. Now, U] = A
and therefore d induces the discrete uniformity. This is not necessarily the case for the other
metrics d,, and R. g

To illustrate the last remark consider the following two examples.

Example 4.81 (Line graph). Let G = (V, u) be the graph with V = N and

Hxy = min{x, y}, (4.245)

if |x —y| = 1 and u,, = O otherwise. Then, u,, = 2n — 1 hence (V, ) is of finite local degree.

For every € > 0 we have that
(re'1+ 17671 +2) e UL (4.246)

Therefore T # UH. In this example, the metrics u and R coincide because (V, ) is a tree. 0

4.5 Examples

131



132

X3 Xs

L]
<

TN e

4 6
v @ e e e e

1 2
\/
X4
Fig. 4.1.: The graph G = (V, u) from Example 4.82

Example 4.82 (Line with attachements). Now, let G = (V, u) be the graph depicted in Fig-
ure 4.1. That is, G is the graph with vertices

V:Nu{v{|1stsj,j23}u{xj|jz3} (4.247)
and conductances

pumn,n+1)=um+1,n)=1, neN,

n V) = u(t,n) =1, n>3,1<i<n,

u(n,vi) = p(vi,n) (4.248)
H(xn, V) = p(vE, x,) = 1, n>3,1<i<n,

u(x,y) =0, otherwise.

First observe that u, = nforalln € N, y ; = 2 and p, = n — 2. Therefore, G is of finite local
degree. Furthermore, the metrics d and d;l coincide and generate the discrete uniformity. We
also have R(x,y) = d(x,y) = d,(x,y) = |x — y| for all x,y € N. Whereas

2

R(n, x,) = m,

(4.249)
as can be easily checked using the series and parallel laws for resistors (cf. Appendix B.2). As
a consequence, R does not generate the discrete uniformity since for each £ > 0 there exists a
n € N such that (n, x;,) € Uf. Recall that by Remark 4.80 all three metrics on V induce the
discrete topology. So this is a further example for the case where different uniformities may
induce the same topology (c.f. Example 2.10). O

The speed-v random walk

Let (V, i) be a weighted graph and v be a boundedly finite measure on V with full support, in
other words a map v: V — (0, 00). Again, we use v, := v(x) as a shorthand. We refer to the
triple (V, u, v) as a weighted measure graph.
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Consider a continuous time Markov chain X with values in V, that is a Markov process with the
countable and discrete state space V. Assume further that X jumps from x € V to a neighbor
y ~ x at rate

Ny 1= 22 (4.250)

2vy

To put it differently, X is a random walk’ on the graph (V, ) that stays in a vertex x € V for
an exponentially distributed random time ¢ :=inf { # > 0 | X; # X } with expectation

Vx

E.[¢] =

=X (4.251)
Hx

and then jumps to one of the neighboring vertices y € { y € V | y ~ x } with probability

P(Xe = y) = ’;—xy (4.252)

X

In the case where v, = cu, for all x € V and some ¢ > 0, we call X the fixed speed random
walk and otherwise the variable speed random walk on V.

We will assume from now on that (V, ) has finite local degree so that the holding times & are
non-degenerate (i.e. 0 < E, [£] < oo for all x € V).

For a (continuous time) random walk X we introduce its (discrete time) skeleton'’

denoted by Z = (Z,),,0, defined as

of X, usually

Z, =X, (4.253)

where (7,),>( are defined inductively via 79 = 0 and

T =inf {127, | X, # Xp,} neN. (4.254)

Definition 4.83 (Speed-v random walk). Let (V, u, v) be a weighted measure graph with finite
local degree. The Markov process X described above is called the speed-v random walk (or
speed-v motion) on the graph (V, u). We refer to the measure v as the speed measure (of X). ¢

It is straight forward to check that the speed-v random walk is both Feller and strongly Feller.

Conditions (F1) and (F3) follow trivially from the fact that every real valued function f: V —
R on the discrete space V is continuous. On the other hand, we obtain (F2) from the fact that
the holding time at x before the next jump is exponentially distributed with a finite parameter
forallx e V.

In order to show the symmetry of the speed-v random walk we need to examine the semigroup
further.

“We use the term random walk generally for a Markov process or a Markov chain on a discrete state space.
10Tt may be more common to call this object the embedded discrete time Markov chain, but we prefer the term
skeleton as it is much shorter. It is also not unprecedented (cf. [Szn11]).
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Proposition 4.84. Let (V, u, v) be a weighted measure graph and X the speed-v random walk
on (V, ). Then for each f € Bp(V), the generator of X is given by

1
LIG) = 5= ) ey (FO) = f(@). (4.255)

X yev

Thus, the semigroup (P;);>o associated with X can be written as

Pif(x) = B, [f(Xp)] = Z ;71:" fx)=eLf(x), >0, feByV). (4.256)

n>0

Proof. Let f € B,(V) and fix x € V and consider the difference quotient

BIOZTO _ g, 106 - fxol. (4.257)

Write J(¢) for the number of jumps of X in the interval [0, f]. We can split the expectation on
the right and obtain

M = B [(f(X) = f(X0)) Lu=1y]

(4.258)
+ 1B [(FXD) = f(X0)) L]
For z € V denote by A, := u,/v, the jump rate at z. Further, let
Ai=max{A;|z~x}. (4.259)

Then we can bound the probability that X has two or more jumps in [0, ¢] by an Erlang(2, A)-
distribution, i.e.
P.(J(@) >2)<1—e Y — ate™. (4.260)

Observe that the right hand side is in o(¢) as t — 0. Denote by £ the holding time of X before
the first jump and recall that & ~ Exp(4,) under P,. Furthermore, let Z denote the discrete
skeleton of X as defined in (4.253). Conditioning on the event J(¢) = 1, we obtain

Ex[f(Z) - fZp)]P:(J@®) = 1)
Ec[f(Z) - fZp)] B:(J(1) 2 1) = P:(J(1) 2 2))  (4.261)
Ex[f(Z1) = f(Z0)]Px(& < 1) + 0(D),

Ex [(f(X0) = f(X0) Liyiy=1)] =

as t — 0. A similar argument applied to the second summand in (4.258) yields

w = 'Ex [£(Z1) ~ f(Z)| B < 1) + 0(1)

—Axt

1 - X
= — > PR - £ + o) (4.262)
yev *
— Al y;uxy(f(y) — f(0) = Lf(x).
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Thus, £ is indeed the generator of the Feller process X and (4.256) follows with standard
arguments. O

The operator £ is sometimes referred to as the (discrete) Laplacian or the (discrete) Laplace
operator.

The next result gives a hint at the intrinsic relationship between the resistance metric and the
speed-v random walk on (V, w).

Lemma 4.85. Let X be the speed-v random walk on the weighted measure graph (V,u,v).
Recall the energy form & from (4.231). Then, for all f, g € D(E),

f —Lfgdv =&, 9). (4.263)
14

Proof. A straight forward calculation yields

[ ~rear= 3 -Litetms = Y (00 - s0De0

xevV x,yevV

1 1
= 3 D By (F0800 = FOIZE) + 5 D o (FOIE0) = fg0)

x,yeV y,xeV
1
=5 D Ho(f0) = F)E0) - 8(x) = E(f.8). (4.264)
x,yeV O

Proposition 4.86. Let (V, u, v) be a weighted measure graph with locally finite degree. Then
the speed-v random walk on (V, ) is both doubly Feller and strongly v-symmetric.

Proof. Let X be the speed-v random walk on (V, u). We have already shown that X is doubly
Feller. By Lemma 4.85, the generator L is v-symmetric, as

fv Lfgdy=—8(f.g) = ~E(s. f) = fv FLgdv. (4.265)

This symmetry carries over to the semigroup (P;);>¢ and the resolvent (R, ),~0 by Proposi-
tion 4.84.

Now define for @ > 0 and x,y € V,

ug(x,y) := v;lRa]ly(x) = v;l f(; Pt]ly(x)e‘” dr. (4.266)

Again, checking the symmetry of u, is a straight forward calculation

) =% R, = 0y [ RLOL@

v (4.267)

= ()" f 1y(2)Ro1:(2) dv = v Ry 1,(y) = tta(y, ).
Vv
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Finally, we have

fv () f() Y(dy) = fv fo V7P L (0 £()e ™ dr v(dy)
_ f " f Vi L (0P F(e ™ W(dy) di (4.268)
0 \%4
- [ " P dE = Rof(0).
0

Thus, the strong v-symmetry of X is established (see the discussion at the beginning of
Section 4.3). O

Brownian motion

Unsurprisingly, one of our base examples is Brownian motion which Kallenberg called

11

“arguably the single most important object of modern probability”''. We assume that the

reader is familiar with the basic properties of Brownian motion.

Let d € N and consider the metric measure space (R4, r, 1), where r(x,y) = |lx — y|| is the
Euclidean metric on R? and A denotes the Lebesgue measure.

Let B = (B;);»0 be the Brownian motion with values in R4, Recall (cf. [Sch21, Lemma 7.1])
that the semigroup (P;),>0 of B is given by

P = [ pnf0A@). e B xR0 (4.269)
R
where 1 -
Xy)=———e 7, x,yeRL:>0. 4.270

Proposition 4.87. The semigroup (P;)>0 of the Brownian motion is both Feller and strongly
Feller.

Proof. We first show that P; is strongly continuous, i.e. satisfies (F2). Let f € Coo(R?), then
[lfllo < o0 and f is uniformly continuous. Let £ > 0 and choose § > 0 such that

If(x) - fO)l <& VxyeR:|x—yl <6 (4.271)

1[Kal21, p.297]
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Then,

IPf = flieo

sup
x€R4

sup [ pie i) = FCol )

xeRd

sup (ﬁ i 6pt(x, y)lf(,))) - f(x)| /l(dy) + f pt(X, y)lf(y) _ f(x)| /l(dy)
x—yll<

xeR4 llx=yll=6

<&+ sup 2l f e /2 A(dy)
verd QY2 J o6

&+ 2 flxPo B 2 6) — &.

| piensoraen - s

IA

A

(4.272)
The claim then follows since £ > 0 was arbitrary.

The Feller property (F1) follows from the translation invariance of Brownian motion. Let
again f € Co(R?). Since ||fllo < oo we can apply dominated convergence to obtain

lim P, f(x) = lim Ex [/(B)] = lim Bo [ /(B + x)] = Bo [/(B, + )] = Pof().  (4273)

Analogously, we obtain lim,_, P;f(x) = 0 and hence P,f € Coo(RY).

In order to show the strong Feller property, (F3), fix f € 8,(R?). Clearly, P, f is again bounded.

We want to show that P, f is continuous at x € R?. To that end let R := 2||x|| and write Ug[0]
for the ball around the origin with radius R. It suffices to show that lim,_,. P;f(x,) = P, f(x)
for all sequences (x,),epy € Ug[0]. Recall that

Ilxn

1 =
Prf i) = QiR fRd FOe F Ady). (4.274)

Thus, the claim follows by dominated convergence once we can show that the integrand is
bounded by an integrable function. Suppose |[y|| > 2R, then

1
126, = VI = Ayl = llxal)* > Znyuz. (4.275)

Consequently,
lxn =il

- _ vl
foe s s||f||oo(11U2R[O]+1LCUZR[O]e ) (4.276)

which is the integrable bound we were seeking. Hence, P,f € Cp(R?), as x € R? was
arbitrary. O

By definition, p; is a symmetric function for all # > 0. Hence,

f P.fgdl = f f Pie ) FO) Ay A
R Rd R (4.277)

= f f Py, x)g(x) A(dx)g(y) A(dy) = f SPigda.
R4 JRA R4
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In other words, Brownian motion is A-symmetric. From (4.269) it is immediate that p,(x, «)
is the density of the probability measure P,(B; € A) = P;14(x) with respect to 4. We have
therefore shown the following.

Proposition 4.88. For every d € N, d-dimensional Brownian motion is strongly A-symmetric.
O

In fact, it can be shown (cf. [Sch21, Example 7.14]) that the resolvent kernel of Brownian
motion is given by

d_1
1 V2a \?
d _ _
Ug(X,y) = a7 (2|x_y|] K%_l(‘/Zalx yl), (4.278)
where
K()—l(f)vfmex _[_Z_z 0D gy >0 (4.279)
v(Z2) = A o P 47 , Z .

denotes a modified Bessel function of the second'? kind (see [Olv+10, §10.25] and [Olv+10,
eq. 10.32.10]).

12Tn [Sch21], K, is identified as a Bessel function of the third kind, which seems to be a mistake.
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5.1

Dirichlet Forms and symmetric
Feller Processes

He stared at his feet. “I'm still very ignorant”, he
said, “but at least I'm ignorant about really

important things.”

— Terry Pratchett
Diggers: The Second Book of the Nomes

Dirichlet Forms

Dirichlet forms are a rich analytical tool for the study of symmetric Feller processes. Informally
speaking there is a one to one correspondence between a class of bilinear forms on L*(S, v)
and a class of v-symmetric Feller processes on the uniform measure space (S, U,v). In
Section 4.5.1 we have already encountered an example of a Dirichlet form when we introduced
the energy functional in (4.231). We give an introduction to Dirichlet forms and shine a light
into the “black box™ that is the theory of Dirichlet forms. We show in some detail how a
symmetric Feller process gives rise to a Dirichlet form. Subsequently we introduce some
important potential theoretic notions and show how they relate to the Dirichlet form on the
one hand and to the process on the other hand. Finally, we use Dirichlet forms to extend the
examples of the previous section.

In order to keep this work reasonably bounded we refer the reader to the literature for deeper
results. An extensive treatment of the theory of Dirichlet forms can be found in the monographs
[FOT11] by Masarosur FukusaiMa, Yoicat OsHiMa and Masayoshr Takepa and [CF11] by
ZHEN-QING CHEN and MasarosHt FukusaiMa. We focus exclusively on symmetric Dirichlet
forms and include the symmetry in the definition of Dirichlet forms. A thorough treatment of
the theory of not necessarily symmetric Dirichlet forms can be found in the book [MR92] by
ZH1-MInG MA and MicHAEL ROcKNER. An extension of the hereinafter developed concepts to
the not necessarily symmetric case is interesting but beyond the scope of this thesis and must
remain a subject for further research. We begin with a brief discussion of symmetric forms on
real Hilbert spaces.

Definition 5.1. Let H be a real Hilbert space and 9 c H a linear subspace. A quadratic form
isamap q: D — Ry satisfying g(af) = a?q(f) foralle € R. AmapE: Dx D — Risa
symmetric bilinear form, if the following hold
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(i) & is symmetric, i.e.

&(f.8) =88, f) 3.1
forall f,g e D.

(i) &is linear in each component, i.e.

E(a(f +8).h) = a(E(f, h) + E(g, ) (5.2)

forall f,g,h € Dand @ € R.

P is called the domain of E. To emphasize this, we sometimes write D(E). o

A quadratic form ¢ uniquely determines a symmetric bilinear form & via polarization:
E(f,g) = %(q( f+8) —q(f) —q(g)) and vice versa every symmetric bilinear form uniquely
determines a quadratic form via g(f) := &(f, f). To save some ink, we sometimes write
&E(f) := &(f, f) for the quadratic form determined by the bilinear form &. Furthermore, we
drop the adjective bilinear from the notation for convenience.

A quadratic form g is called positive (semi-) definite' if g(f) (=) > 0 for all f € D(E) \ {0}. A
symmetric form & is called positive (semi-) definite, if the associated quadratic form is positive
(semi-) definite.

We begin with some important observations.

Lemma 5.2 (Cauchy Schwarz). Let € be a positive semidefinite symmetric form with domain
D cH. Let f,g € D such that at least one of quantities E(f, ), E(g, g) is non-zero. Then,

E(f,8)* < &(f, HE(g o). (5.3)

Proof. Let f, g € D. Without loss of generality suppose that E(f, f) > 0. For every 1 € R we
have

Then,0 < &(g — Af,g — Af) = 8(g,8) — 2AE(f, ) + A2E(f, f). 54
Now choose A = &(f, g)/E(S, f). Then,

0 < &g, 8) — &(f. 8)* /&S, /). (5.5)

Rearranging (5.5) yields the desired inequality. O

This is the classical Cauchy-Schwarz inequality with the only exception that we have to be
mindful of the case where &E(f, f) + &E(g, g) = 0 while f,g # 0.

'Some authors (e.g. [FOT11]) use the term non-negative definite instead of positive semi-definite.

Chapter 5 Dirichlet Forms and symmetric Feller Processes



Lemma 5.3 (Triangle inequality). Let & be a positive semidefinite symmetric form with domain
D c‘H. Suppose f,g € D with E(f, ) + E(g, g) > 0. Then,

Ef+gf+9* <& N +E@g 9" (5.6)

Proof. Let f, g € D(E). Applying the Cauchy-Schwarz inequality from Lemma 5.2 we obtain

E(f+g [+ =8 f)+2E(f,8) +E(g 8
<E(f, ) +28(f, &g, 9)'* + E(g. 9) (5.7)

<(8(.N'" + 859",

completing the proof. O

Lemma 5.4. Let € be a positive semidefinite symmetric form and denote by { -, + ) the inner
product of H. Then, for each @ > 0, the form

Eolf.8) = &(f.8) +a(f.8) (5.8)

is a positive definite symmetric bilinear form with domain D(E).

Proof. Symmetry and bilinearity are immediate consequences of the fact that &, is the sum of
two symmetric bilinear forms. Similarly, positive definiteness follows from the fact that &, is
the sum of a positive definite and a positive semidefinite form. O

Recall that a pre-Hilbert space is a vector space equipped with a scalar product that is not
necessarily complete.

Lemma 5.5. The form &, is a scalar product on D(E) and (D(E), E,) is a pre-Hilbert space
for each a > 0. Moreover, &, and Eg determine equivalent metrics on D(E) for all a, B > 0.

Proof. By Lemma 5.4 it is clear that ((&), &,) is a real pre-Hilbert space. We need to show

that
re(f58) = NEo(f — 8 f — &) (5.9)

are equivalent metrics on 9(&) for all @ > 0. Assume 0 < a < §3, then

Cep<enf-os Les -9 (5.10)

and r, and rg are even bi-Lipschitz equivalent. O
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We call a symmetric form (&, D(E)) closed if D(E) is complete with respect to &; (or,
equivalently, with respect to &, for all @ > 0), i.e. every &;-Cauchy sequence is &1-convergent
to an element of D(E). We say that the symmetric form (&, D(E)) is closable if for every &E-
Cauchy sequence (f;,),,cny € D(E) with lim, (fr, fn) = 0 it holds that lim,,—,. E(fy, f) = 0.
As implied by the terminology, a closable symmetric form can be extended to a closed
symmetric form in the following sense. We say that a symmetric form (&, D(E)) is an
extension of the symmetric form (&', D(E")) if D(E’) € D(E) and ElpexneEe) = E'.

Proposition 5.6. Let (&, D(E)) be a closable symmetric form. Suppose (fp),e € D(E) is
an &1-Cauchy sequence. Then there exists a f € H such that lim,_, f, = f (in ‘H) and
lim;, . E(f,) < oo exists. Furthermore, let D(g) denote the set of all f € H such that there
exists an E-Cauchy sequence (fy),cny € D(E) with lim, .« f, = f (in H) and set

&(f) = lim &(fy) (.11

Then the value of E( f) does not depend on the choice of (fn),en and (E, D(é)) is the smallest
closed extension of (E, D(E)) in the sense that every closed extension of (&, D(E)) also extends
& D©E)).

Proof. See [Kat95, Theorem VI.1.17]. O

Let again denote (S, U, v) denote a uniform measure space. We will turn our focus to
symmetric forms on the particular Hilbert space L*(S, v) equipped with the scalar product

(f. & ::j;fgdv. (5.12)

We introduce the Markov property for symmetric forms.

Definition 5.7. Let (&, D(E)) be a symmetric form on L*(S,v). We say that (&, D(E)) is
Markovian (has the Markov property) if for each £ > 0 there exists a function ¢.: R — R with
the following properties

(1) @e(t) =tforallre [0, 1]
(i) —e <@ () <1+eforallteR
(1) 0 < () — pe(s) <t—sforall s <t

such that for all f € D(E) we have ¢, o f € D(E) and E(p; o ) < E(). &

Next, we introduce the central object of this chapter.
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Definition 5.8 (Dirichlet form). Let & be a positive semi-definite symmetric bilinear form on
L(S, v) with domain D(E) c L*(S,v). Then, (&, D(E)) is a Dirichlet form if

(D1) D(E) is a dense linear subspace of L*(S, ),

(D2) (&, D(E)) is closed and

(D3) (&, D(E)) is Markovian. o
Recall from (4.5) that we use Cy = Co(S,R) to denote the compactly supported continuous
real valued functions on §. With a slight abuse of notation we write Co N 9(E) for the elements
of Cy that are representatives of an element in D(E) as well as for those elements of D(E)
that have a representative in Cy, depending on the context. For a f € 9D(E) we denote by

supp(f) = supp(f - v) the support of the measure f - dv. For the domain D(&E) of & we simply
write 9 when no confusion can arise.

Definition 5.9. A Dirichlet form (&, D) is called regular, if

(D4) Co(S) N D is both dense in D with respect to &; and dense in Cy(S) with respect to the
uniform norm.

Furthermore, the Dirichlet form is called local if

(D5) for all f,g € D such that supp(f) and supp(g) are disjoint compact sets it holds that
&(f,g) =0. o

We conclude this section with two examples of Dirichlet forms

Example 5.10 (Random walks on graphs). Let G = (V, u) be a finite weighted graph as defined
in Definition 4.77 and v: V — R, a measure on V with v, = v(x) > 0 for all x € V. Clearly,
L?(V,v) is just the space of all real functions f: V — R. Recall from Section 4.5.1 the
definition of the energy form

1
&(f.8) =3 Z My (f) = F(0)(() — g(x)), (5.13)

x,yeV: x~y

with © = {f: V = R} = L*(V,v). By definition, & is a symmetric bilinear form. We show
that (&, D) is, indeed, a Dirichlet form. Because the weights y,, are all non-negative, the

form & is positive semi definite. Properties (D1) and (D2) are satisfied, because D = L*(V, v).

In order to verify (D3), observe that it is enough to show that for f € L*(V,v) it holds that
g:=(fA1)VOeL*V,v)and &g, g) < E(f, f). The first part is obvious and since

((F AV O)Y) = ((f A D) VOYX) < ((f VO)Y) = (f A D)
= ((f A D@) = (f VO))* (5.14)
< (f(x) = fO))?
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it follows that &(g, g) < E(f, f) and thus we have shown that (&, D) has the Markov property
(D3) and hence is a Dirichlet form.

Furthermore, because G is a finite graph, we have Co(V) = L*(V,v) = D and thus, (&, D) is a
regular Dirichlet form.

On the other hand, observe that (1, 1{y}) = ux, whenever x # y and thus (&, D) is not
local. O

Example 5.11 (Brownian motion on R%). Let d > 1 and set (S, v) = (R, dx) the d-dimensional
Euclidean space equipped with the Lebesgue measure. Denote by

or e (RN, 1 Sisd} (5.15)
ax,'

H'(RY) := {f e L*(RY

the real Sobolev space of order 1. Here the derivative % are taken in the weak sense. Then a
symmetric, positive semidefinite bilinear form is given by

af 0
&(f.8) = Z fd a;{af (5.16)

We show that (&, H'(R9)) is a Dirichlet form.

For sake of readability we drop the space R? from the notation of the various function spaces.
To show (D1) observe that H' is a Banach space and that C°, the set of compactly supported,
infinitely often continuously differentiable functions is a subset of H'. Furthermore, Cy is
a dense subset of L2, which proves that H' is a dense linear subset of L?. To check property
(D2) consider a &;-Cauchy sequence (f;,),>1. Then (f;,) and ((m) are L*>-Cauchy sequences for
all 1 <i < d and since L? is complete, the closedness of (&, H') follows. To show the Markov
property, consider the following function (compare [FOT11, Exercise 1.2.1]). For € > 0 let
Ye(t) := (—e V1) A (1 + &) and denote by j(x) := ,},—18—1/(1—)2) for |x| < 1 and j(x) := O for
|x| = 1 a mollifier, where y = fR j(x)dx. For 0 < 6 < & set js = 6~ ! j(x/8) and define

@e(t) 1= (Jo * Y1) = j};j(s(t — $)e(s) ds. (5.17)

Then, ¢, satisfies the properties (i)-(iii) of Definition 5.7 and additionally ¢. € C7° and
lor(H)] < 1forall t € Rand € > 0. Thus

d
0
Epe(f) @) = ) fR ) 8—){_90;(]‘)2 dx < &(f, f), (5.18)
i=1 !

for all f € H' and & > 0, which proves (D3).

Next, we show that (&8, H!) is a regular Dirichlet form. Because C7° can be considered a
subset of both H' and Cj and because Cy s a dense subset of Co, it is clear that Co N H !
is uniformly dense in Cy. It remains to show that C’ is also &;-dense in H ! To this end
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5.2

5.2.1

consider f € C* N H' andlet§ € C;° with 0 < f < 1 and 61,0 = 1 be a smooth version of

the indicator function on the unit ball at the origin. For R > 0 set fg(x) := f(x)0(x/R), then

Jr € C for all R > 0 and by dominated convergence, fg — f in L? as R — oo. Furthermore,
dfg _ Of

e = 0GR+ f(X)—(x/R) (5.19)
X

we have

and with the same reasoning, g—‘;é(x/R) converges in L*to a_x,- whereas the second summand
goes to O forall 1 <i < das R — oo. We have shown that C7’ is dense in C* N H I Next, we
show that C* N H' is dense in H'. Let (¢,)ps1 C Cy’ be a sequence of compactly supported
smooth approximations of the identity and let f € H'. Then the convolutions f, := f * ¢, are
in C® N H'! for each n € N. Because f € L?, it holds that f, converges in L? to f as n — co.

Ofn _ f 3fn of

Furthermore, o = o *Pn is in L2 and hence — gy AN — which proves the claim.

Finally, we show that the Dirichlet form (&, H') is even local. Let f,g € H' be compactly
supported with disjoint supports. Then fg = 0 almost everywhere. Moreover,

0 g
supp ( 6)];) C supp(f) and supp ( . ) C supp(g), (5.20)

1

af 5g

forall 1 <i < d which implies 7:- == = 0 almost everywhere which yields (D5).

O

Feller processes and Dirichlet forms

We have already seen in the previous chapter that there is a fundamental connection between
semigroups of operators on B(S) and Markov processes. A similar connection exists between
Dirichlet forms and semigroups of operators. With the subtle but important difference that the
latter correspondence holds for operators on the L?-space. Therefore the Dirichlet form theory
is a weak theory whereas the theory presented in the last chapter is a strong theory.

Operators on Hilbert spaces and closed forms

Following the lines of [FOT11] we first describe how strongly continuous contraction semi-
groups, strongly continuous resolvents, non-positive definite self adjoint operators and closed
forms on Hilbert spaces are related to each other. Thereby establishing a one to one relation
between these objects.

We then introduce the Markovian property of operators on L*(S, v) and show that the corre-
spondence from the previous section can be extended to Markovian semigroups and resolvents
and Dirichlet forms.

It then is just a small step to show that a symmetric Feller process induces a Markovian
semigroup and therefore a Dirichlet form.

5.2 Feller processes and Dirichlet forms

145



146

We begin with some basic functional analytic definitions to fix some notation. Henceforth, let
H denote a non empty, real or complex Hilbert space with inner product ( -, - ).

Definition 5.12 (Linear operators). A linear map T : D(T) — H is called a linear operator
on H with domain D(T), if D(T) c H. We say that a linear operator T is densely defined if
D(T) is a dense subset of H.

For a linear operator 7' on H we introduce the graph G(T) of T as the subspace
G(T):={(£.TH)| feDT)}cH. (5.21)

We call an operator T on H closed if G(T) is a closed subspace of H>. Given two linear
operators T,V on H we write T C V as a shorthand for G(T) c G(V).

Finally, we define the operator norm of a linear operator 7" on H as

ITllop := sup LITAI| f € D(T), IIFIl < 1}, (5.22)

where ||+|| denotes the norm on H induced by the scalar product by || f|| := {f, f), feH. ¢

It is easy to check that the space of bounded linear operators on a real or complex Hilbert
space H with domain H form an algebra, denoted by B(H), where

(T+WVf:=Tf+Vf, TVf:=TNVf), (@Df:=aTf), (5.23)

forall T,V € B(H), @ € C (¢ R) and f € H. On the other hand, B(H) equipped with the
norm || - ||, becomes a Banach space or, more specifically, a Banach algebra. More details
can be found in [Rud91, Chapters 10 & 12].

To a densely defined linear operator T on H we associate the adjoint operator T* via
(Tf.e)=(fT"g), [feDD. (5.24)
The domain D(T*) of T* consists of all g € H such that the mapping
[ (Tf.) eH (5.25)

is continuous on D(T). Since T is densely defined, the adjoint 7 is unique and linear.

Definition 5.13. A linear operator 7 on ‘H is called symmetric if

(Tf.8)=(f.Tg), (5.26)

for all f,g € D(T).
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A densely defined linear operator 7" on H satisfying
gl =gG(T") (5.27)
is called self adjoint. o

It is worth noting that the densely defined symmetric operators are those for which T' c T*.
Hence, self adjoint operators are symmetric and the two concepts coincide on B(H).

Definition 5.14. A linear operator T on ‘H is called non-negative definite or simply non-
negative if

(TF,f)=0, VfeDT). (5.28)

Analogously, T is non-positive (definite) if —T is non-negative. o

Definition 5.15 (Strongly continuous semigroup). Let (7)o be a semigroup of symmetric
linear operators on H with domain D(T;) = H for each ¢t > 0 and T = id. We say that (T;)>0
is

(i) contractive if ||T;fll2 < |Ifll> for all f € H or, equivalently, ||T;]lop < 1 forall £ > 0.

(ii) strongly continuous if lim,o||T.f — f]| = 0 for all f € H. o
In the same vein we define resolvents.

Definition 5.16 (Resolvent). A family (G, ).>0 of linear symmetric operators on H with
domain D(G,) = H for each a > 0 is called a resolvent on H if

(1) (Ga)a>o satisfies the resolvent equation (R1)

Go —Gp+ (@ —P)GuGs =0, VYa,B>0, (R1)

(i1) aG, is contractive for each a > 0, i.e.

1Gallop < @' (5.29)

If, in addition
(iii) limg—eoll@Gef — fIl = O for all f € L*(S,v),

we say that (G, ).>0 is a strongly continuous resolvent. o

Lemma 5.17. Let (Gy)o>0 be a strongly continuous resolvent on H. For each a > 0, G4 is

invertible.
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Proof. We need to show that
ker(Gy) ={feH |Gof =0} (5.30)

is trivial. Suppose f € H is such that G, f = 0. Using the resolvent equation (R1) we obtain
Ggf = 0 for all 8 > 0. By strong continuity this implies

0= lim[laGof - fll = IIfIl (5.3D
and therefore f = 0, completing the proof. O

For a strongly continuous resolvent (G4 )q~0 on H we introduce its generator as follows

Af af =Gl f
(5.32)
D) = Gu(H).

It is not clear a priori that this definition of A does not depend on our choice of @ > 0. To see
this, let @, 8 > 0. Then,

GoGp((af = G3'f) = (Bf - G5'f)) = (@ = PGuGpf + (Go - Gp)f =0.  (5.33)

Because the kernels of G, and Gg are trivial, we can conclude that the definition of the
generator in (5.32) is independent of the choice of & > 0.

We have the following important property of the generator which we will state without proof.

Proposition 5.18 ([FOT11, Lemma 1.3.1 (i)]). The generator (A, D(A)) of a strongly continu-
ous resolvent (Gy)o>0 on H is a non-positive definite self adjoint operator.

We seek to explore the connection between closed symmetric forms, strongly continuous
contraction semigroups and strongly continuous resolvents. As a first observation we can easily
get from a strongly continuous contraction semigroup to a strongly continuous resolvent.

Lemma 5.19. Let (T;)>0 be a strongly continuous contraction semigroup on H. For a > 0
and f € H write

Gof = f T, fdt, (5.34)
0

where the integral is a Bochner integral (see Appendix C.1). Then the family (Gy)q>0 is a
strongly continuous resolvent on H.
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Proof. Let (Gy)e>0 be defined as in (5.34) and fix a > 0. First observe that e T, f is indeed
Bochner integrable as a function [0, co) — . Then an application of Lemma C.5 shows that

(Gaf.8) = f T )
0 (5.35)

_ fo e (f.Ti8) = (. Gag).

where we have used the symmetry of 7;. Now, linearity of 7, and linearity of the Bochner

integral imply that G, is in fact a symmetric linear operator with domain D(G,) = D(T;) = H.

For a, 8 > 0 a straight forward calculation yields the resolvent equation (R1),

(Ga - G,B)f = f e T, fdt - f ePIT, fdt
0 0
- f e P (e-“’-ﬁ)’ - 1) T,fdt
0
00 !
=—(@-p) f f e P o fdsdt
0 0

=—(a-p) foo foo e e P'T T f dtds = —(a - B)GaGaf.
0o Jo

(5.36)

Finally we obtain (5.29) from another application of Lemma C.5. Let g € H with ||g|]| < 1,

then
IGagll? = <f e T, dt,f e T, dt>
0 0

o oo (5.37)
= f f e e (T,g,Tyg) dtds < a2,
0o Jo

The converse of the last result is the following.

Lemma 5.20. Let (Gy)a>0 be a strongly continuous resolvent on H. For eacht > 0 and f € H

set
(

t')n (@Gp)" f. (5.38)
n!

[ee]
T;f = lim e_mz
a—0
n=0
Then (T))ss0 is a strongly continuous contraction semigroup and the resolvent induced by

(Ty)r>0 via (5.34) coincides with (Gg)a>0-

Proof. Fix t > 0. We begin by showing that the limit in (5.38) exists. By strong continuity we
have that for each f € H the map a — aG,f is continuous. Therefore, for each ¢t > 0 and
f € H the map

ars e Z; Wn—? (@G f (5.39)
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is continuous. Furthermore, because the strong limit lim,—,0 @G, f exists the limit in (5.38)
exists in the strong sense, too.

Applying the contractivity of aG, we find that
g ()"
Tl < lim e " 2 |l@Go)" £l < I (5.40)
a—0 pr n:

for all f € H. Next, we show the semigroup property of (7;);>0. A straight forward calculation
yields for all 5,7 >0 and f € H,

o (s + 1)
Tt+sf — (llli%e a(t+s) Z T (G'Ga)nf

n=0
Y AN &
= lim ¢~+9 Z Z ( ) s/ — (@G)" f
a—0 7=0 =0 ] n!

(5.41)
(@Go) (@G, f

- limi o (as)! (e

N 1 — 7!
a On:Oj:O jl (m—= )

bl m ()t
—tim Y O GGy f =TT
a—0 =0 m! n!

Finally, the fact that the resolvent of (7});>0 coincides with (G4 )0 follows from the spectral
theorem [Rud91, Theorem 12.23] (cf. [BGL14, p. 127]). |

Note that a Hilbert space always comes with a weak and a strong notion of convergence. We
say that a sequence (f;),c € H converges weakly to a limit f € H, if for all g € H,

Tm (fs 8) = (f.8)- (542)
In contrast, we say that (f;,),cn converges to f in the strong limit if
Tim||fy = /1 = 0. (543)
Similar to our analysis of the Feller semigroup in the previous chapter we can introduce the
generator of a strongly continuous contraction semigroup (7;),>0 on H as

D(A)
Af

{ feH ’ lim;_,0 T”;_f - exists in the strong sense }

(5.44)
limo 7200 fe D).

Indeed, the generator of a strongly continuous contraction semigroup (7)o and the generator
of the strongly continuous resolvent (G4 )0 induced by (7)o via (5.34) coincide [FOT11,
Lemma 1.3.1 (i1)].
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A _ -1
¢ Gad) G Ne~d

(5.34)

(Tiz0 " (Ga)aso
(5.38)

Fig. 5.1.: The relation between (7,),50, (Ga)e>0 and the generator A (cf. [FOT11, Diagram 1])

The next result shows how to obtain a strongly continuous resolvent and a strongly continuous
contraction semigroup from a non-positive self adjoint operator on H. Again, we refer the
reader to [FOT11] for a proof.

Proposition 5.21 ([FOT11, Lemma 1.3.2]). Let A be a non-positive self-adjoint operator on
H.

(i) { T; = exp(tA) ' t>0} and { Gy = (@—A)"! | a > 0} are a strongly continuous con-
traction semigroup and a strongly continuous resolvent on H respectively.

(ii) The generator of (T;)0 as in (i) coincides with A. Furthermore, the strongly continuous
contraction semigroup possessing A as its generator is unique and the same holds for
the resolvent (Gy)a>0-

We have so far established a one to one correspondence between non-positive self adjoint
operators, strongly continuous contraction semigroups and strongly continuous resolvents. The
next step is to show that there is a further one to one correspondence with closed symmetric
forms. For a proof of this important fact we refer the reader to the book [FOT11].

Proposition 5.22 ([FOT11, Theorem 1.3.1]). There is a one to one correspondence between
the family of closed symmetric forms & on H and the family of non-positive self adjoint
operators A on H. This correspondence is given by

DE) = D(V-A) 545
&(f.9) = (VA N-Rg). f.g€D@). |

Remark 5.23. The proof of Proposition 5.22 is fairly technical and will be omitted here as it
can be found in [FOT11]. We still make some remarks about the proof.
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(i) Another application of the spectral theorem shows that for the resolvent (G, ).~ gener-
ated by A we have for all @ > 0 that G,(H) Cc D(E) and

Ea (Gafi8) =(f.8), [feH, gec&D). (5.46)

(i) The correspondence (5.45) can be restated as

{Z)(A) c DE)
(5.47)
&(f,8) =(-Af,8), [fe€DA),geDOE). o

For completeness sake note that the symmetric form (&, D(E)) associated with A can be
approximated using the semigroup (7;),>0 and the resolvent (G,)q>0 associated with A. To
that end define for f, g € H,

ENfg)=t""(f-Tf.g), t>0 (5.48)
ED(f,g) :=a(f -aG.f,g), a>0. (5.49)
Then,
{D(S) = {f e H |limo EO(f. ) < o0 |
(5.50)
&(f.g) = lim_oEVL [, f.g€D®E)
and

{D(a) (£ eH limee ED(F, ) < 00
(5.5D)
&(f.8) = limeewEV(L.9). f.g € DE).

Furthermore, & and &® are increasing as ¢t — 0 and @ — oo, respectively. This handy
approximation result is proven in [FOT11, Lemma 1.3.4].

Markovian operators and Dirichlet forms

From now on we consider the particular Hilbert space L*(S,v), where (S, v) denotes a uniform
measure space. As usual, we write

1/2
1fl = \/<f,f>=( fs £ dv) (552)

for the L2-norm on L(S, v).

Recall the shorthand a V b = max{a, b} and a A b = min{a, b} for real numbers a,b € R. For
real valued functions f,g: S — R we have set f vV g and f A g pointwise. Furthermore, we
write

ffi=fv0 and f :=-(fA0) (5.53)
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for the positive and the negative part of f, respectively. Clearly, these notations can be extended
to the elements of L>(S, v) by applying them to a Borel-measurable representative.

The next result provides us with equivalent conditions to the Markov property of a closed
symmetric form.

Lemma 5.24. A closed symmetric form (€, D(E)) on L*(S,v) has the Markov property if and
only if for all f € D(E) it holds that g :== 0V (f A 1) € D(E) and

&(g.8) < &(f. ). (5.54)

Proof. Fix f € D(E) and let g = f+ A 1, as above. The first implication is trivial, because
@) := 0V (t A1) satisfies (i) to (iii) of Definition 5.7 for all € > 0 and g = ¢ o f. The converse
implication follows readily from the observation that ¢ can be approximated by functions ¢,
satisfying (i) to (iii) of Definition 5.7. Letting € — 0 we obtain g = lim,_g ¢, o f € D(E)
by closedness of (&, D(E)). Finally, (5.54) follows from the closedness of (&, D(E)) together
with the Markov property of &. O

We call a real valued function y: R — R a normal contraction if y(0) = 0 and for all 5,7 € R,

ly(s) =yl < [s —1]. (5.55)

Lemma 5.25. A closed symmetric form (&, D(E)) on L*(S,v) has the Markov property if and
only if for all f € D(E) and all normal contractions y: R — R it holds that y o f € D(E) and

Eyo fiye /) <&, 1) (5.56)
Proof. See [CF11, Theorem 1.1.3] O

The previous lemma has a very useful consequence.

Lemma 5.26. Let (8, D(E)) be a Dirichlet form. For every f € D(E) it holds that

&(f*.f) <0. (5.57)

Proof. For each € € (0, 1) let y.(¢) := t" — et™ and y(¢r) := ¢*. Then it is easy to check that
v,7e are normal contractions and y oy, =y foreach 0 < € < 1. Hence, y o f,y. o f € D(E)
for any f € D(E) and 0 < € < 1. Moreover,

E(fT. fH=8(yo(yso flyo(yso f)

SO (5.58)
S8(ysofiveo N=8(f"—ef . [ —¢ef).
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Hence,

E(fH ) < §8<f‘,f‘> (5.59)

and we conclude the proof by letting £ — 0. O

Definition 5.27 (Markovian and Dirichlet operators). (i) A linear operator V on L*(S,v)is
called positivity preserving if
V>0 v-ae. (5.60)

for all f € L*(S,v) with f > 0 v-almost everywhere. We say that V is Markovian if V is
bounded and
0<Vf<1l v-ae. (5.61)

for all f € L>(S,v) with 0 < f < 1 v-almost everywhere. Furthermore, a semigroup
(V)0 of operators is said to be Markovian if V; is Markovian for every ¢ > 0. A strongly
continuous resolvent (G, )q>0 1S Markovian if for each a > 0, aG, is Markovian.

(i1) A closed and densely defined operator V on L*(S,v) is called a Dirichlet operator if
(VE(f -1y <0 (5.62)
for all f € D(V). &
Proposition 5.28. Let (T,)>0 be a strongly continuous contraction semigroup, (Gg)e>0 @
strongly continuous resolvent, A a non-positive definite densely defined self adjoint operator

and (&, D(E)) a closed symmetric form on L%(S,v). Suppose that they are related to each
other as described in the last section. Then the following are equivalent.

(i) (Ty)s>0 is Markovian,
(ii) (Go)a>0 is Markovian,
(iii) A is a Dirichlet operator.

(iv) (&, D(E)) is a Dirichlet form.

Proof. The equivalence of (i) to (iii) is [MR92, Proposition 1.4.3] and the equivalence of (ii)
and (iv) is due to [MR92, Theorem 1.4.4]. O

Symmetric Feller processes and Dirichlet forms

Dirichlet forms are a rich analytic tool for the analysis of symmetric Feller processes. To that
end we need to show that we can associate a Dirichlet form to a symmetric Feller process.
Indeed, we can show that every Feller semigroup (P;);>0 of a v-symmetric Feller process with
values in (S, U, v) can be extended to a Markovian semigroup (7;);>0 on L*(S,v).
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The following Lemma is essentially [CF11, Lemma 1.1.14. (ii)]. We want to provide a proof
anyway because the result is central.

Proposition 5.29. Let X be a v-symmetric Feller process with values in a uniform measure
space (S, U, v) with semigroup (P;)>0. Then there exists a unique extension of (P;)>o to a
strongly continuous contraction semigroup (T;);>0 on L*(S,v). Moreover, (T;)0 is Markovian.

Proof. First we show that for any given r > 0 the operator P, on B(S) can be uniquely
extended to a linear contractive and symmetric operator on L*(S,v). Observe that each
f € L™(S,v) has a representative that is in Bp(S) and that for two such representatives
f,g € Bp(S) with || f — gllo = 0 we have that

‘fWJ—PngsjUMf—mmwgfv—ng=o (5.63)

and hence ||P;f — P:gll = 0. Thus we can regard P, as an operator on L*(S,v). By the
contraction property, Proposition 4.17 (v), P; can also be regarded as a bounded operator
on L*(S,v) N L=(S,v). Ttis easy to see that L*(S,v) N L™(S,v) is dense in L*(S,v). Now
let f € L2(S,v) and (f)nen C L*(S,v) N LY(S,v) such that lim,_.|[f — full» = 0. By the
contraction property of P, we have

Tim 1P, il < Tim|lfyll < oo (5.64)
and we can define 7, f to be the L>(S, v) limit of P, f,.

To show uniqueness assume that (g,)en C L*(S,v) N L™(S,v) is another sequence with
lim,, || f — gnll2 = 0. Then, by linearity of P, and the contraction property we have

IPifn = Pignllz = I1Pi(fn = 8ll2 < M1 fn = gull2 = 0 asn — co. (5.65)

By assumption, P; is positivity preserving and v-symmetric and these properties as well as the
contraction property carry over to 7, by approximation arguments. The semigroup property of
(Ty)s>0 follows immediately from the semigroup property of (P;);>o. It remains to show that
(T)s>0 1s strongly continuous. We have that Coo(S) N L*(S,v) is dense in L*(S, v) (cf. [Rud87,

Theorem 3.14]). For £ > 0 and f € L*(S,v) let g € Co(S) N L*(S,v) such that ||f — gl < &.

Then, by the triangle inequality and the contraction property of T, we have

WT:f —gll2 < \Prg — glla + 1T f — Tigll2 + 1f — gll2 < [|Prg — gll2 + 2e. (5.66)

and
IPg — gll3 < 2lIPgll; —2(P:g,8) . (5.67)

Since P was assumed to be Feller, we have by property (F2) that lim,_,¢ P;g(x) = g(x) for all
x € § and by dominated convergence it follows that the right hand side of (5.67) goes to 0 as
t — 0, which concludes the proof because & was arbitrary. O
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In the same manner one can show that for each @ > 0 there exists a unique extension of the
a-resolvent operator to a L>-pendant.

Lemma 5.30. Let (Ry)a>0 be the resolvent of a v-symmetric Feller process X. Then there
exists for each a > 0 a unique extension of of R, to a v-symmetric operator G, on L*(S,v)
such that aG, is contractive and strongly continuous as o — oo. Furthermore, the family
(Go)as0 satisfies the resolvent equation (R1).

Proof. We could copy the proof of Proposition 5.29. Instead we use the fact that (P;);»o can
be uniquely extended to a symmetric and strongly continuous contraction semigroup (7)o
on L*(S,v). For @ > 0 define

Gof i= f T, f dt, (5.68)
0

where the integral is defined in the Bochner sense (see Appendix C.1). By contractivity of
(Ty)s0 it follows that G, is well defined and that aG,, is itself contractive and it agrees with
R, on L2(S,v) N B(S) by construction. To show that G, is well-defined, we need to show
that G, f € L*(S,v) for f € L*(S,v). Applying first Jensen’s inequality then Fubini’s Theorem
and finally using the contractivity of (7)o we get

(o) 2 (o)
G fll5 = f ( f e‘“fT,fdz) dv < f f e~ 2T, f)* dr dv
§ WO § 0 (5.69)

> 1
- f e 2T, f15 dt < 2—||f||§ <o VYa>0.
0 a

Contractivity follows by the same arguments when we substitute » = af in the inner integral:

(o) 00 2
laGafll3 = f ( f ae_“’T,fdt) dv = f ( f e’ r/(,dr) dv
$ S \WJO0 (5.70)

0
00 L 00 L 1
< [ [ erapprarar= [ e inuriar < Sin
S JO 0

2

In the same way as in (5.36) it is shown that (G, ).>0 satisfies the resolvent equation (R1). The
uniqueness of G, follows by approximation as in the proof of Proposition 5.29.

Next, we show strong continuity of G, as @ — oo. By substituting r = at, applying Jensen’s
inequality and Fubini’s Theorem — in that order — we obtain

loGof = i = [ ( | ae“”Tffdt—f) a= | ( | ae‘“’(Tzf—f)dt) v
(oo} 2 (oo}
- [ ( | e"(Tr/af—fmr) avs [ eTf - SR
S 0 0

By contractivity of T, the integrand on the right hand is dominated by 2¢~2"|| f ||% and hence

(5.71)

limysell@Goef — f ||% = 0 by dominated convergence and the strong continuity of 7. O
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5.3 Extension and transience of Dirichlet forms

5.3.1

Let & be a Dirichlet form with domain D := D(E) on L*(S,v) where (S, U, v) denotes
a locally compact uniform measure space, as usual. We adopt the terminology from the
literature ([FOT11; CF11]) and refer to D as a Dirichlet space, where we implicitly equip
D with the form &. Recall that L*(S, v) is the family of v-equivalence classes of v-almost
everywhere bounded, measurable functions. We want to extend the Dirichlet form & to
functions in L*(S, v). We will show that this extension forms a Hilbert space if and only if the
Dirichlet form is transient.

The extended Dirichlet space

We begin with the following observations.

Lemma 5.31. Let V be a Markovian operator on L*(S,v). Then V can be uniquely extended
to a Markovian operator on L=(S, v).

Proof. We give an explicit construction of the extension. By Definition 2.41 we have that v
is o-finite. Then there exists a strictly positive function ¢ € L'(S, v), take for example the
function

= Ay g, (5.72)
n=1

where (A,),en C B is countable family of Borel subsets of § with 0 < v(A,) < oo foralln e N
and (a,),en C R a summable sequence of strictly positive real numbers. Now define for each
neN,

©n = (ne) A 1. (5.73)

Then, 0 < ¢, < 1 and the sequence (¢,),qy is increasing with lim, . ¢, = 1, v-a.e. Let
f € L™(S,v) be non-negative, then the product ¢, f is in L*(S,v) N L™(S,v) and we can set

Vf:= lim Vig.f), (5.74)

where the limit is taken in L*(S, v) and exists by the Markov property of V. We sometimes
refer to V as the potential operator. Furthermore, we set

V=V -V (5.75)

for arbitrary f € L™(S, v). O
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Lemma 5.32. Let (&, D) be a Dirichlet form on L*(S,v). Further let f € L™(S,v) and assume
that there exists an E-Cauchy sequence (f,),eny C D such that lim,« f, = f in L¥(S,v).
Then the limit

E(f. 1) = lim &(fy, fu) (5.76)

exists and is independent of the choice of (fn),en-

Proof. Let (f,),en € D be an E-Cauchy sequence and f € L*(S, v) as above. The existence
of the limit follows from the fact that (f;,),cy 1s &-Cauchy. Lets proof this fact in detail. Fix
n, k € N and suppose without loss of generality that E(f,,, f,,) + E(fx, fr) > 0. Then,

IEfns fr) = Efies Ol = 1Efu = fior fr + fi
< Efy = fio fo = SOPESy + fies fu + O (5.77)
< E(fy = fio fou = O (E )7 + Efis f)'?),

where we used the Cauchy-Schwarz inequality from Lemma 5.2 in the first inequality and the
triangle inequality from Lemma 5.3 in the second inequality. Rearranging now yields

|ECfr fi)'? = E(fier )P < 8(fu = fier . = 2. (5.78)
Therefore, +/E(fy, fn) is a real valued Cauchy sequence which converges. Therefore we

immediately obtain the existence of lim,—,c E(fy, fi).

Recall the definition of &® from (5.48). By Lemma 5.31 we can extend ED to L™(S,v). It
now suffices to show that

lim EO, ) = &(f. ). (5.79)

For each k € N we have that f — fi € L™(S,v) and (f}, — fi)nen is an &-Cauchy sequence that
converges to f — fi v-a.e. Therefore, by Fatou’s property [CF11, Lemma 1.1.7] and the fact
that &9(f, f) is increasing as t — 0 for all f € L*(S, v), we obtain

EVNS = fio f = fio < Hminf EV(fy = fio fu = fo) < lim E(fy = fis fu = fo).  (5.80)

Taking the limit for k — co on both sides shows that limy_,., EO(f — fi, f — fi) = 0. Using a
similar argument as in (5.77) and (5.78), we obtain

lim EV(fi, fr) = EVS, f). (5.81)

Since EV(fi, i) T E(fx, fi) as t — 0 (see our remarks at the end of Section 5.2.1 or [FOT11,
Lemma 1.3.4]), we conclude

}inolam(f, P = E(fi fi)l?| < }inol8<’><f — fio £ = fO'?

(5.82)
< lim &(fu = fu fu = 02,
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5.3.2

where we have applied the equivalent of (5.78) for &7 in the first inequality and (5.80) in the
second inequality. Now, the right hand side of (5.82) goes to 0 as k — co. Which completes
the proof. O

We have now justified the following definition.

Definition 5.33 (Extended Dirichlet space). Let (&, D) be a Dirichlet form on L*(S, v). Let D,
denote the collection of f € L™(S, v) such that there exists a &-Cauchy sequence (f;,),cny € D
with lim, f, = f in L*(S,v). We call D, the extended Dirichlet space and (&, D) the
extended Dirichlet form . o

It is worth noting that D = D, N L*(S,v) (cf. [FOT11, Theorem 1.5.2 (iii)]).

Transient Dirichlet forms

Recall the definition of transience of a yv-symmetric Feller process from Definition 4.67. We
introduce a closely related notion of transience of a Dirichlet form and show that the extended
Dirichlet space becomes a Hilbert space whenever the Dirichlet form is transient.

We begin with the definition of a transient Dirichlet form. While quite abstract at first glance,
we will fill this definition with a bit of life in the remainder of this section.

Definition 5.34 (Transient Dirichlet forms). Let (&, D) be a Dirichlet form on L(S, v). We
say that (&, D) is transient if there exists a ¢ € L'(S, v) with ¢ > 0 v-almost everywhere on S
such that

fs flwdv < 8(F, )72, (5.83)

for all f € D. In that case we call Y the reference function of (&, D). o

Let (T})s»0 be a Markovian semigroup on L*(S,v). Fort > 0 and fe L*(S, v) define

Vif = f T,fds. (5.84)
0

By the contraction property of (7;);>0 we can apply Fubini’s theorem and with Jensen’s
inequality, we get

IV f1l5 = fs (Vif)* dv < fS fo (Tsf)*dsdv = fo fs (Tsf)* dvds

f (5.85)
< fo AR ds = AfIE.

Thus, V; is a bounded symmetric operator on L*(S, v) for every ¢ > 0.
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Again, we want to extend (7),»0 and (V;),»0 to a different domain.

Lemma 5.35. Each of the families of operators (T;)i>0, (Vi)i=0 as above can be uniquely
extended to L'(S,v) in a way such that for all f € LY(S,v)and s,t > 0,

TTif =Toufs  WTeflh <Nl IVeflle < dllfllse (5.86)

Moreover, T; and %V, are Markovian for each t > 0.

Proof. First, let f € LX(S,v)NLI(S, v). By o-finiteness, we can choose a sequence (A,),en C
8B of Borel subsets with v(4,) < o, A, C Apy; and S = (51 A,. Then for all £ > 0 and
feLXS,»N LS, ),

fA T, f1 dv < Tl f1, La,) = (If1, Tila,) < fslfl dv, (5.87)

where we have used the contraction property of 7 in the second inequality. Letting n — oo, we
obtain ||T,fll; < ||f|l; and analogously ||V, fll; < #l|fll; forall z > 0 and f € L*(S,v) N L(S,v).

Now set @,(f) := (=n V1) An, t € R. Then, ¢, o f € L>(S,v) N L'(S,v) forall f € L'(S,v):

f (@, 0 f) dv = v ({If| > n}) + f n2(gn o )% dv
S {Ifl<n} (5.88)

< v ({If1 > n) + lIfllh) < 0.

By the contractivity property of 7;, we immediately obtain the existence of the limit 7, f :=
lim,, 00 Tr(gn 0 f) in LY(S, v) for each fe LY(S,v)and ¢ > 0. The operators V; can be extended
in the same manner and the properties (5.86) as well as the Markov property of T, and t~'V,
are a immediate consequence of this definition. O

As an immediate consequence from the preceding lemma and the relation between (7),»0 and
the resolvent (G, )q>0 given by (5.34) we obtain the existence of a unique extension of (G4 )e>0
to a Markovian resolvent on L!(S, v). Moreover, we have foreachO < s <trand 0 < o < g8
and f € LL(S,v) := {f e L'(S,v) ) f=z Ov—a.e.}that

0<V,f<Vif and 0<Gsf <Gaf (5.89)

v-almost everywhere. Therefore, we can define for each f € LL1(S,v) a function Vf: § —
[0, oo] satisfying
lim V,f = lim Gy,f = Vf, (5.90)
n—o00

t—00

v-almost everywhere. By (5.90) the function V f is unique up to v-equivalence. Observe that
V f can take the value +o0 on a set of positive measure.

This leads us to the following definition (cf. [CF11, Definition 2.1.1]). Recall that we denote
the completion of B with respect to v by B, (cf. Definition 2.41).
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Definition 5.36. Let (7});50 be Markovian semigroup on L*(S, v).
(1) (Ty)sso is called transient if Vf < oo v-a.e. for some f € L}r(S ,v) with f > 0 v-a.e.
(1) (T))ss0 is called recurrent if
v{xeS|Vf(x)e(0,00)}) =0 (5.91)
forall f € LI (S,v).
(iii) A set A € B, is called T;-invariant if for every t > O and f € L*(S,v),

T, (Igaf) =0 v-ae onA. (5.92)

(iv) (Ty)ss0 is called irreducible if any Ty-invariant set A € B, is v-trivial, i.e. v(A) = 0 or
w(CA) = 0. o

The next result gives some equivalent formulations for the transience and recurrence of (7)o
and formulates a recurrence-transience dichotomy. We will not prove this result here but
instead refer the reader to the literature.

Proposition 5.37. Let (T});>0 be a Markovian semigroup and V as defined in (5.90).

(i) (T))i>0 is transient if and only if for every f € L}r (S,v),

Vf<oo v-ae. (5.93)

(ii) The following three statements are equivalent
a) Vf = oo v-a.e. for every f € LL(S,v) with f > 0 v-a.e.
b) There exists a f € LL(S,v) such that Vf = o v-a.e.
¢) (Ty)rs0 is recurrent.

(iii) Suppose that (T;)sq is irreducible. Then (Ty)s>q is either transient or recurrent.
Proof. See [CF11, Proposition 2.1.3]. O

We can now show that there exists a one-to-one correspondence between transient semigroups
and transient Dirichlet forms and that in that case the extended Dirichlet space becomes a real
Hilbert space.

Theorem 5.38 ([CF11, Theorem 2.1.5). Let (T,)i=0 be Markovian semigroup on L*(S,v) and
(&, D) the Dirichlet form associated with (T)s>o.
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(i) (&, D) is transient if and only if (T;)s>0 is transient.

(ii) Suppose that (8, D) is transient with reference function y € L'(S,v). Then,

fS flwdv < &, )" (5.94)

for all f € D, and the extended Dirichlet space D, is a real Hilbert space with inner
product &.

Proof. Fix f € L*(S,v). Foreach 0 < s < t we have

! ! s +s
th—TSV,f:fTrfdr—fT,Hfdr:f T,fdr—f T,fdr. (5.95)
0 0 0 t

Therefore, we obtain
hms WVif =T Vif, Vi) = (L Vif) = (Tof, Vif) < o0 (5.96)
Hence, V,f € D and by the same argument as before, we arrive at
EWVif.9) ={f-Tif.8) VYgeD. (5.97)

Now let f € L} (S,v) N L2(S,v). We claim that

<|g| ? f
V£dv. 5.98
gez) &g, 8) Vi (>-98)

Denote the left hand side of (5.98) by ¢ and suppose that ¢ < co. Using (5.97) and the fact that
forallz >0, f,T.f,V:f = 0 v-a.e. we obtain for each ¢ > 0,

Vif ) < c8Vif.Vif) = c (Vi) =XTif s Vif) < e (fLVef) (5.99)
and consequently (V. f, f) < c. If we let r — oo, the inequality remains true and we obtain
V. <ec (5.100)

Now assume that the right hand side of (5.98) is finite. We can apply Fubini’s theorem and
obtain

ffodv=foo(Tsf,f) ds. (5.101)
S 0

By the contraction property of (7;);>0 we conclude that

lim (T f, f) = lim (Ty2f. Tgp2) = 0. (5.102)
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Again, by (5.97) and the Cauchy-Schwarz inequalities for &€ and || - ||, we now obtain for all
g€PDandt >0,

gl, ) = EVLf, lgl) — (T f, lgly < EVLf, Vi)' 2 8(g, ' + IIT.fllalulla
= NV = (T f, Vi)Eg, ' + (Tarfs V2 lull (5.103)
< (VO E(g, " + (Tof, Y2 Nl

By (5.102) the right hand side of (5.103) converges to (f, V) &(g, g)!/> when we let t — co.

Therefore,
c<(Vf 1), (5.104)

proving our claim.

Now suppose that (&, D) is transient with reference function s € L!(S,v). Combining the
definition of transience (5.83) with (5.98), we can deduce that

f;.//V:,l/dv <1 (5.105)
N

Since ¥ is strictly positive v-a.e. we obtain that Vi < oo v-a.e. Hence, (T),» is transient by
Definition 5.36.

Now suppose that (T;),»¢ is transient. By Proposition 5.37 (i) we have that Vf < co v —a.e.

for every f € L1(S,v). We can therefore choose ¢ € L! (S, v) such that ¢ > 0, Vo < oo v-a.e.

and fs pdv =1. Let
yi=p(Vev 1), (5.106)

by definition we have 0 < ¢ < ¢ v-a.e. Moreover,

ftszﬁdefchtﬁdv:wagodvsf(go/Vgo)Vgodv:fgodv:1. (5.107)
s s s s s

When we plug this estimate in (5.98), we get that (&, D) is transient with reference function ¢,
proving (i).

We turn to (ii). Suppose that (&, D) is transient. Fix f € D, by definition of the extended
Dirichlet space, there exists a &-Cauchy sequence (f;,),ay € D such that lim, .. f, = f In
L*(S,v). By transience, (5.94) holds for all f,;, n € N. By definition of the reference function

¥ we know that f, f, € L™(S, ¢ - v). Consequently, (5.94) also holds in the limit n — oo.

Equation (5.94) also implies that &(f, f) = 0 if and only if f = 0 v-a.e. for all f € D.. It
therefore remains to show that 9, equipped with the scalar product & is complete. To that
end, let (f),en € De be a E-Cauchy sequence. For each n € N choose a &-Cauchy sequence
(fum)men Such that limy, e fum = fu v-a.e. Note that

a(fn - fn,m’ fn - fn,m) = kh—>r2> S(fn,k - fn,ma fn,k - fn,m) (5108)
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Therefore, (fum),cy CONverges to f, with respect to the scalar product & By a diagonal
argument we can assume without loss of generality that (f;, »)men 1S chosen so that

im &E(fy = funs o = fan) = 0. (5.109)

It is clear that (f,,)nen C D is again a Cauchy sequence with respect to &. Moreover, by
virtue of (5.94) we can conclude that (f;, ,)nen 1S also Cauchy in L'(S, ¥ - v). Consequently,
there exists a f € L'(S,y - v) such that lim,, f,, = f v-a.e. By definition, f € D, and

E(fo = fiJu = ) £ E(fn = funs Jo = Joun) + E(frrn = [ Jon = ) (5.110)

The first summand on the right hand side goes to 0 as n — oo by (5.109). As for the second
summand, recall that (f;, »)nen is a E-Cauchy sequence that converges v-a.e. to f € D.. By
(5.108) we find that the second summand also tends to 0 as n — co. We have therefore shown
that f,, — f with respect to & as n — co, thereby completing the proof. O

Using the recurrence-transience dichotomy from Proposition 5.37 (iii), Theorem 5.38 also
characterizes a recurrent Dirichlet form in terms of its extended Dirichlet space. Here we call
a Dirichlet form (&, D) recurrent if its associated Markovian semigroup (77),>0 is recurrent. A
more direct characterization with further useful implications is the following.

Theorem 5.39. Let (E, D) be a Dirichlet form on L*(S,v). Then (8, D) is recurrent if and only
ifl € D, and
&E(1,1)=0. (5.111)

Proof. We only show necessity because we will only make use of this direction. For sufficiency
see the proof of [CF11, Theorem 2.1.8].

Before we start with the actual proof we make the following observation. Let n € L(S,v) N
L*(S,v) with n > 0 v-a.e. For each f, g € D define,

EN(f,8) :=&(f,8) +{f. &y (5.112)

Here, (-, - ),., denotes the inner product on LS, n-v),ie.

(f: 80y = L J)g)mn(x) v(dx). (5.113)

Then, (&7, D) is again a Dirichlet form on L*(S,v)?, because for all f € D we have the
inequality,

SN SENSL N+ <ES N+ A +1mlleo) <F 1) - (5.114)

Znote that the sets L>(S, v) and L*(S, 7 - v) are equal.
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We denote by (Tt”)[> 0 and (GZ’,)W> 0 the semigroup and the resolvent associated with the

perturbed Dirichletform (&", D). Observe that for every f € L*(S,v),g € Dand @ > 0 it
holds that

EGLf.0) = ENGLS. 9) - (Guf.g) =(f-nGif.g), (5.115)

nv
and consequently,
Gaf = Golf = nGaf), (5.116)

by virtue of (5.46).

To show that 1 € D, we need to find a sequence (f;), ey € D such that 0 < f < 1 and
lim, ., f; = 1 v-a.e. such that

lim &(f,, f;) = 0. (5.117)

We claim that for  as above with the additional assumption ||7|| < 1, the sequence (f;,),cny C
D where

f=Gl o, (5.118)

is such a sequence.

To prove the claim fix € > 0. Note that (&, D) can be considered to be a Dirichlet form on the
perturbed space L2(S, (¢ + ) - v). In view of this interpretation we obtain,

&1 (Glef +n).g) = &(Gllef +nf).g) + (Glef +nP.g), . 5119)
= EL(GUef +nf).8) = (&f +nf.8), = (- ernpr '

Hence, G} (ef + nf) is the 1-order resolvent of f with respect to the Dirichlet form (&, D) on
L?(S, (e + 1) - v). By the properties of the resolvent we immediately obtain

0<Glef+nf) <1 (5.120)
forall f € D with 0 < f < 1. If we now let first ¢ — 0 and then f — 1, we find that v-a.e.,
0<Vip<l, (5.121)
where Vi = lim,_,0 G1, as in (5.89). Now take f = nin (5.116), then
Gin = Gu(n(l - Gn). (5.122)
If we now let € — 0, we obtain together with (5.121),
0 <Vl -Vip) < lim G (n(1 - Glp)=Vin<1. (5.123)

By definition of recurrence, Definition 5.36, we conclude that V(i7(1 — V7)) = 0 v-a.e. and
therefore,
Vip=1 v-ae. (5.124)
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We have shown f,, T 1 v-a.e. as n — oo and it remains to show (5.117). Applying (5.115), we
obtain

0 < S(fn, fn) < Sl/n(fm fn) = <T] - Ufn’ fn>v

(5.125)
= Ln(l = ffadv =0,

as n — oo, which proves the claim. O

Corollary 5.40. Let (&, D) be a recurrent Dirichlet form on L*(S,v). Then 1 € D, and
E1,/)=0 (5.126)

forall f € D,.

Proof. Fix f € D, and let (f;,),cy € D be defined as in the proof of Theorem 5.39. Instead of
(5.125) we can write

|81/n(fn,f)|=’ fs (1= £ dv| < [Iflls fs 1= fildv =0, (5.127)

as n — oo, which implies the assertion. O

Finally, we relate the transience of a v-symmetric Feller process as defined in the previous
chapter to the transience of its associated Dirichlet form.

Proposition 5.41. Let (S, U, v) be a locally compact uniform measure space and suppose X is
a transient v-symmetric Feller process with values in (Sy, Uy). Then the Dirichlet form (&, D)
on L*(S,v) associated with X is transient.

Proof. Let (P;);»0 denote the semigroup associated with X. Observe that by Lemma 2.40,
(S, U) is Lindelof and consequently, by Lemma A.20, o-compact. Therefore, we can write S
as the union of countably many compact subsets (K,),en C . By Definition 4.67, we have

cn = sup E, [f 1k, (Xp) dt} = supf Pilg (x)df < co. (5.128)
0 0

xe§ xe§

Now choose a sequence (@), C R with @, > 0 for all n € N such that ),y @, < c0. Set
o) a,
= — 1g. 5.129
4 ; (cn + V(K V15 (5-129)
Then, ¢ € By(S), ¢ € L'(S,v) N L*(S,v), ¢ > 0 v-a.e. and

supf Pip(x)dt < oo, (5.130)
0

xeS
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5.4

5.4.1

By definition, T is a representative of P;p and we can conclude that
Vo = f Tpdt <o v-ae. (5.131)
0

Consequently, by Definition 5.36 we have that (7),>¢ is transient which implies the assertion
by Theorem 5.38. O

Potential theory

Potential theoretic concepts are an important tool in the analysis of Markov processes. In this
section we introduce some potential theoretic notions with the help of Dirichlet forms and
show how they relate to the dynamics of the processes they are associated with. For more
details see [FOT11], [CF11] and the classical books on potential theory [BG68] by RoBERT
M. BruMmENTHAL and RoNaLp GETOOR or [DM79] by CLAUDE DELLACHERIE and PAUL-ANDRE
MEYER.

Choquet capacities

The notion of capacity is at the very core of classical potential theory. We begin with the
definition of Choquet capacity named after the French mathematician Gustave CHOQUET (1915—
2006). We will use the following definition because it is tailored for our needs. For a more
general definition see [DM79, Definition II1.27].

Definition 5.42 (Choquet capacity). Let (S, U) be a uniform Hausdorff space. Denote by K
the class of all compact subsets of S. An extended real valued set function ¢ that is defined on
all the subsets of S is called a Choquet capacity on S if the following hold

(i) ¢ isincreasing,i.e. A C B implies that ¢(A) < ¢(B).

(ii) For every increasing sequence (A,),cy of subsets of S it holds that

so(U An] = SUp ¢(A,). (5.132)

neN neN

(iii) For every decreasing sequence (K},),cn of elements of K it holds that

«p(ﬂ Kn] = inf (K. (5.133)

neN
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Given a Choquet capacity ¢ on S we say an arbitrary set A C S is g-capacitable or just
capacitable if

eA)= sup @(K). (5.134)
KeK,KCA

¢

The following result is a simplified version the celebrated result of Choquet. A proof can be
found for example in [DM79].

Proposition 5.43 (Choquet’s capacibility theorem). Every Borel set is capacitable.

Proof. See [DM79, Theorem II1.28]. O

We have the following useful characterization of Choquet capacities.
Proposition 5.44 (Theorem A.1.2 in [FOT11)). Let (S, U) be a uniform Hausdorff space and
denote by T the uniform topology. Suppose ¢ : T~ — R* U {oo} satisfies

(i) forall A,B€T,A CB= ¢(A) < ¢(B),

(ii) forall A,B€ T, (AU B) + o(A N B) < ¢(A) + ¢(B),

(iii) for every increasing sequence (Ay),en C T,

¢ (U An] = SUp ¢(A,). (5.135)
neN neN
For an arbitrary A C S set
¢(A) = inf  ¢(B). (5.136)

Then ¢* is a Choquet capacity. Moreover ¢* extends ¢ and is o-subadditive.

Proof. By definition, we immediately obtain that ¢* is monotone and extends g, i.e. ¢*|75 = ¢.
Furthermore, we have by (ii) that for Aj,A> C S,

¢ (A1 UAy) =inf{¢@(B)|BeT, A|UA, C B}

=inf{@(ByUBy) |B;€T, AiCBi,i=1,2} (5.137)
< inf B))+  inf By) = ¢"(A)) + ¢*(A2).
- B]E7l,nA1CBl ()0( 1) 32671,11A2CBZ SD( 2) SD ( 1) "0 ( 2)

Hence, ¢* is subadditive. The claimed o-subadditivity of ¢* follows immediately if we can
show that ¢* satisty property (ii) of Definition 5.42. To see that, let (A,),cx be an arbitrary
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sequence of subsets of S and write B, := [J!_; A;. Then (B,),qy is an increasing sequence of
subsets of § and by combining (5.132) and (5.137) we obtain

¢ [U An) = ¢ (U Bn] = sup¢"(B,) < suanZQO*(Ai) = D ¢ (A, (5.138)
N =1

neN neN neN n neN

Let’s show that ¢* satisfies (ii) of Definition 5.42 first. Suppose A, A, Bi, B € 7 with
A; C Bj and ¢(A;), ¢(B;) < oo for i = 1,2. Using properties (i) and (ii) of ¢, we have

@(B1 U By) + ¢(A1) < p(B1 U (B2 UAY) +¢(B1 N (ByUAY))

(5.139)
< @(B1) + ¢(B2 U Ay)
and similarly,
©(B2 U A + ¢@(A2) < p(By U (A1 UA2)) +¢(By N (A1 U Az)) (5.140)
< @(B) + ¢(A; U Ay). '
Adding (5.139) and (5.140) and rearranging yields
@(B1 U By) = p(A1 U A2) < @(B1) = ¢(A1) + ¢(B2) — p(A2). (5.141)

Now let (A,),en » Bweny € 7 with A, € B, and ¢(A,,), ¢(B,) < oo for all n € N. Suppose
that for some n € N,

w( Bi) - ¢(U Ai] < ) ¢(B) - ¢(A). (5.142)
i = i=1

Then, by (5.141),

n+1 n+1 n n
‘P(U Bi]_éo[ Ai] < SD[U Bi)—SD(UAi)+90(Bn+1)—90(An+1)
i=1 i=1 i=1 i=1

n+l

< > 6(B) - plAy).
i=1

(5.143)

Therefore, by induction, (5.142) holds in fact for all n € N.

Let (A,),en be an increasing sequence of arbitrary subsets of S and set A := | J,,epy An. Since
A, C Afor all n € N we have ¢*(A4,) < ¢*(A) and taking the supremum on the right hand side
we obtain ¢*(A) > sup, ¢y ¢ (Ay). It therefore remains to show that

©*(A) < sup¢*(Ay). (5.144)
neN
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Without loss of generality we can assume that the right hand side of (5.144) is finite. By
definition of ¢* we can find for each e > 0 and n e N a B,, € 7 such that A, C B, and

* * &
¢ (An) < @(By) < ¢ (An) + Tk (5.145)
By assumption, the limit lim,,_,«, ¢*(A,) exists and by (5.145) we obtain
lim ¢*(A,) = lim ¢(By). (5.146)
n—oo n—oo

Now choose k,n € N with k < n. Then, A; C By N B, and we can extend the inequality (5.145)
to
£ £ 8
¢ (Ar) < @(Br N By) < ¢(Bi) < ¢ (Ag) + % (5.147)

Therefore, @(By) — @(Bx N B,) < ¢*(Ar) + £27F — ¢*(Ay) = £27% and consequently
n n
D eB) - OBNB) <e ) 2F < (5.148)
=1 k=1

We can now apply (5.142) to obtain

¢ {U Bk] ~@(By) = ¢
k=1

n

e

k=1

\ (5.149)
< Z @(By) — o(By N B,) < &.
k=1
Now set B := | J, e By- Then B is open and A C B and we can conclude with (iii),
n
¢*(A) < ¢(B) = lim (p{U B,,]. (5.150)
n—oo Pt
Taking the limit in (5.149) and applying (5.146) we find that
n
lim <p[U Bk] < lim ¢(B,) + & < lim ¢*(A,) + &. (5.151)
n—00 k:1 n—o00 n—oo

Finally, plugging this estimate into (5.150), we arrive at the desired inequality as & — O.

It remains to show that ¢* satisfies property (iii) of Definition 5.42. Denote by (K}),cn @
decreasing sequence of compact subsets of S. Since (i Kn C K, we have ¢* (e Kn) <
¢*(K,) for each n € N and it remains to show that

inf ¢"(K) < ¢ [QK) (5.152)
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54.2

Again, we assume without loss of generality that the right hand side is finite. By definition of
¢ we can find for each € > 0 an open B € 7 with ¢(B) < oo such that (), K, C B and

¢(B) < ¢ (ﬂ K,,) +e. (5.153)
neN
That means that for some n € N it must hold that (}_, K, C B and therefore ¢*(K;) < ¢(B)
for all / > n. Now, since & > 0 was arbitrary, this concludes the proof. O
a-capacities

We now aim to define a capacity that is related to the v-symmetric Feller process X through its
Dirichlet form. We will also introduce a class of inverse capacities that we call resistances and
show how these objects relate to the dynamics of the underlying process.

As usual, let (S, U, v) be a uniform measure space and denote by 7~ the uniform topology, i.e.

the open subsets of S with respect to the topology induced by the uniformity .

Furthermore, let X be a v-symmetric Feller process with values in (S, U) and denote by
(&, D) the Dirichlet form associated with X. Recall the definition of the symmetric form
Eo(f,8) = E(f, ) +a(f, g for f,g € D and a > 0 and recall that D equipped with &,
becomes a Hilbert space. Sometimes we write

Iflls, == Ealfs HY* and |Iflle := E(F, £)'? (5.154)

for the (pseudo-)norms on P induced by &, and &, respectively.

As before, we denote by (T})»0 and (G, )q>0 the Markovian semigroup and the Markovian
resolvent associated with (&, D). The following definition is an analogue to Definition 4.27
for elements of L2(S, v).

Definition 5.45. Let @ > 0. An element f € L(S, v) is a-excessive (with respect to (T;);s0) if
f =0v-ae. and forall r > 0,
e "T,f<f vae. (5.155)

We say that f € L*(S,v) is a-excessive when the respective semigroup is evident from the
context. o

Observe that a-excessive functions can be characterized via &,, too.

Lemma 5.46 ([CF11, Lemma 1.2.4]). Let &« > 0 and f € D. Then, f is a-excessive if and only

if
Eo(f,8) 20 (5.156)

for every g € D with g > 0 v-a.e.
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Proof. Suppose f € D is a-excessive and g > 0 v-a.e. Then, f — e T, f > 0 v-a.e. for all
t > 0, by definition. Hence,

_ pat

1 1
0 (f-e"Tifig)= - (f~Tifi) + (Tf.8) (5.157)

t

for all > 0. Using the approximation of & by & given in (5.50) and the strong continuity of
(T))1>0 we get that the right hand side of (5.157) converges to E,(f, g) ast — 0.

For the converse implication suppose f € D such that (5.156) holds for all non-negative g € D.
For each ¢ > 0 and @ > 0 we have

Gog - e—(ttTtGag — f e—(ysTSg ds — f e—w(s+t)TS+tg ds
0 0

t (5.158)
= fo e ¥Tgds >0 v-ae.
Therefore, by symmetry of T+,
(f—eTif.8) = (f.0) = (f.eTig) = (f.g = ¢ "' Tsg). (5.159)
Recall that by Remark 5.23 (i) we have E,(f, G.g) = {f, g). Hence,
(f =T, f.8) = Eu (f.Gag — €T\ Gag) 2 0, (5.160)

by (5.159) and assumption. Consequently, f — e T, f > 0 v-a.e. and f is a-excessive. O

For each A € 7~ we introduce the family
LY ={feD|f>1vae.ond) (5.161)

and note that £4 is a convex and closed subset of the real Hilbert space (D, &,) for each & > 0.

Definition 5.47 (a-capacity). For A € 7 and « > 0 the a-capacity of A is given as
Cap,(A) == inf{ Ea(f. f) | f € L}, (5.162)
where inf @ := oo, by convention. For arbitrary subsets B C S we define
Cap,(B) := inf { Cap,(A) | A € T,A > B}. (5.163)
For convenience, we write
€, :={ACS | Cap,(A) < oo} (5.164)

for the family of subsets of S with finite a-capacity. o
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Proposition 5.48. Let a > 0 and A € €, NT be an open set with finite a-capacity. Then there

exits a unique element h{ € LA such that
Ea(hy, 1) = Cap,(A). (5.165)
Furthermore, h has the following properties.
(i) 0 < hy <1 v-almost everywhere on S and h§ = 1 v-almost everywhere on A.
(ii) h§ is a-excessive.
(iii) Forevery f € Dwith f = 0 v-a.e. on A it holds that

E(hs, f) = 0. (5.166)

(iv) Foreach f € Dwith f =1 v-a.e. on A it holds that

Ea(hS, f) = Cap,(A). (5.167)

(v) If B€ €, NT is another open set with finite a-capacity such that A C B then, hf < h,
v-a.e. and
Cap,(A) = E,(h§, b)) < En(hiy, hy) = Cap,(B). (5.168)

Proof. Foreach A € €, N T, the set L4 is a convex and closed subset of the Hilbert space
(D, Ey). Therefore, the variational problem in (5.162) has a unique solution.

The first assertion (i) follows directly from the Markov property of &, the fact that f* A 1 € L4
forall f € £4 and ||f* A 12 < |If]l.

We use Lemma 5.46 to show (ii). Suppose f € D is non-negative. Then for all € > 0,
hy +ef € L4, Without loss of generality we can assume that E,(f, f) > 0 or, equivalently,
f # 0. Hence,

0 < Eo(h + &f, 1S + &f) = Ea(h. h) = &(284(hG. f) + 8Ealf. f)) (5.169)

and therefore
£
Eﬁa(f, )= =Eu(hy, ) (5.170)

which yields the desired inequality &(AS, f) > 0 since &€ > 0 was arbitrary.

Let f € D be such that f > 0 v-a.e. on S and f = 0 v-a.e. on A. Then, for each £ > 0, we
have hy —ef € LA, with the same argument as above we have

gaxf, £) = 8l ). (5.171)

Since & > 0 was arbitrary and h§ is a-excessive by (ii) we obtain &,(h§, f) = 0. The statement
(iii) then follows if we consider the positive and negative part of f separately.
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Property (iv) is a direct consequence of (iii) and the last property (v) follows from the fact that
L8 ¢ £4 whenever A C B. O

The minimizer A is sometimes referred to as the a-order equilibrium potential of A (cf. [CF11,
p-78]).

Let A C § and note that Capgz(A) > 0 for some 8 > 0 implies Cap,(A) > O for all @ > 0. It
therefore suffices to consider only a particular @ > 0 e.g. @ = 1 when we talk about sets with
capacity 0. We introduce some potential theoretic notions.

Definition 5.49. Let X be a v-symmetric Feller process with values in Sy and (&, D) the
Dirichlet form associated with X. A set A C § is said to be &-polar or polar for X, if
Cap,;(A) = 0. A property that holds everywhere outside a polar set is said to hold &-quasi
everywhere and a increasing sequence {F,},>; of closed subsets of § is called a &-nest if
F, 7S and Cap(S \ Fi) — 0 as n — oco. For the sake of readability, we drop the & from the
terminology when it is clear from the context which Dirichlet form we are referring to. &

A set A C S which is polar in the sense of the above definition can be considered small. There
are various other notions of smallness of sets which are intrinsically related. For example,
from a measure theoretic viewpoint we consider (Borel) sets as small if they have measure 0. It
is an immediate consequence of the definition of the @-capacity that every open set A € B with
v(A) has capacity zero. This follows simply from the fact that the function 0 € L*(S, v) can
take any value on the nullset A. Sometimes, a set A C S is also called X-polar (with respect to
a process X) if it is contained a nearly Borel measurable set B € B" (see Definition 4.50) with
P.(tp < 00) =0 for all x € S (cf. [CF11, Definition A.2.6]). On the other hand, asetA c S
is called thin if it has no regular points (see Definition 4.55), i.e. if P,(t4 = 0) = 0 for all
x € A. A set that is contained in a countable union of thin sets is called semipolar (cf. [CF11,
Definition A.2.6]). Some relations between these and further notions of smallness of sets are
presented in the diagram in [FOT11, p. 158]. One important equivalence is the following.

Proposition 5.50. Let X be a v-symmetric Feller process with values in Sy and (E, D) the
Dirichlet form associated with X. A set A C S is &-polar if and only if it is v-polar, i.e. A is
contained in a nearly Borel measurable set B C 8" such that

P,(tp < ) = 0. (5.172)
Proof. See [CF11, Theorem 3.1.3]. O

Before we can show that a-capacities are capacities in the sense of Choquet we need an
important characterization of the minimizer 4§ of the variational problem in (5.162).

Theorem 5.51 (Characterization of minimizers). Let @ > 0 and A € €, be an open set with
finite a-capacity and h € LA the a-equilibrium potential of A.
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(i) ha is the unique a-excessive element of L2 such that h§ = 1 v-almost everywhere on
A.

(ii) K is the unique element of LA with
Ea(hy, hy) < Eo(f, hy) (5.173)
forall f e LA

(iii) h§ is the minimal a-excessive element of LA in the sense that for all a-excessive g € LA
it holds that h§{ < g v-a.e.

Proof. By Proposition 5.48 we know that iy is a-excessive and = 1 v-a.e. on A. Leth € L4 be
another a-excessive function with 2 = 1 v-a.e. on A. Then, A —h = 0 v-a.e. on A. Inspecting

the proof of (iii) of Proposition 5.48 we realize that we have only used the a-excessivity of h§.

Therefore, the same property holds for 4. Hence,
Eaq(hy —h,hy —h) =0, (5.174)
which implies that 4 = hf v-a.e.

We turn to the proof of (iii). Suppose h € L4 is a-excessive. As an immediate consequence
of the definition of a-excessivity we obtain that A} A h is also a-excessive. Furthermore,
h§ Ah =1 v-ae. on A and we can conclude from (i) that A A h = h§ which means A < h
v-a.e.

It remains to proof the characterization (iii). Note that for every f € £4 and 0 < £ < 1 we
have that A + &(f — h) € LA, Hence,
0 < & (s + &(f = h3). 1 + &(f — h})) - Ea(hs, h)

(5.175)
= £ (284 (hS, f = hS) + 88a(f — h. f = h5)).

And consequently
£
Ea(hy, f = hy) > —ESQ(J’— s f = By, (5.176)

letting £ — 0 we have &,(hY, f — h}) > 0. In other words, iy satisfies (5.173). Now assume
that # € L4 is another function that satisfies (5.173). Then we can plug h into the inequality

and obtain
Eq(h, hi — h) > 0. (5.177)
Finally, we can conclude
Ealh = WS, h— ) = = (Ea(h, h§ — h) + Ea(h h = h§)) < 0 (5.178)
and therefore h = h§ v-a.e.
O
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Proposition 5.52. For each a > 0 the a-capacity is a Choquet capacity.

Proof. Fix a > 0. It suffices to show that Cap,, satisfies the properties (i) to (iii) of Propo-
sition 5.44 for open sets. We have already shown that Cap,, satisfies (i) in Proposition 5.48

(V).

We start by showing (ii). To that end let A, B € €, N7 be open sets with finite a-capacity.
Recall that by Lemma 5.26, &(f*,f7) < 0 for all f € D. This directly implies that
Eo(f,1f) £ Eo(f, f) for all @ > 0 and f € D. Therefore,

Cap, (A U B) + Cap,(A N B) < Eg(hS V hS, K% V hE) + Eo(hS A K hS A B%)
1
T2
< Ea(hy, h}) + Eo(hig, hip) = Cap,(A) + Cap,(B)

(Bl + h, 1 + 1) + EaIhG — Hl. |G — hD) (5.179)

Now let (Ay),eny € €4 NT be an increasing sequence of open sets with finite a-capacity. In
order to show (iii) we can assume without loss of generality that sup,, .y Cap,(4,) < co. Let
k,n € N with k < n. Then,

Sa(hzn - hgk, hzn - hgk) = Cap,(A,) + Cap,(Ax) — 28[,(}1“", hj{k). (5.180)
Note that hjn =1 v-a.e. on Ay C Ay. Therefore, by (iv) of Proposition 5.48,
SQ(th - h‘jk, hjn - h‘jk) = Cap,(4,) — Cap,(Ax). (5.181)

Hence, (hjn)neN is a &,-Cauchy sequence. By completeness of the Hilbert space (D, &,),

there exists a 2 € P such that lim,,_, hgn = a with respect to &,. Evidently, 1 = 1 v-a.e. on

A = U,enAn. Then we have for all f € D with f >0 v-a.e.,
Eu(h, f) = lim E,(hS , f) =0, (5.182)
n—oo n

by Proposition 5.48 (ii). Therefore, h is a-excessive by Lemma 5.46 and we can apply
Theorem 5.51 (i) to conclude that

sup Cap,(4,) = lim Eo(hS ,hz ) = Eq(h, h) = Cap,(A). (5.183)
neN n—eo " "
O

We make the following observation about continuous functions.

Lemma 5.53. Let « > 0 and f € D N C(S) be a continuous representative of an element of D.
Then,
Cap, ({x €S [1f(0] > 1)) < 128u(f. 1), (5.184)

forall 1> 0.
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Proof. By continuity of f, the set A := ({ x € S | |f(x)| > 1}) is open. Furthermore, 1~!|f| €
L4 and hence
Cap,(A) < Eo(A7'|f, A7 1f]) < A728u(f, 1), (5.185)

where the last inequality is due to Lemma 5.26. O

Let X be a v-symmetric Feller process with values in (S, U) and Dirichlet form (&, D). Recall
(e.g. from (4.108)) that we write

T4:=inf{t>0| X, €A}. (5.186)

for the first hitting time of a Borel set A € B. As a first result that relates the potential theoretic
concepts we have developed so far to the process X we have the following.

Proposition 5.54 ([CF11, Lemma 3.1.1]). Let @ > 0 and A € €, N T be an open set with finite
a-capacity. Define the function p$: S — R* by

Pax) =E,[e™] xeS. (5.187)

Then, p§ = h§ v-a.e.

Proof. As usual we denote the Lz—semigroup associated with (&, D) by (T})s>0 and the Feller
semigroup associated with the process X by (P;)>0. By Proposition 5.29, we have that for all
feBLS)NL*S,v)and t > 0, T,f = P,f v-a.e. Moreover we have that P 18 a-excessive
with respect to (P;)>0 by Proposition 4.59 and, as discussed above in Proposition 5.48, hf is
a-excessive with respect to (T;)0. By definition of p%, we have pf(x) = 1 for all x € A. We
can therefore apply (i) of Theorem 5.51 to prove the claim once we have shown that p§ € D
because then p§ € L*(S,v) and therefore, P4 1s also a-excessive with respect to (T7)r>o.

By application of the Cauchy-Schwarz inequality to the scalar product & we can show that
an a-excessive function f € L*(S,v) is an element of D if there exists a g € D with f < g
v-a.e. (cf. [CF11, Lemma 1.2.3]). It therefore suffices to show that

Py < hy, v-ae. (5.188)

because then p§ € L?(S,v) and consequently in the domain of & due to the aforementioned.

In order to show (5.188) fix a Borel measurable representative /1 € B} (S) of the equivalence
class iy € L(S,v) such that ii(x) = 1 for all x € A. Clearly, h is a-excessive with respect to
(Py)r>0 and by Proposition 4.29 the real valued stochastic process

(Yo = (e7h(X))) (5.189)

>0

is a P,-supermartingale with respect to the canonical filtration (A;),»( for any initial distri-
bution u € M;(S). Furthermore, Y; is bounded by 1 for each ¢ > 0 which implies uniform
integrability of Y.
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Consider the following construction. Let I' C (0, c0) be a finite set with a := minI" and
b := maxI and write
T([LA) :=min{rel | X, €A}, (5.190)

andset (I, A) = bif {tel'| X, € A} = @. Clearly, 7(I', A) is a stopping time and Y- 4) =

e~ ™A on the event {7(T, A) < b).

Let g € B7(S) be a non negative Borel measurable function with fs gdv=1andsetu:=g-v.
Then,
B, [ | 2(T, A) < b| < By [Yera)] - (5.191)

By uniform integrability we can apply the optional sampling theorem (cf. [Kle14, Theorem
10.21]) to obtain
B, [T | 2(T, A) < b| < B, [Ya]. (5.192)

Now fix b > 0 and choose for each n € N a finite set I',, € (0,b) N Q such thatI',, c I',,;; and
Unen I'n = (0,6) N Q. As n — oo the right hand side of (5.192) converges to

]E,,[YO]:fizdy:fgizdv:<g,iz>. (5.193)
S S

When we now let b — oo, the left hand side of (5.192) converges to

E, [e_“”]:Lpidyzﬁgpgdv:<g,pj>. (5.194)

We have thus shown <g, pg> < <g, E> for all g € B*(S) with fs gdv = 1 and hence p% < h
v-a.e. which concludes the proof. m]

0-capacities

In the last section we have made use of the fact that &, turns O into a Hilbert space which
ensured the existence of a unique minimizer for the variational problem that defines the
a-capacity (5.162).

For the remainder of this section we assume that (&, D) is a regular Dirichlet form.

Now suppose (&, D) is a transient Dirichlet form on L*(S,v) and recall that the extended
Dirichlet space as defined in Definition 5.33 D, then becomes a Hilbert space when equipped
with the inner product & by Theorem 5.38. Analogously to the definition of the a-capacity
in the previous section we can therefore introduce the notion of (0-)capacities for transient
Dirichlet forms. To that end we write

LY :={feD.|f=1vae onA}. (5.195)
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Definition 5.55 (0-Capacity). Let (&, D) be a transient Dirichlet form. For open A € 7~ we
define the (0-)capacity” as

Cap(4) := inf {E(f. /) | f € L1} (5.196)
if 74 # @ and Cap(A) := co otherwise. For arbitrary B C S we define
Cap(B) := inf { Cap(A) | AeT,BCA} (5.197)

and denote by € :={A C S | Cap(A) < oo } the subsets of S with finite (0-)capacity. o

By the same arguments laid out in the proof of Proposition 5.44, we can argue that the capacity
defined in Definition 5.55 is a Choquet capacity. Furthermore, it is easy to check that the
analogue of Lemma 5.53 remains true for the O-capacity. In particular, there exists a unique
minimizer hy € L? to the variational problem in (5.196) such that

Cap(A) = E(ha, ha). (5.198)

Lemma 5.56. Ler f € D, N C(S) be a continuous representative of an element of De. Then,
Cap({x €S |1/ > 4)) < A&, /), (5.199)

forall A > 0.

Proof. See the proof of Lemma 5.56. O

Recall that a set A C S has zero a-capacity for some @ > 0 then Cap,(A) = 0 for all @ > 0.

Also note that sets of zero capacity give us a finer notion than sets of measure zero since v(A)
implies Cap,(A) = 0 but not the other way around. In Proposition 5.61 we will see that every
set with zero a-capacity also has O-capacity zero and vice versa. We could hence equivalently
reformulate the following definition in terms of the a-capacity.

Definition 5.57 (Quasi continuous functions). We call an extended real valued function
f:§ = RU{—c0, 0} quasi continuous if for each & > 0 there exists an open set A € 7 such

that Cap(A) < & and the restriction f lca of f to the closed set S \ A is finite and continuous.

If flg4 1s even finite and continuous on the complement of A with respect to the one-point
compactification Sy \ A, we say that f is quasi continuous in the restricted sense. o

3We will use the notation Cap without index for the 0-capacity. Note that both our reference texts [CF11; FOT11]
use the notation without index to denote the 1-capacity.
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Proposition 5.58 ([FOT11, Theorem 2.1.3]). Let (&, D) be a regular Dirichlet form, then each
f € D, admits a quasi continuous modification in the restricted sense which we will denote by

I

Proof. By definition of the extended Dirichlet space D, we have that D is a dense subset of
De. On the other hand, by definition of regularity, Definition 5.9, for each f € D, there exists
a sequence (f,),ey € De N Co(S) such that E1(fy, — f, fu — f) = 0as n — oo. Then, (fi),en
is a Cauchy sequence and we can assume without loss of generality that

E1(for1 = fur fr1 — f) <270 (5.200)

Furthermore, f;,+1 — f, is continuous. If we set
Ap={x€S |Ifi1 = fl > 27"}, (5.201)

we can apply Lemma 5.56 to obtain

Cap(A,) <27 (5.202)
Observe that A,, C A,4+1 and set
B, = ﬂ CAs. (5.203)
k=n

Then, B, is closed, B,, C B, for all n € N and Cap($S \ B,) » Oasn — 00.* Now fix N € N,
then we have for all k,/ > m > N and all x € By that

Al = A< D 10— fiwl < Y 27 =27, (5.204)
i=N+1 i=N+1
Consequently, for each k € N, the sequence of functions given by f,|p,u9 (Where we set
fu(#) = 0) converges uniformly as n — oo and we can define

f = lim f,(0, xe| B, (5.205)

n=1

Then, by uniform convergence, f is the desired quasi continuous representative of f since
f € Coo(By) foreachn e Nand f = f v-a.e. O

Recall that we say that a property holds quasi everywhere (qg.e.) if it holds outside a set of
capacity zero. For now, we will use the term with respect to the O-capacity. This ambiguity
will we resolved once we prove Proposition 5.61.

Note that the elements of 9, are equivalence classes of v-a.e. identical functions and while
f = fvae. forall f € D, f itself describes an equivalence class of q.e. identical functions.

“Recall that this means that (B,),y is a &-nest from Definition 5.49.
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We make the following observations about quasi continuous functions.

Lemma 5.59 ([FOT11, Lemma 2.1.6 & Theorem 2.1.4]). Let (E, D) be a transient regular
Dirichlet form on L*(S, v).

(i) Foreach f € D. and A1 > 0,

Cap({xes ||f)] > 1}) < 172&(f. ). (5.206)

(ii) Suppose (fu),en C De is a E-Cauchy sequence. Then there exists a f € D such that
lim, e f, = f g.e. and f, — f with respect to & as n — .

Proof. We start with the first claim (i). Fix f € D,. Similarly to the proof of Proposition 5.58
there exists a sequence (f,),en € Co(S) N De such that lim,,» f, = f with respect to &, by
regularity. By assumption, f = f q.e. Therefore, for each & > 0 there exists an open set A € 7~
such that Cap(A) < g and f,, — f uniformly on § \ A as n — oo. Now let A > 0, then we find
for each 6 > 0 with 6 < A a ny € N such that

{xes||fw|>a}clxeS|IfuxI>1-6}1UA (5.207)
for all n > ny. Consequently, by Lemma 5.56,
Cap({xe s ||f|>}) < & f)A-06)7 +e&. (5.208)

The claim then follows when we let n — o0, 6 — 0 and then € — 0.

For the second assertion (ii) let (), € De be a E-Cauchy sequence. By assumption and
Theorem 5.38, (D, &) is a real Hilbert space and therefore complete. Consequently, there
exists a f € D, with lim, e E(f, — f, fu — f) = 0 and it remains to show that lim, . f;, = f
g.e.

Similarly as in the proof of Proposition 5.58 we set
An={xeS||far =R >27"}. (5.209)
By passing over to a subsequence, if necessary, we can assume by (i) that
Cap(A,) <27". (5.210)

By quasi continuity of f, we can choose for every n € N a family (E,((”))keN of closed subsets
of § with E{” ¢ E", and

'+
1
(m)
Cap(S\E[") < o (5.211)
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such that f, is continuous on E]((") for all kK € N. We can therefore set Ey := (e E,(C") to obtain
a family of sets with Ey C Ey.| and

Cap(S \ Ex) < 1/k (5.212)

such that f~n is continuous on Ej, for each k, n € N. For £ > 0 we can therefore find open sets
B1, By € 7 with Cap(By), Cap(B;) < ¢/2 and a ng € N such that A,, C B; and fn is continuous
on S \ B, for all n > ng. Then, f, converges uniformly to f on B := B; U B, and we can
conclude the proof by letting £ — 0.

For arbitrary A C S consider the following family of functions
FA={feD.|f21qeonAl. (5.213)
Theorem 5.60. Let (&, D) be a transient regular Dirichlet form on L*(S,v). Further let
O + A C S be an arbitrary subset. Then the following hold.
(i) The O-capacity of A is given by the following variational problem
Cap(A) = inf { E(f. ) | f € F* (5.214)

(ii) Suppose F4 is non empty. Then there exists a unique minimizer hy € F4 to the
variational problem (5.214) and

Cap(A) = E(ha, ha). (5.215)
(iii) The minimizer hy from (ii) satisfies 0 < hy < 1 v-a.e. and hg =1 g.e. on A.

We call the minimizer 4 of the variational problem in (5.214) the 0-order equilibrium potential
of A or simply the equilibrium potential of A.

Proof. We start with assertion (ii). Suppose ¥4 # @. Then, clearly, the set 7 is convex and
by Lemma 5.59 (ii) it is closed. Therefore, there exists a unique element s4 € ¥ such that

E(ha, ha) < &S f) (5.216)

for all f € F4. By definition of capacity, there exists for each & > 0 a B € 7 open such that
A C Band
Cap(A) > Cap(B) — ¢. (5.217)

Then Lf c F4 since f > 1 v-a.e. on B implies f > 1q.e. on B (cf. [FOT11, Lemma 2.1.4]).
Consequently,
Cap(B) > &E(ha, ha) (5.218)
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and hence Cap(A) > &(hga, ha) since € > 0 was arbitrary. For the reversed inequality fix
a quasi continuous modification /4 of 4. For each £ > 0 we can choose an open set Bj
such that Cap(B;) < € and R4 is continuous on S \ By and iy > 1 for all x € A \ B,. For
convenience we write /. for the minimizer of the variational problem for the capacity of By,
i.e. Cap(B;) = E(hg, h). Observe that the set

E;.:={xeS\Bs|ha(x)>1-£}UB, (5.219)
is open and A C E,. On the other hand, h4 + h, > 1 — g v-a.e. on E,.. Hence,

Cap(A) < Cap(E,) < (1 — &) ' E(hg + he, ha + hy)

2
< (1-8) 72 (8ha, h)? + E(he, he)'?) (5.220)
2
< (1-8) 72 (8(ha, h)'* + 6'2),
where we have used the triangle inequality for & from Lemma 5.3 in the second line. Letting

£ — 0, we obtain
Cap(A) < E(ha, ha), (5.221)

therefore verifying (5.215). Furthermore, we obtain (i) as a direct consequence. Assertion (iii)
follows from the observation that for each f € ¥4 wehave g:= (0OV f)Al e FAand g =1
g.e. on A.

We are now in a position to show the equivalence of the quasi notions with respect to the
a-capacity and with respect to the O-capacity.

Proposition 5.61 ([FOT11, Theorem 2.1.6]). Let (&, D) be a transient regular Dirichlet form
on L*(S,v). Forall A C S we have Cap(A) = 0 if and only if Cap,(A) = 0. Furthermore, a
function f is quasi continuous with respect to the 0-capacity if and only if f is quasi continuous
with respect to the 1-capacity.

Recall from Definition 5.49 thata set A C S is said to be &-polar, if Cap;(A) = 0.

Proof of Proposition 5.61. Recall from Theorem 5.38 that if (&, D) is transient there exists a
function ¢ € L'(S, v) with ¢ > 0 v-a.e. called the reference function such that

[vwav<eg.n® (5:222)
s
for all f € D.. Consequently, Cap(A) = 0 implies v(A) = 0. On the other hand it is clear from

the definition that
Cap(A) < Cap(A) (5.223)
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forall A c §. Now suppose (A,),cn C 7 is a decreasing sequence of relatively compact open
subsets of S. We first show that lim,,_,., Cap(A,) = 0 if and only if lim, . Cap,;(4,) = 0. By
(5.223) we only need to show the implication

lim Cap(4,) =0 = lim Cap;(4,) =0. (5.224)

Using (5.222), we obtain that
ha, = 0 v-ae (5.225)

as n — oo, where hy, denotes the minimizer for the variational problem for Cap(4,), as
usual. By assumption the closure A is compact and & is regular. Consequently there exists a
continuous function 2 € D N Cy(S) such that ~(x) > 1 for all x € A;. Define

hy = ha, N h, (5.226)
then h, € L*(S,v) N D, = D. Hence,

sup E1(hy, hy) < sup E(hy, hy) + <h, by < sup E(h, h) + E(ha,, ha,) + <h, h)

neN neN neN (5227)
< sup Cap(A,) + E1(h, h) < Cap(Ay) + E1(h, h) < oo.
neN

We can now apply the Banach-Saks Theorem (cf. [CF11, Theorem A.4.1]) to argue that there
exists a subsequence (/1 ).,y such that the Cesaro means

| =

k
o = Z h, (5.228)
j=1

converge with respect to &;. By (5.225) we can conclude that 4, — 0 v-a.e. as n — oo and
consequently g — 0 v-a.e. as k — oo. Observe that g; € LA as (Ap)uen Was taken to be
decreasing. We arrive therefore at

Cap,(Ax) < E1(8k-8x) — 0, (5.229)

as n — oo, showing (5.224).

Now let A C S be arbitrary. From (5.223) we immediately obtain Cap(A) = 0 if Cap,(A) = 0.
Now observe that by o-compactness there exists a decreasing sequence of relatively compact
open sets (A,),en € 7 such that A C (), and Cap,(A,) — 0 .Then the reverse implication
follows from the statement above.

Now let f: § — R be quasi continuous with respect to the 1-capacity. Then, for every £ > 0
there exists an open set A such that Cap,(A) < & and f], is continuous. Then (5.223) implies
Cap(A) < &, too. Now suppose f is quasi continuous with respect to the O-capacity. Then, by
o-compactness, there exists a increasing sequence (K},),cp of compact subsets of S such that

S = Unen Kn- For every n € N we can therefore find a decreasing sequence (A;(”)) n C T

ke
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such that f1, \A® is continuous and Cap(Ai")) — 0 as k — oo. Then we can find for every
e€>0andn € N ak € N such that

Cap;(A") < £27". (5.230)
Then, f is continuous on the complement of A := |,y A, and Cap(A) < & and f is quasi

continuous with respect to the 1-capacity, as claimed. O

Next we want to characterize the minimizer /14 in a similar manner as in Theorem 5.51. We
first need the following definition.

Definition 5.62. An element f € L™(S,v) is called excessive (with respect to (T;)»0) if f = 0
v-a.e. and for all r > 0,

T.f < f v-ae. (5.231)

&

Again, we can characterize excessive functions via the Dirichlet form.

Lemma 5.63. An element [ € D, is excessive if and only if
&(f,g) =0 (5.232)

for every g € D, with g > 0 v-a.e.

Proof. The claim follows from Lemma 5.46 by letting @ — 0. O

Theorem 5.64. Let (&, D) be a transient regular Dirichlet form on L*(S,v)and @ + A C §
a non-empty subset of S. Denote by hy € F4 the equilibrium potential of A. Then hy is the
unique element of D, such that hy = 1 q.e. on A and

for all f € D with f >0 g.e. on A.

Proof. Take f € D, with f > 0 q.e. on A. Then, for each & > 0, f + hy € ¥4 and
E(ha,hy) < E(Ef + ha,ef + hy). (5.234)

Rearranging yields
&
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from which we can conclude that E(h4, f) > 0. Now suppose that g € ¥4 is another element
of F4 with g = 1 q.e. on A and E(f, g) > 0 for all f € D, with f > 0 q.e. Suppose h € F4,
then }T?fg > 0 g.e. on A and we obtain

Eh,h) =&E(g+(h-g),g+(h-g)

(5.236)
=8(g,8) +28(g,h—g) +Eh—-g,h—g) > &g g).

If we take h = hy, we can conclude that g = hy from Theorem 5.60 (ii), which completes the
proof.

Corollary 5.65. In the situation of Theorem 5.64, ha is also the unique element of D, such
that hy = 1 q.e. on A and
E(ha, f) =0 (5.237)

forall f € D, with f =0 g.e. on A.

Proof. Suppose f € D, with f = 0 q.e. on A, then —f has the same property and both
f.—f > 0q.e. on A. By Theorem 5.64 we obtain

E(ha, f) =20 and &E(ha,—f) = -E(ha, f) =2 0. (5.238)

Consequently, E(hy, f) = 0. For the converse implication suppose g € D, is another element
with g = 1 q.e. on A satisfying (5.237) for all f € D, with f = 0 q.e. on A. Then, hy — g € D,
and hg\—'/g = 0q.e. on A. Therefore,

0 = &(ha,ha — 8) + E(8, ha — g) = E(ha, ha) — E(8,8) (5.239)

which implies &(g, g) = Cap(A) and therefore g = /i4 by uniqueness, Theorem 5.60 (ii). O

Remark 5.66. For open sets A € 7 N € with finite capacity, we have the analogue of
Theorem 5.51 also for the O-capacity where we replace £4 by £2 and drop the a. The proof
is verbatim. o

We conclude this section by relating the analytic results developed above to probabilistic
properties of a Feller process X which is associated with a transient regular Dirichlet form.
The result is an analogue of Proposition 5.54.

Proposition 5.67. Let X be a v-symmetric Feller associated with a transient regular Dirichlet
form (&, D) on L*(S,v). For every Borel set A € B N € with finite capacity, the function
X > pa(x) given by

pa(x) 1= Py(t4 < ) (5.240)

is a quasi continuous version of the equilibrium potential hy of A.
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5.5

5.5.1

Proof. See [CF11, Corollary 3.4.3]. O

Remark 5.68. From the start, the theory of Dirichlet forms is a theory of equivalence classes
of L? functions. As such one would expect that we can only arrive at statements that are true
outside a set of measure zero. The potential theory we have condensed on the last pages,
however, enables us to make finer grained statements, in the sense that they are true outside a
set of zero capacity.” In order to obtain results that hold for every starting point of the process
X we must therefore assume that every point x € S has positive capacity. This assumption
leads to the resistance forms discussed under Section 5.6 o

Resistances

In this section we introduce the notion of resistance between two sets of positive capacity.

The resistance R(A, B) will be defined as the inverse of the O-capacity of the set B ¢ S with
respect to the Dirichlet form of the process X* which is the process X but killed upon hitting
the set A C S. Recall from (4.142) in Section 4.3.1 that X4 is given by

A Xl’ < TA
XA = (5.241)
D, t>Ta.

As usual assume that (S, U, v) is a locally compact uniform measure space and denote by
(89, Uy) its one-point compactification. Furthermore, let X denote a v-symmetric Feller
process with values in S. We will assume throughout this section that X is associated with a
regular Dirichlet form (&, D) on L*(S,v).

The Dirichlet form of the killed process

Let A c B be a nonempty Borel measurable subset of S. in the following we will denote the
complement of A in § by D, i.e.
D :=S\A. (5.242)

We can identify the space L2(D, v) with the subspace

LA(D,v) = {f e L*(S,v) | f=0v-ae onA } c LX(S,v). (5.243)

Let X be a v-symmetric Feller process with values in Sy. Recall from Theorem 4.65 that the
killed process X* is again a v|p symmetric Feller process with values in Dy, where D = S \ A.

Ssee also the remarks in Section 7.3

5.5 Resistances

187



188

Moreover, recall from (4.139) that for nearly Borel measurable A € 8" and a > 0 the a-hitting
distribution H{ is given by
H{f(x) =B, [f(Xr,e”"™] (5.244)

for f e BN L*(S,v), that is for a Borel measurable representative f of an element of L*(S,v).
Let
Fa={feD|f=0qeonAl, (5.245)

where f denotes the quasi-continuous version of f. Then % is a closed linear subset of the
Hilbert space (D, &,) for every @ > 0. We denote its orthogonal complement (with respect to
Ea) by HY, ie.

HY ={geD|E(f.e)=0,VfeFa}. (5.246)

Finally, denote by 7 : D — HY the projection onto H(.

Lemma 5.69. Let @ > 0 and f € D be a-excessive with respect to the process X. For every
nearly Borel measurable set A C B",

% f = HYf. (5.247)

Furthermore, for every f € D, H}| fl < co g.e. and HY f is a quasi continuous version of i f.
Proof. See [CF11, Lemma 3.2.1 & Theorem 3.2.2]. O

Recall from (4.148) that the resolvent of the killed process X4 is given by

R, f(x) = Ex [ fo K e " f(X;) dt} (5.248)

for f € BZ(D). Naturally, (5.248) can be extended to B;; (8). From (4.150) recall the Dynkin
formula,
RO f(X) = Raf(x) = HyRo f(x) (5.249)

holds for all f € B,(S), x € S and @ > 0. This equation can also be extended to hold for
feBE)N L*(S,v) and g.e. x € §. Clearly, Réf(x) = 0 for all x € A since every point of A is
regular for A if A is closed. It can be shown (for a rigorous argument see [CF11, p. 105]) that
Ré feFuforall feB(S)NL*S,v)and @ > 0. From Lemma 5.69 we can then deduce that
(5.249) represents the orthogonal decomposition of f into the sum of elements of 4 and HY
with respect to the scalar product &, on D. Furthermore, R f is quasi continuous and

& (Rf.)= [ fngeovian (5.250)

for every g € F4. In the same way, it holds that

f FOORA(x) v(dx) = f R £(x)g(x) v(dx) (5.251)
D D
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forall f,g € F4and a > 0.

We can now identify the Dirichlet form associated with the killed process X*.

Theorem 5.70. Let (&, D) be a regular Dirichlet form on L*(S,v) and A C S closed with
Y(A) > 0. Then the bilinear form (EP, DP), where

D’ =Fy={feD|f=0qeonAl (5.252)

and EP(f, f) = E(f, f) for all f € DP is a regular Dirichlet form on L*(D,v). Furthermore,
(EP, DP) is associated with the v-symmetric Feller process X*.

Proof. We begin with the second claim. Recall from Theorem 4.65 that the killed process
X4 is again a v-symmetric Feller process with resolvent (Rﬁ)a> 0 given by (5.248) Using

Lemma 5.30, we can extend (Rg‘)(»o to a family of operators (GQ)M on L*(D, v) which gives
rise to a Dirichlet form (82, DP) on L*(D, v) by (5.51). It follows from the discussion above
that for each « > 0,

Fa={Gaf|feLXD.v))} (5.253)

and (5.250) implies that (P, DP) is in fact the Dirichlet form associated with the killed
process by virtue of (5.46).

The regularity of (&, DP) is due to [CF11, Theorem 3.3.9 (ii)]. O

Corollary 5.71. Let X be a v-symmetric Feller process with values in Sy and A € B closed
with Cap;(A) > 0. Then the Dirichlet form (EP, DP) is transient.

Proof. By Theorem 5.70, (EP, DP) is associated with the killed process X4. With Proposi-
tion 5.50 we can conclude analogously to Lemma 4.69, that X4 is transient and the claim
follows from Proposition 5.41. O

By virtue of Theorem 5.70 and Corollary 5.71 we can transfer the potential theoretic notions
developed in Section 5.4 to the Dirichlet form (&4, D). Most notably, we can define the
a-capacity Cap? with respect to (&4, D) and, in the case where Cap,(A) > 0, the O-capacity
Cap” in the same way as before. By Definition 5.33 the extended Dirichlet space with respect
to (&4, D) is given by

D = { f e LD, v) | A(f),ean € D Cauchy s.t. lim f, = f in L¥(D,v) } (5.254)

Note that, analogously to (5.243), we can identify L*(D, v) with the subspace

L°(D,v) = { f € L™(S,») | f = 0v-ae.onA} C LV(S, ). (5.255)
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Consequently, we can identify D4 with

DY = D, N LD, ). (5.256)
Recall from Theorem 5.38, that D becomes a real Hilbert space equipped with the inner
product &4 if (&4, D?) is transient.

We conclude this section with some potential theoretic properties of the killed process.

Proposition 5.72. Let X be a v-symmetric Feller process with values in Sy and associated
Dirichlet form (&, D). Moreover let A C S be closed and denote by (&%, D) the Dirichlet
form of the killed process XA.

(i) If an increasing sequence (Bp),exy C B(S) of closed subsets of S is a E-nest, then
(Bx N D) is a E*-nest.

(ii) For all B c D, Cap’(B) > Cap,(B).
(iii) Suppose that (&, D) is transient, then CapA(B) > Cap(B) for all B c D.

(iv) If f € Fa, then f is quasi continuous with respect to & if and only if f is the restriction
to D of a quasi continuous function (with respect to &) on S.

Proof. See [CF11, Theorem 3.3.8] O

Effective resistance

We now introduce the effective resistance as a further potential theoretic notion. The effective
resistance has long been recognized as an important tool in the analysis of Markov processes
on graphs (see our example in Section 4.5.1). PETER G. DoyLE and J. LAURIE SNELL in [DS84]
trace some of the ideas regarding the electrical network interpretation of graphs back the first
half of the last century, in particular to [Kak45] by Sarzuo Kakutant. The first application
of the effective resistance seems to be found in the work [Nas59] by CrispiN NAsSH-WILLIAMS.
Despite its potential theoretic nature, the effective resistance is usually not treated in potential
analytic texts on Markov processes e.g. [FOT11; CF11; BG68; RY99].

As usual, let (S, U, v) denote a uniform measure space and X a v-symmetric Feller process.
We denote the Dirichlet form associated to X by (&, D) and assume that it is regular.

Recall the definitions of ¥4 and 7 from (5.213) and (5.245), respectively. For A € B closed
with Cap,;(A) >0and BC D =S \ A set

Fi={feD!|f=1qe onBl, (5.257)

where Z)’e“ denotes the extended Dirichlet space (see Definition 5.33 and (5.254)) associated
with the transient Dirichlet form (&4, D?) (see Corollary 5.71).
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Definition 5.73. Let (&, D) be a regular Dirichlet form on L*(S, v). For two closed subsets
A, B c § with Cap,(A), Cap,(B) > O the (effective) resistance between A and B is defined as

R(A.B) :=sup|{ &(f.)7" | feFLY. (5.258)

where we set sup @ = 0, as usual. o
We make note of the following properties of the effective resistance.

Proposition 5.74. Let (&, D) be a regular Dirichlet form on L*(S,v). Suppose A,B C S
are closed and have have positive capacity. Then the effective resistance has the following
properties.

(i) R(A, B) > 0.
(ii) If Cap*(B) > O then,
R(A, B) = Cap(B)~! (5.259)
and R(A, B) = o else.

(iii) B C E C S implies that R(A,E) < R(A,B)and A C F C S implies R(F, B) < R(A, B).
(iv) R(A,B) < .

(v) R(A, B) > 0 if and only if Cap,(A N B) = 0 and Cap,(B) < co.

Proof. The first and the second assertion, (i) and (ii), follow directly from the definition.

We show (iii). Without loss of generality assume R(A, E) > 0. For B C E we have 7 f C Tf
and consequently R(A, E) < R(A, B). The second part follows analogously.

For (iv) suppose that R(A, B) > 0. Then set ¥, f is non empty and therefore the 0-capacity
Cap™(B) of B with respect to (E*, D*) is well defined. Now, Cap, (B) > 0 implies Cap/(B) > 0,
by (ii), and consequently Cap”(B) > 0 by Proposition 5.61. The claim then follows from (ii).

To verify (v) note that Cap;(A N B) > 0 immediately implies that ¥ f = () and therefore
R(A, B) = 0. On the other hand, if Cap,(B) = co that implies that £E = @ for all C € 7 open
with B ¢ C. Since F4 = D* C D this implies that there exists no f € ¥4 with f > 1 v-a.e. on
B and therefore Tf = (3.° Now suppose Cap,(A N B) = 0 and Cap,(B) < co. First observe
that

R(A,B) =R(A,B\ N), (5.260)

where N C S with Cap,(N) = 0. This is just a simple consequence of the definition of quasi
continuity and quasi everywhere. We can therefore assume that A N B = @ or, equivalently,
that B is a proper subset of D = § \ A. This, together with Cap,(B) < oo, implies that 7:AB e X0)
and therefore R(A, B) > 0. O

®This argument can be made more direct by applying, for example, [FOT11, Theorem 2.1.5].
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Remark 5.75. Note that the definition of the effective resistance can easily be extended to
include arbitrary sets B C S \ A since the O-capacity is defined for such sets by Definition 5.55.
Since we want the resistance to be symmetric (see Theorem 5.76) the question arises whether
we can also extend the definition to allow arbitrary sets A C S in the first argument. Some
preliminary results in that direction are collected in Section 7.3.1. o

Theorem 5.76. Let (8, D) be a regular Dirichlet form. Suppose A,B C S are closed and
R(A, B) > 0. Then the following hold.

(i) There exists a unique maximizer gﬁ € Tf to the variational problem (5.258) and

R(A, B) = &' (g5. g%). (5.261)

(ii) The maximizer gf from (i) satisfies 0 < gﬁ <1v-ae and gﬁ =1gq.e. on B (and gﬁ =0
g.e. on A, by definition).

(iii) gﬁ is the unique element of Tf with the property
&8 NH=0 (5.262)
forall f € D, with f =0 g.e. on AU B.

(iv) Suppose that (&, D) is recurrent and Cap,(A) < oo, then the effective resistance is
symmetric,
R(A, B) = R(B, A). (5.263)

Proof. We begin in the beginning and start with (i). By assumption R(A, B) > 0 and therefore
FE2 # @. The space F£ is a closed and convex subset of the real Hilbert space (D%, &%).
Therefore, there exists a unique minimizer of (5.258) and (5.261) follows from the fact that

EAS. ) = &(f. f) forall f € DL

The second claim (ii) follows immediately from the fact that gﬁ is the minimizer for the
0-capacity with respect to the Dirichlet form (&4, D) and Theorem 5.60 (ii).

Similarly, Corollary 5.65 states that gﬁ is the unique element of Tf with the property
egh.N=0 (5.264)

for all f € D4 with f = 0 q.e. on B. By definition of D4 those f € D2 are exactly the f € D,
with f = 0 gq.e. on A U B. In the same way, gf can be considered an element of D, and
E(gB, f) = &(g8, f), again by definition, which implies (iii).

For the last assertion (iv) recall that by Corollary 5.40 recurrence of implies 1 € D, and
&, f)=0forall feD.Let
gi=1-g5% (5.265)
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Then, g € D, with g =1 q.e. on A and g = 0 q.e. on B. Moreover,

Eg.NH=E0-g8 H=801,H-8&@gh =0 (5.266)

for all f € D, with f = 0 q.e. on A U B. Consequently, by (iii),

g=2gh (5.267)
and therefore

R(B,A)"" = E(gh, g = E(1 — g8 1 gB)

~ (5.268)
=&(1,1) - 28(1,85) + &(g4. 8) = &(g5. 8% = R(A, B) ™,

completing the proof O

In the case where (&, D) is transient, we generally do not have symmetry of the effective
resistance. We can, however, say the following. Suppose (&, D) is transient and A, B C § are
closed and 0 < Cap,(A) Cap(B) < co. Leth := gﬁ + gg where gﬁ and gg are the maximizers
from Theorem 5.76. Then, h € D, and & = 1 q.e. on A U B, by Theorem 5.76 (ii). Fix some
f € D, with f = 0 q.e. on A U B and observe that by Theorem 5.76 (iii),

E(h, f) = E(gh. )+ Egs. f) = 0. (5.269)

By Theorem 5.60, this implies that 4 = hyyp Where hyyp is the minimizer of the variational
problem for Cap(A U B).

In the same manner as in Proposition 5.54 and Proposition 5.67 we can describe the maximizer
of the variational problem for the resistance probabilistically.

Proposition 5.77. Let X be a v-symmetric Feller process with values in Sy associated
with a regular Dirichlet form (&, D) on L*(S,v). Suppose A,B C S are closed and 0 <
Cap,(A) Cap,(B) < oo and define the function pg: S —[0,1] as

PA(x) = Pyt < T4, Taup < ). (5.270)

Then pf is a quasi continuous version of gﬁ.

Proof. The claim follows directly from Proposition 5.67. If (&, D) is recurrent, we have
Tqup < oo almost surely and P’?(TB < o) = Py(tp < T4) is a quasi continuous version of
gﬁ . Here P denotes the probability with respect to the killed process X“. If, on the other
hand, (&, D) is transient we have that ]P’)?(TB < 0) =P(1p < T4, Taup < o), which is a quasi
continuous version of gg , again by Proposition 5.67. O
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Fig. 5.2.: The Sierpiniski Gasket with 5 iterations

Resistance forms

Resistance forms are closely related to Dirichlet forms. Informally speaking, resistance forms
are Dirichlet forms for which the effective resistance, as defined in the previous section,
between points is finite and therefore induce a metric on S. In particular, these are regular
recurrent Dirichlet forms for which singletons have positive capacity. One example of a process
associated with a resistance form is the random walk on a graph described in Section 4.5.1.

The concept of resistance forms is deeply rooted in the analysis of stochastic processes on
fractals like the Sierpinski Gasket or the Sierpifiski Carpet, named after WRACLAW SIERPINSKI
[Sie16]. In the late 80s MarTIN T. BARLow, RicHARD F. Bass and EpwiN Perkins described and
constructed the Brownian motion on the Sierpifiski Gasket in [BP88; BB89]. This research
was continued for example by SnHiGeo Kusuoka and Zuou YN in [KY92], Jun Kicamr in
[Kig95] and VoLkerR METz in [Met97]. The notion of resistance forms seems to first occur
in [Kig01] and has since gained a lot of attention. Notable works include [Kig03; Kig12],
[KumO4] by Takasur Kumacar, [KS05] by Kumagai and KarL-Taeopor SturM and [GT12] by
ALEXANDER GRIGOR’YAN and ANDRrAS TELcs. More recently, Davip Croypon obtained results for
the convergence of Feller processes associated with resistance forms in [Cro18] and further
details were developed by Croydon together with Kumagai and BEn HamBsry in [CHK17]. A
good introduction to the topic of resistance forms in the context of random walks on graphs
can be found in [Kum14]. Most of the results and their proofs presented here about resistance
forms can be found in [Kigl2]

Definition 5.78 (resistance forms). Let S be a non empty set. A quadratic form (&, ¥) on RS
is a called a resistance form if the following conditions are satisfied.
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(i) The domain F of & is a linear subspace of RS and contains the constant functions
f(x) = ¢ € R. Furthermore, &(f, f) = 0if and only if f: S — R is constant.

(i1) Define an equivalence relation ~ on ¥ by f ~ g if and only f — g = c is constant. Then,
the quotient space ¥/ ~ equipped with the inner product &€ is a real Hilbert space.

(iii) ¥ separates points in S, i.e. for x,y € § with x # y there exists a f € F such that

f) # f).

(iv) For all x,y € § it holds that

_ 2
R(x,y) := sup{% fer, 8(f,f)>0}<oo, (5.271)
where sup @ = 0, as usual.
V) If feFandg:= f" Al,theng e F and E(g, g) < &S, /). o

In the following we will indicate the underlying set S by saying that (&, ¥) is a resistance
formon §.

Note that in the definition of resistance forms we do not assume any a priori structure on the
set S. Instead, the resistance form itself induces a metric on S via (5.271).

Proposition 5.79. Let S # @ and (E,F) be a resistance form on S. Then the resistance
R:S —> S > RisametriconS.

Proof. By definition, R(x,y) is non negative and we immediately obtain R(x, x) = 0. Suppose
x # y. Then there exists a f € ¥ with f(x) # f(y) by Definition 5.78 (iii) and by (i), we
have &(f, f) > 0. Consequently, R(x,y) > 0. It remains to show that R satisfies the triangle
inequality. Let x,y,z € §, then

_ 2
R(x,z) = sup{ % fef., & N> 0}
) = FOP +1fO) = fQP (5.272)
SSUP{ ) fef, 8(f,f)>0}
< R(x,y) + R, 2),
therefore completing the proof. O
Fix x,y € S with x # y and choose f € ¥ with f(y) # f(x). Then
f = V=7 F (5.273)

C o) - f(x)
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with f(x) =0and f(y) = 1. Moreover,

F) = FO (O = FO)? |f () = f() = fO) + F ()]

LN (fO) = FONES — fx), f — f(x) (5.274)
fo) A oAl
= A = 8 5 .
&, N Uod)

We can therefore rewrite the variational principle for the resistance in (5.271) as follows

R(x,y) = (nf{Ef, )| f € F, EF ) >0, f)=0, fF)=1)". (5.275)

In the following we will tacitly assume that the space S is equipped with the resistance metric
R when making topological statements like the next.

Lemma 5.80. Let (8, F) be a resistance form on S. Then each f € F is uniformly continuous.

Proof. Let f € . By definition of the resistance metric we have for all x,y € S,

(f(0) = fO)) < R, DES, ), (5.276)

which yields the claim. O

Next, we want to extend the definition of the resistance to measure the resistance between a
point and a set. In the same spirit as before we set for A C S

Fa={feF|fla=0}. (5.277)

Definition 5.81. Let (&, ) be a resistance form on S and A C S non empty. For x € S we
define the resistance between x and A as

R(x,A) = sup { EF. )7 | f € Far f) 21}, (5.278)

where we set sup @ = 0, as usual. o

We will only focus on closed sets A € S in the following. The results can, however, be
extended to sufficiently regular sets (cf. [Kig12, Chapter 4]).

Theorem 5.82 (Green function). Let (&, ) be a resistance form on S and A C S non empty
and closed. Then (¥4, &) is a Hilbert space and there exists a unique map g4: S XS — R
with gy = ga(x, ) € Fa forall x € § and

&(gh f) = £ (5.279)

forall f € Fu. Furthermore, g4(x,x) > 0 for all x € S and ga(x, x) = 0 if and only if x € B.
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Proof. First we show that ¥4 equipped with & is indeed a Hilbert space. By definition the
only constant function in ¥, is the zero function and completeness follows from the fact that
(F, &) is complete and A is closed. Now let y € A and f € Fp. Then,

IFP = 1) = FOIF < R DE(S, ) (5.280)

for every x € §. Consequently, the evaluation map f — f(x) is a continuous linear functional
Fa — R. By Riesz’ representation theorem [Yos78, Theorem II.6], there exists a unique
g, € ¥ such that

&(gx f) = ) (5.281)

for all f € 4. Consequently, g4(x, x) = S(g;;, gj) > 0. If x € B, then ga(x, x) = 0 because
g € Fa. Conversely, suppose ga(x, x) = 0. Then, S(gjj‘, gjg) = 0 which means, g, = 0. Asa
consequence, we obtain for every f € ¥4,

fx)=8&(gh. f) =0. (5.282)

Therefore, x € A and the proof is finished. O

We call the map g4 the Green function or Green kernel associated with the resistance form

(&, 7). Equation (5.279) means that g4 is a reproducing kernel for the Hilbert space (F, ).

The space (7, E) is therefore called a reproducing kernel Hilbert space.

Proposition 5.83. Let (8, ) be a resistance form on S and A C S non empty and closed. For
X € § the unique maximizer of (5.278) is given by g, /ga(x, x). In particular,

R(x,A) = &(g4/ga(x, ), g4/8a(x, 0)) = galx, x) ™. (5.283)

Proof. The case x € A is trivial. Suppose x € S \ A. Clearly, the set { f € F4 | f(x) > 1}isa
closed convex subset of the Hilbert space (¥4, &) which implies the existence and uniqueness
of a maximizer / of the variational problem (5.278). Note that by Definition 5.78 (v) we can
assume without loss of generality that 0 < & < 1 and h(x) = 1. By virtue of Theorem 5.82 we
have that ga(x, x) > 0. Set yr; := g /ga(x, x), then

8 -vis)) _fm-1_

E(f-vpyy)= = = 5.284
U= ooy e (289
for all f € 4 with f(x) = 1. Consequently,
Ehh)y =&E(h—yi,h—y )+ Eh =L,y )+E\W.h
(hhy = E(h—uh,h—uy) + E(h—uh, uh) + E (v, ) 5285)

<&(yih) = gax 0 = 8(vh.v).
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Since h was assumed to be the maximizer of (5.278), we have &(h,h) = S(wf;, ‘ﬁﬁ) and
therefore 1 = ¢, . Finally,

(5.286)

thus completing the proof. O

For a subset A of S we write S4 := (S \ A) U {a} to describe the set where A is replaced with a
single point a. Moreover, we write

FAr={feF|fla=ceR} (5.287)

for the subspace of # consisting only of functions that are constant on A. It is straight forward
to verify the following fact.

Lemma 5.84. Let (&, F) be a resistance form on S and A C S non empty and closed. Then
(&, F4) is a resistance form on S 4.

Note that we have to make some restrictions on the set A for Lemma 5.84 to hold. If A is open,
for example, there might be no function f € 4 that separates a from some x € JA. Note
that our assumption that A is closed is sufficient but not necessary for Lemma 5.84 to hold (cf.
[Kig12, Chapter 4]).

If we think of the resistance form (&, ) representing some kind of electrical network, like in
Section 4.5.1, the resistance form (&, 74) represents a transformation of the original electrical
network where the whole set has been shortened or fused to a single point. The resistance
form (&, F4) is therefore sometimes referred to as the shortened or fused resistance form. We
denote the resistance associated with the fused resistance form (8, 74) by

E(fs 1)

Note that R4 (A, x) := Ra(a, x) = R(x, A).

Ra(x,y) = sup{ feFt &fH>0 } . (5.288)

Proposition 5.85. Let (&, ) be a resistance form on S and A C S non empty and closed.
Then,

R(A’ X) + R(A’ )7) - RA(X’ y)

> (5.289)

gA(x9 y) =

forall x,y € S.

Proof. See [Kigl2, Theorem 4.3]. O
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5.6.1 Resistance forms and Dirichlet forms

The close relationship between resistance forms and Dirichlet forms is salient. Condition (v)
of Definition 5.78 is analogous to the Markov property of Dirichlet forms. On the other hand,
(i) can be understood as a recurrence property in light of Theorem 5.39.

Similarly to the regularity of Dirichlet forms we define regularity of resistance forms as
follows.

Definition 5.86. Let (&, ) be a resistance form on S, where S # @. Denote by Cy(S) the
compactly supported functions f: § — R that are continuous with respect to the metric R on
S. We say that (&, 7) is regular if and only if ¥ N Cy(S) is dense in Cy(S') with respect to the
uniform norm || + ||co. &

Indeed, when we equip the metric space (S, R) associated with the resistance form (&, ) with
a Borel regular measure, the resistance form gives rise to a Dirichlet form. We will assume in
the following that v is a Borel regular measure on (S, R) with

0 < v(Bg(x,r)) < o0, (5.290)

for all x € § and r > 0, where Bg(x, r) denotes the ball with respect to the resistance metric
with radius 7 > 0 and center x € §S..

Proposition 5.87. Let (E, ) be a regular resistance form on S. Denote by D the closure of
F N Co(S) with respect to the inner product & on F N L*(S,v) given by

Ei(f.8) = &(f.8) +(f.8)- (5.291)

Then & can be uniquely extended to D and (&, D) is a regular Dirichlet form on L*(S, v).

Proof. The extension of & to D is, of course, given by
E(F. ) = lim E(fos i), (5.292)

where f € O and (f,),aq¢ € ¥ is such that E(f — f,, f — fu) = 0 as n — oo. Clearly, this
extension is unique and in particular &(f, f) does not depend on the choice of (f,),ciy € F -

By definition, (&, D) is a closed form on L2(S ,v). The Markov property, Definition 5.78 (v),
of (&, F) is preserved under the closure operation: Fix f € D and set g := f* A 1. Then there
exists a sequence (f),ey € F such that lim,,« f, = f with respect to &;. The sequence
(&n)yery € F with g, = f;7 A 1 is again a Cauchy sequence and converges to some g € D with
respect to &;. Clearly, g = f* A 1 and

E(g,) = lim &g, g0) < lim E(fy, £) = &, . (5.293)
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It remains to show that (&, D) is regular. We have ¥ C D and consequently, Co(S) N D is
dense in Cp(S') with respect to the uniform norm. On the other hand, Co(S) N D is dense in D
with respect to &1, by definition of D. Hence, (&, D) satisfies (D4) of Definition 5.9 and is
therefore regular. O

We will from now on assume that we are dealing with regular resistance forms. Then
Proposition 5.87 allows us to apply the potential theory developed in the previous sections for
the resistance form (&, 7). Note that we will not always make the dependence on the Dirichlet
form (&, D) associated with (&, F) explicit. Instead we will simply speak about the 1-order
capacity associated with the resistance form (&, 7)), for example.

If not explicitly stated otherwise, we will always assume that the resistance forms are defined
on S, where S # Q.

Lemma 5.88 (reproducing kernel Hilbert space). Let (E,5) be a regular resistance form.
Denote by (&, D) the regular Dirichlet form associated with (E,F ). Then there exists a
reproducing kernel for the Hilbert space (D, &Ey). That is, for each x € S there exists a unique
©x € D such that

E1(f, ) = f(), (5.294)
forall f € D.

Note that in (5.294) we evaluate f(x) for a continuous representative of f € 9. By construction,
such a continuous representative is unique and the expression makes sense.

Proof of Lemma 5.88. Fix x € S. It suffices to show that the evaluation map e,: D — R
given by e,f = f(x) is a bounded operator. Then the existence of ¢, follows from Riesz’
representation theorem (cf. [Yos78, Theorem I1.6]). To that end let f € O and assume that
f(x) # 0. Without loss of generality we can assume that f(x) = 1. Now let (f;,),e;y € F be a
sequence with f, — f with respect to &;. We can choose f;, such that f,(x) = 1. Suppose we
have

E1(fu> fu) = 1/n. (5.295)

By definition of the resistance metric we get

) - mm<v(9y JRG (5.296)

for every y € §. Consequently, f,(y) > 1/2 for all y € Bg(x, 1/4). Therefore,

M£=Lﬁwzﬁ(wﬂﬁwmzﬁ%%ﬂ@>a (5.297)

by (5.290). This is clearly a contradiction to (5.295) and we have shown that there exists a
constant ¢, > 0 such that

= f(x) = exf < cxVEI(S, f). (5.298)

Chapter 5 Dirichlet Forms and symmetric Feller Processes



Note that the bound in (5.297) does not depend on f which implies that for all f € D,

f(x) < ex JEI(f, 1) (5.299)

Uniqueness of ¢, is clear. Suppose g had the same property, then

Eilpx = 8. /) = f(x) = f(x) =0, (5.300)

for all f € D, which implies g = ¢y. O

One of the fundamental properties of resistance forms is that singleton have positive capacity.

This property makes it possible to associate a symmetric Feller process with a resistance form
that is unique in distribution for every initial condition.

Proposition 5.89. Let (&, ) be a regular resistance form. Each x € S has positive 1-order
capacity,
Cap,;({x}) > 0. (5.301)

Proof. Fix x € § and denote by ¢, the unique element of D with &;(¢y, f) = f(x) for all
f € D, asin Lemma 5.88. Note that ¢,(x) = E(¢py, ¢x) > 0 and therefore, ¢, /¢.(x) is well
defined. Fix any f € O with f(x) > 1 and set a := f(x). Write ! = ¢, /¢.(x), then

E1(f.f) =& (f —ahl. f — ah}) + & (f — ahy,ah}) + E(f.ah}). (5.302)

By the reproducing property of ¢,, we obtain

& (f - ahl,ahl) = ﬁ (£ = ahl) =0 (5.303)
and similarly,
a a2
& (f.ah}) = p—e f(x) = %(x)& (h}. @x) = &1 (ah}. ahy). (5.304)

Combining those with (5.302) and using the fact that a > 1, we arrive at

E1(f.) =& (f - ahy. f — ah}) + & (ah), ah}) < & (h}. hy). (5.305)
Consequently, h}c minimizes &E(f, f) overtheset{ f € D| f(x) > 1}.
Now let U € U be an open entourage. By definition of the 1-Capacity, we have

Cap,(U[x]) = inf { &1(f. ) | f € D, E(f. ) >0, flypx 2 1)
>inf{&(f, NI feD, &, /)>0, f(x)=1} (5.306)
=& (. h}) = ex(0)7".

5.6 Resistance forms

201



5.6.2

202

Taking the limit inferior over a sequence U,, € U of open entourages with ,»; U, = A, we
obtain Cap, ({x}) = ¢,(x)~! > 0. O

We have not only shown that singletons have positive capacity, we also have identified the
minimizer for the 1-capacity of a point x € S to be ! and given an expression for the
1-capacity in terms of the reproducing kernel ¢,.

Lemma 5.90. The regular Dirichlet form (&, D) associated with a regular resistance form is
transient.

Proof. Since D is defined as the &;-closure of 7 N Cy(S ), we immediately obtain 1 € D,
from 1 € 7. The claim then follows by Theorem 5.39. O

Feller processes associated with resistance forms

Suppose (&, ) is a regular resistance form on S and (&, D) the regular Dirichlet form on
L?(S,v) associated with (&, ). It follows from the standard theory of Dirichlet forms, a
part of which that we have not presented in this chapter, that there exists a v-symmetric
Feller process X with values in Sy that is associated with (&, D). See for example [FOT11,
Theorem 7.2.1] or our remarks in Chapter 7. Moreover, as singletons have positive capacity
by Proposition 5.89, it follows from [CF11, Theorem 3.1.12] that X is unique in distribution
for every initial condition u € M;(S).

We can therefore give probabilistic interpretations of the Green function and the resistance.
We will restrict to the case where (S, R) is compact. Recall the definition of the Green operator
Ga: Bp(S) = By(S),

Gaf(x) :=E; [fTA f(XS)ds], x€eS, feBS) (5.307)
0

from (4.178).

The next result shows that the Green function is, in fact, the integral kernel for the Green
operator.

Proposition 5.91. Let (8, F) be a regular resistance form on S and X the v-symmetric Feller
process associated with (E, D). Suppose that the metric space (S, R) is compact. Then,

Gaf() = fs A (x ) fO) Vdy), (5.308)

forevery f € By(S)and x € S.

Proof. See [Kigl2, Theorem 10.10] and [Crol8, Lemma 3.1]. O
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Note that by Proposition 5.77, we can identify

ga(x,y) = Pu(ty < 74)ga(y, ). (5.309)

Moreover, from Theorem 4.72, we know that the process X is uniquely determined by the
family of Green operators G, for x € S and U € U open. By Proposition 5.85, on the other
hand, the Green kernel g4(x, y) can be expressed in terms of the resistance metric. In some
sense the Green kernel g,(y, z) measures how much the triangle inequality for the triple (x, y, z)
deviates from the identity.

Although random walks on graphs are the prime example of processes associated with resis-
tance forms, the class of such examples is larger. We have already mentioned random walks
on fractals like the Sierpifiski gasket which can be constructed as limit of discrete, self similar
graphs. The question that naturally arises is whether the random walks on such a sequence
of graphs also converge to a limit. Further examples are continuous limits of discrete trees
like the continuum random tree constructed by Davip ALpous in a series of papers [Ald91a;
Ald91b; Ald93]. In [AEW13], Siva ATHREYA, MicHAEL EckHOFF and ANita WINTER constructed
the Brownian motion on so-called R-trees and in [ALW17] Athreya and Winter together with
WoLrGanG LOHR showed that the random walks on discrete trees converge to the Brownian
motion on the R-tree when the trees converge to an R-tree. The following result is due to
Davip CroypoN [Crol8].

Theorem 5.92. For each n € N U {co} let S™ < § be non empty and p™ € S™. Moreover,
let (8(”), F (”)) be a regular resistance form on S™ and v be a Borel regular measure on

(S ), R(")) with full support. Denote by X™ the v-symmetric Feller process associated with
(&M, M), Suppose (S m RMY js compact and

(S(n),R(n),p(n)’V(n)) N (S(oo),%oo)’p(oo)’v(oo)) (5.310)

with respect to the pointed Gromov-Hausdorff-weak topology. Then there exists a common
metric space (S, d) and for each n € N U {co}, (S™,R™) can be embedded isometrically in
(S, d) such that

Py (X" € ) = Py (X € ) (5.311)

weakly as processes with values in (S, d).
Proof. This is a simplified version of [Cro18, Theorem 1.2]. O

Note that despite many important examples of symmetric Feller processes are associated with
resistance forms, such examples are basically low dimensional in the sense that the processes
hit points almost surely. This fails to hold, for example, for Brownian motion already in
dimension d = 2 (see Example 5.11).

5.6 Resistance forms
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Brownian Motion on Riemannian manifolds

Another class of examples of symmetric Feller processes are the analogue of Brownian
motions on Riemannian manifolds. These processes are in some sense complementary to those
associated with resistance forms. We will keep this section almost painfully short because
we only want to highlight the connection between the Riemannian metric and the Brownian
motion itself. We rely for the details on Riemannian manifolds on the book [Jos11] by JURGEN
JosT. A (very) short construction of the Brownian motion on Riemannian manifolds can
be found in [CF11, Section 2.2.5] and [FOT11, Example 5.7.2]. More results on Brownian
motions on Riemannian manifolds under certain curvature conditions as well as a convergence
result can be found in the paper [Suz19a] by Koner Suzuki or [GL17] by MaRriaA GorbiNa and
THOMAS LAETSCH.

Riemannian Manifolds

We recall the basic concepts of Riemannian manifolds. For further details see [Jos11]. A
different and less analytical approach to Riemannian manifolds can be found in [BBIO1,
Chapter 5.1].

Definition 5.93 (Differentiable manifold). A connected and paracompact Hausdorff space M
is called a manifold of dimension d € N if every point p € M has a neighborhood U that is
homeomorphic to an open subset O of R¢. The homeomorphism

x:U—-0 (5.312)

is called a (coordinate) chart. A family of charts { {x,, U,} | @ €1} is called an atlas if
{ Uy | @ € 1}1is an open cover of M. A manifold M is called differentiable if all chart transitions

X0 X511 Xo(Uy N Up) — x5(Ug N Up) (5.313)

are infinitely often continuously differentiable, i.e. in C*, whenever U, N Ug # @. o

Let x = (x',...,x%) e R and O c R? open. The tangent space of O at the point z € O,
T.0 (5.314)

is the space {z} X E, where E is the d-dimensional vector space spanned by the partial
derivatives

9
Ox!

0

o 5 (5.315)
Z

Z
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at z. Suppose O ¢ R? and O’ c R are open and f: O — O’ is differentiable. For z € O we
define the derivative df(z): T:O — T ;O by

d d ¢ i
9 Afi 8
’ ;ax’ ” o "o (Z)af] ( )

i j=1

Definition 5.94 (Tangent space). Let M be a differentiable manifold and p € M. Define an
equivalence relation on the set

{ (x,v) | x: U — Oisachart withpe Uandv e Tx(p)O} (5.317)

by setting
x,v)~(,w) & w=d@yo x_l)v. (5.318)

We denote the quotient space by 7, M and say that T, M is the tangent space to M at p. ¢

The tangent bundle is the disjoint union of the tangent spaces 7,M, p € M and can itself be
again equipped with a differentiable structure.

Definition 5.95 (Riemannian manifold). A Riemannian metric on a differentiable manifold
M is given by a scalar product on each tangent space T\, M which depends smoothly on p. A
Riemannian manifold is a differentiable manifold equipped with a Riemannian metric. o

The Riemannian metric can be represented as a positive definite symmetric matrix. Let
x = (x',..., x%) be local coordinates, then a Riemannian metric can be written as

.....

g=(80) (5.319)

Then, for v,w € T,M we have

(v, W)y, 1= Z i (x(p)Viw’. (5.320)
i

The representation (g;;) is also called a metric tensor

The volume element V(dp) of (M, g) is given by

V(dp) = gdp = /det(g;j) dp, (5.321)

in local coordinates. Note that V(dp) constitutes a Radon measure on (M, B(M)).

The Riemannian metric also gives rise to a metric on M. Lety: [a,b] — M be a smooth curve,
1.e. y € C™. We write I for set of all such curves. The length of vy is defined as

b
L(y) = f

Lo ar (5.322)

5.7 Brownian Motion on Riemannian manifolds
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where || + || denotes the norm with respect to the Riemannian metric. For two points p,q € M
we define

d(p,q) :==mf{L(y) |y €T, y(a) = p, y(b) =q} (5.323)

and observe that (M, d, V(dx)) is a metric measure space.

Brownian motion
There are different ways to define the Brownian motion on a Riemannian manifold. One way
is through its Dirichlet form.

Let M be a Riemannian manifold with dimension d € N and metric tensor (g;;) in some local
coordinates x', ..., x?. We want to construct a Dirichlet form on L2(M, dV).

For a smooth function f: M — R we define the gradient of f as the vector field given by

af d

Vf:=grad f := Z ”M " (5.324)

where g'/ is the ij-th entry of the inverse (g ,) 4 of the metric tensor. For compactly

ij=1,..,
supported smooth functions f, g € C;’(M) we define a bilinear form & by

1
&(f,.9) = 5 fM (Vf.Vg), V(dp). (5.325)

We can further define the divergence of a vector field Z = Zd 7 6‘1, by

din:=%g%(\/_Zf - iai(‘fg”< 9 >) (5.326)

Moreover the Laplace-Beltrami operator is defined by

Af = —divgrad f = —— Z (‘/_gljaxt) (5.327)

For more details see the [Jos11, Chapter 3].

Then the quadratic form & can be written for f, g € C7 (M) as

1 1
&f. 8 = 3 (Af,8)y = ) (f, A8y > (5.328)

where (-, - )y denotes the scalar product on L*(M,dV). It can be shown that the quadratic
form (&,Cy) is closable and that the closed form (&, D) is indeed a regular Dirichlet form.
The dV-symmetric Feller process X with values in M and Dirichlet form (&, D) is then called
the Brownian motion on M. Compare this also to our Example 5.11.
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Remark 5.96 (Convergence of Brownian motions on Riemannian manifolds). In [Suz19a]
and [Suz19b], Koner Suzuki developed conditions under which the convergence of a sequence
of Riemannian manifolds implies the (pathwise) convergence of the Brownian motions living
on these manifolds. These conditions are basically Gromov-Hausdorff weak convergence of
the manifolds as metric measure spaces, similar to the last example, and a lower bound on
the so-called Ricci curvature to ensure that the limit is again a Riemannian manifold with a
Brownian motion. ¢

It is important to point out that points on Riemannian manifolds in general do not have positive
capacity. Therefore, the Brownian motion on manifolds is generally not uniquely determined
by its Dirichlet form for every starting point (see our remarks in Section 7.3). Instead, the
results in [Suz19a] require that the Brownian motion is started in a initial distribution that is
absolutely continuous with respect to the volume measure dV.

Remark 5.97. As noted in the beginning of this section, this result complements the result for
resistance forms in different ways. On the one hand, it covers examples where points have
capacity zero like the Brownian motion on R? in dimensions d > 2 or the Ornstein-Uhlenbeck
process (cf. [Suz19a, Remark 3.1]). On the other hand, the starting point here is a geometric
structure, the Riemannian structure on the manifold. We use this structure, in particular
the metric tensor, to construct the processes via their Dirichlet forms. Whereas in the case
of resistance forms, the starting point is a bilinear form, which then induces the geometric
structure on the state space and at the same time defines the processes. Another difference
is that the speed measure and the geometric of the Riemannian manifold are related to each
other through the Riemannian metric. In contrast to the resistance forms where the geometric
structure, given by the resistance metric, and the speed measure are separated. o

5.7 Brownian Motion on Riemannian manifolds
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6.1

Convergence of symmetric
Feller processes

Invention, it must be humbly admitted, does not

consist in creating out of void, but out of chaos.

— Mary Wollstonecraft Shelley
Frankenstein

In this chapter we formulate our main convergence result. We introduce four conditions
and show in three steps which role these conditions play for the convergence of a sequence
of symmetric doubly Feller processes. We first show that the sequence of semigroups has
subsequential limits which are again doubly Feller. Then we show that the processes along
such converging subsequence converge already weakly in the path space. Finally, we apply
Theorem 4.72 to conclude that all subsequential limits must coincide.

In Section 6.3 we will discuss each of the conditions individually.

Statement of the theorem

For the remainder of this chapter let (S, U) be a locally compact uniform Polish space. For
each n € N™ let v denote a boundedly finite measure on (S, 8) with support S ™. Assume
further that for each n € N* a v"-symmetric doubly Feller process is given by X. We
write

p™ .= pX* (6.1)

for the distribution of X™. Generally, we will indicate all entities related to X by a
superscript (7).

Recall from Definition 2.57 that the sequence (v(”))neN converges Hausdorff weakly if and only
if the measures v converge weakly and their supports converge in the Hausdorff topology.

Consider the following conditions.
(C1) v converges Hausdorff weakly to v,

(C2) The family { 0" | ne N} of maps given by

0" $™ x[0,00) > Mi(S), (1) QV() =B (X" e -)  (62)

209



6.2

210

is uniformly equicontinuous.

(C3) For every sequence (x,),eny € S with x,, € S ™ and limy_e X, = Xeo € S, the
sequence { IPSZ) neN } is tight as probability measures on Dg ([0, 00)).

(C4) The Green’s functionals GX” converge to GXX’) in the following sense. For all bounded
measurable functions f € B,(S) and all A € B(S) with 74 < oo, Pf;:’)—a.s.,

Tim G f(x,) = G5 f(xeo), (6.3)
for all sequences (x,),cn € S With x, € $™ and lim,, e X, = Xoo € 5.

We will exclusively consider the case where the space (S, U) is compact which implies that
the closed subsets S are compact for each n € N*. Moreover, we will assume that the
processes X are conservative for each n € N, We are confident that an extension to general
state spaces S is possible by approximation similar to [ALW17; Cro18]. Such an extension,
however, remains subject to further research.

Theorem 6.1. Assume that (S, U) is compact and that X is conservative for each n € N,
Under conditions (C1), (C2), (C3) and (C4) X" converges in distribution to X for all
sequences of initial distributions (,u(”))neN c M(S) with u™ € M(S™) and u™ = u'™ €
Mi(S ). In other words,

(1) ()
P =P (6.4)

weakly as probability measures on Dg([0, c0)) as n — co.

In order to proof Theorem 6.1 we will first show that under (C1) and (C2), the sequence
{ X | neN } has subsequential limits in the f.d.d. sense which are again doubly Feller. Next,
we will show that the sequence {X(”) | ne N} has subsequential limits in pathspace if we
additionally impose condition (C3). The final step is then to show that these subsequential
limits coincide. We follow roughly the path that was laid out by [ALW 17] and refined by
[Crol8].

Existence of subsequential limits

For each n € N* denote the Feller semigroups associated with X by P" = { P;") t>0 }
and observe that for each f € C(S) and x € S,
POf@= | fd0" (e, (6.5)

NE

where Q™ is given by (6.2).
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We begin by showing that the uniform continuity of the family { ow | nelN } (condition
(C2)) together with the Hausdorff convergence of the spaces S @™ (condition (C1)) implies that
every subsequential limit of the semigroups P = { Pgn)

t>0 } is again a conservative Feller
semigroup. Furthermore, we proof that such subsequential limits exist. The proof is based on
the proofs of [ALW 17, Proposition 5.2] and [Cro18, Lemma 5.4].

Theorem 6.2 (Convergence of semigroups). Let (S, U) be compact and assume that conditions
(C1) and (C2) hold. Then for every subsequence of (P("))neN there exists a further subsequence

(P(”k)) Lt and a conservative doubly Feller semigroup P = (P;);>0 with the property that for
every € > 0, f € C(S) there exists a U € U open and a § > 0 such that for every k € N large
enough,

[(Pof), P™ f() ‘ (0 €UNS™ xS, 5,1>0: |1~/ <6} CB, (6.6)

where B := {(a/,ﬁ) e R? | e —B| < 8}.

Proof. Recall the definition of the Prokhorov uniformity from Section 3.5.1 and denote
the Prokhorov uniformities on M;(S) and M;(S™) by Du and D(A”A),
assumption, (S, U) is a Polish space and by virtue of Proposition 3.33 so are (M;(S ), D) and

(/\/h S, szxz)’ n € N. Consequently, the Prokhorov uniformities are completely metrizable

respectively. By

by Proposition 2.20 and Lemma 2.39.

Fix T > 0 and write
O 8™ % [0,T] — Mi(S) (6.7)

for the restriction of Q™ to §™ x [0, o). Now take any subsequence (ny)iey. For ease of
notation we simply use the index & to indicate elements from this sequence. Clearly, the family
{ (Ilf) ‘ keN } is uniformly equicontinuous by assumption (C2). Furthermore, we have by
assumption (C1) and Lemma 2.55 that for each x € S, there exists a sequence (xy)ien With
xr € Si and limg_,o xx = x. We can therefore apply the Arzela-Ascoli theorem as formulated
in Lemma 2.47 to obtain a continuous map Qr: S x [0,T] — M;(S) with the property
that for all V € Dy, open there exists a U € U open and a § > 0 such that for all k € N large
enough,

{(2Px.5).0r(.0) | () eUNSPxS™ s 1e[0.T]:|s-1<s}cV. (68)

By letting T — co we obtain a continuous map Q: S x [0, c0) — M;(S) with the same
property (6.8) for all s, ¢ € [0, 0o) with |s—#| < ¢. Note that because the spaces S™. n e NU{co}
are all closed we can trivially extend the measures Q(x,?) and O (xp, 1), 1 >0, x € S,

x, € S™ to probability measures on the whole of §. We will do so implicitly in the following.

Let P := (PE”))I>0 be defined as in (6.5) and analogously define P = (P,);>¢ as the family of
operators on B,(S) given by

P:f(x) ::LfdQ(x,t). (6.9)

6.2 Existence of subsequential limits

21



212

Now take f € C(S©). Since Q is a continuous map, we have that Q(x,,1) = Q(x,1)
n—o0

weakly in M;(S) for every sequence (x,),ey € S with lim,_,. X, = x which readily
implies P;f(xy) n_)—go P,f(x). Hence, P, f € C(S (). By the same argument we also obtain
P.f € Cp(S©™) for all f € B,(S). Furthermore, P; is a positive contraction operator on
C(§ ), since Q(x, 1) is a probability measure for each t > O and x € § (=) In order to show
that P is a Feller semigroup it therefore remains to show that P is a strongly continuous
semigroup, i.e.

PP, f =Pgif Vs, t>0 (6.10)

and
}irr(; Pif(x) = f(x) (6.11)

for all f € C(S©) and x € §.

We first show that (P;),>0 indeed satisfies (6.6). To that end fix a metric d on S that generates
U. We denote the Prokhorov metric (cf. Definition B.1) on M;(S) induced by d by dp; and
the Kantorovich-Rubinshtein metric (cf. Definition B.2) by dkr and recall that both metrics
are uniformly equivalent (cf. [Bog07, Theorem 8.10.43]). Hence, both metrics induce the
Prokhorov uniformity D on M;(S). Furthermore, denote by

Lip;(S) := Lip{($) := { £ € C(S) | f(0) = FO)I < d(x, ) } (6.12)

the family of real valued Lipschitz continuous functions with Lipschitz constant at most 1
(with respect to the metric d). We first show (6.6) for f € Lip,(S). To that end observe that by
definition of dgg we have for (x,y) € §©) x §™,

Pus =P 0)| = | [ 1009 = [ ra0®our)
< dir (Q(x, ), 0P, 1),

(6.13)

which implies the claim by (6.8). As any continuous function on a compact metric space can
be approximated uniformly by Lip,-functions (cf. [Mic00; Geo67]), we obtain (6.6) by an
approximation argument.

By the same reasoning it suffices to show that both (6.10) and (6.11) hold for f € Lip,(S ().
We first show the semigroup property (6.10). Fix f € Lip,(S) and note that f can be
extended to a function f € Lip,(S). In fact, any continuous function f € C(S) can be
extended to a continuous function f € C(S). Take x € S and denote by (x)ieny C S a
sequence with x; € S® and lim;_,, x; = x. Such a sequence exists by assumption (C1). By
(6.6), we have for t > 0,

Pof(x) = lim P{¥f(x). (6.14)
In particular we have for s,¢ > 0,
PePf(x) = lim PP (x0), (6.15)
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where (P/-,\f/) € C(S) again denotes the continuous extension of P, f € C(S ). Applying the
semigroup property of P®) for s, > 0 on the right hand side we obtain

Pouif () = lim P2, o) = lim PO Fa). (6.16)

With (6.15) in mind it suffices to show that P(Sk)(P,-,\f/)(xk) and ng)PEk) f (x%) have the same limit
as k — co. From assumption (C1) we know that the supports S ™ converge in the Hausdorff
topology to §*). By Lemma 2.56, there exist sets T, and surjective maps ¢, : T, — S,
Uu: Ty — S () for all n € N such that for all U € U open,

{enW, ) |y e Ty} C U, (6.17)

eventually. Hence,

POPY f) = POP 00| <

P f) = (o)

PO @) = P @)

< sup
yeTy

< sup |P{° () = Pofn)
yelk

+ sup P f (i) — (P (e(3)]

yeT

(6.18)

where we applied the contraction property of P™ in the first inequality and the triangle
inequality in the second. Now it is easy to see that the right hand side tends to 0 as k — oo, as
the first summand goes to 0 by construction of ¢y, ¥ and their property (6.17) together with
(6.6). Whereas the second summand goes to 0 by continuity of P;f. We have thus shown that
P is indeed a semigroup and it remains to show the strong continuity of P (6.11). Using (6.14)
we obtain for f € C(S*) and x € S,

Pof(x) = lim PEf(u) = lim fw) = f(), (6.19)

where (x)reny C S is chosen as before. Finally, we deduce (6.11) from lim,_,g P;f(x) = Pof(x)
which is a direct consequence of the continuity of Q. O

We have shown that there exists a subsequence { X | ng €N } of { x® ' ne€N } so that the
semigroups { P | np € N } converge in the sense of (6.6) to a limiting semigroup (P;);>o,
which is again Feller. By Remark 4.46 there exists a unique Feller process X associated to
(P1);>0- We need to examine if and in which sense the sequence of processes { X0 ’ np €N }
converges to X. But first we verify that the limit is again symmetric with respect to the limit
v(*) of the sequence { y | neN }

Lemma 6.3. Under the assumptions of Theorem 6.2 suppose that the P = (Py);q is the
limit of a subsequence {P(”k) ' ny € N} of{ P™ | ne N} in the sense of (6.6). Then P is
V&) _symmetric Feller semigroup.

6.2 Existence of subsequential limits
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Proof. It only remains to show that P is v°-symmetric by Theorem 6.2. For readability we

again write just k instead of ny for the index of the subsequence. We first show that for every

f e,

lim | PXfrah = f P, f dv. (6.20)
s s

k—o0

Note that by (6.6) there exists a continuous extensions F,} of P,f to C(S) such that,

M) = sup |PP £ - Pifo) = 0. (6.21)
’ xeS®
as k — co. Consequently,
f PP rdy® < f Pfdv® + Mt(?v(k)(S). (6.22)
S S ’

Because S is compact we have v0(S) < oo for all k € N. Moreover, as lim,_,. vV(S) =
V®)(S) < oo, the sequence Y0 (S) is uniformly bounded. Therefore we obtain (6.20) from
(6.22) by weak convergence of v® and (6.21).

As a immediate consequence, we obtain the conclusion

fS fPgd/™ = lim fs PPgdv® = lim fs PP fgdv® = fs Pfgdv™,  (6.23)

for all f,g € C(S). O

Theorem 6.4 (Subsequential limits in f.d.d.). Under the assumptions of Theorem 6.2 suppose
that the P = (Py)» is the limit of a subsequence { Pl | ng €N } of { P™ |neN } in the
sense of (6.6) and that X is the v\°-symmetric Feller process associated with the semigroup

(P)so- Then, for every sequence of starting points (X )iy C S With x,, € S and
limg—se0 Xp, = Xoo €S ) X converges to X in finite dimensional distributions. In other
words, for every N €N, fi,...,fn €CS)and 0 <t <--- < ty,

N

[ [ ()

J=1

N

1_[ i (X’./)

j=1

=E,, , (6.24)

lim B/
k— o0 3

where E™ denotes the expectation with respect to P™ and E the expectation with respect to
PX.

Proof. Again we use just the index k instead of n; for the subsequence. We proceed by
induction. In the case N = 1, we have

lim PP f ) = Py f(xeo), (6.25)
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which is true by Theorem 6.2. Suppose now that (6.24) holds for N € N. Applying the Markov
property at ty yields

N+1

l—[ fi(x (k)

As before, P,,,,—;, fv can be extended to a continuous function PtN/:]\_,: fvon S and it holds
that

(nk)

Ey |PY v (X0) ]_[ £ (x) (6.26)

lim sup [PX . fv(0) - Py fN(x)| =0. (6.27)

k—00 xES(k)

Combining this with (6.26), we arrive at

N+1 N
tim 0| 8| = o P () [ [0 029

Note that the factor P,N/::;V In (Xg\f)) N (Xl(llj)) in the expectation on the right is a function of
XI(IIV() and we can apply the inductive hypothesis to obtain

N+1 N+1

tim l—[ £ (X9)| = Bao | Py v (XtN)l—[ fix) =B | [5(x)], 629
j=1

as claimed. O

If we now add the tightness (C3) to our set of assumptions, we immediately obtain from
Prokhorov’s theorem Proposition 3.37 that for every subsequence of { P | neN } and every
sequence (x,),eny C S with x, € ST and limy_e Xy = Xeo € S, there exists a further
subsequence { o) ' ng €N } and a probability measure P,_ on Dg([0, 00)) such that ]P("")
P,. weakly as k — oo. In conjunction with the previous result Theorem 6.4 we directly obtain
the following result.

Theorem 6.5 (Subsequential limits in Dg ([0, 0))). Let (S, U) be compact and assume that
conditions (C1), (C2) and (C3) hold. Then for every subsequence of { X | ne N} there

exists a further subsequence { X0 | ng €N } and a V™ -symmetric Feller process X such that

P = PX., (6.30)

u®

weakly as measures on Dg([0, 00)) for every sequence (p(k))keN of initial distributions with
u® e Mi(S®) and u® = 1> e M;(S) weakly as k — co.

6.2 Existence of subsequential limits
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|dentification of subsequential limits

So far we have established that under conditions (C1), (C2) and (C3) the sequence (X(”))neN
possesses subsequential limits not only in a f.d.d. sense but also in a pathwise sense. In
order to establish convergence of the sequence { X | neN } we must therefore show that all
subsequential limits coincide. Here comes our assumption (C4) into play.

Proof of Theorem 6.1. Suppose {X("k) | ng € N} and {X(”’) | ny € N} are two subsequences
along which the convergence in Theorem 6.5 holds. For ease of notation we write again k
instead of n; and [ instead of n; for the indices. Denote the respective limits by X and X. By
Theorem 6.2 we have that both X and X are v(®)-symmetric Feller processes on Se.. Moreover,
from (C4) we can conclude that for each x € S and A € B(S) with 74 < oo, chm)—a.s. and
every f € B,(S),

Gaf() = Gaf(x), (6.31)

where G4 and G4 denote the Green operators associated with X and X, respectively. We can
therefore apply Theorem 4.72 to obtain X LS , concluding the proof. O

By the same argument we obtain convergence in f.d.d. if we don’t assume the tightness (C3)
of the sequence { X" |neN }

Corollary 6.6. Assume that (S, U) is compact and that X" is conservative for each n € N*.
Under conditions (C1), (C2) and (C4) X converges in f.d.d. to X'° for all sequences of
initial distributions (y<">)n€N c My(S) with ™ € Mi(S™) and u™ = u® € M, (S ).

Discussing the assumptions

Recall our discussion of the two examples at the end of the last chapter in Remark 5.97. In
both examples the behavior of process X is linked to the geometric structure of the state
space. For the Brownian motion on a Riemannian manifold M through the Riemannian metric
tensor g which induces both the metric d on the manifold and the Dirichlet form (&, D) on
L*(M,dV) that defines the Brownian motion. A different point of view is that the generator of
the Brownian motion on M is given by the Laplace-Beltrami operator A, which is defined in
terms of the metric tensor g and therefore related to the geometry of M.

A similar connection exists for the resistance form. Here the resistance form (&, ) itself
is the link between the resistance metric R and the Dirichlet form (&, D) on L*(S,v) and
consequently the process X.

This connection between the geometry of the state space and the process is sometimes (cf.
[Sto63; AEW13; ALW17]) expressed by saying that the process is on its “natural scale’”.
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Convergence of Green operators (C4)

For the resistance forms, the relation between the process and the metric of the state place is
explicit in the following way. By Proposition 5.85 together with (5.309), we have that

8a(x,y) _ R(A, x) + R(A,y) — R(x,y)

Pi(ry <T4) = =
<) = oy 2R(A, y)

(6.32)

Consequently, the probabilities to hit one point before the other can be expressed in terms
of their mutual distances and their distance to the starting point. Similarly, the Green kernel
ga(x,y) and consequently the Green operator G4 f(x) = fs ga(x,¥)f(y) v(dy) is determined by
the resistance metric. As a consequence, it is plausible that for resistance forms the Hausdorff-
weak convergence (C1) already implies the convergence of the Green operators, (C4). Indeed,
this is the case as shown in [Crol8, Lemma 5.5]. Note that the Green kernel can also be
expressed in terms of the probabilities to hit one point before another, by (6.32).

Under our assumptions the processes are not on their “natural scale” as we do not have a
scale (i.e. a metric) on the state spaces, to begin with. We have, however, defined a notion of
resistance between sets in Section 5.5. We have shown in Proposition 5.77 that the minimizer
of the variational problem for R(A, B) is given by P,(tp < Ta).

This leads us to believe that the following conjecture holds true.
Conjecture 6.7. Suppose that (S, U) is compact and that (C1) holds. Then (C4) is equivalent
to the following condition.
(C4*) Forall A, B € B(S) closed with T4 < ]P’gfo)-a.s. forall x € S©,
lim P (14 < 75) = B (14 < 75) (6.33)
for every sequence (xp),eny C S with x, € S M and limy,—co Xp = Xeo.

Using the relation between the probabilities P,(t4 < 7p) and the resistance R(A, B), we can
rephrase Conjecture 6.7 as follows.

Conjecture 6.8. Suppose that (S, U) is compact and that (C1) holds. Then (C4) is equivalent
to the following condition.

(C4™) Forall A, B € B(S) closed with Cap,(A) > 0,

lim R™(A, B) = R (A, B), (6.34)

n—o0o

where R™ denotes the effective resistance associated with the process X", n € N,
as defined in Definition 5.73.

6.4 Discussing the assumptions
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Tightness (C3)

By Theorem 4.75, condition (C3) holds whenever the probability that X" moves far from
its starting point in a short period of time is uniformly bounded in the starting point and
n € N. Hausdorff weak convergence of the state spaces is one important property to ensure
the tightness. Because it ensures that there are no areas of the state space, where the measure
¥(*) vanishes in the limit while having positive measure for all n € N. This would mean
that the limiting process moves increasingly faster through these areas, causing (4.203) of
Theorem 4.75 to fail.

For both special cases, for resistance forms and the Brownian motion on manifolds the
tightness follows from Theorem 4.75 by the Gromov-Hausdorff weak convergence of the state
spaces together with an additional condition. In [Cro18, Assumption 1.1 b)], this additional
condition for resistance forms is a uniform recurrence condition given by

lim lim sup R™ (x,, CB® (x, 1)) = oo, (6.35)

r—00 5 500

In [CHK 17, Assumption 1.2], the authors instead assumed the stronger' uniform volume
doubling condition, which claims that there exists a non decreasing function v: (0, c0) — (0, o0)
and constants c1, ¢3, c3 > 0 such that v(2r) < cv(r) for every r > 0 and

cv(r) <V (B (x,ry) < c3v(r), Vx € S, 1y € [Ro(n), Reo(n) + 11, (6.36)
where
Rom):= inf {R™(x,»)} and Rw(m):= sup {R™(x.y)}. (6.37)
x,yeS ™, x#y x,yes®

For Brownian motions on Riemannian manifolds, Suzuki imposes the following condition in
[Suz19a, Lemma 5.6 (ii)] on the sequence of initial distribution. First, the sequence u™ of
initial distributions must be absolutely continuous with respect to the volume measure dV,,.
Moreover the Radon-Nikodym derivatives ¢, = ”fj“—‘(,f are uniformly bounded in the following
sense. For every r > 0 there exists a M, > 0 such that

sup sup { lgn(2)l | z € B (x, 1) | < M, < o0, (6.38)
neN

It is far from obvious what additional assumption would be needed in our situation to apply
Theorem 4.75.

Uniform equicontinuity of the semigroups (C2)

In [ALW17, Lemma 5.3] and in [Cro18, Lemma 5.2], the authors use a coupling argument to
show the uniform equicontinuity of the semigroups (C2). Here the connection between the

See Croydon’s discussion of these assumptions in [Cro18, Remark 1.3 b)].
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behavior of the process and the geometric structure of the state space given by the resistance
metric plays a fundamental role.

Hausdorff-weak convergence of the state spaces (C1)

The results in [ALW17], [Cro18] and [Suz19a] all allow the processes to live on different state
spaces. A part of the results, or more precisely, part of the assumption, is that the state spaces
S ™ can be isometrically embedded into a common ambient space.

We also allow the processes to have different state spaces we do, however, assume that these
state spaces are already subsets of an ambient space. This is due to the lack of a metric
structure on the state spaces S . Without a metric structure we cannot define isometric
embeddings and hence no Gromov-Hausdorff convergence.

A possible extension of our result would rely on the definition of convergence of uniform
measure spaces.

6.4 Discussing the assumptions
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7.1

7.2

Remarks and Outlook

It is possible to commit no mistakes and still loose.
That is not a weakness; that is life.

— Jean Luc Picard
Star Trek: The Next Generation

In this chapter we collect various remarks and present an outlook of further research questions
that could not be answered in this thesis.

Chapter 3: The path space

In the discussion following Lemma 3.20 we already mentioned that it would make the following
results a bit stronger if it could be shown that completeness of the uniform space (S, U) implies
completeness of the path space Dgs ([0, 00)) without the assumption of metrizability. Indeed we
conjecture that the following is true.

Conjecture 7.1. Assume (S, U) is a uniform Hausdorff space. If (S, U) is complete then so is
Dy ([0, 0)).

Chapter 4: Symmetric Feller processes

In Example 4.15 we have shown that fixed jump times break the homogeneity property of a
Markov process. The following conjecture seems like it should be well known. Nevertheless I
have not been able to find a reference and will leave the proof as an open problem.'

Conjecture 7.2. Let X be a homogeneous Markov process with state space (S, U). Then for
alls>0andx e §
P.(Xs # X5-) =0. (7.1)

In Proposition 4.34 we have shown that this conjecture is indeed true if we assume that the
semigroup of X has the Feller property.

IThe author has posted this conjecture online: https://math.stackexchange.com/q/4443534/1054746
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The killed process

In Section 4.3.1 we show that the Feller property, the strong Feller property and the v-symmetry
of the original process X carry over to the killed process X4. It remains an open question
whether also the strong v-symmetry is preserved under killing.

Uniqueness by hitting times

In order to establish the uniqueness of a Feller process by its hitting times through the Green
operator in Section 4.3.3, we have to make some quite restrictive assumptions. On the one
hand we assume that the state space is compact and on the other hand we need the strong
Feller property in the proof of Theorem 4.72. The compactness is needed to make sure that
the O-resolvent of a transient process and the Green operator are bounded operators. This
assumption can certainly be relaxed as can be seen in our discussion of transient Dirichlet
forms in Section 5.3.2. For more on this topic see [CF11, Section 2.1].

We have the following conjecture which might be too strong.

Conjecture 7.3. Let (S, U) be a locally compact uniform Hausdorff space and v a Radon
measure on (S, B) with full support. Suppose X is a transient v-symmetric Feller process with
values in Sy. Then the O-resolvent given by

Rf(x) := f T p, F(x)dt (7.2)
0

for f € Coo(S) and x € S is a bounded operator mapping Coo(S) to Coo(S).

It is worth pointing out that that the proof of Theorem 4.72 is the only point where we need
the strong Feller property. If we could show that the same conclusion holds under the normal
Feller property, we could significantly strengthen our results in Chapter 6.

Chapter 5: Dirichlet Forms and symmetric Feller
Processes

We have tried extract the most important parts from the very rich analytic theory of Dirichlet
forms. This leads necessarily to some gaps. For example we completely ignore the question if
there is a v-symmetric Feller associated with every Dirichlet form. The answer to this question
is basically “yes” but a precise statement needs more potential theory than we can develop in
this short summary. A partial answer is given by the following theorem.
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Theorem 7.4 ([CF11, Theorem 1.5.1]). Let (&, D) be a regular Dirichlet form on L*(S, ),
where S is a locally compact separable metric space and v is a Radon measure on S with full
support. Then there exists a Hunt process X with values in S and a v-symmetric transition
function such that (&, D) is the Dirichlet form associated with X.

For a more general result see [CF11, Theorem 1.5.2]. Even uniqueness in distribution of the
associated processes can be shown [CF11, Theorems 3.1.12 & 3.1.13]. However, uniqueness
only holds for quasi all starting points, in other words, outside a set of zero capacity.

Resistance

In Remark 5.75 we have hinted at a possible extension of the definition of the effective
resistance to arbitrary subsets of S.

One possible extension is given by the following.

Definition 7.5. Let (&, D) be a regular Dirichlet form on L*(S, v). For two subsets A, B C S
with Cap, (A4), Cap,(B) > 0 and A closed the (effective) resistance between A and B is defined
as

R(A.B) :=sup{ &(f.)7" | Fe FLY. (7.3)

where we set sup @ = 0. For arbitrary sets A, B C S we define
R(A,B) :=sup{R(K,B)| K> Aand K C S closed } (7.4)

whenever Cap,(A4) > 0 and R(A, B) = 0 otherwise. o
This definition would lead to the following consequence.
Proposition 7.6. Suppose A, B C S with positive capacity and R(A, B) > 0, then

R(A, B) = R(A, B). (7.5)

Proof. First observe that for F ¢ S with A C F, it holds hat R(F, B) < R(A, B). To see that
take any closed set K C § with F' C K, then K also contains A. Hence,

R(F,B) :==sup{R(K,B)| K> F and K C § closed }

7.6
<sup{R(K,B)| K >Aand K C S closed } = R(A, B). (7.0)

Now the claim follows simply from the fact that A c K for all closed K c S withA c K. O

Furthermore, we conjecture that the same variational problem, (7.3) defines the effective
resistance for arbitrary sets A, B.

7.3 Chapter 5: Dirichlet Forms and symmetric Feller Processes
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Conjecture 7.7. Let (&, D) be a regular Dirichlet form. Suppose A,B C S are such that
R(A, B) > 0, then the resistance between A and B is given by the following variational
problem

RA.B) :=sup{ &S N7 | FeFP ) (1.7)

Sketch of proof. If A is closed (7.7) is just the definition of the resistance. Suppose A is not
closed. Then R(A, B) = R(A, B) by Proposition 7.6. Now let f € Fy, i.e. f € D is such that
its quasi continuous version f is 0 q.e. on A. By quasi continuity, f = 0 q.e. on A. Hence,
¥4 C Fa. The reverse inclusion is trivial and consequently F = F4. Recall the definition of
the boundary of A, 9A := A \ A° from Definition A.2. Since for every f € 4, f = 0 q.e. on
0A, we have that f = 0 v-a.e. on JA. Consequently, every limit in L>(S \ A, v) of an &-Cauchy
sequence in 7, is 0 v-a.e. on A \ A. That means, we can identify Dl = D§ and consequently
ﬂB = TXB which implies the statement. (0)

Chapter 6: Convergence of symmetric Feller
processes

In the proof of Theorem 6.2 we stray from our path to completely avoid metrics. However,
observe that the proof does not depend on the choice of the metric. We strongly believe that
the statement is provable without using metrics. That would require an in depth analysis of
the convergence of (probability) measures on uniform spaces which would go beyond the
scope of this thesis. It could be subject of further research in order to establish a full theory of
stochastic processes on uniform spaces.

Chapter 7 Remarks and Outlook
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Topology

We formally introduce the basic topological concepts used throughout this thesis.

Throughout this chapter let S # @ be a non empty set and denote by P(S) = {A C S} the
powerset of S.

Fundamentals of topology

Definition A.1. Let S be a non-empty set. A family 7~ of subsets of S is called a topology (on
S), if it satisfies

(i) S,0€eT,
(i1) any union of elements in 7~ belongs again to 7,
(ii1) finite intersections of elements in 7~ belong again to 7.

The pair (S,7) is called a topological space. When there can be no confusion about the
topology 7~ we sometimes refer to S as a topological space.

The elements of 7~ are called open sets. A set A C S is called closed if its complement
A := S \ Ais open. o

Observe that openness and closedness are not complementary: A set can be both open and
closed — or neither.

Definition A.2 (Interior and closure of sets). Let A € S be a set. The interior of A is defined
as

A° = U U. (A1)

UcA : U open

Conversely, we define the closure of A as

A= ﬂ K. (A2)
K>A : K closed
We call the set theoretic difference dA := A \ A° the boundary of the set A. o
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It is easy to check that the interior of a set A is open and the closure is closed. Furthermore, a
set A C S is open if and only if A = A° and it is closed if and only if A = A.

A neighborhood of x € S is a set V such that there exists an open set U, € 7 with U, Cc V
and x € U,. We sometimes write U, ;= {UcC S |AU €T : UcVandxe€ U} for the
neighborhood system at x.

The family of all neighborhood systems { U, | x € § } is clearly determined by the topology
on S. But the converse is also true.

Proposition A.3. Let S be a topological space and Uy the neighborhood system of x € S.
Then Uy satisfies
(i) xeUforallU e U,,
(ii) UNnVeU,forall UV e U,
(iii) for all U € Uy there exists a V € U,, such that U € U, for eachy € V,
(iv) ifUeUcand U CV, thenV € U,.
Furthermore
(v) U C S isopen if and only if U contains a neighborhood of all its elements.
Conversely, if for each x € S there is a family U, satisfying (i)—(iv), then the family of open

sets in the sense of (v) is a topology and the neighborhood system of x in this topology is U,.

We shall not provide a proof of this statement. Instead we focus on a similar statement for
bases of neighborhood systems.

Definition A.4. Let S be a topological space. A base of the neighborhood system at x € S or a
neighborhood base at x is a family N, C U, such that

YUeU,AV e N,: VcU. (A.3)
The elements of the neighborhood base N, are called basic neighborhoods of x. o

We categorize topological spaces by the size of their bases, i.e. whether they have a countable
base or at least a countable neighborhood base at every point x € S.

Definition A.5. A topological space (S,7") is said to be first countable, if 7 possesses a
countable neighborhood base N at every x € S. We call a topological space second countable
if the topology 7 has a countable base. o
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Proposition A.6. Let S be a topological space and Ny a neighborhood base at x € S. Then
N satisfies

(i) xe UforallU e Ny,
(ii) for any Uy, U, € N, there exists V € N such that V.Cc Uy N Uy,

(iii) for any U € N, there exists a V € N such that for all y € V there exists a W € N, such
that W C U.

Furthermore,
(iv) U C S is open if and only if U contains a basic neighborhood of each of its elements.

Conversely, if we assign to each x € S a family N, satisfying (I)—(11]) and use (1V) to define
the open subsets of S, then the result is a topology in which a neighborhood base for each
x €S is given by N,.

Proof. Assertion (i) is evident from the definition of neighborhoods and the fact that N, c U..

To show (ii) let Uy, Uz € N, and observe that U := U} N U5 is open and contains x, hence

U € U,. By definition Definition A.4, there exists a V € N, suchthat V. c U c U; n U,.
Now, let U € N, then U° € U, and by definition of N, there exists a V € N, with V c U°.

Clearly, U € U, for all y € V and by definition of N, there exists a W € N, with W C U,
establishing (iii). For (iv) assume that U C S is open, then U is a neighborhood for each of its
elements and a fortiori contains a basic neighborhood of all its elements. Now assume that
U C S contains a basic neighborhood V, of all its elements x € U. Then x € V; C U and by
taking the union over all x € U we get U C |,y Vx C U and hence U is the union of open
sets and thus open.

For the converse assertion assume that we are given a family N, at each x € § satisfying
(D—(110). Let
T :={UcS|VxeUIVeN,:VcU}. (A.4)

We first show that 7™ is a topology. Clearly S, @ € 7, the former because it contains all subsets
and the latter because it has no elements. Let ¢ c 7 be any family of open sets. For each
x€A :=Uyey UthereexistsaU e UYandaV € N, suchthat V.c U. Thus V € A and A
contains a basic neighborhood of each of its elements and thus A € 7. Assume n € N and
Up,...,U, € T andlet x € U := ﬂzzl Uk. Then there is a basic neighborhood U)’ﬁ e Ny
with Uf C Uy for all k = 1,...,n and by (II) and induction there exists V € N, such that
Vi UK c U and hence U € 7 because x € U was arbitrary.

Now, foreach x € S let U, :={U c S | AV € N,: V c U }. It remains to be shown that U,
defines a neighborhood system at each x € §. Let x € § and U € U, by (I) x € U and it
suffices to show that x € U°. The assertion follows immediately from (III) if we can show that
U° ={yeU|UeU} = «U). The inclusion U° C «(U) is clear by (IV), the fact that U is

open and the definition of U,. For the converse inclusion it is enough to show that «(U) € 7.

Lety € «(U), then there exists V € N, such that V c U. By (III) there exists a B C N, such

A.1 Fundamentals of topology
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that for all z € B there exists a W € N, such that W c V C U. And by construction, all these
W are subsets of U and hence U € U, for all z € B which means B C «(U). Since y was
arbitrary, («(U) contains a basic neighborhood of all its elements and is thus open. O

Remark A.7. In the proof of Proposition A.6 we have actually shown more. If at each x € §
we have families N, and N satisfying (i)—(iii) then the topologies induced by { Ny | x € S }
and { N ' x € S } coincide. o

There are various ways to define a topology on a set S. In Section 2.6 we use the closure
operator to define the topology induced by a proximity.

Definition A.8 (Closure operator). Let S # @ be a set. A map I': P(S) — P(S) is called
closure operator if it satisfies the following conditions for all A, B € P(S)
(1) AcI(A),
(i) T(I'(A)) = I'(4),
(iii) T(AU B) =T(A) UT(B),
(iv) ') = 0.

If T is a closure operator, we write A :=T(A). o
Clearly, the operation A defined by (A.2) defines a closure operator.

Proposition A.9. Let I be a closure operator on P(S). The family
7 :={UePs)|r(Cv)=Cu} (A5)

is a topology on S. In other words, the closed sets are those sets A € P(S) for whichT'(A) = A
holds.

Proof. By (i) of Definition A.8, S is closed and hence, @ € 7. On the other hand, by (iv), @

is closed and hence S is open. Now let Uy, ..., U, € 7. Using (iii) and induction we get
n n n n n
riC(\v;|=r|l JCu;|=Jr(Cuy) = JCu;=C[vu; (A.6)
j=1 j=1 j=1 j=1 j=1

and hence ﬂ;le UieT.
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It remains to show that if / is any index set and { U; | i € [ } ¢ 7 we have that | J;,c; U; € 7.

First observe thatif A, B ¢ § with A C B, we have I'(B) =I'(A) UI'(B \ A) by (iii) and hence
I'(A) cT(B). As N, CU; CUj for every j € I, we conclude

r(ﬂ CU,-) c(r(Cu;)=(Cu. (A7)

i€l i€l i€l

Using (i) we obtain the reverse inclusion and hence

r(ﬂ CU,-) =(\Cu; (A.8)

iel iel

which implies, by definition of 7, | J;c; U; € 7. O

Recall the following fundamental concepts of topology.

Definition A.10. Let (S, 7") be a topological space.

(i) A point x € § is called a cluster point (or point of accumulation) of aset A C § if every
basic neighborhood V € N, of x contains some pointy € A \ {x}.

(i) A set K C S is called compact if and only if for every open covering of K, i.e. a family
U c T with K C [Jyeq U, there exists a finite open subcover of K, i.e. there exists a
family V € U such that K € Jyey V and [V] < co. o

Lemma A.11. A set A C S is closed if and only if all cluster points of A are contained in A.
Furthermore A = AU { x € S | x is a cluster point of A ).

Proof. Assume that A C S is closed. Then CA is open and for all x € CA there exists a basic
neighborhood V € N, such that VN A = @. Hence all cluster points of A are already contained
in A. Assume the converse is true, i.e. all cluster points of A are contained in A. Then, for
each y € CA there exists a basic neighborhood V € N such that V C CA and hence CA is
open and A is closed. For the last part of the claim observe that A C A and A is closed and
consequently contains all its cluster points and a fortiori all cluster points of A. To show the
converse inclusion “2” observe that any closed subset K € S that contains A has to contain all
cluster points of A and so does the intersection of all such sets which is, by definition, A. O

Definition A.12 (relatively compact subsets). Let (S, 7) be a topological Hausdorft space. A
subset A C S is relatively compact if its closure A is compact in (S, 7). o

Sometimes, especially in probability theory, it is useful to work with topological spaces that
are “almost countable” in the following sense.
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Definition A.13 (Separability). Let (S, 7") be a topological space.
(i) AsubsetA C S is said to be dense in S, if A = S.

(i1) The topological space (S, 7") is called separable, if there exists a countable dense subset
DcS. ¢

Definition A.14 (Complete regularity). A topological space (S, 7") is called completely regular
if for every closed set A C § and every x € S \ A there exists a real valued continuous function
f:§ - Rwith f|, =0and f(x) = 1. o

Definition A.15 (Hausdorff property). A topological space (S, 7") has the Hausdor{f property
if for every x,y € § with x # y there exist neighborhoods U, € U, and U, € U, of x and y
respectively such that U, N U, = @. o

If (S, 77) has the Hausdorft property we refer to (S, 7) as a Hausdorff space.

Hausdorft spaces have the following nice property.

Lemma A.16. Let (S,T") be a Hausdorff topological space. Then every compact subset of S
is closed.

Proof. Assume K C § is compact and let x € S \ K be arbitrary. By the Hausdorff property,
for each y € K there exist open neighborhoods U, (y) of x and V,, of y such that U,(y)nV, = @.
Clearly, { Vy | vek } is an open covering of K, hence, by compactness, there exists a finite

subset F' C K such that { Vy | yEF } is already an open covering of K. Then

Uy = | U (A9)

yeF

is an open neighborhood of x, disjoint from K. Since x € S \ K was arbitrary this implies
that S \ K can be written as the union of open sets and is therefore open, which proves the
claim. O

We introduce some concepts that are closely related to compactness.
Definition A.17. Let (S, 7") be a topological Hausdorft space.
(1) (§,7) is said to be locally compact if each point has a compact neighborhood.

(i1) (S,7)is called o-compact if S is the union of countably many compact sets.

(iii) (S, 7)) is said to be Lindelof if every open cover of S has a countable subcover. g

230 Appendix A Topology



Note that some authors refer to the property in Definition A.17 as weakly locally compact
and require the existence of a local base of compact neighborhoods for each x € S for local
compactness. However, the two definitions are equivalent for topological Hausdorff spaces by
[Wil70, Theorem 18.2].

Clearly, if (S, 7) itself is compact, then S is a compact neighborhood of each x € S and (S, 7)
is locally compact.

Lemma A.18. Let (S,7) be a locally compact Hausdorff space. Suppose A C S is open or
closed, then A is locally compact with respect to the subspace topology.

Proof. Firstlet A C S be closed. Fix x € A and take a compact neighborhood K, C S of x in
S. Clearly, K, N A is closed in S and therefore compact. Since every open subset of A is of
the form U N A for some U € 7, every open cover of K, N A in A gives rise to an open cover
of K, in S which possesses an open subcover { U, € 7 | k = 1,...,n} of K, by compactness.
Then, { Uy NA|k=1,...,n}1is afinite open subcover of K, N A.

If A is open, on the other hand, the case is simple. Let x € A, then there exists an open
neighborhood U, C A of x which contains a compact neighborhood K, (in S ). But then K, is
also a compact neighborhood of x in A. O

Lemma A.19. Every second countable topological space is Lindeldf.

Proof. Let (S,7) be a second countable topological space. Suppose that { A, € 7 |a €1} 1is
an open cover of S. Since 7~ possesses a countable base { U, € 7 | n € N }, we can deduce
that for each « € I there exists a n € N such that

U, C Aq. (A.10)

Now choose a subset J C I such that for each n € N, U,, C Ag for at most one 8 € J. Then, J is
at most countable and {Aﬁ | Bel } is a countable open cover of S. O

We can relate the different notions in Definition A.17 to each other in the following way.

Lemma A.20. Let (S,7) be a locally compact Lindeldf space. Then (S,T") is o-compact.

Proof. By local compactness there exists for each x € § a compact neighborhood K of x.

By definition, there exists an open neighborhood U, such that U, C K, for each x € S. Now,
{U, | x€S§ }is an open cover of S and by the Lindelof property there exists a countable
collection { x,, € S | n € N } such that

scl Ju, c| K. (A.11)

neN neN

Hence, (S, 7) is o-compact. O
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Another notion related to compactness is that of a paracompact space.

Definition A.21 (Paracompactness). Let (S, 7") be a topological Hausdorff space. A cover
{ Ay € T | @ € 1}issaid to be locally finite if for every x € S there exists an open neighborhood
U, such that U,NA, # @ for only finitely many « € I. The space (S, 7") is called paracompact
if every open cover possesses a locally finite refinement. In other words, for every open cover
{Aq €T | @ €l}of S there exists a locally finite open cover { BgeT | pel } such that for
all B € J there exists an « € I such that Bg C A,. o

Compactification

Compactification is the process of embedding a topological space (S,7) into a compact
topological space (5, 7).

In the main text we use the one-point compactification or Alexandrov compactification of
locally compact topological spaces.

Definition A.22 (One-point compactification). Let (S,7") be a locally compact Hausdorff
topological space. The one-point compactification 1is the topological space (S U {#}, Tg),
where ) ¢ S is a single point and 7 := 7 U 7, where

T’ :={(S\C)U ¥} |CcS compact}. (A.12)

¢

We also use the notation Sy := S U {} in the main text. Sometimes, the point ¢ in Defini-
tion A.22 is referred to as “point at infinity”” and denoted by co. In the main text we use the
uncommon'  instead of co, because the point in the one-point compactification represents
rather a cemetery state’ of the state space of a Markov process than a point at infinity of some
metric space.

We present the following useful properties of the one-point compactification.

Proposition A.23. Let (S, 7)) be a locally compact Hausdorff space and (Sy, Ty) its one-point
compactification. Then the following assertions hold.

(i) (Sg,Tg) is compact and Hausdorff.

(ii) The embedding map t: S — Sy is continuous and open.

"but not unprecedented (see e.g. [CWO05])
Zhence * from greek: favatog, “Death”
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(iii) When (S,T) is not already compact, then the image ((S) of the embedding is dense in
Sg.

(iv) When (S,T) is separable, then so is (Sg, Ty).

Proof. Assume that U C T is an open covering of Sy. Then there existsa V € 7' N U, by
assumption. Le. V = (§ \ C) U {#} for some C C S compact. Then U \ {V} is an open covering
of C and by compactness of C, there is a finite open subcover U’ ¢ U of C and furthermore
(U’ N {V}) c U is a finite open cover of Sy. To show the Hausdorff property it suffices to find
disjoint open neighborhoods of ¢ and x for an arbitrary x € S. By assumption, there exists a
compact neighborhood C of x that contains an open neighborhood U, of x. Then C° U {##} is
an open neighborhood of ¢ and disjoint from U, which proves (i).

It is obvious that the embedding is an open map, i.e. it maps open sets to open sets. To show
continuity, we need to show that the preimage of every set of the form (S \ C) U {co} with
C c S compact is open. Hence, (ii) follows from Lemma A.16 and the fact that (S,7) is
Hausdorff by assumption.

Finally, (iii) follows because every compact set C C S has non-empty complement in S and
thus, ¥ is a cluster point of S in Sp.

Assertion (iv) is trivial because we can amend the countable dense subset of (S,7) by ¢ to get
a countable dense subset of (Sg, 7). O

sequences

Given a topology 7 on a set S it is possible to speak of converging sequences. A sequence is a
subset of the ambient space S with countably many elements, thus the elements of a sequence
can be indexed by the natural numbers and we write

(Xpneny :={x, €S |neN}cCS. (A.13)

Of course, we can index sets by arbitrary index sets / and we write (x;);e; in that case. As a
shorthand, we sometimes use the notation (x;);, if the index set is clear.

Being a subset of a topological space (S,7") we have a notion of cluster points for sequences
from Definition A.10 (i). Recall the following definition of limit points of sequences.

Definition A.24. Let (S,7) be a topological space and (x,),eny C S a sequence in S. Then
(xn)n converges to a limit point x € S if and only if for every open neighborhood U, of x there
exists an ng € N such that x,, € U, for all n > ny. In that case we write lim,_,o X, = X or

X, — Xasn — oo, o

A.1 Fundamentals of topology

233



A1.3

234

Observe that limit points are not well defined in general. Assume for example that S is
equipped with the lump topology 7~ = {S, @}. Then S is the only open neighborhood for every
x € § and by definition, every x € § is a limit point for every sequence in S. Clearly, the lump
topology is not Hausdorff and it turns out that the Hausdorff property ensures uniqueness of
limit points of sequences.

Lemma A.25. Let (S,7) be a Hausdor{f topological space and (xp)nen a sequence in S.
Assume that there exist x,y € S with lim, . X, = x and lim, .o x,, = y. Then x = y.

Proof. Assume x # y. Then there exist neighborhoods U, and U, of x and y, respectively,
with U,N U, = @ by the Hausdorff property. Thus x,, ¢ U,N U, for any n € N, a contradiction
to the assumption that both x and y are limit points of (x,);,. O

Metrizable spaces

Recall the following definition.

Definition A.26 ((Pseudo) metric). Let S be a non empty set. Amapd: S XS —» Rtisa
pseudo metric if it satisfies

(1) d(x,y) =d(y,x) forall x,y € S (symmetry),
(i1) d(x,y) > Oforall x,y € S, (non negative definiteness),
(iii) d(x,z) <d(x,y) +d(y,z) for all x,y,z € S (triangle inequality).
If in addition d(x, y) = 0 if and only if x = y, we call d a metric.

We call a pair (S, d), where S is a set and d a (pseudo) metric on S a (pseudo) metric space. ¢

Given a metric d on a set .S we write
Bi(x,e) :={y€eS§ |dx,y)<e} (A.14)

for the open ball around x € S with radius € > 0. When it is clear from the context
which metric we are using, we sometimes drop the d from the notation of balls and write
B(g, x) = B¢(x). Using open balls we can always define a topology 7~ on a metric space by
taking 7 to be the collection of arbitrary unions and finite intersections of open balls. In that
case we say that d generates the topology 7. If not explicitly stated otherwise we always
assume a metric space to be equipped with the topology generated by the given metric.

Definition A.27. A topological space (S, 7") is called metrizable if there exists a metric d on S
that generates 7. o
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Metrizable spaces have some nice features, for example they are Hausdorft.

Proposition A.28. Metrizable topological spaces are Hausdorff.

Proof. Assume (S, 7") is metrizable and d is a metric that generates 7. Assume x,y € S with
x #y, then there exists an € > 0 such that d(x, y) > 2¢. Hence By(x, €) and B,4(y, €) are disjoint
open neighborhoods of x and y, respectively. O

Recall that a Cauchy sequence in a metric space (S, d) is a sequence (x,),en such that for
each £ > 0 there exists an ng € N such that d(x,, x,,) < € for all n,m > ngy. This leads to the
following definition.

Definition A.29. A metric d on a set S is called complete if every Cauchy sequence converges
in the topology generated by d. Furthermore we call the metric space (S, d) complete when d
is a complete metric on S and we say that a topological space (S, 7") is completely metrizable
when it is metrizable and there exists a complete metric that generates 7. o

Definition A.30. A metric space (S, d) is said to be Polish if it is complete and separable. ¢

In the main text we are concerned with metrizable spaces without a specific metric. For a
sensible treatment of these spaces we need a slight weakening of the Polish property in the
following sense.

Definition A.31 (Souslin and Lusin spaces). A topological Hausdorft space (S, 7") is called a
Souslin space if it is the image of Polish metric space under a continuous map ®. If the map @
is additionally bijective, we call (S, ") a Lusin space. o

Weak topology

In this section we collect some useful facts about weak or initial topologies.

Definition A.32. Let S be a nonempty set and (7, 7) a topological space. Assume ¥ C
{f: S — T}is anonempty family of maps. The initial or weak topology generated by this
family is the coarsest topology that makes every f € ¥ measurable. o

Let 7(F) be the weak topology on S as in the definition. Then it is easy to check that the
family of sets

{(f'alfeF, Aet) (A.15)
forms a subbase of the topology 7(F).

If the space (7, 1) is a metric space, we have the following useful characterization of 7(%).
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Lemma A.33. Let S be a non empty set, (T,d) a metric space and ¥ C {f: S — T} a non
empty family of functions. Then the sets of the form

{f'Bx.e)| feF.xeT, e>0]} (A.16)

form a subbase of T(F).

Lemma A.34. Let S be a nonempty set and (T, T) a topological Hausdorff space. Assume
F c{f:S — T}isafamily of functions and equip S with the weak topology T(F). A sequence
(Xn)penwy C S in S converges to a limit x € S if and only if for all f € F, f(x,) — f(x).

Proof. The direction “=" is a obvious by continuity. For the converse implication assume
(Xn)nen C S is such that there exists a x € § with

lim f(x,) = f(x) VfeTF. (A.17)

By definition of the weak topology 7(F), for every open neighborhood U, € 7(F) of x there
exist finitely many fi, ..., fi,, € ¥ such that

xe ﬂf;lvj c U, (A.18)
j=1

where V; € 7 is an open neighborhood of f;(x) for every j = 1,...,m. By assumption (A.17)
we have fj(x,) € V; eventually for every j = 1,...,m. Hence, x, € ﬂ;."zl fj‘lvj eventually,
which means lim,_, X, = X, concluding the proof. O

Measures on topological spaces

Let (S, 7) be a topological space, recall that the Borel o-algebra B(S) on S is the o-algebra
generated by the open sets. Another o-algebra that can be defined on every topological space
is the Baire o-algebra Ba(S ) which is generated by the continuous real valued functions C(S'),
i.e. Ba(S) is the smallest o-algebra that makes all f € C(S) measurable. It is conceivable
that the Borel o-field and the Baire o-field are not very different. Indeed the two o-algebras
coincide when S is a completely regular Souslin space (cf. [Bog07, Theorem 6.7.7]).

Definition A.35. Let (S, 7) be a locally compact topological Hausdorff space and B(S) the
Borel o-field on S. A Radon measure on (S, B(S)) is a measure v such that
(1) v is finite on compact sets,

(ii) v is outer regular on all Borel sets, i.e. for all A € B(S)

vA) =inf{v(U)|UeT,UDAY, (A.19)
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(iii) v is inner regular on all open sets, i.e. forall U € 7~

v(U) = sup { v(K) | K c S, Kcompact,U c K}. (A.20)

Throughout this thesis we use the following notation for families of Radon measures, finite
measures and probability measures on a topological Hausdorft space (S, 77) equipped with the
Borel o-algebra B(S).

M(S) :={v: B(S) — [0, 0] | v Radon measure } (A.21)
M(S) :={ve MS) | nS) <o) (A22)
MiS) = {veMy(S)|nS) =1} (A.23)

Recall the following definition of the support of a Radon measure.

Definition A.36. Let (S, ") be a topological Hausdorff space and v € M(S) a Radon measure
on (S, B(S5)). Let further N :={ N € 7 | v(N) = 0} be the collection of open v-nullsets. The
support of v is defined as

c
supp(v) := ( U N] , (A.24)
NeN
i.e. the complement of the union of all open v-nullsets. o

Remarks A.37. (i) By definition, the union of open sets is open and hence the support is
always closed as the complement of an open set.

(i) We frequently assume that the measures we are working with have full support, that

is, supp(v) = S. An important consequence of this assumption is that open sets A C S
always have strictly positive measure.

Definition A.38. Let (S,7) be a topological Hausdorfl space, (v,),en € My(S) and v €
My(S).

(1) We say that the sequence (v;),cn converges weakly to v, if

lim | fdv, = f fdv YfeCyS). (A.25)
S S

n—oo
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(i) We say that the sequence (v,,),cn converges vaguely to v, if

lim [ fdv, = f fdv VfeCyS). (A.26)
N S

n—oo

Remark A.39 (Weak convergence of measures). We can equip the space My(S) with the
weak topology generated by the functions

Tz{VHLfdv

By Lemma A.34 the weak convergence of a sequence of measure (v,),ey € Mp(S) is

feCpS) } (A.27)

equivalent to the convergence of (v,),cn in the weak topology generated by ¥ . o

Topologies and Nets

By definition, a topology always determines the convergent sequences. The converse is not
true in general as there may be different topologies with the same convergent sequences.

Example A.40 (different topologies may have the same class of convergent sequences).
Let S be an uncountable set. Consider the discrete topology 71 = {{x} c S |x€ S } and
the topology 7> := {A C S | A® is countable } consisting of complements of countable sets.
Clearly, a sequence (x,),eny C S converges to x € S in the 7 topology if and only if there
exists an k € N such that x, = x for all n > k, that is, when (x,),en is eventually constant.
On the other hand, assume lim,_,., X, = x in the 77 topology but (x,).en is not eventually
constant. Then, for every k € N the set Ny :={ x, | n > k } \ {x} is nonempty and countable.
By definition of 77, N{ is an open neighborhood of x. Further, Ny N Ny # @ for all k € N, thus
{xn | n >k} is not contained in NY for any k € N, a contradiction. Hence, every converging
sequence in 7, must also be eventually constant. O

It turns out that there is a generalized notion of sequences, so called nets, not to be confused
with e-nets, whose convergence already uniquely determines the topology. Before we introduce
nets we need the following definition.
Definition A.41. A directed set is a set I equipped with a binary relation > such that

(1) (transitivity) for all @, 8,y € I with @ > § and 8 > y it holds that @ > v,

(i1) (reflexivity) for all @ € I it holds that @ > @ and

(iii) (Archimedean property) for all @, 8 € [ there existsay € Isuchthaty > e¢andy > 8. ¢
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We can now introduce nets.

Definition A.42. Let S be any set. A netin S is a set { x, € S | @ € I'} where the index set
(I, >) is a directed set. 2

We adopt the following notions from Kelley’s book [Kel75]. We say that a property holds for

a net (x,), eventually iff there exists an @ € I such that x, has that property for all @ > .

We say that a property holds for a net (x,), frequently, if for every @ such that x, has the
property, there exists a 8 > a, such that the property also holds for xg. A subnet of (x4 )aer is a
net (xg)ger with index set J C I such that (J, >[y,;) is itself a directed set.

We say that a net (x,), converges to a point x € S if and only if (x,), is eventually in every
neighborhood U € U,. In that case, we write lim,eg X, = X, or, if there can be no confusion
about the index set, lim, x, = x.

We will show that the knowledge of convergent nets uniquely determines a topology if the
class of convergent nets is sufficiently rich.

Definition A.43 (Convergence class). Let NV be a family of elements of the form ((x,)qer, X)
where (xg)qer C S is some netin S and x € S. We say that a net (x,)qer converges to x with
respect to N if and only if ((xq)qer, X) € N. In that case we write limw/\(e]I X, = x. We call the
family N\ a convergence class if and only if

(i) For every net (xg)qer With x, = x for all @ € I it holds that limg/d Xo = X.
(i1) If (x4)eer converges to x with respect to N, then so does every subnet of (x,)qer.

(ii1) If (xq)eer does not converge to x with respect to N then there exists a subnet (xg)gey of
(Xa)aer such that no subset of (xg)gey converges to x.

(iv) For each a € I let J, be another directed set and denote the product directed set by

K:=1x XT,. (A.28)
acl
Assume that (x,).ex converges to x with respect to N. Let f(x) = f(a, j) = (a, j(@)),

where k € K, @ € Tand j € X,e1Jo. Then (xfu))kex converges to x with respect to
N. o

It is easy to check that the convergent nets in a given topological space satisfy (i) to (iv) (cf.

[Kel75, p. 74]). But also the converse holds true.

Theorem A.44 ([Kel75, Theorem 2.9]). Let N be a convergence class for a set S and for each
sucbset A C S let IT'(A) be the set of all points x € S such that there exists a net (xg)aqer C A

. . N
with lim
converges to x in the topology generated by T'.

Xq = Xx. Then T is a closure operator and ((xq)ac1, X) € N if and only if (xq)qer

A.3 Topologies and Nets
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Definition A.45. A topological space (S, 7") is called sequential if the topology 7 is deter-
mined by the convergent sequences. &

Proposition A.46 ([Wil70, Theorem 10.4])). Let (S,7T") be a first countable topological space.
Then T is sequential.
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Metric spaces

Metrics on the space of probability measures

Let (S, d) be a metric space.

Definition B.1 (Prokhorov metric). For two probability measures u, v € M;(S), define
d*(u,v) :=inf{e>0|VBeB: uB) <v(B°)+¢}, (B.1)

where B® :={xe S | dy € B: d(x,y) < €} denotes the e-blowup of B. Then the Prokhorov
metric on M;(S) is defined as

dpe(t, v) == max {d* (u, v), d* (v, o)} . (B.2)

¢

Definition B.2 (Kantorovich-Rubinshtein metric). Denote by Lip,(S ) the Lipschitz continuous
functions f: § — R with Lipschitz constant at most 1. On the space of probability measures
M;(S) we introduce the Kantorovich-Rubinshtein norm as

llullkr = SUP{ ffd/l ’ S €Lipi(S), lIfllo =1 } H € M(S). (B.3)
S
Then,
dxr(@, v) = |lu = vllkr (B.4)
is called the Kantorovich-Rubinshtein metric on M;(S). o

The resistance metric

In Section 4.5.1 we have introduced the effective resistance metric on weighted graphs. In
this appendix we collect some useful properties of the effective resistance metric on finite
graphs.

241



242

Let V be a finite set and recall from Definition 4.77 the definition of a weighted graph (V, w).
Furthermore recall from (4.231) the definition of the energy form & given by

1
E(f.8)1= 5 D iy (F) = FO) (8(x) ~ 81) (B.5)
x,yeV
for each f: V — R. Observe that in the case of finite V, the domain of & is unrestricted.
Let f: V — R and denote by f := (f V 0) A 1 the unit truncation of f. Since (f(x) — f(y))? <
(f(x)—f (y))2 for all x,y € V we immediately obtain

&(f, P < & ) (B.6)

Let 77 :={f: V> R| f(x) =0, f(y) = 1 }. The effective resistance metric on V is given
by!

-1

Rx,y) = inf (&, ) |7} =inf{ &N | feF 0<f<1)

_ 2
= sup{ —(f(ya)(f]}(;c)) f:V-oR, & f)> 0}.

(B.7)

ISee (4.233), (4.239) and (B.6).
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Some loose ends

The Bochner Integral

Let B # @ denote a Banach space with norm || - || and let (Q, A, u) be a complete and o-finite
measure space. We want to define the integral of a map F: Q — B.

The Bochner integral is defined similar to the Lebesgue integral and its construction is due to
SaLoMoN BocHNER [Boc33].

Let € = €(Q; B) be the space of elementary functions i.e.

n
(E::{F: fila,|n€N, f;€B, A;e A:
=l (C.1)
M(A;) <00, AiNA; =0, iije{l,...,n}}.

Definition C.1 (Bochner integral). Let F' € €. The Bochner integral of F with respect to u is
defined as

Fdu:= u(A;NB), BeA. C2
fBu D fiuAinB), Be (C2)

i=1
We say that a function F': Q — B is Bochner integrable if there exists an sequence (F),aq C €
of elementary functions satisfying

(i) lim F, = F, y-a.e. and
n—oo
(i) lim f||Fn — F|ldu=0.
n—0oo Q
In that case, the Bochner Integral of F (with respect to u) is defined as

f Fdu:=lim | F,du, BeA. (C.3)
B B

n—oo
¢

Not only is the Bochner integral defined similar to the Lebesgue integral, it also exhibits most
of the properties of the Lebesgue integral. The following properties are shown in the same
way as for the Lebesgue integral.

Proposition C.2. (i) The Bochner integral fB F du does not depend on the choice of the
approximating sequence (Fp),en C €.
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(ii) The Bochner integral is linear.

(iii) The Bochner integral is monotone,

F<Gu-ae = de,quGdu. (C4)
B B

Definition C.3 (Strong measurability). Let F': Q — B. We say that F is strongly measurable
(or Bochner measurable) if there exists a sequence (Fj),cn C € of elementary functions with

lim [|Fy(w) - F(w)ll =0 (C5)

for almost all w € Q. &
Strong measurability yields a handy criterion for Bochner integrability.

Theorem C.4 ([Rao04, Theorem VIL5]). A function F: Q — B is Bochner integrable if and
only if F is strongly measurable and ||F|| is Lebesgue integrable.

Lemma C.5. Let H be a real or complex Hilbert space with inner product (-, <Y and F: Q —
‘H Bochner integrable. Then for each g € H, the function w — (F(w),g) is Lebesgue

< f qu,g>= f (F.g) du. C6)
B B

Proof. Fix g € H. First assume that F' is elementary, i.e.

integrable and

F= ZfiﬂA,. (C.7)
i=1

for some n € N and f; € H, A; € A. Then,

< fB qu,g>:2u(AmB><f,-,g>= fB D fog) Ia du = fB (F.gydy  (C8)
i=1 i=1

and clearly the Lebesgue integral on the right hand side exists.

Now let F: Q — B be Bochner integrable. By Theorem C.4, there exists a sequence
(F)uen C € such that ||F,, — F|| — 0 outside a set of measure 0 as n — oo. Therefore, by
application of the definition of the Bochner integral and (C.8),

< f Fdu, g>= lim < f F,du, g> = lim f (Fn,g) du. (C.9)
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The Cauchy-Schwarz inequality now yields
KEn, 8) = (F, ) = KEn = F, @)l < 1 = Fllllgll — 0, (C.10)

for u-almost all w € Q.

Without loss of generality, we can choose the sequence (F},),cn in such a way that (||F,||)en
is increasing. Then the functions (F,, g) are bounded u-almost everywhere by the integrable

function ||F||||g]| and an application of the dominated convergence theorem yields the claim.

O

Probabilistic results in the uniform setting

Here we collect some important results from probability theory that can be found in most
textbooks but are usually formulated for (Polish) metric spaces. We show how the proofs can
easily be generalized to the uniform setting.

As always, let (Q2, A, P) denote some probability space.

Theorem C.6 (Skorokhod coupling [Kal21, Theorem 5.31]). Let (S, U) be a separable uniform

d
Hausdorf{f space and X, X1, X2, ...: Q — S random variables. Assume that X, — X, then
there exists a probability space (', A’,P") and random variables Y, Y1,Y>,...: Q" — § such
that Py = P}, and Px, = P’Yn for all n € N and furthermore

Y,>Y P-as. (C.11)

The proof relies on the following general result.

Lemma C.7. Let [ be some index set and (Qq, Ay, Py) a probability space for each a € 1.

Then there exist independent random variables X, on Q, with

L(Xy) =Py, acl (C.12)

Proof. See [Kal21, Corollary 8.25]. O

Proof of Theorem C.6. We start with the case where S = {1,...,m} is finite. Set
Pk =PX=k) and p}:=PX,=k). (C.13)

Let 7 be defined on a probability space (21, A, P;) and uniformly distributed on [0, 1]. We
can construct random variables (Y;),cx on the product space Q' = Q; with £(Y,,) = X, by

C.2 Probabilistic results in the uniform setting
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setting ¥, = k whenever X = k and 7 < p}/ p. By assumption, p}/pr — 1 as n — oo for each
1 <k <m. Hence, Y, > Y P-as.

Now let (S, U) be an arbitrary separable uniform Hausdorff space and (U,,),cy C U a sequence
of open entourages with U, 1 C U, and (,en U, = A. Fix p € N and suppose further that
(B j)jeN C B is a partition of S into subsets with P(X € dB;) = 0 such that there exists a
sequence (x,),eny C S with B; C U,[x;] for all j € N. We can choose m € N large enough so
that

P(Xeé UBk] <277, (C.14)

k<m
Moreover, write By := (r<m CBy. Letk, (kn)nen be random variables with x = k when X € By,

and x, = k when X,, € By forn e Nand k € {0, 1, ..., m}. By assumption, i> Kasn — oo,
We can therefore apply the result for finite S and conclude that there exist random variables
K, (Rn)uen On some probability space (Q', A’,P’) such that k 4 K, Ky 4 K, and k, — k, P’-a.s.
as n — oo. Define now further random variables & on Q' with values in S and distributions

L&) = L(X, | X, € BY). (C.15)
Moreover, define
YD = ) e g (C.16)
keN

d )
Then, Y} = X, and, by construction,

{(YF.X) ¢ Up) € (ke # K} U (X € By}, (C.17)

for all n, p € N. Let Y be defined on Q' with Y 4 X. Because of the almost sure convergence
k, — k and (C.14), we conclude that for every p € N there exists a n, € N such that

AU e

nznp

<27, (C.18)

Without loss of generality we can assume that the sequence (n p)peN is increasing. Applying
the Borel-Cantelli Theorem, find that

(. |n>n,|cu (C.19)
for all but finitely many p € N. We can therefore apply a diagonal argument and set Y, := Y7
for some n € {n,...,n,.1 — 1} to finally obtain

d
X, =Y, -7, (C.20)
P’-a.s. asn — oo. O
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