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Abstract. This paper is devoted to the theoretical and numerical study of an optimal design4
problem in high-temperature superconductivity (HTS). The shape optimization problem is to find5
an optimal superconductor shape which minimizes a certain cost functional under a given target6
on the electric field over a specific domain of interest. For the governing PDE-model, we consider7
an elliptic curl-curl variational inequality (VI) of the second kind with an L1-type nonlinearity. In8
particular, the non-smooth VI character and the involved H(curl)-structure make the corresponding9
shape sensitivity analysis challenging. To tackle the non-smoothness, a penalized dual VI formulation10
is proposed, leading to the Gâteaux differentiability of the corresponding dual variable mapping. This11
property allows us to derive the distributed shape derivative of the cost functional through rigorous12
shape calculus on the basis of the averaged adjoint method. The developed shape derivative turns13
out to be uniformly stable with respect to the penalization parameter, and strong convergence of14
the penalized problem is guaranteed. Based on the achieved theoretical findings, we propose 3D15
numerical solutions, realised using a level set algorithm and a Newton method with the Nédélec16
edge element discretization. Numerical results indicate a favourable and efficient performance of the17
proposed approach for a specific HTS application in superconducting shielding.18
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1. Introduction. The physical phenomenon of superconductivity is character-22

ized by the zero electrical resistance and the expulsion of magnetic fields (Meissner23

effect) occurring up to a certain level of the operating temperature and magnetic24

field strength. Nowadays, numerous key technologies can be realised through high-25

temperature superconductivity (HTS), including magnetic resonance imaging, mag-26

netic levitation, powerful superconducting wires, particle accelerators, magnetic en-27

ergy storage and many more. In particular, to improve and optimize their efficiency28

and reliability, advanced shape optimization (design) methods are highly desirable.29

For instance, efficiently designed superconducting shields are a practical way to30

protect certain areas from magnetic fields. Basically, there are only two possible ways31

for a magnetic field to penetrate an area shielded by a superconductor – through the32

material itself and through opened parts such as holes or gaps. The former depends33

solely on the properties of the material, the operating temperature, and the magnetic34

field strength, whereas the latter is also highly affected by the geometry. In the case35

of an HTS coil for instance, physical experiments [22] show that the enclosed area is36

still shielded even if the opened ends are directly facing the field lines. On the other37

hand, if the diameter gets too large, field lines start penetrating the inside. Thus, the38

following question arises: how should we design superconducting shields in order to39

save material and still keep the electromagnetic field penetration to a minimum?40
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2 A. LAURAIN, M. WINCKLER, I. YOUSEPT

In the recent past, the Bean critical-state model for HTS has been extensively41

studied by several authors. In the eddy current case, it leads to a parabolic Maxwell42

variational inequality (VI) of the first kind (see [4,38]), while in the full Maxwell case it43

gives rise to a hyperbolic Maxwell VI of the second kind [51,53] (see also [54] regarding44

hyperbolic Maxwell obstacle problems). For both parabolic and hyperbolic Maxwell45

VIs, efficient finite element methods have been proposed and analyzed in [3,10,47,48].46

This paper focuses on the sensitivity analysis and numerical investigation for a47

shape optimization problem in HTS. Our task is to find an admissible superconductor48

shape which minimizes a tracking-type objective functional under a given target on49

the electric field over a specific domain of interest. For the governing PDE-model,50

we consider the elliptic (time-discrete) counterpart to the Bean critical-state model51

governed by Maxwell’s equations [47, 51, 53], given by an elliptic curl-curl VI of the52

second kind. To be more precise, let Ω ⊂ R3 be a bounded Lipschitz domain, L > 053

be a fixed constant, and54

O := {ω ⊂ B : ω is open, Lipschitz, with uniform Lipschitz constant L},55

for some measurable subsetB ⊂ Ω. For every admissible superconductor shape ω ∈ O,56

let E = E(ω) ∈H0(curl) denote the associated electric field given as the solution of57

a(E,v −E) + ϕω(v)− ϕω(E) ≥
∫

Ω

f · (v −E) dx ∀v ∈H0(curl),(VIω)58
59

with the elliptic curl-curl bilinear form a : H0(curl)×H0(curl)→ R defined by60

a(v,w) :=

∫
Ω

ν curlv · curlw dx+

∫
Ω

εv ·w dx,(1.1)61
62

and the non-smooth L1-type functional63

ϕω : L1(Ω)→ R, v 7→ jc

∫
ω

|v(x)| dx.(1.2)64
65

Here, jc > 0 denotes the critical current density of the superconductor ω, and66

ε, ν : Ω→ R3×3 are the electric permittivity and the magnetic reluctivity, respectively.67

The right-hand side f : Ω → R3 stands for the applied current source. Altogether,68

the optimal HTS design problem we focus on reads as follows:69

min
ω∈O

J(ω) :=
1

2

∫
B

κ|E(ω)−Ed|2 dx+

∫
ω

dx,(P)70
71

for some given target Ed : B → R3 and weight coefficient κ : B → (0,∞). The precise72

mathematical assumptions for all data involved in (P) are specified in Assumption 2.1.73

To the best of authors’ knowledge, this paper is the first theoretical and numer-74

ical study of the shape optimization subject to H(curl)-elliptic VI of the second75

kind. Both the involved H(curl)-structure and the non-smooth VI character make76

the corresponding analysis truly challenging. We refer to [46, 49, 50] for the optimal77

control of static Maxwell equations. Quite recently, the optimal control of hyperbolic78

Maxwell variational inequalities arising in HTS was investigated in [52]. While (P)79

admits an optimal solution (Theorem 2.4), the differentiability of the dual variable80

mapping associated with (VIω) cannot be guaranteed. This property is however in-81

dispensable for our shape sensitivity analysis. Therefore, we propose to approximate82
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SHAPE OPTIMIZATION FOR SUPERCONDUCTORS 3

(P) by replacing (VIω) through its penalized dual formulation (3.1), for which the83

corresponding dual variable mapping is Gâteaux-differentiable (Lemma 3.1). This84

allows us to prove our main theoretical result (Theorem 4.6) on the distributed shape85

derivative of the cost functional through rigorous shape calculus on the basis of the86

averaged adjoint method. Importantly, the established shape derivative is uniformly87

stable with respect to the penalization parameter (Theorem 5.1), and strong conver-88

gence of the penalized approach can be guaranteed (Theorem 5.3). In addition, the89

Newton method is applicable to the penalized dual formulation (3.1). Thus, efficient90

numerical optimal shapes can be realized by means of a level set algorithm along with91

the developed shape derivative and a symmetrization strategy. All these theoretical92

and numerical evidences indicate the favourable performance of our approach to deal93

with shape optimization problems subject to a VI of the second kind.94

Theoretical results on optimal design problems were obtained in [2, 8, 9, 11, 14,95

28, 34, 43], but there are few early references for VI-constrained numerical shape op-96

timization (see [13, 21, 32, 42]). Recent publications include [16] regarding a solution97

algorithm in the infinite dimensional setting for shape optimization problems gov-98

erned by VIs of the first kind and [12, 30] concerning a shape optimization method99

based on a regularized variant of VI of the first kind.100

The concept of shape derivative [7, 15, 43] is the basis for the sensitivity anal-101

ysis of shape functionals. We use the averaged adjoint method introduced in [44],102

a Lagrangian-type method for the efficient computation of shape derivatives. La-103

grangian methods are commonly used in shape optimization and have the advantage104

of providing the shape derivative without the need to compute the material derivative105

of the state (see [1, 5, 7, 17, 18, 20, 37]). Compared to these approaches, the averaged106

adjoint method is fairly general due to minimal required conditions.107

2. Preliminaries. For a given Banach space V , we denote its norm by ‖ · ‖V .108

If V is a Hilbert space, then (·, ·)V stands for its scalar product and ‖ · ‖V for the109

induced norm. In the case of V = Rn, we renounce the subscript in the (Euclidean)110

norm and write | · |. The Euclidean scalar product is denoted by a dot, and ⊗ is111

the standard outer product for vectors in R3. Hereinafter, a bold typeset indicates112

vector-valued functions and their respective spaces. The Banach space C1(Ω,R3×3) is113

equipped with the standard norm, and for C0,1(Ω) := C0,1(Ω,R3) we use114

‖θ‖C0,1(Ω) = sup
x∈Ω
|θ(x)|+ sup

x 6=y∈Ω

|θ(x)− θ(y)|
|x− y|

.115

Now, we introduce the central Hilbert space used throughout this paper:116

H(curl) := {v ∈ L2(Ω) : curlv ∈ L2(Ω)},117118

where curl is understood in the distributional sense. It is equipped with the corre-119

sponding graph norm120

‖v‖H(curl) :=
(
‖v‖2L2(Ω) + ‖ curlv‖2L2(Ω)

) 1
2 ∀v ∈H(curl).121

As usual, C∞0 (Ω) denotes the space of all infinitely differentiable functions with com-122

pact support in Ω. The space H0(curl) stands for the closure of C∞0 (Ω) with respect123

to the H(curl)-norm.124

Next, we present all the necessary assumptions for the material parameters and125

the given data in (P) and (VIω):126
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4 A. LAURAIN, M. WINCKLER, I. YOUSEPT

Assumption 2.1 (Material parameters and given data).127

(A1) The subset B ⊂ Ω is a Lipschitz domain, Ed ∈ C1(B), and κ ∈ C1(B).128

(A2) We assume jc ∈ R+, and the material parameters ε, ν : Ω→ R3×3 are assumed129

to be L∞(Ω,R3×3)∩C1(B,R3×3), symmetric and uniformly positive definite,130

i.e., there exist ν, ε > 0 such that131

(2.1) ξTν(x)ξ ≥ ν|ξ|2 and ξTε(x)ξ ≥ ε|ξ|2 for a.e. x ∈ Ω and all ξ ∈ R3.132

(A3) The right-hand side satisfies f ∈ L2(Ω) ∩ C1(B).133

Remark 2.2.134

(i) As pointed out earlier, in the context of superconducting shields, one looks for135

an optimal superconductor shape ω that minimizes both the electromagnetic136

field penetration and the volume of material. This can be realised by solving137

(P) with Ed = 0 which obviously satisfies (A1).138

(ii) The material assumption (A2) holds true for instance in the case of homoge-139

neous HTS material. In this case, ε, µ are constant in B.140

(iii) A choice for the f satisfying (A3) is given by an induction coil away from the141

superconducting region B. In this case, f ≡ 0 in B.142

For every fixed ω ⊂ O the existence of a unique solution E ∈ H0(curl) of (VIω) is143

covered by the fundamental well-posedness result by Lions and Stampacchia. Accord-144

ing to [27, Theorem 2.2] we have to verify that the bilinear form a is coercive and145

continuous. Indeed, in view of (1.1), (A2) yields146

(2.2)
a(v,v) ≥ min{ε, ν}‖v‖2H(curl)

|a(v,w)| ≤ (‖ν‖L∞(Ω,R3×3) + ‖ε‖L∞(Ω,R3×3))‖v‖H(curl)‖w‖H(curl)

147

for all v,w ∈H0(curl). Moreover, according to (1.2), the nonlinearity ϕω is convex,148

proper, and lower semicontinuous. Therefore, concluding from [27, Theorem 2.2],149

(VIω) admits for every ω ⊂ O a unique solution E ∈ H0(curl). Additionally, it is150

well-known (cf. [45]) that there exists a unique λ ∈ L∞(ω) such that151

(2.3)

a(E,v) +

∫
ω

λ · v dx =

∫
Ω

f · v dx ∀v ∈H0(curl),

|λ(x)| ≤ jc, λ(x) ·E(x) = jc|E(x)| for a.e. x ∈ ω.
152

On the other hand, if there exists a pair (E,λ) ∈H0(curl)×L∞(Ω) satisfying (2.3),153

we readily obtain that E is the unique solution of (VIω) since it holds that154
155 ∫

Ω

f · (v −E) dx = a(E,v −E) +

∫
ω

λ · v dx−
∫
ω

λ ·E dx156

(2.3)︷︸︸︷
≤ a(E,v −E) +

∫
ω

jc|v| dx−
∫
ω

jc|E| dx ∀v ∈H0(curl).157
158

As a conclusion, the dual formulation (2.3) admits for every ω ⊂ O a unique solution159

(E,λ) ∈ H0(curl) × L∞(Ω), and its primal solution E ∈ H0(curl) coincides with160

the solution to (VIω). Throughout this paper the following compactness result for the161

set of domains O is pivotal to our analysis [15, Theorem 2.4.10].162

Theorem 2.3. Let Assumption 2.1 hold and {ωn}n∈N ⊂ O. Then, there exist163

ω ∈ O and a subsequence {ωnk}k∈N which converges to ω in the sense of Hausdorff,164

and in the sense of characteristic functions. Moreover, ωnk and ∂ωnk converge in the165

sense of Hausdorff towards ω and ∂ω, respectively.166
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SHAPE OPTIMIZATION FOR SUPERCONDUCTORS 5

With Theorem 2.3 at hand, it is possible to prove existence of an optimal shape for167

(P) directly. However, as the same result is obtained as a byproduct of Theorem 5.3,168

we do not give a proof at this point.169

Theorem 2.4. Under Assumption 2.1 the shape optimization problem (P) has an170

optimal solution ω? ∈ O.171

3. Penalized shape optimization approach. As pointed out earlier, our172

shape sensitivity analysis requires the differentiability of the dual variable mapping173

E 7→ λ in L2(Ω), which cannot be guaranteed in general. To cope with this regularity174

issue, we approximate (P) by175

(Pγ) min
ω∈O

Jγ(ω) :=
1

2

∫
B

κ|Eγ(ω)−Ed|2 +

∫
ω

dx,176

where Eγ := Eγ(ω)∈H0(curl) is specified by the penalized dual formulation of (2.3):177

(3.1)


a(Eγ ,v) +

∫
ω

λγ · v dx =

∫
Ω

f · v dx ∀v ∈H0(curl)

λγ(x) =
jcγE

γ(x)

maxγ{1, γ|Eγ(x)|}
for a.e. x ∈ ω.

178

In this context, maxγ : R3 → R denotes the Moreau-Yosida type regularization (cf. [6])179

of the max-function given by180

(3.2) maxγ{1, x} :=



x if x− 1 ≥
1

2γ
,

1 +
γ

2

(
x− 1 +

1

2γ

)2

if |x− 1| ≤
1

2γ
,

1 if x− 1 ≤ −
1

2γ
.

181

The following lemma summarizes the Gateaux-differentiability result for the dual182

variable mapping associated with (3.1). For the convenience of the reader, we provide183

a brief sketch of the proof following [6].184

Lemma 3.1. Let γ > 0 and Assumption 2.1 hold. Then,185

(3.3) Λγ : L2(Ω)→ L2(Ω), Λγ(e) :=
jcγe

maxγ{1, γ|e|}
186

is Gateaux-differentiable with the Gateaux-derivative187

188

(3.4) Λ′γ(e)w =
jcγw

maxγ{1, γ|e|}
189

− γ
(
1Aγ(e) + γ

(
γ|e| − 1 +

1

2γ

)
1Sγ(e)

)
(e ·w)Λγ(e)

maxγ{1, γ|e|}|e|
∀e,w ∈ L2(Ω),190

191

where 1Aγ(e) and 1Sγ(e) stand for the characteristic functions of the disjoint sets192

Aγ(e) = {x ∈ Ω : γ|e(x)| ≥ 1 + 1/2γ} and Sγ(e) = {x ∈ Ω : |γ|e(x)| − 1| < 1/2γ},193

respectively. Furthermore, Λγ is Lipschitz-continuous and monotone, i.e.,194

(3.5) (Λγ(w1)−Λγ(w2),w1 −w2)L2(Ω) ≥ 0 ∀w1,w2 ∈ L2(Ω).195
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6 A. LAURAIN, M. WINCKLER, I. YOUSEPT

Proof. At first, let us note that the function ξγ : R3 → R3, defined by196

ξγ(x) :=
jcγx

maxγ{1, γ|x|}
,197

is continuously differentiable by the construction of maxγ : R3 → R (see (3.2)). More-198

over, by using the mean value theorem as in [6, Lemma 4.1], ξγ is also globally199

Lipschitz continuous and monotone in the following sense:200 (
ξγ(x)− ξγ(y)

)
·
(
x− y

)
≥ 0 ∀x, y ∈ R3.201

This readily implies that the same properties hold for Λγ . Now, applying the differen-202

tiability of ξγ : R3 → R3 along with Lebesgue’s dominated convergence theorem leads203

to the directional differentiability of Λγ : L2(Ω)→ L2(Ω) with the directional deriva-204

tive given by (3.4). In view of (3.4), for every e ∈ L2(Ω), the mapping w 7→ Λ′γ(e)w205

is linear and bounded in L2(Ω), and so the Gateaux-differentiability follows.206

In addition to Lemma 3.1, it is easy to see that the following estimate holds by207

definition of Sγ(e) for every e ∈ L2(Ω):208

(3.6) γ

(
γ|e| − 1 +

1

2γ

)
≤ 1 a.e. in Sγ(e).209

For convenience we define the matrix-valued function ψγ : L2(Ω)→ L2(Ω,R3×3) by210

ψγ(e) :=
jcγI3

maxγ{1, γ|e|}
− γ
(
1Aγ(e) + γ

(
γ|e| − 1 +

1

2γ

)
1Sγ(e)

)
e⊗Λγ(e)

maxγ{1, γ|e|}|e|
,

(3.7)

211
212

where I3 denotes the identity matrix in R3×3. By multiplying (3.4) with v ∈ L2(Ω)213

and using (e ·w)(Λγ(e) · v) =
[(
e⊗Λγ(e)

)
v
]
·w, for all e,v,w ∈ R3, we obtain214

(3.8) Λ′γ(e)w · v = ψγ(e)v ·w ∀e,w,v ∈ L2(Ω).215

Thanks to the Lipschitz continuity and monotonicity of Λγ (Lemma 3.1) along with216

(2.2), the operator A : H0(curl)→H0(curl)∗ defined by217

〈A(v),w〉 := a(v,w) + (Λγ(v),w)L2(Ω) ∀v,w ∈H0(curl)218

is strictly monotone, coercive and (radially) continuous. Thus, the well-posedness of219

(3.1) follows by the theorem of Minty-Browder [41, Theorem 2.18]. Moreover, (3.2)220

implies for every e ∈ L2(Ω) that221

(3.9) maxγ{1, γ|e|} ≥ γ|e| a.e. in Ω.222

Applying this estimate to (3.3) yields that223

(3.10) ‖Λγ(e)‖L∞(Ω) ≤ jc ∀e ∈ L2(Ω).224

Obviously, (3.2) yields for every e ∈ L2(Ω) that maxγ{1, γ|e|} ≥ 1 almost everywhere225

in Ω. Hence, we obtain the following estimate for all e,v,w ∈ L2(Ω)226 ∫
Ω

|ψγ(e)v ·w| dx
(3.6)︷︸︸︷
≤
∫

Ω

jcγ|v ·w|
maxγ{1, γ|e|}

dx+ γ

∫
Ω

∣∣(e⊗Λγ(e)
)
v ·w

∣∣
maxγ{1, γ|e|}|e|

dx(3.11)227

(3.10)︷︸︸︷
≤ 2jcγ‖v‖L2(Ω)‖w‖L2(Ω).228229

The next result states the existence of an optimal solution to (Pγ).230
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SHAPE OPTIMIZATION FOR SUPERCONDUCTORS 7

Theorem 3.2. Let Assumption 2.1 hold and γ > 0 be fixed. Then, (Pγ) admits231

an optimal shape ωγ? ∈ O.232

Proof. Let {ωγn}n∈N ⊂ O be a minimizing sequence for (Pγ) with the correspond-233

ing states Eγ
n ∈ H0(curl) solving (3.1) for ω = ωγn and λγn := Λ(Eγ

n). Thanks to234

Theorem 2.3, there exists a subsequence of {ωγn}n∈N (with a slight abuse of notation235

we use the same index for the subsequence) and ωγ? ⊂ O such that ωγn → ωγ? as n→∞236

in the sense of characteristic functions.237

We denote the solution to (3.1) for ω = ωγ? by Eγ
? ∈H0(curl) and λγ? := Λγ(Eγ

? ).238

Now, substracting (3.1) for Eγ
n from (3.1) for Eγ

? and testing the resulting equation239

with v = Eγ
? −Eγ

n yields240

a(Eγ
? −Eγ

n,E
γ
? −Eγ

n) =

∫
Ω

(χωγ?λ
γ
? − χωγnλ

γ
n) · (Eγ

n −Eγ
? ) dx(3.12)241

=

∫
Ω

(χωγ? − χωγn)λγn · (Eγ
n −Eγ

? ) dx−
∫

Ω

χωγ? (λγ? − λγn) · (Eγ
? −Eγ

n) dx︸ ︷︷ ︸
=(Λγ(χωγ?

Eγn)−Λγ(χωγ?
Eγ? ),χωγ?

Eγn−χωγ?E
γ
? )L2(Ω)

242

≤︸︷︷︸
(3.5)

∫
Ω

(χωγ? − χωγn)λγn · (Eγ
n −Eγ

? ) dx.243

244

Thus, (3.12) and (A2) of Assumption 2.1 yield245

min{ν, ε}‖Eγ
?−Eγ

n‖2H(curl) ≤ ‖χωγ? − χωγn‖L2(Ω)‖λγn‖L∞(Ω)‖Eγ
? −Eγ

n‖H(curl)246

(3.9)︷︸︸︷⇒ ‖Eγ
? −Eγ

n‖H(curl) ≤
jc

min{ν, ε}
‖χωγ? − χωγn‖L2(Ω).(3.13)247

248

This implies Eγ
n → Eγ

? in H0(curl) since ωγn converges to ωγ? in the sense of charac-249

teristic functions as n→∞. Hence, we obtain250

Jγ(ωγn) =
1

2

∫
B

κ|Eγ
n −Ed|2 dx+

∫
ωγn

dx→ 1

2

∫
B

κ|Eγ
? −Ed|2 dx+

∫
ωγ?

dx = Jγ(ωγ? ).251

252

Finally, the assertion follows since ωγn is a minimizing sequence for (Pγ).253

4. Shape sensitivity analysis. This section is devoted to the sensitivity anal-254

ysis of the shape functional Jγ(ω) in (Pγ) for γ > 0 fixed. We compute the shape255

derivative using the averaged adjoint method (see [25,44]). Let Tt : Ω→ Ω be the flow256

of a vector field θ ∈ C0,1
c (Ω,R3) with compact support in B, i.e., Tt(θ)(X) = x(t,X)257

is the solution to the ordinary differential equation258

(4.1)
d

dt
x(t,X) = θ(x(t,X)) for t ∈ [0, τ ], x(0, X) = X ∈ Ω,259

for some given τ > 0. It is well-known (see [43, p. 50]) that (4.1) admits a unique260

solution for a sufficiently small τ > 0. In order to keep the notation short, we write261

Tt := Tt(θ). Note that Tt(B) = B and Tt(X) = X for every X ∈ Ω\B since θ has262

compact support in B. For ω ∈ O, we introduce the parameterized family of domains263

ωt := Tt(ω), for all t ∈ [0, τ ]. Let us now recall the definition of shape derivative used264

in this paper.265
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8 A. LAURAIN, M. WINCKLER, I. YOUSEPT

Definition 4.1 (Shape derivative). Let K : O → R be a shape functional. The266

Eulerian semiderivative of K at ω ∈ O in direction θ ∈ C0,1
c (Ω,R3) is defined as the267

limit, if it exists,268

dK(ω)(θ) := lim
t↘0

K(ωt)−K(ω)

t
,269

where ωt = Tt(ω). Moreover, K is said to be shape differentiable at ω if it has a270

Eulerian semiderivative at ω for all θ ∈ C0,1
c (Ω,R3) and the mapping271

dK(ω) : C0,1
c (Ω,R3)→ R, θ 7→ dK(ω)(θ)272273

is linear and continuous. In this case dK(ω)(θ) is called the shape derivative at ω.274

In the remainder of this section, we consider the perturbed domain ωt and denote the275

corresponding solution of (3.1) for ω = ωt by Eγ
t ∈H0(curl).276

4.1. Averaged adjoint method. We begin by introducing the Lagrangian L :277

O ×H0(curl)×H0(curl)→ R associated with (Pγ) as follows:278

(4.2) L(ω, e,v) :=
1

2

∫
B

κ|e−Ed|2 dx+

∫
ω

dx+a(e,v)+

∫
ω

Λγ(e) ·v dx−
∫

Ω

f ·v dx279

where Λγ is given as in (3.3). In view of (4.2), we have for ω ∈ O and t ∈ [0, τ ] that280

(4.3) Jγ(ωt) = L(ωt,E
γ
t ,v) ∀v ∈H0(curl).281

Moreover, as L is linear in v, the problem of finding e ∈H0(curl) such that282

∂vL(ωt, e,v; v̂) = a(e, v̂) +

∫
ωt

Λγ(e) · v̂ dx−
∫

Ω

f · v̂ dx = 0 ∀v̂ ∈H0(curl)283

284

is equivalent to (3.1) with ω = ωt and admits the same unique solution Eγ
t ∈285

H0(curl). In order to pull back the integrals over ωt to the reference domain ω,286

one uses the change of variables x 7→ Tt(x). Furthermore, to avoid the appearance of287

the composed functions e ◦Tt and v ◦Tt due to this change of variables, we reparam-288

eterize the Lagrangian using the following covariant transformation, which is known289

to be a bijection for H0(curl) (cf. [31, p. 77]).290

(4.4) Ψt : H0(curl)→H0(curl), Ψt(e) := (DT−Tt e) ◦ T−1
t .291

Here DTt : R3 → R3×3 stands for the Jacobian matrix function of Tt and we denote292

DT−Tt :=
(
DT−1

t

)T
. It satisfies the important identity (see [19, Lemma 11])293

(4.5)
(
curl Ψt(e)

)
◦ Tt = ξ(t)−1DTt curl e,294

with ξ(t) := detDTt. In this paper we always assume τ > 0 small enough such that295

ξ(t) > 0 for every t ∈ [0, τ ]. That is, the transformation Tt preserves orientation. In296

view of the above discussion, we introduce the shape-Lagrangian G : [0, τ ]×H0(curl)×297

H0(curl)→ R as298

299

(4.6) G(t, e,v) := L(ωt,Ψt(e),Ψt(v)) =
1

2

∫
B

κ|Ψt(e)−Ed|2 dx+

∫
ωt

dx300

+ a(Ψt(e),Ψt(v)) +

∫
ωt

Λγ(Ψt(e)) ·Ψt(v) dx−
∫

Ω

f ·Ψt(v) dx.301

302
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The change of variables x 7→ Tt(x) inside the integrals (4.4) and (4.5) yields303

G(t, e,v) =
1

2

∫
B

κ ◦ Tt|DT−T
t e−Ed ◦ Tt|2ξ(t) dx+

∫
ω

ξ(t) dx+

∫
Ω

M1(t) curl e · curlv dx304

+

∫
Ω

M2(t)e · v dx+

∫
ω

M3(t, e) · v dx−
∫

Ω

(f ◦ Tt) · (DT−T
t v)ξ(t) dx,(4.7)305

306

with the notationsM1(t) := ξ(t)−1DT T
t (ν◦Tt)DTt, M2(t) := ξ(t)DT−1

t (ε◦Tt)DT−Tt307

and M3(t, e) := ξ(t)DT−1
t Λγ(DT−Tt e). Note that the problem of finding et ∈308

H0(curl) such that ∂vG(t, et, 0; v̂) = 0 for all v̂ ∈ H0(curl) is equivalent to (3.1)309

with ω = ωt after applying the change of variables x 7→ Tt(x). Hence, it has the same310

unique solution Eγ
t ∈H0(curl).311

Next, the shape derivative of Jγ is obtained as the partial derivative with respect312

to t of the shape-Lagrangian G given by (4.7). For the convenience of the reader, we313

recall the main result of the averaged adjoint method, adapted to our case.314

Theorem 4.2 (Averaged adjoint method). Let γ > 0. Moreover, we assume315

that there exists τ ∈ (0, 1] such that for every (t,v) ∈ [0, τ ]×H0(curl)316

(H1) the mapping [0, 1] 3 s 7→ G(t, sEγ
t + (1− s)Eγ

0 ,v) is absolutely continuous;317

(H2) the mapping [0, 1] 3 s 7→ ∂eG(t, sEγ
t + (1− s)Eγ

0 ,v; ê) belongs to L1(0, 1) for318

every ê ∈H0(curl);319

(H3) there exists a unique P γ
t ∈H0(curl) that solves the averaged adjoint equation320

(4.8)

∫ 1

0

∂eG(t, sEγ
t + (1− s)Eγ

0 ,P
γ
t ; ê) ds = 0 ∀ê ∈H0(curl);321

(H4) the family {P γ
t }t∈[0,τ ] satisfies322

(4.9) lim
t↘0

G(t,Eγ
0 ,P

γ
t )−G(0,Eγ

0 ,P
γ
t )

t
= ∂tG(0,Eγ

0 ,P
γ
0 ).323

Then, Jγ is shape-differentiable in the sense of Definition 4.1 and it holds that324

(4.10) dJγ(ω)(θ) =
d

dt
Jγ(ωt)|t=0 = ∂tG(0,Eγ

0 ,P
γ
0 ),325

where P γ
0 is the so-called adjoint state solution of (4.8) with t = 0.326

Remark 4.3. The main idea of the proof of Theorem 4.2 can be formally under-327

stood in the following way. For t = 0, the averaged adjoint equation (4.8) coincides328

with the adjoint equation (see (4.38) for its explicit expression):329

(4.11) ∂eG(0,Eγ
0 ,P

γ
0 ; ê) = 0 ∀ê ∈H0(curl).330

Then, assuming that the material derivative ∂tE
γ
t |t=0 exists, we have in view of (4.3)331

and (4.6):332

dJγ(ω)(θ) =
d

dt
Jγ(ωt)|t=0 =

d

dt
G(t,Eγ

t ,v)|t=0333

= ∂tG(0,Eγ
0 ,v) + ∂eG(0,Eγ

0 ,v; ∂tE
γ
t |t=0) for any v ∈H0(curl).334335

Using (4.11) and choosing v = P γ
0 we obtain ∂eG(0,Eγ

0 ,v; ∂tE
γ
t |t=0) = 0, and the336

above equation yields (4.10). The proof of Theorem 4.2 proceeds in a similar way,337

except that the averaged adjoint P γ
t allows to obtain the same result without having338

to introduce the material derivative ∂tE
γ
t |t=0. We refer to [44] or [25, Theorem 2.1]339

for a detailed proof.340
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We verify that (H1)–(H4) are satisfied so that we may apply Theorem 4.2.341

Lemma 4.4. Let Assumption 2.1 be satisfied. Then, (H1) and (H2) hold for every342

(t,v) ∈ [0, 1]×H0(curl).343

Proof. First of all, (H1) is a direct consequence of (4.7) and Lemma 3.1. Before344

we proceed to prove (H2), let us introduce the notation E(s) := sEγ
t +(1−s)Eγ

0 . Now,345

fix τ ∈ (0, 1] and (t,v) ∈ [0, τ ] ×H0(curl). Thanks to the Gateaux-differentiability346

of Λγ (Lemma 3.1) and using (4.7), we may compute347

∂eG(t, E(s),v; ê) =

∫
B

κ ◦ Tt
(
DT−Tt ê · (DT−Tt E(s)−Ed ◦ Tt)

)
ξ(t) dx(4.12)348

+

∫
Ω

M1(t) curl ê · curlv +M2(t)ê · v dx+

∫
ω

∂eM3

(
t, E(s)

)
ê · v dx349

350

for every ê ∈H0(curl), where351 ∫
ω

∂eM3

(
t, E(s)

)
ê · v dx =

∫
ω

ξ(t)DT−1
t Λ′γ

(
DT−Tt E(s)

)
(DT−Tt ê) · v dx(4.13)352

(3.7)&(3.8)︷︸︸︷
=

∫
ω

ξ(t)DT−2
t ψγ

(
DT−Tt E(s)

)
v · ê dx.353

354

Moreover, the following asymptotic expansions hold (see [43, Lemma 2.31])355

(4.14) ξ(t) = 1 + tdiv(θ) + o(t), DTt = I3 + tDθ + o(t), DT−1
t = I3 − tDθ + o(t)356

such that o(t)/t→ 0 as t→ 0 with respect to ‖ · ‖C(Ω) and ‖ · ‖C(Ω,R3×3), respectively.357

Hence, (4.14) implies that there exists a constant C > 0 only dependent on θ such358

that359

(4.15) ‖ξ(t)‖L∞(Ω) + ‖DTt‖L∞(Ω,R3×3) + ‖DT−1
t ‖L∞(Ω,R3×3) ≤ 1 + Cτ.360

Applying (4.15) in (4.13) leads to361 ∣∣∣∣∫
ω

∂eM3(t, E(s))ê · v dx
∣∣∣∣ ≤ (1 + Cτ)3

∫
ω

∣∣ψγ(DT−Tt E(s)
)
v · ê

∣∣ dx(4.16)362

(3.11)︷︸︸︷
≤ 2jcγ(1 + Cτ)3‖ê‖L2(Ω)‖v‖L2(Ω) ∀s ∈ (0, 1).363364

Thus, the mapping s 7→
∫
ω
∂eM3(t, E(s))ê · v dx belongs to L∞(0, 1) ⊂ L1(0, 1). In a365

similar way, since t ∈ [0, τ ] and γ > 0 are fixed, (4.15) and (A1) of Assumption 2.1366

yield367 ∫
B

∣∣κ ◦ Tt(DT−Tt ê ·DT−Tt E(s)
)
ξ(t)

∣∣ dx(4.17)368

≤ (1 + Cτ)3‖κ‖C(Ω)‖ê‖L2(Ω)‖E(s)‖L2(Ω)369

≤ (1 + Cτ)3‖κ‖C(Ω)‖ê‖L2(Ω)

(
‖Eγ

0 ‖L2(Ω) + s‖Eγ
t −E

γ
0 ‖L2(Ω)

)
370

≤ (1 + s)(1 + Cτ)3‖κ‖C(Ω)‖ê‖L2(Ω)

(
‖Eγ

t −E
γ
0 ‖L2(Ω) + ‖Eγ

0 ‖L2(Ω)

)
.371372

As the remaining terms in (4.12) are independent of s, (4.16) and (4.17) imply that373

the mapping s 7→ ∂eG(t, E(s),v; ê) belongs to L1(0, 1) for all ê ∈ H0(curl) and374

(t,v) ∈ [0, τ ]×H0(curl). Thus, the proof is complete.375
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Lemma 4.5. Let Assumption 2.1 hold. Then, there exists τ ∈ (0, 1] such that376

(H3) is satisfied for every t ∈ [0, τ ]. Moreover, (H4) holds as well.377

Proof. Fix some arbitrary τ > 0 and denote E(s) := sEγ
t +(1−s)Eγ

0 for s ∈ (0, 1).378

Let τ ∈ (0, 1] be arbitrarily fixed. In the following, if necessary, we shall reduce379

τ ∈ (0, 1] step by step to prove our result. Let t ∈ [0, τ ] and ê ∈ H0(curl). Thanks380

to Lemma 4.4, the left-hand side of (4.8) is well-defined, and our goal is to prove the381

existence of a unique P γ
t ∈H0(curl) satisfying (4.8). In view of (4.12), we note that382

(4.8) can be written as383

(4.18) Bt(P
γ
t , ê) = Ft(ê) ∀ê ∈H0(curl)384

with Bt : H0(curl)×H0(curl)→ R and Ft : H0(curl)→ R defined by385

Bt(v, ê) :=

∫
Ω

M1(t)curl ê · curlv +M2(t)ê · v dx+

∫ 1

0

∫
ω

∂eM3(t, E(s))ê · v dx ds,386

Ft(ê) := −
∫ 1

0

∫
B

κ ◦ Tt
(
DT−Tt ê ·

(
DT−Tt E(s)−Ed ◦ Tt

))
ξ(t) dx ds.387

388

Thanks to (A2) and (4.15) and (4.16), Bt is a bounded bilinear form. In order to389

apply the Lax-Milgram lemma, we have to prove the coercivity of Bt. The asymptotic390

expansions (4.14) show that M1(t) and M2(t) are small perturbations of ν and ε,391

respectively. Thus, if necessary, we may reduce the number τ ∈ (0, 1] such that, in392

view of (2.1), M1(t) and M2(t) are uniformly positive definite for all t ∈ [0, τ ] with:393 ∫
Ω

M1(t) curlv · curlv +M2(t)v · v dx ≥ C1‖v‖2H(curl) ∀v ∈H0(curl),(4.19)394
395

for some constant C1 > 0 depending only on θ, ε and ν. In order to keep the notation396

short, let us define K(s) := DT−Tt E(s) ∈ H0(curl) as well as the sets Aγ(s) :=397

Aγ(K(s)) ⊂ Ω and Sγ(s) := Sγ(K(s)) ⊂ Ω for s ∈ (0, 1) (cf. Lemma 3.1). We398

estimate the third term in Bt which, in view of (3.7) and (4.13), corresponds to399

400

(4.20)

∫ 1

0

∫
ω

∂eM3(t, E(s))v · v dx ds =

∫ 1

0

∫
ω

ξ(t)DT−2
t

[
jcγI3

maxγ{1, γ|K(s)|}
401

−γ
(
1Aγ(s) + γ

(
γ|K(s)| − 1 +

1

2γ

)
1Sγ(s)

)
K(s)⊗Λγ(K(s))

maxγ{1, γ|K(s)|}|K(s)|

]
v · v dx ds.402

403

Therefore, we fix s ∈ (0, 1) and estimate the three summands in (4.20) separately. We404

begin with the first term and note that (4.14) implies, possibly after reducing τ > 0,405

that there exists a constant C > 0, depending only on θ, such that ξ(t) ≥ 1−Cτ > 0,406

and DT−2
t η · η ≥ (1− Cτ)2|η|2 for all η ∈ R3 and almost everywhere in Ω. Hence,407

(4.21)

∫
ω

jcγξ(t)
DT−2

t v · v
maxγ{1, γ|K(s)|}

dx ≥ (1− Cτ)3

∫
ω

jcγ|v|2

maxγ{1, γ|K(s)|}
dx.408

Now, we proceed to estimate the integrals over the disjoint sets ω∩Aγ(s) and ω∩Sγ(s)409
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appearing in the last two summands in (4.20). We obtain410 ∣∣∣∣∣
∫
ω∩Aγ(s)

γξ(t)DT−2
t

K(s)⊗Λγ(K(s))v · v
maxγ{1, γ|K(s)|}|K(s)|

dx

∣∣∣∣∣(4.22)411

(3.3)&(3.10)︷︸︸︷
≤ ‖ξ(t)‖L∞(Ω)‖DT−1

t ‖2L∞(Ω,R3×3)

∫
ω∩Aγ(s)

jcγ|v|2

maxγ{1, γ|K(s)|}
dx412

(4.15)︷︸︸︷
≤ (1 + Cτ)3

∫
ω∩Aγ(s)

jcγ|v|2

maxγ{1, γ|K(s)|}
dx.413

414

For the last summand, we use the same arguments and also (3.6) to deduce415

416

(4.23)

∣∣∣∣∣
∫
ω∩Sγ(s)

γ2

(
γ|K(s)| − 1 +

1

2γ

)
ξ(t)DT−2

t

K(s)⊗Λγ(K(s))v · v
maxγ{1, γ|K(s)|} |K(s)|

dx

∣∣∣∣∣417

≤ (1 + Cτ)3

∫
ω∩Sγ(s)

jcγ|v|2

maxγ{1, γ|K(s)|}
dx.418

419

Note that the constant C > 0 in (4.21)–(4.23) is the same in the three inequalities.420

Thus, we sum up (4.22) and (4.23) and substract the result from (4.21) to obtain421 ∫
ω

∂eM3(t, E(s))v · v dx ≥
(
1 + 3(Cτ)2

) ∫
ω\(Aγ(s)∪Sγ(s))

jcγ|v|2

maxγ{1, γ|K(s)|}
dx422

− (6Cτ + 2(Cτ)3)

∫
ω

jcγ|v|2

maxγ{1, γ|K(s)|}
dx.423

424

As the first term is non-negative and maxγ{1, γ|K(s)|} ≥ 1, we conclude for (4.20)425

that426 ∫ 1

0

∫
ω

∂eM3(t, E(s))v · v dx ds ≥ −(6Cτ + 2(Cτ)3)jcγ‖v‖2L2(ω).(4.24)427
428

The coercivity of Bt follows, as (4.19) in combination with (4.24) implies that429

Bt(v,v) ≥ (C1 − 6Cτ − 2(Cτ)3)︸ ︷︷ ︸
=:C2

‖v‖2H(curl) ∀v ∈H0(curl).(4.25)430

431

If necessary, we further reduce τ ∈ (0, 1] such that C2 > 0 holds true. In turn,432

for all t ∈ [0, τ ], Bt is coercive with the coercivity constant C2 > 0, independent433

of t. Ultimately, the Lax-Milgram lemma yields the existence of a unique solution434

P γ
t ∈H0(curl) of the averaged adjoint equation (4.8). Thus, (H3) holds.435

We finish this proof by verifying (H4). To this aim, let {tk}k∈N ⊂ (0, τ ] be a436

null sequence. First of all, the sequence {Eγ
tk
}k∈N ⊂ H0(curl) of solutions to the437

perturbed state equations (3.1) with ω = ωtk is bounded. This follows readily by438

inserting v = Eγ
tk

into (3.1) which yields439

440

(4.26) min(ν, ε)‖Eγ
tk
‖2H(curl) ≤ a(Eγ

tk
,Eγ

tk
) ≤ (‖f‖L2(Ω) + jc)‖Eγ

tk
‖H(curl)441

⇒ ‖Eγ
tk
‖H(curl) ≤ min(ν, ε)−1(‖f‖L2(Ω) + jc) ∀k ∈ N.442443
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Hereafter, we deduce a similar estimate for {P γ
tk
}k∈N by testing (4.18) with ê = P γ

tk
444

and using (4.25) along with (4.15):445

446

(4.27) C2‖P γ
tk
‖2H0(curl) ≤ Bt(P

γ
tk
,P γ

tk
) = Ft(P

γ
tk

)447

≤ ‖κ‖C(Ω)(1 + Cτ)3(‖Eγ
tk
‖L2(Ω) + ‖Eγ

0 ‖L2(Ω) + ‖Ed‖L2(Ω))‖P γ
tk
‖L2(Ω) ∀k ∈ N.448449

Since the constant C2 and C are independent of k ∈ N, the above estimate implies the450

boundedness of {P γ
tk
}k∈N ⊂H0(curl). Hence, there exists a subsequence {tkj}j∈N ⊂451

{tk}k∈N converging weakly in H0(curl) to some P ? ∈ H0(curl). By (4.14) and as452

the solution of (4.18) is unique, passing to the limit t = tkj → 0 in (4.18) yields453

P ? = P γ
0 . Since P γ

0 is independent of the choice of the subsequence {tkj}j∈N, a454

standard argument implies the weak convergence of the whole sequence:455

(4.28) P γ
tk
⇀ P ? weakly in H0(curl) as k →∞.456

Let us now consider the differential quotient457

G(tk,E
γ
0 ,P

γ
tk

)−G(0,Eγ
0 ,P

γ
tk

)

tk
=

∫
B

M0(tk)−M0(0)

tk
dx+

∫
ω

ξ(tk)− ξ(0)

tk
dx458

+

∫
Ω

M1(tk)−M1(0)

tk
curlEγ

0 · curlP γ
tk

+
M2(tk)−M2(0)

tk
Eγ

0 · P
γ
tk
dx459

+

∫
ω

M3(tk,E
γ
0 )−M3(0,Eγ

0 )

tk
· P γ

tk
dx−

∫
Ω

M4(tk)−M4(0)

tk
· P γ

tk
dx,(4.29)460

461

withM0(tk) := 1
2κ◦Ttk |DT

−T
tk
Eγ

0−Ed◦Ttk |2ξ(tk) andM4(tk) := ξ(tk)DT−1
tk

(f ◦Ttk).462

First, (4.14) yields the strong convergence463

(4.30) lim
k→∞

ξ(tk)− ξ(0)

tk
= div θ in C(Ω).464

Moreover, thanks to Assumption 2.1, (4.14) and suppθ ⊂⊂ B, we obtain the strong465

convergence of
(
Mi(tk)−Mi(0)

)
/tk, i = 0, 1, 2, 4, as k →∞ in L∞(Ω):466

lim
k→∞

M0(tk)−M0(0)

tk
=

1

2
(∇̃κ · θ + κdiv θ)|Eγ

0 −Ed|2(4.31)467

− κ(Eγ
0 −Ed) · (DθTE

γ
0 − D̃Edθ)468

lim
k→∞

M1(tk)−M1(0)

tk
= −(div θ)ν +DθTν + νDθ + D̃νθ,(4.32)469

lim
k→∞

M2(tk)−M2(0)

tk
= (div θ)ε−Dθε− εDθT + D̃εθ,(4.33)470

lim
k→∞

M4(tk)−M4(0)

tk
= (div θ)f −Dθf + D̃fθ.(4.34)471

472

Note that ∇̃κ denotes the zero extension of ∇κ|B ∈ C(B) to Ω. The same notation473

is used for D̃Ed, D̃ε, D̃ν, D̃f . Similarly, by the Gateaux-differentiability of Λγ (see474

Lemma 3.1), (3.8) and (4.28), we deduce that475

476

(4.35) lim
k→∞

M3(tk)−M3(0)

tk
· P γ

tk
=
(
(div θ)Λγ(Eγ

0 )−DθΛγ(Eγ
0 )
)
· P γ

0477

−ψγ(Eγ
0 )P γ

0 · (DθTE
γ
0 ).478479
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From (4.30)–(4.35) along with the weak convergence (4.28) and suppθ ⊂⊂ B, it480

follows that481

lim
k→∞

G(tk,E
γ
0 ,P

γ
tk

)−G(0,Eγ
0 ,P

γ
tk

)

tk
(4.36)482

=

∫
B

1

2
(∇κ · θ + κdiv θ)|Eγ

0 −Ed|2 − κ(Eγ
0 −Ed) · (DθTE

γ
0 +DEdθ) dx483

+

∫
ω

div θ dx+

∫
B

(
− (div θ)ν +DθTν + νDθ +Dνθ

)
curlEγ

0 · curlP γ
0 dx484

+

∫
B

(
(div θ)ε−Dθε− εDθT +Dεθ

)
Eγ

0 · P
γ
0 dx485

+

∫
ω

(div θ)Λγ(Eγ
0 ) · P γ

0 −DθΛγ(Eγ
0 ) · P γ

0 −ψγ(Eγ
0 )P γ

0 · (DθTE
γ
0 ) dx486

−
∫
B

(Dfθ + (div θ)f) · P γ
0 − f ·DθTP

γ
0 dx487

= lim
k→∞

G(tk,E
γ
0 ,P

γ
0 )−G(0,Eγ

0 ,P
γ
0 )

tk
= ∂tG(0,Eγ

0 ,P
γ
0 ).488

489

Thus, (H4) is valid.490

In the case t = 0, the solution P γ
0 ∈H0(curl) of (4.8) also satisfies the equation491

∂eL(ω,Eγ
0 ,P

γ
0 ; ê) = 0 ∀ê ∈H0(curl).(4.37)492493

By definition (4.2) and by (4.13) we conclude that (4.37) is equivalent to494

(4.38) a(ê,P γ
0 ) +

∫
ω

ψγ(Eγ
0 )P γ

0 · ê dx = −
∫
B

κ(Eγ
0 −Ed) · ê dx, ∀ê ∈H0(curl).495

We refer to (4.38) as the adjoint equation and we write for simplicity (Eγ ,P γ) =496

(Eγ
0 ,P

γ
0 ). We now have all the elements at hand to prove the shape differentiability497

of Jγ and write the distributed expression of the shape derivative of Jγ .498

Theorem 4.6. Let Assumption 2.1 be satisfied, γ > 0, ω ∈ O and θ ∈ C0,1
c (Ω)499

with a compact support in B. Furthermore, Eγ ∈ H0(curl) and P γ ∈ H0(curl)500

denote the solutions to (3.1) and (4.38), respectively. Then, the functional Jγ in (Pγ)501

is shape differentiable with502

(4.39) dJγ(ω)(θ) = ∂tG(0,Eγ ,P γ) =

∫
B

Sγ1 : Dθ + Sγ0 · θ dx,503

where Sγ1 ∈ L1(B,R3×3) and Sγ0 ∈ L1(B) are given by504

Sγ1 =
[κ

2
|Eγ −Ed|2 + χω − ν curlEγ · curlP γ + εEγ · P γ + χωΛγ(Eγ) · P γ

505

− f · P γ
]
I3 − κEγ ⊗ (Eγ −Ed) + ν curlEγ ⊗ curlP γ

506

+ νT curlP γ ⊗ curlEγ − P γ ⊗ εEγ −Eγ ⊗ εTP γ + P γ ⊗ f507

− χωΛγ(Eγ)⊗ P γ −Eγ ⊗ψγ(Eγ)P γ ,508

Sγ0 =
∇κ
2
|Eγ −Ed|2 − κDET

d (Eγ −Ed) + (DνT curlEγ) curlP γ
509

+ (DεTEγ)P γ −DfTP γ .510511
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Proof. Thanks to Lemmas 4.4 and 4.5, we may apply the averaged adjoint method512

(see Theorem 4.2). This yields that Jγ is shape-differentiable in the sense of Def-513

inition 4.1 and the shape derivative satisfies (4.10) with ∂tG(0,Eγ ,P γ) given by514

(4.36). Since Dε is a third-order tensor, its transpose DεT satisfies DεθEγ · P γ =515

(DεTEγ)P γ ·θ, andDνT satisfies a similar property; see [40, Proposition 3.1]. Further-516

more, for vectors x,y ∈ R3 we have the relations Dθ : (x⊗y) = x ·Dθy = DθTx ·y.517

Applying these to (4.36) and combining it with (4.10), the tensor expression (4.39)518

for the shape derivative follows. The fact that Sγ1 ∈ L1(B,R3×3) and Sγ0 ∈ L1(B)519

is a straightforward consequence of the regularity of Eγ ,P γ and of the other terms520

involved in Sγ0 and Sγ1 . This completes the proof.521

5. Stability and convergence analysis. In this section we analyze the stabil-522

ity of the shape derivative (4.39) with respect to the penalization parameter γ > 0.523

Furthermore, the strong convergence of (Pγ) towards (P) as γ → ∞ is studied. The524

latter also implies the existence of an optimal shape for (P) (see Theorem 2.4).525

5.1. Stability analysis of the shape derivative.526

Theorem 5.1. Let ω ∈ O and Assumption 2.1 hold. Then, the following stability527

estimate holds528

(5.1) |dJγ(ω)(θ)| ≤ C‖θ‖C0,1(B) ∀θ ∈ C0,1
c (Ω), suppθ ⊂⊂ B,529

with a constant C = C(jc, κ, ε, ν,f ,Ed, B, ω) independent of γ.530

Proof. First of all, the distributed shape derivative from (4.39) yields the estimate531

(5.2) |dJγ(ω)(θ)| ≤
(
‖Sγ1 ‖L1(B,R3×3) + ‖Sγ0 ‖L1(B)

)
‖θ‖C0,1(B).532

In order to derive upper bounds for ‖Sγ1 ‖L1(B,R3×3) and ‖Sγ0 ‖L1(B), we begin by533

proving that the families {Eγ}γ>0 and {P γ}γ>0 are uniformly bounded in H0(curl).534

In view of (4.26), we have535

(5.3) ‖Eγ‖H(curl) ≤ min(ν, ε)−1(‖f‖L2(Ω) + jc) =: CE .536

Moreover, we set t, s = 0 in (4.13), which yields537

(5.4)

∫
ω

∂eM3(0, E(0))(P γ) · P γ dx =

∫
ω

ψγ(Eγ)P γ · P γ dx ≥ 0.538

In fact, the non-negativity of (5.4) follows by similar calculations as (4.20)–(4.24) in539

the special case t, s, τ = 0. As P γ is the unique solution to (4.38), inserting ê = P γ540

implies with (A2)541
542

min(ε, ν)‖P γ‖2H(curl) ≤ a(P γ ,P γ)543

= −
∫
B

κ(Eγ −Ed) · P γ dx−
∫
ω

ψγ(Eγ)P γ · P γ dx.544
545

Hence, we obtain a uniform bound for P γ by means of (5.3) and (5.4), i.e.,546

(5.5) ‖P γ‖H(curl) ≤ ‖κ‖C(Ω) min(ε, ν)−1
(
CE + ‖Ed‖L2(B)

)
=: CP .547

With (5.3) and (5.5) at hand, we may now estimate both terms in (5.2) separately.548

Therefore, let us introduce the notation (see Theorem 4.6)549

(5.6) Sγ1 =:
14∑
i=1

Θi,550
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16 A. LAURAIN, M. WINCKLER, I. YOUSEPT

where Θi ∈ L1(B,R3×3) for every i ∈ {1, . . . , 14}. Now, Assumption 2.1, (3.10), (5.3)551

and (5.5) together with Hölder’s and Young’s inequalities yield552

6∑
i=1

‖Θi‖L1(B,R3×3)(5.7)553

≤
∫
B

|κ|
2
|Eγ −Ed|2 + χω dx+

∫
B

|ν curlEγ · curlP γ |+ |εEγ · P γ | dx554

+

∫
ω

|Λγ(Eγ) · P γ | dx+

∫
B

|f · P γ | dx555

(5.3),(5.5)&(3.10)︷︸︸︷
≤ ‖κ‖C(B)

(
C2

E + ‖Ed‖2L2(B)

)
+ |ω|+

(
‖ν‖C(B,R3×3) + ‖ε‖C(B,R3×3)

)
CECP556

+ (jc
√
|ω|+ ‖f‖L2(B))CP .557558

For the remaining terms, we use again Assumption 2.1, (3.10), (5.3) and (5.5), as well559

as the identity |x⊗ y| = |x| · |y| for all x,y ∈ R3 to infer560

561

(5.8)

13∑
i=7

‖Θi‖L1(B,R3×3) ≤
1

2
‖κ‖C(B)

(
3C2

E + ‖Ed‖2L2(B)

)
562

+ 2(‖ν‖C(B,R3×3) + ‖ε‖C(B,R3×3))CECP + (‖f‖L2(B) + jc
√
|ω|)CP ,563564

where we have also used Young’s inequality to obtain the first term in (5.8). Moreover,565

the last summand of Sγ1 can be estimated as follows:566

‖Θ14‖L1(B,R3×3) = ‖Eγ ⊗ψγ(Eγ)P γ‖L1(Ω,R3×3) ≤
∫
ω

|ψγ(Eγ)P γ | · |Eγ | dx(5.9)567

(3.6)&(3.7)︷︸︸︷
≤

∫
ω

(
jcγ|P γ |

maxγ{1, γ|Eγ |}
+
γ|Eγ ⊗Λγ(Eγ)| · |P γ |

maxγ{1, γ|Eγ |}|Eγ |

)
|Eγ | dx568

(3.9)&(3.10)︷︸︸︷
≤

∫
ω

2jc|P γ | dx ≤ 2jc
√
|ω|CP .569

570

Gathering (5.7)–(5.9) we deduce the final estimate for Sγ1 :571

572

(5.10) ‖Sγ1 ‖L1(B,R3×3) ≤
1

2
‖κ‖C(B)

(
5C2

E + 3‖Ed‖2L2(B)

)
+ |ω|573

+ 3
(
‖ν‖C(B,R3×3) + ‖ε‖C(B,R3×3)

)
CECP +

(
2‖f‖L2(B) + 4jc

√
|ω|
)
CP .574575

Again, (5.3) and (5.5) with Hölder’s and Young’s inequalities imply for Sγ0576

‖Sγ0 ‖L1(B) ≤
∫
B

1

2
|∇κ| · |Eγ −Ed|2 + |κDET

d (Eγ −Ed)| dx577

+

∫
B

|DνT curlEγ | · | curlP γ |+ |DεTEγ | · |P γ |+ |DfTP γ | dx578

≤ 1

2
‖κ‖C1(B)

(
3C2

E + 5‖Ed‖2H1(B)

)
579

+
(
‖ν‖C1(B,R3×3) + ‖ε‖C1(B,R3×3)

)
CPCE + ‖f‖H1(B)CP .(5.11)580581
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Finally, we combine (5.2), (5.10), and (5.11) to conclude582

583

|dJγ(ω)(θ)| ≤
[
4‖κ‖C1(B)

(
C2

E+‖Ed‖2H1(B)

)
+4
(
‖ν‖C1(B,R3×3)+‖ε‖C1(B,R3×3)

)
CECP584

+ |ω|+
(
3‖f‖H1(B) + 4jc

√
|ω|
)
CP

]
‖θ‖C0,1(B).585

586

Hence, the proof is finished.587

5.2. Convergence of the regularized shape optimization problem. Our588

aim is to prove the strong convergence of (Pγ) towards (P). For this purpose, we recall589

a helpful result which states the strong convergence of the solution to (3.1) for a fixed590

ω ∈ O. This result goes back to [6, Corollary 4.3]. Since the argumentation has to be591

modified and adapted to our case, we include a complete proof below.592

Lemma 5.2. Let Assumption 2.1 be satisfied and ω ∈ O. Moreover, for every593

γ > 0, let (Eγ ,λγ) ∈H0(curl)×L∞(ω) denote the solution to (3.1). Then,594

(5.12) (Eγ ,λγ)→ (E,λ) strongly in H0(curl)×H0(curl)∗ as γ →∞.595

where (E,λ) ∈H0(curl)×L∞(ω) is the unique solution to (2.3).596

Proof. At first, we introduce (zγ , ξγ) ∈H0(curl)×L∞(Ω) as the solution to the597

auxiliary problem598

(5.13)


a(zγ ,v) +

∫
ω

ξγ · v dx =

∫
Ω

f · v dx ∀v ∈H0(curl)

ξγ(x) = Ξγ(zγ) :=
jcγz

γ(x)

max{1, γ|zγ(x)|}
for a.e. x ∈ ω.

599

We note that the mapping Ξγ : L2(Ω)→ L2(Ω) is monotone in the sense of (3.5) being600

the derivative of the convex functional
∫
ω
jcΨγ(v) dx where Ψγ : R3 → R denotes the601

Huber regularization of | · |:602

Ψγ(x) :=


|x| − 1

2γ
for |x| ≥ 1

γ
,

γ

2
|x|2 for |x| < 1

γ
.

603

Thus, the well-posedness of (5.13) follows from the Minty-Browder theorem [41, The-604

orem 2.18] by completely analoguous arguments used for (3.1). Now, by substracting605

(5.13) from (3.1), inserting v = Eγ − zγ , we obtain that606

607

a(Eγ−zγ ,Eγ−zγ)+

∫
ω

(
jcγE

γ

maxγ{1, γ|Eγ |}
− jcγz

γ

max{1, γ|zγ |}

)
·(Eγ−zγ) dx = 0.608

609

This implies610

611

a(Eγ − zγ ,Eγ − zγ) +

∫
ω

(
jcγE

γ

max{1, γ|Eγ |}
− jcγz

γ

max{1, γ|zγ |}

)
·
(
Eγ − zγ

)
dx612

=

∫
ω

(
jcγE

γ

maxγ{1, γ|Eγ |}
− jcγE

γ

max{1, γ|Eγ |}

)
·
(
zγ −Eγ) dx.613

614
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18 A. LAURAIN, M. WINCKLER, I. YOUSEPT

Thanks to the monotonicity of Ξγ , the second summand on the left-hand side is615

nonnegative. Hence, the coercivity property (2.2) yields616

C‖Eγ − zγ‖2H(curl) ≤ jcγ
∫
ω

(
max{1, γ|Eγ |} −maxγ{1, γ|Eγ |}
maxγ{1, γ|Eγ |}max{1, γ|Eγ |}

)
Eγ ·

(
zγ −Eγ) dx.617

Since 0 ≤ maxγ{1, x} −max{1, x} ≤ 1
4γ holds for every x ∈ R, it follows that618

(5.14) C‖Eγ − zγ‖2H(curl) ≤
jc
4γ

∫
ω

γ|Eγ |
max{1, γ|Eγ |}2︸ ︷︷ ︸

≤1

|Eγ − zγ | dx.619

Therefore, after applying the Hölder inequality, (5.14) implies620

(5.15) lim
γ→∞

‖Eγ − zγ‖H(curl) = 0.621

The next step is to verify the strong convergence zγ → E as γ → ∞. We proceed622

similarly as before by substracting (5.13) from (2.3) and inserting v = E − zγ to623

deduce that624

(5.16) C‖E − zγ‖2H(curl) ≤ a(E − zγ ,E − zγ) =

∫
ω

(ξγ − λ) · (E − zγ) dx.625

Next, we exploit the properties of λ and ξγ from (2.3) and (5.13) to estimate the626

right-hand side of (5.16). For this purpose, we divide ω into the disjoint sets A∩Aγ ,627

A ∩ Iγ , I ∩ Aγ , and I ∩ Iγ where628

A := {x ∈ ω : |E(x)| > 0}, I := ω \ A,
Aγ := {x ∈ ω : γ|zγ(x)| > 1}, Iγ := ω \ Aγ .

629

Now, we establish pointwise estimates for the integrand in (5.16). For x ∈ A ∩ Aγ ,630

(2.3) and (5.13) imply631

(λ(x)− ξγ(x)) · (zγ(x)−E(x))632

=λ(x) · zγ(x)− λ(x) ·E(x) + ξγ(x) ·E(x)− ξγ(x) · zγ(x)633

≤ jc|zγ(x)| − jc|E(x)|+ jc|E(x)| − jc|zγ(x)| = 0.634635

For x ∈ A∩Iγ , (2.3) and (5.13) yield jcz
γ(x) = γ−1ξγ(x), |ξγ(x)| ≤ jc, |zγ(x)| ≤ γ−1,636

and |λ(x)| = jc. Hence, we can derive637

(λ(x)− ξγ(x)) · (zγ(x)−E(x))638

=λ(x) · zγ(x)− jc|E(x)| − γjc|zγ(x)|2 + ξγ(x) ·E(x)639

≤ 1

γ
jc − jc|E(x)|+ jc|E(x)| − γjc|zγ(x)|2 ≤ 1

γ
jc.640

641

For x ∈ I ∩ Aγ , we have E(x) = 0 and thus642

(λ(x)− ξγ(x)) · (zγ(x)−E(x)) = (λ(x)− ξγ(x)) · zγ(x) ≤ 0,643644

where the last inequality follows from (5.13). Finally, for x ∈ I ∩ Iγ we have E(x) =645

0, jcz
γ(x) = γ−1ξγ(x) as well as |zγ(x)| ≤ γ−1. This implies646

(λ(x)− ξγ(x)) · (zγ(x)−E(x)) ≤ 1

γ
jc − γjc|zγ |2 ≤

1

γ
jc.647

648
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After taking all the pointwise estimates above together in (5.16), it follows that649

(5.17) C‖E − zγ‖2H(curl) ≤ jcγ
−1|ω| ⇒ lim

γ→∞
‖E − zγ‖H(curl) = 0.650

Therefore, (5.15) and (5.17) imply the strong convergence ‖Eγ − E‖H(curl) → 0 as651

γ →∞. Finally, in view of (2.3) and (5.13), we have that652

sup
v∈H0(curl)\{0}

∫
ω

(λγ − λ) · v dx
‖v‖H(curl)

= sup
v∈H0(curl)\{0}

a(E −Eγ ,v)

‖v‖H(curl)
≤ C‖E −Eγ‖H(curl)653

which implies the convergence λγ → λ in H0(curl)∗ as γ →∞.654

Let us point out that in (5.12) we extended the Lagrange multipliers λγ ,λ by zero as655

functions in L2(Ω), i.e., we set λγ(x) = 0 and λ(x) = 0 for all x ∈ Ω\ω. This zero656

extension shall also be used in the following theorem.657

Theorem 5.3. Let Assumption 2.1 hold and {γn}n∈N ⊂ R+ be such that γn →∞658

as n → ∞. Then, there exists a subsequence of {γn}n∈N, still denoted by {γn}n∈N,659

such that the sequence of solutions {ωγn}n∈N of (Pγ) with γ = γn converges towards660

an optimal solution ω? ⊂ O of (P) in the sense of Hausdorff and in the sense of661

characteristic functions.662

Moreover, {(Eγn(ωγn),λγn(ωγn))}n∈N and (E(ω?),λ(ω?)) as the solutions of663

(3.1) for ω = ωγn and (2.3) for ω = ω?, respectively, satisfy664

lim
γ→∞

‖Eγn(ωγn)−E(ω?)‖H(curl) = 0,(5.18)665

lim
γ→∞

‖λγn(ωγn)− λ(ω?)‖H0(curl)∗ = 0,(5.19)666
667

where λγn(ωγn) (resp. λ(ω?) ) is extended by zero in Ω \ ωγn (resp. in Ω \ ω?).668

Proof. Thanks to Theorem 2.3 and γn → ∞, there exists ω? ∈ O such that,669

possibly for a subsequence,670

(5.20) ωγn → ω? as n→∞671

in the sense of Hausdorff and in the sense of characteristic functions. Furthermore,672

we have the estimate673

674

(5.21) ‖Eγn(ωγn)−E(ω?)‖H(curl) ≤ ‖Eγn(ωγn)−Eγn(ω?)‖H(curl)675

+ ‖Eγn(ω?)−E(ω?)‖H(curl).676677

Now, by virtue of Lemma 5.2, the second term on the right-hand side of (5.21) con-678

verges to 0 as n → ∞. For the first term we observe (for every n ∈ N) that the679

arguments used to derive (3.13) are applicable. Thus, we substract (3.1) for Eγn(ωγn)680

and (3.1) for Eγn(ω?) and test the resulting equation with v = Eγn(ω?)−Eγn(ωγn).681

Hereafter, analoguously to (3.12), calculations involving (3.5) yield682

(5.22) ‖Eγn(ωγn)−Eγn(ω?)‖H(curl) ≤
jc

min{ν, ε}
‖χω? − χωγn ‖L2(Ω) ∀n ∈ N.683

Combining Lemma 5.2 and (5.20)–(5.22) together leads to (5.18).684
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Furthermore, substracting (2.3) for ω = ω? and (3.1) for ω = ωγn implies685

sup
v∈H0(curl)

(λγn(ωγn)− λ(ω?),v)L2(Ω)

‖v‖H(curl)
= sup

v∈H0(curl)

a(E(ω?)−Eγn(ωγn),v)

‖v‖H(curl)
(5.23)686

(A2)︷︸︸︷
≤ max{‖ε‖L∞(Ω,R3×3), ‖ν‖L∞(Ω,R3×3)}‖E(ω?)−Eγn(ωγn)‖H(curl).687688

Thus, (5.19) follows from (5.18). It remains to verify that ω? ∈ O is in fact a minimizer689

of (P). First of all, we note that, since ωγn is a solution of (Pγ) for γ = γn, the following690

estimate holds691

(5.24) Jγn(ωγn) = min
ω∈O

Jγn(ω) ≤ Jγn(ω) ∀ω ∈ O.692

Finally, gathering all the previous results, we obtain for every ω ∈ O that693

J(ω?) =
1

2

∫
B

κ|E(ω?)−Ed|2dx+

∫
ω?

dx694

(5.18)&(5.20)︷︸︸︷
= lim

n→∞

1

2

∫
B

κ|Eγn(ωγn)−Ed|2dx+

∫
ωγn

dx = lim
n→∞

Jγn(ωγn)695

(5.24)︷︸︸︷
≤ lim

n→∞
Jγn(ω) = lim

n→∞

1

2

∫
B

κ|Eγn(ω)−Ed|2dx+

∫
ω

dx696

(5.12)︷︸︸︷
=

1

2

∫
B

κ|E(ω)−Ed|2dx+

∫
ω

dx = J(ω).697
698

This shows J(ω?) ≤ J(ω) for every ω ∈ O which yields the assertion.699

Remark 5.4. As we have obtained the optimal shape ω? ∈ O in (5.20) as the limit700

of the optimal shapes for (Pγ), Theorem 2.4 follows immediately from Theorem 5.3.701

6. Numerical tests. Our algorithm to obtain a numerical approximation for702

the optimal shape ω? of (P) is based on a variant of the level set method where703

the distributed shape derivative (Theorem 4.6) is used to obtain a descent direction704

(see [25]). We consider the proposed approach (Pγ) with γ = 7·104. The forward prob-705

lems (3.1) are computed using the Newton method with a finite element discretization706

based on the first family of Nédélec’s edge elements [33] at roughly 2.000.000 DoFs.707

As announced in the introduction, we apply our algorithm to two problems stem-708

ming from high-temperature superconductivity (HTS), also widely known as type-II709

superconductivity.710

We choose Ω = [−2, 3]3 and B = [0, 1]3. For simplicity, we take the material711

parameters ε = ν = I3 (cf. (A2)). Moreover, f is a circular current712

f(x, y, z) =


R√

(y − 0.5)2 + (z − 0.5)2
(0, −z + 0.5, y − 0.5) for (x, y, z) ∈ Ωp,

0 for (x, y, z) /∈ Ωp,

713

714

applied to a pipe coil Ωp ⊂ Ω which is defined by715

Ωp :=
{

(x, y, z) ∈ Ω : |z − 0.5| ≤ 0.5,
√

(x− 0.5)2 + (y − 0.5)2 ∈ [1.2, 1.6]
}
.716
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The constant R > 0 denotes the electrical resistance of Ωp (here: R = 10−3). As717

Ωp ∩ B = ∅, we have f ≡ 0 in B and (A3) is satisfied. Without a superconductor in718

the system, this current would induce an orthogonal magnetic field which admits its719

highest field strength inside the coil.720

At each new iteration of the optimization algorithm, we use the distributed ex-721

pression (4.39) of the shape derivative to obtain a new descent direction Θ. More722

precisely, let Vh ⊂ H1(B) ∩ C0,1(B) be the space of piecewise linear and continuous723

finite elements on B. Given a positive definite bilinear form B : Vh × Vh → R, the724

problem is to find Θ ∈ Vh such that725

(6.1) B(Θ, ξ) = −dJγ(ω)(ξ) for all ξ ∈ Vh.726

With this choice, the solution Θ of (6.1) is defined on B and is a descent direction727

since dJγ(ω)(Θ) = −B(Θ,Θ) < 0 if Θ 6= 0. In our algorithm we choose728

(6.2) B(Θ, ξ) =

∫
B

α1DΘ : Dξ + α2Θ · ξ dx+ α3

∫
∂B

(Θ · n)(ξ · n) ds,729

with α1 = 0.5, α2 = 0.5 and α3 = 1.0. Moreover, the geometry was optimized in the730

class of shapes with two symmetries with respect to the planes x = 0.5 and y = 0.5.731

This is achieved by symmetrizing Θ with respect to these axis, and it can be shown732

that the symmetrized vector field is still a descent direction. The description of the733

symmetrization strategy can be found in the extended version of this paper (see [26]).734

Then, the moving domain ωt = Tt(Θ) corresponding to the descent direction Θ735

is represented implicitly as the zero sublevel set of a Lipschitz continuous function736

φ : B × [0, τ ]→ R, i.e.737

ωt = {x ∈ B | φ(x, t) < 0} and ∂ωt = {x ∈ B | φ(x, t) = 0},738

assuming |∇φ(·, t)| 6= 0 on ∂ωt. It can be shown that the evolution of φ corresponding739

to the flow Tt(Θ) is determined by the following transport equation:740

(6.3) ∂tφ(x, t) + Θ(x) · ∇xφ(x, t) = 0 in B × [0, τ ].741

A Lax-Friedrichs flux is used for the discretization of (6.3); we refer to [24] for a742

detailed description of this level set method including its implementation in a 2D743

framework. All codes are written in Python with the open-source finite-element744

computational software FEniCS [29]. We used Paraview to visualize the 3D plots.745

6.1. First example. We set Ed ≡ 0 in compliance with (A1) to find the optimal746

shape of a superconductor that minimizes both the electromagnetic field penetration747

and the volume of material. This example is motivated by the HTS application in748

the superconducting shielding (cf. [22]). We take κ ≡ 8 · 107, which is a reasonable749

choice considering that the electric field strength is roughly |E| ≈ 10−3 due to the750

weak applied current strength |f |. The initial shape consists of material attached to751

the boundary of B (see Figure 1a). In Figures 1b to 1d we see some snapshots of the752

evolving shape generated by our algorithm. The algorithm generates two connected753

components on the top and the bottom of the (lateral) boundary. It is interesting to754

observe that the magnetic field (curlE) hits the boundary of the bounding boxB from755

above and, despite the small amount of material used, the field lines do not penetrate756

through the inside of the area enclosed by the superconductor (see Figures 2b and 2d).757

Moreover, in Figure 2 we can compare the magnetic field penetration for the initial and758
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Fig. 1. Shapes generated by the algorithm at iterations 0, 42, 45, 143.

Fig. 2. Different views on the magnetic field at the initial and the final iteration. a.)–b.): 2D
slice in the center. c.)–d.): Total shot from the same view as Figure 1.

the final shape from different camera perspectives. The interior of the initial shape759

is barely protected from penetration, whereas the final shape redirects the magnetic760

field lines such that they are condensed on the outside of B.761

In the final iteration the functional value is around 0.444 at a volume of roughly762

0.278 which is only 27.8% of the volume of B. The E-field fraction in the cost func-763

tional amounts roughly to 0.166. This means that there is only a weak magnetic field764

left in small areas of B. The penetration is mostly between the connected components765

on the lateral surface of the conducting material. The development of the functional766

value as well as the volume fraction is documented in Figure 3a and the minimal value767

is reached after roughly 125 iterations. Thereafter, it remains almost constant.768

We also observe a slight increase of the cost functional at iterations 43 and 44,769

due to a topological change in the design. Indeed, at iteration 42 the components770

on the lateral sides of the cube are disconnected (see Figure 1b), and then merge at771

iteration 45 (see Figure 1c). This is a well-known issue with the level set method;772

see [23] for a recent study on this topic. However, in this example the increase in the773

functional value is negligible and immediately compensated by a sharp decrease.
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Fig. 3. Function value (solid) and volume (dashed): 1. Example (left), 2. Example (right).
774

6.2. Second example. We place a superconducting ball ωb with radius rb = 0.5775

inside B (see Figure 4a) and compute Ed as the corresponding solution of (3.1). The776
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resulting magnetic field is displayed in Figures 5a and 5c. The initial shape and777

parameters are the same as in the first example (see Figure 1a). In the end, we778

obtain two bell-shaped components connected by small transitions on the boundary.779

In Figures 4b to 4d we see this shape from different camera positions. It corresponds780

to a functional value of 0.223 where the electric field costs get as low as 0.071 at781

a volume fraction of 0.153. As the original superconductor was a ball with radius782

0.5, our algorithm computed an optimal shape with around 70% less material. The783

development of the functional value and the volume is documented in Figure 3b.784

Moreover, the descent in this example is smoother and notably faster than the first785

example. This could be due to Ed 6≡ 0 which gives more structure than Ed ≡ 0, thus786

the algorithm has less possibilities to design the superconductor and converges faster.787

We underline that the optimization problem (Pγ) is highly nonlinear and non-788

convex. Therefore, the solution generated by our algorithm can only be expected to be789

a local solution. In fact, non-convex optimization problems may admit many different790

(or even infinitely many) solutions. With regard to this, one may address an open791

question whether there exists a form ωexact which on the one hand minimizes (Pγ)792

and at the same time yields the desired target for the corresponding solution to (3.1).793

This issue is highly related to the question of exact controllability. Previous results in794

this direction for Maxwell’s equations and optimal design can be found in [35,36,39].795

Fig. 4. The original superconductor and the final shape generated by the algorithm in the second
example. The third figure is the final shape clipped along the plane x = 0.5.

Fig. 5. Different views on the magnetic field of the original and the final superconductor. Left:
2D slice in the center. Right: Total shot from the same view as Figures 4a and 4b.

6.3. Convergence tests with respect to γ. Let us now report on a numerical796

test to verify our theoretical convergence result (Theorem 5.3). Since no analytical797

solution is available for the limit case (P), we consider the computed solution of (Pγ)798

for γ = γref = 7·106 as the reference solution and test the convergence behavior of (Pγ)799

with respect to γ. More precisely, this is quantitatively clarified by the experimental800

order of convergence (EOC):801

EOCk :=

∣∣∣∣ log(Errork)− log(Errork−1)

log(γk)− log(γk−1)

∣∣∣∣802
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where Errork = ‖χωγk − χωγref‖L1(Ω) + ‖Eγk −Eγref‖H(curl). Our numerical results803

with γ1 = 10, γ2 = 1000, γ3 = 7 · 104, and γ4 = 7 · 105 reveal a first guess for EOC804

of around 0.45 as confirmed by the following values: EOC2 = 0.468, EOC3 = 0.516,805

EOC4 = 0.425.806
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[40] L. Qi. Transposes, L-eigenvalues and invariants of third order tensors, 2017.892
[41] T. Roub́ıcek. Nonlinear Partial Differential Equations with Applications. International Series893

of Numerical Mathematics. Springer Basel, 2013.894
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