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Abstract

We live in the post-modern age, in which the collection, processing, and analysis of
information plays a central role. Smaller and faster storage devices are necessary to
sustain the ever-growing mass of information.
But the materials and physical processes of conventional storage devices are reaching
their limit. Quantum effects like tunneling can occur in transistors used in state-
of-the-art solid-state drives [1]. Additionally, heat dissipation can lead to the loss
of information [2]. These effects create a lower limit on how small storage devices
can become. To overcome these problems, we need to develop new ways of creating
memory storage and processing devices.
Two promising candidates for the usage as information carriers are skyrmions and
hopfions. As topological soliton solutions in field theories, they are long-living quasi-
particles [3,4]. Their long lifetime and low current dynamics make these quasiparti-
cles interesting for applications in data devices like racetrack memory [5–7] as well
as in logical systems [8, 9] or even in reservoir computing [10–12].
In this thesis, we review the basic theory of skyrmions and hopfions. For this, we in-
troduce the defining properties of skyrmions and hopfions and how to describe them
mathematically. Furthermore, we discuss the physical properties of static skyrmions
and hopfions. This discussion includes the physical models capable of stabilizing
skyrmions and hopfions and the physical effects necessary for their stabilization.
We analytically compute some properties of skyrmions and hopfions for explicit
models. Moreover, we introduce an explicit model for a frustrated magnet, which
is believed to be able to host skyrmions. Frustrated magnets could further be a
possible family of materials able to host hopfions.
We study the behavior of the skyrmion helicity inside a frustrated magnet ana-
lytically and numerically using micromagnetic simulations in the MuMax3 program.
Additionally, we investigate the excitation of a skyrmion inside a frustrated magnet
using the action of a time-dependent magnetic field. We analyze the excitations and
the so-called ringdown method.
Finally, we study the behavior of the energy density of a twisted skyrmion tube
depending on the length of the skyrmion in the system.
One of the main results of this thesis was the identification of one excitation mode of
a skyrmion inside a frustrated magnet and the interpretation as a coupled rotation-
breathing mode.
We further found that the energy density of a skyrmion tube behaves for small
tube lengths like the length cubed. For longer skyrmion tubes, the energy density
converges to the energy density of a single-layer skyrmion.
This thesis creates a foundation that can be used for future studies of two and
three-dimensional magnetic structures in frustrated magnets.
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Chapter 1

Theory of magnetic solitons

1.1 Mathematical background of skyrmions and
hopfions

In this subsection, we present the definition of topological solitons, which are special
solutions to non-linear differential equations. Moreover, we review the concept of
the fundamental group, which provides a tool for classifying different topological
solitons.

1.1.1 Solitary waves, solitons, and topological solitons
We start by introducing solitary waves, solitons, and topological solitons by restating
the definitions of the book “An Introduction to Solitons and Instantons in Quantum
Field Theory” by Prof. Emeritus Dr.Ramamurti Rajaraman [13]. These definitions
provide an intuitive idea of the properties of solitons1. Magnetic skyrmions and
hopfions, the main objects of this work, are later defined as a topological soliton
arising in a model describing the magnetic interactions of spins, see section 1.3.1
and 1.4.1.

Solitary waves and solitons are special solutions of non-linear sigma models. Non-
linear sigma models are field theories with a set of non-linear differential equations
as equations of motions. They describe the evolution of a scalar field that takes
values on a target manifold. This target manifold could, for example, be a sphere.
In Ref. [13] a solitary wave is defined in a formal language as a

[. . . ] localised non-singular solution of any non-linear field equation (or
coupled equations, when several fields are involved) whose energy den-
sity, as well as being localised, has a space-time dependence of the form

E (x, t) = E (x− ut) , (1.1)

where u is some velocity vector.

To complete this definition of a solitary wave, Rajaraman further requires a finite
total energy difference with respect to the vacuum energy solution.

1There is no universally accepted definition of solitary waves and solitons. Thus the reader
may be used to another definition focusing on different quantities.
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We can interpret this definition as follows. A solitary wave is a wave-like solution
with non-trivial constraints on the field traveling through space and time with a
constant velocity and without dispersion, similar to a planar wave solution (PWS)
of linear wave equations.

Solitons are such solitary waves that can be “superposed”. Superposition means that
any number of solitons can be combined while still being a solution to the non-linear
differential equations governing the system. Additionally, solitons are invariant un-
der collision up to a scattering vector. The energy densities of an arbitrary number
of isolated solitons at t → −∞ that collide at a finite time regain their former
form up to a constant scattering vector at t→ +∞. The superposition of solutions
to differential equations is also a well-known feature of PWS of linear differential
equations [13].
Due to these properties, we can interpret a soliton as a quasiparticle moving through
space and time with a constant velocity u and without dispersion, while being able
to interact with other quasiparticles.

A topological soliton is a soliton that is topologically distinct from the vacuum state.
Topological solitons can therefore not be continuously deformed into the ground
state of the system.

1.1.2 One-dimensional example of a topological soliton
To illustrate the definitions given in the last subsection, we use the following example
from Ref. [13]. This example shows that the topological distinction of solutions of
field equations arises due to the choice of boundary conditions.
Consider a one-dimensional system for a scalar field m = m(x, t) governed by the
Lagrangian

L(x, t) = 1
2 (∂tm)2 − 1

2 (∂xm)2 − U (m) , (1.2)

where U(m) is a potential term. We used ∂t := ∂
∂t
, similarly for for ∂x and other

derivatives that we introduce later.

In general, the action of a field theory is defined as the space-time integral of the
Lagrangian

S =
∫ [∫

R
Ldx

]
dt. (1.3)

The action is extremized if the first variation of the action vanishes [14]

δS = δ
∫ [∫

R
Ldx

]
dt = 0. (1.4)

Eq. (1.4) leads to the Euler-Lagrange equation

d
dt

∂L
∂ (∂tm) + d

dx
∂L

∂ (∂xm) −
∂L
∂m

= 0. (1.5)

If there are multiple fields the Lagrange density depends on, there is an Euler-
Lagrange equation for every field, respectively.

2



A solution of the model described by the Lagrange density Eq. (1.2) would now
be a field m = m(x, t) that satisfies the Euler-Lagrange equation Eq. (1.5) for the
Lagrange density Eq. (1.2).
The Hamiltion density associated with the Lagrange density of Eq. (1.2) can be
calculated by using a Legendre transformation of the Lagrange density with respect
to the field m2

H(x, t) = ∂L
∂ (∂tm)∂tm− L,

= 1
2 (∂tm)2 + 1

2 (∂xm)2 + U(m) .
(1.6)

If the Hamilton density of a system does not explicitly depend on time, ∂tH = 0, the
time-independent total energy of the system is the space integral of the Hamiltion
density

E [m] =
∫ ∞
−∞

[1
2 (∂tm)2 + 1

2 (∂xm)2 + U(m)
]

dx. (1.7)

Up to this point, the potential U(m) was completely generic. In the following, let
U(m) have multiple discrete absolute minima {mi}i∈I with I being an indexing set.
Without loss of generality we take U(mi) = 0 ∀i ∈ I. A solution minimizing the
energy functional Eq. (1.7) would be a constant solution m (t, x) = mi where the

V

m

x

Fig. 1.1.1: A schematic depiction of the topological protection. The potential is a
cosine, used in the sine-Gordon model [13]. An infinitely long string is locked into
two different minima for |x| → ∞ (black line). Shifting one of the ends continuously
(red line) to a different minimum in a finite time leads to infinite total energy due
to the finite potential energy. A more physical wording is that the string has an
infinite “mass” due to being infinitely long. Thereby an infinite amount of energy
would be necessary to move the string over the finite potential energy barrier in a
finite time.

2The Hamiltion density is usally written as H(m, ∂xm,π) whith π = ∂L/∂ (∂tm) the canonical
momentum instead of H(m, ∂xm, ∂tm). However, since the canonical momentum is in this case
given by ∂L/ (∂ (∂tm)) = ∂tm we omit the the canonical momentum notation for convinience.
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field is locked to one of the minima of the potential U(m). The energy of such a
vacuum solution is then given by

E [mi] = 0. (1.8)

Since every minimum of U(m) has the same energy, the number of possible energy
minimizing solutions is equal to the allowed number of minima of U(m).
Due to the requirement that a solitary wave solution has a finite total energy dif-
ference relative to the vacuum solution, the field m needs to tend to a minimum of
the potential for |x| → ∞ for all points in time3.
Furthermore, since the field varies continuously in time and the minima being dis-
crete, the field will tend to the same minima for all points in time for positive or
negative spatial infinity, respectively.
To reach a better intuition for this, imagine a situation with a field locked to arbitrary
minima for x → −∞ and x → +∞ respectively by fixing the boundary condition.
Shifting one of the ends of the string continuously towards a neighboring minimum
in a finite time would accumulate an infinite amount of energy, as the potential
energy density would be finite for all x. This finite potential energy would therefore
lead to an overall infinite energy barrier. Fig. 1.1.1 shows this Gedankenexperiment.
In Fig. 1.1.2 we show a soliton solution and the corresponding energy density for
a so-called m4 theory with the potential U (m) = 1

4 (m2 − 1)2. This soliton is a
topological soliton as the field tends to the two minima ±1 for x → −∞ and
x→ +∞ respectively. The localization of the energy density is evident.

−10 −5 0 5 10
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( x
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E(
x
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Fig. 1.1.2: One-dimensional soliton example. (a) shows a soliton solution of a m4

theory defined by U (m) = 1
4 (m2 − 1)2. In (b) the corresponding energy density is

plotted. The localization of the energy density is evident.

1.1.3 Fundamental groups
An important tool for the characterization of topological solitons are the so-called
fundamental groups πn (X) of a topological space X from the mathematical topic
of algebraic topology. They define the topological charges which can be assigned to

3One should keep in mind that the field can tend to different minima for positive and negative
infinity individually.
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topological solitons. This will be explained in more detail in section 1.3.1 and 1.4.1.
Fundamental groups are defined as the set of all maps from an n-sphere Sn onto a
topological space modulus homotopy

πn (X) = {f : Sn → X|f continuous, f (N) = x0 ∈ X} / ∼H , (1.9)
where N is the north pole of the sphere, and the equivalence relation ∼H is defined
by

f ∼H g ⇔ ∃H : X × I → X, (x, t) 7→ H (x, t) continuous,
with I the unit interval, such that H (x, 0) = f (x) and H (x, 1) = g (x). Taking the
modulus of a set means that we consider elements the same if they fulfill the equiv-
alence relation. All elements of the set that are equal form a so called equivalence
class4.

1.2 Physical background of skyrmions and hop-
fions

The main objects studied in this thesis are magnetic solitons. Thus, after having
defined the components for the mathematical description of skyrmions and hopfions,
we are now in the position to consider a physical framework capable of describing
magnetic solitons. For this, we introduce the class of models that we use in the
simulations in chapter 2, and discuss their time dependency.
We start with a suitable physical description of magnets.

1.2.1 Micromagnetic models
The spin of a particle is an intrinsic quantum mechanical property governed by the
spin algebra. The particle spin generates a magnetic moment similar to a charged
rotating sphere. Introducing this topic in more detail would exceed the scope of this
thesis. We, therefore, refer the reader to Ref. [16] or other textbooks on quantum
mechanics for more detailed information.
To describe the magnetic properties of magnets, we need to consider the collective
state of all spins inside that magnet. Describing the collective spin state in full
detail is nearly impossible.
A first approximation is given by considering the atoms and electrons forming a spin-
lattice5. As an effective degree of freedom, the spins are free to rotate depending on
the dimensionality of the model.
For many mesoscopic applications, the individual electron spins can be neglected.
Instead, it is sufficient to only consider the average over coarse-grained regions of
spins. One example of these applications is the description of magnetic skyrmions
and hopfions, as these are magnetic quasi-particles on the nanometer scale [4,17–19].
The idea of only considering coarse-grained regions leads to the definition of a mi-
cromagnetic model, a continuum description of the magnetization field inside the
material.

4It is possible to define a composition map on this set. Thereby the fundamental group is a
group in a mathematical sense. See Ref. [15] chapter 4.

5We only consider materials in this work where the electrons are bound to the lattice sides.
For a conductor where the electrons are free to move, the description as a lattice does not hold.
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There are two main assumptions regarding micromagnetic modeling [6, 20, 21]

• The magnetization vector field M (x, t) is continuous and slowly changing in
space, relative to the underlying atomistic lattice spacing, and continuous and
slowly changing in time.

• The magnitude of the magnetization MS = M is constant6, such that it may
be written as M = MSm with m2 = 1.

Even though this model explains many magnetic phenomena, the continuum limit
is still an approximation of a spin-lattice, a discrete set of points. Hence there is no
“real” topological protected state in the sense of subsection 1.1.2 as the system is
not continuous. Due to the possibility of thermal-induced spin-flips, there is only a
finite energy barrier instead, separating the soliton from the vacuum solution.
An important aspect of the description of magnets in micromagnetic modeling is the
dynamics of magnetic structures7. This behavior will be the subject of the following
subsection.

1.2.2 Landau-Lifshitz-Gilbert equation
In 1935 Landau and Lifshitz derived an equation to describe the time evolution of the
magnetization without damping [23]. This equation is known as the Landau-Lifshitz
equation

∂m
∂t

= − |γ|m×Heff , (1.10)

with γ the electron gyromagnetic ratio and Heff the effective magnetic field which
acts locally on the magnetization. It depends on the explicit micromagnetic model
and can be calculated by the functional derivative of the energy functional with
respect to the magnetisation unit vector m

Heff = − 1
µ0MS

δE[m]
δm

, (1.11)

where µ0 is the vacuum permeability.
This model was extended in 1955 by Gilbert in the form of a phenomenological
damping parameter α [24]

∂m
∂t

= − |γ∗|m×Heff −
α

MS
m× ∂m

∂t
=: τLLG, (1.12)

with γ∗ = γ (1 + α2) being the modified gyromagnetic ratio. τLLG is the so-called
Landau-Lifshitz torque [25]. This equation is known as the Landau-Lifshitz-Gilbert
equation.

6There is also the so-called Landau-Lifshitz-Bloch equation [22] which allows the magnetization
magnitude to change in time. However, we are assuming temperatures well below the Curie
temperature. Thereby it is sufficient to assume that the magnetization is just the saturation
magnetization MS.

7It is important to differentiate between static structures and dynamical structures. Static
structures are defined by the minimization of the energy functional describing the system. Dy-
namical structures solve the Landau-Lifshitz-Gilbert equation Eq. (1.12).
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With the mathematical tools and the physical framework at hand, we can shift
our focus to skyrmions and hopfions. As it is possible to see hopfions as the three-
dimensional analog of skyrmions, we start by discussing the definition and properties
of skyrmions.

1.3 Skyrmions
The skyrmion was first introduced by Tony Skyrme [26] in 1961 as a model to de-
scribe the nucleus by topological-protected field configurations. They are topological
solitons characterized by a topological charge, the so-called winding number. With
time this concept also entered other fields of research [27–29], especially condensed
matter [4, 30,31].
One specific example of skyrmions that we consider in this thesis are magnetic
skyrmions; two-dimensional quasi-particles in a magnetic field carrying a vortex-
like structure [3, 4]. Their orientation is typically such that a magnetic skyrmion
is confined in a two-dimensional plane orthogonal to the applied external magnetic
field. Skyrmions can form inside the bulk or at interfaces and have been predicted to
exist in non-inversion symmetric crystals [30], chiral magnets [18,31], and inversion
symmetric crystals [32]. They have been observed experimentally [17–19], and it was
even possible to manipulate them using spin currents [33] and scanning tunneling
microscopy [34].

1.3.1 The mathematical description of a skyrmion
Magnetic skyrmions, henceforth simply called skyrmions, are solutions of the non-
linear O(3) model with higher interaction terms in (2 + 1) dimensions. For the
mathematical discussion of the topological charge, we focus on the case of a static
skyrmion in two spatial dimensions.

The simplest Lagrangian describing an O(3) model without higher interaction terms
is given by [13]

L = g

2

2∑
µ=0

3∑
i=1

(∂µmi) (∂µmi) , (1.13)

with g being a coupling constant. The non-linearity of this model arises from the
fact that the field parameter m is a unit vector8 m2 = m ·m = 1. Thereby, the
target manifold can be identified as the9 two-sphere S2.
The O(3) model does not stabilize skyrmions10, as the only interaction prefers a
parallel alignment, and thus a ferromagnetic (g > 0) or antiferromagnetic (g < 0)
state. This model still serves as a foundation for later extensions while already

8In the micromagnetic model, the field parameter would be M = MSm with m a unit vector.
However, the O(3) model is usually described only in terms of the unit vector, so the prefactor MS
was absorbed into the coupling constant.

9m is a vector consisting of three scalar fields mi, i ∈ {1, 2, 3}. Thus the O(3)-model is
non-linear sigma model.

10The O(3) model in 2 spatial dimensions is able to stabilize topological solitons [13]. The
possibility for topological solitons follows from a Derrick-Hobart analysis. We discuss this topic in
Appendix A.2
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providing the energetic reason for the topological charge. It is also the most funda-
mental interaction of a spin-lattice system and is present in every model describing
magnets.
The energy of the model in Eq. (1.13) is given by

E [m] = g

2

∫
(∂σm∂σm) d2x, σ ∈ {1, 2} , (1.14)

where summation over same indices is implied and we fix the coupling constent to
be greater then zero g > 0.
The ground state of this model is then given by the ferromagnetic state mFM, where
all the spins are in parallel alignment. The magnetization field is constant m (x) =
mFM with a total energy E [mFM] = 0. We consider the two-dimensional system to
be in the thermodynamic limit, i.e. to be extended into spatial infinity. As solitons
are finite total energy solutions, the magnetic field describing them has to fulfill the
condition lim

ρ→∞
ρ |grad m| = 0 with ρ =

√
x2 + y2 being the radial distance from the

origin. This condition can be satisfied if m becomes a constant vector m0 at spatial
infinity, independent of the in-plane angle ϕ11, or more formally

lim
ρ→∞

m = m0.

m becoming constant allows for identifying every point at infinity as one point
and thus enables the possibility of using the one-point compactification of the basis
space [13,31]

R2 ∪ {∞} ≈ S2. (1.15)
Here, “≈” denotes that topological spaces are homeomorphic to each other [15].
The homeomorphism connecting these two spaces is the stereographic projection
[31]. The idea of the stereographic projection can be seen in Fig. 1.3.1 and will be
discussed in more detail in Appendix A.3.
Thereby we can take a magnetic vector field to be a continuous map

m : S2 → S2. (1.16)

p(ξ, η) = (x, 0)

(ξ, η)

(0, 1)

y = 0

Fig. 1.3.1: The idea of the stereographic projection p for the one-sphere S1. For
every point a = (ξ, η) ∈ S1, a line is drawn from the Northpole N = (0, 1) ∈ S1

intersecting the point a. The image of a under the stereographic projection p is then
the intersection of the line drawn from N to a with the x-axis.

11If m0 would be angle-dependent, the integral Eq. (1.14) would result in a infinite energy.
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As stated in chapter 1.1.3, such maps are classified by a topological index, an element
of the fundamental group π2 (S2). Using the relation πn (Sn) ' Z [15], with “'”
denoting that two groups are isomorphic to each other, it is possible to assign an
integer number to every magnetic vector field that can be identified as a skyrmion.
That integer is known as the winding number. We discuss this topological integer
in the next section.

1.3.2 The winding number
The winding number can be calculated using the formula

Nsk = −
∫
R2
Jtdxdy. (1.17)

Here Jt is the skyrmion density given by

Jt = 1
8πεabcma (∂xmb∂ymc − ∂ymb∂xmc)

= 1
4πm (∂xm× ∂ym) ,

(1.18)

where εabc is the Levi-Civita tensor.
Taking the time derivative of Jt shows that the skyrmion density is a time conserved
quantity

∂tJt ∝ det (∂tm, ∂xm, ∂ym) =: [ma,mb,mc]
[t, x, y] = 0. (1.19)

The last equality is true as [ma,mb,mc]
[t,x,y] is the Jacobian of a three-dimensional variable

transformation. However, due to S2 being a two dimensional manifold, this quantity
vanishes [31].
A way to get an intuition about this rather abstract quantity is that Nsk counts the
number of times the magnetic field vector is the same element of the S2. To state
this more formally, Nsk counts the number of times the S2 is wrapped around itself
in an orientated manner.

1.3.3 Magnetic skyrmion configurations
In this section, we present an explicit example of a magnetic vector field representing
a static skyrmion.

A natural parametrization for the magnetic structure is given by:

m = (cos(Φ) sin(Θ), sin(Φ) sin(Θ), cos(Θ)) . (1.20)

Here, Θ and Φ are the angles used in the spherical coordinate representation12 to
describe a point on the S2.
Using the general field configuration from Eq. (1.20), let us now express the skyrmion
winding number Nsk Eq. (1.17) in terms of the spherical angles Θ and Φ.
Computing the cross product in Eq. (1.18) leads to

∂xm× ∂ym = sin(Θ) m [∂xΘ∂yΦ− ∂yΘ∂xΦ] , (1.21)
12A visualization of these angles is shown in Appendy B.1.
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and thus

Jt = 1
4πm (∂xm× ∂ym)

= 1
4π sin(Θ) [∂xΘ∂yΦ− ∂yΘ∂xΦ] m2

= 1
4π sin(Θ) [∂xΘ∂yΦ− ∂yΘ∂xΦ] .

(1.22)

Inserting Eq. (1.22) into Eq. (1.17) then leads to

Nsk = −
∫
R2

1
4πm (∂xm× ∂ym) dxdy. (1.23)

In the following we focus on radially symmetric skyrmions with a smooth linear

mz

(a)

mz

(b)

Fig. 1.3.2: Skyrmion configurations. (a) shows a Bloch-type skyrmion. (b) shows
a Néel-type skyrmion. The radial profil used was the experimentally tested profile
from Eq. (1.27).
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change depending on the angle, i.e.

Θ (ρ, ϕ) : = Θ (ρ) ,
Φ (ρ, ϕ) : = Φ (ϕ) = Nϕ+ η,

(1.24)

where ρ and ϕ are the polar coordinates and N ∈ Z and η ∈ [0, 2π) being constants
called the vorticity and helicity. As it will be shown in a moment, the winding
number of a such a skyrmion does only depend on the vorticity and is independent
of the helicity.
Furthermore, the radial profile is assumed to change in such a way, that

m (0, ϕ) = −êz,
lim
ρ→∞

m (ρ, ϕ) = +êz =: m0.
(1.25)

Inserting this ansatz for a skyrmion into Eq. (1.23) and changing into polar coordi-
nates results in

Nsk = − 1
4π

∫ 2π

0

∫ ∞
0

sin (Θ)N∂ρΘ
ρ2

ρ3ρdρdϕ

= N

2

∫ ∞
0

∂ρ cos (Θ) dρ

= N
(

cos (Θ)|ρ=∞ − cos (Θ)|ρ=0

)
/2

= NP.

(1.26)

As it can be seen, N , the vorticity, and P =
(

cos (Θ)|ρ=∞ − cos (Θ)|ρ=0

)
/2, the

polarity, completely determine the winding number, while η, the helicity, does not
contribute [31].
There are three special types of skyrmions: Bloch-skyrmions, which consist of a
positive vorticity and a helicity of η ∈ {π/2, 3π/2}, Néel-skyrmions, which consist of
a positive vorticity and a helicity of η ∈ {0, π}13, and lastly anti-skyrmions, which
have a negative vorticity14. In Fig. 1.3.3 the projection of the magnetic vector field
into the x-y-plane for skyrmion configurations with different vorticities and helicities
is shown. In Fig. 1.3.2 the three-dimensional plots for a Néel-type and Bloch-type
skyrmion can be seen.
For Fig. 1.3.3 and Fig. 1.3.2 we use an experimentally motivated physical model
for the radial profile of a skyrmion inside a chiral magnet. The profile was fitted to
experimentally obtained data for real skyrmions. A good agreement between theory
and experiment has been reported [19].
The radial profile describes a domain wall15 with its ends joined together to create
a circle-like structure. The explicite form of the profile is

Θphys (ρ) = 2 arctan
(

sinh (R/w)
sinh (ρ/w)

)
. (1.27)

13For vorticities higher then N = 1, there is no difference between Néel- and Bloch-type
skyrmions anymore, as a change in helicity rotates the skyrmion strucutre in the x-y-plane, see
Fig. 1.3.3(c) and Fig. 1.3.3(f).

14There is no difference with respect to the helicity of anti-skyrmions, as a change of the helicity
rotates the skyrmion structure in the x-y-plane in an analogous manner to higher vorticity Néel-
and Bloch-skyrmions, see Fig. 1.3.3(g) and Fig. 1.3.3(h).

15A more detailed description of domain walls can be found in Appendix A.6
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In Eq. (1.27) R is the radius at which the z-component of the magnetic field is 0.
w is the characteristic width over which the radial profile changes. This physical
motivated radial profile can be seen in Fig. 1.3.4.
The asymptotic behavior of Θphys is given by

lim
ρ→∞

Θphys = 0,

lim
ρ→0

Θphys = π.
(1.28)

Néel-skyrmion: N = 1, = 0

(a)

Néel-skyrmion: N = 1, =

(b)

Néel-skyrmion: N = 2, = 0

(c)

Bloch-skyrmion: N = 1, = /2

(d)

Bloch-skyrmion: N = 1, = 3 /2

(e)

Bloch-skyrmion: N = 2, = /2

(f)

Anti-skyrmion: N = 1, = 0

(g)

Anti-skyrmion: N = 1, = /2

(h)

Anti-skyrmion: N = 2, = 0

(i)

Fig. 1.3.3: Projection of the the magnetic field vector into the x-y-plane for different
skyrmion configurations. (a)-(c) Different Néel-type skyrmion configurations, (d)-
(f) Different Bloch-type skyrmion configurations , (g)-(i) Different anti-skyrmion
configurations.The radial profile used was the experimentally tested profile from
Eq. (1.27).
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Fig. 1.3.4: The physical radial profil Θphys from Eq. (1.27) with R = 50 and w = 10.

The asymptotic behavior Eq. (1.28) leads to the polarity

P = (cos (0)− cos (π)) /2
= 1.

(1.29)

Thereby, the winding number is given by the vorticity

Nsk = N. (1.30)

1.3.4 How to stabilize a skyrmion
After we discussed an example of a magnetic skyrmion structure, we can focus on
models for materials that supports skyrmions as stable solitons16. There is an ever-
growing zoo of host materials for skyrmions [3, 4]. Chiral magnets are one of the
most prominent ones of these hostmaterials [18, 31]. In this section we discuss a
model for a chiral magnet.

As mentioned, Eq. (1.13) does not offer the possibility to stabilize a skyrmion texture
as the only term in the Lagrangian, a Heisenberg exchange interaction, tries to align
the spin all in one direction, creating a ferromagnetic state. To stabilize a skyrmion,
we therefore need to extend the model with more interactions.
One possibility is given by the following energy [20,21] functional given by

E [m] =
∫
V

[Eex (m) + Edmi (m) + Ea (m) + EZ (m) + Ed (m)] d3x. (1.31)

In the following we will go through all terms describing their meaning17.

Eex is the exchange interaction energy density or Heisenberg exchange interaction
energy density.

16An isolated skyrmion can only be a metastable state for 0 K systems with a ferromagnetic
background, as described in section 1.2.1. For finite temperatures, thermal fluctuation can destroy
the skyrmion configuration. Only skyrmion-lattices, a lattice of skyrmions in the ferromagnetic
background, can be a stable states [18].

17A Derrick-Hobart analysis of the model in two dimensions can be found in Appendix A.2.
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In the micromagnetic framework one can approximate the energy density for n spins
of magnitude S in a unit cell for a crystal with lattice constant a by [35]

Eex = Aex (∇m)2 , (1.32)

where Aex = JS2n/a is the exchange stiffness constant. This term prefers a par-
allel alignment of magnetization vectors (Aex > 0) or an anti-parallel alignment
(Aex < 0).

Edmi is the antisymmetric exchange interaction energy density that originates from
the Dzyaloshinskii–Moriya interaction (DMI). This interaction can only appear if
the crystal in consideration is not inversion symmetric. The DMI was first derived
by Dzyolashinskii by the means of symmetry arguments [36]. Moriya provided the
atomistic description of this interaction as a spin-orbit interaction [37].
The most general form of the DMI term in the context of micromagnetic modeling
is given by

Edmi = Dijkmi∂jmk, (1.33)
with Dijk the DMI tensor which is determined by the point group of the system.
We introduced the Lifshitz invariants L(k)

ij = mi∂kmj −mj∂kmi used in the micro-
magnetic discussion of DMI to simplify the expressions for the specific crystal point
group [6, 38].
For a bulk crystal with T or O symmetry18, the micromagnetic DMI takes the
explicit form

Edmi = D
(
L(x)
zy + L(y)

xz + L(z)
yx

)
= Dm · (∇×m) . (1.34)

For a thin film, an interface, or if the system has a Cnv symmetry class with n > 2
located in the x-y-plane, the DMI energy density in the micromagentic description
is given by

Edmi = D
(
L(x)
xz + L(y)

yz

)
= D (m · ∇mz −mz∇ ·m) . (1.35)

For a system with a D2d symmetry class, the DMI energy density is given by

Edmi = D
(
L(y)
xz + L(x)

yz + L(z)
yx

)
= Dm · (∂xm× êx − ∂ym× êy) . (1.36)

In all three cases, the DMI tensor becomes a single scalar.

Ea is the uniaxial anisotropy interaction energy density. The uniaxial aniso-
tropy is a special form of the general magnetocrystalline anisotropy which emerges
from spin-orbit coupling in combination with the specific crystal lattice configura-
tion. In the case of the uniaxial anisotropy, there is one axis along which the energy
is minimized, the so-called easy axis. The other axes are called the hard axes. The
uniaxial anisotropy energy density can be written as [6]

Ea = −Ku (m · û)2 , (1.37)

with û the unit vector in the direction of the easy axis andKu the uniaxial anisotropy
constant.

18 We use the Schoenflies notation for the description of symmetry groups [39].
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EZ is the Zeeman interaction energy density. This emerges from the interaction of
the system with an external magnetic field, leading to the magnetic moments trying
to align with the external field. The formula is given by [6]

EZ = −µ0MSm ·Hex. (1.38)

Ed is the demagnetisation energy density. It describes the interaction between neigh-
boring magnetic moments. It can be written as

Ed = −1
2µ0MSm ·Hd, (1.39)

with Hd the dipolar or stray magnetic field emerging from the magnetic moments
of the neighboring atoms.

Due to the DMI preferring a change in the magnetic field in contrast to the other
energy terms, there exists a competition between these energy terms resulting in a
helical spin configuration that can lead to the creation of skyrmions.
A system with exchange interaction, DMI, and uniaxial anisotropy interaction is
sufficient to stabilize19 a skyrmion [40].
The DMI term further defines the type of the skyrmion. Bloch-type skyrmions occur
in systems with T or O symmetry, while Néel-type skyrmions occur in systems with
inter-facial DMI or the DMI of a system with a Cnv symmetry class. Anti-skyrmions
occur in systems with a D2d symmetry class.
To show the influence of the DMI on the helicity, we take Eq. (1.20) with the ansatz
Eq. (1.24) for N = 1, i.e.

m = (cos(ϕ+ η) sin(Θ (ρ)) , sin(ϕ+ η) sin(Θ (ρ)) , cos(Θ (ρ))) , (1.40)

and insert it into the integrand of the energy functional Eq. (1.31). For simplicity,
we only consider the exchange and the DMI term. Minimizing the energy density
for the helicity η yields

η = (2n+ 1/2) π (1.41)
for a system with bulk DMI Eq. (1.34), which corresponds to a Bloch-type skyrmion.
For a system with interfacial DMI Eq. (1.35) the minimisation yields

η = 2nπ, (1.42)

which corresponds to a Néel-type skyrmion. In both cases n ∈ Z.
In Fig. 1.3.5 the energy density depending on the helicity for a system with bulk
DMI and interfacial DMI is shown. We simulated the system and calculated the
energy density with the program MuMax3, which we discusse in section 2.1.1. See
Appendix A.1 for the analytical calculation and the simulation parameters.

Another model proposed to be able to host skyrmions is a frustrated magnet, where
the energy density is independent of the helicity [32, 41]. We discuss frustrated
magnets, their properties, and their description in subsection 2.1.3.

19The reader should keep in mind, that isolated skyrmions are at most metastable. Only a
skyrmion lattice can be a stable ground state, see footnote 16.
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Fig. 1.3.5: Energy density depends on the helicity. (a) Energy density for a crystal
with bulk DMI. (b) Energy density for a crystal with interfacial DMI. Only exchange
and DMI energy density were considered.

1.4 Hopfions
Examples of the mentioning of hopfions in field theories as three-dimensional knot-
like structures in a non-linear sigma model can be found in the book “Dynamics
of magnetic vortex rings” by Papanicolaou [42] or in the paper of Faddeev and
Niemi [43]. Just like skyrmions, they can exist in multiple different branches of
physics [44–49]. In this thesis, we focus on magnetic hopfions [50–52].
Magnetic hopfions can be seen as an analog to skyrmions where the basis space (the
space of the physical coordinates) is extended into a third dimension. Given this
analogy, skyrmions and hopfions share some similarities, and hopfions can even be
constructed from a skyrmion by dimensional extension, see section 1.4.3. However,
the stabilization of hopfions is different and more complex due to their internal
structure. We explain this in more detail in chapter 1.4.4. So far, there has not
been definite proof for the experimental realization of hopfions, although Kent et
al. reported strong evidence of the creation of hopfions in magnetic multilayered
systems [53].

1.4.1 The mathematical description of a hopfion
Hopfions are topological solitons in (3+1) dimensions. They are described as being
embedded in R3 and reaching into spatial infinity in all three dimensions.
By an analogous argument based on the energy as in subsection 1.3.1, hopfions need
to fulfill the condition lim

r→∞
r |grad m| = 0 with r =

√
x2 + y2 + z2 being the radial

distance from the origin. We can thereby one-point compactify the basis space R3

into a three-sphere S3

R3 ∪ {∞} ≈ S3. (1.43)

The homeomorphism connecting these two spaces is given by a stereographic pro-
jection, see Fig. 1.3.1 and Appendix A.3.
We can therefore see magnetic hopfions structures as mappings

m : S3 → S2. (1.44)
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These maps are classified by the fundamental group π3 (S2), see section 1.1.3. The
fundamental group π3 (S2) is sophisticated compared to the fundamental group used
to classify skyrmions. As a map from a three-dimensional manifold onto a two-
dimensional manifold, it is somewhat counterintuitive for there to be topological
distinctions.
It was first shown by Hopf [54], that

π3
(
S2
)
' Z, (1.45)

making it possible to classify a hopfion by an integer, analogous to a skyrmion.
This topological invariant is called the Hopf index and will be discussed in the next
section.
This description already points out the analogy between skyrmions and hopfions, as
hopfions are dimensional extensions of the base space of skyrmions20.

1.4.2 The Hopf index
The Hopf index characterizes the homotopically distinct ways in which the S3 can
be mapped onto the S2. There are two possibilities to calculate the Hopf index for
a given map.

We can calculate the Hopf index by visualizing the preimages where the magnetic
structure takes the values of two different points on the S2. These preimages will
take the form of two linked S1, i.e. circles. The Hopf index can then be calculated
by the Euler linking number, that means by counting the number of times the two
S1 interlink each other. This is possible due to the Hopf index representing the
fibration21 S1 ↪→ S3 � S2. Here the first arrow “↪→” represents an inclusion,
an injective map from the S1 into the S2. The second arrow, “�”, represents a
surjective mapping. Expamples of the linking number can be seen in Fig. 1.4.1(d),
Fig. 1.4.3(b) and in Appendix B.2.

Another way of calculating the Hopf index is by an integral expression that was first
derived by Whitehead [57]

H = − 1
(8π)2

∫
S3

F ·AdV, (1.46)

where F is a vector field given by

Fi = εijkm · (∂jm× ∂km) , (1.47)

with m a vector field m : S3 → S2. A is a vector potential22 defined implicitly
through

curl (A) = F. (1.48)
20There is also another possibility to describe hofpions by again embedding in the R3 with

periodic boundary conditions for one axis. The magnetic structure is the m : S2 × T 1 → S2

where T 1 is the one-dimensional torus. We can still classify by the Hopf index [55, 56]. Since this
description of a hopfion is more mathematically sophisticated, we only focus on the first description
of a hopfion.

21To explain the fibration in detail would exceed the goal of this thesis. Therefore we refer the
reader to the book “Algebraic Topology” by Allen Hatcher [15].

22Note that there always exists a globally defined vector potential satisfying condition Eq. (1.48).
We discuss the existence in Appendix A.5.
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1.4.3 Field configurations for hopfions
After discussing the mathematical description of hopfions, we can investigate an
explicit example for a possible hopfion structure.
Again, a natural parametrization of the magnetic structure is given by angles23

m = (cos(Φ) sin(Θ), sin(Φ) sin(Θ), cos(Θ)) . (1.49)

However, this time the angles Θ and Φ are functions from the R3 into the S2. Often
a parametrization in cylindrical coordinates is helpful, making (ρ, ϕ, z) a natural
choice of coordinates.

Let us now use the general field configuration from Eq. (1.49) to express the Hopf
index H as a function of the cylindrical coordinates ρ, ϕ, z.
If we use Eq. (1.49) to calculate the vector field F from Eq. (1.47), the result is
given by

F = 2 sin(Θ) [grad(Θ)× grad(Φ)] . (1.50)
If we now impose an analogous behavior for Θ(ρ, ϕ, z) and Φ(ρ, ϕ, z) as in Eq. (1.24)

Θ(ρ, ϕ, z) : = Θ (ρ) ,
Φ(ρ, ϕ, z) : = Nϕ+ φ(ρ, z) ,

(1.51)

a vector potential fulfilling the condition Eq. (1.48) can be found [58]. This vector
potential is given by

A =− 2 (1 + cos(Θ)) ∂ρφêρ

+ 2N
ρ

(1− cos(Θ)) êϕ

− 2 (1 + cos(Θ)) ∂zφêz.

(1.52)

Here we used the cylindrical basis vectors (êρ, êϕ, êz) for convenience.
Inserting Eq. (1.50) and Eq. (1.52) into Eq. (1.46), the formula can be simplified to

H = N

4π

∫ ∞
−∞

(∫ ∞
0

sin(Θ) (∂ρΘ∂zφ− ∂ρφ∂zΘ) dρ
)

dz, (1.53)

which is N -times the skyrmion winding number for a skyrmion confined in the ρ-z
plane.
We can construct an explicit example for a hopfion by taking a skyrmion configura-
tion in the x-y-plane with vorticity N by extending it dimensionally into a skyrmion
tube and twisting the helicity inside the tube by 2πQ. A positive Q refers to a
counterclockwise rotation, while a negative Q refers to a clockwise rotation. The
ends are then connected to form a torus. This procedure creates a hopfion with
Hopf index [59]

H = NQ. (1.54)

This process is shown in Fig. 1.4.1. In Fig. 1.4.1(a) we take a Néel-type skyrmion
in the x-y plane with the physical profile described in Eq. (1.27). We then extend
this skyrmion into a skyrmion tube in Fig. 1.4.1(b). In Fig. 1.4.1(c) we twist the

23A visualization of Θ and Φ as the spherical angles is shown in Appendix B.1.
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helicity throughout the skyrmion tube by π for better visibility. The ends are then
connected to create a hopf-like structure. In Fig. 1.4.1(d) the linking number of this
hopfion is visible.
The magnetic field configuration of a twisted skyrmion tube is

m =
(

cos
(
Nϕ+ 2πQ

L
z
)

sin(Θ) ,

sin
(
Nϕ+ 2πQ

L
z
)

sin(Θ) ,

cos(Θ)
)
,

(1.55)

with φ = 2πQ
L
z.

After twisting the helicity by 2π, the ends of the tube are connected to form a
toroidal structure. In Fig. 2.1.1(d) the linking of the surfaces with mz > 0.6 and
mz < 0.6 can be seen.24

While the Hopf index of the configuration obtained by this dimensional extension
cannot be calculated analytically, we can use the twisted skyrmion tube Eq. (1.55)
and impose periodic boundary conditions in the z-direction. The resulting magnetic
structure is the same effective structure 25.
Inserting the structure Eq. (1.55) with the physical radial profil from Eq. (1.27) into
Eq. (1.53), the Hopf index can be calculated

H =N

4π

∫ ∞
−∞

(∫ ∞
0

sin(Θ) ∂ρΘ
2πQ
L

dρ
)

dz

=− N

4π
2πQ
L

L
∫ ∞

0
∂ρ cos(Θ) dρ

=−NQ.

(1.56)

We can now absorb the sign into either N or Q to obtain the postulated Hopf index
of the configuration Eq. (A.35).

24The formal construction of this configuration is discussed in Appendix A.4.
25As pointed out in subsection 1.4.2, we have to be careful as our basis space is not an S3

anymore. However, we can describe the topological charge of the twisted skyrmion tube by the
Hopf index, see Ref. [55, 56]
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(a) (b)

(c) (d)

Fig. 1.4.1: Dimensional extension of a skyrmion into a Hopfion. A skyrmion slice
(a) is extended into a third dimension to create a skyrmion tube (b). The helicity
of the skyrmions along the tube is rotated continuously by 2π to create a twisted
skyrmion tube, here cut after a rotation by π for better visibility (c). The ends are
then connected to a hopfion with linking number 1. (d) shows the isosurfaces with
mz > 0.6 and mz < 0.6. They interlink once resulting in a Hopf index of H = 1.

1.4.4 How to stabilize a hopfion
In Fig. 1.4.2 two slices of the internal hopfion structure created from the Eq. (A.35)
with Q = N = 1 are shown. We identified the origin with the hopfion center. Fig.
1.4.2(a) shows the x-z-plane for y ≈ 0, while Fig. 1.4.2(b) shows the y-z-plane for
x ≈ 0. The change of the helicity throughout the toroidal structure is recognizable.
In this particular case, the helicity changed by π after half the circumvent of the
toroidal structure.
Even if a general hopfion has a different internal structure, the rotation of helicity is a
constraint for creating the interlinking, knot-like structure of the preimages and thus
for topological non-trivial three-dimensional structures. Therefore it is not possible
to consider materials with a DMI since the DMI would need to change continuously
with the in-plane angle ϕ to stabilize the different helicities of the skyrmion slices.
Another model, where the energy density is independent of the helicity and behaves
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mz

(a)

mz

(b)

Fig. 1.4.2: Two slices of the hopfion structure described by Eq. (A.35). (a) shows
a slice of the x-z-plane for y ≈ 0. The y-axis is pointing into the plane. (b) shows
a slice of the y-z-plane for x ≈ 0. The x-axis is pointing out of the plane. The
color visualizes the angle of the field vectors with the z-axis. Red corresponds to a
parallel alignment, blue to an anti parallel. A vector is gray, if he is orthogonal to
the z-axis.

like a Goldstone mode [60], is necessary. This difference to skyrmions is why hopfions
are more complicated to realize and why there has not been definite experimental
proof of magnetic hopfions.

Nevertheless, there are multiple theoretical models proposed to stabilize hopfions.
One of these proposed models is the frustrated magnet described in section 2.1.3.
Due to the helicity being a degree of freedom in this model, it can rotate freely,
enabling the stabilization of hopfions [59, 61]. As another example, it was shown
numerically by Sutcliff et al. [50] that there exist stable, hopfion-like structures in
chiral magnet nanodisks. These nanotubes are capped by layers generating a strong,
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interfacial perpendicular magnetic anisotropy leading to an “inwards bending” of the
magnetic field and a hopfion-like structure. A numerical calculation of this structure
is shown in Fig. 1.4.3 with the corresponding color wheel.
Furthermore, a characterization of possible materials for the hosting of hopfions was
given by Rybakov et al. in Ref. [52] by a series expansion of the Heisenberg hamil-
tonian to a higher order than the typical micromagnetic ansatz for the Heisenberg
exchange interaction, see section 1.3.4.
There are also proposals that are more mathematically motivated. An example
is the (XXZ)-Heisenberg ferromagnet, a magnet with two isotropic axes and one
anisotropic axis. This model was proposed by Balakrishnan et al. [62]. They show
that a completely solvable hopfion structure can be found in this model if the inter-
action strength along the anisotropy direction is proportional to JAI ∝ 1/ρ2, with ρ
the distance from the anisotropy axis, which is an artificial interaction strength26.

(a) (b)

Fig. 1.4.3: Numerical simulation of a hopfion in a chiral nanotube with magnetical
layers as caps. (a) shows the calculated hopfion structure. (b) shows the linking of
the isosurfaces with mz ≥ 0.9 and mz ≤ 0.9 for the calculated structure. Pictures
are taken from Ref. [50].

26Even though the interaction in this model is artificial, the fact that they found an exactly
solvable hopfion structure is of interest. If this model is continuously mapped onto a more realistic
one whithout closing the energy gap between the ferromagnetic ground state and the hopfion
structure, this could result in an exactly solvable magnetic structure for a realistic material.
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Chapter 2

Simulation of topological
structures in frustrated magnets

After reviewing the basic theory of skyrmions and hopfions, we can now discuss our
simulations and results. We introduce the software and technique and discuss the
model of a frustrated magnet we use in our simulations and the results we obtained.

2.1 The framework of the simulations
Let us start by introducing the software we use and the numerical principles with
which the software solves the Landau-Lifshitz-Gilber equation Eq. (1.12).

2.1.1 Micromagnetic simulation softwares
We use the finite-difference, GPU-accelerated micromagentic simulation software
MuMax3 [25] which is written in the programming language Go, in a version modified
by Ross Knapman [63] to include the frustrated ferromagnet model described in
section 2.1.3 by including fourth order terms.
A finite-difference simulation software solves the differential equations that govern
the time evolution of a system numerically by approximating derivatives as finite-
difference quotations. The derivative is approximated by discretizing the domain of
the function. This is usually done by imposing an equally spaced grid on the function
domain. By approximating derivatives as finite-difference quotients, a differential
equation can be transformed into a problem of linear algebra.
There exist multiple different iterative algorithms for these finite-difference methods.
A family of these methods used to solve non-linear differential equations are the so-
called Runge-Kutta methods.

MuMax3 uses these Runge-Kutta methods to solve the Landau-Lifshitz-Gilbert Eq.
(1.12) on a grid for the finite-difference calculations. The grid can be individualized
by choosing the overall geometry of the material, e. g. a cube or a sphere, and by
defining the side lengths of the cubes used to build up the grid. However, due to
the grid being built from cuboidal cells, MuMax3 is particularly suited to simulate
rectangular geometries.

An important command in MuMax3 is the relax() command used to find the ground
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state of the system by minimize the system energy. For the minimization process,
the precession term in Eq. (1.12) is deactivated. The energy and the torque are then
minimized until numerical noise is reached1.

The error of finite-difference methods is strongly dependent on the discretization
size of the system. Hence for micromagnetic modeling, the size of the simulation
cells needs to be on a scale smaller than the typical length scales of the model for
the simulation.

2.1.2 The ringdown method
In our simulations we used the ringdown method [64] to determine the excitation
modes of a skyrmion in a frustrated magnet.
In the ringdown method, a system with a skyrmion is relaxed into its groundstate
m0. Afterwards the system is excited with a cardinal sine wave magnetic field

H(t) = H0sinc(2πfc(t− t0)) , (2.1)

with

sinc(2πfc(t− t0)) =


sin(2πfc(t−t0))
2πfc(t−t0) for t 6= t0,

1 for t = 0,
(2.2)

where fc is the cutoff frequency and t0 is the time when the maximum field amplitude
H0 is reached.
By performing a Fourier transformation on the magnetic field, the excited frequen-
cies can be determined. As it can be seen in Fig. 2.1.1 all frequencies until the cutoff
frequency fc are nearly equally excited with an amplitude of Hf ≈ hmax/2fctapp.

0.7 0.8 0.9 1.0 1.1 1.2 1.3

t [t0]

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

H
( t

)
[ H

0
]

(a)

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

f [fc]

0.0

0.2

0.4

0.6

0.8

1.0

F
( H

( t
))

( f
)
[ H

f
]

(b)

Fig. 2.1.1: The magnetic field pulse and the resulting excitement. (a) shows the
cardinal sine profile of the magnetic field pulse used to excite the magnetic structure.
The time is displayed in units of the time t0 where the pulse reaches its maximum.
The field is displayed in units of the maximal field strength. (b) shows the Fourier
transformation of the cardinal sine pulse. The transformed signal is displayed in
units of the amplitude Hf , the frequency is displayed in units of the cutoff frequency
fc

1The relaxation process is explained in more detail in Ref. [25].
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After applying the field for a time tapp, we let the simulation of the system run
for a short time to avoide the possible of introducing non-linear behaviour in the
dynamics of the system. Then the time evolution of the system is simulated for a
given time intervall in which sample points are taken every ∆t time. We can then
apply a Fourier analysis on the samples by calculating the spatially-resolved power
density PSR, defined as

PSR := 1
N

∑
s=x,y,z

N∑
k=1

∣∣∣∣∣
n∑
l=1

∆ms(xk, tj) e−2πiftj

∣∣∣∣∣
2

, (2.3)

where ∆m(xk, tj) = m(xk, tj)−m0(xk) is the time dependent part of the magnetic
field in every simultion cell, N is the total number of cells, and n is the total number
of sample points in time. The frequency resolution of the ringdown method is given
by

∆f = 1
n∆t = 1

tsim
. (2.4)

Here ∆t is the time between two sampling points, n is the total number of sample
points in time, and tsim = n∆t is the total time of the simulation.

To make a justified choice for the simulation parameters, we now introduce the
explicit model and the corresponding length scales we used.

2.1.3 The frustrated magnet
While there exists a great amount of literature on skyrmions in chiral magnets [18],
chiral magnets are not able to stabilize hopfions, as stated in section 1.4.4. We
therefore consider a frustrated magnet. As described in subsection 1.3.4, models of
frustrated magnets are believed to be able to host skyrmions of arbitrary helicity [32].
For this reason, frustrated magnets could potentially be able to stabilize hopfions
[61], as described in section 1.4.4.
A frustrated magnet is a system in which the lowest energy state is degenerated due
to competing interactions. An example of a frustrated model is a triangle with spins
at each lattice side pointing up or down and antiferromagnetic interactions trying
to align the spins in an anti-parallel way. Two spins can be chosen so that they
minimize the energy of the system. The third one is frustrated between pointing up
or down, see Fig. 2.1.2. This is an example of geometric frustration. There is also
the case of frustration due to higher interaction terms. The model we are looking

Fig. 2.1.2: Example of a frustrated system. A triangle with three sides and spins
pointing up or down at each side. While two spins can be aligned so that the
energy between them is minimized, the third one is degenerate. A green line shows
a minimization of energy, a red line a maximization.
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at is of the second type. The degeneracy inside a frustrated magnet is the reason
for the energy density being independent of the helicity.

A model for a frustrated magnet that can stabilize skyrmions2 was discussed by Lin
and Hayami in Ref. [32]:

E[m] =
∫
R3

[
−I1

2
(
∂imj∂

imj
)

+ I2

2
(
∂i∂

imj∂k∂
kmj

)
−MSBa ·m

]
d3x. (2.5)

In Eq. (2.5) summation over similar indizes is assumed. We define (∇m)2 :=
(∂imj∂

imj) and (∇2m)2 :=
(
∂i∂

imj∂k∂
kmj

)
for simplicity.

I1 and I2 in Eq. (2.5) are positive constants that represent the two competing
exchange interactions derived by a Ginsburg-Landau theory for Heisenberg magnets
up to quartic order. The I1 term reduces the energy if the magnetic structure
changes rapidly. It is minimized for antiferromagnetic behaviour3. This I1 term is
equivalent to the exchange interaction term Eq. (1.32) with I1 = −Aex.
The I2 term maximizes the energy if the change in the magnetic field happens too
fast. Therefore, the inclusion of the quartic term is necessary to have competing
interactions enabling the building of a helical state4. The last term is a Zeeman
interaction term equivalent to the one described in the chiral model.
In the case of a uniform state, the first two terms would vanish and the enegy
density is completely determined by the Zeeman-term. This hints that for a external
magentic field which is strong enough, the ferromagnetic state should be the ground
state.

If we conduct a dimensional analysis on this dimensionful equation, we can extract
the units of the positive constants I1 and I2:

[I1] = J
m ,

[I2] = Jm.
(2.6)

We can now identify the natural energy, length, time, and field strength scale of the
system by multiplying the constants I1 and I2 with fundamental physical constants
or constants of the model. With these natural scales, we can define the dimensionless
quantities √

I1I2Ẽ := E,√
I2

I1
r̃ := r,∣∣∣∣∣2πγe

∣∣∣∣∣MSI2

I2
1
t̃ := t,

I2
1

MSI2
B̃a := Ba,

(2.7)

2A Derrick-Hobart analysis of this model for a frustrated magnet can be found in Appendix
A.2.

3If I1 < 0, the term would prefer alignment and suppress rotation instead, leading to a ferro-
magnetic behavior.

4In the atomic picture, the I2 term is the next neighbor exchange interaction, while the I2
term describes the next-next neighbor exchange interacting in an antiferromagnet.
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with γe

2π the gyromagnetic ratio of the electron,
∣∣∣ γe

2π

∣∣∣ ≈ 2.80 · 1010HzT−1 [65] and MS

the saturation magnetization, [MS] = A
m
.

Perfoming a change of variables Eq. (2.7) in Eq. (2.5) to the r̃ variable by the means
of the transformation formula, we obtain a dimensionless expression

Ẽ =
∫
R3

[
−1

2
(
∇̃m

)2
+ 1

2
(
∇̃2m

)2
− B̃a ·m

]
d3r̃. (2.8)

From now on we neglect the tilde for convenience.

We can use Eq. 2.8 to calculate the behavior of magnetic structures inside the
frustrated magnet analytically, enabling us to find a typical length scale of the
system to compare the simulation parameter to.

In Ref. [32] they determine the zero-temperature ground state for the frustrated
magnet with an external magnetic field below the critical value Bcrit to be a conical
spin state. Another natural length scale of the system is therefore given by the
wavelength of this conical ground state. To calculate the wave length, we make a
conical wave ansatz in the z direction

m = (sin(θ) cos(kz) , sin(θ) sin(kz) , cos(θ))T , (2.9)

with k = 2π
λ

being the dimensionless wavevector.
Plugging this into the energy density of the frustrated magnet E , the integrand of
Eq. (2.8), and assuming a constant magnetic field in z direction, B̃a = B̃aêz results
in

E = −1
2k

2 sin(θ)2 + 1
2k

4 sin(θ)2 −Ba cos(θ) . (2.10)

Differentiating this energy density with respect to k and equating the derivative
with 0 results in the wavevector kmin minimizing the energy density

dE
dk

∣∣∣∣∣
k=kmin

= −k sin(θ)2 + 2k3 sin(θ)2 != 0,

⇒ kmin = 1√
2
.

(2.11)

Using the natural lengthscale from Eq. (2.7) and k = 2π
λ

the wavelength minimizing
the energy density of the frustrated magnet is given by

λmin = 2π
√

2I2

I1
. (2.12)

Additionally, the critical field strength under which the ground state is a conical
state can be calculated by differentiating Eq. (2.10) with respect to θ and equating
this derivative with 0:

dE
dθ

∣∣∣∣∣
k=kmin

= −k2 cos(θ) sin(θ) + k4 cos(θ) sin(θ) +Ba sin(θ) != 0,

⇒ cos(θ) = Ba

k2 − k4 .

(2.13)
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Inserting the optimal dimensionless conical wave vector from Eq. (2.11), k = 1/
√

2,
in Eq. (2.13)

cos(θ) = 4Ba =: Ba

Bcrit
, (2.14)

where we have defined Bcrit = 1/4 as the critical magnetic field above which Eq.
(2.14) has no solution and a second-order phase transition from the conical state to
the ferromagnetic state appears [32]5.

With these length scales in mind, we choose our simulation parameters to be MS =
106Am−1 for the saturation magnetization, I1 = 10−12Jm−1 and we chose I2 such
that the helical wavelength is set to λ = 50 nm. The explicit value of I2 can be
calculated by solving Eq. (2.12) for I2

I2 = λ2I1

8π2 ≈ 3.166 · 10−18Jm. (2.15)

The natural timescale is then given by Eq. (2.7)∣∣∣∣∣2πγe
∣∣∣∣∣MSI2

I2
1
≈ 1.131 · 10−9s (2.16)

We simulated on a 128×128 grid for the skyrmion simulation with a grid-spacing of
1 nm, so that the simulation cells are a order of magnitude smaller than the helical
wavelength as the characteristic length of the system.

2.2 Results of the simulations
Now we have everything at hand to discuss the results of our simulations. We start
with a prediction for the dependency of the energy density on the helicity of the
skyrmion. With simulations, we then tested our prediction.

2.2.1 Helicity behavior
We would expect the skyrmion energy density inside a frustrated magnet to behave
like a Goldstone mode. This prediction arises due to the following fact.
Let us insert the natural parametrization by angles Eq. (1.20) with the ansatz for
the spatial dependency Eq. (1.24)

m = (cos(ϕ+ η) sin(Θ (ρ)) , sin(ϕ+ η) sin(Θ (ρ)) , cos(Θ (ρ))) , (2.17)

into the integrand of the frustrated energy functional Eq. (2.5).
Calculating the square term results in

(∇m)2 = (∂ρΘ)2 + N2

ρ2 sin(Θ) , (2.18)

5There is also another typical lengthscale of the system: the width of a domain wall in a
frustrated magnet. However, as this lengthscale is on the same order as the conical wavelength,
we neglect the domain wall width here and discuss it in Appendix A.6
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while the quartic term is given by

(
∇2m

)2
= (∂ρΘ)4 +

(
∂2
ρΘ
)2

+ 1
ρ2 (∂ρΘ)2 + N2 sin (Θ)2

ρ4

+ 2
[
N2 sin (Θ)2

ρ2 (∂ρΘ)2 − N2 sin (Θ) cos (Θ)
ρ2 ∂2

ρΘ

+1
ρ
∂2
ρΘ∂ρΘ−

N2 sin(Θ) cos(Θ)
ρ3 ∂ρΘ

]
.

(2.19)

The helicity η drops from both of these two terms, the helicity is a symmetry.
Thereby, all three energy contributions are helicity independent
By applying a magnetic field in z direction Ba = Baêz, the Zeeman-term becomes

Ba ·m = Ba cos(Θ) , (2.20)

which is also independent of the helicity.
As all three contribution to the energy density are helicity independent, the total
energy denstiy should be independent as well.
However, applying a magnetic field leads to a precession of the magnetic structure
around the magnetic field.
We predict that, without Gilbert damping, the helicity to rotate with a constant
velocity, behaving like a Goldstone mode.
For the simulation of energy dependency, we simulated a skyrmion structure in a
frustrated magnet with a fixed helicity and calculated the energy with MuMax3. We
then rotated the helicity by 0.05 rad, and calculated the energy again. We repeated
this process until the entire interval [0, 2π] was covered.
For the simulations of the rotation of the helicity due to an applied external magnetic
field, we simulated a skyrmion in a frustrated magnet with MuMax3 and let it relax
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Fig. 2.2.1: Simulations of the behavior of a skyrmion helicity in a frustrated magnet.
(a) shows the dependency of the energy density on the helicity of the skyrmion.
The fluctuations are on a scale of 10−5 in natural units, which is most likely due
to numerical noise. (b) shows the helicity rotating freely after being “kicked” by
a magnetic field in z-direction. The helicity is displayed modulo 2π, leading to a
sabertooth-like appearance.
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with a small Gilbert damping. We then deactivated the Gilbert damping and applied
a constant magnetic field in the z-direction. We then used the obtained data from
the simulation to calculate the helicity of the skyrmion depending on the simulation
time in Python3 [66].
Both plots we obtained from these simulations are shown in Fig. 2.2.1.
In Fig. 2.2.1(a) the simulated energy in natural scale from Eq. (2.7) is plotted
against the helicity of the skyrmion. The energy density fluctuates on a scale of
10−5/

√
I1I2, which can be related to numerical noise, confirming our predictions for

the energy density dependency.
In Fig. 2.2.1(b) the helicity calculated from the simulation is shown. We restricted
the helicity to the definition interval [−π, π). The helicity changes monotonously
with a constant slope, resulting in a sabertooth-like graph. Thus our second predic-
tion is also confirmed.

After confirming our predictions of the skyrmion helicity, our next goal was to
determine the skyrmion excitation modes ins a frustrated magnet. As there is an
optimal skyrmion radius, see [32] and Appendix A.2, we would expect at least one
“breathing mode”, where the skyrmion radius oscillates around the optimal radius.

2.2.2 Skyrmion excitation
To determine the skyrmion excitation modes, we used the ringdown method de-
scribed in subsection 2.1.2. While simulating the skyrmion in the x-y-plane, we
excited the skyrmion with an external magnetic field in the z direction. We applied
the magnetic field with a pulse duration of 1 ns. To avoid initial transient behavior,
we waited for 2 ns before recording the simulation data.

Due to our results for the skyrmion energy density, we would expect that the PSR
is independent of the initial skyrmion configuration.
We, therefore, tested the excitation modes for initial Bloch-type and Néel-type
skyrmions and checked for differences in the calculated PSR spectra.
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Fig. 2.2.2: PSR calculation of the simulation for a Bloch-type(a) and Néel-type(b)
skyrmion. The PSR is plotted in a logarithmic scale. The peak at f = 0.2 GHz ≈
0.23
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is indicated by a red line. The zero mode is excluded.
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Fig. 2.2.3: PSR calculation of the simulation for a Bloch-type skyrmion in a frustrated
magnet. The PSR scale is plotted linearly. The peak at f = 0.2 GHz ≈ 0.23
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is indicated by a red line. The zero mode, which corresponds to a translation of the
center of mass of the skyrmion, is included.

In Fig. 2.2.2 the PSR spectra obtained from the ringdown method are shown on a
logarithmic scale and without the zero mode6. For these graphs, we let the simula-
tions run for 20 ns each. In Fig. 2.2.2(a), the PSR spectrum of an initial Bloch-type
skyrmion is shown. Fig. 2.2.2(b) shows the PSR spectrum of an initial Néel-type
skyrmion. The plots are consistent with our expectations, as they are completely
identical.
As Bloch-type and Néel-type skyrmions have the same PSR spectrum, we performed
all following simulations only with an initial Bloch-type skyrmion.
To achieve a better intuition for the magnitudes the PSR spectrum for the initial
Bloch-type skyrmion with a linear scale is shown in Fig. 2.2.3. This time, we
included the zero mode. In Fig. 2.2.2 and Fig. 2.2.3, we were able to identify one
prominent peak at f = 0.2 GHz ≈ 0.23

∣∣∣ γe

2π

∣∣∣ I2
1

MSI2
.

We animated the simulation data with Python3 to understand the excitation mode
this peak corresponds to, . With the help of the animation, we were able to link the
peak to a coupled mode between the rotation mode of the helicity and the expected
breathing mode of the skyrmion around the optimal skyrmion radius.
In Fig. 2.2.4, the breathing mode is shown. To make the change in the skyrmion
radius more visible, we display an enhanced version of the z-component. We achieved
the enhancement by subtracting the z-component of the initial, relaxed skyrmion
from the z-component of the simulated skyrmion. We then multiplied the difference
by a factor of 100 and added it onto the z-component of the relaxed skyrmion.
In Fig. 2.2.4(a), the skyrmion starts to expand. In Fig. 2.2.4(b), the skyrmion
contract again, which continues in Fig. 2.2.4(c). In Fig. 2.2.4(d), the skyrmion
returns to its original position.
In Fig. 2.2.5, the rotational mode of the skyrmion is shown. There we animated the
in-plane angle of the skyrmion. We took pictures of the structure of each nanosecond
for the rotational mode of the skyrmion is shown. There we animated the in-plane

6We can link this zero mode to the zero-energy translation of the skyrmion.
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angle of the skyrmion. We took pictures every nanosecond for 4 ns. It is visible that
the helicity rotates by roughly π/2 for each nanosecond, which corresponds well to
the peak at f = 0.2 GHz visible in Fig. 2.2.2 to Fig. 2.2.6.
To be able to identify more peaks, we tried to increase the frequency resolution by
increasing the simulation time, see section 2.1.2.
In Fig. 2.2.6 a series of simulations is shown, where we increased the simulation time
of the ringdown method from 20 ns in Fig. 2.2.6(a), to 40 ns in Fig. 2.2.6(b) to 80 ns
in Fig. 2.2.6(c).
In this series, it can be seen that the background noise increases with the simulation
time. The prominent peak at f = 0.2 GHz from Fig. 2.2.2 and Fig. 2.2.6(a)) slowly
becomes unrecognizable and vanishes in this background noise. The damping of the
velocity of the rotation mode by the Gilbert damping could be a possible reason for
this behavior. In Fig. 2.2.7(b), it is shown that the velocity with which the helicity
rotates slows down with time.

(a) (b)

(c) (d)

Fig. 2.2.4: Time evolution of the breathing mode. In (a) the original skyrmion profil
starts to expand. In (b) the maximum radius was reached and the skyrmion starts
to contract again, which is continued in (c). In (d) the skyrmion reaches its original
position.
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As the background noise increased for longer simulations, we were not able to identify
any more peaks. This background is visible in Fig. 2.2.4, Fig. 2.2.5, and Fig. 2.2.7(a).
The noise behaved symmetrically and can probably be related to spin waves being
emitted from the rotating skyrmion. However, to give a definite answer for the origin
of this background, more research needs to be done.
For Fig. 2.2.7(b), we simulated a skyrmion in a frustrated magnet and applied an
external magnetic field analogously to section 2.2.1 for better compatibility. We
simulated the rotation and included a Gilbert damping of α = 0.01, see Eq. (1.12).
We then calculated the helicity in Python3 and plotted the helicity as a function of
time.

(a) (b)

(c) (d)

Fig. 2.2.5: Time evolution of the rotation mode. In (a) the skyrmion in-plane angle
after 1 ns is shown. In (b) the in-plane angle of the skyrmion after 2 ns has rotated
by roughly π/2. In (c) after 3 ns, the in-plane angle has rotated for a total of 3π
and after 4 ns the in-plane angle has returned back to the orignal position (d). The
contraction during this process is visible. The background leading to problems in
the calculation of the PSR can be seen.
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Fig. 2.2.6: PSR calculation of a Bloch-type skyrmion with 20 ns(a), 40 ns(b), and
80 ns(c) simulation time. The PSR is plotted in a logarithmic scale. The peak at
f = 0.2 GHz ≈ 0.23
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Fig. 2.2.7: Simulational problems. (a) shows the background that appeared dur-
ing our simulations. This background is most likely the reason for the amount of
numerical noise in Fig. 2.2.6. In the upper right corner, the color wheel for the
in-plane angle of the magnetic vector field with the x axis is shown. The black area
corresponds to mz = −1, the white area to mz = 1. (b) shows the impact of the
Gilbert damping on the helicity rotation. The helicity is shown modulo 2π.
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2.2.3 Length simulation of a twisted skyrmion tube

After finishing the discussion of the simulations for two-dimensional magnetic struc-
tures, we can now consider higher dimensional configurations. We focused on the
simulations for a three-dimensional twisted skyrmion tube.
Due to the time limitation of this bachelor thesis and problems with the code for the
calculation of the PSR for three-dimensional objects, we were only able to simulate
the dependency of the twisted skyrmion tube energy density on the tube length.
To be able to evaluate the simulation data, let us first calculate the energy density
behavior analytically.
For the analytically calculation, we consider Eq. (1.55)

mx = cos
(
Nϕ+ 2πQ

L
z
)

sin(Θ) ,

my = sin
(
Nϕ+ 2πQ

L
z
)

sin(Θ) ,

mz = cos(Θ) .

(2.21)

This magnetic configuration describes a skyrmion dimensionally extended into a
third spatial dimension to create a twisted skyrmion tube.
The magnetic structure from Eq. (1.55) can be seen in Fig. 1.4.1(c), cut at z = L

2
for better visibility.

If we now plug this magnetic structure into the energy density from Eq. (2.8)

E = −1
2 (∇m)2 + 1

2
(
∇2m

)2
−Ba ·m, (2.22)

and apply a magnetic field in the z direction, the energy density can be calculated
as

E =− 1
2

(∂ρm)2 + 1
ρ2 (∂ϕm)2 −

(
∂2
ρm + 1

ρ
∂ρm + 1

ρ2∂
2
ϕm

)2


+ 1
2

[(
∂2
zm

)2
+ 2

(
∂2
zm

)(
∂2
ρm + 1

ρ
∂ρm + 1

ρ2∂
2
ϕm

)
− (∂zm)2

]
−Ba cos(θ)

=ESk + Ez.

(2.23)

Here ESk is only dependent on ρ and ϕ derivatives, while Ez also depends on z-
derivatives.
Calculating ESk shows that this part of the energy density is independent of the
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length of the skyrmion tube,

ESk =− 1
2
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(2.24)

We can interpreted ESk as the energy density of a skyrmion in the x-y-plane, see Eq.
(2.18), Eq. (2.19) and Eq. (2.20) for comparison.
Calculating Ez instead shows an 1/L2 and an 1/L4 dependency

Ez =
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L
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[
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1
2
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(2.25)

In the dimensionfull form, this becomes

Ez =
(2πQ

L

)2
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(
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(2.26)

This expression describes the interaction between adjacent layers. The interaction
scales proportionally to 1/L4 for a short tube. For an intermediate tube length, the
interaction is proportional to 1/L4. We can interpret this behavior as follows.
For L → 0, helicity rotation in the z-direction happens faster, leading to a high
contribution to the fourth-order I2 term, as this energy contribution tries to suppress
a fast rotation.
The longer the skyrmion tube becomes, the slower the helicity changes spatially. For
L→∞, the twisted skyrmion tube behaves locally like an untwisted skyrmion tube.
Thus there is no interaction between adjacent layers. The energy density becomes
the energy density for a single skyrmion.
For an untwisted skyrmion tube, the Ez term would vanish, as it is proportional to
Q, the number of times the tube has been twisted.
We tested this analytical prediction with MuMax3 by simulating a frustrated magnet
with a 128 × 128 × 128 lattice and a cell size of 1 nm in the x-y-plane. We then
simulated a twisted skyrmion tube with a fixed number of cells in the z-direction.
In a for-loop, the cell size in z-direction was then increased from 0.3 nm to 5.1 nm
in steps of 0.3 nm leading to an increase of the skyrmion tube length. We calculated
the energy density with MuMax3 in every step.
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Fig. 2.2.8: Numerical simulation of the energy density of the system depending on
the length of a twisted skyrmion tube. The convergence of the energy density is
indicated by showing the energy density of an isolated skyrmion as a red dashed
line.

The resulting plot is shown in Fig(a). There we plotted the simulated energy density
against the total length of the skyrmion tube. We also included the energy density
of an isolated skyrmion as a red dashed line. The energy density of the skyrmion
tube converges to the energy density of an isolated skyrmion as the tube length
increases, confirming our analytically obtained expectations.
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Chapter 3

Conclusion and outlook

In this bachelor thesis, we reviewed the basic theory behind magnetic skyrmions and
hopfions. We considered how to describe them mathematically and physically and
how their structure looks. We also reviewed possible types of magnetic materials in
which they can occur. Moreover, we discussed the problems for the occurrence of
hopfions in materials due to their internal structure.

We started in chapter 1 by discussing the general description of topological solitons.
Afterward, we focused on the case of magnetic solitons by introducing a continuum
description of magnetic material.
We then discussed magnetic skyrmions, their explicit mathematical description, and
topological characterization. We investigated an example of a magnetic structure
containing a magnetic skyrmion and calculated its winding number. Lastly, we
reviewed chiral magnets as host material for skyrmions.
In our next step, we extended the dimensionality of our system to investigate hop-
fions. We discussed hopfions in a similar manner as skyrmions to point out their
similarities and differences. Thereby we pointed out the problem of modern re-
search regarding the stabilization of hopfions in magnets. We reviewed theoretically
postulated materials that could host magnetic hopfions.

In chapter 2, we discussed an explicit example of a material in which hopfions and
skyrmions could occur by investigating a theoretical model for a frustrated magnet.
We calculated the basic properties of this frustrated magnet and its natural scales.
Furthermore, we introduced MuMax3 as a micromagnetic simulation program. We in-
vestigated the skyrmion excitation modes inside a frustrated magnet and the length
dependency of the energy density of a twisted skyrmion tube inside a frustrated
magnet numerically.

One of the main results of this thesis was to determine a single excitation mode of
a skyrmion inside a frustrated magnet with the ringdown method. We were able
to identify this peak with a coupled “rotation-breathing” of the skyrmion. Due to
damping, this mode vanishes for extended simulations.
Additionally, we investigated the length dependency of the energy density of a
twisted skyrmion tube inside the frustrated magnet. We were able to show that
the energy density diverges like 1/L4 for L → 0 while for a longer skyrmion tube,
the energy density converges to the energy density of a single skyrmion. We were
able to explain this behavior qualitatively with the model of a frustrated magnet.
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There are multiple aspects of our research that we were not able to cover in this
thesis due to the limited time. These topics may be of interest for possible future
investigations.
For the theory part, we did not discuss the dynamical properties of skyrmions and
hopfions, which is a rich and important aspect of magnetic solitons. This aspect of
magnetic solitons is of greater interest if we want to use them in memory devices
like racetrack devices.
Likewise, we did not discuss the theory of interaction between magnetic solitons,
which is closely linked to the theory of the dynamics of magnetic solitons. This
aspect is of importance if we are interested in the applications of skyrmions and
hopfions in logic gates or memory dives. By comparing theory and experiment for
the interaction of magnetic solitons, the limit for the description of a magnet with
the continuum approximation is also further emphasized.
We also did not introduce skyrmion lattices and discuss their behavior as a sta-
ble ground state in chiral magnets. The stability of skyrmion lattices is a crucial
difference to isolated skyrmions, which are at most metastable state configurations.
Regarding the simulations, the comparison between the results of the ringdown
method and other methods like the “eigenvalue method” is of interest for further
research on the excitation modes of the skyrmion. It could also be interesting
to investigate the observed coupled rotation-breathing mode by studying how the
material parameter changes its frequency. The study of the behavior of a skyrmion
under excitation by an external oscillating magnetic field with a frequency equal to
and near the frequency of the coupled rotation-breathing mode could also lead to
interesting new results on the general behavior of skyrmions in frustrated magnets.
It would also be interesting to see how the excitation mode of the isolated skyrmion
changes for a skyrmion tube, a twisted skyrmion tube, and ultimately, a hopfion. For
the investigation of the skyrmion tubes, an optimized program for spatially-resolved
power density calculation would be necessary.
Investigations of the behavior of a hopfion structure inside the frustrated magnet
are more complicated as it would be necessary to find a stable hopfion configuration
first. Up to this point, relaxing a hopfion-like magnetic structure with MuMax3 inside
the frustrated magnet results only in the uniform ferromagnetic state.

In summary, this thesis presents an introduction to the theory of magnetical
skyrmions and hopfions. It also provides a foundation for the theory of a possi-
ble important material in the future research on the stabilization of hopfions in
magnets.
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Appendix A

Calculations

A.1 Helicity depending on DMI
For the simulation of the energy depending on the helicity of the skyrmion, we used
the following parameters:

MS = 106Am−1,

Aex = 10−11Jm−1,

D = 10−3Jm−2,

Ku = 105Am−3,

Bext = 1 T.

(A.1)

We further deactivated the demagnetization field, see Appendix C.2, Listing C.4.
For the analytical calculations of the energy behavior, we use a skyrmion described
by Eq. (1.20) with Θ and Φ as described in Eq. (1.24).
We want to verify that different types of DMI lead to different types of skyrmions
i.e. Bloch-type skyrmions for bulk DMI created by the symmetry groups T or O:

wDMI,A = D
(
L(x)
zy + L(y)

xz + L(z)
yx

)
, (A.2)

and Néel-skyrmions for surface or Cnv symmetry DMI

wDMI,B = D
(
L(x)
xz + L(y)

yz

)
. (A.3)

We consider a magnetic field in z-direction B = Bêz. By this means, the skyrmion
will be confined in n the x-y-plane, orthogonal to the z-axis. Thus the z-component
of the spatial gradient will always result in 0.
For the minimisation we only consider the DMI term. The uniaxial anisotropy in
z-direction and the Zeeman term are both independent of the helicity, as they are
proportional to mz = cos(Θ). The second order derivative term is also independent,
see Eq. (2.18)1. We neglect the demagnetization term for simplicity.
Plugging in the ansatz for the magnetic field Eq. (1.20) with the parameter from Eq.
(1.24) into the Lifshitz invariants of the DMI energy density for O or T symmetry
groups results in

wDMI,A =D
(
L(x)
zy + L(y)

xz + L(z)
yx

)
1In Eq. (2.18) we have shown independence in the context of the frustrated magnet. However,

the derivative is the same as for the exchange term in the chiral magnet.
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=D (mz∂xmy −my∂xmz +mx∂ymz −mz∂ymx)

=D
(
mz cos (φ) ∂ρmy −

mz

ρ
sin (φ) ∂φmy

−my cos (φ) ∂ρmz + my

ρ
sin (φ) ∂φmz

+mx sin (φ) ∂ρmz + mx

ρ
cos (φ) ∂φmz

−mz sin (φ) ∂ρmx −
mz

ρ
cos (φ) ∂φmx

)

=D
(

cos (φ) sin (Φ) cos2 (Θ) ∂ρΘ−
N

ρ
sin (φ) cos (Φ) sin (Θ) cos (Θ)

+ sin (Φ) cos (φ) sin2 (Θ) ∂ρΘ
− sin (φ) cos (Φ) sin2 (Θ) ∂ρΘ

− sin (φ) cos (Φ) cos2 (Θ) ∂ρ + N

ρ
cos (φ) sin (Φ) sin (Θ) cos (Θ)

)

=D
(

[cos (φ) sin (Φ)− sin (φ) cos (Φ)]
(
∂ρΘ + N sin (Θ) cos (Θ)

ρ

))

=−D
(

sin (φ− Φ)
(
∂ρΘ + N sin (Θ) cos (Θ)

ρ

))

Differentiating with respect to η results in

∂ηwDMI,A = D

(
cos ((1−N)φ− η)

(
∂ρΘ + N sin (Θ) cos (Θ)

ρ

))

To find the η value for which the energy is extreme it is sufficient to find the point,
where ∂ηwDMI,A = 0. This is true, as
Thereby

∂ηwDMI,A
!= 0. (A.4)

This leads to

⇔ cos ((1−N)φ− η) =0
⇔ (1−N)φ− η = (n+ 1/2) π

(A.5)

with n ∈ Z. For N = 1, this becomes (the sign is absorbed in n)

η = (n+ 1/2) π. (A.6)

Differentiating Eq. (A.4) with respect to η again and inserting Eq. (A.6) for N = 1
results in

− sin(−η) = sin((n+ 1/2)π) = (−1)n . (A.7)

The energy is therefor minimized for

η = (2n+ 1/2) π, (A.8)
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which corresponds to a Bloch-skyrmion, as desired.
Plugging in the ansatz for the magnetic field Eq. (1.20) with the parameter from
Eq. (1.24) into the DMI energy density for Cnv symmetry results in

wDMI,B =D
(
L(x)
xz + L(y)

yz

)
=D (mx∂xmz −mz∂xmx +my∂ymz −mz∂ymy)

=D
(
mx cos (φ) ∂ρmz −

mx

ρ
sin (φ) ∂φmz

−mz cos (φ) ∂ρmx + mz

ρ
sin (φ) ∂φmx

+my sin (φ) ∂ρmz + my

ρ
cos (φ) ∂φmz

−mz sin (φ) ∂ρmy −
mz

ρ
cos (φ) ∂φmy

)
=D

(
− cos (φ) cos (Φ) sin2 (Θ) ∂ρΘ

− cos (φ) cos (Φ) cos2 (Θ) ∂ρΘ−
N

ρ
sin (φ) sin (Φ) sin (Θ) cos (Θ)

− sin (φ) sin (Φ) sin2 (Θ) ∂ρΘ

− sin (φ) sin (Φ) cos2 (Θ) ∂ρΘ−
N

ρ
cos (φ) cos (Φ) sin (Θ) cos (Θ)

)

=−D
(

[cos (φ) cos (Φ) + sin (φ) sin (Φ)] ∂ρΘ

+ N

ρ
[cos (φ) cos (Φ) + sin (φ) sin (Φ)] sin (Θ) cos (Θ)

)

= −D
(

cos (φ− Φ)
[
∂ρΘ + N

ρ
sin (Θ) cos (Θ)

])

Thus

∂ηwDMI,B = D

(
sin ((1−N)φ− η)

[
∂ρΘ + N

ρ
sin (Θ) cos (Θ)

])

Thereby, analogous to above
∂ηwDMI,B

!= 0. (A.9)

⇔ sin ((1−N)φ− η) =0
⇔ (1−N)φ− η =nπ

(A.10)

with n ∈ Z. For N = 1, this becomes (the sign is absorbed in n)

η = nπ. (A.11)

Differentiating Eq. (A.9) with respect to η again and inserting Eq. (A.10) for N = 1
results in

cos(−η) = cos(nπ) = (−1)n . (A.12)
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The energy is then minimized for

η = 2nπ, (A.13)

which corresponds to a Néel-skyrmion, as desired.
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A.2 Derrick-Hobart theorem
A possible indication of whether a model can host soliton solutions is the Derrick-
Hobart theorem [67]. The Derrick-Hobart theorem is based on a scaling analysis of
the physical coordinate space by an arbitrary factor λ > 0. This transformation
is applied to the energy functional of the model. The dependency of the energy
function on the scaling factor λ is then a hint as to whether a soliton solution can
be stabilized.2. If, for example, the energy depends linear on λ, any soliton solution
would shrink to minimize the energy, until the soliton collapses. If the energy after
rescaling would be anti-proportional to λ with a positive sign, the soliton would
spread out and disperse.
One example of the application of the Derrick-Hubert theorem is that it is not
possible to have a non-trivial soliton solutions in three or more dimensions if the
Lagrangian has a standard relativistic form. This example is taken from Ref. [13].
A Lagrangian in the standard relativistic form is given by

L(x, t) = 1
2 (∂µma∂

µma)− U(m(x, t)) , (A.14)

with m(x, t) = {mi(x, t) |i ∈ {1, . . . , N}} a set of N coupled scalar fields in D
dimensions. Summation over similar indices is assumed.
U (m(x, t)) is an arbitrary, non-negative potential term. We assume the potential
to vanish if and only if m(x, t) is one of the absolute minima of the potential.
By the means of the Euler-Lagrange equation Eq. (1.5), we can extract a condition
a static solution m(x, t) = m(x) has to satisfy:

∂µ
∂L
∂µm

− ∂L
m

= 0,

⇒ ∂µ∂
µm− ∂U

∂m
= 0.

(A.15)

By performing a Legendre transformation analogous to Eq. (1.6), we can calculate
the energy functional of this model

E[m] =
∫
RD

(1
2 (∂µma∂

µma) + U(m(x, t))
)

dDx

= E1 [m] + E2 [m] .
(A.16)

Here, E1 [m] and E2 [m] are two non-negative energy terms. It can be seen that Eq.
(A.15) is the extremization problem δE[m] = 0.
Let’s now assume, that mstat.(x) is a static solution, i.e. it satisfies Eq. (A.15). Let
us consider a one-parameter family of solutions

mλ(x) = mstat.(λx) . (A.17)

Inserting this solution into Eq. (A.16) and performing the transformation x 7→ 1
λ
x,

this results in

E[mλ] = λ2−DE1 [mstat.] + λ−DE2 [mstat.] (A.18)
2The reader should keep in mind that the Derrick-Hobart theorem is not a sufficient requirement

but instead only a necessary one.
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As Eq. (A.15) is equivalent to the extremization of the energy functional, we can
differentiate E[mλ] with respect to λ. This results in the equation

(2−D)λ1−DE1 [mstat.]−Dλ−D−1E2 [mstat.] = 0. (A.19)

This equation has to hold for all λ, in particular for λ = 1.
Thus

(2−D)E1 [mstat.] = DE2 [mstat.] . (A.20)
As E1 [m] and E2 [m] are positive, this equation can only be satisfied for D < 3 or
if E1 [mstat.] = E2 [mstat.] = 0. The latter condition would correspond to a trivial
solution for m staying in one and the same minimum of U(m) for all points in space.
Thereby, soliton solutions for non-linear sigma models, where the Lagrangian has a
standard relativistic form, can only exist, if the dimension of the system is smaller
or equal to 2.
To connect this theorem with the thesis, let’s consider the theories we are using in
the work.
Let us begin with the O(3) model. We perform the transformation x 7→ x̃ = λx
directly on energy functional Eq. (1.14). Without loss of generality, we set g = 1.

E [m] 7→ Ẽ [m]

= 1
2

∫ (
∂̃σm∂̃σm

)
d2x̃

= 1
2

∫
λ−2 (∂σm∂σm)λ2d2x

= 1
2

∫
(∂σm∂σm) d2x

= E [m] .

(A.21)

The energy functional is invariant under a scaling transformation of the coordinates.
Thus soliton solutions are possible in the O(3) model3.
Next let’s consider the micromagnetic energy functional of the chiral magnet Eq.
(1.31) in a two dimensional plane [68]. For this, let us consider each term individually
under the transformation x 7→ x̃ = λx4.

Eex (m) 7→ A
(
∇̃m

)2
= λ−2A (∇m) = λ−2Eex (m) ,

Edmi (m) 7→ Dijkmi∂̃jmk = λ−1Dijkmi∂jmk = λ−1Edmi (m) ,
E0 (m) 7→ E0 (m) .

(A.22)

In summary, the energy functional is mapped to

E [m] 7→ Ẽ [m]
= λ2

(
λ−2Eex [m] + λ−1Edmi [m] + E0 [m]

)
= Eex [m] + λEdmi [m] + λ2E0 [m] .

(A.23)

3The same argumentation holds for the O(3) model in three spatial dimensions. The solitons, in
this case, are called ’tHooft-Polyakov monopols. However, the description of these solitons involves
higher spin fields. The discussion of these monopoles would be worth a bachelor thesis of its own.

4We summarize the anisotropy term Ea (m), the demagnetization term Ed (m) and the Zeeman
term EZ (m) into a single potential term E0 for simplicity, as they all not explicitly x dependent.
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Furthermore, if we use an explicit skyrmion of the form Eq. (1.20) with the parameter
from Eq. (1.24), the DMI energy density is negative, see Appendix A.1. Thereby,
the energy density with the rescaled coordinates can be written as

Ẽ [m] = Eex [m]− λ |Edmi [m]|+ λ2E0 [m] . (A.24)

Here the crucial role of the DMI becomes evident. If Edmi [m] = 0, the skyrmion
energy would be minimized for λ→ 0, as it would be a polynomial of second degree
with only positive coefficients. However, as the energy contribution of the DMI term
is negative, there exists an energy minimum at a specific scaling factor λ = λmin.
Therefore chiral magnets can host skyrmions as soliton solutions.
As a last example, let us consider the frustrated model Eq. (2.5) from section 2.1.3.
We again perform a scaling transformation x 7→ x̃ = λx on the coordinates. The
three terms transform as follows:

(∇m)2 7→
(
∇̃m

)2
= λ−2 (∇m)2 ,(

∇2m
)2
7→
(
∇̃2m

)2
= λ−4

(
∇2m

)2
,

−MSBa ·m 7→ −MSBa ·m.

(A.25)

The transformed energy functional is then given by

Ẽ[m] =
∫
R3

[
−λ−2 I1

2
(
∂imj∂

imj
)

+ λ−4 I2

2
(
∂i∂

imj∂k∂
kmj

)
−MSBa ·m

]
λ3d3r,

= −λE1[m] + λ−1E2[m] + λ3EZ[m] .
(A.26)

With E1[m], E2[m], and EZ[m] three positive constants. Due to the negative con-
tribution of −λE1[m] there is again a minimal scaling factor λ = λmin, and thus the
frustrated magnet model from Ref. [32] is possibly able to host soliton solutions.
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A.3 Stereographic projection
The stereographic projection is a map from the n-sphere Sn to the Rn

p : Sn \ {N} → Rn (A.27)
where N is the Northpole of the n-sphere, N = (0, . . . , 0, 1)T.
The map p is defined by taking any point a = (x1, . . . , xn, xn+1)T ∈ Sn \ N and
drawing a line intersecting the Northpole and this point. The intersection of this
line with the equatorial plane Rn × {0} is then the image p(a) = (y1, . . . , yn, 0)T.
To find a formal expression for the stereographic projection, we first parameterize
the line from N to a ∈ {N}. Let ga : R → Rn+1 be that line. then it can be
parameterized as

ga(t) = N + (a,−N) t
= (0, . . . , 0, 1)T + t (x1, . . . , xn, xn+1 − 1)T

= (0, . . . , 0, 1− t)T + t (x1, . . . , xn, xn+1)T .

(A.28)

For t0 = 1
1−xn+1

, the n+ 1 coordinate of ga(t) becomes 0. That is, it intersects with
the equatorial plane. If we insert this expression for t into Eq. (A.28), we obtain
the expression

g(t0) = t0 (x1, . . . , xn, xn+1 + 1− t0)T

= 1
1− xn+1

(x1, . . . , xn, 0)T ∈ Rn × {0}
(A.29)

By restricting g(t0) ∈ Rn × {0} to Rn, we obtain the image of a under the stereo-
graphic projection

p(a) : = ga(t0)|Rn

= 1
1− xn+1

(x1, . . . , xn)T (A.30)

This process is visualized in Fig. 1.3.1 for the S1 and in Fig. A.3.1 for the S2.
The inverse of the stereographic projection can be calculated in a similar manner
and is given by

p−1 : Rn → Sn \ {N}

(y1, ..., yn)T 7→ 2
y2

1 + · · ·+ y2
n + 1

(
y1, ..., yn,

y2
1 + · · ·+ y2

n − 1
2

)T (A.31)

We can now define the continuous, bijective map with continuous inverse, i.e. the
homeomorphism connecting the Sn with the Rn ∪ {∞} as follows:

P : Sn → Rn ∪ {∞} ,

x 7→

p(x) if x ∈ Sn \ {N} ,
∞ if x = N.

(A.32)

The inverse is given by
P−1 :Rn ∪ {∞} → Sn,

y 7→

p−1(y) if y ∈ Rn,

N if y =∞.
(A.33)
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x3 = 0

p(a)

a

N

Fig. A.3.1: The idea of the stereographic projection p for the two-sphere S2.

A.4 Explicit construction of the hopfion structure
In this part we present the explicit construction of the hopfion by dimensional ex-
tension, as described in section 1.4.3.
To formally give a representation of the hopfion described in subsection 1.4.3, con-
sider a ring of radius L in the x-y-plane. We now translate the points of this ring
into the origin. Afterward, we rotate the system until the skyrmion is confined in
the ξ-z-plane. We can then describe the skyrmion in terms of these coordinates.

x′ = x− L cos(ϕ) = (ρ− L) cos(ϕ)
y′ = y − L sin(ϕ) = (ρ− L) sin(ϕ)
ξ = x′ cos(θ) + y′ sin(ϕ) = (ρ− L)

where (ρ, ϕ, z) are the cylindrical coordinates of the physical coordinate space with
the hopfion.
Let (r, ψ) be the polar coordinates of the new coordinate frame. We can now write
the skyrmion angles Eq. (1.24) in the frame of these coordinates and with a helicity
depending on the x-y-plane angle

Θ (x, y) : = Θ (r) ,
Φ (ϕ, ψ) : = Nψ +Qϕ+ Φ0 = Nψ + η (φ) .

(A.34)

Here, Φ0 is the helicity for the skyrmion slice at ϕ = 0. A change of η rotates the
hopfion around the z-axis.
The magnetic structure of the twisted skyrmion tube is then given by

m = (cos(Φ) sin(Θ) , cos(Θ) , sin(Φ) sin(Θ)) .

Rotating and translating the slice back into the original coordinate frame gives the
desired representation of the hopfion as a torus.
The explicit field configuration generated from this process is then given by

m = (cos(ϕ) cos(Φ) sin(Θ)− sin(ϕ) cos(Θ) ,
sin(ϕ) cos(Φ) sin(Θ) + cos(ϕ) cos(Θ) ,
sin(Φ) sin(Θ)) .

(A.35)

The process of the dimensional extension is shown in Fig. 1.4.1, while the magnetic
configuration described in Eq. (A.35) can be seen in Appendix B.2 with different
values for N and Q.
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A.5 Existence of a vector potential
In section 1.4.2, we postulated that there always exists a globally well-defined vector
potential on the complete S3, fulfilling the condition Eq. (1.48). The proof of this
statement is the goal of this Appendix.
Befor we can begin with the proof, let us first rewrite the Hopf index Eq. (1.46)
in a coordinate-free expression. For this, we will use differential forms. If the
reader is not used to differential forms, we refer the reader to books on analysis
like Ref. [69,70], elementary differential geometry like Ref. [71], or explicit works on
differential-forms like Ref. [72].
The Hopf index can be written as [57]

H =
∫
S3
α ∧ dα (A.36)

where d is the Cartan derivative or exterior derivative, and α is a one-form defined
on the S3, α ∈ Ω1S3, such that the two-form dα satisfies the condition

dα := m∗ωS2 . (A.37)

Here m∗ωS2 ∈ Ω2S3 is the pullback of the volume two-form of the S2, ωS2 ∈ Ω2S2,
with a map m : S3 → S2. In the frame of the micromagnetic modles, we identify
this map with the magnetic structure.
If we chose an explicit chart of the S3 and use the musical operators, we can identify

F := (dα)# ,

A := (α)# .
(A.38)

Hence we have to show that there always exists such an α for dα as defined in Eq.
(A.37).
First, we show that dα is a closed-form, i.e.

ddα = 0. (A.39)

That dα is a closed-form follows directly from the naturality of the Cartan derivative5

ddα = d (m∗ωS2)
= m∗ (dωS2)
= m∗ (0)
= 0

(A.40)

The third equality is true, as dωS2 ∈ Ω3S2, which is the trivial vector space.
The next step is to show that dα is also exact. We can achieve this by proving that
the second de Rham cohomolgy of the S3 is isomorphic to the trivial group.
The k-th de Rahm cohomolgy of a manifold M is defined as

Hk
dR(M) =

(
Ker

{
d : ΩkM → Ωk+1M

})
/
(
Im
{

d : Ωk−1M → ΩkM
})
, (A.41)

5We can not simply use that d ◦d = 0, as we don’t know yet whether there exists a differential
form α with dα being the desired two-form. dα is currently just a symbolic notation.
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that is the set of all closed k-forms, modulus the set of all exact k-forms.
If now H2

dR(S3) ' 0, it follows directly that every closed two-form on the S3 is exact.
That is

∀ω ∈ Ω2S3, dω = 0, ∃η ∈ Ω1S3 : dη = ω. (A.42)
However, that H2

dR(S3) ' 0 follows from the fact, that the k-th homology group of
the Sn is given by6

Hk (Sn) '
Z if k ∈ {0, n} ,

0 else.
(A.43)

by this, the first homology group of the S3 is isomorphic to the trivial group,

H1
(
S3
)
' 0. (A.44)

The Poincaré duality [15] states that for an orientated, closed n-manifoldM without
boundary, the homology and cohomology groups are connected by

Hk(M) ' Hn−k(M) . (A.45)

The second cohomology group of the S3 is therefore isomorphic to the trivial group

H2
(
S3
)
' H3−2

(
S3
)

= H1
(
S3
)
' 0 (A.46)

The de Rham theorem now states that the k-th de Rahm cohomology and the k-th
cohomology of a manifold are isomorphic

Hk
dR(M) ' Hk(M) . (A.47)

Therefore the second de Rahm cohomology of the S3 is trivial, and there exists a
one-form α ∈ Ω1S3 with dα = m∗ωS2 . Thus there always exists a vector potential
defined globally on the S3 satisfying condition Eq. (1.48).
This concluds the proof.

6The homology groups of the n-spheres can be calculated by the Mayer-Vietoris theorem [15].
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A.6 Domain wall width in a frustrated magnet
As described in section 2.1.3, there is another typical length scale for frustrated mag-
nets. This length scale is the domain wall width. Domain walls are one-dimensional
topological solitons solutions that separate two regimes of different physical behav-
ior. In magnetic theories, domain walls describe the continuous transition between
magnetic domains orientated in different directions. For a Néel domain wall, the
magnetization vector rotates in a plane containing the wave vector of the domain
wall.

Néel domain wall Bloch domain wall

Fig. A.6.1: Schematic depiction of Néel and Bloch domain walls. For a Néel domain
wall, the magnetization vector rotates in the direction of the domain wall extension.
For a Bloch domain wall, the magnetization vector rotates in a plane orthogonal to
the direction the domain wall extends to.

For the typical domain wall width for a frustrated magnet, we make a Néel domain
wall ansatz for a one-dimensional frustrated magnetic string with

m =
(

tanh
(
x

w

)
, 0, sech

(
x

w

))T
, (A.48)

with w, the domain wall width we want to determine. Here, the magnetization vector
rotates in the x-z-plane while the domain wall extends in the z-axis direction.

We use the dimensionfull version Eq. (2.5) to obtain the length scale in terms of the
natural material parameters Eq. (2.7). By inserting the ansatz Eq. (A.48) into a
one-dimensional form of Eq. (2.5) and setting the external field to 0 results in

E =
∫ [
−I1

2 (∇m)2 + I2

2
(
∇2m

)2
−MSBa ·m

]
d3r

=
∫ − I1

2w2
1

cosh
(
x
w

)2 + I2

2w4
1

cosh
(
x
w

)2

 dx

= −I1w
2 − I2

w3 .

(A.49)

To find the domain wall width wmin for which the energy is minimal, we differentiate
Eq. (A.49) with respect to w and set this equal to zero

dE
dw

∣∣∣∣∣
w=wmin

= −3I2 − I1w
2
min

w4
min

!= 0,

⇒ wmin =
√

3I2

I1
.

(A.50)

We only consider a positive w, as a negative domain wall width would not be phys-
ical.
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We can explain the behavior of the energy in the following way. For w → 0, the
energy diverges as the change in the magnetic field is too fast, analogue to the
twisted skyrmion tube, and the positive contribution of the Heisenberg exchange
interaction diverges trying to align them parallel. For w → ∞, the magnetic field
changes slowly. Locally, the system behaves like a ferromagnet, leading to zero total
energy.

0 1 2 3 4 5

w
[√

3I2/I1

]

0

2

4

6

8

10

E
( w

)
[ √
I 1
I 2
]

Fig. A.6.2: The Domain wall energy E(w) from Eq. (A.49) as a function of the
domain wall width w. The domain wall width is given in units of wmin =

√
3I2/I1.
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Appendix B

Plots and Images

B.1 Visualisation of the spherical angles
Here we present a visualization of the spherical coordinates Θ and Φ, used to rep-
resent the unit vector field in micromagnetic modeling.

x

y

z

P

Φ
Θ

Fig. B.1.1: Representation of a point P on the unit sphere by the two angles Θ and
Φ. Θ describes the angle between the z-axis and the vector. Φ describes the angle
between the x axis and the projection of the vector into the x-y plane.
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B.2 Examples of hopfion structures
Here we present examples for the internal hopfion structures. We used the magnetic
structure from Appendix A.4 with different values for N and Q. We only plotted
vectors with a mz value greater than 0.5 or less than −0.5. Changing the sign of N
flips the orientation of the interlinking. Changing the singe of Q interchanges the
two isosurfaces. A higher N value changes the total number of times the isosurfaces
circumvent the origin. A higher Q value leads to a higher number of times the two
surfaces twist around each other instead. Raising both values leads to two rings
interlinking each other. In each case, the Hopf index can be seen.

mz

Fig. B.2.1: Linking number of a hopfion with N = 1 and Q = 1. Two rings interlink
each other once. The Hopf index is H = 1.
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mz

Fig. B.2.2: Linking number of a hopfion with N = −1 and Q = 1. The orientation
of the interlinking compared to Fig. B.2.2 was changed. Due to this change in
orientation, the Hopf index is H = −1.

mz

Fig. B.2.3: Linking number of a hopfion with N = 1 and Q = −1. The rings from
Fig. B.2.2 are interchanged, leading to a Hopf index of H = −1.
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mz

Fig. B.2.4: Linking number of a hopfion with N = 2 and Q = 1. The rings now
circumvent the origin twice, leading to a Hopf index of H = 2.

mz

Fig. B.2.5: Linking number of a hopfion with N = 1 and Q = 2. The rings now
twist twice around each other, leading to a Hopf index of H = 2.
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mz

Fig. B.2.6: Linking number of a hopfion with N = 2 and Q = 2. There are now four
rings, each of which interlinks the others once. Hence the Hopf index is H = 4.
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Appendix C

Simulation code

In this part of the appendix, we present the code we used for the creation of the
magnetic structure and the simulations. The code for the calculation of the helicity
can be found in Ref. [73].

C.1 Creation of a magnetic structures
Here we present the code for the creation of magnetic structures. The code was
written in Python3 [66]. The code for the skyrmion and hopfion structure was
written by Ross Knapman.

1 import numpy as np
2 import discretisedfield as df
3

4 def physkyrmion (rad , disc , eta , R, w, N):
5 #R Skyrmion radius
6 #w Domain wall width of skyrmion
7 #N Skyrmion vorticity
8

9 #start by creating the meshgrid
10 x = np. linspace (-rad ,rad ,disc)
11 y = np. linspace (-rad ,rad ,disc)
12 z = np. linspace (0 ,0 ,1)
13

14 X, Y, Z= np. meshgrid (x,y,z)
15

16 # create empty list to be filled with the magnetization field
17 m = np.zeros (( len(x), len(y), len(z), 3), dtype=np. float64 )
18

19 #In -plane angle times vorticity
20 phi = N * np. arctan2 (Y,X)
21

22 # radial profile
23 theta = 2*np. arctan2 (np.sinh(R/w),np.sinh(np.sqrt(X**2+Y**2)/

w))
24

25 # creating the components of the magnetic structure
26 mx = np.cos(phi) * np.sin(theta)
27 my = np.sin(phi) * np.sin(theta)
28 mz = np.cos(theta)
29

30 # filling the empty list
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31 m[: ,: ,: ,0] = mx
32 m[: ,: ,: ,1] = my
33 m[: ,: ,: ,2] = mz
34

35 return np.array(m)
36 m = physkyrmion (64, 128, 0, 40, 5, 1)
37

38 p1 = (-64e-9, -64e-9, 0)
39 p2 = (64e-9, 64e-9, 1e -9)
40 n = (128 , 128, 1)
41

42 mesh = df.Mesh(p1=p1 , p2=p2 , n=n)
43 field = df.Field(mesh , dim =3)
44 field.array = m
45 field.write(" Skyrmion_field .ovf")

Listing C.1: Skyrmion creation

1 import numpy as np
2 import discretisedfield as df
3

4 def physskyrmiontube (radxy , discxy , radz , discz , eta , R, L, w, N, Q
):

5 #L Tube length
6 #R Skyrmion radius
7 #w Domain wall width of skyrmion
8 #Q Twist number , if Q=0, this is a simple skyrmion tube
9 #N Skyrmion vorticity

10 # Coordinate arrays
11 x = np. linspace (-radxy ,radxy , discxy )
12 y = np. linspace (-radxy ,radxy , discxy )
13 z = np. linspace (0,radz ,discz)
14

15 # Multidimensional coordinate arrays
16 X, Y, Z = np. meshgrid (x, y, z)
17 m = np.zeros (( len(x), len(y), len(z), 3), dtype=np. float64 )
18 # cylindric coordinates
19 rho = np.sqrt(X**2 + Y**2)# radial distance
20 phi = np. arctan2 (Y,X)#angle in xy plane
21 z = Z#z component
22 Phi = N*phi + 2*np.pi*Q*z/L + eta# standard skyrmion vorticity ,

twisted
23 into a tube with an helicity change of 2 pi , depending on z
24 Theta = 2*np. arctan2 (np.sinh(R/w),np.sinh(rho/w))# radial profil

of a skyrmion
25

26 # Magnetization vectors
27 mx = np.cos(Phi)*np.sin(Theta)
28 my = np.sin(Phi)*np.sin(Theta)
29 mz = np.cos(Theta)
30 m[:, :, :, 0] = mx
31 m[:, :, :, 1] = my
32 m[:, :, :, 2] = mz
33 return np.array(m)
34

35 m = skyrmiontube (64, 128, 128, 128, 0, 40, 128, 5, 1, 1)
36

37 p1 = (-32e-9, -32e-9, 0)
38 p2 = (32e-9, 32e-9, 64e -9)
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39 n = (128 , 128, 128)
40 mesh = df.Mesh(p1=p1 , p2=p2 , n=n)
41 field = df.Field(mesh , dim =3)
42 field.array = m
43 field.write(" Skyrmiontube .ovf")

Listing C.2: Skyrmion creation

1 import numpy as np
2

3 def physhopfion (radxy , discxy , radz , discz , eta , R, L, w, N, Q):
4 #L Major radius
5 #R Minor radius
6 #w Domain wall width of skyrmion
7 #Q Twist number
8 #N Skyrmion vorticity
9

10 # Coordinate arrays
11 x = np. linspace (-radxy ,radxy , discxy )
12 y = np. linspace (-radxy ,radxy , discxy )
13 z = np. linspace (-radz ,radz ,discz)
14 # Multidimensional coordinate arrays
15 X, Y, Z = np. meshgrid (x, y, z)
16 m = np.zeros (( len(x), len(y), len(z), 3), dtype=np. float64 )
17

18 # Angle around " doughnut hole"
19 psi = np. arctan2 (Y, X)
20 # Angle and radius of skyrmion in tube
21 phi = np. arctan2 (Z, X*np.cos(psi) + Y*np.sin(psi) - L)
22 rho = np.sqrt(Z**2 + (X*np.cos(psi) + Y*np.sin(psi) - L)**2)
23 # Spherical polar coordinates of magnetization ,
24 #with Theta being the angle to the normal of the plane of the

skyrmion
25 # and Phi being the in -plane angle
26 Theta = 2 * np. arctan2 (np.sinh(R/w), np.sinh(rho/w))
27 Phi = Q * phi + N * psi
28 # Note that adding phi makes it a hopfion ;
29 # otherwise it would be a Neel -type skyrmion around the tube
30 # Magnetization vectors
31 # These are just the vector [cos(Phi)sin(Theta), cos(Theta),
32 #sin(Phi)sin(Theta)] rotated anticlockwise about the z-axis by

psi
33

34 mx = np.cos(psi) * np.cos(Phi) * np.sin(Theta)
35 - np.sin(psi) * np.cos(Theta)
36 my = np.sin(psi) * np.cos(Phi) * np.sin(Theta)
37 + np.cos(psi) * np.cos(Theta)
38 mz = np.sin(Phi) * np.sin(Theta)
39 m[:, :, :, 0] = mx
40 m[:, :, :, 1] = my
41 m[:, :, :, 2] = mz
42 return np.array(m)

Listing C.3: Hopfion creation
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C.2 Simulation code
Here we present the code used for the simulations. The code is written in the
program MuMax3 [25], hence in the Go. The basic code was written by Ross Knapman
and modified for the specific situation by Timon Tausendpfund.

1 // In this simulation , we obtain the energy ( output as a table) as
a function of skyrmion helicity .

2 // Note that the SkyrmionArbitraryHelicity function is from Ross
Knapman ’s version of mumax , not the publicly - available one.

3

4 // ///////////////////
5 // Set Up Geometry //
6 // ///////////////////
7 N := 128 // Number of cells in x and y
8 Delta := 1e-9 // Side - length of each simulation

cell (in m)
9 SetGridSize (N, N, 8) // Set simulation grid dimensions

(in numer of cells)
10 SetCellSize (Delta , Delta , Delta) // Set cell dimensions
11

12 // /////////////////////////////
13 // Set Energetics Parameters //
14 // /////////////////////////////
15 Msat = 1e6 // Saturation magnetisation
16 Aex = 1e -11 // Exchange stiffness constant (J/m)
17 Dind = 1e-3 // Interfacial DMI constant (J/m^2)
18 // Dbulk = 1e-3 // Bulk DMI constant (J/m^2)
19 Ku1 = 1e5 // Uniaxial anisotropy strength (J/m^3)
20 anisU = Vector (0, 0, 1) // Easy axis direction (if not normalised ,

MuMax will internally normalise it)
21 EnableDemag = False // No demagnetizing field
22

23 // //////////////////////
24 // Set External Field //
25 // //////////////////////
26 Field := 0.1 // set external field
27 B_ext = Vector (0, 0, Field *1e2) // activate external field
28

29 // //////////////////
30 // Run Simulation //
31 // //////////////////
32 Eta := 0. // Helicity
33 TableAddVar (Eta , "Eta", "rad")
34 TableAdd ( Edens_total )
35

36 for Eta = 0.; Eta <= 2*pi; Eta = Eta + 0.05 {
37 m = SkyrmionArbitraryHelicity (5, -1, Eta)
38 TableSave ()
39 }

Listing C.4: Energy-helicity simulations with DMI
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1 // In this simulation , we obtain the energy ( output as a table) as
a function of skyrmion helicity .

2 // Note that variables I1 and I2 , as well as the
SkyrmionArbitraryHelicity function ,

3 // are from Ross Knapman ’s version of mumax , not the publicly -
available one.

4

5 // ///////////////////
6 // Set Up Geometry //
7 // ///////////////////
8 N := 128 // Number of cells in x and y
9 Delta := 1e-9 // Side - length of each simulation

cell (in m)
10 SetGridSize (N, N, 8) // Set simulation grid dimensions

(in numer of cells)
11 SetCellSize (Delta , Delta , Delta) // Set cell dimensions
12

13 // /////////////////////////////
14 // Set Energetics Parameters //
15 // /////////////////////////////
16 Ms := 1e5 // Saturation

magnetization (A/m)
17 Msat = Ms
18 I_1 := 1e -11 // Symmetric exchange

constant (equal to -Aex , where Aex is the built -in exchange
parameter , units J/m)

19 lbda := 50e-9 // Desired helical
wavelength (used to set I2)

20 EnableDemag = False // No demagnetizing field
21 I_2 := lbda * lbda * I_1 / (8 * pi * pi) // Set I2 based on which

helical wavelength we want (Jm)
22 I1 = I_1
23 I2 = I_2
24

25 // //////////////////////
26 // Set External Field //
27 // //////////////////////
28 FieldMultiple := I_1 * I_1 / (Ms * I_2) // Used to convert

dimensionless field to dimensionful field (units of Tesla)
29 Field := 0.1
30 B_ext = Vector (0, 0, Field* FieldMultiple )
31

32 // //////////////////
33 // Run Simulation //
34 // //////////////////
35 Eta := 0. // Helicity
36 TableAddVar (Eta , "Eta", "rad")
37 TableAdd ( Edens_total )
38

39 for Eta = 0.; Eta <= 2*pi; Eta = Eta + 0.05 {
40 m = SkyrmionArbitraryHelicity (1, -1, Eta)
41 TableSave ()
42 }

Listing C.5: Energy-helicity simulations in a frustrated magnet
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1 // Simulation to create the response of a skyrmion in a frustred
magnet to a pulsed field

2 // ///////////////////
3 // Set Up Geometry //
4 // ///////////////////
5 N := 128 // Number of cells in x and y
6 Delta := 1e-9 // Side - length of each simulation

cell (in m)
7 SetGridSize (N, N, 1) // Set simulation grid dimensions

(in numer of cells)
8 SetCellSize (Delta , Delta , Delta) // Set cell dimensions
9

10 // /////////////////////////////
11 // Set Energetics Parameters //
12 // /////////////////////////////
13 Ms := 1e5 // Saturation

magnetization (A/m)
14 Msat = Ms
15 I_1 := 1e -11 // Symmetric exchange

constant (equal to -Aex , where Aex is the built -in exchange
parameter , units J/m)

16 lbda := 50e-9 // Desired helical
wavelength (used to set I2)

17 EnableDemag = False // No demagnetizing field
18 I_2 := lbda * lbda * I_1 / (8 * pi * pi) // Set I2 based on which

helical wavelength we want (Jm)
19 I1 = I_1
20 I2 = I_2
21 // alpha = 0.01 // Gilbert damping
22

23 // //////////////////////
24 // Set External Field //
25 // //////////////////////
26 FieldMultiple := I_1 * I_1 / (Ms * I_2) // Factor to convert

dimensionless field to Tesla
27 B_ext = Vector (0, 0, 0.3* FieldMultiple )
28

29 // ////////////////////////
30 // Start Configurations //
31 // ////////////////////////
32 m = SkyrmionArbitraryHelicity (1,-1, 0)
33 save(m)
34 save( E_total )
35 relax ()
36 save(m) // relaxed state
37 TableAdd ( E_total )
38

39 // //////////////
40 // Simulation //
41 // //////////////
42 autosave (m, 1e -12)
43 TableAutoSave (1e -12)
44 omega := 1.5 * 2 * Pi * 1e11
45 epsilon := 0.1
46 B_ext = vector (0, 0, 0.3* FieldMultiple )
47 TableAdd (B_ext)
48 run (1e -10)

Listing C.6: Helicity-time simulation in frustrated magnet
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1 // Simulation to create the response of a skyrmion in a frustred
magnet to a pulsed field

2 // ///////////////////
3 // Set Up Geometry //
4 // ///////////////////
5 N := 64 // Number of cells in x and y
6 Delta := 5e-9 // Side - length of each simulation

cell (in m)
7 SetGridSize (N, N, 1) // Set simulation grid dimensions

(in numer of cells)
8 SetCellSize (Delta , Delta , Delta) // Set cell dimensions
9 setPBC (5 ,5 ,5) // Periodic boundaries to minimize

background
10 // /////////////////////////////
11 // Set Energetics Parameters //
12 // /////////////////////////////
13 Ms := 1e6 // Saturation

magnetization (A/m)
14 Msat = Ms
15 I_1 := 1e -12 // Symmetric exchange

constant (equal to -Aex , where Aex is the built -in exchange
parameter , units J/m)

16 lbda := 50e-9 // Desired helical
wavelength (used to set I2)

17 EnableDemag = False // No demagnetizing field
18 I_2 := lbda * lbda * I_1 / (8 * pi * pi) // Set I2 based on which

helical wavelength we want (Jm)
19 I1 = I_1
20 I2 = I_2
21 // /////////////////////////////
22 // Simulation Configurations //
23 // /////////////////////////////
24 t0 := 0.5e-9 // The centre of the sinc pulse
25 fc := 100 e9 // Cutoff frequency
26 Hf := 0.05* FieldMultiple // Excitation amplitude
27 h_max := 2 * fc * 2 * t0 * Hf // Maximum excitation field

amplitude
28 alpha = 0.01 // Gilbert damping
29 m. LoadFile (" Initial_config / Blochskyrmion_relaxed .ovf") // Inital

config of the skymrion
30 // //////////////
31 // Simulation //
32 // //////////////
33 FieldMultiple := I_1 * I_1 / (Ms * I_2) // Factor to convert

dimensionless field to Tesla
34 B_ext = vector (0 ,0 ,h_max * sin (2 * pi * fc * (t - t0)) / (2 * pi

* fc * (t - t0)) + 0.5* FieldMultiple )
35 // B_ext = vector (0 ,0 ,h_max * sin (2 * pi * f0 * t) + 0.5*

FieldMultiple ) // for the explizit activation of excitation mode
36 run (2* t0)
37 B_ext = vector (0, 0, 0.5* FieldMultiple )
38 run (2e -9) // Delay sampling to avoid nonlinearities (as per the

Beg paper)
39 autosave (m, 5e -12)
40 run (20e -9)

Listing C.7: Skyrmion excitation
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1 // Simulation for the energy density dependence on the length of a
twisted skyrmion tube.

2

3 Deltaz := 3e -10 // startvalue for the z length
4 Deltamax := 5e-9 // Endvalue for the z length
5 TableAddVar (128* Deltaz , " Length ", "m")
6 TableAdd ( Edens_total )
7 for Deltaz = 3e -10; Deltaz <= Deltamax ; Deltaz += 5e -11{
8 // ///////////////////
9 // Set Up Geometry //

10 // ///////////////////
11 N := 128 // Number of cells in x

and y
12 Delta := 1e-9 // Side - length of each

simulation cell (in m)
13 SetGridSize (N, N, N) // Set simulation grid

dimensions (in numer of cells)
14 SetCellSize (Delta , Delta , Deltaz ) // Set cell dimensions
15 // /////////////////////////////
16 // Set Energetics Parameters //
17 // /////////////////////////////
18 Ms := 1e6 // Saturation

magnetization (A/m)
19 Msat = Ms
20 I_1 := 1e -12 // Symmetric

exchange constant (equal to -Aex , where Aex is the built -in
exchange parameter , units J/m)

21 lbda := 50e-9 // Desired helical
wavelength (used to set I2)

22 EnableDemag = False // No demagnetizing
field

23 I_2 := lbda * lbda * I_1 / (8 * pi * pi) // Set I2 based on
which helical wavelength we want (Jm)

24 I1 = I_1
25 I2 = I_2
26 // //////////////////////
27 // Set External Field //
28 // //////////////////////
29 FieldMultiple := I_1 * I_1 / (Ms * I_2) // Factor to

convert dimensionless field to Tesla
30 B_ext = Vector (0, 0, 0.3* FieldMultiple )
31 // //////////////////
32 // Run Simulation //
33 // //////////////////
34 m. LoadFile (" Skyrmiontube_twisted .ovf")
35 // relax ()
36 TableSave ()
37 }

Listing C.8: Skyrmion tube length dependency
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