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Abstract

In this thesis interface effects on ferromagnets (FMs) are investigated. A thin film struc-
ture of a FM with broken inversion symmetry and strong spin orbit coupling can lead to
boundary-induced surface twist states. Furthermore, the coupling of a FM to an antiferro-
magnet (AFM) can be modeled as an effective space-dependent anisotropy in the FM, that
stems from exchange coupling of the layers. Through this coupling the domain structure of
the AFM is imprinted into the FM and switching behavior under the application of external
fields is modified.
In the first part of this thesis, materials belonging to the C∞,v point group are studied. They
describe the physics of ferromagnetic heterostructures, which are of special interest for spin-
tronics. Functional analysis of the magnetic state of a system with C∞,v symmetry in the
presence of the Dzyaloshinskii-Moriya interaction DMI is conducted using symmetry consid-
erations. The full tensorial structure of the DMI tensor is required to accurately describe the
equilibrium state: In addition to the spin-canting observable in finite size samples due to the
antisymmetric tensor components of the DMI, these materials develop boundary-induced sur-
face twist states governed by the symmetric tensor components. Surface twist states and spin
canting are compared to each other. A variation in the otherwise homogeneous magnetization
is observed, which could be useful for manipulating the magnetic state. This goes to show,
that the boundary conditions can sensibly impose new physical effects on the system. Surface
twist states are studied by micromagnetic simulation. The asymmetry of boundary-induced
surface twist states towards the upper and lower boundary of an infinite plane film is linked
to the strength of the DMI coupling.
The second part of this thesis investigates the effective coupling between an antiferromagnetic
(AFM) and a ferromagnetic (FM) layer in a bilayer system. Current research investigates the
possibility of utilizing such heterostructures as computing devices, combining the benefits of
FM controllability and AFM dynamics. Two phenomenological models were constructed to
explain and predict experimental results on Mn2Au/Ni80Fe20, based on the Ginzburg-Landau
theory of magnetism. The exchange coupling between the magnetization of the FM and the
Néel vector of the AFM allows for effective control of the AFM state by external fields much
lower than usually necessary for AFMs, modulated through the FM magnetization. By con-
structing an inhomogeneous AFM FM coupling model it was found by functional variation and
micromagnetic simulation, that an effective space-dependent anisotropy causes a domain wall
(DW) to be present in the system. The explicit space-dependence breaks the translational in-
variance of the system. As a result, the DW in the FM part of the bilayer system is pinned by
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the position of the DW in the AFM part. This result remains valid for the inclusion of higher
order interaction terms. The energy barrier associated with the infinitesimal translation of
the DW out of its equilibrium position scales linearly with the interlayer exchange coupling.
Hysteresis effects of single domain states in the FM of the bilayer systems were investigated
with the construction of a homogeneous AFM FM coupling model. The critical switching
field of (1.44± 0.02) Oe for Mn2Au/Ni80Fe20 was determined by numerical calculation, above
which no hysteresis effects appear in the system. The results for the homogeneous model were
confirmed qualitatively by experimental results.
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Zusammenfassung

Es werden die Einflüsse von Grenzschichten auf den magnetischen Grundzustand eines Fer-
romagneten (FM) untersucht. In dünnen Schichten mit gebrochener Inversionssymmetrie
und starker Spin-Bahn Kopplung kommt es durch die Dzyaloshinskii-Moriya Wechselwirkung
(DMW) zur Bildung von gedrehten magnetischen Oberflächenstrukturen. Die Kopplung eines
FM and einen Antiferromagneten (AFM) kann mittels einer explizit ortsabhängigen effektiven
Anisotropie im FM beschrieben werden. Die Domänenstruktur des AFM wird in den FM über-
tragen und das Verhalten des FM unter Anlegen eines externen magnetischen Feldes wird vom
AFM beeinflusst.
Im ersten Teil dieser Arbeit werden Systeme der C∞,v Symmetriegruppe untersucht. Sie
bieten eine gute Beschreibung von magnetischen Heterostrukturen und sind von großem In-
teresse für Anwendungen in der Spintronik. Mittels Funktionalanalysis und Symmetrieanalyse
wird festgestellt, dass die vollständige Tensorstruktur der DMW zur Beschreibung magnetis-
cher Zustände in solchen Systemen betrachtet werden muss. Dieses neuartige Verhalten des
physikalischen Systems wird darauf zurück geführt, dass neue Randbedingungen auf das Sys-
tem wirken. Eine Kategorisierung der magnetischen Strukturen, welche maßgeblich auf die
DMW zurück geführt werden können, wird in zwei Gruppen vorgenommen: Dabei sind die
antisymmetrischen Komponenten des DMW Tensor für die Neigung der magnetischen Mo-
mente im Inneren eines Systems endlicher Größe verantwortlich, während die symmetrischen
Teile zur Bildung gedrehter magnetischen Oberflächenstrukturen bei explizierter Brechung
der Inversionsymmetrie verantwortlich sind. Nicht homogene magnetischen Zustände kön-
nen für die Manipulation des magnetischen Zustandes von Nutzen sein. Mikromagnetischer
Simulationen werden eingesetzt, um die analytischen Ergebnisse auf allgemeinere Systeme zu
erweitern. So wird ein Zusammenhang zwischen dem Grad der Asymmetrie der gedrehten
magnetischen Oberflächenstrukturen und der DMW Kopplungskonstante hergestellt.
Der zweite Teil dieser Arbeit beschäftigt sich mit der Kopplung einer antiferromagnetischen
(AFM) und eine ferromagnetischen (FM) Materialschicht. Heterogene Doppelschichten wer-
den als besonders geeignet für Anwendungen in der Computerbranche angesehen, da der
Zusammenschluss einfacher FM Manipulierbarkeit und schneller AFM Dynamik postuliert
wird. Es werden zwei phenomenologische Modelle zur Beschreibung experimenteller Ergeb-
nisse des Systems Mn2Au/Ni80Fe20 auf der Basis der Ginzburg-Landau Theorie konstruiert.
Durch eine direkte Kopplung des AFM Néel Vektors und der FM Magnetisierung kann eine
effektive Kontrolle des AFM Zustandes durch den FM bei weitaus geringeren extern an-
gelegten magnetischen Feldern, als bei rein AFM Systemen üblich, bewerkstelligt werden.
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Es wird mit Funktionalanalysis und mikromagnetischen Simulationen festgestellt, dass im
Falle von inhomogener AFM FM Kopplung das System mit einer effektiven Anisotropie mit
expliziter Ortsabhängigkeit beschrieben werden kann. In diesem Falle überträgt sich die
Domänenstruktur des AFM in die FM Schicht; es bildet sich also eine Domänenwand (DW)
im FM. Durch die explizite Ortsabhängigkeit der effektiven Anisotropie wird die Transla-
tionsinvarianz des Systems gebrochen und die DW im FM wird von der Position der AFM
DW festgesteckt. Dieses Resultat ist allgemein gültig, auch wenn Terme höherer Ordnung im
Wechselwirkungspotenzial vorhanden sind. Demnach skaliert die Energiebarriere, welche zur
Bewegung der festgesteckten DW überwunden werden muss, linear mit dem AFM FM Kop-
plungspotenzial. Mit Hilfe eines homogenen Kopplungsmodells werden Hystereseeffekte im
Zweischichtsystem untersucht. So wird das für Anwendungen sehr interessante kritische Feld,
von welchem an keine Hystereseeffekte mehr feststellbar sind, numerisch auf (1.44± 0.02) Oe
für Mn2Au/Ni80Fe20 abgeschätzt. Die Ergebnisse der theoretischen Rechnungen und Simula-
tionen stimmen mit experimentellen Befunden qualitativ überein.
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Chapter 1

Preface

The world in its ever increasing hunger for computing power is reaching the limits of compu-
tational growth, both in terms of computing speed and information storage [1]. In the near
future it is foreseeable, that new approaches to increasing advancements in computing power
other than dense packing of integrated circuit chips are necessary [2].
Conventional computing devices in spintronics rely on ferromagnets (FM). As their magnetic
moments align in parallel [3], a net magnetization is formed. External magnetic fields and
electric currents couple directly to the net magnetization and reading and writing of informa-
tion stored in the orientation of the FM magnetization is achievable [4]. However, this direct
coupling to magnetic fields also makes FMs susceptible to unwanted magnetic fields caused
by electromagnetic noise and stray fields of the device itself. The information stored in the
FM can be lost. Furthermore, FM devices cannot be miniaturized indefinitely [5] and FM
dynamic speeds are limited to the GHz regime [6, 7].
In order to decrease energy consumption of computers, increase computation speed, make
data storage more reliable and further miniaturize electronic devices, the research field of
spintronics implements the spin degrees of freedom into electronic devices [8, 9, 10]. Rather
than transporting electrons to transmit information, spin currents can be used to read and
write information [11]. Spintronics devices are promised to offer greater speed, better reli-
ability and smaller size compared to today’s computing devices [10]. In order to construct
spintronic systems, an intricate understanding of the underlying processes is vital. Investi-
gating magnetic systems and material properties is key.
The aim of the first part of this thesis is to analytically reproduce the most general magnetic
boundary conditions of FM with strong spin-orbit coupling [12, 13] and broken inversion
symmetry. In the first part of the present work non-inversion symmetric FM materials are
studied. They exhibit a phenomenon called chirality in their crystal structure that favors
twisted magnetic states [13]. Magnetic materials with broken inversion symmetry are subject
to chirality [14]. In such materials chiral modulations and spin canting at the boundary of
the sample occur [15]. Boundary induced magnetic states strongly depend on the system’s
symmetry [16].The influence of boundary conditions on the magnetic equilibrium state is cal-
culated and simulated micromagnetically.
The theoretical foundation for magnetism, the Ginzburg-Landau theory of magnetism, is il-
luminated in Chap. 2. In Chap. 3 the magnetic boundary conditions for a FM with strong
spin-orbit coupling and broken inversion symmetry, belonging to the C∞,v point group, are

1



Preface

derived analytically. It will be shown, that the boundary conditions can be categorized into
antisymmetric and symmetric contributions under the permutation of spatial variables. In
Chap. 4 the influence of the antisymmetric components on the magnetic ground state is
simulated micromagnetically. The symmetric contributions are studied analytically and mi-
cromagnetically in Chap. 5 (Sec. 5.3).

To improve performance of spintronics devices usage and and understanding of the spin
phenomena of antiferromagnets (AFMs) and AFM FM hybrid systems [10, 8, 9, 17] is es-
sential. AFMs possess advantages over their FM counterparts, namely much faster dynamics
(∝ THz in AFMs, ∝ GHz in FMs) [18]. Furthermore, while exhibiting magnetic ordering,
AFMs have no net magnetization [19]. The absence of stray fields in AFMs allows for a much
denser packing of AFM bits and greater stability of complex magnetic configurations [20].
In his Nobel lecture in 1970 Louis Néel noted that controlling and manipulating AFMs will
be of great difficulty due to exactly one factor that makes AFMs so attractive: Insensitivity
to external magnetic fields [19]. Nevertheless, AFMs have found their way into current tech-
nological applications through their static properties, providing an exchange bias on FMs and
thereby pinning the FM layer. The discoveries of novel AFM manipulation techniques like the
Néel Spin Orbit Torques [21], through spin-polarized currents [22] and through magnetoelastic
effects [23] have revived the idea of using AFMs as active components in AFM FM hybrid
systems. For FMs, well known techniques for manipulating magnetic structures already exist.
It is more convenient to write information in FMs, but using AFMs for the storage of infor-
mation provides many useful benefits. Therefore, the exploitation of the individual material
benefits in an AFM FM hybrid system motivate this research. In order to properly use the
advantages of both FMs and AFMs a thorough understanding of the physical properties is
needed. Not only the magnetic textures of AFMs and FMs have to be understood individually
but also the interplay of AFMs and FMs at interfaces and boundary effects in either materials
have to be analyzed.
In the second part of this work, the direct coupling between a FM and an AFM layer without
chiral interactions is studied. A short introduction to AFM FM coupling is given in Chap. 6.
On one hand the anisotropic distribution of uncompensated magnetic moments of the AFM
at the interface to the FM can lead to an effective anisotropic exchange coupling between the
sublattice magnetization of the AFM and the magnetization of the FM [24], as is shown in
Chap. 7. It is shown in Sec. 7.1 that a domain wall (DW) present in the AFM is continued
in the FM. The energy (cf. Sec. 7.1.1) and width of FM DWs in this setting and pinning
effects (cf. Sec. 7.2) are discussed. Furthermore, a direct coupling between the AFM order
parameter and the FM magnetization can be constructed, from which the switching behavior
and hysteresis effects are derived in Chap. 8. A critical switching field that allows for rota-
tion of the magnetization orientation in the bilayer system without hysteresis is determined
numerically in Sec. 8.2.2. Both parts of this thesis are summarized and a short outlook on
further research is given in Chap. 9.
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Chapter 2

Ginzburg Landau Theory of Magnetism

In this chapter the phenomenological theory of magnetism will be recapitulated to form a basic
understanding of the model used in this thesis. The basic magnetic interactions - exchange,
anisotropy, dipole-dipole and asymmetric exchange interaction - will be discussed with the
full free energy functional for FMs. For the second part of this thesis a familiarization with
domain theory and hysteresis effects is important. AFM order is presented in the last section
of this chapter.
Magnetism originates from the magnetic moment that can be attributed to each electron
orbiting an atom due to its orbital and spin degrees of freedom [25]. Due to the orbital
motion an angular momentum is created. Furthermore, electrons, as being fermions, possess
an intrinsic spin [25]. Generally, the electron spin contribution to the magnetic moment is
dominant [26]. The atomic magnetic moment is given by the sum of the magnetic moments
of its constituents. If this sum vanishes, the material is called diamagnetic. Otherwise, it
is paramagnetic or (anti-) ferromagnetic. In an (anti-) ferromagnet the magnetic spins are
aligned in (anti-) parallel both with and without the application of an external field. Under
the application of an external magnetic field, the spins in a paramagnet also align with the
field. Magnetic order is lost due to thermal fluctuations when the field is withdrawn [26].
The Ginzburg-Landau theory was developed byWitali Ginsburg, Lew Landau, Alexei Abrikos-
sow and Lew Gorkow as a phenomenological continuum theory of phase transitions [27]. The
most important concept, on which the theory rests, is the order parameter (OP). A system
can have two phases exhibiting various forms of ordering and the OP is used to distinguish
between those phases. When a phase transition occurs from an ordered into an unordered
phase, the OP goes from a constant non zero value in one phase to zero in the other [28]. The
exact phase transition point happens at the phase transition temperature Tc. The OP is small
in magnitude at Tc and the free energy of the system, which is derived phenomenologically
from symmetry considerations, can be expanded in terms of the OP [28]. The minimization
of this functional yields the thermodynamic equilibrium state. Two kinds of phase transitions
are distinguished. In the case that the OP jumps from a non-zero value to zero, causing a
singularity in the response functions the phase transition is of first order [28]. In a second
order phase transition the OP smoothly goes to zero at the phase transition temperature [28].
Physical quantities exhibit a singularity at the phase transition point.

3



Ginzburg Landau Theory of Magnetism

2.1 The Exchange Interaction

Let’s consider the origin of the interaction responsible for magnetic ordering: the exchange
interaction. In an (A-) FM, spins align in an (anti-) parallel arrangement. Magnetic ordering
stems from the Pauli exclusion principle [29]. It states that no two electrons with the same
quantum numbers can inhabit the same state. If two atoms are brought into close proximity
to each other, electrons can hop between the atoms with a certain probability. Under this
exchange of electrons, the total wave function of the system has to remain antisymmetric [26],
as the electrons are indistinguishable particles. Depending on the coupling of the spin degrees
of freedom of the atoms, which exchange the electrons, the electrons align in parallel (FM
ordering) or antiparallel (AFM ordering). Magnetic materials are characterized by ordering
of spins, such that the ground state energy is minimized. Consider one electron, that is in
the state ψa(r1), with position r1, and another in state ψb(r2), with position r2. Generally,
these two electrons obey exchange symmetry, which is why the joint wave functions of the
two electrons are given either in the symmetrized Eqn. (2.1) or antisymmetrized Eqn. (2.2)
form.

ψS =
1√
2

(ψa(r1)ψb(r2) + ψa(r2)ψb(r1))χS, (2.1)

ψT =
1√
2

(ψa(r1)ψb(r2) − ψa(r2)ψb(r1))χT, (2.2)

where the total wave function has to be antisymmetric for electrons [25] and fulfills the
Schroedinger equation. χS is the normalized antisymmetric spin wave function for the singlet
state ψS (total spin S = 0), and χT is the normalized symmetric spin wave function for the
triplet state ψT (total spin S = 1).

Their electrostatic Coulomb energies are given by Eqn. (2.3) and (2.4), while the exchange
energy is the difference between the singlet and triplet state is given by Eqn. (2.5) [25].

ES =

∫
ψ∗SHψS dr1 dr2, (2.3)

ET =

∫
ψ∗T HψT dr1 dr2, (2.4)

ES − ET = 2

∫
ψ∗a(r1)ψ∗b(r2)Hψa(r2)ψb(r1) dr1 dr2. (2.5)

The joint spin operator for two fermions is Stot = S1 + S2, S2
tot = S2

1 + S2
2 + 2S1 S2.

Thereby, the exchange energy can be identified with the mixed spin value const. S1 S2. The
eigenvalues of S2

tot are S(S + 1). For the singlet state S1 · S2 = − 3
4 , while for the triplet

state S1 · S2 = 1
4 [25]. The effective Hamiltonian can be written as shown in Eqn. (2.6) [25].

H =
1

4
(ES + 3ET ) − (ES − ET )S1 · S2, (2.6)

Disregarding the constant term, the spin-dependent term can be rewritten into the exchange
integral, given by Eqn. (2.7).
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Ginzburg Landau Theory of Magnetism

J :=
ES − ET

2
=

∫
ψ∗a(r1)ψ∗b(r2)Hψa(r2)ψb(r1) dr1 dr2, (2.7)

where J is the exchange constant. The exchange Hamiltonian for spins is given by Eqn. (2.8).

Hspin := −J S1 S2. (2.8)

For J > 0 the triplet state S = 1 possesses lower energy with ES > ET , while for negative
J , the singlet state is favored [25]. Assuming the exchange interaction to be most relevant in
a first oder approximation for nearest neighbors, the Hamiltonian for an arbitrary number of
spins on a lattice, called the Heisenberg Hamiltonian, is given by Eqn. (2.9) [30].

Hspin := −
∑

<ij>

Jij Si Sj , (2.9)

where the indices i and j represent spin lattice sites, the exchange coupling Jij can be
anisotropic depending on between which lattice sites the interaction is taking place and the
sum runs over nearest neighbor lattices sites.
Generally, Jij > 0 for electrons on the same lattice site. Through positive coupling the triplet
state is favored and antisymmetric placement of the electrons is enforced. For electrons be-
longing to different atoms the coupling is positive for spatially symmetric coupling, which is
the case for ferromagnets, or negative for spatially antisymmetric coupling for antiferromag-
netism.

Having established the Heisenberg model of spins, it is now time to proceed in evolving
the present theory into a continuum model. Equal coupling J between all nearest neighbors
is assumed. In the FM case, which is considered here, the angle between neighboring spins
can be assumed to be small φij � 1 [25]. The energy of the system is given by Eqn. (2.10).

E = − J S2
∑

<ij>

cos(φij) ≈
J S2

2

∑

<ij>

φ2ij + const., (2.10)

where cos(φij) was expanded expanded for φij � 1. Moving towards a continuum theory,
define the magnetization field as M := mMS with the saturation magnetization MS , the
reduced magnetic moment m gives the cosine of the orientation of the spin. The unit vector
m is aligned with the orientation of the averaged spins and mx, my, mz are the cosines of the
components of the spin vectors. |φij | ≈ |mi − mj | ≈ |(rij · ∇)m| [25] and Eqn. (2.10) can
be rewritten into Eqn. (2.11). rij is the connecting vector between lattice site i and lattice
site j.

E = J S2
∑

<ij>

((rij · ∇)m)2. (2.11)

where m is the total magnetization in the volume under consideration. Now the contin-
uum limit is taken, whereby the reduced magnetization is identified with the average local
magnetization, and the energy is given by Eqn. (2.12) [25].

Fe = A

∫

V
((∇mx)2 + (∇my)

2 + (∇mz)
2) d3r, (2.12)

5



Ginzburg Landau Theory of Magnetism

where mi now denotes the i-th spatial component of the average magnetization and the
exchange constant is redefined by A := 2 J S2 z / a with z being the number of sites in a unit
cell and a being the average nearest neighbor distance. The integration runs over the sample
volume V .

2.2 The Anisotropy Interaction

The anisotropy interaction forces the magnetic moments of a system not be isotropically dis-
tributed due to crystal lattice asymmetries. Due to spin-orbit and crystal-field interactions,
the magneto crystalline anisotropy generates preferred axes along which the magnetic mo-
ments orient to minimize the energy of the magnetic state [26]. Other forms of anisotropy
exist, albeit being less energetically dominant [26]. The spin-orbit contribution is due to the
relativistic motion of the electrons in the atom’s potential. Crystal-field interactions form
a direct link between the crystal symmetries and the symmetries of the magnetic system.
Every symmetry exhibited by the crystal lattice has to be obeyed by the magnetic state [31].
The strength of the anisotropy interaction is given by the competition between the spin-orbit
interaction, that favors orbital motion, and crystal-field interactions, which prefer electronic
motion comparable to the crystal’s symmetries.

In a crystal having the magnetization orientation along the easy axes is favored and along
the hard axes is disfavored. As such, the magnetic moments are anisotropic.The free energy
contribution is given by Eqn. (2.13) [25].

Uniaxial Anisotropy: Fua = Kum
2
i , (2.13)

where i is the chosen anisotropy axis for the uniaxial anisotropy, K1 is the anisotropy constant.

2.3 The Dipole-Dipole Interaction

Following Gauss’s law for magnetism ∇ ·B = 0, the magnetic field generated by a magnetic
system must not diverge. The flux lines of a sample are closed. Depending on the shape of a
sample, this behavior is enforced through the dipole-dipole interaction. It is often neglected
due to its long-range character (∝ 1 / r3, cf. Eqn. (2.14)) that make computations expensive.
Suppose m1 and m2 are the magnetic moments of two dipoles, separated by a distance r.
They exert an energy on each other, depending on their distance and mutual orientation,
given in Eqn. (2.14) [25].

Dipole-dipole interaction: Fdd =
µ0

4π r3

(
m1m2 −

3

r2
(m1 · r)(m2 · r)

)
, (2.14)

where µ0 is the magnetic permeability. This interaction can be estimated to produce an energy
of the order 10−23 J for magnetic moments equal to the Bohr magneton and a separation of
r = 1Å, which is very small compared to other energy contributions.
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Figure 2.1: Phase diagram of a generic ferromagnet. Below the phase transition temperature,
called the Curie temperature, a ferromagnet is in its ordered phase. Above Tc ferromagnetic
ordering is lost.

2.4 Phenomenology of Chiral Magnets: The Dzyaloshinskii-
Moriya Interaction

The DMI is an antisymmetric exchange interaction between spins that favors twisted magnetic
structures [12, 13]. Strong spin-orbit coupling in magnets with no inversion symmetry creates
chiral magnetic structures. Chirality described the handedness of the rotation of spins in
twisted magnetic structures [14]. Magnetic systems with the presence of DMI are called
chiral. The term spin-orbit coupling stands for the relativistic interaction of electrons orbiting
a nucleus with the magnetic field created by their motion. The lack of inversion symmetry
in a system means, that the systems magnetic state is not symmetric under the exchange of
sign of the spatial variables. The leading order free energy contribution to account for this
effect is the Dzyaloshinskii-Moriya interaction (DMI) or antisymmetric exchange term given in
Eqn. (2.15) as shown in Lew Landau’s and Jewgeni Lifshitz’s eighth book on electrodynamics
of continuous media [27]. Summation over repeated indices is enforced throughout this thesis
following Einstein’s sum convention.

Antisymmetric Exchange: FD = Dijkmi ∂jmk, (2.15)

The DMI is a relativistic effect and much weaker than the Coulomb interaction. Through
antisymmetric exchange, odd powers of spatial derivatives of the magnetization components
are introduced into the free energy functional. Canted or twisted magnetic structures are
preferred by the DMI. The DMI parameter Dijk, which is a third rank tensor, governs the
coupling strength of the antisymmetric exchange field [27].

To emphasize the structure of the DMI Eqn. (2.15) can be rewritten in a symmetrized
form, as shown in Eqn. (2.16).

7
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FD =
D(ik)j

2
∂j(mimk) +

D[ik]j

2

(
mi ∂jmk − mk ∂jmi

)
, (2.16)

where D(ik)j = (Dijk + Dkji)/2 and D[ik]j = (Dijk − Dkji)/2 are the symmetric and
antisymmetric components of the DMI tensor, respectively. The last term in Eqn. (2.16)
mi ∂jmk − mk ∂jmi is called the chirality tensor. The symmetric parts of the DMI tensor
give rise to surface terms under spatial integration. This work focusses especially on the
symmetric terms.

The phase diagram of a generic ferromagnet is shown in Fig. 2.1. Below the phase transi-
tion temperature, called the Curie temperature, a ferromagnet is in its ordered phase [25] and
the local magnetization is large. Above the phase transition temperature ferromagnetic or-
dering is lost, the material becomes paramagnetic and m(r) vanishes [25]. The magnetization
changes continuously with temperature, rendering the phase transition of second order. Due
to the additional DMI term in the free energy more phases in the phase diagram for chiral
magnets appear.
Shown in Fig. 2.2 is the experimental data of a phase diagram of the chiral magnet MnSi [32].
The phase transition temperature was determined to be Tc ≈ 30 K. Chiral magnets exhibit
a more complex structure of phases in the ordered regime. For very strong external magnetic
fields the symmetric exchange interaction prevails forcing the material into uniform ordered
magnetization. For field strengths below B < 0.1 T in Fig. 2.2 the materials enters the
helical phase in Fig. 2.2. As shown in Fig. 2.3a the DMI term dominates and the magnetiza-
tion rotates around the axis given by the orientation of the external magnetic field. Between
0.10 T < B < 0.55 T in Fig. 2.2 both symmetric and antisymmetric exchange influence the
system and the magnetization gains a component parallel to the orientation of the external
magnetic field compared to the helical phase, as shown in Fig. 2.3b. Of great interest for
current research is the A-phase emerging for external fields between 0.15 T < B < 0.25 T
and temperatures between 28 K < T < 30 K in Fig. 2.2. In the A-phase, the superposition of
the helical and conical phases causes the formation of topologically protected magnetic whirls
called magnetic skyrmions. These can be arranged in magnetic skyrmion lattices and their
topological protection might prove useful for future forms of computation [33].

In conclusion, the chirality induced into ferromagnets by the lack of inversion symmetry
and strong spin-orbit coupling is represented analytically to leading order by the DMI. The
influence of DMI manifests itself through the formation of twisted magnetic structures in the
ground state. Part one of this thesis will explore the effects of DMI in FM thin films in detail.

2.5 The Free Energy Functional

After discussion the most important magnetic interactions it is now time to integrate these
into a coherent model. In ferromagnets the local magnetization m(r) is used as the order
parameter. The local magnetization m(r) is the thermal average of the microscopic spins.
The system is fundamentally described by its partition function Z given in Eqn. (2.17) [33].

Z = e−G =

∫
dr e−F [m(r)], (2.17)

8
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Figure 2.2: In this plot the experimental data for the phase diagram of a chiral magnet
(MnSi) is shown. The external field was applied in parallel to the < 100 > direction of the
crystal. [33, 32].

(a) For low external fields, chiral magnets ar-
range in helical phases, rotating around the
axis given by the twist normal.

(b) For higher external fields, the rotation of
the helical phase is superposed by a compo-
nent parallel to the orientation of the external
field, yielding the conical phase.

Figure 2.3: Ferromagnets with broken inversion symmetry and strong spin-orbit coupling
exhibit two fundamental magnetic twist state phases. The superposition of these phases
yields magnetic skyrmions. [33]

where G is the free energy and F [m(r)] is the free energy functional which is constructed from
symmetry considerations. The main contribution to the integral is the minimum of F [m(r)]
given in Eqn. (2.18) [33].

G ≈ Fmin = min
m(r)

F [m(r)] =: F [m0(r)]. (2.18)

where m0(r) is the minimum configuration of the free energy functional. Using the saddle-
point approximation Gaussian fluctuations η are added in a first order correction to the equi-
librium configuration of the free energy functional m(r) = m0(r) + η as shown in Eqn. (2.19)
[33].

G ≈ F [m0(r)] +

∫
dr

δ F [m(r)]

δm(r)
|m0(r) η +

1

2

∫
dr dr′

δ2 F [m(r)]

δm(r) δm(r′)
|m0(r) η η

′, (2.19)
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where the first order variation of the free energy functional δ F [m(r)]
δm(r) vanishes at m0(r).

For temperatures close to the phase transition the free energy can be expanded in terms
of m(r). Also, energy fluctuations over interfaces of the system should be energetically pe-
nalized and the free energy functional is expanded in terms of ∇m(r) [25]. The resulting free
energy functional for a generic, non-inversion-symmetric ferromagnet is given by Eqn. (2.20),
where from now on the spatial dependency of the order parameter is not shown explicitly for
simplicity [27]. Througout this thesis, a free energy functional like shown in Eqn. (2.20) will
be used to derive the equilibrium condition for the magnetic state.

F [m] =

∫
dr [Fe + Fh + Fa + FD], (2.20)

where the contributions shown in Eqn. (2.21) are used [27].

Symmetric Exchange: Fe = Jij ∂im · ∂jm,

External Field: Fh = −MSmiHi,

Uniaxial Anisotropy: Fa = −Kum
2
i ,

Antisymmetric Exchange: FD = Dijkmi ∂jmk, (2.21)

where i and j denote the spatial dimensions x, y, z, the following represent phenomenologi-
cal parameters: Jij is the spin stiffness tensor, MS is the saturation magnetization, H is an
external magnetic field, which arises from the direct coupling of an external magnetic field to
the magnetic moments. The external field energy contribution is minimal for the magnetic
moments aligning in parallel with the field. Ku is the anisotropy coupling. Furthermore mi

denote the components of the local magnetization m and ∂jmi denotes the spatial derivative
thereof. Here, and throughout this work, summation over repeated indices is automatically
performed, as per the Einstein sum convention.

2.6 Magnetic Hysteresis

If an external magnetic field is applied to a FM and subsequently the field orientation reversed,
the magnetization does not evolve through its initial state, but rather retains a non-zero mag-
netization along the application orientation. The energetic competition between the external
field energy and the anisotropy of the FM is called hysteresis [25]. Direct coupling of the
FM spins with the external field favors parallel alignment of the two (cf. Eqn. (2.21)). The
symmetry of an ideal FM system, in which the orientation of the total magnetization can be
isotropically chosen, is reduced by the external field to the axis along its application direction.
If this axis corresponds to an easy axis of the system, the magnet will stay in this magnetized
state, even after the withdrawal of the magnetic field [25]. The anisotropy favors the align-
ment of the magnetization with the easy directions of the system, while the external field can
be applied under any angle, such that the resulting equilibrium state of the system emerges
from the competition between the anisotropy and external field energies. As the magnetic
field strength along the axis of application is decreased, and then increase with opposite sign,
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Figure 2.4: Hysteresis loop schematic. For an increasing magnetizing force H the sample
reaches saturation at M = MS (point a). If the magnetic field is fully switched off, the
remaining magnetization of the sample is called the remanent magnetization or retentivity
(point b). The magnetic field required to fully demagnetize the sample along an axis is given
by the coercive field (point c). For a reversal of the field orientation the system follows the
path through points d-e-f-a. For a symmetric hysteresis loop e marks the retentivity as in b
and f the coercivity as in c. [34]

an anisotropy energy barrier has to be overcome to reorient the spins. The magnetization
evolves along a hysteresis loop, as shown in Fig. 2.4. For an increasing magnetizing force H
the sample reaches saturation at M = MS (evolves along the dotted line to point a). If the
magnetic field has no component along the axis under consideration, the remaining magneti-
zation of the sample is called the remanent magnetization or retentivity (point b). The force
required to fully demagnetize the sample along an axis is given by the coercive field (point c).
During the reversal of the magnetic field orientation the magnetization follows the path a-f.
Saturation in the orientation opposite to the initial application direction is reached in point
f. In un-biased systems reversing the magnetic field direction again produces the path f-a,
which is the reflection of the path a-f at the origin and contains the same physically relevant
points.
The coercive field is used to determine a material’s hardness, as its coercivity is proportional
to the energy dissipated by the FM during hysteresis. Dissipative energy is created by the
rotation of the magnetic spins during hysteresis. A wide and rather square hysteresis loop
indicates a magnetically hard material. Here, it is energetically expensive to magnetize a
sample due to high anisotropic energy. Furthermore, the switching between perpendicular
states under the reversal of the external field happens rather quickly and DW widths are
small (xDW ∝ 1 /

√
Ku). Magnetically soft materials possess a narrow and rounded hystere-

11



Ginzburg Landau Theory of Magnetism

Figure 2.5: Shown are (a) a mono domain state, (b) a two domain state and (c) a state with
compensation domains. Much in the same way, that the DW width and energy is regulated
by the competition between exchange and anisotropy interactions, the formation of domains
is given by the fight for energetic superiority of the demagnetizing field and the cost of DWs.
[35]

sis loop, indicating the presence of DW motion. These materials have low coercivity (and a
wide DW width) and dissipate little energy during hysteresis.[25].

2.7 Domains and Domain Walls

Magnetic domains form in magnetic materials due to crystal symmetries, crystal defects,
mechanical deformation and the demagnetization energy. In order to minimize the system’s
energy, the FM state is split into regions of homogeneous magnetization, bounded by domain
walls [25].

Shown in Fig. 2.5 is (a) a mono domain state, (b) a two domain state and (c) a state with
compensation domains. The formation of domains is given by the fight for energetic superi-
ority of the demagnetizing field and the cost of DWs. The demagnetizing field accounts for
magnetic field lines outside the sample, as ∇·B = 0 (cf. Eqn. (2.14)). As seen in Fig. 2.5 (a),
a lot of energy is wasted through demagnetizing fields outside the sample. With an increasing
number of domains the demagnetizing energy is reduced. In the ideal case there are no field
lines outside the sample. However, the energetic benefit of getting rid of demagnetizing fields
has to be balanced with the energetic cost of forming a DW.
Two DW structures are shown in Fig. 2.6: For the 180◦ Bloch DW (case a) the magnetization
rotates in the plane parallel to the DW, while for the 180◦ Néel DW (case b) the rotation is
in the plane perpendicular to the DW plane.

With the rotation of spins comes an associated energy cost. This can be approximated,
using Eqn. (2.9) for just two spins, as −2 J S1 S2 = −2J S2 cos(θ). If θ is the angle by which
spin one is rotated with respect to spin two, then the energy cost is given by ∆E = J S2 θ2

for small angles, so taking N spins with steps θ = π /N , ∆E = J S2 π2 /N . The DW wall
the energy per unit area of DW is of interest. Since there are 1 / a2 lines of spins, where a is
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Figure 2.6: For the 180◦ Bloch DW (case a) the magnetization rotates in the plane parallel
to the DW, while for the 180◦ Néel DW (case b) the rotation is in the plane perpendicular to
the DW plane. [36]

the mean distance between them, the DW energy is given by Eqn. (2.22) [25].

σDW = J S2 π2

N a2
, (2.22)

A DW is energetically unfavorable in an ideal FM. Constraints like the demagnetization
energy necessitate the formation of domain walls.

For uniaxial anisotropy of the formKu sin2θ (K is the anisotropy constant) the DW energy
of a 180◦ DW is given by N Ku a / 2. The total DW energy is given by Eqn. (2.23)

σDW = J S2 π2

N a2
+
N Ku a

2
, (2.23)

where the exchange interaction, that pushes the DW to unwind and increase in size due to
its 1 /N dependency (first term, cf. Eqn. (2.22)), and anisotropy arising from the crystal lat-
tice, that favors smaller DW with its N dependency (second term, cf. Eqn. (2.23)), compete
energetically.

This competition reaches equilibrium, when dσDW
dN = 0. Then, the DW width δ and the

DW energy σDW are given by Eqn. (2.24).

δ = π

√
A

Ku
and σDW = π

√
AKu, (2.24)

where the exchange constant is given by A := 2 J S2 / a.
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Figure 2.7: AFM order of magnetic moments in an anticollinear AFM. Two sublattices are
indicated by color.

2.8 Weiss Model of Antiferromagnetism

Antiferromagnets (AFM) are characterized by possessing microscopic magnetic order, but al-
most no net macroscopic magnetization. In the simplest case, the spins align in antiparallel
at 0 K as shown in Fig. 2.7. In order to achieve this, J < 0 in Eqn. (2.9) [25]. Most AFM
are structured into sublattices [37], where each sublattice is ordered ferromagnetically. The
blue and red arrows in Fig. 2.7 indicate the membership of individual magnetic moment to
each sublattice. The sublattices themselves are stacked in an antiparallel fashion, as shown
in Fig. 6.1 for Mn2Au.

Define the simplest AFM system of two sublattices with magnetizations |M1| = |M2| =:

MS , which are indicated in blue and red in Fig. 2.7. The order parameter of the AFM
can then be defined as the staggered magnetization, also called the Néel vector [19], n :=
(M1 −M2) / (2MS). Note, that here sublattice one and two can be interchanged freely, such
that the Néel vector possesses Z2 symmetry [19]. To reflect Z2 symmetry, the energy func-
tional has to be at least quadratic in n. The normalized magnetization of the system is given
by m := (M1 + M2) / (2MS). For an ideal AFM, the sublattices are exactly antiparallel at
0 K, and m = 0 and n2 = 1 [38]. In thin films the assumption can be made, that individual
sublattices close to the boundary are distinguishable, which provides an exemption to the Z2

symmetry. Such a system will be considered in Chap. 7. Furthermore, the Néel vector is
subject to exchange interaction, such that without further interactions present in the system,
a homogeneous distribution is favored.

In Chap. 8, hysteresis effects in AFM FM bilayer systems will be studied. Therefore, it
is useful to understand the influence of an external magnetic field on the AFM. In general,
two cases can be distinguished: The application of an external magnetic field in parallel or
perpendicular to the staggered magnetization, as indicated in Fig. 2.8a. Using a parametriza-
tion of the magnetization in spherical coordinates, the angles φ and θ are defined between the

14



Ginzburg Landau Theory of Magnetism

(a) (b)

Figure 2.8: Figure a) shows the application of an external magnetic field in parallel and
perpendicular to the staggered magnetization. The angles φ and θ are defined between the
sublattice magnetization vectors and the external field orientation. Figure b) indicates the
energy dependence of an AFM with a magnetic field applied in parallel (AFM phase) and
perpendicularly (spin-flop phase) to the staggered magnetization. At Bspin−flop, the system
undergoes a spin-flop transition. Thereafter, it is more energy efficient to stay in the spin-flop
phase. [25]

sublattice magnetization vectors and the external field direction. Then, the energy is given
by Eqn. (2.25) [25].

E = −MS B cos(θ) − MS B cos(φ) + AM2
S cos(θ − φ) − 1

2
∆ (cos2(θ) + cos2(φ)), (2.25)

where the first two terms represent the energies of the sublattices magnetization coupling to
an external field, followed by the relative exchange interaction with the exchange constant
A. The last term represents the uniaxial anisotropies of the two sublattices proportional
to a small anisotropy constant ∆. For an application of B along the axis of the staggered
magnetization θ = 0 and φ = π, or vice versa. The energy in this case is given by E =
−AM2

S −∆, called the AFM phase [25]. If the field is applied perpendicularly to the staggered
magnetization, the spins start to continuously rotate towards the field direction, with the
constraint, that φ = θ, called the spin-flop phase. For this spin-flop phase the energy becomes
E = −2MS B cos(θ) + AM2

S cos(2 θ) − ∆ cos2(θ) [25]. Both energies, as a function of B,
are shown in Fig. 2.8b. For low B, the AFM phase is energetically favorable with respect to
the spin-flop phase. At Bspin−flop, the system undergoes a spin-flop transition. For larger B
it is more energy efficient to stay in the spin-flop phase. This transition coins the name of
the spin-flop phase: The spins flip from an anticollinear arrangement into a coherent rotation
toward the direction of the field [25].
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Part I

Influence of the Dzyaloshinskii-Moriya
Interaction on Ferromagnets
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Chapter 3

The FM Magnetic Equilibrium State with
DMI

Ferromagnetic boundary-induced surface twist states are reproduced [14]. The goal is to ana-
lytically calculate and distinguish the effects of broken symmetries on the boundary conditions
and the magnetic system. More specifically, the general micromagnetic boundary conditions
(BCs) of a chiral ferromagnet in its equilibrium configuration with Dzyaloshinskii-Moriya in-
teraction are derived. Then, these results will be analyzed using a system with high symmetry
as an example.
Commonly, Bloch DMI is referred to bulk-induced DMI and Néel DMI as surface-induced
DMI (both originating from the antisymmetric components of the DMI tensor, their name
referencing to their sense of chirality, cf. Fig. 2.6) [39, 15]. In this work, the bulk part of the
sample is referred to as bulk DMI and spin canting [15], and surface DMI, which provides a
surface-induced magnetization twist [14]. Then, the boundary-induced surface twists will be
analyzed using a micromagnetic framework [16].

3.1 Derivation of the Magnetic Boundary Conditions from the
Free Energy Functional

The equilibrium state of the magnetic system is found by a variational minimization of the
free energy functional given in Eqns. (2.20), (2.21) and (2.15) with respect to small variations
δm(r) of the local magnetization orientation [40, 41]. As no excitations are considered and
variations of the magnetization small, the magnetization vector is normalized m ·m = const.
The variation δm(r) has to be tangential to the sphere described by m and δm(r) ·m = 0.
The variation can be described by δm(r) = m× δφφφ(r), where δφφφ(r) ∈ R3, |δφφφ(r)| � 1 is the
perpendicular variation of the magnetization.
Consequently the equilibrium condition is described by δF[m]

δφφφ(r) = 0. To apply this condition
in practice, consider Eqn. (3.1).

δmi = εijkmj δφk ⇒
δ

δφk
=
δmi

δφk

δ

δmi
= εijkmj

δ

δmi
. (3.1)
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In addition to the bulk contribution of the equilibrium condition, a surface contribution
proportional to the surface normal vector originates from the terms containing derivatives.
Integration during functional variation and subsequent application of the divergence theorem
gives rise to a surface integral contribution, which should not be neglected. For more details
on the calculation of functional variations, cf. Appendix A.1 (functional minimization of sym-
metric exchange term), Appendix A.2 (functional minimization of DMI term), Appendix A.3
(functional minimization of external field and anisotropy terms).
The results of the functional minimization can be summarized in the equilibrium condition
given by Eqns. (3.2) and (3.5).

0 = m×
[
2Jij ∂i∂jm + HD + Ha + Hh

]
(bulk), (3.2)

0 = m×
[
2Jij ni ∂jm + ΓΓΓD

]
(boundary), (3.3)

where the second equation is a boundary condition on m solving the first equation. The
boundary condition originates from the presence of partial derivatives in the exchange con-
tributions of the free energy functional that lead to surface integrals when performing the
variational minimization.
Furthermore, the following effective fields have been defined as in Eqn. (3.4).

(
HD

)
k

: = (Dijk −Dkji) ∂jmi,(
ΓD
)
k

: = mi nj Dijk, (3.4)

where n is the outer surface normal vector.

0 = m×
[
2Jij ni ∂jm + ΓΓΓD

]

⇒ m× (2Jij ni ∂jm)⊥ = −m×ΓΓΓD

⇒ m×
(
m× (2Jij ni ∂jm)⊥

)
= m×

(
ΓΓΓD ×m

)

⇒ m ·
(
m · (2Jij ni ∂jm)⊥

)
︸ ︷︷ ︸

(2Jij ni∂jm)⊥⊥m

−(2Jij ni∂jm)⊥ · (m)2 = m×
(
ΓΓΓD ×m

)

⇒(2Jij ni ∂jm)⊥ = −m×
(
ΓΓΓD ×m

)
. (3.5)

Taking Eqn. (3.5), where only the components orthogonal to the magnetization vector of
2Jij ni ∂jm+ΓΓΓD contribute; all components perpendicular to the magnetization vanish through
the inner product.
The parts of 2Jij ni∂jm perpendicular to m (as indicated with ⊥ in Eqn. (3.5)) have to
cancel the parts of ΓΓΓD in order to fulfil the boundary condition on the magnetization given in
Eqn. (3.5). Furthermore, for isotropic spin stiffness Jij = Jδij and no DMI Eqn. (3.5) reduces
to the von-Neumann boundary conditions ni∂jm = 0 [31].
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3.2 Finding the Magnetic Equilibrium State for the C∞,v Point
Group

The results of the previous section, namely the magnetic boundary condition derived from
the functional variation of the magnetic free energy given in Eqn. (3.5), will now be analyzed
using the C∞,v point group as an example system. This symmetry group is especially suitable
for this purpose as it describes the physics of ferromagnetic heterostructures [42].Furthermore,
the breaking of inversion symmetry along one axis induces an asymmetry between the top
and bottom surface of an infinite film, which gives rise to additional contributions to the DMI
[43].

3.2.1 The DMI Tensor Elements for the C∞,v Point Group

Systems with C∞,v symmetry are invariant under any proper or improper rotation about the
high symmetry axis, which in the present work was chosen to be the z-axis.

The symmetry constraints are applied in order to determine the independent and non-
vanishing components of the DMI and exchange stiffness tensors. The tensorial forms of the
symmetric exchange Jij and asymmetric exchange Dijk are defined by Eqns. (3.6), (3.7) [44].

Jij = R(α)
il R

(α)
jm Jlm, (3.6)

Dijk = R(α)
il R

(α)
jm R

(α)
kn Dlmn, (3.7)

where {R(α)|α = 1, 2, ...} are the generators of the system’s point group. First, consider the
tensorial forms of the exchange and DMI tensors described by symmetry relations, given in
Eqns. (3.6), (3.7).

This representation can be derived from von-Neumann’s principle:

"Any type of symmetry which is exhibited by the point group of the crystal is possessed by
every physical property of the crystal." [31]

The generating matrices of C∞,v can be cast into the form given in Eqn. (3.8).

R(α) =




cosβ −sinβ 0
sinβ cosβ 0

0 0 1


 . (3.8)

where β is the angle of rotation.

Starting with the spin stiffness tensor, the invariance principle and the requirement that
Jij = Jji is only fulfilled for the diagonal elements of the tensor. Furthermore, since R(α)

xx =

R(α)
yy ⇒ Jxx = Jyy. The only non-vanishing, independent components of the spin stiffness

tensor are Jxx, Jzz.
Concerning the DMI tensor, components with an odd number of indices equal to y vanish.
Also, since x and y are isotropic orientations, indices equal to x have to appear an even number
of times. Out of the initial 33 = 27 possible combinations of {Dijk | i, j, k ∈ {x, y, z}} the

19



The FM Magnetic Equilibrium State with DMI

only non-vanishing components are Dzzz, Dzxx, Dzyy, Dxzx, Dyzy, Dyyz, Dxxz. Due to the
same reason some of the generators vanish: R(α)

xz = R(α)
zx = R(α)

yz = R(α)
zy = 0.

Relating the DMI tensor components through the generators of the point group yields:

Dzzz = R(α)
zl R(α)

zmR(α)
zn Dlmn =

(
R(α)
zz

)3
Dzzz = Dzzz, (3.9)

Dxxz = R(α)
xl R(α)

xmR(α)
zn Dlmn

=
1

2

(
R(α)
xx R(α)

xx R(α)
zz Dxxz + R(α)

xy R(α)
xy R(α)

zz Dyyz

)

=
1

2

(
cos2αDxxz + sin2αDyyz

)

⇒ Dxxz = Dyyz, (3.10)

and analogously for Dzxx = Dzyy and Dxzx = Dyzy. The only non-vanishing, independent
four DMI tensor components are Dzzz, Dxxz = Dyyz, Dzxx = Dzyy, Dxzx = Dyzy. These
tensor coefficients can be parametrized by the following antisymmetrized and symmetrized
tensor elements as in Eqn. (3.12).

DA
1 =

1

2

(
Dzxx −Dxxz

)
, DS

2 = Dxzx, (3.11)

DS
1 =

1

2

(
Dzxx +Dxxz

)
, DS

3 = Dzzz, (3.12)

where the superscript A denotes the antisymmetric and S denotes the symmetric part.

3.2.2 Magnetic Boundary Conditions for the C∞,v Point Group

In the previous chapter the contributing tensor elements for the exchange interaction and
the DMI were derived based on symmetry considerations. In this chapter the free energy
functional will be parametrized in terms of the contributing tensor elements. The magnetic
boundary condition for the equilibrium state are determined. The DMI free energy density
FD, the internal DMI effective field HD and the boundary induced DMI effective field ΓΓΓD are
given by Eqns. (3.13), (3.14) and (3.15) (cf. Appendix A.4).

FD = DA
1

(
mz (∇ ·m) − m · ∇mz

)
+
(
D23 − 2DS

1

)
mz ∂zmz + DS

1 ∇ · (mzm), (3.13)

HD = 2DA
1

(
∇mz − (∇ ·m) ẑ

)
, (3.14)

ΓΓΓD = (DS
1 +DA

1 )m× (n× ẑ) + DS
2 nzm +

[
2DS

1 (nxmx + nymy) + D23 nzmz

]
ẑ,
(3.15)

The first term in FD represents the standard Neél type DMI [39, 15] and gives rise to the
internal DMI effective field HD. This field is controlled only by DA

1 . The last two terms
of FD can be reformulated into boundary terms using the divergence theorem. While these
boundary terms do not contribute to the internal DMI effective field, they do constitute the
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boundary conditions and the DMI boundary effective field ΓΓΓD. Applying these results to
Eqn. (3.5) yields Eqn. (3.16).

(2Jij ni ∂jm)⊥ = −m×
(
ΓΓΓD ×m

)

= (DS
1 +DA

1 )m× (ẑ × n) −
[
2DS

1 (nxmx + nymy) + D23 nzmz

]
m× (ẑ ×m). (3.16)

The magnetic equilibrium state boundary conditions are not only governed by the antisym-
metric parts of the DMI tensor but also by the symmetric parts which originate from surface
contributions to the minimization of the free energy functional. In the following chapters the
effects of the components of the magnetic boundary conditions will be explored.
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Chapter 4

DMI-Induced Spin Canting

In this chapter it will be shown that the antisymmetric parts of the DMI tensor lead to bended
magnetic structures in thin film samples. An infinite ultra-thin film strip was considered. No
symmetric interface DMI contributions arise and the energy contribution from DMI is purely
antisymmetric with respect to exchange of spatial directions, as shown in Eqn. (4.1) [15].
Eqn. (4.1) is identical to the antisymmetric part of Eqn. (2.16).

EDM = t

∫
D
[

(mx ∂xmz − mz ∂xmx ) + (my ∂ymz − mz ∂ymy )
]

d2r, (4.1)

where D is the rescaled DMI coupling constant according to D ∝ 1
a t d for a simple cubic

lattice. d is the DMI coupling constant (isotropic coupling |Dijk| = : d), t the film thickness
and a the lattice constant.
Furthermore, exchange terms of the form J [ ( ∂xm )2 + ( ∂ym )2 ], where m is the magneti-
zation vector and J := Jij (isotropic coupling) is the exchange coupling constant were taken
into account. Also uniaxial anisotropy terms −Ku (m · ẑ)2, where Ku > 0 is the effective
anisotropy constant and ẑ is the unit vector in z-orientation. Dipolar contributions were ne-
glected. No interface-induced energy states were considered so that all boundary conditions
arise from the internal DMI effective field given in Eqn (4.2) [15]. This bulk contribution was
already found in Eqn. (3.14). Due to the thin film nature it is assumed that the magnetization
rotation due to DMI takes place solely in the (x, z)-plane [15].

HD =
2D

µ0Ms

(
(∇ ·m) ẑ − ∇mz

)
, (4.2)

where µ0 is the electromagnetic permeability,Ms is the saturation magnetization. Eqn (4.2) is
identical to the bulk contribution of the DMI in Eqn (3.14). Consequently, also the boundary
condition given in Eqn (4.3) is equal to the antisymmetric contributions in the first term to
the full magnetic boundary condition given in Eqn (3.16):

dm

dn
=

1

ζ
( ẑ × n )×m, (4.3)

where the derivative of the magnetization with respect to n is the directional derivative par-
allel to the edge normal, n is the edge normal and ζ = 2A/D is the relative interaction
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Figure 4.1: Surface spin canting resulting from the antisymmetric contributions to the mag-
netic boundary conditions in a chiral ferromagnet. The initial bulk magnetization was cho-
sen along the z-orientation and normalized to 1. On the edges DMI leads to spin canting
away from the z-orientation into the x-orientation. Reproduced using mumax3 (uniaxial
anisotropy direction (0, 0, 1), exchange constant J = 1.6 · 10−11 J

m , saturation magnetization
MS = 5.8 · 105 A

m , uniaxial anisotropy constant Ku = 5.1 · 105 J
m3 and boundary induced DMI

constant (without symmetric contributions) d = −3.6 · 10−3 J
m3 ) [15].

strength of the exchange (coupling constant A) and DMI (coupling constant D) interactions.
For D 6= 0 the uniform magnetization state is not a solution conforming with the boundary
conditions anymore and a surface spin canting is induced.
The system described above was simulated [15] using OOMMF [45]. In the present work
the open-source micromagnetic simulation package mumax3 [46] was used to reproduce the
results.

An infinite ultra-thin film strip was considered with the dimensions 256× 62× 1 cells and
a cell size of 1 nm × 1 nm × 1 nm. With open boundary conditions the magnetization is
not restricted at the boundary at the simulation box, resembling an infinite film. The initial
magnetization was chosen homogeneous and oriented in parallel to the z-axis. No variations
along the surface normal were considered. For the simulation the material parameters of
Pt/Co/AlOx [47, 42] were implemented, as these are good candidates to show the influence
of DMI: Uniaxial anisotropy direction (0, 0, 1), exchange constant J = 1.6 · 10−11 J

m , satu-
ration magnetization MS = 5.8 · 105 A

m , uniaxial anisotropy constant Ku = 5.1 · 105 J
m3 and

boundary induced DMI constant (without symmetric contributions) d = −3.6 · 10−3 J
m3 . The

initial magnetization was chosen homogeneously in the z-orientation. The code used for this
simulation is referenced in Appendix B and the simulation results are depicted in Fig. 4.1.

In the bulk of the material the magnetization direction points into the z-orientation. Near
the edges along the finite width in the x-orientation spin canting is observable in Fig. 4.1. The
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spin canting takes place at the edges of the sample, within the characteristic length scale of
the system, which is given by ∆ :=

√
J /Ku ≈ 5.6 nm. This rotation of the magnetization

orientation away from the z-orientation into the x-orientation results from the breaking of
inversion symmetry at the edges of the finite-size ultra thin-film sample. Chirality is induced
resulting in boundary conditions through contributions from the antisymmetric DMI compo-
nents. Notably, the magnetization cants away from the z-orientation with equal chirality. No
twist in the z-component of the magnetization is observable. In this simulation no dipolar
effects were considered, which would likely counteract the spin canting into the x-orientation.
Inmumax3 the symmetric components to the magnetic boundary condition given in Eqn (3.16)
not implemented as standard. So what are the most general boundary conditions including
DMI and how do they influence a system with a very general symmetry? In the following
chapter, a system is considered, where exactly these neglected parts in Eqn (3.16) play the
dominant role in generating surface-induced magnetic twist states.
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Chapter 5

FM Surface Twist States for the C∞,v Point
Group

In this chapter boundary-induced surface twist states are demonstrated. Taking a thin film
system with C∞,v point symmetry it is shown that the magnetic equilibrium state in this
particular configuration solely depends on the symmetric DMI tensor components. As such,
the parts of the magnetic boundary conditions for the equilibrium state that depend on
the antisymmetric parts of the DMI have no influence on the magnetic state. This goes to
show, that depending on the system’s symmetries, the full tensorial structure of the boundary
conditions and the DMI are needed to accurately describe the system.
In order to derive the solution to the minimized magnetic energy function conforming with the
magnetic boundary conditions given in Eqn. (3.16) the magnetization has to be parametrized
according to the system’s symmetry.

5.1 Parametrization of the Magnetization andMagnetic Bound-
ary Conditions

To study twist states, an infinitely large thin film of thickness 2d with the surface parallel to
the high symmetry axis is considered. The system is depicted in Fig. 5.1. Because an infinite
film is considered, the surfaces along the x and y-axes can be disregarded. The magnet has
an easy-plane anisotropy described by Eqn. (5.1).

Fa = Kum
2
z , Ku > 0, (5.1)

whereKu is the uniaxial anisotropy constant. Additionally, it is subject to an applied magnetic
field along the z-orientation which produces the energy contribution given in Eqn. (5.2).

Fh = hzmz, (5.2)

where hz is the z-component of the applied field and mz is the z-component of the magneti-
zation. Consider Eqn. (3.16) and take into account that the magnetization is only dependent
on z. Due to that, only derivatives in z can appear, which fixes one of the indices of the
spin exchange tensor. Furthermore, the spin stiffness tensor is diagonal for the C∞,v point
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FM Surface Twist States for the C∞,v Point Group

Figure 5.1: For the study of surface-induced magnetic twist states in chiral ferromagnets a
thin-film sample with C∞,v point group symmetry, periodic boundary conditions in the x-
and y-orientation and a finite thickness of 2d in the z-orientation was considered. The inset
shows the magnetic bulk angle ψ and the deviation from it near the z-edges due to magnetic
twist states.

group. The only non-zero component of the spin stiffness tensor is Jzz. Consequently, only
terms proportional to nz are non-zero. Straight away the crucial difference to the spin cant-
ing [15] becomes clear: Now the modification of the magnetization due to DMI is completely
controlled by the symmetric parts of the DMI tensor, as in Eqn. (5.3)

(2Jij ni ∂jm)⊥ = −m×
(
ΓΓΓD ×m

)

= (DS
1 +DA

1 )m× (ẑ × n) −
[
2DS

1 (nxmx + nymy) + D23 nzmz

]
m× (ẑ ×m)

⇒ 2 Jzz ∂zm = D23mz (m × ( ẑ × m )). (5.3)

In the following it is assumed, that the DMI is small enough, such that the system is
mainly in a ferromagnetic phase with the magnetization tilted by an angle ψ out of the easy
plane. Furthermore, the system is translationally invariant in the easy plane and rotationally
invariant around the z-axis. The coordinate system is rotated such that the magnetization
vector lies in the xz-plane and is fully determined by the tilt angle ψ(z), as shown in Eqn. (5.4).

m(z) =




cosψ(z)
0

sinψ(z)


 . (5.4)

5.2 Magnetic Equilibrium State for the C∞,v Point Group

The parametrization of the magnetization given in Eqn. (5.4) is inserted into the free energy,
yielding Eqns. (5.5), (5.6), (5.7) and (5.8).

Fe = Jzz (∂zψ)2. (5.5)

FD =
D23

2
sin(2ψ) ∂zψ. (5.6)

Fh = −hz sinψ. (5.7)

Fa = Ku sin2 ψ. (5.8)
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The free energy is minimized with respect to ψ. Combining the results for bulk and boundary
contributions, respectively, yields Eqns. (5.9) and (5.10) (cf. Appendix A.5).

Boundary : ∂z̃ψ |z=±1 = ±D̃ sin(2ψ), (5.9)

Bulk : ∂2z̃ψ = K̃u sin(2ψ) − h̃z cosψ, (5.10)

where z̃ = z
d , D̃ = D23 d

4 Jzz
, K̃u = Ku d2

2 Jzz
and h̃z = hz d2

2 Jzz
. Equal results can be obtained by

inserting the parametrization of the magnetization given in Eqn. (5.4) into Eqn. (5.3) for the
boundary and Eqn. (3.2) for the bulk terms, respectively. On a further note, the sign on the
right hand side of Eqn. (5.9) depends on whether the positive or negative surface normal is
considered.

For this system the static solution is be given in Eqn. (5.11).

ψ = arcsin

(
h̃z

2 K̃u

)
, (5.11)

where it is immediately apparent that the tilt angle ψ with respect to the x-axis will increase
with increasing h̃z.

5.3 Solution of the Magnetization Profile

Assuming D̃ is a small parameter, Eqns. (5.9) and (5.10) can be expanded in ψ around a
static solution ψ0 up to linear order in D̃. The ansatz given in Eqn. (5.12) is considered.

ψ = ψ0 + D̃ ψ1(z̃) , ψ0 = const. (5.12)

Eqn. (5.10) has to be fullfilled by ψ0.

∂2z̃ψ0 = 0 = K̃u sin(2ψ0) − h̃z cos(ψ0)

⇒ 0 = 2 K̃u sinψ0 − h̃z

⇒ sinψ0 =
h̃z

2 K̃u

. (5.13)

Next, Eqn. (5.10) is Taylor-expanded in D̃ ψ1.

∂2z̃ψ = ∂2z̃ D̃ ψ1 =

=0, cf.Eqn. (5.13)︷ ︸︸ ︷
K̃u sin(2ψ0) − h̃z cos(ψ0) +

(
2 K̃u cos(2ψ0)

+ h̃z sin(ψ0)
)
D̃ ψ1 + O(D̃2)

⇒ ∂2z̃ψ1 = K1(ψ0)ψ1, (5.14)
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Figure 5.2: The magnetization correction due to boundary-induced surface twist states as
a function of the sample thickness (Jzz = 10−11 Jm−1, Ku = 5.1 · 105 Jm−3, D23 =
1.9 · 10−3Jm−2, hz =

√
2Ku, ψ0 = π

4 ).

where K1(ψ0) := 2 K̃u cos(2ψ0) + h̃z sin(ψ0). Furthermore, Eqn. (5.9) can be rewritten.

∂z̃ψ|z̃=±1 = ∂z̃ψ1|z̃=±1 = D̃ sin(2ψ0) + O(D̃2)

⇒ ∂z̃ψ1|z̃=±1 = sin(2ψ0). (5.15)

ψ1 is entirely determined by the boundary problem posed by Eqns. (5.14) and (5.15). Solving
(5.14) first yields Eqn. (5.16).

∂2z̃ψ1 = K1 ψ1 ⇒ ψ1(z̃) = C sinh(
√
K1 z̃). (5.16)

where C is a constant. Adding the boundary condition of Eqn. (5.15) yields Eqn. (5.17).

∂z̃ψ1|z̃=±1 = C cosh(
√
K1z̃)

√
K1|z̃=±1 !

= sin(2ψ0)

⇒ C =
sin(2ψ0)√

K1 cosh(
√
K1 z̃)

∣∣∣∣
z̃=±1

, (5.17)

⇒ ψ1(z̃) =
sech(

√
K1) sin(2ψ0)√
K1

sinh(
√
K1 z̃). (5.18)

The modulation along the z-orientation, ψ1(z̃), vanishes for ψ0 = 0 and |ψ0| = π
2 .

Eqn. (5.18) was plotted in Fig. 5.2 for the following parameter values (Jzz = 10−11 Jm−1,
Ku = 5.1 ·105 Jm−3, D23 = 1.9 ·10−3Jm−2, hz =

√
2Ku, ψ0 = π

4 ) using Mathematica [48].
As stray fields were neglected, the magnetization correction has its maximum value directly
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Figure 5.3: Boundary-induced surface twist corrections D̃ψ1 (cf. Eqn. (5.12)) to the magne-
tization profile in mz. The same system parameters were used both for the analytical solution
(cf. Eqn. (5.18)) and the micromagnetic simulation (cf. Appendix C.2).

at the surface. For the inclusion of stray fields the maximum angle correction is anticipated
slightly smaller.

In the limit of large thin film thickness d→∞, the boundary-induced correction D̃ ψ1(z̃)
to the internal magnetic field vanishes. The correction of the surface momenta amounts to
D̃ ψ1(±1) ∼ 0.19·π2 . Typically, the decay length of such a twist state is given by d√

K1
∼ 6 nm.

The interior magnetization is significantly influenced by these boundary induced effects for
thin films of 12 nm or less. The resulting magnetization gradient is comparable to the typ-
ical spatial variation of magnetic domain walls. In difference to the spin canting previously
discussed, the boundary-induced surface twist states represent a twist-like modulation of the
z-component of the magnetization at the edges.
The modulation of the magnetization resulting in boundary-induced surface twist states in
this particular system only occurs in the z-orientation and the terms responsible for the
spin canting [15] in Eqn. (3.16) vanish. This goes to show that all terms in Eqn. (3.16) are
important and can play a dominant role depending on the symmetry of the system under
consideration.

Shown in Fig. 5.3 are the analytical (cf. Eqn. (5.18)) and micromagnetic boundary-induced
surface twist state corrections D̃ψ1 (cf. Eqn. (5.12)) to the magnetization profile in mz. The
same system parameters were used both for the micromagnetic simulation and the analytical
calculation. The code of the micromagnetic solution is shown in Appendix C.2.
Compared to the analytical solution the magnitude of the surface twist correction to the mag-
netic angle D̃ψ1 is larger at the edges of the sample z / d = ±1 for the micromagnetic solution
in Fig. 5.3. Furthermore, the micromagnetic data is asymmetric in z / d, while the analytical
data is not. The difference between the analytical and the micromagnetic approach is the
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assumption used to derive the solution shown in Eqn. (5.18): the parameter D̃ was assumed
small and the ansatz Eqn (5.12) was formulated. The general boundary conditions for the
magnetic ground state in Eqn. (5.9) allow for asymmetric magnetization profiles. After the
approximation of a small D̃ and subsequent linear ansatz for ψ was inserted, the boundary
condition in Eqn. (5.15) is strictly symmetric for ψ1. Micromagnetic simulations pose a viable
option to study the full scope of the influence of boundary-induced surface twists [16].
This tends to the suggestion that the analytical solution of Eqn. (5.18) is only symmetric
because of the approximation of small D̃ in Eqn (5.12) and subsequent first order expansion
in Eqn. (5.14) [49]. If D̃ is not small, φ0 + D̃ ψ1(z̃) (cf. Eqn. (5.12)) cannot be approximated
to be linear in D̃ ψ1(z̃) anymore. For the present case of D = 1.9 · 10−3 J

m3 the linear ap-
proximation holds.
Due to the use of finite differences [50] in the implementation of the DMI tensor in mumax3, a
small numerical error is introduced. A study of the influence of the numerical uncertainty on
the asymmetry of surface twist states depending on the cell size of the simulation is presented
in Appendix C.1. It can be concluded that for a cell size of 1 nm is not a dominant influence
leasing to uncertainties in the solution.

In summary, FM with broken inversion symmetry belonging to the C∞,v point group were
studied under the influence of the DMI interaction. In addition to the spin-canting observable
in finite size samples due to the antisymmetric tensor components of the DMI tensor [15],
boundary-induced surface twist states appear. In systems with C∞,v symmetry, the rotation
of the magnetization in the xy-plane is favored. A modulation of the magnetization along the
z orientation can be purely attributed to surface twist states. These require the full tensorial
structure of the DMI tensor, as also the symmetric parts play a role. This goes to show,
that the boundary conditions can sensibly impose new physical effects on the system. As an
extension to the analytical model presented, micromagnetic simulations were used to analyze
surface twist states. There, the asymmetry of boundary-induced surface twist states towards
the upper and lower boundary of an infinite plane film was reproduced and linked to the
strength of the DMI coupling [16].
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Chapter 6

Antiferromagnetic-Ferromagnetic Coupling

In modern computing devices the direct coupling of an AFM to a FM layer is under investi-
gation. The advantages of such an arrangement are: While the FM layer is used for writing
information and read-out, the dynamics should be governed by the AFM. As the data is to
be stored through the manipulation of the staggered magnetization in the AFM, good pro-
tection against external magnetic fields is facilitated. Thereby, the known controllability of
a FM [10, 8, 9, 17] can be used to access the greater speed [18] and absence of stray fields
of an AFM [20]. An additional benefit is realized by the energy-efficiency of AFM spintronic
devices: They do not need any current to maintain their state [17]. The focus of this work
will be on the manipulation of the system’s magnetic state through external magnetic fields.
Such an approach would only be possible on a purely AFM system with unreasonably pow-
erful magnetic fields [19]. In a FM AFM system, the external field can couple to the FM
layer and alter the FM magnetic state. Two models of how the AFM can be coupled to the
FM are investigated in the following chapters. First, an anisotropic exchange coupling of
the AFM uncompensated moments at the interface between the layers to the FM magnetiza-
tion is discussed. Here, the AFM provides an effective anisotropy to influence the FM. The
second model deals with the direct coupling of the AFM Néel vector to the FM magnetization.

The primary obstacle that necessitates the coupling of such an AFM to a FM is the
read-out of the staggered magnetization. A weak response of the staggered magnetization
to external fields and currents makes it difficult to determine the state the AFM is in [51].
Coupling the material to a FM is a viable option to increase the read-out amplitude. For
such a system the direct coupling between the FM magnetization and the AFM staggered
magnetization is of special interest. Direct manipulation of the AFM Néel vector via the FM
magnetization is possible through external magnetic fields without the application of currents.
Recently it has been shown, that in a Mn2Au permalloy bilayer system the AFM maps its
domain structure into the FM layer [24]. The Néel vector is thereby directly coupled to
the magnetization vector, motivating the construction of a model in which AFM staggered
magnetization and FM magnetization influence each other. Mn2Au is regarded as especially
suitable for storage device applications due to its high Néel temperature, metallic conductivity
and magnetocrystalline anisotropy [52, 53, 22, 54, 55]. It possesses tetragonal symmetry and
shows planes stacked in an antiparallel arrangement, which order ferromagnetically [55], as
shown in Fig. 6.1.
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Figure 6.1: Cut-through scheme of a Mn2Au permalloy bilayer along the (001) plane. The
lower part shows the AFM layer, with the sublattices of the manganese atoms indicated in red
and blue. Golden balls represent the gold atoms. The top layer represents permalloy, where
the magnetization direction is shown in green. A color variation, together with the rotation of
the magnetization directions from left to right, indicates the 90◦ domain wall locally present
in this system. Due to the surface morphology [24] the magnetization at the interface between
the two layers is always aligned in parallel. This figure was generously provided by Dr. Sarah
Jenkins.

Important questions, which arise with the intention of understanding the direct coupling
between an AFM and a FM, include: What is the ground state and how does it react to an
external field? Can a domain wall be driven out of the system to generate an homogeneously
magnetized state and is it possible to switch between different homogeneous domains?
The first question will be addressed in Chap. 7: A model for the coupling of an inhomogeneous
domain structure is constructed. Within this theory the domain structure of the AFM is
imprinted into the FM. Besides investigating the properties of the domain wall, pinning effects
are considered. The second question is answered in Chap. 8, where a system consisting of an
homogeneous domain is studied. The switching behavior between stable states and hysteresis
effects are quantified.
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Chapter 7

The Inhomogeneous Exchange Coupling
Model

Due to exchange coupling between a FM and an AFM layer, the AFM domain structure
is mapped onto the FM [24]. This exchange stems from uncompensated moments of the
staggered magnetization in the surface layer of the AFM [24]. The system under consider-
ation is an AFM FM bilayer. Only the FM is modeled and the influence of the AFM on
the FM is integrated through an effective space-dependent anisotropy field. The AFM has
much stronger exchange coupling than the FM [24], if the FM layer is thinner than the AFM
layer. It is assumed that the AFM layer is four times as thick as the FM layer [24]. It
was assumed, that due to a defined termination between the AFM and FM layers, the FM
magnetization and the AFM Néel vector align in parallel at the interface [24]. As multiple
domains are assumed to exist in the AFM, the distribution of the FM magnetization along
the DW normal is anisotropic. Exchange interactions between the AFM and the FM will
from now on be referred to as an effective space-dependent anisotropy. In the following, the
analytical solution and its energy for a 180◦ domain wall in a system where a FM is mapped
by an AFM were calculated. These results are then applied to the classification of 90◦ DW
states using numerical techniques. In collaborative experimental research with this thesis, a
Mn2Au/Ni80Fe20 bilayer was used, where 90◦ DW appear [24].

The energy density for a FM, when coupled to an AFM via an effective anisotropy, is
given by Eqn. (7.1).

W =
1

2
A
∑

i=x,y

(∂im)2 +
1

2
K‖m

2
z −

1

2
K⊥m

2
x +Wint − m · h, (7.1)

where the terms from left to right are: exchange interaction (exchange constant A), out-
of-plane anisotropy along z (anisotropy constant K‖), second order FM anisotropy along
x (anisotropy constant K⊥), effective space-dependent anisotrop energy stemming from the
AFM FM exchange coupling Wint and external magnetic field energy (external field h). The
vector m := MS (mx, my, mz) denotes the magnetization and mi its i-th component. No
field is applied in this model. Wint will be discussed in the next section.
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Figure 7.1: Micromagnetic simulation of a 180◦ DW. On the bottom of the figure a 3D
model of an AFM FM bilayer system is schematically shown. Arrows indicate the direction
of the local magnetization (staggered magnetization in the case of the AFM). An in-plane
rotation of the magnetization along the domain wall normal is shown. The simulation picture
shows the magnetization as the observer would see when looking at the bilayer system from
above. The FM easy axis is chosen along the x−axis, in parallel to the DW normal ξ. The
color code for the x-component of the magnetization is shown on the side. Arrows overlayed
on the simulation results show the magnetization direction in the FM x-component of the
magnetization.
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Figure 7.2: Cross section of the relative in-plane orientations of an AFM layer (red) coupled
to a FM layer (blue) by parallel exchange. In each case, non-aligned arrows indicate the
magnetization direction in two separate domains, which are adjacent to one DW (staggered
magnetization in the case of the AFM). The case, in which the FM aligns with the AFM on
both sides of the DW, is energetically most efficient (second from right figure). The other
cases represent excitation modes.

7.1 Domain Wall Profile and Energy

As a first step, the static solution for the DW profile is going to be calculated. The in-
teraction energy for the effective space-dependent anisotropy of a 180◦ DW is given by
Wint = JintmxMs θ(

ξ
L), where Ms is the saturation magnetization and θ( ξL) gives the sign

of ξ
L , where ξ is the spatial coordinate along the DW normal. L is a length scale parameter

of similar order to the AFM DW width.
This particular choice of anisotropy resembles the presence of a 180◦ DW in the AFM. As

the AFM possesses a much smaller exchange length compared to the FM [24], the DW width
in the AFM is much smaller than the exchange length in the FM, cf. Eqn. (2.24). From the
view of the FM, the DW profile is step-like. The domain wall in the AFM system is set to
be located at ξ = 0. All constants A, K‖, K⊥, Jint > 0. The easy axis of the FM is aligned
with the x-axis. With parallel exchange, the possible relative orientations of the domains in
the FM (blue) and the AFM (red) are shown in Fig. 7.2.

In order to find the equilibrium solution the energy density functional is minimized. When
considering equilibrium states, the magnetization vector is normalized on a sphere of constant
radius, variations thereof are perpendicular to m. The equilibrium condition is given by
Eqn. (7.2).

δmi = εijkmj δψk ⇒
δ

δψk
W =

δmi

δψk

δW

δmi
= εijkmj

δW

δmi

!
= 0, (7.2)

where i, j, k ∈ {x, y, z}, mi are the magnetization components and ψk is the variation of the
magnetization along k. Functional variation of the free energy density yields Eqn. (7.3).

m×
[
A (∂2xm + ∂2y m) + K⊥mx êx − Jint θ

( ξ
L

)
Ms êx

]
= 0, (7.3)

where êx is the unit vector along the x axis.

The boundary condition, resulting from the presence of partial derivatives in the func-
tional, is given in Eqn. (7.4). Since an infinite sample is assumed, the boundary condition
Eqn. (7.4) is automatically fullfilled.
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m×
[
Aδ(i)ni ∂im

]
= 0 ∀ i ∈ {x, y}, (7.4)

where ni is the normal vector along the i-th direction.

With K‖ � K⊥, Jint the magnetization vector is constrained to an in-plane movement:
m = (Ms cos(φ), Ms sin(φ), 0). Out-of-plane demagnetization was neglected and φ(ξ) is the
only variable under this parametrization. Considering the z-component of Eqn. (7.3), the
differential equation for the equilibrium state is given in Eqn. (7.5).

−Aφ′′(ξ) + K⊥
1

2
sin(2φ(ξ)) − Jint θ

( ξ
L

)
sin(φ(ξ)) = 0. (7.5)

Eqn. (7.5) has to be integrated separately for ξ > 0 and ξ < 0 due to the space-dependent
anisotropy term. The boundary conditions for a 180◦ DW are given in Eqns. (7.6), (7.7),
(7.8).

lim
ξ→−∞

φ(ξ) = 0, (7.6)

φ(0) =
π

2
, (7.7)

lim
ξ→∞

φ(ξ) = π. (7.8)

Integration yields Eqns. (7.9) for ξ < 0 and (7.10) for ξ > 0.

xDW arcsinh

(
xres tan

(φ(ξ)

2

))
= ξ − ξ1, (7.9)

−xDW arcsinh

(
xres cot

(φ(ξ)

2

))
= ξ − ξ2, , (7.10)

where xDW :=
√

A
K⊥ + Jint

is the domain wall width, ξ1 and ξ2 are integration constants and

xres :=
√

K⊥ + Jint
Jint

is a scaling factor. Their approximate values in orders of magnitude,
along with the coupling constants, are shown in Tab. 7.1.

The integration constants ξ1 and ξ2 are determined by matching Eqn. (7.9) and Eqn. (7.10),
using φ(0) = π

2 . This yields Eqn. (7.11).

ξDW := xDW arcsinh(xres). (7.11)

The domain wall profile is given by Eqn. (7.12).

φ(ξ) =





2 arctan
[

1
xres

sinh
(
ξ+ ξDW
xDW

)]
, ξ > 0

2 arccot
[

1
xres

sinh
(
− ξ− ξDW

xDW

)]
, ξ < 0

(7.12)

The DW profile given in Eqn. (7.12) is shown in Fig. 7.3. Inserting the solution for the mag-
netic angle φ into the parametrization for the magnetization yields the x- and y-component
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Quantity Symbol Order of Magnitude

Exchange A O(10−11) J
m

Anisotropy K⊥ O(105) J
m3

Effective Anisotropy Jint O(105) J
m3

DW Width xDW =
√

A
K⊥ + Jint

O(10−9) m

Table 7.1: Table of the orders of magnitude of the approximate value of coupling constants
and the DW width.

of the magnetization, as shown in Fig. 7.4. For these figures, A, K⊥ and Jint were set to one
in their respective units. As visible in Fig. 7.4, the magnetization points into the positive x-
orientation on the lefthand side of the DW (ξ < 0) and rotates continuously into antiparallel
alignment with the x-axis for positive ξ. The DW profile is symmetric with a DW width of
xDW . The additional coupling to the AFM reduces the DW width by a factor of

√
K⊥

K⊥ + Jint
,

which is expected due to the higher exchange coupling of the AFM compared to the FM.

Figure 7.3: 180◦ DW profile in a FM coupled to an AFM. The spatial variable ξ is along the
DW normal. The scale of the x-axis is normalized to the DW width for the Jint 6= 0 case.
The arrows indicate the relative direction of the mean magnetization vector on both sides
of the DW. Green background indicates ξ < 0 and θ(ξ) = −1, white background indicates
θ(ξ) = +1. The red line represents the analytical solution for Jint 6= 0, while the blue line
was calculated for Jint = 0.
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Figure 7.4: The x-component of the magnetization is given by mx = Ms cos(φ(ξ)), the
y-component of the magnetization is given by my = Ms sin(φ(ξ)). The spatial variable ξ
is along the DW normal and shown in units of the DW width. Green background indicates
ξ < 0 and θ(ξ) = −1, white background indicates θ(ξ) = +1. The red line represents the
analytical solution for Jint 6= 0, while the blue line was calculated for Jint = 0. Vertical lines
colored in the same color as the curves indicate the DW width in each case (where 98% of
the saturated magnetization value is reached). Due to the exchange coupling the DW width
in the FM decreases.

The analytical calculation of the DW profile was repeated by micromagnetic simulation,
using mumax3 [56, 57]. Since the interaction energy density couples linearly to the mag-
netization, it can be modeled as an external field. Just like with the analytical results, all
constants were set to one. Periodic and open boundary conditions were used. The simu-
lation results are shown in Fig. 7.1, where the DW is clearly visible in the system’s equi-
librium state. For this simulation, a system size of 64 × 64 × 1 cells with a cell size of
0.1 l.u. × 0.1 l.u. × 0.1 l.u. (l.u. is one unit length; for micromagnetic simulations nm if not
stated otherwise) was chosen. Both the coupling constants and the system size were rescaled
for simplicity. The coupling constants in mumax3 were rescaled according to the system size:
A = 1 J

l.u. , Ms = 1 A
l.u. , K⊥ = 1 J

l.u.3
, h = ±1 T. The external field has positive sign for

positive x, and negative sign for negative x. It is used to model the effective space-dependent
anisotropy. The code used to obtain this figure is shown in Appendix D.1. The analytical
and micromagnetic results for the 180◦ DW match.

Equipped with this numerical knowledge, the 90◦ DW case can now be investigated. It
is assumed, that the AFM under consideration is Mn2Au [24], which possesses 90◦ DWs
naturally, and only forms 180◦ DWs under the influence of magnetostriction [55]. The energy
density in this case is given by Eqn. (7.13).
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W =
1

2
A
∑

i=x,y

(∂im)2 +
1

2
K‖m

2
z −

1

4

K⊥
M2
S

(m4
x + m4

y) +Wint − m · h, (7.13)

where the only terms differing from the 180◦ DW case are the fourth order FM anisotropy and
the interaction energy given in Eqn. (7.14). Both changes are necessary to allow for fourth
order in-plane rotational symmetry of the system, which favors 90◦ DW.

Wint =

{
− JintmxMs , ξ < 0,

− JintmyMs , ξ > 0,
(7.14)

where Ms is the saturation magnetization. All constants A, K‖, K⊥, Jint > 0.
After functional variation, the equilibrium condition is given by Eqn. (7.15).

m×
[
A (∂2xm + ∂2y m) +

K⊥
M2
S

(m3
x êx + m3

y êy) − h +

{
JintMs êx , ξ < 0,

JintMs êy , ξ > 0,

]
= 0, (7.15)

where êi denotes the unit vector in the i-th direction.
The magnetization is parametrized bym = (Ms cos(φ), Ms sin(φ), 0). Integrating Eqn (7.15)

with respect to ξ and using the boundary conditions for a 90◦ given in Eqns. (7.16), (7.17)
and (7.18) yields Eqn. (7.19).

lim
ξ→−∞

φ(ξ) = 0, (7.16)

φ(0) =
π

4
, (7.17)

lim
ξ→∞

φ(ξ) =
π

2
. (7.18)

A

2
φ′2(ξ) = 2 Jint sin2

(
θ(
ξ

L
) (
π

8
− φ(ξ)

2
) +

π

8

)
− K⊥

16

(
cos(4φ(ξ) − 1)

)
(7.19)

Numerically integrating Eqn. (7.19) results in a solution for φ(ξ), which is shown in the inset of
Fig. 7.5. Furthermore, the x- and y-component of the magnetization are shown. All constants
were set to one. Because the DW was chosen to be centered for φ, the center of the DW of
the magnetization components is shifted away from ξ = 0.
Micromagnetic simulations were also used to find the DW profile, using the same technique as
for the 180◦ DW. A system size of 64×64×1 cells with a cell size of 0.1 l.u.×0.1 l.u.×0.1 l.u. was
chosen. The coupling constants were rescaled according to the system size: A = 1 J

l.u. , Ms =
1 A

l.u. , K⊥ = 1 J
l.u.3

, h = 1 T. The external field points into the x-axis for negative x
and rotates into the y-axis for positive x. It is used to model the effective space-dependent
anisotropy. The code used to obtain this figure is shown in Appendix D.2. The micromagnetic
results match qualitatively with what was expected analytically from the 180◦ DW case.
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Figure 7.5: 90◦ DW profile in a FM mapped by an AFM. The x-component of the magneti-
zation is given by mx = Ms cos(φ(ξ)) (upper plot), the y-component of the magnetization is
given by my = Ms sin(φ(ξ)) (lower plot). The spatial variable ξ is along the DW normal and
is normalized to the DW width xDW . The inset shows the magnetic angle as a function of
ξ. The arrows indicate the relative direction of the mean magnetization vector on both sides
of the DW. Also shown is the exchange interaction energy contribution to the free energy
density and its sign dependence on both sides of the domain wall, indicated by the colored
background.

7.1.1 Domain Wall Energy

After having established the existence of a DW in the system, its energy will now be calculated.
First, the 180◦ DW case is considered. The most convenient way of calculating the energy of
the solution found in Eqn. (7.12) is by integrating Eqn. (7.5) once and using the boundary
conditions in Eqns. (7.6), (7.7), (7.8). Then, the found equation can be rewritten, as shown
in Eqn. (7.20).

A

2
φ′2(ξ) = sin2

(φ(ξ)

2

) [
K⊥ cos(φ(ξ)) + K⊥ + 2 Jint

]
=: wDW . (7.20)

A
2 φ
′2(ξ) corresponds to the exchange energy and is equal to the minimum of the anisotropy

and interaction contributions to the free energy density. The total energy density of this
solution is given by w = 2wDW . In order to calculate the total energy of the equilibrium
solution, w has to be integrated along the DW normal ξ for the solution of φ(ξ) 1. The
expression corresponding to the energy is given in Eqn. (7.21).

1I want to thank Bennet Karetta for the fruitful discussions we had on this topic.
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Figure 7.6: Dependency of the DW energy (per area) on the ratio of the FM effective space-
dependent anisotropy constant Jint and the FM anisotropy constant K⊥ for a 180◦ DW.
Numerical and analytical considerations agree. Uncertainties of the numerical data are too
small to be visible in this figure.

WDW =

∫ ∞

−∞
w dξ =

∫ π

0
w

dξ

dφ
dφ =

∫ π

0
w (∂ξ φ)−1 dφ = M2

S

∫ π

0

√
2AwDW dφ. (7.21)

Since the solution for the DW is symmetric, the integral can be taken only over the solution
in the positive or negative half-space and then multiplied by two. The DW energy is given
by Eqn. (7.22).

WDW =M2
S 4
√
AJint

[
Jint
K⊥

ln

(√
2K⊥ +

√
2K⊥ + 2 Jint√

K⊥ +
√
K⊥ + 2 Jint

)

−
√

K⊥
4 J2

int

√
K⊥ + 2 Jint +

√
K⊥
J2
int

√
K⊥ + Jint

]
. (7.22)

The dependency of the domain wall energy on the ratio of anisotropy constants is indicated in
Eqn. (7.22) and shown in Fig. 7.6. The analytical calculation and numerical integration agree
(with the coupling constants being set to one in their respective units as to receive a result
in units of the DW width). The DW energy increases with the square root of the ratio of the
anisotropy constants. Moreover, the DW energy is nonzero for all Jint 6= 0. Considerations
of the 90◦ DW case are presented in Appendix D.3 and agree qualitatively with the results
for the 180◦ DW.
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7.2 Pinning Effects

In order to understand the response of a FM DW in an AFM FM bilayer system, characteriz-
ing The switching behavior of a bilayer system under the application of external fields is key.
To provide a first step in the direction of understanding the response of a DW to an applied
field, infinitesimal displacement of the DW out of its equilibrium position are studied.
If a DW is in stable equilibrium, a restoring force exists that pushes the DW back under in-
finitesimal displacement. An energy barrier has to be overcome to move the DW. Depending
on the system, DW motion ensures or the DW is annihilated. The inability of the DW to
translate freely is called pinning. Pinning, in this consideration, originates from the effective
anisotropy potential of the AFM.

The exchange strength of an AFM (Mn2Au) is high compared to a FM (permalloy) [24].
Through the coupling between the FM and the AFM layer, the AFM restricts the movement
of the FM DW. This energy threshold, necessary to move a DW, is called the pinning en-
ergy. Because only relatively low external fields of O(1) T are considered here, the AFM
stays static in its configuration. The magnetic field values necessary to manipulate Mn2Au
would be unrealistically high for any experimental use [55]. Applying an external field to the
sample can induce enough energy to overcome the pinning barrier. What happens, if the FM
DW is shifted by an infinitesimal amount out of its equilibrium position by a small excitation?

7.2.1 Pinning Energy

Using a variational approach, the energy contribution originating from the space dependence
of the anisotropy, when shifting the DW away from its equilibrium position, is derived. This
can be formulated as an eigenvalue problem, where on top of the DW solution is a small lin-
ear excitation of a harmonic oscillator. If this eigenvalue is nonzero, the DW is pinned [58, 59].

Consider the Landau-Lifshitz-Gilbert equation given in Eqn. (7.23) as a starting point
[60, 61].

dm

dt
= − γm×Heff + αm× dm

dt
, (7.23)

where the first term represents the spin dynamics due to the energy contributions present in
the system and the second term concerns damping of the magnetization dynamics. Only con-
figurations very close to equilibrium will be considered and the second term will be neglected.
The effective field Heff , that stems from the interaction energies defined in Eqn. (7.1), is
defined as Heff := − 1

µ0MS

δW (m)
δm . Taking γ = µ0MS , the righthand side of Eqn. (7.23) is

given by Eqn. (7.3) and with the parametrization of the magnetization inserted, by Eqn. (7.24).

−Aφ′′(ξ) + K⊥
1

2
sin(2φ(ξ)) − Jint θ

( ξ
L

)
sin(φ(ξ)) = − (γm×Heff )z. (7.24)

where ()z means the z-component of the vector. Consider a small perturbation φ(ξ) =
φ0(ξ) + δφ(ξ) which displaces the DW by an infinitesimal amount. It is necessary to assume
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a small linear displacement, as otherwise the DW shape can change by the translation or the
DW can be annihilated. The solution to the unperturbed equilibrium condition was previously
determined to be given by φ0(ξ) in Eqn. (7.12).
In a harmonic approximation, which is valid for small perturbations, δφ(ξ) was chosen to
be the change in slope of φ0(ξ), δφ(ξ) ∝ φ′0(ξ) · xDW · exp(i ω t). δφ(ξ) is non-zero as the
DW is shifted. This variation is scaled by the DW width. The variation takes place in the z-
component perpendicular to the magnetization. For an infinitesimal and linear excitation, the
variation in magnetization can be approximated as δφ. By taking the real part of Eqn. (7.23)
and dividing by the exponential function, the kinetic part becomes <(dmdt )z = ω · φ′0(ξ) ·
xDW . Here, the oscillation frequency ω is proportional to the energy eigenvalue ε associated
to the perturbation. This linear relationship stands in contrast to the AFM case, which
would produce a quadratic dependence [62]. An eigenvalue problem is recovered, as shown in
Eqn. (7.25).

H δφ = ε δφ. (7.25)

The Hamiltonian H acts on a trial function, which in this case is given by δφ(ξ) = φ′0(ξ) ·
xDW · exp(i ω t). The energy eigenvalue ε is then determined as in Eqn. (7.26).

〈δφ |H | δφ〉 = ε, (7.26)

where the lefthand side can be evaluated with any eigenfunction of the system. The problem
is most easily solved when using a normalized eigenfunction of the system, like the one given
in Eqn. (7.27).

|ψ〉 =
|φ′0 xDW 〉√

〈φ′0 xDW |φ′0 xDW 〉
⇒ 〈ψ |ψ〉 = 1, (7.27)

where the trial function δφ(ξ) = φ′0(ξ) · xDW · exp(i ω t) was normalized to 1. Inserting
Eqn. (7.27) into Eqn. (7.26) yields the eigenvalue problem Eqn. (7.28).

ε = 〈ψ |H |ψ〉 =
1

〈φ′0 xDW |φ′0 xDW 〉

∫
dξ φ′0 xDW

(
Hφ′0 xDW

)
︸ ︷︷ ︸
f(φ0)·δ( ξL )

. (7.28)

To evolve Eqn. (7.24) into an eigenvalue problem, insert φ(ξ) = φ0(ξ) + δφ(ξ) into Eqn. (7.23)
and expand around φ0(ξ) in δφ. This yields Eqn. (7.29).

−A d2

dξ2
φ0(ξ) −A

d2

dξ2
δφ(ξ) + K⊥

1

2
sin(2φ0(ξ)) + K⊥ cos(2φ0(ξ)) δφ(ξ)

− Jint θ
( ξ
L

)
sin(φ0(ξ)) − Jint θ

( ξ
L

)
cos(φ0(ξ)) δφ(ξ) =

1

M2
s

ε δφ(ξ), (7.29)

Using the equilibrium condition for the DW, Eqn. (7.30), the first, third and fifth terms in
Eqn. (7.29) vanish, yielding Eqn. (7.31).

−Aφ′′(ξ) + K⊥
1

2
sin(2φ(ξ)) − Jint θ

( ξ
L

)
sin(φ(ξ)) = 0. (7.30)
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−A d2

dξ2
δφ(ξ) + K⊥ cos(2φ0(ξ)) δφ(ξ) − Jint θ

( ξ
L

)
cos(φ0(ξ)) δφ(ξ) =

1

M2
s

ε δφ(ξ), (7.31)

Differentiating the equilibrium condition Eqn. (7.30) once and use it with a condition for
δφ(ξ). The result of this step is given in Eqn. (7.32).

−A d2

dξ2
φ′0 + K⊥ cos(2φ0)φ

′
0 − Jint

1

L
δ
( δ
L

)
sin(φ0) − Jint θ

( δ
L

)
cos(φ0)φ

′
0 = 0. (7.32)

By inserting Eqn. (7.32) into Eqn. (7.31), only the term containing the explicit space depen-
dence through θ( ξL) is non-vanishing. To calculate the eigenvalue problem, integrate out the
DW degree of freedom ξ. The result is the integral equation Eqn. (7.34), that can be identified
with the eigenvalue problem defined in Eqn. (7.33).

H δφ = ε δφ → Hφ′0 xDW = f(φ0) · δ
( ξ
L

)
. (7.33)

∫ ∞

−∞
dξ

1

L
Jint δ

( ξ
L

)
sin(φ0(ξ))φ

′
0(ξ) = ε

1

M2
s

∫ ∞

−∞
dξ φ′20 (ξ). (7.34)

Now, the direct connection between Eqn. (7.34) and Eqn. (7.28) becomes apparent. The only
step that remains is to isolate ε. The normalization condition for φ′0(ξ) is given by Eqn. (7.35).

1 = 4N
(Jint
K⊥

)2 ∫ ∞

−∞
dx

cosh2(x)
Jint
K⊥
Jint
K⊥ +1

(
1 +

Jint
K⊥
Jint
K⊥ +1

sinh2(x)
)2 , (7.35)

where x = ξ− ξDW
xDW

and N
(
Jint
K⊥

)
is the normalization constant. The calculation of N

(
Jint
K⊥

)
can

be found in Appendix D.4. With this, the righthand side of Eqn. (7.34) can be determined.
The resulting pinning energy is given by Eqn. (7.36).

ε
(Jint
K⊥

)
= M2

S

√
2 Jint
K⊥

3
+ Jint

K⊥

2

N
(
Jint
K⊥

) . (7.36)

Eqn. (7.36) was plotted in Fig. 7.7 (green dots) and shows the dependency ε ∼ Jint
K⊥

of the
pinning energy ε on the ratio of the anisotropy constants Jint

K⊥
. This trend was verified by nu-

merically repeating the above calculation, starting from the equilibrium condition Eqn. (7.30).
The numerical results (blue dots) together with a linear fit of the numerical data (red line)
are shown in Fig. 7.7. Details on the linear fit can be found in Appendix D.5. The numerical
fit and the analytical data agree.

This reveals the fundamental mechanism behind DW pinning in this system. It is worth
taking some time to reflect on the insight connected to the step leading from Eqn. (7.31) to
Eqn. (7.34): The non-vanishing term is connected to the space-dependency of the effective
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Figure 7.7: The blue dots indicate the numerical dependence of the pinning energy of a 180◦

DW of a small perturbation on the ratio of anisotropy constants. A linear fit is shown in red,
verifying ε ∼ Jint

K⊥
. The DW is pinned for all Jint 6= 0. Uncertainties of the numerical data

are too small to be visible in this figure. The nonzero constant of the fit function is can be
explained by numerical uncertainties.

anisotropy. The energy contribution arising from a small displacement of the DW, away from
its equilibrium position, is solely due to the explicit space dependence in the coupling term
connecting the FM and the AFM, because this space dependence breaks the translational
symmetry of the system and momentum is no longer conserved in the system. A restoring
force is generated when the DW is shifted away from its equilibrium position. For the DW to
move, the energy barrier of overcoming the restoring force has to be traversed. This behavior
does not change if higher order terms in the magnetization like DMI or demagnetizing effects
would be included. All terms without explicit space-dependence vanish due to their transla-
tional invariance. A non-zero pinning energy is the direct result from the space dependent
effective anisotropy imposed on the FM and means that the DW is pinned.

Summarizing this subsection, it was found that the explicit space-dependence of the ef-
fective anisotropy, originating from the exchange coupling between the AFM and FM, breaks
the translational invariance of the system. This results in the restriction of DW motion in the
FM - the FM DW is pinned. The energy barrier associated with the infinitesimal translation
of the DW out of its equilibrium position scales linearly with the ration Jint

K⊥
, but especially

is nonzero for all Jint 6= 0. The DW is pinned for all finite coupling strengths of AFM FM
coupling. The fit in Fig. 7.7 has a nonzero constant term that can be attributed to numer-
ical uncertainties.Qualitatively agreeing results were obtained for the 90◦ DW case and are
presented in Appendix D.6.
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7.2.2 Pinning Force

In this subsection the force required to de-pin the DW is calculated. Unequal spin distribution
on both sides of the DW in the AFM and the FM creates a pressure on the DW under in-
finitesimal displacement. Displacement is counteracted by a restoring force, which pushes the
DW back to its equilibrium position. The pinning force required to overcome this restoring
force marks the force required to de-pin the DW and cause DW motion. One way to apply a
deflecting force to the system is given by putting the sample in a magnetic field. Under the
application of a sufficiently high external field, the DW can not only be translated smoothly
in the system, but can also be annihilated. In this case a homogeneously magnetized sample
is created.

Shifting the DW by the infinitesimal length y results in a restoring force force given in
Eqn. (7.37).

F
(
y,
Jint
K⊥

)
= −

∂U
(
y, JintK⊥

)

∂y
, (7.37)

where U
(
y, JintK⊥

)
is the potential of the translation of the DW. This potential is calculated

by integrating the energy density Eqn. (7.1) along the DW normal ξ, while shifting the DW
profile φ0(ξ) by an infinitesimal length y as in Eqn. (7.38). As the translational symmetry
of the system is broken by the effective anisotropy, the corresponding energy term gives a
contribution to the integral. All other terms vanish under integration.

U
(
y,
Jint
K⊥

)
=

∫
dξ W

(
ξ, φ0(ξ − y),

Jint
K⊥

)
. (7.38)

This integral is not analytically solvable. To circumnavigate this problem, the numerical equi-
librium solution of the shifted DW φ0(ξ) (cf. Eqn. (7.12)) was fitted [63]. As φ0(ξ) appears in
the anisotropy term of the energy density as mx(ξ) = MS cos(φ0(ξ)), the magnetization com-
ponent can be approximated with the function mx(ξ)

MS
≈ −tanh((0.15 + 1

xres
) · ξ

xDW (Jint=0)).
Details of the fit are shown in Appendix D.7. Subsequently, the integral shown in Eqn. (7.39)
is determined numerically for a discrete set of values for the anisotropy constants Jint

K⊥
and

DW shifts y.

U
(
y,
Jint
K⊥

)
= −

∫
dξ M2

S

Jint
K⊥

θ
( ξ
L

)
tanh

((
0.15 +

1

xres

)
· (ξ − y)

xDW (Jint = 0)

)
. (7.39)

The pinning force necessary to de-pin the DW is equal or higher than the maximum of the
restoring force in y for each value of JintK⊥

, as indicated in Eqn. (7.40).

Fpinning

(Jint
K⊥

)
:= Max

[
F
(
y,
Jint
K⊥

)
, y
]
. (7.40)

In Fig. 7.8, curves for several values of anisotropy constants Jint
K⊥

are shown. The constant
threshold level of the restoring force increases with Jint

K⊥
. This correlation is plotted in Fig. 7.9.

Indicated in red is a linear fit, which confirms the linear correspondence Fpinning ∼ Jint
K⊥

. The
threshold field required to overcome the restoring force to translate the DW along the DW
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normal rises linearly with the coupling strength between the AFM and the FM. As expected,
the linear fit crosses the origin, where both the pinning force and Jint are zero. Agreeing
results were found for the 90◦ DW case and are presented in Appendix D.8.
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Figure 7.8: As the DW is pinned, a restoring force arises when the DW is shifted away from
its equilibrium position. This restoring force is shown here as a function of the shift length y,
for different values of Jint

K⊥
. The restoring force increases with −y before reaching a constant

level. The constant level increases with Jint
K⊥

.

As shown in Fig. 7.8, the restoring force pushes the DW back into its equilibrium position,
when a small perturbation is applied. The restoring force increases with increasing shift length
y, and saturates to a constant level. Reaching a threshold level of the restoring force marks
the de-pinning point of the DW. The pinning force corresponds to a threshold level of the
restoring force. The restoring force is at a minimum in the equilibrium position of the DW
and rises to a threshold level for ξ → ±∞ where at ξ = 0, the potential and the restoring
force change sign.

In summary, inhomogeneous coupling between an AFM and a FM has successfully been
modeled with an effective space-dependent anisotropy, which causes a DW to be present in
the system. The energy of this DW rises proportionally to Jint

K⊥
. Furthermore, the DW is

pinned for all JintK⊥
6= 0. A nonzero constant term in the fit of the pinning force in Fig. 7.9 can

be attributed to numerical uncertainties. Pinning effects arise from the breaking of transla-
tional symmetry by the explicit space-dependency of the effective anisotropy. For infinitesimal
translations, the DW is pushed back to its original equilibrium position by a restoring force,
which thereby causes the pinning. To overcome this pinning, the pinning force is required to
overcome a constant threshold level, which correlates linearly with Jint

K⊥
.

Assume now, that the DW is de-pinned and set into motion. Under such circumstances the
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Figure 7.9: There is a linear dependence between the pinning force and the ratio of the
anisotropy constants (numerical data shown in blue), indicated by a linear fit (shown in
red). The fit function is shown in the inset. More details can be found in Appendix D.7.
Uncertainties of the numerical data are too small to be visible in this figure.

above considerations do not hold anymore, as large translations can change the DW profile,
which was assumed to be invariant. Moreover, at some point the misalignment of the FM
magnetization with the unmoved AFM uncompensated moments at the interface cause the
DW arrangement to become unstable, such that DW is annihilated. In another scenario, which
has the same outcome, the sample is so small that the DW is driven out of the sample. In both
cases, a homogeneously magnetized sample emerges, which is energetically more expensive to
the DW ground state. Leaning on this analogy, the next chapter investigates a system in
which both the AFM and the FM are homogeneously magnetized and an external magnetic
field is applied to induce switching between different orientations of the magnetic and AFM
order parameters.
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Chapter 8

The Homogeneous Exchange Coupling Model

In this chapter, a single domain state in both the FM and the AFM is considered. The
FM is directly coupled to an AFM with homogeneously distributed staggered magnetization.
Notably, and in difference to the previous inhomogeneous model, the AFM is explicitly inte-
grated into the model, as well as the FM. Using an external field, the orientation of the FM
magnetization can be rotated, and the direct AFM FM coupling manifests itself through the
prevailing reorientation of the Néel vector throughout the AFM. It was shown that direct cou-
pling between the FM magnetization and the AFM staggered magnetization is a bulk effect
[24]. The switching behavior between states will be quantified depending on the interlayer
coupling strength.

The energy functional is given by Eqn. (8.1) and the definition of the relevant vectors
and angles of the system is shown in Fig. 8.1. The indices A and F indicate AFM and FM
variables, respectively.

W (φA, φF ) = −1

4
HanMS tA cos(4φA)− Jint ξ MSMF cos(φA−φF )− tF MF B cos(φF −ψ),

(8.1)
where the first term constitutes the AFM exchange with the coupling constant Han. To fa-
cilitate 90◦ DWs, as anticipated from experiments [24], a fourfold rotational symmetry in the
angle φA, describing the in-plane orientation of the AFM Néel vector N := MS cos(φA), is
implemented. The magnitude of the AFM order parameter is given by MS and the thickness
of the AFM layer is tA. The second term represents the effective coupling between the AFM
and the FM with the coupling constant Jint. The homogeneous model directly couples the
FM magnetization with the AFM Néel vector. The FM magnetization orientation is given by
φF , while its magnitude is given by MF , such that MF := MF cos(φF ). ξ is a parameter of
the model and regulates the thickness of the interface layer, in which the effective coupling
influences the magnetic state. For an AFM, the staggered magnetization is the difference in
magnetization of the sublattices with alternating magnetization directions. As such, the Néel
vector possesses twofold rotational symmetry. Here however, the interface region of the bi-
layer system is investigated and individual sublattices of the AFM can be distinguished. The
definition of the Néel vector is unique in this region. The last term signifies the coupling of
the FM to the external field B := B cos(ψ), where ψ is the magnetic angle and tF is the FM
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Figure 8.1: The three vector quantities relevant for the homogeneous coupling model, along
with the definition of their angles, respectively.

layer thickness. As we assume the AFM order to be much more prevalent than the FM order,
the FM anisotropy is neglected. Furthermore, the FM exchange coupling is implicitly built
into the system by the saturated nonzero magnetization of the FM layer. Inhomogeneous
gradient terms were neglected as a single domain state is investigated.

8.1 Ground States of the System

In order to find the equilibrium states, the free energy needs to be minimized with respect
to φA and φF . To ensure, that a stable minimum is found, the Hessian matrix is required to
be positively defined. Additionally, the approximation HanMS tA < Jint ξ MSMF is used,
corresponding to a thin layered AFM in which the interlayer coupling has stronger influence
than the AFM anisotropy. Minimization of Eqn. (8.1) yields Eqns. (8.2), (8.3).

HanMS tA sin(4φA) + Jint ξ MSMF sin(φA − φF ) = 0, (8.2)

− Jint ξ MSMF sin(φA − φF ) + tF MF B sin(φF − ψ) = 0. (8.3)

Furthermore, the components of the Hessian matrix are given by Eqns. (8.4), (8.5) and (8.6).

∂2W

∂φ2A
= 4HanMS tA cos(4φA) + Jint ξ MSMF cos(φA − φF ), (8.4)

∂2W

∂φA ∂φF
= − Jint ξ MSMF cos(φA − φF ), (8.5)
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∂2W

∂φ2F
= Jint ξ MSMF cos(φA − φF ) + tF MF B cos(φF − ψ). (8.6)

The conditions for a stable minimum are given by the positivity of the determinant Eqn. (8.7)
and the subdeterminant Eqn. (8.8) of the Hessian matrix.

M2
S T

2
F

(( 4HanMS tA
MF tF

cos(4φA) + Bstab cos(φA − φF )
)

(
Bstab cos(φA − φF ) + B cos(φF − ψ)

)
− B2

stab cos2(φA − φF )
)
> 0, (8.7)

Jint ξ MSMF cos(φA − φF ) + tF MF B cos(φF − ψ) > 0, (8.8)

where Bstab := Jint ξMS
tF

is a constant that was defined for convenience.

When considering a state characterized by the magnetic angle ψ, the Hessian matrix
yields a relation for B, out of which we can infer a range of external field values under which
the lowest ground state emerges. There exist equilibrium states for every magnetic angle,
depending on the coupling constants and parameters of the model. But the lowest energy
is possessed by states where Eqns. (8.2) and (8.3) are fullfilled by φA and φF alone. In the
following subsections the ground states are analyzed for the application of an external field
along the easy and hard axes of the system.

8.1.1 Magnetic Field Applied in the Easy Axis Direction

As the AFM possesses fourfold rotational symmetry and the FM magnetization is directly
coupled to the Néel vector, the system reaches its ground state if the FM magnetization and
the AFM staggered magnetization are aligned along either of the four easy axes. Applying an
external field along one of the easy axes breaks this rotational symmetry through the coupling
of the external field to the FM magnetization. Now the easy axis direction, into which the
magnetic field is applied, is energetically favorable for both the FM magnetization and the
AFM staggered magnetization, independent of the applied field strength B > 0. For B > 0
applied along ψ = 0, the systems ground state is given by φA = 0 = φF , as indicated in
Fig. 8.2. Furthermore, the other easy axis directions are less energetically efficient. In the
case of ψ = 0, the cases φF = π

2 = φA and φF = 3π
4 = φA have the same energy, which

lies between the lower value of φF = 0 = φA and the higher value of φF = π = φA. This
is indicated on the righthand side of Fig. 8.2. Suppose the magnetic field is switched from
ψ = π to ψ = 0, as will be discussed later for hysteresis effects. Then, the switching out
of the former ground state φF = π = φA into the latter φF = 0 = φA state happens at
Bcoer, as defined in Eqn. (8.9) [24]. Bcoer is the coercive field, which is defined as the field
value required to reduce the magnetic flux of a fully magnetized sample to zero [25] along the
application axis of the external field. An interplay of the anisotropy and the external field
manifests itself in this destabilization behavior.

Bcoer :=
4HanMS tABstab

4HanMS tA + BstabMF tF
. (8.9)
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Figure 8.2: On the lefthand side, the range of values for the external magnetic field B
applied along one of the easy axes ψ = 0, in which the ground state φA = 0 = φF is
stable, is shown. The righthand side graphic shows the four easy axis directions in blue. This
fourfold symmetry is broken by the application of an external field, indicated with a dotted
arrow. Through the application of a magnetic field, the easy axis direction aligned in parallel
with the external field is energetically favorable, indicated by ∆E = min. The directions
φF = π

2 and φF = 3π
4 pose no energetic advantage, while the φF = π is energetically least

favorable.

8.1.2 Magnetic Field Applied in the Hard Axis Direction

When the magnetic field is applied along one of the hard axes of the system and the field
strength slowly increased, the magnetic moments in the sample align with the two closest easy
axis directions. The fourfold rotational symmetry is reduced by a factor of two. With increas-
ing field strengths, a competition between anisotropy, favoring the easy axis orientations, and
the external field, favoring the hard axis direction, ensures. At sufficiently high fields, the
magnetization rotates into the hard axis direction and the system is entirely dependent on
the orientation of the external field. This process is illustrated in Fig. 8.3. On the lefthand
side the range of stability for the state, in which both the AFM and the FM are fully aligned
with the external field, is indicated in blue. Pictorially, this process can be observed in the
graphic on the righthand side of Fig. 8.3. The easy directions are shown in blue, the direction
of the external field with a dotted arrow. Through the application of the magnetic field, the
fourfold rotational symmetry is reduced by a factor of two, and thereby two of the four easy
directions are energetically more favorable, compared to the remaining ones. Out of these two
easy directions, which, for low field strengths, are equally populated, a continuous rotation
of the magnetization into the hard axis direction for higher field strengths is observed. The
switching in the AFM is not of spin-flop type, since a biaxial anisotropy is used [64]. Notice,
that a continuous rotation of the magnetization is started by the application of B 6= 0 and
subsequently stability of the state is reached at B = Bsat, as defined in Eqn. (8.10). For
the derivation of Bsat, the assumption Han tA < JintMF ξ was used. This approximation
corresponds to the case of a thin AFM layer compared to the FM thickness.

Bsat :=
4HanMS tABstab

BstabMF tF − 4HanMS tA
. (8.10)

8.2 Hysteresis Effects

After having identified the equilibrium states for the applied field angled along the easy and
hard axes, the stationary state switching for arbitrary application angles of the magnetic
field are now discussed. For this, hysteresis curves are simulated numerically. A Lagrangian
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Figure 8.3: On the lefthand side, the range of values for the external magnetic field B applied
along one of the hard axes ψ = π

4 , in which the state φA = π
4 = φF is stable, is shown.

The righthand side graphic shows schematically the four easy axis directions in blue. This
fourfold symmetry is broken by the application of an external field, indicated with a dotted
arrow. Through the application of a magnetic field, the two easy axes closest to the direction
of the magnetic field are energetically favored for weak external fields. If the field strength
is increased, a continuous rotation of the magnetization into the hard axis occurs, with the
saturation point marked by Bsat.

method is used, such that the differential equations, whose equilibrium solution describe the
stationary state of the system under the application of B under ψ, are given by Eqn. (8.11) for
the FM angle φF and Eqn. (8.12) for the AFM angle φA. It is important to keep in mind, that
the system is evolved in the stationary state. Every time step is evaluated after equilibration
and Eqn. (8.11) and Eqn. (8.12) describe not the dynamics of the magnetization, but t rather
gives the amount of simulation time for each state.

φ̈F (t) + α φ̇F (t) + UF (Heff , φF (t), φA(t), Beff , ψ) = 0, (8.11)

φ̈A(t) + α φ̇A(t) + UA(Heff , φF (t), φA(t), Beff , ψ) = 0, (8.12)

where the potentials are given by UF (Heff , φF (t), φA(t), Beff , ψ) := − ∂Weff

∂φF
and

UA(Heff , φF (t), φA(t), Beff , ψ) := − ∂Weff

∂φA
, respectively. Here, it was chosen to reduce the

number of degrees of freedom of the system to two, by defining effective quantities, as shown in
Eqn. (8.14). The stationary state is found by evolving Eqns. (8.11) and (8.12) simultaneously
for 1000 timesteps t using the NDSolve algorithm native to Mathematica [48]. α is a numerical
damping parameter and controls the convergence speed during simulation.

W (φA, φF )

Jint ξ MSMF
= −

1
4 HanMS tA

Jint ξ MSMF
cos(4φA) − cos(φA − φF )

− tF MF B

Jint ξ MSMF
cos(φF − ψ), (8.13)

⇔:Weff (φA, φF ) = −1

4
Heff cos(4φA) − cos(φA − φF ) − Beff cos(φF − ψ). (8.14)

The ground state for φF and φA for a given ψ is entirely determined by the effective anisotropy
constant Heff and the effective external field constant Beff . The thin layer AFM approxi-
mation, used for the homogeneous coupling model, is introduced through Heff < 1.

Fig. 8.4 shows the convergence behavior of the solution φF of the system of equations
defined by Eqns. (8.11) and (8.12) over 1000 time steps for the convergence parameter α =
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Figure 8.4: The FM angle for a simulation of the bilayer system over 1000 timesteps. For this
calculation ψ = 0, Heff = 0.01 and Beff = 0.001 was used. The starting conditions were
φA(0) = φF (0) = 0.1 and φ̇A(0) = φ̇F (0) = 0.001. As expected, the simulation converged
more quickly for higher values of α. For α > 0, all oscillations during the convergence process
were suppressed and in all cases the simulation brought forth the ground state 〈φA〉t =
〈φF 〉t = 0, where the average over the last 200 time steps was taken.

0.01, 0.1 and 1. For this calculation ψ = 0, Heff = 0.01 and Beff = 0.001 was used. The
starting conditions were φA(0) = φF (0) = 0.1 and φ̇A(0) = φ̇F (0) = 0.001. As expected,
the simulation converged more quickly for higher values of α. For α > 0 all oscillations
during the convergence process were suppressed and in all cases the simulation brought forth
the ground state 〈φA〉t = 〈φF 〉t = 0, where the average over the last 200 time steps was
taken.

8.2.1 Uniaxial Variation of the External Field

The goal is to construct hysteresis loops using this approach. For this, the above simulation
was repeated iteratively for a varying effective external field value in an interval of Beff ∈
[−1.5, 1.5] for a fixed ψ, corresponding to a projection of the rotation of the magnetic field
vector onto the chosen axis s and creating an uniaxial variation. Taking a fixed angle and
varying the coupling constant of the magnetic field corresponds to an uniaxial variation of the
magnetic field, and thereby the switching of the FM magnetization between two horizontally
opposed states. In each iteration, the equilibrium value for 〈φF 〉t is found by averaging over
the last 200 time steps. These points then form a complete hysteresis loop. This procedure
is repeated for ψ = 0 (easy axis), π4 (hard axis) and π

16 to analyze the switching behavior for
different axes of the external field, as presented in Fig. 8.5.

Fig. 8.5 shows the projection of the magnetic hysteresis onto the x-component of the FM
magnetization for a uniaxial variation of the external field along the easy axis (blue), hard
axis (green) and a magnetic field application angle of ψ = π

16 (red). The hard axis plot
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Figure 8.5: The projection of the magnetic hysteresis onto the x-component of the FM
magnetization for a uniaxial variation of the external field along the easy axis (blue), hard
axis (green) and a magnetic field application angle of ψ = π

16 (red). The hard axis plot was
rescaled by a factor of 1 / cos(π / 4) such that the saturated magnetizations match.

was rescaled by a factor of 1 / cos(π / 4) such that the saturated magnetizations match. The
simulation parameters used in all three cases are: Heff = 0.1, Beff ∈ [−1.5, 1.5] and α = 1.

Upon observation, the easy axis hysteresis loop (blue) is square. Phenomenologically, the
alignment of the external field with one of the easy axes of the system results in the high-
est anisotropic response possible in this system. The system prefers to stay in its easy axis
orientation for as long as possible, and switching between states happens rather abruptly at
an applied field of Beff ≈ 0.3. The loop becomes more rounded, as ψ is increased to π

16
(red) and the switching field is reduced to Beff ≈ 0.2. On the opposite end of the spectrum,
the sample is the least anisotropic when the external field is aligned with one of the hard
axis directions (green). In this orientation the system is in a metastable state and under the
application of an external field, it follows the magnetic field continuously along the x-axis.
All hysteresis loops are symmetric with respect to the origin and show no shift. No exchange
bias is present in the system [65, 66]. The FM is represented by permalloy, which possesses
no intrinsic exchange bias [24].

So far, the switching behavior corresponds to that of a FM with an easy and a hard axis.
This anisotropic behavior stems directly from the direct coupling of the FM magnetization
to the AFM Néel vector, as no FM anisotropy is explicitly included in Eqn. (8.1). Having
established the connection between the switching behavior of the FM depending on the angle
of the magnetic field, the influence of the magnetic field amplitude Beff in relation to the
FM-AFM coupling Heff is discussed next.
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Figure 8.6: The x-component of the FM magnetization for a rotating external field. Three
stable states are visible for the three easy axis directions in the given angle range. The width
of the hysteresis curves decreases with increasing Beff , signifying the competition between
the AFM FM coupling (and the AFM anisotropy) and the external magnetic field energy of
the FM.

8.2.2 Continuous Rotation of the External Field and Critical Switching
Field

Shown in Fig. 8.6 is the x-component of the FM magnetization as a function of the magnetic
field angle ψ. Eqn. (8.11) and Eqn. (8.12) were solved iteratively as in the previous section,
using the parameters Heff = 0.01 and α = 0.2. Heff is required to be smaller than 1,
because for the homogeneous model Heff < 1. Again the simulation was run for 1000 time
steps and the equilibrium solution was found for averaging φF over the last 200 time steps.

For this simulation, the angle of the magnetic field was continuously varied in the interval
ψ ∈ [0, π] for a constant Beff . Three curves correspond to three different values of Beff :
Green for Beff = 0.09, red for Beff = 0.03 and blue for Beff = 0.015. The system’s easy
axis orientations in the interval ψ ∈ [0, π] are 0, π2 and π. This is confirmed, as all curves
meet at these points, representing stable states. Between these points hysteresis loops appear.
The remanent magnetization is maximal at the hard axis directions π

4 and 3π
4 . Furthermore,

the shape of the loops is symmetric with respect to the π
2 -state, but not symmetric for the two

legs of an individual hysteresis loop, indicating the presence of the biaxial AFM anisotropy
introduced in Eqn. (8.1).

To determine the coercive field the width of the hysteresis loop at half of its height has to
be determined. The coercive field is given by Bcoer := cos(∆ψ), where ∆ψ denotes half of the
hysteresis loop width at half the saturation magnetization (half the saturation magnetization
means cos(φF ) = 0.5 on the y-axis in the case of the upper hysteresis loops in Fig. 8.6). For
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the blue curve in Fig. 8.6, this corresponds to ∆ψ : = 1
2(ψ1 − ψ0) ≈ 1

2(3π8 − π
8 ). In Fig. 8.6,

the coercive field decreases with increasing Beff . Phenomenologically, the influence of the
AFM FM coupling, and with it the AFM anisotropy Heff , decreases with increasing Beff ,
as hysteresis is a competition between the external magnetic field and anisotropy energies.
If the external magnetic field term is dominant in Eqn. (8.1), the FM magnetization follows
the external field in a coherent rotation, as shown in the green curve. For smaller Beff the
behavior of the magnetization is more anisotropic, producing hysteresis effects as shown in the
red and green curves. In these cases the AFM order parameter orients the FM magnetization
along the easy axis direction, as it possesses higher exchange stiffness. This effect is overcome
only for larger external fields and the FM magnetization starts to rotate.

For material science applications, the critical switching field, above which no hysteresis
effects occur, is of great interest. In a commercial application, such effects are undesirable,
since then only the state aligned with the easy axis direction is uniquely determined. With-
out hysteresis, the FM magnetization, and in this system also the AFM Néel vector, follow
the external field coherently and their state is known. Below, the above phenomenological
dependence will be quantified and the critical switching field will be determined.

The effective magnetic field is given by Eqn. (8.15), while the coercive field was previously
determined to be given by Eqn. (8.16).

Beff =
tF MF B

Jint ξ MSMF
, (8.15)

Bcoer =
4HanMS tA Jint ξ

4Han tA tF + JintMF tF ξ
. (8.16)

Using the approximation Han tA � JintMF ξ, Eqn. (8.16) can be simplified to Eqn. (8.17).

Bcoer =
4HanMS tA
MF tF

. (8.17)

A linear scaling of the coercive field inHanMS tA and in 1 /MF tF is expected from Eqn. (8.17).
The variation of multiple parameters can be investigated by the variation of the combined
constant 1 /Beff . In order to investigate the critical switching field, defined as the external
field necessary to switch between easy axis directions without hysteresis effects, the coercive
field of the simulated hysteresis loops was investigated for various values of the system pa-
rameters included in 1 /Beff . For all simulations Heff = 0.01, α = 1 were used. Each
simulation was run for 100 time steps, and the equilibrium solution was found by averaging
over the last 20 time steps. Shown in Fig. 8.7 is the coercive field as a function of 1 /Beff .
Larger values of 1 /Beff are fitted linearly. The data taken for the fit is shown in blue, while
the cropped data is colored grey. The approach taken for this homogeneously coupled model
is not valid for small values of 1 /Beff and does not take higher order effects, relevant near
the transition point, into account. The behavior is extrapolated linearly to find the cutoff
value, above which linear scaling is expected.

In the range of 55 < 1 /Beff < 75 of Fig. 8.7 a linear scaling of the coercive field and
1 /Beff is observable. As Beff is linearly dependent on the FM saturation magnetization

58



The Homogeneous Exchange Coupling Model

Figure 8.7: Shown is the coercive field as a function of 1 /Beff . Larger values of 1 /Beff
are fitted linearly. The data taken for the fit is shown in blue, while the cropped data is
colored grey. Error bars of the data are too small to be visible. The approach taken for this
homogeneously coupled model is not valid for small values of 1 /Beff and does not take higher
order effects, relevant near the transition point, into account. The behavior is extrapolated
linearly. Error statistics on the fit can be found in Appendix D.9.

MF and the FM thickness tF , the influences of the variation of both these parameters on the
coercive field can be studied by the variation of Beff .

Towards lower values of 1 /Beff , significant deviation from the linear behavior of Bcoer
versus 1 /Beff is observable and suggests nonlinear influences. The free energy functional
Eqn. (8.1) becomes singular in this case and the system is physically unstable. This point
marks a phase transition from the phase in which both external field and AFM FM coupling
and AFM anisotropy, compete to a phase, where the direction of the external field is dominant
in determining the magnetic ground state. Also the order parameter experiences numerical
fluctuations in this region. Furthermore, the curve does not cut the origin, as suggested by
Eqn. (8.17). The approach to the origin is asymptotic, yielding a linear fit, that crosses the
x-axis at a nonzero value. This behavior leads to a finite value of Beff , for which the coer-
civity vanishes and no hysteresis effects are present in the system. From this finite value of
Beff , the critical switching field, which is of interest here, can be determined.

From the fit, the critical switching field will now be calculated. First, the AFM anisotropy
constant Han is deduced [24], where a bilayer system consisting of Mn2Au and Ni80Fe20 is
considered. The values used in the following calculation are MF = 1.8µB per Ni80Fe20 atom
(µB is the Bohr magneton, 14 Ni80Fe20 atoms per UC), MF = 4µB per Mn2Au atom (10
Mn2Au atoms per UC), tF = 2nm to 10nm, tA = 40nm and Bcoer = 700 Oe for tF = 10nm.

Using Eqn. (8.17), the AFM anisotropy can be determined to be Han ≈ 40 Oe. Next,

59



The Homogeneous Exchange Coupling Model

the quantity Jint ξ is determined using the equation for the coercive field. For this, the above
values including the AFM anisotropy are inserted into into Eqn. (8.16), which is subsequently
solved for Jint ξ. While Han was determined using the approximation Han tA � Jint ξ MF ,
the value is still reasonably applicable in the general case. With this, the AFM FM coupling
strength is determined to be Jint ξ ≈ 6.07 · 1012 1

m2 . Han tA � Jint ξ MF is fulfilled.
In the last step, the fit of the coercive field data is used to determine the critical field. From
the fit 1

Beffcrit

= 31.91± 0.42 (Beff is dimensionless) is observable, where Beff
crit is the value of

Beff under which Bcoer = 0. Inserting into this into the equation for the effective external
field Eqn. (8.15) yields a critical switching field of Bcrit ≈ (1.44± 0.02) Oe.

In summary, a model was constructed, in which switching between states is associated with
hysteresis effects, that can be abolished by applying an external field higher than the critical
switching field. Moreover, the exchange coupling between the AFM and the FM induces
switching caused by an external field into the bulk of the AFM staggered magnetization via
the FM magnetization. A strong exchange field originating from the AFM FM coupling is
generated. This effect is of particular interest for application in novel computing devices with
active AFM elements. The exchange coupling between the magnetization of the FM and the
Néel vector of the AFM allows for effective control of the AFM state by external fields much
lower than usually necessary for AFMs, modulated through the FM magnetization [24]. This
model agrees qualitatively with experimental results for a Mn2Au and Ni80Fe20 bilayer system
[24].
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Chapter 9

Conclusion and Outlook

The aim of this thesis was to provide an understanding of boundary effects in magnetic sys-
tems. Two effects were investigated. In the first part of this thesis, results on boundary
induced surface twists were reproduced [14, 16, 15]. The goal was to analytically calculate
and distinguish the effects of broken symmetries on the boundary conditions and the magnetic
system. A magnetic system with C∞,v symmetry and DMI was considered and the boundary
conditions were derived analytically using functional variation and symmetry analysis. The
description of such a system is akin to ferromagnetic heterostructures, such as Pt/Co/AlOx

[42, 47], which are of special interest for the application in spintronics [8, 9, 10, 17].
DMI is responsible for twisted or canted magnetic structures, whose strength is governed by
a third rank tensor [13, 12]. Here, the antisymmetric components are responsible for spin
canting effects [15], while boundary-induced surface twist states are solely due to the sym-
metric parts of the DMI tensor [14]. Contributions to the magnetic equilibrium state from
the symmetric DMI components arise due to surface terms during the free energy minimiza-
tion. It was determined, that in finite size magnetic systems with strong spin-orbit coupling,
the breaking of inversion symmetry leads to new boundary conditions that impose a non-
homogeneous magnetic ground state on the system [14]. It was found that the full tensorial
structure is required to accurately describe the effects of DMI.
Micromagnetic simulations with mumax3 [46] were used to numerically reproduce DMI-
induced spin canting [16] and boundary-induced surface twist states. In a micromagnetic
model the boundary-induced surface twists lead to a spatial asymmetry in the alteration of
the z-component of the magnetization [16], which was linked to the coupling strength of the
DMI. It was concluded that spin-canting is a bulk effect and surface twist states are an in-
terface effect. The effects of boundary-induced surface twists in FMs is ultimately limited, as
dipole-dipole interactions, which were neglected in this work, would counteract the twisting
alteration of the magnetization at the boundary of the sample. More pronounced effects of
surface twist states were found in AFMs [67].
Further research ideas therefore include combining an AFM and a FM and study the effects
of boundary-induced surface twists in a heterogeneous AFM FM bilayer system. By directly
coupling the AFM Néel vector and the FM magnetization, manipulation of the system’s state
by alteration of surface twist states could be studied. Furthermore, no study of AFM FM
bilayer systems with boundary-induced surface twist states has yet been conducted. More-
over, the properties and dynamic behavior of magnetic DWs would provide insight into how
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switching between different magnetic orientations in such a system could be facilitated. Bulk
and interface switching of the magnetization in a heterosystem could be distinguished. The
study of the influence of DMI at the interface between an AFM and a FM on DWs in either
materials and alterations in DW shape and speed due to the inclusion of DMI would provide
new insights.
The second part of this thesis set out to phenomenologically describe experimental results on
the AFM FM bilayer system Mn2Au/Ni80Fe20 [24]. AFM FM heterosystems are predicted
to have highly desirable properties: They combine the easy and known controllability of a
FM with the high speed dynamics of the AFM [8, 9, 10, 17, 18, 20]. One current ansatz is
to control the AFM layer’s state via external magnetic fields, where the magnetization of the
FM layer acts as a mediator between the external magnetic field and the AFM Néel vector
[24]. A strong exchange interaction directly coupling the FM magnetization to the AFM Néel
vector is proposed, through which the external field strength necessary to alter the state of
the system is much lower compared to purely AFM system.
A model in which the AFM and the FM layer are coupled inhomogeneously was constructed
to study DWs and pinning effects in a FM. In a second model, that coupled the AFM Néel
vector and the FM magnetization homogeneously, the effects of switching the magnetic state
using external magnetic fields were investigated. Both models were based on the Ginzburg
Landau theory of magnetism [27]. In the inhomogeneous AFM FM coupling model, the ex-
change interaction between the FM magnetization and the AFM Néel vector is described via
an effective space-dependent anisotropy in the FM energy density. The AFM domain struc-
ture is mapped into the FM, causing DWs to be present in the FM ground state. It was
analytically calculated that the DW width in the FM decreases by a factor of

√
K⊥

K⊥ + Jint

(K⊥ is the in-plane anisotropy constant, Jint is the AFM FM coupling constant) through the
effective coupling to the AFM compared to the case, where a DW would be present without
the coupling to an AFM.
The explicit space-dependence of the AFM FM coupling term breaks the translational invari-
ance of the system. As a result, the DW in the FM part of the bilayer system is pinned by
the position of the DW in the AFM part. This result remains valid for the inclusion of higher
order interaction terms into the free energy functional, as only terms with explicit spatial
dependence contribute to the DW’s pinning energy.
Applying a perturbative approach starting from the LLG equation [60, 61], a linear scaling
between the pinning energy and the interlayer coupling constant Jint was found. Through
pinning, the FM DW is subject to a restoring force upon infinitesimal translation away from
its equilibrium position. An energy barrier has to traversed to de-pin the DW and subse-
quently either cause DW motion or annihilate the DW. The associated pinning force required
to do so scales linearly with the ratio of anisotropy constants Jint /K⊥. All results of the
inhomogeneous model were acquired both analytically and numerically for both 180◦ and 90◦

DWs. Ultimately, the results obtained with the inhomogeneous ansatz were not comparable
to the experimental results on Mn2Au/Ni80Fe20 [24].
Therefore, a second model with homogeneous AFM FM coupling was constructed to study
hysteresis effects of single domain states in both the AFM and FM. Here, the FM magneti-
zation and the AFM Néel vector were directly coupled. A Lagrangian approach was taken to
derive the differential equations describing the stationary state of the system. Numerically,
hysteresis loops both for the uniaxial variation of the external field strength and continuous
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rotation of the external field angle with constant field strength were simulated using Mathe-
matica [48].
The FM hysteresis for the uniaxial variation of the field strength corresponds to that of a FM
with an easy and a hard axis. This anisotropic behavior stems from the direct coupling of the
FM magnetization to the AFM Néel vector, as no FM anisotropy was explicitly included. For
applications of AFM FM multilayer structures controllability and readability of the system’s
state is important. Magnetic switching, where the system’s state is always uniquely defined,
is crucial. The external field strength required to switch the system’s state without hystere-
sis effects corresponds to the minimum field value that would allow for controlled switching.
It was numerically determined for Mn2Au/Ni80Fe20 [24] to amount to (1.44 ± 0.02) Oe and
qualitatively agrees with the experiment.
Next research steps include estimating the critical domain size in Mn2Au/Ni80Fe20 for vari-
ous applied field strengths by micromagnetic simulation to compare to experimental data [24].
The influence of different forms of defects present in the system is not yet fully understood
[68] and deserves investigation. Furthermore, through the simulation of DW dynamics the
DW velocity could be determined and switching speed in the material be quantified. Also the
study of higher order excitations like spin waves could provide new insights into the system
under consideration. Through the inclusion of more complex anisotropy terms into the AFM
FM coupling model, different material combinations and their switching properties in AFM
FM bilayer systems could be determined. An atomistic approach using the atomistic simula-
tion software vampire [69] would be well suited to study the influence of crystal anisotropies,
as complex crystal structures can be implemented into the simulation. Finally, combining
part one and two of this thesis would be of great interest. Expanding the AFM FM coupling
model with both bulk and surface terms of the DMI and considering DW dynamics in systems
with distinguished crystal symmetries would pave the way to an understanding necessary to
construct novel spintronic devices.
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Walk by Faith, 
 Not by Sight.

2 Corinthians 5:7
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A Supplemental Material to the Calculation of Boundary-Induced
Surface Twist States

A.1 Functional Variation of Symmetric Exchange

In the following the individual contributions to the free energy are minimized. Keep in mind
that additionally to the bulk contribution, a surface contribution proportional to the surface
normal vector has to arise for terms containing derivatives. Standard methods are used for
functional differentiation [70, 71].

δFe
δφk

= εlmn [m(x)]m lim
ε→0

1

ε

[ ∫

V

d3x Jij ∂i[m(x) + ε êl δm(x)]k

∂j [m(x) + ε êl δm(x)]k −
∫

V

d3x Jij ∂i[m(x)]k ∂j [m(x)]k

]

= εlmn [m(x)]m lim
ε→0

1

ε

[ ∫

V

d3x

(
Jij ∂i[m(x)]k ∂j [ε êl δm(x)]k

+ Jij ∂i[ε êl δm(x)]k ∂j [m(x)]k

)]

Jijsym.
= εlmnmm

[ ∫

V

d3x 2∂jJij [m(x)]k ∂iδlk [δm(x)]k

]

= εlmn [m(x)]m

∫

V

d3x

[
− δlk [δm(x)]k2∂i∂jJij [m(x)]k + 2∂i

(
∂jJij [m(x)]k δlk [δm(x)]k

)]

= εlmn [m(x)]m δlk

[
− 2

∫

V

d3x [δm(x)]k ∂i∂jJij [m(x)]k + 2

∮

∂V

d2x [δm(x)]k ni ∂jJij [m(x)]k

]

= εlmn [m(x)]m δlk

[
− 2Jij ∂i∂j [m(x)]k + 2 [δm(xi)]k ni Jij ∂j [m(x)]k

]
, (1)

where δm(x) represents a very small variation of the magnetization [71, 70].
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A.2 Functional Variation of Dzyaloshinskii-Moriya Antisymmetric Exchange
Interaction

δFD
δφk

= εlmn [m(x)]m lim
ε→0

1

ε

[ ∫

V

d3x Dijk [m(x) + ε êl δm(x)]i ∂j [m(x) + ε êl δm(x)]k

−
∫

V

d3x Dijk [m(x)]i∂j [m(x)]k

]

= εlmn [m(x)]m lim
ε→0

1

ε

[ ∫

V

d3x
[
Dijk [m(x)]i ∂j [ε êl δm(x)]k +Dijk [ε êl δm(x)]i∂j [m(x)]k

]]

= εlmn [m(x)]m

∫

V

d3x

[
Dijk [m(x)]i ∂j [δm(x)]k δlk +Dijk [δm(x)]i δli ∂j [m(x)]k

]

p.i.
= εlmn [m(x)]m

[
−
∫

V

d3x [δm(x)]k δlkDijk ∂j [m(x)]i +

∮

∂V

d2x nj Dijk [m(x)]i [δm(x)]k δlk

+Dijk δli ∂j [m(x)]k

]

= εlmn [m(x)]m

[
Dijk δli ∂j [m(x)]k −Dijk δlk ∂j [m(x)]i + δlkDijk [δm(x)]j nj [m(x)]i

]

= εlmn [m(x)]m

[
− δlk (Dijk −Dkji) ∂j [m(x)]i + δlkDijk [δm(x)]j nj [m(x)]i

]
. (2)

where in the step market "p.i.", abbreviating integration by parts, again the product rule for
the divergence with subsequent application of the divergence theorem was used.

A.3 Functional Variation of External Field and Anisotropy

As both the energy functional contributions originating from the coupling to an external
magnetic field and the anisotropy field do only depend on the magnetization linearly and
not any derivative of the magnetization, an effective field can be defined. This is shown in
Eqn. (3) for the case of the external field.

δFh
δφk

= εlmn [m(x)]m lim
ε→0

1

ε

(∫

V

d3x Fh[m(x) + ε êl δm(x)]−
∫

V

d3x Fh[m(x)]

)

= εlmn [m(x)]m
∂Fh
∂ml

= εlmn [m(x)]m (−Hh)l. (3)

A.4 Application of the Symmetry Conditions to Find the Magnetic BCs

The DMI free energy density FD, the internal DMI effective field HD and the boundary
induced DMI effective field ΓΓΓD are given by Eqns. (6), (7) and (9).
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FD = Dzxxmz ∂xmx + Dzyymz ∂ymy + Dxxzmx ∂xmz + Dyyzmy ∂ymz (4)
+ Dzzzmz ∂zmz + Dxzxmx ∂zmx + Dyzymy ∂zmy

= Dzxx (mz ∂xmx + mz ∂ymy + mz ∂zmz − mz ∂zmz ) +

Dxxz (mx ∂xmz + my ∂ymz + mz ∂zmz − mz ∂zmz ) + Dzzzmz ∂zmz +

Dxzxmx ∂zmx + Dyzymy ∂zmy︸ ︷︷ ︸
Dxzx (mx ∂zmx+my ∂zmy +mz ∂zmz −mz ∂zmz )=Dxzx (

1
2
∂z |m|2−mz ∂zmz )=−Dxzxmz ∂zmz

(5)

=
Dzxx − Dxxz

2

(
mz ∂xmx + mz ∂ymy − mx ∂xmz − my ∂ymz

)
+

Dzxx + Dxxz

2

(
mz ∂xmx + mx ∂xmz + mz ∂ymy + my ∂ymz + 2mz ∂zmz

)
+

(Dzzz − Dxzx − Dzxx − Dxxz)mz ∂zmz

= DA
1

(
mz (∇ ·m) − m · ∇mz

)
+
(
D23 − 2DS

1

)
mz ∂zmz + DS

1 ∇ · (mzm), (6)

HD = ẑ
[
(Dxxz − Dzxx) [∂xmx + ∂ymy]

]
+ ŷ

[
(Dzyy − Dyyz) [∂ymx]

]
+

x̂
[
(Dzxx − Dxxz) [∂xmz]

]

= (Dzxx − Dxxz)
[
− ẑ∂xmx − ẑ∂ymy + x̂∂xmz + ŷ∂ymz

]

= 2DA
1

(
∇mz − (∇ ·m) ẑ

)
, (7)

ΓΓΓD = Dxxzmx nx ẑ + Dyyzmy ny ẑ + Dxzxmx nz x̂ + Dzxxmz nx x̂+

Dyzymy nz ŷ + Dzyymz ny ŷ + Dzzzmz nz ẑ

(8)

=

(
Dzxx + Dxxz

2
+
Dzxx − Dxxz

2

)
m× (n× ẑ) + Dxzx nzm

[
2
Dzxx + Dxxz

2
(nxmx + nymy) + (Dzzz − Dxzx)nzmz

]
ẑ

= (DS
1 +DA

1 )m× (n× ẑ) + DS
2 nzm +

[
2DS

1 (nxmx + nymy) + D23 nzmz

]
ẑ. (9)

where from the first equality to the second one Eqn. (10) was used.

Dzxx




mz nx
mz ny

−mx nx − my ny


 = Dzxx



mx

my

mz


×






nx
ny
nz


× ẑ


 (10)
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A.5 Magnetic Equilibrium State for the C∞,v Point Group

Fe = Jzz ∂zm ∂zm

= Jzz
(
∂zcosψ ∂zcosψ + ∂zsinψ ∂zsinψ

)

= Jzz
(

sin2 ψ (∂zψ)2 + cos2 ψ (∂zψ)2
)

= Jzz (∂zψ)2. (11)
FD = Dizkmi ∂zmk

= Dxzxmx ∂zmx + Dzzzmz ∂zmz

= Dxzx cosψ (−sinψ) ∂zψ + Dzzz cos psi sinψ ∂zψ

= (Dzzz − Dxzx) sinψ cosψ ∂zψ

=
D23

2
sin(2ψ) ∂zψ. (12)

Fh = −hz sinψ. (13)

Fa = Ku sin2 ψ. (14)

Now, the free energy is minimized with respect to ψ. This is done most elegantly by first
calculating the functional variation using a Taylor expansion and then minimizing the result.

δ Fe
δψ

=
δ

δψ

( d∫

−d

dz Jzz
(
∂z (ψ + δψ)

)2 −
d∫

−d

dz Jzz ( ∂zψ )2
)

=
δ

δψ

( d∫

−d

dz Jzz 2 ∂zψ ∂zδψ + O(δψ2)

)

=
δ

δψ

(
δψ 2 Jzz nz ∂zψ|z=±d − δψ 2 Jzz ∂

2
zψ

)

= 2 Jzz nz ∂zψ|z=±d − 2 Jzz ∂
2
zψ = 0. (15)

δ FD
δψ

=
δ

δψ

( d∫

−d

dz
D23

2

(
sin(2ψ) + 2 cos(2ψ) δψ

)
∂z(ψ + δψ)−

d∫

−d

dz
D23

2
sin(2ψ) ∂zψ

)

=
δ

δψ

( d∫

−d

dz
D23

2
2 cos(2ψ) δψ ∂zψ +

d∫

−d

dz
D23

2
sin(2ψ) ∂zδψ + O(δψ2)

)

=
δ

δψ

( d∫

−d

dz
D23

2
2 cos(2ψ) δψ ∂zψ −

d∫

−d

dz
D23

2
2 cos(2ψ) δψ ∂zψ
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+ nz
D23

2
sin(2ψ) δψ|z=±d

)

= nz
D23

2
sin(2ψ)|z=±d = 0. (16)

δ Fh
δψ

=
δ

δψ

(
−

d∫

−d

dz hz
(
sin(ψ) + cos(ψ) δψ

)
+

d∫

−d

dz hz sin(ψ)

)

= − δ

δψ

d∫

−d

dz hz cos(ψ) δψ

= −hz cosψ = 0. (17)

δ Fa
δψ

=
δ

δψ

( d∫

−d

dz Ku

(
sin(ψ) + cos(ψ) δψ

)2 −
d∫

−d

dz Ku sin2(ψ)

)

=
δ

δψ

( d∫

−d

dz Ku 2 sin(ψ) cos(ψ) δψ + O(δψ2)

)

= Ku sin(2ψ) = 0. (18)

B Micromagnetic Simulation of Surface Spin Canting in Chiral
Ferromagnets

The micromagnetic framework mumax3 [46] has the Néel type boundary induced DMI imple-
mented as standard. This was used here to simulate spin canting [15]. The system parameters
and their respective names in mumax3 and in this thesis are summarized in Tab. 1.

Parameter mumax3 Thesis Part I Thesis Part II

Saturation Magnetization Msat MS MS

Uniaxial Anisotropy Ku1 Ku K⊥
Exchange Constant Aex J A

DMI Constant Dind (only bulk) d

External Field Bext B, hz h

Table 1: Simulation parameters of mumax3 and the corresponding constants used in the
calculations of part I and II of this thesis.

1 //**********************************************************************//
2 Simulation of Rohart Thiaville Spin Canting
3 To be run on main or feature/dmi branch of mumax3
4 Parameter values taken from Everschor -Sitte and Hals
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5

6

7 Author: Tobias Wagner
8 TWIST/INSPIRE Group , Institute of Physics , KOMET 8
9 9/30/2020 , Mainz Germany

10 //**********************************************************************//
11

12 cs := 1e-9
13 setgridsize (256 ,62 ,1)
14 setcellsize(cs ,cs,cs)
15 // setpbc (1,1,0)
16 enabledemag = false
17 AnisU = vector (0, 0, 1)
18 Aex = 1.6e-11
19 Msat = 5.8e5
20 Ku1 = 5.1e5
21 Dind = -3.6e-3
22

23 m = uniform (0,0,1).add(0.1, randommag ())
24 minimize ()
25 save(m)
26 tablesave ()

C Micromagnetic Simulation of Surface-Induced Twist States
in Chiral Ferromagnets

The implementation of the full tensorial structure of the DMI interaction by Jeroen Mulkers
[49] can be found in the "feature/dmitensor" branch [72] of mumax3 [46]. The file containing
the actual code of the effective field is to be found under "cude/dmitensor.cu" and the API
in "engine/ext_dmitensor.go".

C.1 Estimation of Numerical Error through Finite Differences

In mumax3 [46] only the antisymmetric components of the DMI tensor are implemented as
standard. The symmetric parts were added by Jeroen Mulkers [49] in order to study the
effects of surface twists. For this, the DMI energy density Eqn. (2.15) has to be discretized, as
in the micromagnetic approach the differential equations describing the magnetic interactions
are solved for discrete cells of volume in the sample. Consider the one dimensional case of
DMI, in which no index is assigned to the partial derivative in Eqn. (2.15). Discretization of
the terms with finite differences [50] yields Eqn. (19) [49]. Here, the implicit sum is taken only
over the indices i and k, not over α. h is the increment over which the derivative is taken.

FD = Dik
mα+1
i + mα

i

2

mα+1
k − mα

k

h
. (19)

Then, the energy density terms, in which the interactions of cell α with the cells α + 1
(labelled with +) and α − 1 (labelled with −) plays a role, is given by Eqn. (20) [49].
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Figure 1: The relative error between the left hand side and the right hand side of Eqn. (5.9)
due to the use of finite differences in approximating the derivative. The relative error is shown
both for the top and bottom surface of a finite thickness infinite plane film as a function of
the cell size used in the simulation. The code was written by Jeroen Mulkers and is shown in
Appendix C.1. [49]

FαD =
Dik

2h

(
(mα,+

i + mα− 1,+
i ) (mα,+

k − mα− 1,+
k ) + (mα+1,−

i + mα,−
i ) (mα+1,−

k + mα,−
k )

)
.

(20)

The effective field hαj in cell α is given by Eqn. (21) [49].

hαj = − ∂FD
∂mα

j

= −
(Dji − Dij

2h
(−mα− 1,+

i + mα+1,−
i ) +

Dji + Dij

2h
(mα,+

i − mα,−
i )

)
.

(21)

For bulk cells the second term cancels, while for boundary cells the first term cancels. The
bulk contribution of the first term corresponds to HD and the boundary contribution in the
second term corresponds to ΓD in Eqn. (3.4).

The implementation of the full tensorial structure of the DMI interaction by Jeroen Mulk-
ers [49] can be found in the "feature/dmitensor" branch [72] of mumax3 [46]. The file con-
taining the actual code of the effective field is to be found under "cude/dmitensor.cu" and
the API in "engine/ext_dmitensor.go".

Through the usage of finite differences [50] a numerical source of error is introduced. To
quantify this error, consider Eqn. (5.9). In the code presented in below, the approximated
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left hand side and the exact right hand side of Eqn. (5.9) are calculated and their relative
discrepancy determined in dependence on the cell size used in the simulation. This is done for
the top and bottom surface of a finite thickness infinite film, each. In this simulation, only the
symmetric DMI tensor components are used. Beware, that in the definition of the DMI tensor
components used by mumax3, the indices are permutated with respect to standard notation.
The first index corresponds to the partial derivative in the DMI energy density and then the
magnetization components follow from left to right. Furthermore, in this code, the spatial
axes y and z are interchanged (0 ∧

= x, 1
∧
= z, 2

∧
= y) for better numerical performance,

as recommended by Jeroen Mulkers. The anisotropy vector was chosen along the z orien-
tation (in-plane anisotropy). The parameters used are rescaled in units of the length scale
ξ =

√
J
Ku

for simplicity: J = 1 J
l.u. (exchange constant), Ku = −1 J

l.u.3
(uniaxial anisotropy

constant), MS = 1 A
l.u. (saturation magnetization), hz = 0.5 T in the z orientation (external

field), D = 0.6 J
l.u.3

(D is the isotropic DMI coupling strength). l.u. is one length unit. For
micromagnetic simulations 1 l.u, = 1 nm unless otherwise noted. The strength of the DMI
coupling was chosen such that boundary-induced surface twists are clearly observable [16].
In order to observe boundary-induced surface twist states, an asymmetry between the top
and bottom surfaces of the infinite film has to be introduced [43]. In the following simulations
this is done by the application of an external field. It can be shown that the effects of de-
magnetization in this system can be included into the uniaxial anisotropy term and, as such,
only slightly modify the anisotropy constant: Kc = Ku − µ0M

2
S / 2 (µ0 is the magnetic

permeability and Kc is the modified anisotropy constant) [16]. The sample thickness was
chosen to be corresponding to 10 nm and the cell size was chosen as cs = d /ny.
Iteratively, ny was varied between 100 and 1000, thereby iterating through different cell sizes
in the simulation. Periodic and open boundary conditions were used in x and y. Using the
magnetization at the outermost cells, the right hand side of Eqn. (5.9) is calculated directly
and the left hand side approximated with finite differences. The relative errors between the
left hand side and the right hand side of Eqn. (5.9) are shown in Fig. 1.
The relative error shown in Fig. 1 decreases for decreasing cell size and converges to zero for
both the top and bottom surfaces. The numerical accuracy of the micromagnetic simulation
of boundary-induced surface twists is increased by using smaller cell sizes. Yet, the cell size
should not be chosen too small, as the micromagnetic approach is not fit to simulating systems
on length scales smaller than the length scale ξ =

√
J
Ku

. Unless noted otherwise, a cell size
of 1 nm was used for micromagnetic simulations.

The following code was written by Jeroen Mulkers [49].

1 //
2 // Test BC for boundary induced DMI
3 // (For optimization reasons y<->z)
4 //
5

6 d := 10. // sample thickness
7 enabledemag = false
8 anisU = vector (0,1,0)
9 Aex = 1

10 Ku1 = -1
11 Msat = 1
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12 B_ext = vector (0 ,0.5,0)
13 DMI := 0.6
14 ext_dmitensor (1,0,0 , DMI)
15 ext_dmitensor (1,2,2 , DMI)
16 ext_dmitensor (1,1,1 ,-DMI)
17

18 // output parameters
19 BClhs_top := 0.; BCrhs_top := 0.; BCerr_top := 0.
20 BClhs_bot := 0.; BCrhs_bot := 0.; BCerr_bot := 0.
21 cs := 0.
22 tableaddvar(cs ,"cs","")
23 tableaddvar(BClhs_top ," BClhs_top ","")
24 tableaddvar(BCrhs_top ," BCrhs_top ","")
25 tableaddvar(BCerr_top ," BCerr_top ","")
26 tableaddvar(BClhs_bot ," BClhs_bot ","")
27 tableaddvar(BCrhs_bot ," BCrhs_bot ","")
28 tableaddvar(BCerr_bot ," BCerr_bot ","")
29

30 // loop over the cell size (by changing the number of cells)
31 for ny := 100; ny <= 1000; ny +=100 {
32 cs = d/ny
33 setcellsize(cs ,cs,cs)
34 setgridsize (1,ny ,1)
35 setpbc (1,0,1)
36 m = uniform (1,0,0).add(0.1, randommag ())
37 minimize ()
38 // -- BC at bottom -----------------------------
39 th0 := atan2(m.getcell (0,0,0).y(),m.getcell (0,0,0).x())
40 th1 := atan2(m.getcell (0,1,0).y(),m.getcell (0,1,0).x())
41 BClhs_bot = (th0 -th1)/cs
42 BCrhs_bot = (DMI /(2* Aex.getregion (1)))*sin(2* th0)
43 Bcerr_bot = abs((BClhs_bot -BCrhs_bot)/BCrhs_bot)
44 // -- BC at top --------------------------------
45 th0 = atan2(m.getcell(0,ny -2,0).y(),m.getcell(0,ny -2,0).x())
46 th1 = atan2(m.getcell(0,ny -1,0).y(),m.getcell(0,ny -1,0).x())
47 BClhs_top = (th0 -th1)/cs
48 BCrhs_top = (DMI /(2* Aex.getregion (1)))*sin(2* th0)
49 Bcerr_top = abs((BClhs_top -BCrhs_top)/BCrhs_top)
50 tablesave ()
51 }
52 save(m)

C.2 Micromagnetic Simulation of Boundary-Induced Surface Twist States

Micromagnetic simulations pose a viable option to study the full scope of the influence of
boundary-induced surface twists [16]. A system was constructed of 1 × 1 × 32 cells, where
one cell has the dimensions 1 nm× 1 nm× 1 nm. Periodic and open boundary conditions are
used in x and y. Using an in-plane anisotropy, the system parameters are: J = 1 · 10−11 J

m
(exchange constant), Ku = 7.1 · 105 J

m3 (uniaxial anisotropy constant), MS = 1 · 106 A
m

(saturation magnetization), hz = 1 T in the z orientation (external field), D = 1.9 · 10−3 J
m3

(DMI coupling strength) [14, 16]. Again, only the symmetric DMI tensor components are
used to isolate the influence of boundary-induced surface twists on the sample.

1 //**********************************************************************//
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2 // Simulation of Surface -Induced Twist States (symmetric DMI Tensor)) //
3 // To be run on feature/dmitensor branch of mumax3 //
4 // Parameter values taken from Everschor -Sitte and Hals PRL119 //
5 // //
6 // Author: Tobias Wagner //
7 // TWIST/INSPIRE Group , Institute of Physics , KOMET 8 //
8 // 28/07/2021 , Mainz Germany //
9 //**********************************************************************//

10

11 cs:=1e-9
12 setcellsize(cs ,cs,cs)
13 setgridsize (1,1,32)
14 setpbc (1,1,0)
15

16 enabledemag = false
17 anisU = vector (1,0,0)
18 Aex = 1e-11
19 Ku1 = 7.1e5
20 Msat = 1e6
21 h0:=1.0
22 B_ext = vector(0,0,h0)
23 DMIA := 1.9e-3
24

25 ext_dmitensor (2,0,0 , DMIA)
26 ext_dmitensor (2,1,1 , DMIA)
27 ext_dmitensor (2,2,2 ,-DMIA)
28

29 m = uniform (1,0,0).add(0.1, randommag ())
30 relax()
31 // SaveAs(m, sprintf (" surface_twist_%f_Jm -3 _20210728.ovf",DMIA))
32 SaveAs(m, sprintf (" surface_twist_%f_T_20210728.ovf", h0))
33 // SaveAs(m, "surface_twist_0 .5e-9 _cellsize_20210728.ovf")

D Supplemental Material to Bilayer Antiferromagnetic-Ferromagnetic
Domain Mapping

D.1 mumax3 Code for 180◦ Domain Wall

In the following munmax3 code a FM that is coupled to an AFM through an effective space-
dependent anisotropy is simulated. The effective anisotropy was modeled as an external field,
as it couples linearly in the magnetization. Due to the interlayer coupling a 180◦ DW is
generated in the FM.

1 //
2 // 180 DW in FM mapped by AFM
3 // Tobias Wagner
4 // INSPIRE TWIST Group JGU Mainz
5 // 7.1.2021
6 //
7

8 setgridsize (64 ,64 ,1)
9 setcellsize (0.1 ,0.1 ,0.1)

10 // setpbc (1,1,0)
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11

12 enabledemag = false
13 AnisU = vector (1,0,0)
14 Aex = 1
15 Msat = 1
16 Ku1 = 1
17 defregion(1, xrange(-inf , 0))
18 B_ext.setregion (1, vector (1,0,0))
19 defregion(2, xrange(0,inf))
20 B_ext.setregion (2, vector (-1,0,0))
21

22 m = uniform (0,1,0).add(0.1, randommag ())
23 relax()
24 minimize ()
25 tablesave ()
26 save(m)

D.2 mumax3 Code for 90◦ Domain Wall

In the following munmax3 code a FM that is coupled to an AFM through an effective space-
dependent anisotropy is simulated. The effective anisotropy was modeled as an external field,
as it couples linearly in the magnetization. Due to the interlayer coupling a 90◦ DW is
generated in the FM.

1 /*
2 90 DW in FM mapped by AFM
3 Tobias Wagner
4 INSPIRE / TWIST Group JGU Mainz
5 7.1.2021
6 */
7

8 setgridsize (64 ,64 ,1)
9 setcellsize (0.1 ,0.1 ,0.1)

10 // setpbc (1,1,0)
11

12 enabledemag = false
13 AnisC1 = vector (1,0,0)
14 AnisC2 = vector (0,1,0)
15 Aex = 1
16 Msat = 1
17 Kc3 = 1
18 defregion(1, xrange(-inf , 0))
19 B_ext.setregion (1, vector (1,0,0))
20 defregion(2, xrange(0,inf))
21 B_ext.setregion (2, vector (0,1,0))
22

23 m = uniform (0,1,0).add(0.1, randommag ())
24 relax()
25 minimize ()
26 tablesave ()
27 save(m)
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Figure 2: Numerical integration of the 90◦ DW energy density Eqn. (7.13) in order to obtain
the DW energy as a function of the ratio of coupling constants (blue dots). Uncertainties of
the numerical data are too small to be visible in this figure.

D.3 90◦ Domain Wall Energy

In order to calculate the DW energy for the 90◦ case, the energy density given in Eqn. (7.13)
is directly integrated along φ from 0 to π

2 for values of Jint
K⊥
∈ [0, 10]. The numerical data is

shown in Fig. 2.

D.4 Calculation of the Normalization of the Derivative of the Equilibrium
Solution of the 180◦ Domain Wall

The normalization condition for φ′0(ξ) is given by Eqn. (22).

1

xDW
=

4

xDW
N
(Jint
K⊥

)2 ∫ ∞

−∞
dx

cosh2(x)
Jint
K⊥
Jint
K⊥ +1

(
1 +

Jint
K⊥
Jint
K⊥ +1

sinh2(x)
)2 , (22)

where x = ξ− ξDW
xDW

and N
(
Jint
K⊥

)
is the normalization constant. The integration is not pos-

sible analytically. Different values of x were considered, and the resulting integrals fitted, as
shown in Fig. 3. The fit uncertainty statistics are shown in Tab. 2. Thereby, the fit of the
normalization constant N of φ′0(ξ) is given by Eqn. (23).

N =

√
1

4

1

0.08 + 0.98
√

4.07x + 1
. (23)
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Figure 3: The data points represents the numerical integration of ψ′20 (ξ) for different values
of 1

x2res
. These were fitted to determine the normalization constant N . The fit uncertainty

statistics are shown in Tab. 2. Uncertainties of the numerical data are too small to be visible
in this figure.

The righthand side of Eqn. (7.35) can be determined. The resulting pinning energy eigen-
value is given by Eqn. (24).

ε(x) = M2
S

√
2x3 + x2

4 ∗
(
0.08 + 0.98

√
4.07x + 1

) . (24)

Estimate Standard Error
a 0.983483 0.001997

b 4.06557 0.01518

c 0.0773738 0.0012535

Table 2: Parameter values for the fit function f
(
Jint
K⊥

)
= c + a

√
b JintK⊥

+ 1.

D.5 Fit of the 180◦ DW Pinning Energy Dependence on Anisotropy Con-
stants

In Fig. 7.7 the dependence of the 180◦ DW pinning energy on the ratio of anisotropy constants
Jint
K⊥

is shown. To visualize the linear behavior of the relation, a fit of the form f
(
Jint
K⊥

)
=

a + b JintK⊥
is applied. The uncertainty statistics of this fit suggest good agreement with the

predicted linear behavior and are shown in Tab. 3.
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Estimate Standard Error
a 0.011148 0.000317

b 0.177215 0.000055

Table 3: Parameter values for the fit function f
(
Jint
K⊥

)
= a + b JintK⊥

.

D.6 90◦ DW Pinning Energy

The equilibrium condition of Eqn. (7.19) can be rewritten as shown in Eqn. (25).

−Aφ′′ + Jint sin
(
φ θ
( ξ
L

) π
4
− π

4

)
+
K⊥
4

sin(4φ) = 0. (25)

Considering the variation φ(ξ) = φ0(ξ) + δφ(ξ) with δφ(ξ) = φ′0(ξ)xDW and expanding
around φ0(ξ) yields Eqn. (26).

−A d2

dξ2
φ′0(ξ)xDW +

K⊥
4

cos(4φ0(ξ))φ
′
0(ξ)xDW +

Jint cos
(
φ0(ξ) − θ

( ξ
L

) π
4
− π

4

)
φ′0(ξ)xDW = ε φ′0(ξ)xDW , (26)

Differentiating the equilibrium condition Eqn. (25) with respect to ξ at φ = φ0(ξ) yields
Eqn. (27).

Aφ′′′0 = −Jint cos
(
φ0 − θ

( ξ
L

π

4
− π

4

)(
φ′0 −

1

L

π

4
δ(
ξ

L

))
− K⊥ cos(4φ0)φ

′
0. (27)

Now Eqn. (27) is inserted into Eqn. (26). Similarly to the case of the 180◦ DW case, this
equation can be rewritten into an eigenvalue problem shown in Eqn. (28).

∫ ∞

−∞
dξ

π

4
δ
( ξ
L

) Jint
L

cos
(
φ0(ξ) − θ

( ξ
L

) π
4
− π

4

)
φ′0(ξ) =

∫ ∞

−∞
dξ

ε

M2
S

φ′20 (ξ). (28)

These integral expressions are solved numerically for different values of Jint
K⊥

∈ [0, 10]. By
isolating ε, the desired dependency is plotted in Fig. 4.

A linear fit of the numerical data in Fig. 4 (fit uncertainty statistics are shown in Tab. 4)
shows the linear behavior ε ∼ Jint

K⊥
, which was already found for the 180◦ DW case. Also for

the 90◦ DW case the DW is pinned for all Jint 6= 0.

Estimate Standard Error
a 0.00697371 0.00017642

b 0.0533306 0.0000305

Table 4: Parameter values for the fit function f
(
Jint
K⊥

)
= a + b JintK⊥

.
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Figure 4: The data points represents the numerical integration which yields the pinning
energy for different values of 1

x2res
. These were fitted with a linear function. The fit uncertainty

statistics are shown in Tab. 4. Uncertainties of the numerical data are too small to be visible
in this figure.

D.7 180◦ DW Pinning Force

For integration purposes of the DW profile close to its equilibrium position, the equilibrium
solution given in Eqn. (30) can be approximated. The numerical solution of the equilibrium
solution of Eqn. (29) for the case Jint = 1 J

m3 , K⊥ = 1 J
m3 , A = 1 J

m , was fitted with a
function of the form f(ξ) = −tanh((a +

√
2) · ξ). In Fig. 5 both the numerical DW profile

and the fit are shown. Good agreement of the fit with the data is quantified with the fit
uncertainty statistics in Tab. 5.

−Aφ′′(ξ) + K⊥
1

2
sin(2φ(ξ)) − Jint θ

( ξ
L

)
sin(φ(ξ)) = 0. (29)

φ0(ξ) =





2 arctan
[

1
xres

sinh
(
ξ+ ξDW
xDW

)]
, ξ > 0

2 arccot
[

1
xres

sinh
(
− ξ− ξDW

xDW

)]
, ξ < 0

(30)

Estimate Standard Error
a 0.153047 0.002263

Table 5: Parameter values for the fit function f(ξ) = −tanh((a + 1
xres

) · ξ
xDW (Jint=0)).

The dependence between the pinning force and Jint
K⊥

in Fig. 7.9 was fitted with a linear
function of the form f(JintK⊥

) = a + b JintK⊥
. Tab. 6 indicates good agreement between fit and
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Figure 5: The data points represent the numerical integration, which yields the DW profile
for Jint = 1 J

m3 , K⊥ = 1 J
m3 , A = 1 J

m . The fit uncertainty statistics are shown in Tab. 5.
Uncertainties of the numerical data are too small to be visible in this figure.

data.

Estimate Standard Error
a −0.00454795 0.00025509

b 1.99995 0.00005

Table 6: Parameter values for the fit function f(JintK⊥
) = a + b JintK⊥

.

D.8 90◦ DW Pinning Force

Following the same line of thought as for the 180◦ DW case, the numerical solution of the
equilibrium condition Eqn. (7.19) is fitted in Fig. 6.

Estimate Standard Error
a (ξ < 0) −0.0620367 0.0013753

b (ξ < 0) −0.875709 0.000408

a (ξ > 0) −0.0632406 0.0013942

b (ξ > 0) 0.8762 0.0004

Table 7: Parameter values for the fit function f(ξ) = tanh((a +
√

2) · ξ + b).
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Figure 6: Blue dots indicate the numerical solution of the 90◦ DW profile. The left plot shows
mx for ξ < 0, the right plot shows my for ξ > 0. Red curves indicate the fit of the numerical
data, with the fit function shown in the inset of the plots, respectively. Uncertainty statistics
of the fits are shown in Tab. 7. Uncertainties of the numerical data are too small to be visible
in this figure.

Wint =

{
− JintmxMs , ξ < 0,

− JintmyMs , ξ > 0.
(31)

Next, the fit function is inserted into the energy density Eqn. (32), which is subsequently
integrated, yielding the force potential Eqn. (33).

W =
1

2
A
∑

i=x,y

(∂im)2 +
1

2
K‖m

2
z −

1

4

K⊥
M2
S

(m4
x + m4

y) +Wint − m · h + Wdip. (32)

U
(
y,
Jint
K⊥

)
=

∫
dξ ω

(
ξ, φ0(ξ − y),

Jint
K⊥

)
. (33)

Differentiation with respect to ξ yields the restoring force in Eqn. (34).

F
(
y,
Jint
K⊥

)
= −

∂U
(
y, JintK⊥

)

∂y
. (34)

This restoring force is plotted as a function of the displacement y in Fig. 7. Because the
restoring force is a potential force, as shown in Eqn. (34), it has opposite sign compared to
the potential. The general shape of the behavior shown in Fig. 7 is thereby dictated by the
applied boundary conditions. The restoring force is at a minimum in the equilibrium position
of the DW and rises to the same threshold level for ξ → ±∞.
The pinning force necessary to de-pin the DW is then equal or higher than the maximum of
the restoring force in y for each value of JintK⊥

, as indicated in Eqn. (35).

Fpinning

(Jint
K⊥

)
:= Max

[
F
(
y,
Jint
K⊥

)
, y
]
. (35)

A linear dependence between the pinning force and the ratio of anisotropy constants is
shown in Fig. 8. Direct comparison between the 180◦ DW and 90◦ DW case is not advisable,
as, in the former case, a second order FM anisotropy was used, while a fourth order FM
anisotropy was considered in the latter.
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Estimate Standard Error
a 0.00000 0.00000

b 1.99976 0.00000

Table 8: Parameter values for the fit function f(JintK⊥
) = a + b JintK⊥

.

D.9 Homogeneous Model Critical Switching Field

Estimate Standard Error
a −0.43729 0.00521

b 0.0137038 0.0000793

Table 9: Parameter values for the fit function f( 1
Beff

) = a + b 1
Beff

.
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