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1 Abstract

Many physical systems like the classical 2D XY model possess an unconvention-
al phase transition. Analyzing such systems can be time-consuming because
of a shift in the effective critical temperature for finite size systems (Ref [1]).
Artificial neural networks which have been previously applied to convention-
al phase transitions in simple models like the Ising model (Ref [2]) might al-
so be applicable for the recognition of unconventional phase transitions. The
Kosterlitz-Thouless transition in the XY model is a transition from bound to
unbound vortex pairs. We will discuss and test the possibility of using neural
network applications for the analysis of the unconventional Kosterlitz-Thouless
transition. As the first step of my Master thesis, we implemented a Monte Carlo
simulation for the classical 2D XY model using the susceptibility as a measure.
The susceptibility peaks at the critical temperature and is a good indication
for the finite size corrected position of the critical temperature of finite-sized
systems (Ref [3]). Using an artificial neural network with convolutional layers
we will try to predict the phase transition point for various lattice sizes of the
classical XY simulation. We will compare those results with our susceptibility
prediction for the critical temperature. We will show the size dependency for
smaller system sizes and we will try to verify the shift in the critical temper-
ature caused by finite-size effects. In a second step, we will show that we can
apply artificial neural networks, consisting of convolutional layers, to find the
positions of topological defects in the XY simulation data.
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2 Introduction

The motivation for this project is to simulate, analyze and predict certain prop-
erties in the classical XY model. The classical XY model is a two-dimensional
spin model with spins oriented in a two-dimensional plane. The first chapter
of this thesis will focus on the theoretical background needed to understand
this model and the simulation techniques we want to use (Section [3], Section
[4]). Afterward, we will introduce the concept of artificial neural networks in
the field of Machine Learning and how we plan to implement them in this thesis
(Section [5]). Next, we will discuss the Metropolis algorithm for the classical
2D XY model and test the simulation using observables like the susceptibili-
ty (Section [6]). After that, we will implement an artificial neural network to
predict the critical temperature from raw simulated spin data with different
system sizes. The first Machine Learning implementation is the prediction of
the critical temperature from raw spin data. Different system sizes are used for
testing (Section [7]). In the last step, we will implement a neural network to
find emerging structures in the XY simulation called vortices (and anti-vortices)
(Section [8]). Finally, we will conclude our findings and how we can and cannot
use Deep Learning techniques in those physical problems.

2.1 Classical XY model introduction

The classical 2D XY model is a two-dimensional model used in physics to de-
scribe spin systems that are constrained in two spatial dimensions. It is an
extension to the 2D Ising model, which was first proposed by Ernst Ising in
1924 (Ref [4]). In the 2D Ising model we have a two dimensional lattice where
the spins (Si, Sj)can be either +1 or -1. Both the Ising and the XY model share
the same Hamiltonian, which was first proposed by Werner Heisenberg in 1928
(Ref [5]):

HHeis =
∑
<i,j>

SiSj + hSi (1)

With
∑
<i,j> being the sum over the nearest neighbors and h being an external

field. In the classical XY model, the spins can fluctuate in a two-dimensional
plane. According to the Mermin-Wagner theorem, systems in two or fewer di-
mensions cannot possess a phase transition with spontaneous symmetry break-
ing at a finite temperature (Ref [6]). This theorem does apply to the XY model,
but not to the discrete symmetries we have in the Ising model. This means
that the XY model cannot possess a conventional phase transition, with the
breaking of long-range order in the system. The XY model does possess an un-
conventional phase transition, which is called the Kosterlitz-Thouless transition.
This transition is characterized as the unbinding of topological pairs of vortices
and anti-vortices. This transition happens at a specific temperature Tc with a
drop in the entropy of the system. The vortex unbinding does not cause any
long-range order symmetry breaking and is thus not prohibited by the Mermin-
Wagner theorem. The XY phase transition is called Kosterlitz-Thouless (Ref
[7]) transition and can be seen when crossing from the quasi long-range order
to an unordered system at the critical temperature Tc (Figure 1).
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Figure 1: Kosterlitz-Thouless phase transition in the classical 2D XY model.
Red and blue represent the vortices and anti-vortices in the system. At tem-
peratures below Tc the vortices and anti-vortices are bound and spatially close.
Above the critical temperature the vortices unbind and exist as free vortices or
anti-vortices in the lattice.

Bosonic systems like confined Bose gasses or superfluid helium films are un-
usual systems to analyse because superfluidity leads to the unique behaviour
of the system. Superfluid helium films for example possess unconventional be-
haviour like frictionless flow and persistent currents. Although bosonic systems
normally only appear in low temperature or very confined systems, they offer
new possibilities for new devices and allow us to study and implement such
systems with the Kosterlitz-Thouless transition for low-temperature systems in
devices. This phase transition does also appear in superfluid thin films like
helium (Ref [8]).

2.1.1 Superfluidity and experimental measurements

Superfluid systems (or ideal Bose gas, a gas of non-interacting bosons) have
interesting properties when interacting with matter (Ref [9]). First to mention
is the lack of any friction in the superfluid and thus the ability to flow out of
normally secure containers. The thermal conductivity of such systems is almost
ideal. Meaning the thermal conductivity will drop to almost zero. One of the
most interesting phenomena of superfluid systems is the experimentally proven
formation of vortices (in Lithium-6 at 50 nK or in Superfluid helium films in the
paper by G. Bewley et al. from 2006 (Ref [8]) ). Superfluid systems can form
topological structures called vortices when put for example under mechanical
stress. Vortices are structures that possess a non-zero winding number. This
means that they form closed (or multiple) loops with either clockwise (nega-
tive winding number) or anti-clockwise (positive winding number) rotation (see
Figure 5). The figure on the left shows a vortex and the right side shows an
anti-vortex. The winding number is calculated as the line integral around a sus-
pected vortex core and describes how many full rotations were needed to form
the structure. All noninteger rotations can be transformed to integer numbers
of rotations by continuous transformations.
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Figure 2: Vortex (left) and anti-vortex (right) on a square lattice system. The
figure was modified from (Ref [10]).

Vortices can appear in superfluid systems such as helium films when local
flows excite the superfluid to form topological structures or whirls in the ma-
terial. In experiments, this is normally achieved by acting with a mechanical
force on the superfluid system and thus creating flows.

Figure 3: Magnetic field data of vortices forming in 200nm thick thin film of
YBa2CU3O7−x (a) after field cooling at 6.93µT to 4K. (b) shows the same
vortex glass lattice after heating and re-cooling (Ref [11]).

In a paper from X.R. Wang et al. (Figure 3) the experimentalists used
a pulsed laser deposition of YBa2CU3O7−x and analysed the low temperature
vortex formations using a Scanning SQUID Microscope (SSM, SQUID = Super-
conducting Quantum Interference Devices) (Ref [11]). The SSM was used since
it allows the gathering of magnetic field data of the superfluid thin film. The
system is field cooled to temperatures where vortices form and are deposited in
the thin film. The microscope is 5µm away from the sample. They showed that
vortices of size 6µm can form lattice structures (Figure 3).
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Figure 4: The formation of vortices can be approximated as a weakly deformed
(triangular) lattice of vortices (Ref [11]).

The formation of a perturbed lattice shows that even in real systems with
defects and different sample heights we find the behavior expected in the clas-
sical XY model. Namely the formation and destruction of vortices on a lattice
up at specific temperatures as well as their unbinding at higher temperatures.
Simulations of the XY model are therefore interesting to study in detail. Su-
perfluidity effects and the Kosterlitz-Thouless transition, (like in the papers Ref
[8] and Ref [11]) can appear in fermionic systems at low temperature. This
can be explained by the formation of Cooper pairs which make the systems at
very low temperatures quasi-bosonic. Quasi-bosonic meaning the fermionic sys-
tem behaves like a bosonic system at specific conditions like a low temperature.
Vortices are complex structures and being able to analyze them using artificial
neural networks, might be a way to find more physical insight into complex
systems and could allow the application of neural networks to more advanced
and complicated physical models.

2.2 Machine Learning motivation

In this project, we want to use artificial neural networks to predict certain
properties in the classical 2D XY model. Some progress in the application of
artificial neural networks for the recognition of phase transitions for different
systems such as the 2D Ising model (Ref [2]). The prediction for the critical
temperature using simulation data from temperatures below and above the crit-
ical temperature could lead to a fast and reliable way of classifying data. For
the recognition of topological structures like vortices in the XY model, a con-
volutional neural network allows for a reliable prediction of spatially correlated
data. The use of convolutional neural networks has been shown for object de-
tection in pictures (Ref [12]). The same concept could be used to detect vortices
in 2D simulation data.
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3 Theory: Classical XY model

We consider the classical XY model where only the nearest-neighbor interaction
contributes and where the spins in the system behave classically. This means
that spins are treated as vectors that are fixed to a lattice site.

H = −J
∑
<i,j>

SiSj −
∑
i

hiSi (2)

The interactions are governed by the coupling constant J which can be either
universal for the lattice or site-specific. In the case of the XY simulation, we will
consider the coupling constant J = +1 to be universal over the whole lattice.
Positive coupling constants J represent ferromagnetic interactions, negative
coupling constants anti-ferromagnetic interactions. Sj = (cos(θj), cos(θj)) and
Si = (cos(θi), cos(θi)) are the spin orientation vectors in the two-dimensional
plane.

∑
<i,j> is the sum over the nearest neighbors. J is the coupling constant

which describes if the force between spins is either attractive or repulsive (posi-
tive or negative). The second part of the Hamiltonian is the effect of an external
field hi on the system.

3.1 Hamiltonian and partition function

The next subsections follow the derivations for the classical XY model from
the book ”Principles of condensed matter physics” by P.M. Chaikin and T.C.
Lubesky Chapter 9.3-9.4 (Ref [13]). In this chapter, we will explore the Hamil-
tonian of the system as well as the partition function. This will allow further
analysis of the XY model and its phase transition. We will focus on the clas-
sical two-dimensional XY Hamiltonian without external fields hi = 0. The
Hamiltonian can be written in terms of the angles of the spin rotors in the
two-dimensional plane θi and θj to some arbitrary polar direction.

H = −J
∑
<i,j>

SiSj = −J
∑
<i,j>

cos(θi − θj) (3)

We will consider low temperatures and a low variance in the spin fluctuations
between sites. This is called spin wave approximation |θi− θj | << π (Ref [14]).
To further analyze the classical XY Hamiltonian, it is best to start with the
assumption that the spins vary smoothly between neighbors. We can simplify
the Hamiltonian via a Taylor expansion around (θi − θj).

f(θi = θj)Taylor =

∞∑
n=0

f (n)(θi = θj)

n!
(θi − θj)n (4)

This leads to the Taylor series:

H(θi − θj) =− J
∑
<i,j>

(
cos(θj − θj) +

− sin(0)

1!
(θi − θj)

+
− cos(0)

2!
(θi − θj)2 +

sin(0)

3!
(θi − θj)3

+O
(

(θi − θj)4
))

6
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When we simplify this we end up with the Hamiltonian of the form:

H = −J
∑
<i,j>

(1− 1

2
(θi − θj)2 +O((θi − θj)4)) (5)

where we can neglect the higher order terms (spin wave approximation) and
rewrite the sum into an integral over r (continuum limit with infinitesimal lattice

spacing a). Those (θi − θj)4 terms (and higher order terms) can be neglected
because we can assume for low temperatures that the spins will vary smoothly.

H ≈ E0 +
J

2

∫
d2r|∇θ(r)|2 (6)

E0 denotes here the ground state energy of the system which is defined as a
system with fully aligned spins E0 = −2JN with N as the number of spins in
the system. We can now calculate the partition function for such a system. The
partition function allows us to describe the statistical properties of our system
and is in principle needed for the calculation of the detailed balance condition
in the simulations part.

Z(β) =
∑
n

e−βEn (7)

With β being the inverse temperature β = 1
kBT

and En the eigenvalues for the
energy of the system. n are the different energy states of the system ad kB is
the Boltzmann constant. The partition function can then be written as:

Z(β) =
∑
θi

exp(Jβ
∑
<i,j>

cos(θi − θj)) (8)

We need the partition function for the Monte Carlo implementation. In the next
chapter we will use the Hamiltonian to calculate the energy of a system with a
single vortex, which will allow us to determine the phase transition point.

3.2 Vortices in the classical XY model

Vortices appear as thermal excitations (and local perturbations) to the ground
state in the XY lattice and are characterized by their winding number. Two
different types of vortices form in such a system. One is the vortex with a
positive winding number and an anti-vortex with a negative winding number
(see Figure 5).

Figure 5: Vortex (left) and anti-vortex (right) on a square lattice system. Figure
was modified from (Ref [10]).

The topological winding number describes the non-vanishing property of
line integrals around certain topological structures. This means that vortices
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are topologically stable after their formation. Thermal fluctuations or low tem-
perature can destroy or annihilate them. It can be seen as the mapping from a
closed-loop onto a single point (for example the mapping S1 → S1). One can
map the system onto a unit sphere and thus reduce all the loops to an integer
number or zero. The winding number n can be calculated with the line integral:

1

2π

∮
∇θ(r)dl = n (9)

If the winding number n is +1 we have a vortex in the considered area and if
we have a winding number of n = −1 we have an anti-vortex. In principle, it
is possible to have higher winding numbers in the system, but we will focus on
the winding number w = ±1. The core of the vortex is in the middle of four
neighboring spins. Vortices can be categorized as a single continuous clockwise
rotation, when going counter-clockwise through the neighbors of the vortex core.
Anti-vortices possess a single continuous anti-clockwise rotation. The vortices
in the classical XY model are solutions for the local minima of the Hamiltonian.
We follow the derivations from the article of S. Ahamed et al. (Ref [15]).

δH

δθ(r)
= 0⇒ ∇2θ(r) = 0 (10)

There are two different possible solutions for this equation. The first solution
is a fully ordered system with θ(r) = const. The non-trivial solution represents
the formation of topologically stable vortices in the system. For the winding
number calculation we need to test the following boundary conditions in the
system. First, the closed line integral around the center of each vortex has to
be quantized representing the different winding numbers of the vortices.∮

∇θ(r)dr = 2πr|∇θ(r)| = 2πn (11)

If the line integral does not include a vortex the line integral vanishes.∮
∇θ(r)dr = 0 (12)

We assume that we work in the limit where vortices are spherically symmetric.
Thus we can simplify the vortex field to θ(r) = θ(r) a simple r dependence
compared to a vector dependence. We can calculate the energy for a system with
a single vortex using the simplified Hamiltonian from (Equation 6). Combining
this equation with the winding number (Equation 11), we can simplify the
Hamiltonian and calculate the energy for a system with a single vortex:

Evor = E0 +
J

2

∫
d2r|∇θ(r)|2 = E0 +

J

2

n2

r2

∫
d2r (13)

Using the spherical symmetry we simplified the integral to
∫
d2r =

∫ 2π

0

∫ L
a
rdr.

Evor = E0 +
J

2

∫ 2π

0

∫ L

a

rdr
n2

r2
(14)

When we solve the integral over θ and the integral from the lattice distance a
to the lattice size L, we get the energy of the system:

Evor = E0 + πn2Jln

(
L

a

)
(15)

8
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E0 = −2NJ is the energy for a fully aligned system with N spins. Having
calculated this, we can calculate the change in the free energy ∆F between a
fully relaxed system and the system with a single vortex.

∆F = ∆U − T∆S (16)

∆U is the change in the internal energy. This is in our case the energy of
the vortex ∆E = πn2Jln

(
L
a

)
. E0 cancels out when calculating the difference

between the internal energy. ∆S is the change in the Boltzmann entropy, which
is defined as:

∆S = kBln (W ) (17)

W is the total number of micro-states W =
(
L2

a2

)
. We can combine those equa-

tions to calculate the free energy change ∆F .

∆F = (πJ − 2kBT ) ln

(
L

a

)
(18)

When we take now the limit of L→∞, meaning we consider an infinite system.
The lattice size a cannot be zero so the logarithm cannot diverge.

lim
L→∞

∆F =

{
−∞ if T > πJ

2kB

+∞ if T < πJ
2kB

(19)

This limit clearly shows how an infinitesimal increase over critical temperature
leads to a situation, where it is energetically favorable to form free vortices. This
means we have a phase transition at which unbound free vortices can appear.
So the critical temperature for the classical 2D XY model is at:

TKTT ≈
πJ

2kB
(20)

Now we know the critical temperature of the system and we know the tem-
perature needed to be able to excite those vortices. So we are now able to
think about a way of implementing the classical 2D XY model into a simulation
algorithm. This obtained critical temperature is not the actual value for the
infinite XY model. This is due to the approximations we did when calculating
the energy of a system with a single vortex Evor. In reality vortex pairs can
also exist at lower temperatures and change the energy of the system. Spins
do not necessarily always vary smoothly, which means the higher-order contri-
butions from the Taylor expansion have non-zero contributions to the critical
temperature. Those terms would lead to a change in the critical temperature.
Current approximations for Monte Carlo methods have been studied in the pa-
per by Yun-Da Hsieh et al. (Ref [16]). They studied simulations of sizes up to
(512x512). This led to the approximated critical temperature of:

TckB
J
≈ 0.8935 (21)

This critical temperature would decrease when one would go to a true infinite
system. This critical temperature will be used by us as an upper bound for the
critical temperature. We will from now on write the temperature in units of
kBT . The coupling constant will be a one so our critical temperature will be at:

Tc (kBT ) ≈ 0.8935 (22)

9
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4 Theory: Monte Carlo methods

For the simulation for the classical XY model Hamiltonian we use a Monte
Carlo simulation with the Metropolis algorithm, which was invented by Nicholas
Metropolis et al. (Ref [17]). The Monte Carlo method is based on the drawing
of random numbers to approximate complex functions or systems. This means
that Monte Carlo simulations update one spin at a time and not every spin
simultaneously, which leads to an inaccurate representation of the dynamics.
Monte Carlo simulations aim to achieve a good approximation for the steady-
state of a system. We simulated the classical XY model on a square lattice
using the canonical ensemble, meaning we have a constant number of particles
N, a fixed temperature T and a constant volume V. Other options such as
the micro-canonical ensemble would have also been reasonable, when one is
interested in the dynamics of the system. For our problem, it is sufficient to
use the Metropolis algorithm since we are interested in the equilibrated states
for further analysis. So in the case of the two dimensional XY model we do not
have real long range order, which would be prohibited by the Mermin-Wagner
theorem (Ref [6]) (2D systems with a continuous symmetry cannot be ordered
at finite temperatures), but a quasi-long range order. This appears as ordered
in a finite size lattice. The main component of the Metropolis algorithm is
the Metropolis criterion. The Metropolis criterion regulates the probability of
jumping between states in the simulation process.

Wi,j = min(1,
Pj
Pi

) (23)

Wi,j is the matrix element representing the probability to jump from a given
state i to a state j. Pi,j are the probabilities for the simulation to be in statei
and j respectively.

10
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Figure 6: Flowchart for implementation of the classical XY model using the
Metropolis algorithm.

The simulation is done by initializing the spin angles in the lattice with
zeros. Afterwards a random position on the lattice is picked and the spin angle
is changed to a random value between 0 and 2π. We then calculate the flip
probability according to the Metropolis criterion. If the flip in spins is accepted
we save the new spin orientation, if the change is neglected we dismiss the change
in spin orientation. Then the random change is repeated until the simulation
reaches its equilibrium, where the final configuration can be saved. This can be
seen in the Flowchart (Figure 6).

4.1 Simulation convergence

For every simulation, we have to test if different properties are fulfilled. The
two most important ones are detailed balance conditions and ergodicity. The
detailed balance condition ensures that the sum of flows out of a state is equal
to the sum of the flows into the state. The general idea for this subsection was
taken from the lecture (Computersimulationen der statistischen Physik by Dr.
Peter Virnau WS19/20).

11
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Figure 7: Visualized detailed balance condition.

We can write the detailed balance condition as:

PiWi,j = PjWj,i (24)

The detailed balance condition ensures the convergence of the simulation into
a steady-state, meaning our simulation will equilibrate. Now that we know
the detailed balance equation we can go ahead to test if it is fulfilled in our
canonical simulation. In the canonical ensemble, we have the number of particles
N , the volume V and the temperature T constant. We know the probability
distribution for canonical systems:

Pi(N,V, T ) =
e−βEi

Zc
(25)

With Ei being the system energy of the system in the state i. Z is the partition
function with Z(β) =

∑
n e
−βEn . We use this probability when calculating

the chance of changing the spin to a different state. To test our simulation we
will check if the detailed balance condition is fulfilled. There are two different
non-trivial cases for the detailed balance condition. Namely

Pj

Pi
> 1 and

Pj

Pi
< 1.

If
Pj
Pi

> 1→Wi,j = 1;Wj,i =
Pi
Pj
→ Wi,j

Wj,i
=
Pj
Pi

(26)

If
Pj
Pi

< 1→Wi,j =
Pj
Pi

;Wj,i = 1→ Wi,j

Wj,i
=
Pj
Pi

(27)

We now know that our canonical simulation fulfills the detailed balance condi-
tion. Another property that has to be fulfilled is ergodicity. Ergodicity means
that the system has to loose the memory of its initial state. There will be a
correlation time after which the information about the starting conditions is
lost.

4.2 Measurable quantities

During and after the simulation runs we can test different parameters of the
system. One of the common is the energy of the system. The magnetization is
also often used when analyzing systems and is the quantity we will focus on.

< E >=
1

N

 N∑
i=0

−J
∑
<i,j>

cos(θi − θj)

 (28)

12
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N = LxL is the number of spins in the lattice with size L, J the coupling
constant we set to 1 for our project, and θj are the nearest neighbor spin angles
of the spin θi.

∑
<i,j> is the sum over those nearest neighbors. The equation for

the magnetization is more straight forward with:

< M >=
1

K

K∑
j=0

√√√√( N∑
i=0

sin(θi)

)2

+

(
N∑
i=0

cos(θi)

)2

(29)

K is the number of different simulation samples. For the calculation of the
susceptibility we need to calculate the average squared magnetization.

< M2 >=
1

K

K∑
j=0

( N∑
i=0

sin(θi)

)2

+

(
N∑
i=0

cos(θi)

)2
 (30)

The average magnetization and the average squared magnetization can be com-
bined to calculate the susceptibility.

χ =
1

NT

(
< M2 > − < M >2

)
(31)

The susceptibility is a measurable observable that describes how strongly the
magnetization fluctuates for each temperature. The magnetization will fluctuate
stronger at the critical temperature of the system, leading to a higher average
squared magnetization < M2 > compared to the average magnetization squared
< M >2. This will leads to a distinct peak at the critical temperature of the
system for the susceptibility.

N is the number of spins of the system and T is the temperature. In the
paper from R. Kenna et al. (Ref [3]) they show that the susceptibility χ peaks
exactly at the critical temperature. This means it is possible to use the suscep-
tibility for the prediction of the phase transition point for finite system sizes.

13
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5 Theory: Machine Learning

Machine Learning methods are in the case of phase transitions, besides analyti-
cal calculations, one prominent tool for analysis and classification of the critical
temperature point and the position of vortices. It is thus helpful to introduce the
main ideas and concepts from the field of artificial neural network. Neural net-
works are one field of Machine Learning with a lot of attention. Neural networks
allow for the creation and training of large and custom artificial neural networks
that can be adjusted to individual problems. We will discuss the relevant theo-
rems for neural networks and the backpropagation algorithm used to adjust the
weights of the neural network. The backpropagation algorithm adjusts them
according to the error between the expected value and the prediction.

Figure 8: Artificial neural network with one input layer (blue), two hidden layers
(red) and one output layer (black).

In (Figure 8) we see an example neural network with an input layer in blue,
where the information is introduced into the network, two hidden layers where
the information is transformed, and an output layer which gives a prediction
for each set of inputs. The lines between the layers are called weights and
determine the importance of the previous neurons (circles) information (or the
connection strength between the neurons). We will also introduce a selection
of hyperparameters for the building of a artificial neural network, such as the
learning rate, the activation functions, the optimizers, and a few different layer
types. We will also discuss the possible limitations that arise from the initial
theorems and the training process. These include over-fitting, under-fitting, and
generalization of the models.
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5.1 Neural network concept

The field of artificial neural networks (ANN) originated from the neuron connec-
tions in the human brain. The human brain can classify and recognize complex
patterns in our environments such as faces, animals or texts, and video. ANN as
a field tries to mimic the human brain by adding interconnected artificial neu-
rons together and training them by adjusting their connection strength. Current
ANN methods can be a good tool to analyze large amounts of data in a reason-
able amount of time. Once a model is sufficiently trained it can predict certain
properties from data extremely fast. When enough labeled data is available one
can approximate the underlying function that describes the model to almost
arbitrary precision. One can thus try to find for example a local minimum in a
complicated n-dimensional model.

5.2 Neurons and synapses

The main component of every neural network is the neuron. A neuron can be
seen as a gate that receives information from one side and produces an output
whose value depends on the given input multiplied by the weights and summed
up to be used as input for an activation function f(

∑
(wixi)). The activation

function can be a simple step function in the human brain, but one can use
more complex functions when writing an artificial neural networks.

Figure 9: Input information (blue),Neuron (red), and output using an activation
function (green).

The neuron is connected via weights to prior information (input data in
blue) see (Figure 9). The prior knowledge can come from input data or outputs
of previous neurons. The weights represent the strength of the connection be-
tween the different inputs. In the neuron, the inputs xi are multiplied by the
corresponding weight wi and then summed (red). The output of the neuron is
calculated by an activation function f(x) which maps the output to an interval
(between 0 and 1 when doing a simple classification task and using a sigmoid
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function).

Output = f

(∑
i

xiwi

)
(32)

The trainable parameters in this model are the weights that connect the different
inputs to the neuron. One can also train the bias, which is added to the sum of
the neuron. When we combine multiple neurons we can build a neural network.

5.3 Neural network layer examples

A layer is a connection of multiple neurons that all receive some weighted infor-
mation via weights from either the input data or previous neuron layers. In a
feed-forward layer, the information has a straight path leading directly through
the network starting from the input layer and ending with the output layer.
The input layer receives the data as information and the output layer is the
last layer in the neural network which produces a visible output that is used
to adjust the training of the network and can be used for predictive tasks after
training.

Figure 10: Example of two fully connected (or dense) layers (A and B).

Shown in (Figure 10) we can see two fully connected layers. The first layer
A (blue) consists of three neurons. The following layer B (red) consists of two
neurons. The black lines represent the weight connections from layer A to
neuron B1 and the brown lines represent the weight connections from layer A to
neuron B2 in the B layer. This type of connection between layers, where every
possible connection has weight is called a fully connected layer. Fully connected
layers are useful when all the information of the network is needed of when we
have little prior knowledge of the correlations in our data. By having a lot of
weight connections, dense layers can lead to a slower convergence and faster
over-fitting than less complex layer connections. Another layer type commonly
used for tasks of object detection and image recognition, meaning tasks with
local dependencies, is the convolutional layer.
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Figure 11: Example for a convolutional connection of two layers (A and B) and
their convolutional weight connections.

In a convolutional layer, the weight connections are only between locally
close neurons. We can see that in (Figure 11), where the orange and brown
connections only connect the three nearest neurons to the next layer. The
connections are therefore A0, A1 and A2 are connected via weights (orange)
to B1 and the neurons A2, A3 and A4 have weights connecting them to B2.
The local connection is determined by the filter size which defines how many
and which neighboring neurons contribute to the connection. In (Figure 11)
the filter is of size three, so the three nearest neighbors connect to the neuron.
When having pictures it is possible to have two-dimensional layers representing
the image. In those layers, the filter is also two-dimensional. For example, the
filter may be of size 3x3, meaning we connect the 3x3 = 9 locally near neurons
together.
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Figure 12: Example for a 3 x 3 filter for a two-dimensional convolutional layer
(orange) connecting to the next layers (red) neuron.

In (Figure 12) the 3 x 3 boxes of neurons are connected to the red neuron in
the next layer. This means for a 3 x 3 filter we have 9 connections per neuron in
the layer. Other filter parameters are the stride, meaning the movement of the
filter per neuron connection and padding adding defined values (normally zeros)
around the edge of the input data to keep edge effects visible in some models.
Padding is independent of the filter size. Convolutional layers are often used
for locally dependent data like pictures. In systems with dominating nearest-
neighbor interactions, like the XY model, convolutional layers can reduce the
complexity of the model while keeping the spatially close information.

5.4 Activation functions

Activation functions are used in every neuron to model and scale the output of
the neuron into an interval. The activation function is also important for the
training of the network using the backpropagation algorithm in feed-forward
neural networks. The allow specific output values and possess different gradi-
ents, which changes the training during the backpropagation algorithm. The
most commonly used activation functions are the sigmoid function, the hy-
perbolic tangent function, and the ReLU function. The sigmoid function is
represented by the following equation:

sig(x) =
1

1 + e−x
=

ex

1 + ex
=

1

2
(1 + tanh(

x

2
)) (33)
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(a) (b)

(c)

Figure 13: Sigmoid (a) and tanh (b) and ReLU (c) activation functions.

The Sigmoid activation function plotted for values between -5 and +5 can
be seen in (Figure 13a). Other prominent activation functions are the tanh with
ftanh(x) = tanh(x) and the ReLU function by fReLU(x) = max(0, x) (13c). The
tanh activation is drawn in (Figure 13b) for values between -5 and +5. In this
thesis we will focus mostly on the sigmoid (Figure 13a) and tanh (Figure 13b
activation functions.

5.5 Neural network theorems

5.5.1 Universal approximation theorem

The theorem was first published by Hornik, Stinchcombe, and White in 1989
(Ref [18]). This theorem states that there exists an optimal neural network
with a finite number of neurons that can approximate a complex function with
arbitrary precision using simple activation functions. The universal approxima-
tion theorem is a basic theorem for ANN because it describes the possibility to
approximate highly complex functions with a simple neural network, a single
hidden layer, and a finite number of neurons. It says that for any continuous
function f on a compact set of functions K, exists a feed-forwards neural net-
work with a single hidden layer, which uniformly approximates the function f
with arbitrary precision ε > 0 on K.

5.5.2 No free lunch theorem

The no-free lunch theorem describes the trade-off needed when training the
neural network with different algorithms. It was first described by David H.
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Wolpert in 1997 (Ref [19]). It states that there exists no optimal training algo-
rithm when averaging over all possible problems and having the same amount of
training data available. If an algorithm performs better at a specific task than
all the other algorithms, it will perform on average worse than all the other
algorithms, considering all other possible tasks.

5.6 Backpropagation algorithm

The backpropagation algorithm is the algorithm that allows simple training
(adjustments of weights) towards local minima. It works by calculating the
changes to the output value from the different weights in the different layers of
the network. It was first published by Rummelhart et al. in 1986 (Ref [20]). It
allows the calculation of the gradient, which allows the adjustment of the weights
towards local minima of the complex function (Figure 14)which represents the
underlying structure of the input data.

Figure 14: Example function with multiple local Minima.

For the backpropagation algorithm to work we need for every input dataset
the desired output which allows us to minimize the error between the predicted
and desired output of the network. We also need the activation function to
be differentiable. The following pages will discuss the algorithm in more detail
using our own example of a small neural network with an input layer, a single
hidden layer, and one output layer with a single neuron (Figure 15).
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Figure 15: Example neural network with weight connections ii, hi, Oi and
named neurons.

In order to follow the example, we named the input neurons with ii, the
hidden neurons as hi, and the output neuron as O0. To compare the prediction
of the network we need a loss function to evaluate the predicted yiand the true
value ytrue for the output. For this example, we will use the commonly used
mean squared error loss function.

Loss(y, ytrue) = MSE(y, ytrue) =
1

N

N∑
i=0

(yi − ytrue)2 (34)

yi is the output values, ytrue is the expected value and N is the number of
output values. For this example we will use the sigmoid activation function.

σ(x) =
ex

1 + ex
=

1

2

(
1 + tanh

(x
2

))
(35)

The sigmoid activation function has the advantage that it maps every input in
the interval of 0 to 1 while having a computationally trivial derivative.

σ
′
(x) = σ(x)(1− σ(x)) (36)

The learning rate alearning, which is a parameter that defines how much the
weights are changed is set for this simple example to alearning = 0.5. For
the backpropagation algorithm, we need to calculate the gradient meaning the
direction towards the steepest increase. If we subtract this gradient we will
know the direction of the steepest decrease towards a local minimum. To do
that we have to calculate how the different weights change the loss function.
This is done using the chain rule.

∂Loss

∂wjkl
=

(
∂xL−ni

∂wjkl

)(
∂σ(xL−ni )

∂xL−ni

)(
∂Loss

∂σ(xL−ni )

)
(37)
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xL−ni is the input for i − th neuron from the L − n layer. wjkl is the weight
going to the j − th output neuron over the k − th hidden layer neuron with
input from the l − th neuron. σ(xL−ni ) is the output value from the i − th
neuron in the L− n layer with σ being the activation function.In the first step
of the backpropagation algorithm, we calculate the initial guess of the network
without any training. Our initial parameters are as follows:

i0 = 1 ; i1 = 0.5 ; i2 = 2 (38)

w000 = 1 ; w001 = 1 ; w002 = 1

w010 = −1 ; w011 = 1 ; w012 = −1

w00 = 1 ; w01 = 1

ytrue = 0.5

We can now calculate the feed-forward output from the initial network (Figure
16).

Figure 16: Feed forward step to calculate predicted output and loss.

The value for y is :

y = σ(w00h0 + w01h1) = σ (1.046) ≈ 0.740 (39)

with
h0 = σ (i0w000 + i1w001 + i2w002) ≈ 0.971 (40)

and
h1 = σ (i0w010 + i1w011 + i2w012) ≈ 0.076 (41)
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Now we know the output y for the network which we need for the calculation
of the loss. We will now calculate the effect of the weight w00 on the loss.

∂Loss

∂w00
=

(
∂xL0
∂w00

)(
∂σ(xL0 )

∂xL0

)(
∂Loss

∂σ(xL0 )

)
(42)

To calculate the derivatives we first have to write down the corresponding for-
mulas.

xL0 = w00h0 + w01h1 (43)

Loss(y, ytrue) = (y − ytrue)2 (44)

Figure 17: First backpropagation step to calculate effect of w00.

We can now calculate all the necessary derivatives.

∂xL0
∂w00

= h0 = σ
(
xL−10

)
;
∂σ(xL0 )

∂xL0
= σ

′ (
xL0
)

;
∂Loss

∂σ
(
xL0
) = 2 (y − ytrue) (45)

∂Loss

∂w00
=

(
∂xL0
∂w00

)(
∂σ(xL0 )

∂xL0

)(
∂Loss

∂σ(xL0 )

)
= (h0)

(
σ
′ (
xL0
))

(2 (y − ytrue))

=
(
σ
(
xL−10

)) (
σ
(
xL0
) (

1− σ(xL0 )
))

(2 (y − ytrue))
≈ 0.0897

Now that we know the gradient for this specific weight we can adjust it using
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the formula for w00 (Figure 17):

w(00,new) = w00 − alearning
(
∂Loss

∂w00

)
(46)

= 1− 0.5 (0.0897) (47)

= 0.9552 (48)

Note that one would normally average ∂Loss
∂w over a large number of testing

inputs and not just a single input set. We now know how to adjust the closest
weights. The method for weights further back the neural network connection
we can use the same approach with added terms in the chain rule approach. We
will now calculate the change of the loss for the weight w000.

Figure 18: Backpropagation step for weights connecting to the last hidden layer
w000.

Since we already know the output of the network from the previous step
with y ≈ 0.740 we only have to check for changes in the chain rule.

∂Loss

∂w000
=

(
∂xL−10

∂w00

)(
∂σ(xL−10 )

∂xL−10

)(
∂xL0

∂σ(xL−10 )

)(
∂σ(xL0 )

∂xL0

)(
∂Loss

∂σ(xL0 )

)
(49)

We already know the solutions for
∂σ(xL

0 )

∂xL
0

, ∂Loss
∂σ(xL

0 )
and

∂σ(xL−1
0 )

∂xL−1
0

= σ
′
(xL−10 ).

The other derivatives are:

∂xL−10

∂w00
=
∂ (i0w000 + i1w001 + i2w002)

∂w00
= i0 (50)

∂xL0
∂σ(xL−10 )

=
∂
(
w00σ

(
xL−10

)
+ w01σ

(
xL−11

))
∂σ(xL−10 )

= w00 (51)
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When we combine them we end up with the final result of:

∂Loss

∂w000
=
(
i0

)(
σ
′ (
xL−10

))(
w00

)(
σ
′ (
xL0
))(

2 (y − ytrue)
)

(52)

=
(

1
) (

0.0285
) (

1
) (

0.1923
) (

0.4802
)

(53)

≈ 0.0026 (54)

Then we can calculate the change in the weight w000 (Figure 18):

w(000,new) = w000 − alearning
(
∂Loss

∂w000

)
(55)

= 1− 0.5 (0.0026) (56)

= 0.9987 (57)

Once we finished this step for all the weights in the network for multiple training
inputs, we change the weights and calculate the new predicted output. Those
steps are then repeated for several steps until the preferred output is reached or
the network is no longer able to generalize with the given input. We repeated
the weight adjustment for the given example to show how the network improves
towards the wanted output value of 0.5. The results can be seen in the (Table
1) and (Figure 19).

Step ypred ytrue w000 w001 w002 w010 w011 w012 w00 w01

0 0.740 0.5 1 1 1 -1 1 -1 1 1
1 0.732 0.5 0.999 0.999 0.997 -1.001 0.999 -1.002 0.955 0.996
2 0.723 0.5 0.997 0.999 0.995 -1.003 0.999 -1.005 0.909 0.993
3 0.713 0.5 0.996 0.998 0.992 -1.004 0.998 -1.008 0.863 0.989
4 0.703 0.5 0.995 0.998 0.990 -1.005 0.997 -1.011 0.815 0.986
5 0.693 0.5 0.994 0.997 0.987 -1.007 0.997 -1.014 0.767 0.98
10 0.637 0.5 0.989 0.994 0.977 -1.015 0.993 -1.029 0.511 0.96
20 0.504 0.5 0.984 0.992 0.968 -1.031 0.984 -1.062 -0.048 0.924

Table 1: Table with changes in weights and outputs after a number of iteration
of the backpropagation algorithm. At T = 1.57Tc.
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Figure 19: Changes in network output ypred after multiple iterations of the
backpropagation algorithm.

We can see that the algorithm improves the output of the small example
network reliably to a very good precision after 20 iterations. The number of
iterations for this toy example should not be taken as reliable values in the
actual implementation of neural networks, since we only optimized it for a single
data point and we used only a very small neural network with a very limited
number of parameters. In more complicated networks like the ones in this thesis,
the networks are much deeper and much more complicated which on one hand
allows us to solve more complicated tasks but on the other hand, makes the
training process way more time-consuming. This example was used to show
how we can adjust the weights for neural networks with multiple layers. Adding
more layers will increase the number of terms when applying the chain rule for
weights that are further away from the output layer.

5.7 Learning rate and optimizer

The learning rate as used in the example for the backpropagation algorithm is
used to determine how much the model is adjusted in response to the estimated
error per updating cycle. Compared to the previous example, learning rates are
normally much smaller and in the order of 0.0001. This value has to be adjusted
when training complicated neural networks. A very small learning rate means
the network might not train at all, because the weight updates are no longer
significant enough to affect the output. If the learning rate is too high, the
network might overshoot important minima or might not generalize very well.
The learning rate can and should be adjusted when the training process does
not improve (larger learning rate for plateauing or smaller learning rate when
having large fluctuations in the accuracy of the predictions) or when the network
quickly starts to overfit.
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5.8 Bias-Variance tradeoff

The Bias-Variance tradeoff is an important trade-off for neural networks when
discussing the effects of the bias and the variance on the expected error of the
network. The tradeoff describes the optimal training for bias and variance. The
bias is the inherent error of the classifier that leads to a bias towards a specific
type of result even with infinite training samples. Variance is the difference
in the output of the network when training on a different training set. It is
a measure of how universal the model is. Noise is the intrinsic error on the
training data. The simplified version of the bias-variance tradeoff can be written
as follows:

Modelerror = Variance + Noise + Bias2 (58)

The (Equation 58) with the derivation is oriented on and can be found in (Ref
[21]). With a high bias, the model will produce wrong results due to wrong.
This leads to a wrong connection between the data. A high variance will lead
to the correct location but a large error (see Figure 20 with a high instability
of the model (see Figure 20).

Figure 20: Example picture for different cases of high and low bias and variance
(Ref [22]).
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Figure 21: Example of under-fitting and over-fitting using bias-variance tradeoff
(Ref [22]).

When having a less complex model the network might tend to under-fit,
meaning the accuracy will have high bias and a low variance, meaning the
network accuracy will be low. When having a highly complex model networks
tend to over-fit, meaning the bias will be low, but the variance very high.

5.9 Under-fiitng over-fitting and generalization

The amount of over-fitting, under-fitting, and generalization are important when
analyzing the network’s value and quality after the training procedure. Most
of the symptoms for over-and under-fitting can be easily explained with the
parameters from the Bias-Variance tradeoff section(5.8). Under-fitting describes
a network that has a high bias, meaning it is not able to correctly approximate
the underlying function. Underfitted models also possess a small Variance,
which means the network does not change the prediction much when changing
the training data. This results in the network producing spatially close, but
shifted predictions. In some cases, the network just gives the average of the
data as a prediction. In (Figure 22a) we see an example for under-fitting where
we see a prediction that has some predictive capability but fails to represent
the underlying function correctly. This normally happens when training very
simple neural networks with low complexity.
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(a) (b)

(c)

Figure 22: Underfitting (a) and over-fitting examples (b) and an example for a
good representation of the training data (c).

Over-fitting is a result of having a highly complex Machine Learning model
training on a simpler problem. This results in a low Bias, meaning the results
are not shifted in the wrong direction, but possesses a high Variance, mean-
ing the system is very sensitive to small changes in the training data and thus
produces larger deviations for different input data. We can see that behavior
in (Figure 22b), where we see the sensitivity to noise for the individual data
points. Generalization is the trade-off area where the model complexity allows
a moderate bias and variance at the same time resulting in a low bias to the
prediction and a moderate error from the Variance. In the optimal case, gen-
eralization allows us to represent the underlying function correctly while not
being sensitive to noise. This can be seen in (Figure 22c). One should always
try to keep the prediction of the network as close as possible to the optimal
generalization representation. This means to test out different network sizes
and changing the Bias and variance to keep the prediction close to a small error
as calculated in the Bias-Variance tradeoff from Chapter (5.8).

5.9.1 Recognition of Over- and Under-fitting

It can be quite tricky to scan for over-and under-fitting when evaluating the
quality of the neural network. The easiest way of predicting those behaviors
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is to look for symptoms of high variance and high bias (as they are correlated
according to the Bias-Variance tradeoff). High Variance can lead to a higher
error in the testing set, than in the training set. It can be mitigated by adding
more training data, or by reducing the complexity of the model. This complexity
reduction can be done by either reducing the number of hidden layers of a
network or by reducing the number of neurons in a layer. A sign for a high bias
leads to the network not reaching a high overall accuracy. It can be mitigated by
increasing the complexity of the model or increasing the amount of information,
the networks gets from the training data, for example by including more features
in the training data.
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6 Testing the XY simulation

As the first part of this project, we wrote a simulation algorithm as discussed
in Chapter (4). In this chapter, we will test the simulation and verify that the
results for the simulation algorithm convergence and that the susceptibility leads
to the critical temperature of the systems. We will show the effects of different
starting conditions of the simulation and how the simulation algorithm reaches
a steady-state. This ensures the independence and stability of the algorithm
towards different inputs and starting configurations of the spin angles. We will
also test if the phase transition point is at the expected temperature.

6.1 Convergence and starting conditions

It is important to test the convergence and behavior for different starting con-
ditions since this helps in evaluating possible weaknesses of the simulation and
allows us to get a better understanding of the relaxation times of a system. To
test the convergence of the simulation we tested how the energy of the system
would change over time. To show that the state was independent of the starting
conditions we chose two different starting configurations of the network. The
first was randomized spin angles and the second was with spin angles all pointing
in the same direction.

Figure 23: Ordered starting condition (left) and random starting configuration
(right).

Those two different starting conditions (Figure 23) represent common ways
of initializing simulation lattices for Monte Carlo simulations. Testing the con-
vergence for those two systems which have low total energy (random system)
and the highest energy state (fully ordered system) helps us to find the average
number of simulation steps needed to obtain a steady-state. It also allows us
to ensure that the simulation algorithm reaches the same equilibrium state no
matter the starting condition.
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Figure 24: Equilibration for different starting conditions at T = 0.8Tc.

In (Figure 24) we see a (30x30) system at T = 0.8Tc. In blue we see the
ordered starting condition and in red the random starting condition for the
simulation. We can see how both simulations converge after around 150.000 to
200.000 steps towards the same average energy of the system. This shows that
our simulation algorithms are independent of different starting conditions.

6.2 Equilibration steps

Now that we know that our simulation algorithm is independent of the starting
conditions. The relaxation times may vary for the different possible initializa-
tions. For temperatures far away from Tc we expect the two initializations to
affect the relaxation time differently since the energy state of the system can
be close to the initial system energy. This difference in relaxation times can be
seen in (Figure 24 and Figure 25a). To obtain a prediction for the effect of the
system size on the relaxation time, we tested different system sizes. This allows
us to create an estimation formula for how many simulation steps are needed
on average to equilibrate the system. We tested for the sizes (15x15), (30x30)
and (60x60) and (120x120). For the same system size we observed similar relax-
ation times when testing temperatures above(T ≈ 1.1Tc) and below (T ≈ 0.8Tc)
the critical temperature. This can be seen in (Figure 25a) for T ≈ 0.8Tc with
roughly 40.000-50.000 equilibration steps. And for T ≈ 1.1Tc in (Figure 25b)
at 10.000-20.000 equilibration steps. Especially from (Figure 25a) we see that
the initialization for the lattice might be best done with a fully ordered system
compared to a random system. For most of the simulations (Figure 25a, Figure
24 and Figure 26b) we see that randomly initialized systems can take up to two
or three times as long to reach the equilibrium state. To have a clearer picture
when analyzing the finite-size effects we take the equilibration step number as
the number where the energy graphs for both initializations first overlap. This
is for the (15x15) system between 10.000 and 40.000 steps.
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(a) (b)

Figure 25: Equilibration for different starting conditions at T = 0.8Tc (a) and
T = 1.1Tc for a (15x15) system size.

The larger (30x30) system simulation takes longer to reach an equilibrated
state. At lower temperatures (Figure 26a) the system equilibrates at rough-
ly 160.000 steps. The system at a higher temperature of T ≈ 1.1Tc (Figure
26b)reaches the equilibrated state later at around 280.000 steps. This gives us
the error range of 160.000-280.000 steps.

(a) (b)

Figure 26: Equilibration for different starting conditions at T = 0.8Tc (a) and
T = 1.1Tc for a (30x30) system size.

Going to the (60x60) system we observe the same trend towards higher equi-
libration steps when we increase the system size. Here the system equilibrates
after 4.500.000-6.500.000 steps for T ≈ 1.1Tc (Figure 27a) and for T ≈ 0.8Tc
(Figure 27b) at around 3.500.000-6.000.000 steps. So we assume the equilibra-
tion time is around 3.500.000-6.500.000 steps.
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(a) (b)

Figure 27: Equilibration for different starting conditions at T = 0.8Tc (a) and
T = 1.1Tc for a (60x60) system size.

This trend continues for the largest (120x120) system size. Here we only
simulated for T = 0.8Tc and observed a relaxation time of 200-250 million steps
(Figure 28).

Figure 28: Equilibration for different starting conditions at T = 0.8Tc.

This behavior hints at a logarithmic increase in relaxation time when dou-
bling the lattice size (or quadrupling the number of spins). This can be tested
by plotting the relaxation time on a logarithmic scale against the lattice size for
the previous simulations.
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(a) (b)

Figure 29: Relaxation times with fit plotted logarithmically (a) and normally
(b)

This can be seen in (Figure 29a). In this figure, we also included our linear
fit to prove that the system size and the relaxation time can be described by a
logarithmic function. Our fit function was f(x) = 0.075 ∗ x+ 10.25. We can see
that the fit function lies within the uncertainty of the equilibration steps and is
linear when plotted logarithmically. To have a clearer understanding we see the
data plotted without a logarithmic scale and with the adjusted fit in (Figure
29b). We can see the logarithmic behavior there as well. This leaves us with
our approximation formula for the equilibration time of the system which we
have to meet or better surpass to ensure a fully equilibrated system.

steps(size) = 0.077 ∗ 1.199size (59)

This formula will help us to set a lower bound for the equilibration steps we
have to take before we gather our data points for the recognition of vortices or
the prediction of the critical temperature.

6.3 Obtain uncorrelated data points

Now we know how many equilibration steps we have to take to ensure our
system reaches the equilibrium state. In the later parts, we use the formula
to estimate the equilibration time and try to roughly double it to be sure we
have an equilibrated system. Another problem that can arise is the correlation
of data. This will be most troublesome for projects where the neural network
is introduced to a dynamic time series of data. This is not the case for this
project, but it is nevertheless useful to keep the data as uncorrelated as possible
to improve the information a neural network can obtain from them. So for
the smaller system sizes, we chose roughly 10% of the equilibration step as a
suitable number of simulation steps in between each saved data point. Since the
simulation runs pretty fast for the small (15x15) and (30x30) systems we chose
50.000 steps between our data gatherings. For the (60x60) system, we gathered
data every 500.000 steps of the simulation (Figure 30).
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Figure 30: Equilibration for different starting conditions at T = 1.1Tc.

We can visually confirm that the smaller fluctuations in the simulation are
much faster than our chosen step between each data gathering step. We also
decided to use the fully ordered starting initialization of the simulation for our
data gathering (see Section 6.2). An example for the data gathering can be seen
in (Figure 31).

Figure 31: Equilibration of a (60x60) system with data gathering at T = 1.1Tc.

With the information about the number of equilibration steps needed and
the steps needed to ensure uncorrelated data, we can move towards some more
advanced testing of the simulation. The next step will be to see if the critical
temperature of the simulated system is consistent with known observables and
approximations. For that, we will use the susceptibility.
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6.4 Phase transition temperature

We can now go over to gather our data so that the system reaches an equilibrat-
ed state that is temperature-dependent. So far we do not know if the simulation
gives an accurate prediction for the critical temperature of the classical XY sys-
tem. We can check the position of the phase transition using the susceptibility
(see Section 4.2).

χ =
1

NT

(
< M2 > − < M >2

)
(60)

N is the number of data sets and T the temperature of the corresponding simu-
lation. < M > is the average magnetization and < M2 > is the average squared
magnetization.
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As discussed earlier the susceptibility χ χ. Should show a distinct peak at the
critical temperature due to stronger fluctuations in the magnetization around
Tc. We will first test if the fluctuations of the magnetization increase close to the
critical temperature and then focus on whether or not the susceptibility shows
the correct phase transition temperature of the system. The fluctuations of the
magnetization (< M >) is plotted for three different temperatures. For a tem-
perature below the critical temperature T ≈ 0.45T(c,∞), a temperature around
the critical temperature T ≈ 1.12T(c,∞) and one above the critical temperature
T ≈ 3.36T(c,∞).

Figure 32: Fluctuations of the magnetization for different system sizes.

The fluctuations of the magnetizations can be seen in (Figure 32). The av-
erage of the magnetizations is < M >0.45Tc

≈ 0.878 with a standard deviation
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of σ0.45Tc
≈ 0.015. The simulation close to T ≈ 1.12Tc gives an average mag-

netization of < M >1.12Tc
≈ 0.546 with a standard deviation of σ1.12Tc

≈ 0.089.
The system with the higher temperature T ≈ 3.36Tc leads to an average mag-
netization of < M >3.36Tc≈ 0.045 with a standard deviation of σ3.36Tc ≈ 0.023.
When we plot those averages with the standard deviation we get:

Figure 33: Changes in the standard deviation for different temperatures for a
(30x30) system.

The plot of the standard deviations and their changes over temperature(Figure
33) supports the claim that the fluctuations in the magnetizations cause a peak
in the susceptibility χ at values close to the critical temperature. The sus-
ceptibility was calculated for three different system sizes to check for finite-size
effects of the critical temperature. The first susceptibility measurement was per-
formed for a small (15x15) system (Figure 64), where we have a clearly defined
peak at T(15x15) ≈ 1.315T(c,∞) with an uncertainty of ∆T(15x15) ≈ 0.029T(c,∞).
For the second measurement we chose a (30x30) system (Figure 65). Here we
have a slightly shifted peak at T(30x30) ≈ 1.209T(c,∞) with an uncertainty of
∆T(30x30) ≈ 0.011T(c,∞).

Figure 34: Susceptibility of the (60x60) system.
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This shift closer towards T(c,∞) continues for the (60x60) system (Figure 34)
where we obtain a temperature peak at around T(60x60) ≈ 1.18T(c,∞) with an
uncertainty of ∆T(60x60) ≈ 0.01T(c,∞).

Figure 35: Susceptibility for different system sizes compared.

We can also see this shift when we combine the susceptibilities in a plot
(Figure 35). The other susceptibility plots can be found in the Appendix. We
can also observe that the peak for the susceptibility of the system gets broader
the more we decrease the number of spins in the system. This could be explained
by the increased effect of small random fluctuations in the system. The trend
towards T(c,∞) also shows how the finite-size effects increase the effective critical
temperature when the system size is reduced. When we compare our results of
the susceptibility peaks with results from the literature (S. G. Chung 1996 Ref
[1]), we find that our susceptibility peaks match with the literature. For a
system of 1024 spins (32x32 system) they observed a critical temperature of
Tc,32x32,lit. = 1.209Tc. This is the same value we observed for our (30x30)
susceptibility plot. For systems of 2000-3000 spins (45x45 - 55x55 systems)
they observed a critical temperature of Tc,2000−3000,lit. = (1.198± 0.011)Tc.
This values is below our (30x30) peak and above our (60x60) peak at T(60x60) =
(1.180.01)T(c,∞). This shows that our Monte Carlo simulations leads to results
comparable with the literature. In this chapter, we have been able to show how
to obtain simulation data for a relaxed system that is uncorrelated enough to
be used as training data for a neural network. Furthermore, we showed how
the critical temperature of the systems is influenced by finite-size effects. In the
next chapters, we will focus on the implementations and results for the training
of a neural network for recognition of the phase transition temperatures and the
positioning of the vortices in the lattice.

39



XY Model Machine Learning

7 Temperature classification (ML)

7.1 Aim

The idea of this section is to show how artificial neural networks can be used
to find the unconventional Kosterlitz-Thouless phase transition from simulation
data of a Monte Carlo simulation of the classical XY model. We will discuss how
we gathered the simulation data, create suitable labels for the training process
and discuss which networks can be used for the temperature classification. For
the training, we will use raw spin orientations from the simulation data and the
labels are chosen to be integer numbers either 0 or 1 to differentiate between
configurations under and above the critical temperature. The training samples
were taken sufficiently far enough from the critical temperature and finite-size
effects that lead to a higher effective critical temperature for finite systems.

Figure 36: Machine Learning idea for the phase transition recognition.

7.2 Network architecture

For the neural network to predict the critical temperature of the system, we
decided to use a layer type that allows for the local information of neighboring
lattice sites to flow through the layers. To allow this local information to be
conserved we chose to use a convolutional layer with a 3 x 3 filter as our first
layer. The second layer is introduced to the flattened (30x30) information from
the convolutional layer and is fully connected (dense layer). The output layer is
again a dense layer with a single neuron. The network architecture can be seen
in (Figure 37).

Figure 37: Neural network architecture for critical temperature classification.
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7.3 Data generation

The data was generated using the written and tested XY simulation (see Section
4 and Section 6). The data was gathered after 100000+ equilibration steps in
the Monte Carlo simulation. For the smallest simulation size of (15x15), we used
200000 equilibration steps, for the (30x30) we chose 500000 equilibration steps,
and for larger system size (such as (60x60), (120x120) ) we chose between five
and 10 million equilibration steps to ensure a fully relaxed system. Every 50000
simulation steps we take one configuration as our data (for larger systems such
as (60x60) we take a data point every 500.000 steps). Thus we created datasets
at multiple different temperatures around the critical temperature. We chose
the temperatures at T = 0.560Tc; 0.895Tc; 1.343Tc; 1.679Tc. The so obtained
data are the spin orientations as angle θ on the two-dimensional square lattice.

(a) (b)

Figure 38: Spin orientations for a relaxed (15 x 15)classical XY system on
a square lattice (a) with blue and red dots representing negative (blue) and
positive winding numbers or anti-vortices and vortices (b). The simulation was
performed at the critical temperature T ≈ Tc.

In (Figure 38a) we see the spin orientations with an underlying cyclic col-
ormap to highlight similar spin orientations. In (Figure 38b) we also see the
places where we have emergent topological objects (vortices). They are calcu-
lated by the line integral around the core of the vortex with

∮
∇θ(r)dl = 2πn.

with l being the length of the vortices and n the topological winding number.
If n = 1 we have a vortex, if n = −1 we have a anti-vortex and if n = 0 we have
no topological structure. We will only focus on those three cases and will not
consider higher winding numbers.

7.4 Data labelling

The data from the simulation is labeled to allow supervised learning with neu-
ral networks. The label was chosen with two integer values (0,1). The ze-
ro values represent the samples taken below the critical temperature. Ones
are representing samples above the critical temperature. This labelling was
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done for simulation data sufficiently far away from the critical temperature
T = 0.560Tc; 0.895Tc; 1.343Tc; 1.679Tc. The expected output from such super-
vised networks will lay in the interval val = [0, 1]. This allows us to accurately
find temperature ranges where the distinction between the zero states (below
Tc) and the one states (above Tc) falls apart. This means we can test how the
certainty of the network for each of the states changes for different temperatures.
In the optimal case, the output value of 0.5 would mean the network cannot
distinguish between the temperatures above and below Tc so we can assume the
network found the phase transition point.

7.5 Trainings data

To accurately predict the phase transition point, we have to train and test on
simulation data from different temperatures that represent the different cases
the neural network should distinguish. For the training data, we want data that
is clearly above or below the critical temperature. So we picked the temperatures
of T = 0.560Tc; 0.895Tc for the configurations below Tc and T = 1.343Tc; 1.679Tc
for the configurations above the critical temperature. The added labels of 0 be-
low the critical temperature and 1 above it allow us to test the uncertainty areas
of the Machine Learning model. Meaning we can test where the prediction of
the network reaches 0.5 indicating the network is unable to differentiate between
the two different states. The training data was taken for a (30x30) system size
which we will focus on in the result. This allows us to check how the network
was able to generalize when we check different downsize system sizes after the
training.

7.6 Testing data

For the testing data, we chose simulation temperatures much closer to the criti-
cal temperature to test whether or not the neural network was able to learn the
physical difference between the data below and above the critical temperature.
It also allows us to analyze the behavior around the uncertainty region, as well
as the uncertainty region itself. So for this we chose the temperatures in the
range 1.007T(c,∞) < T < 1.286T(c,∞). Since the training was performed with
(30x30) simulation data we included simulation data for different system sizes
to test if there are differences in the predicted areas and possible limitations
of training with one lattice size. The testing sizes are (30x30), (60x60) and,
(120x120). Since our network architecture uses a (30x30) input vector we need-
ed to find a way to be able to input the different system sizes into our trained
network. For the larger systems such as (60x60) and larger, we took a (30x30)
frame out of the lattice as testing data (see Figure 39).
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Figure 39: (120x120) simulation data with indicated cut to show testing data
of size 30 x 30.

This type of creating our testing data is not optimal and could lead to some
problems when approaching the critical temperature of the systems. We will
present those possible error sources in the results part for the specific sizes.

7.7 Neural network testing

7.7.1 Activation functions

We tested two different activation functions. The first one is the ReLU function
(Figure 13c) where we used the label 0 and 1 for the lower and higher phase.
The other activation function we chose was the sigmoid activation function with
the label 0 below and 1 above the critical temperature. When comparing both
activation functions we see that the sigmoid activation function (Figure 13a)
offers more consistent and better results. The training and testing sets diverge
extremely quickly for the ReLU function while achieving a maximum of roughly
91.8% accuracy this accuracy decreases during further training to 90.9%. The
sigmoid function was not diverging in the accuracy of testing and training data.
The achieved accuracy was here at 95.9 % and was still increasing slightly after
200 epochs. We can thus conclude that the ReLU function was not very suitable
for the prediction of the higher and lower phases for the classical XY model.
Even for models where only limited training epochs are possible the Sigmoid
function lead to better performance overall. The fast divergence between the
testing and the training data shows that the ReLU activation function might
not be a suitable activation function for this classification problem. We will
thus focus our following analysis on the sigmoid function.
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(a) Sigmoid (b) ReLU

Figure 40: Training accuracy and loss behavior for a neural network with one
convolutional layer, one dense layer with 30 neurons, and one output neuron.
The difference was in the activation function which was the sigmoid function
(a) and the ReLU function (b).

7.7.2 Neurons per layer

We tested the network with an unchanged convolutional layer at the begin-
ning which uses a 3 x 3 filter and introduces the information from the local
interactions dominating the system. The following layer is using the flatten
input from the convolutional layer and processes it using a dense layer with a
variable number of neurons. The number of neurons we test here are 15, 30,
and 225. The last layer is consisting of a single neuron and acts as an out-
put layer for the system. We wanted a with good predictive capabilities and
a reasonable number of trainable parameters. This means we have to test if
a reduction in the number of neurons per layer has any positive or negative
effects on the accuracy of the neural network. We found out that there is a
sweat-spot and some trade-off between the number of neurons and the training
time, as well as the accuracy of the trained model. For the smallest system
size of 15 layers (Figure 41a), we experienced a larger discrepancy between the
testing and training data starting at around 25 training epochs. At this point,
the network reached an accuracy on the training data of ptrain,25 = 92.5% and
the accuracy of the testing data reached ptest,25 = 89.9%. At 200 Epochs we
observe accuracies of ptrain,200 = 97% and ptest,200 = 93.1%. This indicates
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that the network might not be sufficiently complex to prevent over-fitting on
the training data and was not able to reach accuracies higher than 93% for the
testing set. The network with 30 neurons in the middle layer performed better
than the 15 neuron version. It was able to maintain a closer accuracy between
the testing and training dataset and it was able to reach accuracies of around
ptrain,200 = 98.6% and ptest,200 = 95.9%. The difference between the testing
and training accuracy decreased when compared to the 15 neurons per layer
system from ∆p15 ≈ 4% to ∆p30 ≈ 2.7% with a difference in the accuracies of
∆p30 ≈ 2.7%. The much larger network with 225 neurons in the middle layer
was able to offer the best results after 200 training epochs with an accuracy of
ptrain,200 = 99.7% and ptest,200 = 97.5% with a difference in the accuracy of
∆p225 ≈ 2.2%. The smaller neuron numbers tend to perform worse in terms
of over-fitting. The over-fitting is indicated by the increased difference in the
accuracies. The largest 225 neuron number offered the best accuracy after 200
Epochs while still having the least amount of deviation between the testing and
training data.

(a) (b) (c)

Figure 41: Training accuracy and loss behavior for a neural network with one
convolutional layer, one dense layer with 15 (a), 30 (b), and 225 (c) neurons,
and one output neuron.

We can assume that the reduced accuracy for the 15 neuron system could
be a hint of under-fitting in the system. Under-fitting, as described in Section
5.8 appears when a neural network model has a lower complexity resulting in a
higher bias. This bias will lead to a shift in the results reducing the accuracy
of the network. Since this did not appear as much in the more complex 30 and
225 neuron systems we can assume this lack of accuracy can be contributed to
the lower model complexity. The 225 system performed better than even the
medium 30 system, indicating that the model complexity was still close to the
optimal model complexity point shown in (Figure 21). Over-fitting would also
lead during the training process to a lower accuracy caused by a higher variance.
In most cases, one can observe an accuracy peak before the system over-fits.
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7.7.3 Different initialisation

To check some effects of different initializations of the network we compared
exemplary the initialization of the bias with either zeros (Figure 42b) or picked
from a glorot uniform distribution (Figure 42a) (implemented in tensorflow).
Except for having a smoother learning curve, in the beginning, both methods
produced similar results. After 25 epochs of training the testing, accuracy is
comparable for both initializations with an average accuracy of p200 ≈ 92−93%.
At 200 epochs the zero initialization leads to better accuracies of p200,zero ≈
96.5% compared to the glorot uniform initialization p200,glorot ≈ 93.5%. When
approaching 500 training epochs the accuracy for both initializations increases
to p500,zero ≈ 98.5% and p500,glorot ≈ 95.9%. The difference in the accura-
cy between the training and testing sets is smaller for the zero initialization
∆p500,zero = 1.4% when compared to ∆p500,glorot = 2.1%. The zero initializa-
tion achieved a higher overall testing accuracy which was 2.6%higher than the
glorot uniform initialized system. We can thus assume that for very short train-
ing epochs (around 25) the glorot uniform initialization should lead to similar
accuracies of the model. When trained for a larger number of epochs (500) the
zero initialization leads to favorable results. A further increase in the training
epochs might lead to similar testing accuracies since the accuracy for the zero
initialization plateaued.

(a) (b)

Figure 42: Training accuracy and loss behavior for a neural network with one
convolutional layer, one dense layer with 225 neurons, and with bias initializa-
tions with glorot uniform (a) and with zeros (b) for 500 epochs.

All in all the zero initialization performed for cases of up to 500 epochs was
better in terms of testing accuracy and over-fitting (difference between testing
and training). The achieved accuracy was 98.5%. For further analysis, we
will thus focus on the neural network with a single convolutional layer, one
dense layer with 225 neurons using the sigmoid activation function, and the
bias initialization with zeros.
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7.8 Critical temperature results

Figure 43: Training accuracy and loss behavior for the final neural network
with one convolutional layer, one dense layer with 225 neurons, and with bias
initializations with zero bias initialization for 500 epochs.

This network performed best when evaluating the different tunable parameters.
The network will be used to test different system sizes with different tempera-
tures to visualize where the predicted critical temperature of the system is. In
a second step, we will test simulation data for larger systems such as (60x60)
and(120x120) to see how the prediction for the critical temperature changes.
We will use histograms because they offer a better visualization when compared
with a single accuracy value. It is easier to see when the network is unsure
because in that case, we will see two distinct peaks in the data at the low and
high values (indicating below and above Tc).

7.8.1 (30 x 30) predictions

We will first analyze the (30x30) system. The results for the (30x30) system
should be close to the finite size temperature since this system size was our
training system size.
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(a) (b)

(c) (d)

Figure 44: (a-d) Histogram for predictions of values for (30x30) simulation data
close to Tc.

We can see in (Figure 44) histograms for temperatures between T = 1.14Tc
and T = 1.34Tc. At the lowest temperature of T = 1.14Tc (Figure 44a) we see a
clear predictions for the system to be under the critical temperature. 74.2% of
the values lay below 0.5 with a clearly visible peak at 0.0. When we increase the
temperature to T = 1.175Tc we can observe the formation of a smaller second
peak at 1.0 (prediction for systems above Tc). This means the network is much
more uncertain about how to classify simulation data at this temperature. On
average 63.0% of the predictions were below the critical temperature. When
we increase the temperature even further to T = 1.23Tc we still observe two
peaks in the histogram, but the peak towards the higher label is now higher
than the zero prediction peak. On average 63.1% of the predictions were above
0.5. This indicates that the network predominately thinks the simulation data
at T = 1.23Tc is of systems above the critical temperature. When we further
increase the temperature to T = 1.343Tc we see only one peak towards the
higher predictions. The network predicts that 90.1% of the simulation data has
a label above 0.5. This shows that our network has an uncertainty area where
we can observe two distinct peaks for both the low temperature (T < Tc) and
for the high-temperature case (T > Tc). A full uncertainty would be expected
when both peaks reach the same height and share 50% of the predictions.

48



XY Model Machine Learning

Figure 45: Prediction for T(c,30x30) using the average label and the percentage
of labels under the threshold 0.5.

To obtain an uncertainty are we calculated the intersection points between
the average label pavg and the percentage of predictions under 0.5 with pcut.
The intersections between those lines with the 0.55 and 0.45 output gives us a
good estimate for the network predictions, if we assume an error of 5%. The
uncertainty areas can be seen in (Figure 45). The uncertainty area is in the
interval T(c,30x30) = [1.190Tc, 1.213Tc]. When we compare thise results with the
peak we observed for the susceptibility (Figure 65), we see that the peak of the
susceptibility plot at T(χ,30x30) = (1.209± 0.011)Tc lies within the uncertainty
region of our model.

7.8.2 (60 x 60) predictions

Now we will take a closer look at larger system sizes and compare the results
with the (30x30) system and our calculated peaks for the susceptibility peaks.
For this we used (60x60) simulation data and split it into 30 x 30 pieces we
could input into the neural network.
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(a) (b)

(c) (d)

Figure 46: (a-d) Histogram for predictions of values for (60x60) simulation data
close to Tc.

The predictions can be seen in (Figure 46). We can see the lowest tempera-
ture histogram for T = 1.06Tc in (Figure 46a). At this temperature, the network
predicts 98.8% of the simulation data belongs to the lower label. When increas-
ing the temperature to T = 1.12Tc, we observe two peaks with a prediction of
62% of the samples recognized as being below the critical temperature. The
change towards the higher label can be seen when increasing the temperature
to T = 1.19Tc. Here the network predicts 52.7% of the samples as belonging to
temperatures above Tc. This prediction increases to 68.7% when we increase the
temperature to T = 1.34Tc. This results in a shifted temperature prediction.
The uncertainty plot can be seen in (Figure 47).
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Figure 47: Prediction for T(c,60x60) using the average label and the percentage
of labels under the threshold 0.5.

The uncertainty are for the critical temperature isT(c,60x60) = [1.151Tc, 1.208Tc].
In comparison with the susceptibility peak at T(χ,60x60) = (1.18± 0.01)Tc, we
see that the susceptibility prediction (Figure 34) lies within the uncertainty area
of our neural network prediction.

7.8.3 Prediction summary

In this chapter, we will combine the predictions for the sizes (30x30), (60x60),
and (120x120) and evaluate the finite-size effects of the predictions. The predic-
tion for the (120x120) system can be seen in (Figure 68). When we combine the
predictions into one graph we can see a shift in the temperature prediction when
we increase the system size. This is expected from the free energy behavior at
the critical temperature and our susceptibility calculations.
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Figure 48: Predictions for the critical temperature for different system sizes.

The temperature shift can be seen in (Figure 48). We see that the (30x30)
and (60x60) predictions match with our calculated susceptibility measurement
Chapter (6.4). This indicates that the network was able to predict the finite size
shifts in the critical temperature. This observed shift continues when we test
the sliced-down (120x120) simulation data. The network prediction decreases
from T(c,30x30) = [1.191Tc, 1.213Tc] to T(c,60x60) = [1.151Tc, 1.208Tc] and finally
to T(c,120x120) = [1.038Tc, 1.110Tc]. The predictions for larger system sizes pos-
sess a larger error ∆T(c,30) = 0.022Tc < T(c,60) = 0.057Tc < T(c,120) = 0.072Tc.
This increased uncertainty might be caused by our training on only the (30x30)
system sizes and thus limiting the information about the scaling of the tem-
perature. It is nevertheless remarkable how our neural network was able to
accurately predict the shift in the critical temperatures. This could mean that
our method of introducing the trained network to sliced (30x30) sub-pictures
from the larger (60x60) and (120x120) simulations did not have a large enough
effect on the predictions to lead to wrong predictions. Even though the effects
of slicing down the data seem to have only a minor effect on the predictions,
we should think about possible problems and errors that could arise from this
slicing. The first problem of the slicing could be that we destroy the information
of the periodic boundary conditions at the edges. This means that effects on
the edges of the sliced pictures can cause our network to fail to notice any struc-
tures that span across the edges of the original system. This includes cut-off
vortices or semi-relaxed spin structures close to the edges. This error could lead
to an under-prediction of the critical temperature because some of the ordered
structures might be cut off close to the edges. Those errors should cause more
of a problem when we test on simulation data at lower temperatures where the
system begins to order itself more and more. Very high-temperature samples
with a lot of vortices could also lead to a higher error because of the increased
probability of cutting a vortex in two at the edges. These two problems of
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cut-off structures and lack of periodicity are somewhat mitigated by the fact
that we test very close to the critical temperature of the systems. At critical
temperatures, the system is much less ordered and possesses only a few vortices
or vortex pairs. One last error could come from the (120x120) samples. Those
systems become very large and thus equilibration becomes slow and magnetic
fluctuations become much more visible and cause some shifts in the prediction
of the network. We tried to minimize those by checking how the network’s
prediction would change if we introduce simulation data that were equilibrated
twice or three times as long. If we observed changes there we would increase
our equilibration steps until there was no longer a change in the predictions.
All in all, we can conclude that we were successful to train an artificial neural
network to accurately predict the critical temperature for different system sizes
using only parts of the pictures for testing.
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8 Machine Learning vortex recognition

In the following chapter, we explore the possibility to use a neural network to
detect vortices for different temperatures in the XY simulation lattice. Since
we want to find individual vortices in the lattice we will have again a (30x30)
input and our output shape will be of the same size representing the guess of
the neural network for a vortex. This idea is visualized in (Figure 49).

Figure 49: Machine Learning idea for the vortex recognition.

The recognition of individual topological structures like vortices will allow
us to test whether or not we can use neural networks to analyze sample data
from experiments or simulations and find emerging topological structures.

8.1 Neural network structure

Since we have locally dependent data in the form of raw spin angles, we use a
convolutional neural network. We know vortices and topological structures can
be categorized using the topological winding number which is the line integral
around a core of the vortex. This means it should be useful to use this prior
knowledge when designing our neural network. Convolutional layers are a good
way of ensuring that the local information is introduced into the network. Our
network for training the vortex recognition will consist of three convolutional
layers with 3 x 3 filters. Our labels are +1, 0,−1 and to create neural networks
outputs in the range of −1 to +1. The tanh activation function is used to enable
the network to predict within the given range to detect vortices and anti-vortices
(Figure13b). We used the mean squared error as our loss function since we want
to heavily penalize wrong values at -1 and +1. This has to be done since the
network might otherwise produce simply an average result for the whole lattice
and most of the values in the label consist of zeros. A simplified picture of the
final network architecture can be seen in (Figure 50).
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Figure 50: Machine Learning idea for the vortex recognition.

In the picture, we can see the (30x30) input data in black and some of the
3 x 3 filters, all represented in a different color. All of the neurons will have 9
weights introducing information into the neuron. In the picture, some of the
neurons on the edges seem to only have 6 or 3 neighbors since we cut the system
to make the picture easier to read.

8.2 Data generation and labeling

The data was generated the same as for the first critical temperature classifica-
tion Chapter (7.3). In short, we used the same data generation as in Chapter
(7.3). Using our earlier introduced metrics for ensuring a relaxed simulation and
keeping the data points uncorrelated. The only difference was in the label prepa-
ration of the data and the fact that we only trained on the high-temperature
simulation data of T = 1.343Tc and T = 1.679Tc. The training was performed
on 200.000 samples. The training on the high-temperature simulations allows
for enough vortices to appear that the network has a sufficient number of them
to train on. The low-temperature data possesses almost no vortices and only
vortex pairs. The labels needed for the vortex recognition are of the same sizes
as the simulation data. Meaning the label will be a (30x30) array including the
labels for an anti-vortex core, a vortex core, and zero winding-number sites. For
the vortex site, we chose +1 as a label, for the anti-vortex sites we chose -1, and
for sites without vortices, we chose a 0. The label output can be seen on the
right-hand side of (Figure 49). In (Figure 51) we see the input data and the
positions of the vortices in the lattice. It shows the combination of the raw spin
angles from the input data and the expected output by the neural network.
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Figure 51: Spin orientations for a relaxed (15x15)classical XY system on a
square lattice with blue and red dots representing negative (blue) and positive
winding numbers or anti-vortices and vortices. The simulation was performed
at the critical temperature T ≈ Tc.

The labeling was done by calculating the differences between the neighboring
4 spins. It can be calculated by a short script. In the script, we calculate the
angle rotation for all neighbors.

ifSi − Sj > π :

∆i,j = Si − Sj − 2π

ifSi − Sj > π :

∆i,j = Si − Sj + 2π

else :

∆i,j = Si − Sj

We then check if all rotations ∆i,j have the same sign. If all signs are positive
we have an anti-vortex. If all signs are negative we have a vortex. All cases
without the same sign have a zero winding number (or are indistinguishable
from higher winding numbers like +2 or -2).
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(a) (b)

Figure 52: Example for vortex (a) and anti-vortex (b). And the rotation direc-
tions between the spins.

8.3 Testing data

The testing data consists of (30x30) simulation data for higher temperatures,
where we observe a sufficiently high number of vortices. The temperatures
for the testing data are at T = 1.25Tc and T = 1.57Tc. The testing was by
done almost 3000 samples per temperature. The high temperature was chosen
because it has on one hand a sufficiently large number of vortices and on the
other hand still possesses some bound vortex anti-vortex pairs. In a last step we
test data below the critical temperature of the (30x30) system at T = 1.12Tc.

(a) (b)

Figure 53: Label for testing with vortices(red) and anti-vortices(blue). The
figure shows how vortices change after 50.000 simulation steps at T = 1.57Tc.

In (Figure 53a) and (53b), we see the labels for testing data for a relaxed
(30x30) system at 1.57Tc. The right picture (53b) is taken 500.000 simulation
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steps after the left picture (53a). We can see that a few vortices did not change
their position. Two examples are the top left free anti-vortex and the anti-vortex
at the bottom of the lattice (x=12,y=0). Most of the vortices did not stay at a
fixed position after 500.000 steps. This shows that our data is uncorrelated in
terms of the change in the vortex positions.

8.4 Vortex detection results

In this chapter, we will analyze and discuss the results for the neural network
detection of vortices in the XY lattice. We will also discuss the limitations and
deviations in the recognition of vortices, anti-vortices, and vortex-anti-vortex
pairs. This will allow us to determine whether or not convolutional neural
networks can be used to predict topological structures, like vortices in systems.
This method could also allow further analysis of the critical temperature point
since the unbinding of vortices should be visible in the results.

(a) (b)

Figure 54: Label (a) and neural network prediction (b) for the positions of the
vortices at T = 1.57Tc.

In (Figure 54) we see the label (54a) and the neural network prediction for
the vortex positions (54b). From those two images, we see that most of the
vortices are nicely visible in the predictions. There are some variations in the
accuracies for the vortices. More noticeable are some of the positions where
the network predicted vortices when there were no vortices in the data. We
also see on the right-hand side of the prediction lattice that the network is
not able to predict vortices directly at the edge. This is not surprising, since
the convolutional layers had no information of the periodic boundary positions.
This means we should not expect an accuracy of 100% for the accuracy. Since
we see fluctuations for the vortex predictions, we will discuss a threshold t to
determine the network’s predictions. For a threshold of t = ±0.4, we would
count all predictions above 0.4 as vortices and all predictions under −0.4 as
anti-vortices. This threshold allows us to calculate different properties that
determine the accuracy and the errors of the neural network prediction. First,

58



XY Model Machine Learning

we have the probability for the network to accurately find a vortex:

pvortex =
correct predicted vortices

total number of vortices
(63)

Similarly the equation for the accuracy to predict an anti-vortex:

panti-vortex =
correct predicted anti-vortices

total number of anti-vortices
(64)

Another measure will be the percentage of wrongfully predicted vortices/anti-
vortices:

p

(
wrong vortex

correct vortex + wrong vortex

)
=

n(wrong vortex)

n(correct vortices) + n(wrong vortices)
(65)

We can then see how those accuracies change for different threshold values t.
Those values can be found in (Table2).

Threshold t pvort pa−vort nvort wrong vortices p
(

nvortices

right vortex + wrong vortex

)
0.05 0.9796 0.9820 62.2 94.99 0.3910
0.1 0.9617 0.9652 62.2 45.18 0.5698
0.2 0.9363 0.9371 62.2 19.23 0.7517
0.3 0.912 0.911 62.2 10.689 0.8378
0.4 0.8789 0.8781 62.2 5.84 0.9034
0.45 0.8548 0.8536 62.2 4.046 0.9292
0.5 0.8246 0.8212 62.2 2.655 0.9506
0.6 0.7387 0.7330 62.2 0.98 0.9790
0.7 0.6217 0.6177 62.2 0.266 0.9932
0.8 0.4697 0.4666 62.2 0.015 0.9995

Table 2: Table with accuracy for vortex and anti-vortex predictions, number
of vortices and wrongly predicted vortices, and percentage of falsely predicted
vortices for different thresholds t. At T = 1.57Tc.

We can see that we have a trade-off between the percentage of correct rec-
ognized vortices/anti-vortices and the percentage of wrongly predicted of all
predicted vortices. We can plot the total number of correct vortex predictions
with the total number of vortices and the false predictions for vortices. Those
plot can be seen in (Figure 55 and 72). In (Figure 55) we see the total number of
vortices shown in red. Blue indicates the correctly predicted vortices. In green,
we see the noise or the number of wrong guesses for vortices. Depending on
the aim of the neural network prediction there are several different ideas about
how to adjust the threshold. The first possible use could be to find as many
of the real vortices as possible to reduce the amount of data that needs to be
verified later. In this case, lower threshold values would be better, since they
allow for higher accuracy of the existing vortices. Choosing for example the
threshold of t = ±0.2 or t = ±0.3 we could reduce the possible lattice sites that
need to be considered as vortex positions by a factor of 11 ( more than 12 for
t = ±0.3). When we want the network to pick only a very limited number of
wrong vortices we would use a higher threshold, such as t = ±0.45 or t = ±0.5.
At those threshold values, the network is still able to predict 85.5% (82.3%) of
the vortices. At those values, we expect only around 4 (2.7) wrongly predicted
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vortices in the whole (30x30) system. At those temperatures, it should also be
possible to approximate if a system is below or above the Kosterlitz-Thouless
transition temperature. This could be done by calculating the percentage of
unbound vortices in the system. At very low temperatures, where vortex for-
mation is very limited an increase in the threshold could be advantageous since
the number of total vortices the network should predict is very limited and the
network would predict mostly wrong vortices. But this increase in the threshold
t comes at a cost. Larger thresholds will lead to much lower accuracies for the
prediction of vortices, and should only be considered when the aim is on having
as few false vortex predictions as possible.

(a) (b)

(c) (d)

Figure 55: Visualization of prediction of the network. Red indicates the total
number of vortices, blue the found number of vortices, and green the number of
sites where the network falsely predicted a vortex/anti-vortex.

We can also plot the behavior between the vortex accuracy and the percent-
age of ”real” vortices in the prediction output (see Figure 56).
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Figure 56: Plot combining the accuracy for the vortex and anti-vortex and the
percentage of correct identified vortices compared to false recognized ones. The
accuracies are plotted against the different values of the threshold t. The data
for this plot was taken at T = 1.57Tc.

In that picture, we can see the prediction for correct vortices(blue) and
correct anti-vortices(red), plotted with the percentage of real vortices (green).
The simulation data was taken at T = 1.57Tc. The first thing to note here
is how the accuracy for vortex and anti-vortex detection is almost identical.
This shows that our network has no initial bias for either type of topological
structure. We can also see the trade-off clearly in this plot. We can also see
that as earlier presumed that values close to t = ±0.4 lead to a high percentage
of real vortices and an around 90% rate of detected vortices. This trade-off
might shift for lower temperatures to the left since the number of real vortices
decreases and thus the effect of false predictions increases. When we test this
hypothesis (Figure 57 and Table5). We cannot observe such a shift in the trade-
off plot. This would indicate that the number of wrong vortices decreases when
the system creates fewer real vortices.
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Figure 57: Plot combining the accuracy for the vortex and anti-vortex and the
percentage of correct identified vortices compared to false recognized ones. The
accuracies are plotted against the different values of the threshold t. The data
for this plot was taken at T = 1.2Tc.

This would mean that the false-positive vortices might have spin orientations
very close to being topological vortices with either +1 or -1 winding numbers.
It also means that the network was able to predict the vortices correctly and
achieved a similar accuracy when we changed lowered the temperature to a
state, with a lot fewer vortices. This means that the network was not just
testing the best positions for a fixed number of vortices, but that our model is
resilient towards changes in the temperature. Even at temperatures below the
critical temperature of (30x30) system the network predictions did not change
by much. The predictions at T = 1.12Tc had comparable accuracies to those at
T = 1.343Tc and T = 1.57Tc (see Table6).

62



XY Model Machine Learning

9 Conclusion

In this thesis, we implemented a Monte Carlo simulation for the classical 2D
XY model. We were able to create a measure for the relaxation steps (Equa-
tion 59) dependency on the lattice size. Furthermore, we tested the effect of
different simulation initializations. After that we calculated the critical tem-
perature T(c,size) for different system sizes. For this, we used the susceptibility
χ, which peaks around T(c,size) due to an increase in the fluctuations of the
magnetization at the critical temperature. Our observed critical temperatures
were T(χ,15x15) = (1.315± 0.029)T(c,∞), T(χ,30x30) = (1.209± 0.011)T(c,∞), and
T(χ,60x60) = (1.18± 0.01)T(c,∞) Chapter (6.4). In the following Chapter (7) we
tested different artificial neural network designs, to optimize the model accura-
cy. We tested different numbers of neurons per layer, different initializations,
and different activation functions. The best network design was then trained
on (30x30) simulation data. Afterward, we tested the trained neural networks
output for the system sizes (30x30), (60x60), and (120x120). That was done to
determine if there was a shift in the critical temperature and if the measured
temperatures were in line with our susceptibility measurement. Our artificial
neural network with one convolutional layer and two dense layers was able to ac-
curately determine the position of the critical temperature. The predictions for
the (30x30) system at T(c,30x30) [1.191, 1.213]T(c,∞) covers the predicted critical
temperature for our susceptibility. The same is true for the (60x60) prediction
at T(c,60x60) [1.151, 1.208]T(c,∞). The shift in the critical temperature contin-
ues for the (120x120) system size: T(c,120x120) [1.038, 1.110]T(c,∞). We observed
a finite size shift for smaller system sizes and we observed an increased un-
certainty

(
∆T(c,30x30) = 0.022Tc < T(c,60x60) = 0.057Tc < T(c,120) = 0.072Tc

)
in

the predictions for higher temperatures. Those uncertainties might have been
caused by the network’s lack of training data for larger systems than (30x30). In
the last Chapter (8) we focussed on a convolutional neural network with three
convolutional layers for the detection of vortices in the simulation data. We were
able to show that the network could reliably recognize most (85.48%− 87.89%)
of the vortices in the data at temperatures of 1.25Tc < T < 1.57Tc. The per-
centage of wrong vortices to the total number of vortices is also at a low rate
(9.64% − 7.08%). A threshold t was introduced to fine-tune the predictions.
When the threshold t decreases the recognition of the vortices increases, but
the amount of additionally predicted wrong vortices also increases. Decreasing
the threshold will lower the recognition of real vortices and also the prediction
of wrongfully predicted vortices. Depending on the network’s application one
could vary the threshold t accordingly. When testing systems at lower tem-
peratures (with fewer vortices), we did not observe any changes in either the
accuracy of the vortex/anti-vortex detection or in the percentage of real vortices.
To conclude we were able to show that artificial neural networks can be used to
accurately predict the finite size critical temperatures for different system sizes
of the classical 2D XY model. We were also able to show how a convolutional
neural network can be used to reliably detect vortices in the simulation data at
different temperatures. In the future, it might be possible to apply convolution-
al neural networks for the detection of other unconventional phase transitions
like the Kosterlitz-Thouless transition. One could also test whether it is fea-
sible to directly use vortex detection as a tool for the detection of the phase
transition. The detection of the phase transition point should be possible since
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testing simulation data at a temperature below the critical temperature of the
(30x30) system at T = 1.12T(c,∞) led to comparable accuracies in the detection
of vortices. One could thus use the percentages of bound and unbound vortices
for various temperatures and predict the critical temperature that way.
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10 Appendix

Code for the classical XY simulation:

Figure 58: Code for the classical 2D XY simulation using python.

Code for the vortex and anti-vortex labelling:
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Figure 59: Code for the vortex labelling for XY simulation.

Step ypred ytrue w000 w001 w002 w010 w011 w012 w00 w01

0 0.740 0.5 1 1 1 -1 1 -1 1 1
1 0.732 0.5 0.999 0.999 0.997 -1.001 0.999 -1.002 0.955 0.996
2 0.723 0.5 0.997 0.999 0.995 -1.003 0.999 -1.005 0.909 0.993
3 0.713 0.5 0.996 0.998 0.992 -1.004 0.998 -1.008 0.863 0.989
4 0.703 0.5 0.995 0.998 0.990 -1.005 0.997 -1.011 0.815 0.986
5 0.693 0.5 0.994 0.997 0.987 -1.007 0.997 -1.014 0.767 0.98
10 0.637 0.5 0.989 0.994 0.977 -1.015 0.993 -1.029 0.511 0.96
20 0.504 0.5 0.984 0.992 0.968 -1.031 0.984 -1.062 -0.048 0.924

Table 3: Table with changes in weights and outputs after a number of iteration
of the backpropagation algorithm. At T = 1.57Tc.
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Figure 60: Histogramm for (120x120) system size.

Figure 61: Histogramm for (120x120) system size.

Figure 62: Histogramm for (120x120) system size.
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Figure 63: Histogramm for (120x120) system size.

Figure 64: Susceptibility of the (15x15) system.

Figure 65: Susceptibility of the (30x30) system.
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Figure 66: Network example for temperature prediction. One convolutional,
one hidden dense layer, and one dense output neuron.

Figure 67: Network example for vortex detection. Three convolutional layers.

Figure 68: Uncertainty are 120 x 120 system.
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Threshold t pvort pa−vort nvort wrong vortices p
(

wrong vortex
correct vortex + wrong vortex

)
0.05 0.9796 0.9820 62.2 94.99 0.6090
0.1 0.9617 0.9652 62.2 45.18 0.4302
0.2 0.9363 0.9371 62.2 19.23 0.2483
0.3 0.912 0.911 62.2 10.689 0.1622
0.4 0.8789 0.8781 62.2 5.84 0.0966
0.45 0.8548 0.8536 62.2 4.046 0.0708
0.5 0.8246 0.8212 62.2 2.655 0.0494
0.6 0.7387 0.7330 62.2 0.98 0.0210
0.7 0.6217 0.6177 62.2 0.266 0.0068
0.8 0.4697 0.4666 62.2 0.015 0.0005

Table 4: Table with accuracy for vortex and anti-vortex predictions, number
of vortices and wrongly predicted vortices and percentage of falsely predicted
vortices for different thresholds t. At T = 1.57Tc.

Threshold t pvort pa−vort nvort wrong vortices p
(

vortices
correct vortex + wrong vortex

)
0.05 0.980 0.980 25.6 59.83 0.295
0.1 0.963 0.961 25.6 23.61 0.511
0.2 0.936 0.935 25.6 18.60 0.736
0.3 0.911 0.913 25.6 4.57 0.836
0.4 0.878 0.875 25.6 2.37 0.904
0.45 0.850 0.850 25.6 1.56 0.933
0.5 0.817 0.817 25.6 1.02 0.953
0.6 0.730 0.724 25.6 0.39 0.980
0.7 0.607 0.600 25.6 0.09 0.994
0.8 0.454 0.452 25.6 0.004 0.9996

Table 5: Table with accuracy for vortex and anti-vortex predictions, number
of vortices and wrongly predicted vortices and percentage of falsely predicted
vortices for different thresholds t. At T = 1.25Tc.

Threshold t pvort pa−vort nvort wrong vortices p
(

nvortices

right vortex + wrong vortex

)
0.1 0.961 0.963 14.7 17.7 0.444
0.2 0.937 0.93 14.7 15.8 0.702
0.3 0.912 0.907 14.7 2.9 0.820
0.4 0.8779 0.869 14.7 1.5 0.897
0.5 0.814 0.809 14.7 0.6 0.951
0.6 0.721 0.712 14.7 0.2 0.982
0.7 0.593 0.586 14.7 0.05 0.995
0.8 0.435 0.433 14.7 0.002 0.9996

Table 6: Table with accuracy for vortex and anti-vortex predictions, number
of vortices and wrongly predicted vortices, and percentage of falsely predicted
vortices for different thresholds t. At T = 1.12Tc.
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(a) (b)

Figure 69: Label (a) and neural network prediction (b) for the positions of the
vortices at T = 1.57Tc.

(a) (b)

Figure 70: Label (a) and neural network prediction (b) for the positions of the
vortices at T = 1.57Tc.
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(a) (b)

Figure 71: Label (a) and neural network prediction (b) for the positions of the
vortices at T = 1.57Tc.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

Figure 72: Visualization of prediction of the network. Red indicates the total
number of vortices, blue the found number of vortices and green the number of
sites where the network falsely predicted a vortex/anti-vortex. 73
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