
i





Algebraic Cobordism

Marc Levine

Fabien Morel

Department of Mathematics, Northeastern University, Boston,
MA 02115, USA

Mathematisches Institut der Universität München, Theresienstr.
39, D-80333 München, GERMANY

E-mail address: marc@neu.edu
E-mail address: morel@mathematik.uni-muenchen.de



1991 Mathematics Subject Classification. Primary 19E15; Secondary 14C99,
14C25

Key words and phrases. Cobordism
First author partially supported by the NSF and the Humboldt Foundation.



v

To Rebecca, Anna and Ute–M.L.

To Juliette, Elise and Mymy–F.M.





Contents

Introduction ix

Chapter I. Cobordism and oriented cohomology 1
1.1. Oriented cohomology theories 1
1.2. Algebraic cobordism 5
1.3. Relations with complex cobordism 11

Chapter II. The definition of algebraic cobordism 13
2.1. Oriented Borel-Moore functors 13
2.2. Oriented functors of geometric type 20
2.3. Some elementary properties 22
2.4. The construction of algebraic cobordism 27
2.5. Some computations in algebraic cobordism 31

Chapter III. Fundamental properties of algebraic cobordism 41
3.1. Divisor classes 41
3.2. Localization 44
3.3. Transversality 54
3.4. Homotopy invariance 61
3.5. The projective bundle formula 62
3.6. The extended homotopy property 65

Chapter IV. Algebraic cobordism and the Lazard ring 67
4.1. Weak homology and Chern classes 67
4.2. Algebraic cobordism and K-theory 85
4.3. The cobordism ring of a point 94
4.4. Degree formulas 99
4.5. Comparison with the Chow groups 110

Chapter V. Oriented Borel-Moore homology 115
5.1. Oriented Borel-Moore homology theories 115
5.2. Other oriented theories 121

Chapter VI. Functoriality 131
6.1. Refined cobordism 131
6.2. Intersection with a pseudo-divisor 140
6.3. Intersection with a pseudo-divisor II 147
6.4. A moving lemma 151
6.5. Pull-back for l.c.i. morphisms 158
6.6. Refined pull-back and refined intersections 166

vii



viii CONTENTS

Chapter VII. The universality of algebraic cobordism 177
7.1. Statement of results 177
7.2. Pull-back in Borel-Moore homology theories 179
7.3. Some applications 185

Appendix A. Resolution of singularities 191

Bibliography 193

Index 195



Introduction

0.0.1. Motivation. This work grew out of our attempt to understand the ana-
logue in algebraic geometry of the fundamental paper of Quillen on the cobordism
of differentiable manifolds [28]. In this paper, Quillen introduced the notion of a
(complex) oriented cohomology theory on the category of differentiable manifolds,
which basically means that the cohomology theory is endowed with suitable Gysin
morphisms, and in particular gives the cohomology theory the additional struc-
ture of Chern classes for complex vector bundles. Quillen then observed that the
complex cobordism theory X 7→MU∗(X) is the universal such cohomology theory.

This new point of view allowed him to shed some new light on classical com-
putations in cobordism theory. He made more precise the computation by Milnor
and Novikov of the complex cobordism ring MU∗ as a polynomial ring: it is in fact
the Lazard ring L of the universal formal group law defined and studied in [14].
The isomorphism

L ∼= MU∗

is obtained via the formal group law FMU (U, V ) on MU∗ defined as the expression
of the Chern class c1(L⊗M) of a tensor product of line bundles as a power series
in c1(L) and c1(M) by the formula

c1(L ⊗M) = FMU (c1(L), c1(M)).

This result of Quillen is in fact a particular case of his main Theorem obtained
in [28]: for any differentiable manifold X, the L-module MU∗(X) is generated by
the elements of non-negative degrees. We observe that this is highly non-trivial as
the elements of L, in the cohomology setting, are of negative degree!

Quillen’s notion of oriented cohomology extends formally to the category Smk

of smooth k-schemes, with k a fixed field, see section 1.1. Our main achievement
here is to construct the universal oriented cohomology theory Ω∗ on Smk, which
we call algebraic cobordism, and to prove the exact analogues of Quillen’s theorems
in this setting, at least over a field of characteristic zero. The computation

L ∼= Ω∗(Spec (k))

is done in section 4.3, and the theorem asserting that Ω∗(X) is generated by ele-
ments of non-negative degrees is proved in section 4.4. Surprisingly, this result can
be precisely reformulated, in algebraic geometry, as the generalized degree formu-
laes conjectured by Rost. We will give on the way other applications and examples,
explaining for instance the relationship between our Ω∗ and the K0 functor of
Grothendieck or the Chow ring functor CH∗.

ix



x INTRODUCTION

It is fascinating to see that in the introduction of his paper Quillen acknowledges
the influence of Grothendieck’s philosophy of motives on his work. As a kind of
natural turnabout, our work is influenced by Quillen’s idea, which we bring “back”
to the “motivic” world; our work is in some sense the result of putting together
Quillen’s work [28] and Grothendieck’s work on the theory of Chern classes [9].
Indeed, if one relaxes the axiom from the paper of Grothendieck that the first
Chern class c1 : Pic(X) → A1(X) is a group homomorphism, then in the light of
Quillen’s work, one has to discover algebraic cobordism.

0.0.2. Overview. Most of the main results in this book were announced in
[18, 19], and appeared in detailed form in the preprints [16] by Levine and Morel
and the preprint [17] by Levine. This book is the result of putting these works
together1.

The reader should notice that we have made a change of convention on degrees
from [18, 19]; there our cohomology theories were assumed to be take values in the
category of graded commutative rings, and the push-forward maps were assumed
to increase the degree by 2 times the codimension, and of course the Chern classes
ci were of degree 2i. This had the advantage of fitting well with the notation used
in topology. But as is clear from our constructions, we only deal with the even
part, and for notational simplicity we have divided the degrees by 2.

This book is organized as follows. In order to work in greater generality as in
[7], instead of dealing only with cohomology theories on smooth varieties, we will
construct Ω∗ as an oriented Borel-Moore homology theory X 7→ Ω∗(X) for X a
finite type k-scheme.

In Chapter I, we introduce the notion of an oriented cohomology theory and
state our main results. In Chapter II, we construct algebraic cobordism over any
field as the universal “oriented Borel-Moore L∗-functor of geometric type” on the
category of finite type k-schemes. These functors are endowed with projective push-
forwards, smooth pull-backs and action of the first Chern classes of line bundle. We
also define algebraic cobordism by explicit generators and relations.

In Chapter III of our work, we establish our fundamental technical result: the
localization theorem 1.2.8, when k admits resolution of singularities. The rest of
the Chapter III deduces from this theorem the standard properties of algebraic
cobordism such as: the projective bundle formula and the extended homotopy
invariance.

Chapter IV introduces the dual notions of weak oriented cohomology theories
and of weak oriented Borel-Moore homology theories. We then develop the theory
of Chern classes for these theories, give some applications, and then prove all the
theorems announced in the introduction. One should notice however that theo-
rems 1.2.2, and 1.2.6 are only proven here in the weaker form where one replaces
the notion of oriented cohomology theory by the notion of weak oriented cohomol-
ogy theory. One should observe however that the proofs of the other theorems such
as theorem 1.2.3, the various degree formulas and theorem 1.2.7) use only those
weak forms.

Chapters V and VI of this work deals with pull-backs. The difference between
the notion of oriented cohomology theories (considered above) and its dual notion
of oriented Borel-Moore homology theory introduced in Chapter V, and the notion

1The second author wishes to thank the first author very much for incorporating his part,

and for his work combining the two parts into a whole



INTRODUCTION xi

of weak oriented cohomology theories and its dual notion of Borel-Moore weak
homology theory is that the latter have only pull-backs for smooth morphisms
while the former have pull-backs for any local complete intersection morphisms
(such as any morphism between smooth k-schemes). The construction of pull-backs
in algebraic cobordism with respect to any local complete intersection morphism is
given in Chapter VI (assuming k admits resolution of singularities). We conclude
in Chapter VII by finishing the proofs of theorems 1.2.2 and 1.2.6, and extending
many of our results on the oriented cohomology of smooth schemes to the setting
of Borel-Moore homology of local complete intersection schemes.

0.0.3. Notations and conventions. Throughout this paper, we let k be an
arbitrary field, unless otherwise stated. We will usually, but not always, take
S = Spec k.

For any X ∈ SchS , we shall always denote by πX : X → S the structural
morphism. By a smooth morphism, we will always mean a smooth and quasi-
projective morphism. In particular, a smooth S-scheme will always be assumed to
be quasi-projective over S.

For a scheme X, we have the equivalence of the categories of vector bundles
over X with the category of locally free coherent sheaves on X, defined by sending
a vector bundle to its sheaf of sections. We will use this equivalence to pass freely
between vector bundles and locally free coherent sheaves.

We denote by OX the structure sheaf over any scheme X and by OX , or simply
O when no confusion can arise, the trivial line bundle over X. Given a Cartier
divisor D ⊂ X we let OX(D) denote the invertible sheaf determined by D and
OX(D) the line bundle whose OX -module of section is OX(D). For a vector bundle
E → X, we write OX(E) for the sheaf of (germs of) sections of E.

For a locally free coherent sheaf E on a scheme X, we let q : P(E) → X
denote the projective bundle ProjOX

(Sym∗
OX

(E)), and q∗E → O(1)E the canonical
quotient. For a vector bundle E → X, we write P(E) for P(O(E)), and q∗E →
O(1)E for the canonical quotient. For n > 0, OnX will denote the trivial vector
bundle of rank n over X, and we write γn for the line bundle O(1)On+1

X
on PnX .

If (X0 : X1) are the standard homogeneous coordinates on P1 := ProjZZ[X0, X1],
and a is an element of a commutative ring R, we write a for the R-valued point
(1 : a) of P1

R, and ∞ for the point (0 : 1). Similarly, we use the coordinate
x := X1/X0 to identify P1

R \∞ with A1
R.

We let Ab∗ denote the category of graded abelian groups where we put the
index down and we let Ab∗ denote the category of graded abelian groups where
we put the index up. We will identify these two categories using the functor M∗ 7→
M−∗. For a functor F defined on a sub-category of Schk we will usually write F (k)
instead of F (Spec k).





CHAPTER I

Cobordism and oriented cohomology

In this chapter, we introduce the axiomatic framework of oriented cohomology
theories, and state our main results.

1.1. Oriented cohomology theories

Fix a base scheme S. We denote by SchS the category of separated schemes
of finite type over S and by SmS its full subcategory consisting of smooth quasi-
projective S-schemes. For z ∈ Z ∈ SmS we denote by dimS(Z, z) the dimension
over S of the component of Z containing z

Let d ∈ Z be an integer. A morphism f : Y → X in SmS has relative dimension
d if, for each y ∈ Y , we have dimS(Y, y)− dimS(X, f(y)) = d. We shall also say in
that case that f has relative codimension −d.

For a fixed base-scheme S, V will usually denote a full subcategory of SchS
satisfying the following conditions
(1.1.1)

(1) S and the empty scheme are in V.
(2) If Y → X is a smooth quasi-projective morphism in SchS with X ∈ V,

then Y ∈ V.
(3) If X and Y are in V, then so is the product X ×S Y .
(4) If X and Y are in V, so is X

∐
Y .

In particular, V contains SmS . We call such a subcategory of SchS admissible.

Definition 1.1.1. Let f : X → Z, g : Y → Z be morphisms in an admissible
subcategory V of SchS . We say that f and g are transverse in V if

(1) TorOZ
q (OY ,OX) = 0 for all q > 0.

(2) The fiber product X ×Z Y is in V.
If V = SmS we just say f and g are transverse; if V = SchS , we sometimes say
instead that f and g are Tor-independent.

We let R∗ denote the category of commutative, graded rings with unit. Observe
that a commutative graded ring is not necessarily graded commutative. We say
that a functor A∗ : (SmS)op → R∗ is additive if A∗(∅) = 0 and for any pair
(X,Y ) ∈ (SmS)2 the canonical ring map A∗(X q Y ) → A∗(X) × A∗(Y ) is an
isomorphism.

For a vector bundle E → X on a scheme X, we have the projective bundle
q : P(E)→ X representing the functor of rank one quotients of E. If E is the sheaf
of sections of E, then P(E) = Proj(Sym∗(E)). We let O(1) → P(E) denote the
canonical quotient line bundle of q∗E.

The following notion is directly taken from Quillen’s paper [28]:

1



2 I. COBORDISM AND ORIENTED COHOMOLOGY

Definition 1.1.2. Let V be an admissible subcategory of SchS . An oriented
cohomology theory on V is given by

(D1). An additive functor A∗ : Vop → R∗.
(D2). For each projective morphism f : Y → X in V of relative codimension d,

a homomorphism of graded A∗(X)-modules:

f∗ : A∗(Y )→ A∗+d(X)

Observe that the ring homomorphism f∗ : A∗(X) → A∗(Y ) gives A∗(Y )
the structure of an A∗(X)-module.

These satisfy
(A1). One has (IdX)∗ = IdA∗(X) for any X ∈ V. Moreover, given projective

morphisms f : Y → X and g : Z → Y in V, with f of relative codimension
d and g of relative codimension e, one has

(f ◦ g)∗ = f∗ ◦ g∗ : A∗(Z)→ A∗+d+e(X).

(A2). Let f : X → Z, g : Y → Z be transverse morphisms in V, giving the
cartesian square

W
g′
//

f ′

��

X

f

��

Y g
// Z

Suppose that f is projective of relative dimension d (thus so is f ′). Then
g∗f∗ = f ′∗g

′∗.
(PB). Let E → X be a rank n vector bundle over some X in V, O(1) → P(E)

the canonical quotient line bundle with zero section s : P(E)→ O(1). Let
1 ∈ A0(P(E)) denote the multiplicative unit element. Define ξ ∈ A1(P(E))
by

ξ := s∗(s∗(1)).

Then A∗(P(E)) is a free A∗(X)-module, with basis

(1, ξ, . . . , ξn−1).

(EH). Let E → X be a vector bundle over some X in V, and let p : V → X be
an E-torsor. Then p∗ : A∗(X)→ A∗(V ) is an isomorphism.

A morphism of oriented cohomology theories on V is a natural transformation of
functors Vop → R∗ which commutes with the maps f∗.

The morphism of the form f∗ are called pull-backs and the morphism of the
form f∗ are called push-forwards. Axiom (PB) will be refered to as the projective
bundle formula and axiom (EH) as the extended homotopy property.

We now specialize to S = Spec k, V = Smk, k a field. Given an oriented
cohomology theory A∗, one may use Grothendieck’s method [9] to define Chern
classes ci(E) ∈ Ai(X) of a vector bundle E → X of rank n over X as follows.
Using the notations of the previous definition, axiom (PB) implies that there exists
unique elements ci(E) ∈ Ai(X), i ∈ {0, . . . , n}, such that c0(E) = 1 and

n∑
i=0

(−1)i ci(E) ξn−i = 0.
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One can check all the standard properties of Chern classes as in [9] using the axioms
listed above (see §4.1.7 for details). Moreover, these Chern classes are characterized
by the following properties:

1) For any line bundle L over X ∈ Smk, c1(L) equals s∗s∗(1) ∈ A1(X),
where s : X → L denotes the zero section.

2) For any morphism Y → X ∈ Smk, and any vector bundle E over X, one
has for each i ≥ 0

ci(f∗E) = f∗(ci(E)).

3) Additivity formula: if

0→ E′ → E → E′′ → 0

is an exact sequence of vector bundles, then one has for each integer n ≥ 0:

cn(E) =
n∑
i=0

ci(E′) cn−i(E′′).

Sometime, to avoid confusion, we will write cAi (E) for the Chern classes of E com-
puted in the oriented cohomology theory A∗.

The fundamental insight of Quillen in [28], and the main difference with Gro-
thendieck’s axioms in [9], is that it is not true in general that one has the formula

c1(L⊗M) = c1(L) + c1(M)

for line bundles L and M over the same base. In other words the map

c1 : Pic(X)→ A1(X), L 7→ c1(L),

is not assumed to be a group homomorphism, but only a natural transformation
of pointed sets. In fact, a classical remark due to Quillen [28, Proposition 2.7]
describes the way c1 is not additive as follows (see proposition 5.2.4 below for a
proof of this lemma):

Lemma 1.1.3. Let A∗ be an oriented cohomology theory on Smk. Then for
any line bundle L on X ∈ Smk the class c1(L)n vanishes for n large enough1.
Moreover, there is a unique power series

FA(u, v) =
∑
i,j

ai,j u
i vj ∈ A∗(k)[[u, v]]

with ai,j ∈ A1−i−j(k), such that, for any X ∈ Smk and any pair of line bundles
L,M on X, we have

FA(c1(L), c1(M)) = c1(L⊗M).
In addition, the pair (A∗(k), FA) is a commutative formal group law.

Recall from [14] that a commutative formal group law of rank one with coeffi-
cients in A is a pair (A,F ) consisting of a commutative ring A and a formal power
series

F (u, v) =
∑
i,j

ai,j u
i vj ∈ A[[u, v]]

such that the following holds:
(1) F (u, 0) = F (0, u) = u ∈ A[[u]].

1In fact we will prove later on that n > dimk(X) suffices; this follows from theorem 2.3.13
and proposition 5.2.4.



4 I. COBORDISM AND ORIENTED COHOMOLOGY

(2) F (u, v) = F (v, u) ∈ A[[u, v]].
(3) F (u, F (v, w)) = F (F (u, v), w) ∈ A[[u, v, w]].

These properties of FA reflect the fact that, for line bundles L,M,N on X ∈ Smk,
one has (denoting by OX the trivial line bundle of rank one over X):

1′. L⊗OX = OX ⊗ L = L ∈ Pic(X).
2′. L⊗M = M ⊗ L ∈ Pic(X).
3′. L⊗ (M ⊗N) = (L⊗M)⊗N ∈ Pic(X).

Lazard pointed out in [14] that there exists a universal commutative formal
group law of rank one (L, FL) and proved that the ring L (now called the Lazard
ring) is a polynomial ring with integer coefficients on a countable set of variables
xi, i ≥ 1. The construction of (L, FL) is rather easy. Set L̃ := Z[{Ai,j | (i, j) ∈ N2}],
and F̃ (u, v) =

∑
i,j Ai,j u

i vj ∈ L̃[[u, v]]. Then define L to be the quotient ring of
L̃ by the relations obtained by imposing the relations (1), (2) and (3) above to F̃ ,
and let

FL =
∑
i,j

ai,j u
i vj ∈ L[[u, v]]

denote the image of F by the homomorphism L̃ → L. It is clear that the pair
(L, FL) is the universal commutative formal group law of rank one, which means
that to define a commutative formal group law of rank one (F,A) on A is equivalent
to define a ring homomorphism ΦF : L→ A.

The Lazard ring can be graded by assigning the degree i+j−1 to the coefficient
ai,j . We denote by L∗ this commutative graded ring. We could as well have graded
it by assigning the degree 1− i− j to the coefficient ai,j , in which case we denote
by L∗ the corresponding commutative graded ring. For instance L0 = L0 = Z and
L−n = Ln = 0 if n < 0.

One can check then that for any oriented cohomology theory A∗ the homomor-
phism of rings induced by the formal group law given by lemma 1.1.3 is indeed a
homomorphism of graded rings

ΦA : L∗ → A∗(k)

Example 1.1.4. The Chow ring X 7→ CH∗(X) is a basic example of oriented
cohomology theory on Smk; this follows from [7]. In that case, the formal group
law obtained on Z = CH∗(k) by lemma 1.1.3 is the additive formal group law
Fa(u, v) = u+ v.

Example 1.1.5. Another fundamental example of oriented cohomology theory
is given by the Grothendieck K0 functor X 7→ K0(X), where for X a smooth
k-scheme, K0(X) denotes the Grothendieck group of locally free coherent sheaves
on X. For E a locally free sheaf on X we denote by [E ] ∈ K0(X) its class. The
tensor product of sheaves induces a unitary, commutative ring structure on K0(X).
In fact we rather consider the graded ring K0(X)[β, β−1] := K0(X) ⊗Z Z[β, β−1],
where Z[β, β−1] is the ring of Laurent polynomial in a variable β of degree −1.

It is endowed with pull-backs for any morphism f : Y → X by the formula:

f∗([E ] · βn) := [f∗(E)] · βn

for E a locally free coherent sheaf on X and n ∈ Z. We identify K0(X) with the
Grothendieck group G0(X) of all coherent sheaves on X by taking a finite locally
free resolution of a coherent sheaf (X is assumed to be regular). This allows one to
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define push-forwards for a projective morphism f : Y → X of pure codimension d
by the formula

f∗([E ] · βn) := Σ∞i=0(−1)i[Rif∗(E)] · βn−d ∈ K0(X)[β, β−1]

for E a locally free sheaf on Y and n ∈ Z. One can easily check using standard
results that this is an oriented cohomology theory.

Moreover, for a line bundle L over X with with projection π : L → X, zero
section s : X → L and sheaf of sections L, one has

s∗(s∗(1X)) = s∗([Os(X)]β−1) = s∗(1− [π∗(L)∨])β−1 = (1− [L∨])β−1

so that cK1 (L) := (1− [L∨])β−1. We thus find that the associated power series FK
is the multiplicative formal group law

Fm(u, v) := u+ v − βuv

as this follows easily from the relation

(1− [(L ⊗M)∨]) = (1− [L∨]) + (1− [M∨])− (1− [L∨])(1− [M∨])

in K0(X), where L andM are invertible sheaves on X.

1.2. Algebraic cobordism

Definition 1.2.1. Let A∗ be an oriented cohomology theory on Smk with
associated formal group law FA.

1) We shall say that A∗ is ordinary if FA(u, v) is the additive formal group
law.

2) We shall say that A∗ is multiplicative if FA(u, v) = u + v − buv for some
(uniquely determined) b ∈ A−1(k); we shall say moreover that A∗ is peri-
odic if b is a unit in A∗(k).

Our main results on oriented cohomology theories are the following three theo-
rems. In each of these statements, A∗ denoted a fixed oriented cohomology theory
on Smk:

Theorem 1.2.2. Let k be a field of characteristic zero. If A∗ is ordinary then
there exists one and only one morphism of oriented cohomology theories

ϑCH
A : CH∗ → A∗.

Theorem 1.2.3. Let k be a field. If A∗ is multiplicative and periodic then there
exists one and only one morphism of oriented cohomology theories

ϑKA : K0[β, β−1]→ A∗.

Theorem 1.2.2 says that, in characteristic zero, the Chow ring functor is the
universal ordinary oriented cohomology theory on Smk. It seems reasonable to
conjecture that this statement still holds over any field. Theorem 1.2.3 says that
K0[β, β−1] is the universal multiplicative and periodic oriented cohomology theory
on Smk.

Remark 1.2.4. The classical Grothendieck-Riemann-Roch theorem can be eas-
ily deduced from theorem 1.2.3, see remark 4.2.11.
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Remark 1.2.5. Using theorem 1.2.3 and the fact that for any smooth k-scheme
the Chern character induces an isomorphism

ch : K0(X)⊗Q ∼= CH(X)⊗Q

(where CH denotes the ungraded Chow ring), it is possible to prove Q-versions of
theorem 1.2.2 and theorem 1.2.6 below over any field.

Well-known examples of ordinary cohomology theories are given by the “clas-
sical” ones: the even part of étale `-adic cohomology theory (with ` 6= char(k) a
prime number), the de Rham cohomology theory over a field of characteristic zero,
the even part of Betti cohomology associated to a complex embedding of the base
field. In some sense theorem 1.2.2 and its rational analogue over any field explains,
a priori, the existence of the cycle map in all these classical cohomology theories.

The following result introduces our main object of study:

Theorem 1.2.6. Assume k has characteristic zero. Then there exists a uni-
versal oriented cohomology theory on Smk, denoted by

X 7→ Ω∗(X),

which we call algebraic cobordism. Thus, given an oriented cohomology theory A∗

on Smk, there is a unique morphism

ϑ : Ω∗ → A∗

of oriented cohomology theories.

In addition, we have two main results describing properties of the universal
theory Ω∗ which do not obviously follow from universality. The first may be viewed
as an algebraic version of Quillen’s identification of MU∗(pt) with L:

Theorem 1.2.7. For any field k of characteristic zero, the canonical homo-
morphism classifying FΩ

Φ : L∗ → Ω∗(k)
is an isomorphism.

The second reflects the strongly algebraic nature of Ω∗:

Theorem 1.2.8. Let i : Z → X be a closed immersion between smooth varieties
over k, d the codimension of Z in X and j : U → X the open immersion of the
complement of Z. Then the sequence

Ω∗−d(Z) i∗−→ Ω∗(X)
j∗−→ Ω∗(U)→ 0

is exact.

The construction of Ω∗ is directly inspired by Quillen’s description of complex
cobordism [28]: For f : Y → X a projective morphism of codimension d from a
smooth k-scheme Y to X denote by [f : Y → X]A ∈ Ad(X) the element f∗(1Y ).
For each X, Ωd(X) is generated as a group by the isomorphism classes of projective
morphisms Y → X of codimension d with Y smooth. The morphism ϑ necessarily
maps f : Y → X to [f : Y → X]A, which proves uniqueness of ϑ. Observe that
Ωn(X) = 0 for n > dim(X). When X = Spec k we simply denote by [Y ] ∈ Ω−d(k)
and [Y ]A ∈ A−d(k) the class of the projective smooth variety Y → Spec k of
dimension d.
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Remark 1.2.9. One should note that the relations defining Ω∗ are not just
the obvious “algebraization” of the complex cobordism relations. Indeed, one can
consider projective morphisms of the form f : Y → X × P1 with Y smooth and f
transverse to the inclusion X×{0, 1} → X×P1. Letting f0 : Y0 → X, f1 : Y1 → X
be the pull-backs of f via X × 0→ X × P1 and X × 1→ X × P1, respectively, we
do have the relation

[f0 : Y0 → X] = [f1 : Y1 → X]
in Ω∗(X). However, imposing only relations of this form on the free abelian group
of isomorphism classes of projective morphisms f : Y → X (with Y irreducible and
smooth over k) does not give Ω∗(X), even forX = Spec k, and even for algebraically
closed k. To see this, consider Ω−1(k), i.e., the part of Ω∗(k) generated by the
classes of smooth projective curves C over k. Clearly, the genus and the number of
(geometrically) connected components is invariant under the “naive” cobordisms
given by maps Y → P1, but we know that L−1 ∼= Z, generated by the class of P1.
Thus, if one uses only the naive notion of algebraic cobordism, it would not be
possible to make a curve of genus g > 0 equivalent to (1− g)P1, as it should be.

Example 1.2.10. In [28], Quillen defines a notion of complex oriented cohomol-
ogy theory on the category of differentiable manifolds and pointed out that complex
cobordism theory X 7→ MU∗(X) can be interpreted as the universal such theory.
Our definition 1.1.2 is so inspired by Quillen’s axioms that given a complex imbed-
ding σ : k → C, it is clear that the functor X 7→MU2∗(Xσ(C)) admits a canonical
structure of oriented cohomology theory (Xσ(C) denoting the differentiable mani-
fold of complex points of X ×k C). From the universality of algebraic cobordism
we get for any X ∈ Smk a canonical morphism of graded rings

Ω∗(X)→MU2∗(Xσ(C)).

Given a complex embedding σ : k → C the previous considerations define a
ring homomorphism

Φtop : Ω∗ →MU2∗.

In very much the same way, given an extension of fields k ⊂ K and a k-scheme
X denote by XK the scheme X×Spec kSpecK. For any oriented cohomology theory
A∗ on SmK , the functor

(Smk)op → R∗, X 7→ A∗(XK)

is an oriented cohomology theory on Smk. In particular, we get natural morphisms
Ω∗(X)→ Ω∗(XK), giving in the case X = Spec k a canonical ring homomorphism

Ω∗(k)→ Ω∗(K).

Theorem 1.2.7 easily implies:

Corollary 1.2.11. Let k be a field of characteristic zero.
(1) Given a complex embedding σ : k → C the canonical homomorphism

Φtop : Ω∗(k)→MU2∗(pt)

is an isomorphism.
(2) Given a field extension k ⊂ F , the canonical homomorphism

Ω∗(k)→ Ω∗(F )

is an isomorphism.
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Remark 1.2.12. Suppose char(k) = 0. Let X be a smooth irreducible quasi-
projective k-scheme, with field of functions K. One then has a canonical homo-
morphism of rings Ω∗(X) → Ω∗(K) defined as the composition of the canonical
morphism Ω∗(X)→ Ω∗(XK) (extension of scalars) with the restriction Ω∗(XK)→
Ω∗(K) to the tautological K-point of XK . It corresponds to “taking the generic
fiber” in the sense that given a projective morphism f : Y → X of relative codimen-
sion d and generic fiber YK → SpecK, a smooth projective K-scheme, its image
by the previous homomorphism is the class [YK ] ∈ Ωd(K).

The composition Ω∗(k) → Ω∗(X) → Ω∗(K) is an isomorphism by corol-
lary 1.2.11(2). We denote by

deg : Ω∗(X)→ Ω∗(k)

the composition of Ω∗(X)→ Ω∗(K) and the inverse isomorphism Ω∗(K)→ Ω∗(k).
Now, for a morphism f : Y → X of relative codimension 0, we have the degree of f ,
denoted deg(f), which is zero if f is not dominant and equal to the degree of the
field extension k(X)→ k(Y ) if f is dominant. We observe that Ω0(k) is canonically
isomorphic to Z and that through this identification, deg([f : Y → X]) = deg(f)
in case f has relative codimension zero.

From theorem 1.2.8 and corollary 1.2.11 we get the following result, which
is a very close analogue of the fundamental results in [28] concerning complex
cobordism.

Corollary 1.2.13. Let k be a field of characteristic zero and let X be in Smk.
Then Ω∗(X) is generated as an L∗-module by the classes of non-negative degrees
(Recall that L∗ is concentrated in degrees ≤ 0).

Indeed corollary 1.2.11, with F = k(X), implies that a given element η ∈ Ω∗(X)
is “constant” over some open subscheme j : U → X of X:

j∗η = deg(η) · 1U .

By theorem 1.2.8, the difference η−deg(η)·1X comes from Ω∗ of some proper closed
subscheme Z (after removing the singular locus of Z), and noetherian induction
completes the proof. In fact, since each reduced closed subscheme Z of X has a
smooth birational model Z̃ → Z, we get the following more precise version, which
we call the generalized degree formula:

Theorem 1.2.14. Let k be a field of characteristic zero. Let X be in Smk.
For each closed integral subscheme Z ⊂ X let Z̃ → Z be a projective birational
morphism with Z̃ smooth quasi-projective over k and [Z̃ → X] ∈ Ω∗(X) denote the
class of the projective morphism Z̃ → X. Then Ω∗(X) is generated as an L∗-module
by the classes [Z̃ → X].

In particular, for any irreducible X ∈ Smk, Ω∗(X) is generated as an L∗-
module by the unit 1 ∈ Ω0(X) and by the elements [Z̃ → X] with dim(Z̃) < dim(X),
that is to say of degrees > 0 in Ω∗(X). More precisely, for η ∈ Ω∗(X), there are
integral proper closed subschemes Zi of X, and elements αi ∈ Ω∗(k), i = 1, . . . , r,
such that

(1.2.1) η = deg(η) · [IdX ] +
r∑
i=1

αi · [Z̃i → X].
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Given a smooth projective irreducible k-scheme X of dimension d > 0, Rost
introduces (see [21]) the ideal M(X) ⊂ L∗ = Ω∗(Spec k) generated by classes
[Y ] ∈ L∗ of smooth projective k-schemes Y of dimension < d for which there
exists a morphism Y → X over k. The following result establishes Rost’s degree
formula as conjectured in [21]. It is an obvious corollary to theorem 1.2.14 and
remark 1.2.12.

Theorem 1.2.15. Let k be a field of characteristic zero. For any morphism
f : Y → X between smooth projective irreducible k-schemes the class [Y ]−deg(f)[X]
of L∗ lies in the ideal M(X). In other words, one has the following equality in the
quotient ring L∗/M(X):

[Y ] = deg(f) · [X] ∈ L∗/M(X).

We shall also deduce the following

Theorem 1.2.16. Let k be a field of characteristic zero. Let X be a smooth
projective k-variety.

(1) The ideal M(X) is a birational invariant of X.
(2) The class of X modulo M(X):

[X] ∈ L∗/M(X)

is a birational invariant of X as well.

For instance, let d ≥ 1 be an integer and Nd the d-th Newton polynomial in
the variables c1, . . . , cd. Recall that if we consider the ci’s as the d elementary
symmetric functions in the x1, . . . , xd, then

Nd(c1, . . . , cd) = Σixdi .

If X is smooth projective of dimension d, we set

Sd(X) := −degNd(τX) ∈ Z,

τX denoting the tangent bundle of X and deg : CHd(X) → Z the usual degree
homomorphism. One checks that if X and Y are smooth projective k-scheme of
dimension d and d′, one has Sd+d′(X × Y ) = 0 if both d > 0 and d′ > 0. We also
know (see [2]) that if d is of the form pn− 1 where p is a prime number and n > 0,
then sd(X) := Sd(X)

p is always an integer. In that case, using theorem 1.2.14 and
observing that if dim(Z) < d then sd([W ] · [Z]) 6= 0 implies dim(Z) = 0 one obtains
the following result:

Corollary 1.2.17. Let f : Y → X be a morphism between smooth projective
varieties of dimensions d > 0. Assume that d = pn − 1 where p is a prime number
and n > 0. Then there exists a 0-cycle on X with integral coefficients whose degree
is the integer

sd(Y )− deg(f) · sd(X).

This formula was first proven by Rost2, and then generalized further by Borgh-
esi [3].

Consider now the graded ring homomorphisms

Φa : L∗ → Z

2V. Voevodsky had considered weaker forms before.
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and
Φm : L∗ → Z[β, β−1]

classifying the respectively the additive and multiplicative formal group laws.
Theorem 1.2.6 obviously implies that, over a field of characteristic zero, the

ordinary oriented cohomology theory

X 7→ Ω∗(X)⊗L∗ Z
obtained by extension of scalars from Ω∗ via Φa, is the universal ordinary oriented
cohomology theory. In the same way theorem 1.2.6 implies that, over a field of
characteristic zero, the multiplicative oriented cohomology theory

X 7→ Ω∗(X)⊗L∗ Z[β, β−1]

obtained by extending the scalars from Ω∗ via Φm is the universal multiplicative
periodic oriented cohomology theory. Over a field of characteristic zero, we get
from theorem 1.2.6 canonical morphisms of oriented cohomology theories

Ω∗ → CH∗

and
Ω∗ → K0[β, β−1].

We immediately deduce from theorems 1.2.3 and 1.2.6 the following result:

Theorem 1.2.18. Over a field of characteristic zero, the canonical morphism

Ω∗ → K0[β, β−1]

induces an isomorphism

Ω∗ ⊗L∗ Z[β, β−1] ∼= K0[β, β−1].

Theorem 1.2.18 is the analogue of a well-known theorem of Conner and Floyd
[4]. Theorems 1.2.2 and 1.2.6 similarly imply the analogous relation between Ω∗

and CH∗:

Theorem 1.2.19. Let k be a field of characteristic zero. Then the canonical
morphism

Ω∗ → CH∗

induces an isomorphism
Ω∗ ⊗L∗ Z→ CH∗.

In fact, we prove theorem 1.2.19 before theorem 1.2.2, using theorem 1.2.3, theo-
rem 1.2.6, theorem 1.2.7 and some explicit computations of the class of a blow-up
of a smooth variety along a smooth subvariety. We then deduce theorem 1.2.2 from
theorems 1.2.6 and 1.2.19.

Remark 1.2.20. The hypothesis of characteristic zero in theorems 1.2.6, and
the related theorem 1.2.18 is needed only to allow the use of resolution of singulari-
ties, and so these results are valid over any field admitting resolution of singularities
in the sense of Appendix A. Theorem 1.2.7 uses resolution of singularities as well
as the weak factorization theorem of [1] and [35]. Thus theorems 1.2.2 and 1.2.19
rely on both resolution of singularities and the weak factorization theorem.

Our definition of the homomorphism deg, on the other hand, relies at present
on the generic smoothness of a morphism Y → X of smooth k-schemes, hence
is restricted to characteristic zero, regardless of any assumptions on resolution of
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singularities. Thus, the explicit formula (1.2.1) in theorem 1.2.14 relies on char-
acteristic zero for its very definition. Since the proof of theorem 1.2.19 relies on
theorem 1.2.14, this result also requires characteristic zero in the same way.

Remark 1.2.21. Theorem 1.2.19, together with the natural transformation
described in example 1.2.10, immediately implies a result of B. Totaro [31] con-
structing for any smooth C-variety X, a map

CH∗(X)→MU2∗(X)⊗L∗ Z

factoring the topological cycle class map CH∗(X)→ H2∗(X,Z) through the natural
map MU2∗(X)⊗L∗ Z→ H2∗(X,Z).

Remark 1.2.22. Unoriented cobordism. Let X 7→MO∗(X) denote unoriented
cobordism theory and MO∗ := MO∗(pt) the unoriented cobordism of a point, as
studied by Thom [30]. Given a real embedding σ : k → R, then for any smooth k-
scheme X of dimension d denote by Xσ(R) the differentiable manifold (of dimension
d) of real points of X. Then clearly, the assignment

X 7→ [Xσ(R)] ∈MO∗(X)

has a structure of oriented cohomology theory on Smk (one can use [28]; observe
in that case that the associated theory of Chern classes is nothing but the theory of
Stiefel-Whitney classes in MO∗(X)). Thus we get from universality of Ω∗ a natural
transformation

Ω∗(X)→MO∗(Xσ(R))
From theorem 1.2.7 we thus get for any real embedding k → R a natural homo-
morphism:

Ψk→R : L∗ ∼= Ω∗(k)→MO∗

which (using corollary 1.2.11) doesn’t depend on k, so that we assume k = R. Then
ΨR : L∗ = Ω∗(Spec R) → MO∗, is the map which sends the class [X] of a smooth
projective variety X over R to the unoriented class of the differentiable manifold
X(R) of real points.

From [28], the theory of Stiefel-Whitney classes inMO∗ defines an isomorphism
of rings

L∗/[2]→MO∗

where [2] denotes the (coefficients of the) power series [2](u) := FL(u, u). One easily
checks that the induced epimorphism L∗ →MO∗ is the homomorphism ΨR above.

From all this follows a geometric interpretation of the map Ψ : L∗ → L∗/[2]
using the identifications L∗ = Ω∗(R) = MU2∗ and L∗/[2] = MO∗: let x ∈ MU2n

be an element represented by a smooth projective variety X over R. Then Ψ(x) is
equal to the unoriented cobordism class [X(R)] (which thus only depends on x).

1.3. Relations with complex cobordism

At this point, let’s give some heuristic explanation of the whole picture.
For X a finite CW-complex, one can define its singular cohomology groups

with integral coefficients H∗(X; Z), its complex K-theory K∗(X), and its complex
cobordim MU∗(X) (see [2], for instance). These are complex oriented cohomology
theories, they admit a theory of Chern classes and the analogue of lemma 1.1.3
implies the existence of a canonical ring homomorphism from L∗ to the coefficient
ring of the theory (which double the degrees with our conventions).
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Quillen in [27] refined Milnor’s [20] and Novikov’s [24] computations that
that the complex cobordism MU∗ of a point is a polynomial algebra with integral
coefficient by showing that the map

Φtop : L∗ →MU2∗

is an isomorphism (here we mean that Φtop double the degrees and that the odd
part of MU∗ vanishes). Then in [28], Quillen produced a geometric proof of that
fact emphasizing that MU∗ is the universal complex oriented cohomology theory
on the category of differentiable manifolds.

The theorem of Conner-Floyd [4] now asserts that for each CW-complex X the
map

MU∗(X)⊗L Z[β, β−1]→ K∗(X)
is an isomorphism (beware that in topology β has degree −2).

However, in general for a CW-complex X the homomorphism

MU∗(X)⊗L Z→ H∗(X; Z)

is not an isomorphism (not even surjective), even when restricted to the even part.
Thus contrary to theorem 1.2.18, theorem 1.2.19 has no obvious counterpart in
topology.

To give a heuristic explanation of our results we should mention that for
smooth varieties over a field singular cohomology is replaced by motivic cohomol-
ogy H∗,∗(X; Z), complex K-theory by Quillen’s algebraic K-theory K∗,∗(X) and
complex cobordism by the theory MGL∗,∗ represented by the algebraic Thom com-
plex MGL (see [34]). Observe here that the theories takes values in the category
of bigraded rings, the first degree corresponding to the cohomological degree and
the second to the weight. Then in that case one should still have the Conner-Floyd
isomorphism3

MGL∗,∗(X)⊗L∗ Z[β, β−1] ∼= K∗,∗(X)Z[β, β−1]

for any simplicial smooth k-variety X (beware here that β has bidegree (−2,−1)).
However the map MGL∗,∗(X) ⊗L∗ Z → H∗,∗(X) would almost never be an iso-
morphism. Instead one expects a spectral sequence4 from motivic cohomology to
MGL∗,∗(X); the filtration considered in §4.5.2 should by the way be the one induced
by that spectral sequence. Then theorem 1.2.19 is explained by the degeneration
of this spectral sequence in the area computing the bidegrees of the form (2n, n).

In fact, the geometric approach taken in the present work only deal with bide-
grees of the form (2n, n). Indeed, one can check that for any oriented bigraded
cohomology theory A∗,∗ in that setting the associated functor X 7→ ⊕nA2n,n(X)
(graded by n) has a structure of oriented cohomology theory on Smk in our sens.
In particular one gets morphisms Ω∗(X) → ⊕nMGL2n,n(X) which we conjecture
to be an isomorphism.

We are hopeful that our geometric approach can be extended to describe the
whole bigraded algebraic cobordism, and that our results are only the first part of
a general description of the functor MGL∗,∗.

3This has been proven over any field by the second author jointly with M. Hopkins,

unpublished.
4This spectral sequence has been announced in characteristic zero by the second author

jointly with M. Hopkins, in preparation.



CHAPTER II

The definition of algebraic cobordism

The basic structures that we emphasize in Chapter II consists of three types of
operations: push-forwards f∗ for projective morphisms, pull-backs f∗ for smooth
morphisms, and a first Chern class endomorphism c̃1(L) for each line bundle L.

In §2.1 we develop the required formalism of oriented Borel-Moore functors
which encodes these three structures. In §2.4 we give the definition of algebraic
cobordism as the universal oriented Borel-Moore functor satisfying some explicit
geometric axioms. In the rest of Chapter II we give some basic computations and
some elementary properties.

In this chapter k is an arbitrary field and V is an admissible subcategory of
Schk (1.1.1). We let V ′ denote the subcategory of V whose morphisms are the
projective morphisms.

2.1. Oriented Borel-Moore functors

2.1.1. Push-forwards, pull-backs and first Chern classes.

Definition 2.1.1. A functor H∗ : V ′ → Ab∗ is called additive if for any finite
family (X1, . . . , Xr) of finite type k-schemes, the homomorphism

⊕ri=1H∗(Xi)→ H∗(qri=1Xi)

induced by the (projective) morphisms Xi ⊂ qri=1Xi is an isomorphism. Observe
that in particular we must have

H∗(∅) = 0.

Definition 2.1.2. An oriented Borel-Moore functor on V is given by:
(D1). An additive functor H∗ : V ′ → Ab∗.
(D2). For each smooth equi-dimensional morphism f : Y → X in V of relative

dimension d a homomorphism of graded groups

f∗ : H∗(X)→ H∗+d(Y ).

(D3). For each line bundle L on X a homomorphism of graded abelian groups:

c̃1(L) : H∗(X)→ H∗−1(X).

These data satisfy the following axioms:
(A1). For any pair of composable smooth equi-dimensional morphisms (f : Y →

X, g : Z → Y ) respectively of dimension d and e, one has

(f ◦ g)∗ = g∗ ◦ f∗ : H∗(X)→ H∗+d+e(Z),

and Id∗X = IdH∗(X) for any X ∈ V.

13
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(A2). Let f : X → Z, g : Y → Z be morphisms in V, giving the cartesian square

W
g′
//

f ′

��

X

f

��

Y g
// Z.

Suppose that f is projective and g is smooth and equi-dimensional. Then

g∗f∗ = f ′∗g
′∗.

(A3). Given a projective morphism f : Y → X and a line bundle L over X, one
has

f∗ ◦ c̃1(f∗L) = c̃1(L) ◦ f∗
(A4). Given a smooth equi-dimensional morphism f : Y → X and a line bundle

L over X, one has

c̃1(f∗L) ◦ f∗ = f∗ ◦ c̃1(L).

(A5). Given line bundles L and M on X ∈ V one has:

c̃1(L) ◦ c̃1(M) = c̃1(M) ◦ c̃1(L).

Moreover, if L and M are isomorphic, then c̃1(L) = c̃1(M).

Remark 2.1.3. Let L → X be a line bundle on some X ∈ V, and let L be
the invertible sheaf of sections of L. As a matter of notation, we define c̃1(L) :
H∗(X)→ H∗−1(X) to be c̃1(L).

Given an oriented Borel-Moore functor H∗ and a projective morphism f : Y →
X the homomorphism f∗ : H∗(Y ) → H∗(X) is called the push-forward along f .
For a smooth equi-dimensional morphism f : Y → X of relative dimension d ,
the homomorphism f∗ : H∗(X) → H∗+d(Y ) is called the pull-back along g. And
for a line bundle L on X, the homomorphism c̃1(L) is called the first Chern class
operator of L.

A morphism ϑ : G∗ → H∗ of oriented Borel-Moore functors is a natural trans-
formation ϑ : G∗ → H∗ of functors V ′ → Ab∗ which moreover commutes with the
smooth pull-backs and the operators c̃1.

Remark 2.1.4. Any oriented Borel-Moore functor A∗(−) on some admissible
subcategory W of Schk defines by restriction an oriented Borel-Moore functor on
all admissible V ⊂ W.

Conversely, an oriented Borel-Moore functor A∗ on Smk determines an oriented
Borel-Moore functor ABM∗ on Schk as follows.

One first takes ABM∗ (Y ) for Y smooth to be A∗(Y ). Then for any finite type
k-scheme X, we consider the category C/X whose objects are projective morphisms
Y → X with Y smooth and morphisms from Z → X to Y → X are (projective)
morphisms Z → Y over X. Then one sets

ABM∗ (X) := colimY→X∈C/XA∗(Y ).

Push-forward morphisms f∗ : ABM∗ (Y ) → ABM∗ (X) for a projective morphism
f : Y → X in Schk, pull-backs along smooth equi-dimensional morphisms, action
of c̃1(L) and external products are induced in the obvious way by the same operation
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on the subcategory of smooth k-schemes. All the axioms are easy consequences of
those on the category Smk.

Of course, the restriction of the oriented Borel-Moore functor ABM∗ to Smk

equals A∗. But the converse of course is not true in general. Given an oriented
Borel-Moore functor A∗ on V and given X ∈ V there is a canonical morphism

ABM∗ (X) = colimY→X∈C/XA∗(Y )
φA−−→ A∗(X),

which defines a morphism of oriented Borel-Moore functors on V. In general this
is not an isomorphism. In case φA is surjective, we shall say that A∗ is generated
by smooth schemes and if φA is an isomorphism shall say that A∗ is detected by
smooth schemes

For X a scheme of finite type over k, denote byM(X) the set of isomorphism
classes (over X) of projective morphisms Y → X with Y in Smk;M(X) becomes a
monoid for the disjoint union. We letM+

∗ (X) denote its group completion graded
by the dimension over k of the Y ’s. Given a projective morphism f : Y → X with
Y smooth, we let either [f : Y → X], or [Y → X] or [f ], depending on the context,
denote the image of f : Y → X inM+

∗ (X). We observe that the class of the empty
scheme ∅ → X is [∅ → X] = 0 and thatM+

∗ (X) is the free abelian group on classes
[Y → X] with Y → X projective and Y smooth and irreducible.

Given a projective morphism f : X → X ′ in Schk, composition with f de-
fines a graded group homomorphism f∗ : M+

∗ (X) → M+
∗ (X ′). Given a smooth

equi-dimensional morphism f : X ′ → X, of relative dimension d, one has the ho-
momorphism f∗ :M+

∗ (X) →M+
∗+d(Y ), [Z → X] 7→ [Z ×X Y → Y ]. It is easy to

check that the operations f∗ and f∗ satisfies axioms (A1) and (A2) of the above
definition.

Let H∗ be an oriented Borel-Moore functor on some admissible V ⊂ Schk and
choose an element a ∈ H0(k). Following Quillen, we construct a canonical natural
transformation

ϑH,a :M+
∗ → H∗

of functors V ′ → Ab∗ as follows: for each projective morphism f : Y → X in V
with Y smooth and irreducible, set

ϑH,a([f : Y → X]) := f∗ ◦ π∗Y (a),

where πY : Y → Spec k denotes the structural morphism. Clearly ϑH,a is also
natural with respect to smooth pull-backs in V.

Remark 2.1.5. It would have been possible to define algebraic cobordism work-
ing only with M+

∗ (X) (see lemma 2.5.11). Instead we will consider a slightly
more sophisticated theory, mainly the universal oriented Borel-Moore functor X 7→
Z∗(X) which we are going to construct; Z∗ is obtained fromM+

∗ by formally adding
the first Chern classes operator. This approach simplifies the definition of algebraic
cobordism.

Definition 2.1.6. Let X be a k-scheme of finite type.

(1) A cobordism cycle over X is a family (f : Y → X,L1, . . . , Lr) consisting of:
(a) a projective morphism f : Y → X with Y integral, smooth over k.
(b) a finite sequence (L1, . . . , Lr) of r line bundles over Y (this sequence has

to be interpreted as empty if r = 0).
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The dimension of (f : Y → X,L1, . . . , Lr) is dimk(Y )− r ∈ Z.

(2) An isomorphism Φ of cobordism cycles

(Y → X,L1, . . . , Lr) ∼= (Y ′ → X,L′1, . . . , L
′
r′)

is a triple Φ = (φ : Y → Y ′, σ, (ψ1, . . . , ψr)) consisting of:
(a) an isomorphism φ : Y → Y ′ of X-schemes.
(b) a bijection σ : {1, . . . , r} ∼= {1, . . . , r′} (so that r must equal r′).
(c) for each i ∈ {1, . . . , r} an isomorphism of line bundles over Y : ψi : Li ∼=

φ∗(L′σ(i)).

(3) We let C(X) be the set of isomorphism classes of cobordism cycles over X
and Z(X) be the free abelian group on C(X). We observe that the dimension of
cobordism cycles makes Z∗(X) into a graded abelian group called the group of
cobordism cycles on X. The image of a cobordism cycle (f : Y → X,L1, . . . , Lr)
in this group is denoted [f : Y → X,L1, . . . , Lr], or simply [f, L1, . . . , Lr], or
[Y → X,L1, . . . , Lr], depending on the context.

If Y → X is a projective morphism with Y smooth over k, we denote by
[Y → X] ∈ Z∗(X) the sum of the classes [Yα → X] corresponding to the irreducible
components Yα of Y . We thus gets a natural graded homomorphism

M+
∗ (X)→ Z∗(X),

which is easily seen to be a monomorphism. WhenX is smooth and equi-dimensional
of dimension d, the class [IdX : X = X] ∈ Zd(X) is simply denoted 1X or even 1.

More generally, given Y = qjYj in Smk with line bundles L1, . . . , Lr on Y and
a projective morphism f : Y → X in Schk, we write [f : Y → X,L1, . . . , Lr] for the
sum

∑
j [fj : Yj → X,Lj1, . . . , Ljr] in Z∗(X), where fj and Lji are the restrictions

of f and Li to Yj .

Remark 2.1.7. Clearly given finite type k-schemes X and X ′, the natural
homomorphism

Z∗(X)⊕Z∗(X ′)→ Z∗(X
∐

X ′)

is an isomorphism of graded abelian groups, so that Z∗ is additive.
Moreover if X is a finite type k-scheme and Xα are the irreducible components

of X then clearly the homomorphism

⊕αZ∗(Xα)→ Z∗(X)

is an epimorphism.

Let g : X → X ′ be a projective morphism in V. Composition with g defines
the map of graded groups

g∗ : Z∗(X)→ Z∗(X ′)

[f : Y → X,L1, . . . , Lr] 7→ [g ◦ f : Y → X ′, L1, . . . , Lr],

called the push-forward along g.
If g : X → X ′ is a smooth equi-dimensional morphism of relative dimension

d, sending [f : Y → X, (L1, . . . , Lr)] to [p2 : (Y ×X X ′) → X ′, p∗1(L1), . . . , p∗1(Lr)]
defines the homomorphism

g∗ : Z∗(X)→ Z∗+d(X ′)
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called pull-back along g.
Let X be k-scheme of finite type and let L be a line bundle on X. We call the

homomorphism

c̃1(L) : Z∗(X)→ Z∗−1(X)

[f : Y → X,L1, . . . , Lr] 7→ [Y → X,L1, . . . , Lr, f
∗(L)]

the first Chern class homomorphism of L.

Remark 2.1.8. Let (f : Y → X,L1, . . . , Lr) be a standard cobordism cycle on
X. Then one obviously has the formulas (in Z∗(X)):

[f : Y → X,L1, . . . , Lr] = f∗ ◦ [IdY , L1, . . . , Lr]

= f∗ ◦ c̃1(Lr)([IdY , L1, . . . , Lr−1])
...

= f∗ ◦ c̃1(Lr) ◦ · · · ◦ c̃1(L1)(1Y )

= f∗ ◦ c̃1(Lr) ◦ · · · ◦ c̃1(L1) ◦ π∗Y (1),

where πY : Y → Spec k is the structure morphism and 1 ∈ Z0(k) is the class of the
identity of Spec k.

Lemma 2.1.9. Let V be an admissible subcategory of Schk. The functor

Z∗ : V ′ → Ab∗
X 7→ Z∗(X),

endowed with the above operations of smooth pull-backs, and first Chern classes is
an oriented Borel-Moore functor on V. Moreover it is the universal one in the sense
that given any oriented Borel-Moore functor H∗ on V and an element a ∈ H0(k)
there is one and only one morphism of oriented Borel-Moore functors

ϑH,a : Z∗ → H∗

such that ϑH,a(1) = a ∈ H∗(k).

The proof is rather easy. To prove the universality one uses remark 2.1.8 to
show that one must have

ϑH,a([f : Y → X,L1, . . . , Lr]) = f∗ ◦ c̃1(Lr) ◦ · · · ◦ c̃1(L1)(π∗Y (a))

Remark 2.1.10. External products. We define an external product on the
functor Z∗ as follows:

Z∗(X)×Z∗(Y )→ Z∗(X ×k Y )

([f : X ′ → X,L1, . . . , Lr], [g : Y ′ → Y,M1, . . . ,Ms]) 7→
[f × g : X ′ × Y ′ → X × Y, p∗1(L1), . . . , p∗1(Lr), p

∗
2(M1), . . . , p∗2(Ms)]

It is associative and commutative. Moreover 1 := [Idk] ∈ Z0(k) is a unit element
for this product. In particular, Z∗(k) becomes a unitary, associative, commutative
graded ring and forX ∈ V the external product gives the group Z∗(X) the structure
of a graded Z∗(k)-module. We are led to the following definition:

Definition 2.1.11. An oriented Borel-Moore functor on V with product con-
sists of an oriented Borel-Moore functor on V, H∗, together with:
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(D4). An element 1 ∈ H0(k) and, for each pair (X,Y ) of k-schemes in V, a
bilinear graded pairing (called the external product)

× : H∗(X)×H∗(Y )→ H∗(X × Y )

(α, β) 7→ α× β

which is (strictly) commutative, associative, and admits 1 as unit.

These satisfy

(A6). Given projective morphisms f and g one has

× ◦ (f∗ × g∗) = (f × g)∗ ◦ ×.

(A7). Given smooth equi-dimensional morphisms f and g, one has

× ◦ (f∗ × g∗) = (f × g)∗ ◦ ×.

(A8). Given k-schemes X and Y in V and a line bundle L on X one has for any
classes α ∈ H∗(X) and β ∈ H∗(Y )

(c̃1(L)(α))× β = c̃1(p∗1(L))
(
α× β

)
.

Given an oriented Borel-Moore functor with product A∗ we observe that the
axioms give A∗(k) a commutative, graded ring structure, give to each A∗(X) a
structure of A∗(k)-module, and imply that all the operations f∗, f∗ and c̃1(L)
preserve the A∗(k)-module structure. For p : Y → Spec k in Smk, we denote the
element p∗1 ∈ A∗(Y ) by 1AY , or just 1Y if the meaning is clear.

We also observe that, endowed with its external product, Z∗ is an oriented
Borel-Moore functor on V with product, for all admissible V. Moreover, one easily
checks that it is in fact the universal one: given an oriented Borel-Moore functor on
V with product A∗, there exists one and only one morphism of oriented Borel-Moore
functors with product

ϑA : Z∗ → A∗.

Indeed, one easily checks that the transformation

ϑA,1 : Z∗ → A∗

given by lemma 2.1.9 is compatible with the external products.

Definition 2.1.12. Let R∗ be a commutative graded ring with unit. An ori-
ented Borel-Moore R∗-functor on V, A∗, is an oriented Borel-Moore functor on V
with product, together with a graded ring homomorphism

Φ : R∗ → A∗(k).

For such a functor, one gets the structure of an R∗-module on H∗(X) for each
X ∈ V, by using Φ and the external product. All the operations of projective
push-forward, smooth pull-back, and c̃1 of line bundles are R∗-linear.

For instance, given an oriented Borel-Moore R∗-functor A∗ and a homomor-
phism of commutative graded rings R∗ → S∗, one can construct an oriented Borel-
Moore S∗-functor, denoted by A∗ ⊗R∗ S∗, by the assignment X 7→ A∗(X)⊗R∗ S∗.
The push-forward, smooth pull-back, and c̃1 of line bundles are obtained by exten-
sion of scalars (−)⊗R∗ S∗.
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2.1.2. Standard cycles. Let A∗ be an oriented Borel-Moore R∗-functor with
product on V. By lemma 2.1.9, we have the morphism of oriented Borel-Moore
functors ϑA,1 : Z∗ → A∗. For X in V, let Ā∗(X) be the sub-A∗(k)-module of
A∗(X) generated by ϑA,1(Z∗(X)). It is easy to see that this defines an oriented
Borel-Moore R∗-functor on V with product, Ā∗. We call the element

ϑA,1([f : Y → X,L1, . . . , Lr]) := f∗(c̃1(L1) ◦ . . . c̃1(Lr)(1Y ))

a standard cycle on X, and write this element as [f : Y → X,L1, . . . , Lr]A.
For Y ∈ V with structure morphism f : Y → Spec k, we set 1Y := f∗(1), and

write [Y ]A for f∗(1Y ) = [f : Y → Spec k]A. Note that 1Y = [IdY ]A. It follows from
the additivity of A∗ that 1YqY ′ = 1Y + 1Y ′ in A∗(Y q Y ′) = A∗(Y )⊕A∗(Y ′), and
[Y q Y ′]A = [Y ]A + [Y ′]A.

2.1.3. Imposing relations. Let H∗ be an oriented Borel-Moore functor and,
for each X ∈ V, let R∗(X) ⊂ H∗(X) be a set of homogeneous elements. We will
construct a new oriented Borel-Moore functor denoted by H∗/R∗ together with a
morphism of oriented Borel-Moore functors π : H∗ → H∗/R∗ with the following
universal property: given any oriented Borel-Moore functor G∗ and any morphism
of oriented functors ϑ : H∗ → G∗ such that, for each X, the homomorphism ϑ(X) :
H∗(X) → G∗(X) vanishes on R∗(X), then there is one and only one morphism
of oriented Borel-Moore functors ϕ : H∗/R∗ → G∗ such that ϕ ◦ π = ϑ. This
oriented Borel-Moore functor will then be said to be obtained from H∗ by killing
the elements in the R∗(X), or that H∗/R∗ is the quotient of H∗ by the relations
R∗.

To construct H∗/R∗, we proceed as follows: For X ∈ V denote by 〈R∗〉(X) ⊂
H∗(X) the subgroup generated by elements of the following form:

(2.1.1) f∗ ◦ c̃1(L1) ◦ · · · ◦ c̃1(Lr) ◦ g∗(ρ)
with f : Y → X a projective morphism in V, (L1, . . . , Lr), r ≥ 0, a family of line
bundles over Y , g : Y → Z a smooth equi-dimensional morphism and ρ ∈ R∗(Z).
Then 〈R∗〉 is an oriented Borel-Moore sub-functor of H∗, and is the smallest one
which contains each of the R∗(X).

The assignment X 7→ H∗(X)/〈R∗〉(X) thus has a unique structure of ori-
ented Borel-Moore functor which makes the canonical projection π : H∗(X) →
H∗(X)/〈R∗〉(X) a morphism of oriented Borel-Moore functors. We denote by
H∗/R∗ this oriented Borel-Moore functor. It is clear that the morphism π : H∗ →
H∗/R∗ is a solution to our problem.

Remark 2.1.13. Let A∗ be an oriented Borel-Moore functor with product.
Assume we are given for each X a set R∗(X) of homogeneous elements in A∗(X)
such that for ρ ∈ A∗(X) and σ ∈ A∗(Y ) one has

ρ× σ ∈ R∗(X × Y )

if either ρ ∈ R∗(X) or σ ∈ R∗(Y ). Then there is one and only one external
product on the oriented Borel-Moore functorH∗/R∗ compatible with the projection
H∗ → H∗/R∗. This statement easily follows from 2.1.1.

2.1.4. Cohomological notations. Let A∗ be a oriented Borel-Moore functor on
Smk. For X in Smk, let the Xα denote the irreducible components of X and set
dα := dimk(Xα). We introduce the following notation:

An(X) = ⊕αAdα−n(Xα).
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Given a smooth morphism f : Y → X, the pull-back morphism in A∗ associated
to f defines a homomorphism of degree zero, A∗(X)→ A∗(Y ). Given a projective
morphism f : Y → X of relative codimension d, the push-forward morphism in
A∗ defines the push-forward f∗ : A∗(Y ) → A∗+d(X). The endomorphism c̃1(L)
of A∗(X) associated to a line bundle L on X induces the endomorphism c̃1(L):
A∗(X)→ A∗+1(X). Finally, an external product on A∗ induces an external product
A∗(X)⊗A∗(Y )→ A∗(X × Y ).

The assignment X 7→ A∗(X) will be called the oriented cohomological func-
tor on Smk associated to A∗. One can rewrite all the axioms for an oriented
Borel-Moore functor A∗ on Smk and in terms of A∗. Clearly A∗ and A∗ are thus
determined by each other and the category of oriented Borel-Moore functors on
Smk is equivalent to that of oriented cohomological functors on Smk. We have as
well the notion of an oriented cohomological functor with product on Smk, with
the analogous equivalence to the category of oriented Borel-Moore functors with
product on Smk.

2.2. Oriented functors of geometric type

2.2.1. The axioms. Recall from §1.1 that L∗ denotes the Lazard ring homo-
logically graded (which means that Ln = 0 if n < 0) and that FL(u, v) ∈ L∗[[u, v]]
denotes the universal formal group law.

Given a line bundle L → Y on some Y ∈ Smk with zero-section s0, a section
s of L is tranverse to the zero-section if the cartesian diagram

X ×L X //

��

X

s

��

X s0
// L

is transverse in Smk, i.e., if the subscheme of X defined by s is a smooth codimen-
sion one closed subscheme of X.

Definition 2.2.1. An oriented Borel-Moore L∗-functor A∗ on V is said to be
of geometric type if the following three axioms holds:
(Dim). For any smooth k-scheme Y and any family (L1, . . . , Ln) of line bundles

on Y with n > dimk(Y ), one has

c̃1(L1) ◦ · · · ◦ c̃1(Ln)(1Y ) = 0 ∈ A∗(Y ).

(Sect). For any smooth k-scheme Y , any line bundle L on Y , any section s of L
which is transverse to the zero section of L, one has

c̃1(L)(1Y ) = i∗(1Z),

where i : Z → Y is the closed immersion of the zero-subscheme of s.
(FGL). Let FA ∈ A∗(k)[[u, v]] be the image by the homomorphism L∗ → A∗(k)

(giving the L∗-structure) of the power series FL. Then for any smooth
k-scheme Y and any pair (L,M) of line bundles on Y , one has

FA(c̃1(L), c̃1(M))(1Y ) = c̃1(L⊗M)(1Y ) ∈ A∗(Y ).

Remark 2.2.2. The axioms (Dim) and (Sect) make sense for any oriented
Borel-Moore functor with product, and we will sometimes use them in this less
restrictive context.
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Remark 2.2.3. To make sense of the left-hand side of axiom (FGL), we use
the vanishing stated in (Dim) and the fact that c̃1(L) and c̃1(M) commute. In fact,
only the following weak form of axiom (Dim) is needed for the left-hand side of
(FGL) to make sense:
(Nilp). For each smooth k-scheme Y there exists an integer NY such that, for

each family (L1, . . . , Ln) of line bundles on Y with n > NY , one has

c̃1(L1) ◦ · · · ◦ c̃1(Ln)(1Y ) = 0 ∈ H∗(Y ).

For instance, this property holds in H∗ if, for each given X, H∗(X) vanishes below
some degree.

We will prove below (in theorem 2.3.13) that an oriented Borel-Moore L∗-
functor H∗ which satisfies (Nilp), (Sect) and (FGL) also satisfies (Dim).

Example 2.2.4. The Chow group functor

X 7→ CH∗(X)

endowed with projective push-forward, smooth pull-backs, the action of the c̃1 of
line bundles and the external product of cycles (see [7, Chapters 1 & 2]) is an
oriented Borel-Moore functor on Schk. Moreover, given line bundles L and M
(over the same base) one has the formula

c̃1(L⊗M) = c̃1(L) + c̃1(M).

This gives CH∗ an L∗-structure: the formal group law is given by

FCH(u, v) = Fa(u, v) = u+ v.

One easily checks (using the results of [7]) that CH∗ is of geometric type. More-
over, using resolution of singularities, one can see that the Chow group functor
X 7→ CH∗(X) can be seen to be detected by smooth k-schemes (in the sense of
Section 2.1.4) when k has characteristic zero.

Example 2.2.5. Another fundamental example of an oriented Borel-Moore
functor on Schk is given by G0-theory, X 7→ G0(X), where G0(X) denotes the
Grothendieck K-group of the category of coherent O(X)-modules (see Fulton [7,
Chapter 15] for instance). If we denote by K0(X) the Grothendieck K-group of
vector bundles then for X an arbitrary finite type k-scheme, the tensor product of
locally free sheaves induces a unitary, commutative ring structure on K0(X) and
G0(X) has a natural structure of K0(X)-module: the action of a locally free sheaf
E on G0(X) is just given by E . : G0(X)→ G0(X), [M] 7→ [M⊗O(X) E ].

Let G0(X)[β, β−1] be G0(X)⊗ZZ[β, β−1], where Z[β, β−1] is the ring of Laurent
polynomial in a variable β of degree +1. Define push-forwards for a projective
morphism f : Y → X by

f∗([M] · βn) := Σ∞i=0(−1)i[Rif∗(M)] · βn ∈ G0(X)[β, β−1]

forM a coherent O(Y )-module and n ∈ Z, thus defining a functor

Sch′k → Ab∗

X 7→ G0(X)[β, β−1].

It is endowed with pull-backs along smooth equi-dimensional morphism f : Y → X
of relative dimension d by the formula:

f∗([M] · βn) := [f∗(M)] · βn+d.
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The first Chern class endomorphism associated to the line bundle L on X ∈ Schk
is defined by the multiplication by (1− [L∨]) · β:

c̃1(L) := (1− [L∨]) · β : G0(X)[β, β−1]→ G0(X)[β, β−1],

where L is the invertible sheaf of sections of L. One can easily check that together
with the external product

G0(X)[β, β−1]×G0(Y )[β, β−1]→ G0(X × Y )[β, β−1]

([M], [N ]) 7→ [π∗X(M)⊗X×Y π∗Y (N )]

our functor X 7→ G0(X)[β, β−1] is an oriented Borel-Moore functor with product
on Schk. Moreover, if L and M are line bundles over X, the formula

c̃1(L⊗M) = c̃1(L) + c̃1(M)− β ◦ c̃1(L) ◦ c̃1(M)

mentioned in example 1.1.5 gives G0[β, β−1] an L∗-structure with associated formal
group law

FK(u, v) = Fm(u, v) := u+ v − βuv.
One can then check that G0[β, β−1] is of geometric type. However, we do not know
whether or not the functor X 7→ G0(X)[β, β−1] is detected by smooth k-schemes,
even in characteristic zero.

G0[β, β−1] is however generated by smooth k-scheme if k admits resolution of
singularites. This follows easily from the well-known facts that G0(X) is generated
by the classes [OZ ], with Z ⊂ X an integral closed subscheme, and for p : Z̃ → Z a
resolution of singularities, p∗([OZ̃ ]) = [OZ ] + η in G0(Z), where η ∈ G0(Z) is some
class in the image of G0(W ) for some proper closed subscheme W of the integral
scheme Z. Thus an easy noetherian induction, using the right-exact localization
sequence for G0 gives the desired generation of G0(X).

2.3. Some elementary properties

2.3.1. The axiom (Sect). The imposition of the axiom (Sect) gives an oriented
Borel-Moore functor with product some of the flavor of classical cobordism. In this
section, we derive some of these properties. We fix an admissible subcategory V of
Schk and let A∗ be an oriented Borel-Moore functor with product on V, satisfying
the axiom (Sect).

Remark 2.3.1. Let [f : Y → X,L1, . . . , Lr, L]A be a standard cycle over some
X ∈ V. Suppose that L has a section with smooth divisor i : Z → Y . Then

[f : Y → X,L1, . . . , Lr, L]A = [f ◦ i : Z → X, i∗L1, . . . , i
∗Lr]A.

Indeed, applying f∗ ◦ c̃1(L1) ◦ . . . ◦ c̃1(Lr) to the identity c̃1(L)(1Y ) = i∗(1Z) given
by (Sect) yields this relation.

Definition 2.3.2. Let Y be in Smk. A geometric cobordism over Y is a
projective morphism f : W → Y × P1, with W ∈ Smk and with f transverse (in
Smk) to the inclusion {0,∞} → P1.

Lemma 2.3.3. Take Y ∈ Smk and let f : W → Y ×P1 be a geometric cobordism
over Y . Let f0 : W0 → Y , f∞ : W∞ → Y be the fibers of p2 ◦ f : W → P1 over
0,∞, resp., with morphisms f0, f∞ induced by p1 ◦ f . Then

[f0 : W0 → Y ]A = [f∞ : W∞ → Y ]A.
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Proof. Both i0 : W0 → W and i∞ : W∞ → W are subschemes of W defined
by sections of (p2 ◦ f)∗OP1(1), hence by axiom (Sect) we have

i0∗(1W0) = c̃1((p2 ◦ f)∗OP1(1))(1W ) = i∞∗(1W∞).

The result follows by pushing forward to Y by p1 ◦ f . �

Lemma 2.3.4. Let L be a finite separable k-algebra. Then

[SpecL]A = [L : k] · 1

in A0(k).

Proof. Since [Y q Y ′]A = [Y ]A + [Y ′]A, we may reduce to the case SpecL is
connected, which means that L is a finite separable field extension of k. Thus there
exists x ∈ L such that L = k[x]. Let f ∈ k[X] be the monic irreducible polynomial
of x, of degree d = [L : k]. If f(X) = Xd +

∑d−1
i=0 biX

i, let F (X0, X1) be the
homogenized form of f , F (X0, X1) = Xd

1 +
∑d−1
i=0 biX

i
1X

d−i
0 .

Assume first that k is infinite. Choose distinct elements a1, . . . , ad ∈ k, and
let G =

∏d
i=1(X1 − aiX0). Since f is irreducible, no ai is a root of f . Let H =

Y1 · F + Y0 ·G, and let

W ⊂ P1 × P1 = Projk(k[X0, X1])× Projk(k[Y0, Y1])

be the closed subscheme defined by H. Using the Jacobian criterion, one checks
that W is smooth over k. Via the projection on the second factor, W is finite
over P1

k, and defines a geometric cobordism over Spec k, with fibers SpecL over
(Y0 : Y1) = (1 : 0) and d disjoint copies of Spec k over (Y0 : Y1) = (0 : 1). By
lemma 2.3.3, we have the identity

[SpecL]A = d · [Spec k]A = d · 1

in A0(k).
If k is finite, we proceed by induction on d = [L : k]. If d = 2 the same

argument as above applies. So we may assume d > 2. We choose an irreducible
polynomial h ∈ k[U ] of degree d−1 (such an h always exists) and an a ∈ k. We set
g = (X − a) × h. Note that h is automatically separable since k is perfect. Then
the above reasoning applies to show that [SpecL]A = 1 + [Spec k[X]/h]A, and the
inductive hypothesis gives the result. �

Lemma 2.3.5. (1) Let k ⊂ L be a finite separable extension of fields. For a
scheme X ∈ V, denote by π(L/k) : XL → X the natural morphism. Then the
composition:

A∗(X)
π(L/k)∗−−−−−→ A∗(XL)

π(L/k)∗−−−−−→ A∗(X)

is multiplication by [L : k].

(2) Let k ⊂ F1 and k ⊂ F2 be finite separable fields extensions of k, of relatively
prime degree. Then for any scheme XV the homomorphism:

A∗(X)
π(F1/k)

∗+π(F2/k)
∗

−−−−−−−−−−−−−→ A∗(XF1)⊕A∗(XF2)

is a split monomorphism.
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Proof. (1) By definition the composition

A∗(X)
π(L/k)∗−−−−−→ A∗(XL)

π(L/k)∗−−−−−→ A∗(X)

is the external multiplication by the class of (SpecL → Spec k) in A0(k). The
lemma then follows from lemma 2.3.4.

(2) Let u and v be integers such that u[F1 : k] + v[F2 : k] = 1 Then the
homomorphism

A∗(XF1)⊕A∗(XF2)
uπ(F1/k)∗+vπ(F2/k)∗−−−−−−−−−−−−−−→ A∗(X)

is a left inverse to the given homomorphism. �

Recall from §2.1.2 the sub-functor Ā∗ of A∗, with A∗(X) generated over A∗(k)
by the standard cycles [f : Y → X,L1, . . . , Lr]A.

Lemma 2.3.6. Let OX be the trivial line bundle on X ∈ Schk. Then the
homomorphism

c̃1(OX) : Ā∗(X)→ Ā∗−1(X)
is the zero homomorphism. In particular, if X is in Smk, then c̃1(OX)(1X) = 0.

Proof. For any standard cycle [Y → X,L1, . . . , Lr]A on X, one has

c̃1(OX)([Y → X,L1, . . . , Lr]A) = [Y → X,L1, . . . , Lr, OY ]A
= [∅ → X,L1, . . . , Lr]A = 0,

by (Sect), because the constant unit section of OX never vanishes. �

Another useful result is the following:

Lemma 2.3.7. Take X ∈ V, let α be a k-point of P1 and take x ∈ A∗(X). Let
iXα : X → X × P1 be the section with constant value α. Then

iXα∗(x) = c̃1(p∗2O(1))(p∗1(x)).

In particular, if α and β are any two k-points of P1, then

iXα∗(x) = iXβ∗(x).

Proof. By definition 2.1.11(A7), with f = IdX , g : P1 → Spec k the structure
morphism, we have

p∗1(x) = x× 1P1

By (A8), we have

c̃1(p∗2O(1))(p∗1(x)) = x× c̃1(O(1))(1P1).

The axiom (Sect) implies c̃1(O(1))(1P1) = iSpec k
α∗ (1); by (A6), we have

x× iSpec k
α∗ (1) = iXα∗(x)

completing the proof. �

Remark 2.3.8. Suppose that k has characteristic zero. Let f : Y → X be a
projective morphism with X finite type over k and Y smooth quasi-projective over
k. Choose a line bundle L on X generated by sections s1, . . . , sn. Then the set
of points x = (x1, . . . , xn) ∈ An such that

∑n
i=1 xif

∗(si) is a section transverse to
the zero section of f∗(L)|Yκ(x)

on Yκ(x) is an open dense subset; see [23, Bertini’s
theorem 2.3] for instance.
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Suppose that k has positive characteristic, Y = X and L is very ample. If
s1, . . . , sn are sections of L which give a closed immersion of Y into Pn−1, then as
above, the subscheme of sections

∑n
i=1 xif

∗(si) of L which are transverse to the
zero section is a dense open subset of An.

Thus:
(1) If k has characteristic zero and L is globally generated, or if k is an infinite field
of positive characteristic, Y = X and L is very ample, such an open set has always
a rational point over k, and thus there is always a section of L transverse to the
zero section.

(2) When k is finite, the open set may not have a rational point but will always
have two closed point x and y with [κ(x) : k] and [κ(y) : k] relatively prime. Thus,
assuming Y = X and L is very ample, there are finite extensions k ⊂ F1 and k ⊂ F2

such that [F1 : k] and [F2 : k] are relatively prime and such that the pull-back of L
to XF1 and XF2 have sections transverse to the zero section.

Lemma 2.3.9. (1) Let Y be in Smk, and let (L1, . . . , Ln) be a family of line
bundles over Y . Suppose that each of the Li is very ample and that n > dimkY .
Then for all line bundles M1, . . . ,Mr on Y ,

c̃1(L1) ◦ · · · ◦ c̃1(Ln)([IdY ,M1, . . . ,Mr]) = 0.

(2) Suppose k has characteristic zero. Let X be a finite type k-scheme, n be an
integer such that n > dimk(X) and (L1, . . . , Ln) be a family of line bundles over
X. Assume that each of the Li is generated by its global sections. Then

c̃1(L1) ◦ · · · ◦ c̃1(Ln) = 0 ∈ End(Ā∗(X)).

In particular, for a globally generated line bundle L, one has

c̃1(L)n = 0 ∈ End(Ā∗(X)).

Proof. . For (2), let X have irreducible components X1, . . . , Xs. We proceed
by induction on dimk(X) := max dimk(Xi). If dimk(X) = 0, the line bundles are
trivial and the result is lemma 2.3.6. We assume now that dimk(X) > 0 and we
choose a standard cycle [f : Y → X,M1, . . . ,Mr]A on X.

We know by remark 2.3.8 that for a general section s of Ln, the pull-back of s
to Y is transverse to the zero section of f∗(Ln). Let i : S ⊂ X denote the closed
immersion of the zeros of s, j : Z → Y the closed immersion of the zeros of f∗(s)
and g : Z → S the evident morphism. Observe that either S = ∅, which means
Ln is trivial, or dimk(S) < dimk(X), because we may assume that s is non-zero at
each generic point of X. In the first case c̃1(Ln) = 0 and there is nothing to prove,
so we assume we are in the second case. One then has (using remark 2.3.1):

c̃1(L1) ◦ · · · ◦ c̃1(Ln)([f : Y → X,M1, . . . ,Mr]A)

= c̃1(L1) ◦ · · · ◦ c̃1(Ln−1)([f : Y → X,M1, . . . ,Mr, f
∗Ln]A)

= c̃1(L1) ◦ · · · ◦ c̃1(Ln−1)([f ◦ j : Z → X, j∗M1, . . . , j
∗Mr]A)

= c̃1(L1) ◦ · · · ◦ c̃1(Ln−1)i∗
(
[g : Z → S, j∗M1, . . . , j

∗Mr]A
)

= i∗
(
c̃1(i∗L1) ◦ · · · ◦ c̃1(i∗Ln−1)

(
[g : Z → S, j∗M1, . . . , j

∗Mr]A
) )

Since dimk(S) < dimk(X), the last term vanishes by the inductive hypothesis.
For (1), if k has characteristic zero, we may use (2). If k has positive charac-

teristic and is infinite, the same argument as above, using remark 2.3.8(1) proves
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(1). If k is finite, then one chooses (using 2.3.8(2)) two finite extensions k ⊂ F1

and k ⊂ F2 such that [F1 : k] and [F2 : k] are prime together and such that the
pull-back of L to XF1 and XF2 have sections transverse to the zero section. The
same reasoning shows that the element

c̃1(L1) ◦ · · · ◦ c̃1(Ln)([IdY ,M1, . . . ,Mr])

maps to zero into both Ā∗(XF1) and Ā∗(XF1). The result then follows easily from
lemma 2.3.5. �

2.3.2. The axiom (Dim). Throughout this sectionA∗ will be an oriented Borel-
Moore L∗-functor with product on an admissible subcategory V of Schk, satisfying
the axioms (Nilp), (Sect) and (FGL). The main result of this section shows that
such an A∗ also satisfies (Dim).

Let F (u1, . . . , un) ∈ A∗(k)[[u1, . . . , un]] be a power series, which we expand as

F (u1, . . . , un) =
∑
I

aIu
I ,

where I runs over the set of r-tuples I = (n1, . . . , nr) of integers and aI ∈ A∗(k),.
We will say that F is absolutely homogeneous of degree n if for each I, aI is in
A|I|−n(k), where |I| = n1 + · · ·+ nr.

We have the universal formal group law (L, FL). Recall the existence of a
(unique) power series χ(u) ∈ L[[u]], with leading term −u and which satisfies the
equality

FL(u, χ(u)) = 0.
Note that χ(u) is absolutely homogeneous of degree 1. In the sequel, we will freely
use the following notations:

u+F v := FL(u, v) ∈ L[[u, v]],

[−1]Fu := χ(u) ∈ L[[u]],

u−F v := FL(u, χ(v)) ∈ L[[u, v]].

We will also use the same notation for the image of these power series by
the homomorphism L∗ → A∗(k). If f , g are locally nilpotent endomorphisms of an
A∗(k)-module, we also denote by f+F g the endomorphism obtained by subtituting
f for u and g for v in u +F v, f −F g and [−1]F f for those obtained in the same
way from u−F v and [−1]Fu.

The following lemma is an immediate consequence of the definitions, noting
that the endomorphisms c̃1(L), c̃1(M) are locally nilpotent and commute with each
other:

Lemma 2.3.10. Suppose A∗ satisfies (Nilp), (Sect) and (FGL). For any finite
type k-scheme X and any pair (L,M) of line bundles on X one has the following
relations in End(Ā∗(X)):

(1) c̃1(L) +F c̃1(M) = c̃1(L⊗M)
(2) c̃1(L)−F c̃1(M) = c̃1(L⊗M∨)
(3) [−1]F c̃1(L) = c̃1(L∨)

where ∨ denotes the operation of dualization.

Remark 2.3.11. Let X be a finite type k-scheme. Let Endc̃1(Ā∗(X)) de-
note the sub-A∗(k)-algebra of the A∗(k)-algebra EndĀ∗(k)(Ā∗(X)) generated by
the c̃1(L). Observe that this algebra is commutative graded. Then each element in
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Endc̃1−1(Ā∗(X)) (the subgroup of elements of degree −1 of that algebra) is locally
nilpotent, and the map (f, g) 7→ f +F g defines an abelian group structure on this
set, with f 7→ [−1]F f as inverse. Moreover, the map

c̃1 : Pic(X)→ Endc̃1−1(Ā∗(X))

is a group homomorphism. This is a reformulation of the previous lemma.

Remark 2.3.12. Let X be a quasi-projective k-scheme. For each line bundle
L on X, there is a very ample line bundle M such that M ⊗L is very ample. From
lemma 2.3.10, the endomorphism c̃1(L) of Ā∗(X) can be computed as

c̃1(L) = c̃1(M ⊗ L)−F c̃1(M)

Theorem 2.3.13. Let A∗ be an oriented Borel-Moore L∗-functor with product
on an admissible subcategory V of Schk, satisfying the axioms (Nilp), (Sect) and
(FGL).
(1) Let k be a field of characteristic zero. Let X be in Schk and let (L1, . . . , Ln)
be a family of line bundles on X with n > dimk(X), such that one of the following
two conditions is satisfied:

(a) The line bundles are all globally generated.
(b) X is a quasi-projective k-scheme.

Then one has
c̃1(L1) ◦ · · · ◦ c̃1(Ln) = 0

in End(Ā∗(X).
(2) Let k be an arbitrary field. Let Y be in Smk. Then for any family (L1, . . . , Ln)
of line bundles on Y with n > dimk(Y ), one has

c̃1(L1) ◦ · · · ◦ c̃1(Ln)(1Y ) = 0

In particular, A∗ satisfies the axiom (Dim).

Proof. Case (1a) follows from lemma 2.3.9(2). Assume now that X is a quasi-
projective scheme. Using remark 2.3.12, we see that for each i ∈ {1, . . . , n} there
exists two very ample line bundles Mi and Ni such that Li ∼= Mi ⊗ (Ni)∨. But
then from lemma 2.3.10 we have

c̃1(L1) ◦ · · · ◦ c̃1(Ln) = Πn
i=1

(
c̃1(Mi)−F c̃1(Ni)

)
.

Thus the endomorphism c̃1(L1)◦· · ·◦ c̃1(Ln) is a sum of terms of the form a· c̃1(L′1)◦
· · · ◦ c̃1(L′m), with a ∈ A∗(k), each L′j very ample, and m ≥ n. Using lemma 2.3.9
again completes the proof of (1b)

The proof of (2) is essentially the same as the proof of (1b), where we use
lemma 2.3.9(1) instead of lemma 2.3.9(2). �

Remark 2.3.14. We do not know in general whether or not the previous the-
orem holds for any finite type k-scheme and any family of line bundles.

Remark 2.3.15. Beware that the theorem 2.3.13(1) doesn’t hold in End(A∗)
in general.

2.4. The construction of algebraic cobordism

We finish the construction of algebraic cobordism.
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2.4.1. Power series. Suppose that A∗ satisfies the axiom (Dim). Let

F (u1, . . . , ur) ∈ A∗(k)[[u1, . . . , ur]]

be a formal power series in (u1, . . . , ur) with coefficients in the graded ring A∗(k).
Suppose that F is absolutely homogeneous of degree n.

Given line bundles (L1, . . . , Lr) on X ∈ V, the operations c̃1(L1), . . ., c̃1(Lr)
are locally nilpotent on Ā∗(X) (by axiom (Dim)) and commute with each other.
In the endomorphism ring End(Ā∗(X)) we may thus substitute c̃1(Li) for ui in F
and get a well-defined homogeneous element of degree −n:

(2.4.1) F (c̃1(L1), . . . , c̃1(Lr)) : Ā∗(X)→ Ā∗−n(X) ⊂ A∗−n(X).

If X is a smooth equi-dimensional k-scheme of dimension d, we have the class
1X ∈ Ād(X) and we set

[F (L1, . . . , Lr)] := F (c̃1(L1), . . . , c̃1(Lr))(1X) ∈ Ad−n(X)

Similarly, if f : Y → X is inM(X), with X in V, we write [f : Y → X] for f∗(1Y ).
Using these notations, the equation in axiom (Sect) can be written as

[L] = [Z → Y ]

and that in axiom (FGL) as

[FA(L,M)] = [L⊗M ].

Definition 2.4.1. Let X be a smooth and irreducible k-scheme. We let
RDim∗ (X) ⊂ Z∗(X) denote the subset generated by all elements of the form

[Y → X,L1, . . . , Lr], where dimk(Y ) < r.

We denote by Z∗ the oriented Borel-Moore functor Z∗/RDim∗ .

Of course, Z∗ is by construction the universal oriented Borel-Moore functor on
V satisfying (Dim).

The following lemma is easy to prove using formula (2.1.1) of §2.1.3:

Lemma 2.4.2. Let X be a finite type k-scheme. Then 〈RDim∗ 〉(X) is the sub-
group of Z∗(X) generated by standard cobordism cycles of the form:

[Y → X,π∗(L1), . . . , π∗(Lr),M1, . . . ,Ms],

where Z is a smooth quasi-projective irreducible k-scheme, (L1, . . . , Lr) are line
bundles on Z, π : Y → Z is a smooth quasi-projective equi-dimensional morphism
and r > dimk(Z).

One easily checks using this lemma and remark 2.1.13 that the external product
on Z∗ descends to give Z∗ an external product which makes Z∗ an oriented Borel-
Moore functor with product on Schk.

Remark 2.4.3. Of course, for any X ∈ Schk one has Zn(X) = 0 if n < 0 by
construction.

The following lemma is immediate:

Lemma 2.4.4. Let X be a k-scheme of finite type and L a line bundle on
X. Then the endomorphism c̃1(L) of Zn(X) is locally nilpotent, i.e., for each
a ∈ Zn(X) there is an n ∈ N such that (c̃1(L))n(a) = 0.
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2.4.2. Algebraic pre-cobordism.

Definition 2.4.5. Let Y be a smooth and irreducible k-scheme. We let
RSect∗ (Y ) ⊂ Z∗(Y ) denote the subset composed by all elements of the form

[L]− [Z → Y ],

where L is a line bundle over Y , s : Y → L is a section transverse to the zero
section section and Z → Y is the closed subscheme of zeroes of s (which is smooth
over k by assumption on s). We denote by Ω∗ the oriented Borel-Moore functor
Z∗/RSect∗ . It is called algebraic pre-cobordism.

Remark 2.4.6. In other words, the elements in RSect∗ (Y ) are exactly those of
the form [OY (Z)]− [Z → Y ] for Z → Y a smooth divisor.

The following lemma is easy to prove using formula (2.1.1) of §2.1.3:

Lemma 2.4.7. Let X be a finite type k-scheme. Then 〈RSect∗ 〉(X) is the subgroup
of Z∗(X) generated by elements of the form:

[Y → X,L1, . . . , Lr]− [Z → X, i∗(L1), . . . , i∗(Lr−1)]

with r > 0, [Y → X,L1, . . . , Lr] a standard cobordism cycle on X, and i : Z → Y
the closed immersion of the subscheme defined by the vanishing of a transverse
section s : Y → Lr. Thus one has

[Y → X,L1, . . . , Lr] = [Z → X, i∗(L1), . . . , i∗(Lr−1)]

in Ω∗(X).

The elements of the above form are called elementary cobordisms. One easily
checks using the previous lemma and remark 2.1.13 that the external product on Z∗
descends to give Ω∗ an external product which makes Ω∗ an oriented Borel-Moore
functor with product on Schk.

Remark 2.4.8. Let f : W → X × P1 be a geometric cobordism over X. In
particular, the closed subschemes W0 := f−1(0) and W1 := f−1(1) are smooth over
k. We call the difference [W0 → X]− [W1 → X] ∈ M(X)+ a naive cobordism, we
let N∗(X) ⊂M+

∗ (X) denote the subgroup generated by the naive cobordisms and
we denote by Ωnaive∗ (X) the quotient M+

∗ (X)/N∗(X). It is clear that the image
of N∗(X) vanishes in Ω∗(X). In fact, by lemma 2.3.3, the difference [W0 → W ]−
[W1 → W ] even vanishes in Ω∗(W ). We thus get a homomorphism Ωnaive∗ (X) →
Ω∗(X). This homomorphism is not in general an isomorphism. In fact it is not in
general a surjection because there are line bundles which have no sections transverse
to the zero section.

2.4.3. Definition of algebraic cobordism. Recall from §1.1 the Lazard ring L∗,
and the universal formal group law FL(u, v) =

∑
i,j ai,ju

ivj . L∗ is graded and the
degree of ai,j is i + j − 1. Thus FL(u, v) is absolutely homogeneous of degree 1.
We also observe that ai,j = 0 when ij = 0 unless (i, j) = (1, 0) or (i, j) = (0, 1), in
which case a1,0 = a0,1 = 1. In the sequel we will consider the oriented Borel-Moore
functor X 7→ L∗ ⊗ Ω∗ obtained by extension of scalars. This functor satisfies the
axioms (Dim) and (Sect).

Definition 2.4.9. Let Y be a smooth irreducible k-scheme. We let

RFGL∗ (Y ) ⊂ L∗ ⊗ Ω∗(X)



30 II. THE DEFINITION OF ALGEBRAIC COBORDISM

be the subset of elements of the form

[FL(L,M)]− [L⊗M ]

where L and M are line bundles over Y .

If S∗ ⊂ L∗ ⊗ Ω∗(X) is a graded subset, we denote by L∗S ⊂ L∗ ⊗ Ω∗(X) the
subset of elements of the form aρ with a ∈ L∗ and ρ ∈ S∗.

Definition 2.4.10. We define algebraic cobordism Ω∗,

X 7→ Ω∗(X),

to be the oriented Borel-Moore L∗-functor on Schk which is the quotient of L∗⊗Ω∗
by the relations L∗RFGL∗ ,

Ω∗ := L∗ ⊗ Ω∗/〈L∗RFGL∗ 〉.

Remark 2.4.11. It is easy to see that 〈L∗RFGL∗ 〉(X) has the explicit description
as the L∗-submodule of L∗ ⊗ Ω∗ generated by elements of the form

f∗
(
c̃1(L1) ◦ . . . ◦ c̃1(Ln)([FL(L,M)]− [L⊗M ])

)
,

where f : Y → X is inM(X), and L1, . . . , Ln, L and M are line bundles on Y .

Remark 2.4.12. One could imagine that we could have defined algebraic cobor-
dism directly as the quotient of L∗ ⊗ Z∗ by L∗

(
RSect∗

⋃
RFGL∗

)
. However, for the

elements in RFGL∗ to be defined, we need to have some vanishing of products of
the c̃1, which is guaranted by axiom (Dim). This forces us to start by killing RDim∗
first.

One easily observes that the sets < L∗RFGL∗ > (X) satisfy the conditions of
remark 2.1.13. The external product on L∗ ⊗ Ω∗ thus descends to Ω∗, making
algebraic cobordism an oriented Borel-Moore L∗-functor with product on Schk.

Let’s denote the composite homomorphism L∗ → L∗ ⊗ Ω∗(k)→ Ω∗(k) by

Φ(k) : L∗ → Ω∗(k), a 7→ [a].

Φ(k) turns Ω∗ into an oriented Borel-Moore L∗-functor of geometric type. The
following theorem is clear by construction.

Theorem 2.4.13. Let V be an admissible subcategory of Schk. Algebraic cobor-
dism is the universal oriented Borel-Moore L∗-functor on V of geometric type. More
precisely, given an oriented Borel-Moore L∗-functor on V of geometric type, A∗,
there is a unique morphism of oriented Borel-Moore L∗-functors

ϑA : Ω∗ → A∗.

Remark 2.4.14. In fact, given any oriented Borel-Moore L∗-functor of geomet-
ric type A∗, the morphism ϑA clearly induces a morphism

ϑ̃A : Ω∗ ⊗L∗ A∗(k)→ A∗

from the oriented Borel-Moore L∗-functor obtained from Ω∗ by the extension of
scalars L∗ → A∗. Observe that the left hand side X 7→ Ω∗(X)⊗L∗ A∗(k) is still an
oriented Borel-Moore L∗-functor of geometric type.

We shall say that A∗ is free if the morphism ϑ̃A : Ω∗ ⊗L∗ A∗(k) → A∗ is an
isomorphism. This means that to give a morphism of oriented Borel-Moore L∗-
functors from A∗ to an oriented Borel-Moore L∗-functor of geometric type B∗ is
the same as to give a factorization L∗ → A∗(k)→ B∗(k).
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Many of our main results can be rephrased by saying that a given theory A∗ is
free.

For instance, we conjecture that the Chow groups functors as well as the K-
theory functor are free, over any field. We will prove this conjecture in characteristic
zero in Chapter IV. For the K-theory functor we “only” need the resolution of
singularities, for the Chow groups we need the resolution of singularities and the
weak factorization theorem of [1] and [35].

Algebraic cobordism is detected by smooth k-schemes:

Lemma 2.4.15. For any X ∈ Schk the homomorphism

ΩBM∗ (X) = colimY→X∈C/XΩ∗(Y )→ Ω∗(X)

is an isomorphism.

Proof. Indeed generators of Ω∗(X) clearly come from the left hand side, and
this is still true for the relations: they all come from explicit relations on smooth
k-schemes. �

Remark 2.4.16. Clearly Ω∗(X) is generated by the standard cycles [f : Y →
X,L1, . . . , Lr] for everyX ∈ Schk, i.e., Ω∗ = Ω̄∗. Thus, all the identities in End(Ā∗)
found in §2.3 are valid in End(Ω∗).

2.5. Some computations in algebraic cobordism

In this section, A∗ denotes an oriented Borel-Moore functor of geometric type on
an admissible subcategory V of Schk, and FA(u, v) =

∑
i,j ai,ju

ivj ∈ A∗(k)[[u, v]]
is the associated formal group law. For a projective morphism f : Y → X with Y
smooth equi-dimensional, we simply denote by [Y → X] ∈ A∗(X) the class [Y →
X]A := f∗(1Y ). Similarly, for a power series F (u1, . . . , ur) with A∗(k)-coefficients
and line bundles Li → X on X ∈ V, i = 1, . . . , r, we write [F (L1, . . . , Lr)] for
[F (L1, . . . , Lr)]A := F (c̃1(L1), . . . , c̃1(Lr)(1X).

Sometimes an alternate notation is more useful: for line bundles Li → X on
X ∈ V, i = 1, . . . , r, we write c1(L1)n1 . . . c1(Lr)nr for c̃1(L1)n1 ◦ . . .◦ c̃1(Lr)nr (1X).

We have the inverse for the group law FA, χA(u) =
∑
i>0 αiu

i ∈ A∗(k)[[u]]
which satisfies the equality

FA(u, χA(u)) = 0

Thus, for each line bundle L on X ∈ Smk, we have the relation in A∗(X):

[χA(L)] = [L∨]

An easy computation gives:

(2.5.1)
χA(u) = −u+ a1,1u

2 − (a1,1)2u3 + ( (a1,1)3 + a1,1 · a2,1 + 2a3,1 − a2,2)u4

+ terms of degree ≥ 5
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2.5.1. A universal formula for the blow-up. Let i : Z → X be a closed em-
bedding between smooth k-varieties. We recall Fulton’s deformation to the normal
cone1 ; we present the entire diagram first and then expain the various terms:

(2.5.2) Z × 1 � � i //
_�

��

Y1� _
i1
��

X × 1� _

��

Z × P1 � � ĩ // Y π
// X × P1

p2
// P1

XZ
p
//

q�
##GG

X × 0
?�

OO

Z × 0
?�

OO

� t

s ''OO
OO

s0
��

Y0

?�

OO

π0

44jjjjjj

P q
//

, �
;;vvv

Z × 0
?�
i

OO

Ni
j

77ooooo

p1
��

X

Here p : XZ → X × 0 = X is the blow-up of X along Z, π : Y → X × P1 is the
blow-up of X × P1 along Z × 0, P → Y is the inclusion of the exceptional divisor
π−1(Z × 0) with q : P → Z × 0 the map induced by π. Y0 = π−1(X × 0) and
Y1 = π−1(X × 1). The maps p1 and p2 are the ones induced by the projections
p1 : X × P1 → X and p2 : X × P1 → P1.

The restriction of π to the proper transform π−1[X × 0] identifies π−1[X × 0]
with XZ as X-schemes; under this identification, Y0 = XZ ∪ P.

Since Z × 0 is a Cartier divisor on Z × P1 ⊂ X × P1, the closed immersion
i× id : Z × P1 → X × P1 lifts to the closed immersion ĩ : Z × P1 → Y . Since π is
an isomorphism away from Z × 0, the inclusion X × 1→ X × P1 defines the closed
immersion i1 : X → Y .

Let ηi be the conormal sheaf IZ/I2
Z of i; q : P → Z is identified with the

projective bundle of the conormal sheaf of Z × {0} ⊂ X × P1, i.e.,

P = P(ηi ⊕OZ).

The intersection P∩XZ is the subbundle P(ηi) ⊂ P corresponding to the projection
ηi ⊕ OZ → ηi; as a subscheme of XZ , P ∩ XZ is the exceptional divisor E of the
blow-up XZ → X. The complement of E in P is the normal bundle Ni → Z and
the inclusion s : Z × 0 → P is the zero-section s0 : Z → Ni followed by the open
immersion Ni → P.

Proposition 2.5.1. Let i : Z → X be a closed embedding of smooth k-schemes.
Let XZ → X the blow-up of X along Z, ηi the conormal sheaf of i, P := P(ηi⊕OZ)
and q : P→ Z the obvious projection. Then we have the equality in Ad(Y ):

[XZ → Y ] = [X → Y ] + [χA(OY (P))]

Proof. We have the identity of divisors π∗(X×{0}) = P+XZ . Thus we have
the isomorphism

OY (P)⊗OY (XZ) ∼= p∗2(O(1)),

1see [7].
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where OY (P) and OY (XZ) are the line bundles on Y of the divisors P and XZ ,
respectively, and O(1) is the tautological quotient line bundle on P1 (with sheaf of
sections O(1)).

Similarly, we have OY (X) ∼= (prP1 ◦ π)∗(O(1)), and hence

(2.5.3) OY (XZ) ∼= OY (X)⊗OY (P)∨.

From lemma 2.3.10 and the isomorphism (2.5.3)

[XZ → Y ] = c̃1(OY (XZ))(1Y )(2.5.4)

=
∑
i,j

ai,j c̃1(OY (X))i ◦ (χA(c̃1(OY (P)))j (1Y )

= [X → Y ] + [χA(OY (P))]

+
∑

i≥1,j≥1

ai,j c̃1(OY (X))i ◦ (χA(c̃1(OY (P))))j (1Y ).

Now the restriction of OY (P) to X is clearly trivial since P ∩ X = ∅. In
particular, in A∗(Y ) one has

c̃1(OY (P)) ◦ c̃1(OY (X))(1Y ) = c̃1(OY (P))[X → Y ]

= c̃1(OY (P))i1∗(1X)

= i1∗
(
c̃1(i∗1OY (P))(1X)

)
= i1∗

(
c̃1(OX)(1X)

)
= 0

by lemma 2.3.6. Thus, in our formula (2.5.4), the terms with i ≥ 1 and j ≥ 1 all
vanish, completing the proof. �

We can simplify this formula further. Let g(u) ∈ A∗(k)[[u]] be the power series
uniquely determined by the equation

χA(u) = u · g(u).
We thus have by (2.5.1)

(2.5.5) g(u) = −1 + a1,1u− (a1,1)2u2 + ( (a1,1)3 + a1,1 · a2,1 + 2a3,1 − a2,2)u3

+ terms of degree ≥ 4

Proposition 2.5.2. Let i : Z → X be a closed immersion of smooth k-schemes.
Let XZ → X the blow-up of X at Z, ηi the conormal sheaf of i, P := P(ηi⊕OZ) ⊂ Y
the exceptional divisor of π, and q : P → Z the projection. Let OP(−1) denote the
dual of the canonical quotient line bundle OP(1). Then one has the equality in
Ad(X):

(2.5.6) [XZ → X] = [IdX ] + i∗ ◦ q∗
(
g(OP(−1))]

)
Proof. Let φ : P → Y denote the inclusion, and let E = P ∩ XZ ; E is the

exceptional divisor of the blow-up XZ → X. It is easy to see that E is defined by
the vanishing of the composition

OP ∼= q∗OZ → q∗(ηi ⊕OZ)→ O(1),

so OP(E) ∼= O(1).
Note that φ∗(1P) = c̃1(OY (P))(1Y ). Using the axiom (A3) of definition 2.1.2,

it follows that

φ∗([F (φ∗OY (P))]) = c̃1(OY (P))([F (OY (P)]) = [(uF )( trivY (P)]
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for any power series F (u) ∈ A∗(k)[[u]]. In paricular, one has the equality in A∗(Y ):

[χA(OY (P))] = φ∗
(
[g(φ∗OY (P))]

)
.

Since X ∩ P = ∅, we have φ∗OY (X) ∼= OP. Thus, from (2.5.3) we see that

φ∗OY (P) ∼= φ∗OY (−XZ) ∼= OP(−E).

Thus φ∗OY (P) ∼= OP(−1), giving us the identity in in A∗(Y ):

[χA(OY (P))] = φ∗
(
[g(OP(−1))]

)
.

Substituting this identity in the formula of proposition 2.5.1, and pushing for-
ward to A∗(X) by the projective morphism Y → X × P1 → X yields the desired
formula. �

Remark 2.5.3. It is useful to have a formula using OP(1) instead of OP(−1),
as the former is sometimes very ample, and one can then use the relation (Sect) to
give an explicit formula in terms of subvarieties of P. To rewrite the formula (2.5.6)
in this way, we note that χ(χ(u)) = u implies that

g(χ(u)) =
1

g(u)

so letting h(u) = 1/g(u), we have

(2.5.7) [XZ → X] = [IdX ] + i∗ ◦ q∗
(
[h(OP(1))]

)
2.5.2. Projective spaces and Milnor’s hypersurfaces. Let n > 0 and m > 0 be

integers. Recall that γn denotes the line bundle on Pn whose sheaf of sections is
O(1). Write γn,m for the line bundle p∗1(γn)⊗ p∗2(γm) on Pn × Pm.

We let i : Hn,m → Pn × Pm denote the smooth closed subscheme defined by
the vanishing of a section of γn,m transverse to the zero-section.

Remark 2.5.4. The smooth projective k-schemes Hn,m are known as the Mil-
nor hypersurfaces [2]. Taking m ≤ n, it is easy to see that, choosing suitable
homogeneous coordinates X0, . . . , Xn for Pn and Y0, . . . , Ym for Pm, Hn,m is de-
fined by the vanishing of

∑m
i=0XiYi; this also shows that the isomorphism class of

Hn,m as a k-scheme is independent of the choice of section. This also shows that,
for m = 1 < n, Hn,m ⊂ Pn × P1 is the standard embedding of the blow-up of a lin-
ear Pn−2 in Pn. In general, the projection Hn,m → Pm makes Hn,m a Pn−1-bundle
over Pm. In the special case n = m = 1, we see that H1,1 is (up to a change of
coordinates) the diagonal P1 in P1 × P1.

Lemma 2.5.5. Write the formal group law of A∗ as FA(u, v) =
∑
i,j aij ·ui · vj.

Then we have the equation

(2.5.8) [Hn,m → Pn × Pm] =
n∑
i≥0

m∑
j≥0

aij [Pn−i × Pm−j → Pn × Pm]

in A∗(Pn×Pm), where Pn−i×Pm−j → Pn×Pm is the product of linear embeddings
Pn−i → Pn, Pm−j → Pm. We also have the equation

(2.5.9) [Hn,m] = [Pn] · [Pm−1] + [Pn−1] · [Pm] +
n∑
i=1

m∑
j=1

aij [Pn−i] · [Pm−j ]

in A∗(k).
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Proof. The formula (2.5.9) follows from (2.5.8) by pushing forward from Pn×
Pm to Spec k, and noting that [Pn−i]·[Pm−j ] = [Pn−i×Pm−j ], and that a10 = a01 =
1, an0 = a0m = 0 for n > 1 or m > 1.

To prove (2.5.8), one has the following computation in A∗(Pn × Pm):

[Hn,m → Pn × Pm] = c̃1(γn,m)(1Pn×Pm)

= c̃1(p∗1(γn)⊗ p∗2(γm)))(1Pn×Pm)

= FA(c̃1(p∗1(γn)), c̃1(p
∗
2(γm))))(1Pn×Pm)

= c̃1(p∗1(γn))(1Pn×Pm) + c̃1(p∗2(γm))(1Pn timesPm)

+
( ∑
i≥1,j≥1

aij · c̃1(p∗1(γn))i ◦ c̃1(p∗2(γm))j
)
(1Pn×Pm).

The last expression can be computed easily: since the sections of γn define hy-
perplanes in Pn, applying the axioms (Sect) and definition 2.1.2(A3) repeatedly
yields

c̃1(p∗1(γn))
i ◦ c̃1(p∗2(γm))j(1Pn×Pm) = [Pn−i × Pm−j → Pn × Pm].

One thus gets the right hand side of formula (2.5.8), proving the lemma. �

Remark 2.5.6. We observe that equation (2.5.9) for n = m = 1 gives:

[H1,1] = [P1] + [P1] + [a1,1] · 1.

By remark 2.5.4, H1,1 is isomorphic to the diagonal P1 in P1×P1, and the formula
(2.5.9) yields

[a1,1] = −[P1] ∈ A1(k).

Remark 2.5.7. Using remark 2.5.4 again, we find that H2,1 ⊂ P2 × P1 is
isomorphic to the blow-up of a k-rational point p = Spec k in P2. Using the notation
of proposition 2.5.2, we have ηi ∼= O2

p, and hence P = P(k ⊕ k ⊕ k) = P2 and
OP(−1) = γ∨2 . Using this with our formula for g and proposition 2.5.2, we find

[H2,1 → P2] = [IdP2 ] + i∗q∗
(
− [IdP2 ]− [P1] · c1(γ∨2 )− [P1]2 · c1(γ∨2 )2

)
.

Let P1 → P2 be the linear embedding, pt→ P2 the inclusion of a k-point. By (Sect),
c1(γ2) = [P1 → P2], c1(γ2)2 = [pt→ P2] and c1(γ2)3 = 0. Since c1(γ∨2 ) = χ(c1(γ2)),
we have from (2.5.1)

c1(γ∨2 ) = −c1(γ2) + a1,1c1(γ2)2

= −[P1 → P2]− [P1] · [pt→ P2]

c1(γ∨2 )2 = (−c1(γ2) + a1,1c1(γ2)2)2

= [pt→ P2]

and thus

[H2,1 → P2] = [IdP2 ]− i∗([P2 → p])− [P1] · i∗(−[P1 → p]− [P1] · [Idp])
− [P1]2 · i∗([Idp])

= [IdP2 ] + (−[P2] + [P1]2) · [p→ P2]

Pushing forward to Spec k yields [H2,1] = [P1]2.
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The formula of lemma 2.5.5 gives [H2,1] = [P2] + [P1] · [P1] + a1,1 · [P1] + a2,1

which finally yields the formula in A∗(k):

a2,1 = [P1]2 − [P2].

Remark 2.5.8. We may solve for am,n in the formula (2.5.9), giving

an,m = [Hn,m]− [Pn] · [Pm−1]− [Pn−1] · [Pm]

−
∑

1≤i≤n, 1≤j≤m
(i,j) 6=(n,m)

aij [Pn−i] · [Pm−j ].

This gives an inductive formula for an,m in terms of the classes [Pi] and [Hi,j ]. Thus,
the image of L∗ in A∗(k) is contained in the subring generated by these classes. In
addition, for n > 1 and m > 1, this formula shows that in A∗(k), [Hn,m] equals
an,m modulo decomposable elements (sums of products of element of degree > 0).

2.5.3. Generators for algebraic cobordism. We have the graded subgroupM+(k)∗
of Z∗(k) generated by the cobordism cycles [Y → Spec k] = [Y ]; the product on
Z∗(k) makesM+(k)∗ a graded subring. We have the canonical ring homomorphism
L∗ → Ω∗(k) induced by the quotient map L∗ ⊗ Ω∗(k)→ Ω∗(k).

Lemma 2.5.9. Let X be a finite type k-scheme. Then Ω∗(X) is generated as a
group by standard cobordism cycles

[Y → X,L1, . . . , Lr]

In other words, the evident homomorphism Ω∗(X)→ Ω∗(X) is surjective.

Proof. The L∗-module Ω∗(X) is clearly generated by the standard cobordism
cycles. Since the L∗ action on Ω∗ factors through the canonical homomorphism
L∗ → Ω∗(k), via the external product action Ω∗(k) ⊗ Ω∗(X) → Ω∗(X), it suffices
to show that the ring homomorphism

Z∗(k)→ Ω∗(k)

is surjective. As the ring homomorphism L∗ ⊗ Z∗(k) → Ω∗(k) is surjective by
definition, it suffices to prove that the image of L∗ → Ω∗(k) is in the image of
Z∗(k) → Ω∗(k). In fact, the image of L∗ → Ω∗(k) is generated by the image of
the subring M+(k)∗ of Z∗(k), as one sees by applying remark 2.5.8 to the case
A∗ = Ω∗. �

Lemma 2.5.10. For X ∈ Schk Ω∗(X) is generated as an M+(k)∗-module by
classes of the form [Y → X,L1, . . . , Lr], where each of the line bundles Li on Y is
very ample.

Proof. Given any standard cobordism cycle (f : Y → X,L1, . . . , Lr) on X,
on X ∈ Schk, we have the formula from remark 2.1.8

[f : Y → X,L1, . . . , Lr] = f∗ ◦ c̃1(L1) ◦ · · · ◦ c̃1(Lr)(1Y ).

This identity and remark 2.3.12 imply that Ω∗(X) is generated as an L∗-module
by classes of the desired form; remark 2.5.8 implies that Ω∗(X) is generated as an
M+(k)∗-module by classes of the desired form. �
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Lemma 2.5.11. Let X be a finite type k-scheme. Then the canonical homomor-
phism

M+
∗ (X)→ Ω∗(X)

is an epimorphism. In other words, the graded abelian group Ω∗(X) is generated
as a group by the classes [Y → X] of projective morphisms Y → X with Y smooth
quasi-projective and irreducible.

Proof. From lemma 2.5.10 we know that Ω∗(X) is generated as a group by
classes of the form

[f ◦ p1 : Y × Z → X, p∗2L1, . . . , p
∗
2Lr],

where Z is smooth and projective over k, f : Y → X is in M(X) and each Li is a
very ample line bundle on Y . If k is infinite, using remark 2.3.8 we may find sections
si of Li such that the subschemes si = 0 are smooth and intersect transversely on
Y , for i = 1, . . . , r. Using lemma 2.4.7, we see that

[Y ×Z → X, p∗1L1, . . . , p
∗
1Lr] = [Y1×Z → X, p∗1L2, . . . , p

∗
1Lr] = · · · = [Yr×Z → X]

where Yi =
⋂i
j=1{sj = 0}, proving the statement.

If k is finite, we apply the same reasoning, using remark 2.3.8(2) and lemma 2.3.5.
�

Theorem 2.5.12. Let k be a field. Then the homomorphism Φ0(k) : L0 →
Ω0(k) is an isomorphism and Ω0(k) is the free abelian group on 1 = [Spec k].

Moreover, given any smooth variety X = SpecA of dimension zero over k, then
[X] = dimk(A) · 1 in Ω0(k).

Proof. The last formula has been established in lemma 2.3.4. The surjectivity
of Φ0(k) follows from that formula and from lemma 2.5.11 which implies that Ω0(k)
is generated by classes [SpecL] where L is a (separable) finite field extension of k.
Thus Z = L0 → Ω0(k) is surjective.

For injectivity, we have the natural transformation Ω∗ → CH∗ given by the
universality of Ω∗ (theorem 2.4.13); the map Ω0(k)→ CH0(k) = Z is a left inverse
to L0 → Ω0(k), which is thus injective. �

2.5.4. Relations defining algebraic cobordism. It will be useful to give explicit
generators for the kernel of the natural surjection (see lemma 2.5.11):

Ω∗ → Ω∗.

For this, first use remark 2.5.8 to choose for each (i, j) with i ≤ j an element
a′ij ∈M

+
i+j−1(k) lifting [aij ] ∈ Ωi+j−1(k); for j < i we set a′ji = a′ij . Let F (u, v) ∈

Ω∗(k)[[u, v]] be the power series

F (u, v) = u+ v +
∑
i,j≥1

a′iju
ivj .

Definition 2.5.13. Let X ∈ Schk. Let R̃∗(X) denote the subgroup of Ω∗(X)
generated by elements of the form

f∗ ◦ c̃1(L1) ◦ · · · ◦ c̃1(Lr)
(
[F (L,M)]− [L⊗M ]

)
,

where f : Y → X is in M(X), and (L1, . . . , Lr, L,M) are line bundles on Y . We
denote by Ω̃∗(X) the quotient group Ω∗(X)/R̃∗(X).
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Lemma 2.5.14. Let X ∈ Schk. Then R̃∗(X) is also the subgroup of Ω∗(X)
generated by elements of the form

f∗ ◦ c̃1(L1) ◦ · · · ◦ c̃1(Lr)
(
F (c̃1(L), c̃1(M))(η)− c̃1(L⊗M)(η)

)
,

where (f : Y → X,L1, . . . , Lr, ) is a standard cobordism cycle on X, L, M are line
bundles on Y , and η is in Ω∗(Y ).

Proof. Indeed, Ω∗(Y ) is generated by the standard cobordism cycles (g : Z →
Y,M1, . . . ,Ms) on Y . But then using the notations of the lemma with η = [g : Z →
Y,M1, . . . ,Ms] we have

f∗ ◦ c̃1(L1) ◦ · · · ◦ c̃1(Lr) ◦ F (c̃1(L), c̃1(M))(η)

= (f ◦ g)∗ ◦ c̃1(g∗L1) ◦ · · · ◦ c̃1(g∗Lr) ◦ c̃1(M1) ◦ · · · ◦ c̃1(Ms)([F (g∗L, g∗M)])

and

f∗ ◦ c̃1(L1) ◦ · · · ◦ c̃1(Lr) ◦ c̃1(L⊗M)(η)

= (f ◦ g)∗ ◦ c̃1(g∗L1) ◦ · · · ◦ c̃1(g∗Lr) ◦ c̃1(M1) ◦ · · · ◦ c̃1(Ms)([g∗L⊗ g∗M ])

which verifies our assertion.
�

As a consequence of the lemma, together with lemma 2.5.10 and remark 2.1.13,
one sees that X 7→ Ω̃∗(X) is an oriented Borel-Moore functor with product on
Schk.

It is easy to see that the elements in R̃∗(X) become zero in Ω∗(X) through the
projection Ω∗(X)→ Ω∗(X), giving a natural epimorphism τX : Ω̃∗(X)→ Ω∗(X).

Proposition 2.5.15. Let X be a finite type k-scheme. Then the homomor-
phism

τX : Ω̃∗(X)→ Ω∗(X)

is an isomorphism.

Proof. It suffices to show that (F, Ω̃∗(k)) is a commutative formal group.
Indeed, if this is so, we have the canonical homomorphism

φ : L→ Ω̃∗(k),

with φ(aij) = a′ij . Using the Ω̃∗(k)-module structure on Ω̃∗, we get the surjective
morphism of oriented Borel-Moore functors with product

ϑ : L⊗ Ω∗ → Ω̃∗,

ϑ(a⊗ b) = φ(a)b,

extending the natural transformation Ω∗ → Ω̃∗. If L and M are line bundles on X,
we have

ϑ(FL(c̃1(L), c̃1(M))) = F (c̃1(L), c̃1(M))

as endomorphisms of Ω̃∗(X), hence ϑ descends to a surjective natural transforma-
tion Ω∗ → Ω̃∗, which is easily seen to be inverse to τ .

Now, to show that (F, Ω̃∗(k)) is a commutative formal group, we need only
verify the associativity

F (F (u, v), w) = F (u, F (v, w))
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in Ω̃∗(k)[[u, v, w]]. Suppose the associativity relation F (F (u, v), w) = F (u, F (v, w))
is satisfied modulo (un, vm+1, wp+1). Write

F (F (u, v), w) =
∑
ijl

aijlu
ivjwl; F (u, F (v, w)) =

∑
ijl

a′ijlu
ivjwl.

Let (a, b, c) be integers, and let OX(a, b, c) denote the line bundle whose sheaf of
section is O(a, b, c) := p∗1O(a)⊗ p∗2O(b)⊗ p∗3O(c) on X := Pn × Pm × Pp. Then, as
endomorphisms of Ω̃∗(X), we have

F (F (c̃1(OX(1, 0, 0)), c̃1(OX(0, 1, 0)), c̃1(OX(0, 0, 1))

= F (c̃1(OX(1, 1, 0)), c̃1(OX(0, 0, 1))

= c̃1(OX(1, 1, 1))

= F (c̃1(OX(1, 0, 0)), c̃1(OX(0, 1, 1))

= F (c̃1(OX(1, 0, 0)), F (c̃1(OX(0, 1, 0), c̃1(OX(0, 0, 1))).

Evaluating both sides on IdPn×Pm×Pp gives∑
ijl

aijl[H(i) ×H(j) ×H(l)] =
∑
ijl

a′ijl[H
(i) ×H(j) ×H(l)]

in Ω̃∗(Pn × Pm × Pp), where H(i) stands for the intersection of i independent hy-
perplanes. Pushing forward to Spec k, using our induction hypothesis, and the
fact that H(n) × H(m) × H(p) pushes forward to the identity in Ω̃∗(k), we find
that the associativity relation F (F (u, v), w) = F (u, F (v, w)) is satisfied modulo
(un+1, vm+1, wp+1). The same argument allows us to increase the degree in v and
in w, which completes the proof. �





CHAPTER III

Fundamental properties of algebraic cobordism

In this chapter we show, assuming the base-field admits resolution of singular-
ities, that algebraic cobordism has the properties expected of a reasonable Borel-
Moore homology theory, namely, the projective bundle formula (theorem 3.5.4) and
the extended homotopy property (theorem 3.6.3). Crucial to the proofs of these re-
sults is the fundamental right-exact localization sequence (see theorem 3.2.7), which
is the main technical result of this chapter. As preparation, we construct in sec-
tion 3.1 the class of a strict normal crossing divisor E on some smooth W as an
element of the algebraic cobordism of the support of E which lifts the first Chern
class c̃1(OW (E))(1W ). These divisor classes will also play a central role in our
construction of pull-backs for l.c.i. morphisms in Chapter VI.

In addition to all these results, we prove a type of moving lemma (proposi-
tion 3.3.1) which shows that, for W ∈ Smk with smooth closed subscheme Z,
Ω∗(W ) is generated by f : Y →W inM(W ) which are transverse to the inclusion
Z → W . This will be important in showing that Ω∗ is the universal Borel-Moore
homology theory on Schk in Chapter VII.

3.1. Divisor classes

Definition 3.1.1. Let W be in Smk. Recall that a strict normal crossing
divisor E on W is a Weil divisor E =

∑m
i=1 ni ·Ei where each ni is ≥ 1, each Ei is

an integral closed subscheme of W , of pure codimension 1, and smooth over k, and
moreover for each I ⊂ {1, . . . ,m} the subscheme

EI :=
⋂
i∈I

Ei

smooth over k of codimension |I| on W for each I ⊂ {1, . . . ,m}.

We denote by i : |E| →W the support of E, i.e., the reduced closed subscheme
whose underlying space is the union of the Ei. We write OW (E) for the line bundle
on W corresponding to E, which means that its OW -module of sections is OW (E).

Recall that we let [OW (E)] ∈ Ω∗(W ) denote the class c̃1(OW (E))(1W ) in
Ω∗(W ). The main object of this section is to define a class [E → |E|] ∈ Ω∗(|E|)
such that i∗([E → |E|]) = [OW (E)].

3.1.1. Some power series. For a formal group law (F,R), recall that we simply
write u+F v for F (u, v), and extend this notation in the evident way for the other
formal group operations such as formal opposite denoted [−1] ·F v (which satisfies
u+F [−1] ·F u = 0), formal difference denoted u−F v (equal to u+F [−1] ·F (v)),
n-fold formal sum u1 +F + · · ·+F un, and formal multiplication by n ∈ Z denoted
[n] ·F u.

41
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In this section we will be using the formal group law (F,R) = (FΩ,Ω∗(k))
unless explicit mention to the contrary is made.

Given integers n1, . . . , nm, we will use the notation

Fn1,...,nm(u1, . . . , um) := [n1] ·F u1 +F . . . .+F [nm] ·F um

Example 3.1.2. By the relations encoded in the definition of Ω∗, we have for
line bundles L1, . . . , Lr on a finite type k-scheme X:

Fn1,...,nm(c̃1(L1), . . . , c̃1(Lr)) = c̃1(L⊗n1
1 ⊗ . . .⊗ L⊗nr

r ).

For a sequence J = (j1, . . . , jm) ∈ (N)m of non-negative integers ji, let uJ =
uj11 · . . . · ujmm . We set ||J || := Supi(ji).

Lemma 3.1.3. Any power series H(u1, . . . , um) ∈ R[[u1, . . . , um]] can be uniquely
written as

H(u1, . . . , um) =
∑

J, ||J||≤1

uJ ·HJ(u1, . . . , um),

where each monomial hJ,J′uJ
′
, J ′ = (j′1, . . . , j

′
m), occurring in HJ has j′s = 0 if

js = 0.

Proof. Write H(u1, . . . , um) =
∑
K hK · uK , and let J = (j1, . . . , jm) with

||J || ≤ 1. Let HJ =
∑′
K hKu

K−J , where the sum is over all K = (k1, . . . , km)
such that ki ≥ ji for all i, and ki = 0 if ji = 0. Uniqueness is easy and left to the
reader. �

Applying the above lemma to Fn1,...,nm , we have power series

Fn1,...,nm

J (u1, . . . , um) ∈ Ω∗(k)[[u1, . . . , um]]; ||J || ≤ 1,

with

Fn1,...,nm(u1, . . . , um) =
∑

J, ||J||≤1

uJ · Fn1,...,nm

J (u1, . . . , um).

Example 3.1.4. Assume m = 2 and n1 = n2 = 1. Then

F 1,1(u, v) = F (u, v) =
∑
i,j

ai,ju
ivj

= u+ v +
∑

i≥1,j≥1

ai,ju
ivj

= u+ v + u · v ·
( ∑
i≥1,j≥1

ai,ju
i−1vj−1

)
,

so F 1,1
(0,0) = 0, F 1,1

(1,0)(u, v) = 1, F 1,1
(0,1)(u, v) = 1 and

F 1,1
(1,1)(u, v) =

∑
i≥1,j≥1

ai,ju
i−1vj−1.

Similarly, Fn1,...,nr

(0,...,0) = 0 for all (n1, . . . , nr).
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3.1.2. Normal crossing divisors. LetW be in Smk and let E be a strict normal
crossing divisor on W . Write E =

∑m
j=1 njEj , with the Ej irreducible. For each

index J = (j1, . . . , jm) with ||J || ≤ 1, we have the face EJ := ∩i, ji=1Ei of E.
Alternatively, for each I ⊂ {1, . . . ,m}, we set EI := ∩i∈IEi. Of course, EI = EJ(I)

where J(I) = (j1, . . . , jm) with ji = 0 if i 6∈ I and ji = 1 if i ∈ I.
Let ιJ : EJ → |E| be the inclusion. Let Li := OW (Ei), and let LJi = (ιJ)∗Li.

Definition 3.1.5. Keeping the previous notations and assumptions, we define
the class [E → |E|] ∈ Ω∗(|E|) by the formula

(3.1.1) [E → |E|] :=
∑

J, ||J||≤1

ιJ∗
(
[Fn1,...,nm

J (LJ1 , . . . , L
J
m)]

)
.

If f : |E| → X is a projective morphism, we write [E → X] ∈ Ω∗(X) for f∗([E →
|E|]).

Example 3.1.6. Assume m = 2 and n1 = n2 = 1, so that E = E1 + E2 and
|E| = E1

⋃
E2. From example 3.1.4, we see that

[E → |E|] = ι
(1,0)
∗ (1E1) + ι

(0,1)
∗ (1E2) + ι

(1,1)
∗ [F 1,1

(1,1)(L
(1,1)
1 , L

(1,2)
2 )]

= [E1 → |E|] + [E2 → |E|] + ι
(1,1)
∗ [F 1,1

(1,1)(L
(1,1)
1 , L

(1,1)
2 )]

In particular, assume that L1 and L2 are trivial. Then equation (3.1.1) becomes

[E → |E|] = [E1 → |E|] + [E2 → |E|] + [a1,1] · [E{1,2} → |E|]

which equals (using remark 2.5.6):

[E → |E|] = [E1 → |E|] + [E2 → |E|]− [P1] · [E{1,2} → |E|]

Remark 3.1.7. Let E be a strict normal crossing divisor on some W in Smk.
Write E =

∑r
i=1 niEi, with the Ei the irreducible components of |E|. Let L≥1 ⊂ L∗

be the ideal of elements of positive degree, and let L∗ → Z be the ring homomor-
phism with kernel L≥1. Then, in Ω∗(|E|)⊗L∗ Z, we have

[E → |E|] =
r∑
i=1

ni[Ei → |E|].

Indeed, it follows directly from the definition of Fn1,...,nr that

Fn1,...,nr

J (u1, . . . , ur) ≡ 0 mod L≥1

if |J | > 1. If J = (j1, . . . , jr) with ji = 1 and jl = 0 for l 6= i, then

Fn1,...,nr

J (u1, . . . , ur) ≡ ni mod L≥1.

This yields the desired formula.

Lemma 3.1.8. Let W be in Smk and equi-dimensional, and let E =
∑m
i=1Ei

be a strict normal crossing divisor on W . Let i : E{1,...,m} → W be the inclusion.
Let H(u1, . . . , um) be a power series with Ω∗(k) coefficients, and let L1, . . . , Ln be
line bundles on W . Then

i∗[H(i∗L1, . . . , i
∗Ln)] = c̃1(OW (E1)) ◦ . . . ◦ c̃1(OW (Em))[H(L1, . . . , Ln)].

in Ω∗(W ).
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Proof. By induction on m it suffices to prove the case r = m; write E for E1.
We have

i∗[H(i∗L1, . . . , i
∗Ln)] = i∗

(
H(c̃1(i∗L1), . . . , c̃1(i∗Ln))(IdE)

)
= H(c̃1(L1), . . . , c̃1(Ln))([E →W ])

= H(c̃1(L1), . . . , c̃1(Ln)) ◦ c̃1(OW (E))(IdW )

= c̃1(OW (E))
(
H(c̃1(L1), . . . , c̃1(Ln))(IdW )

)
= c̃1(OW (E))[H(L1, . . . , Ln)]

�

Proposition 3.1.9. Let W be in Smk, let E be a strict normal crossing divisor
on W . Then

[E →W ] = [OW (E)].

In particular, let X be a finite type k-scheme, let f : W → X be a projective
morphism, and let E, E′ be strict normal crossing divisors on W with OW (E) ∼=
OW (E′). Then

[E → X] = [E′ → X]

in Ω∗(X).

Proof. Write E =
∑m
i=1 niEi with the Ei smooth and irreducible and let

Li = OW (Ei). Write F for Fn1,...,nm , FJ for Fn1,...,nm

J . Let F ′J = uJFJ , so that

F =
∑
J

F ′J .

Let iJ : EJ →W be the inclusion. By lemma 3.1.8, we have

iJ∗
(
[FJ(LJ1 , . . . , L

J
m)]

)
= [F ′J(L1, . . . , Lm)].

Thus

[E →W ] =
∑
J

iJ∗
(
[FJ(c̃1(LJ1 ), . . . , c̃1(LJm)]

)
=

∑
J

[F ′J(L1, . . . , Lm)]

= [F (L1, . . . , Lm)]

= F
(
c̃1(L1), . . . , c̃1(Lm)

)
(IdW )

= c̃1
(
L⊗n1

1 ⊗ . . .⊗ L⊗nm
m

)
(IdW ) (cf. example 3.1.2)

= [OW (E)].

�

3.2. Localization

Let X be a finite type k-scheme i : Z → X a closed subscheme, and j : U → X

the open complement. It is obvious that the composite Ω∗(Z) i∗−→ Ω∗(X)
j∗−→ Ω∗(U)

is zero, so the sequence

(3.2.1) Ω∗(Z) i∗−→ Ω∗(X)
j∗−→ Ω∗(U)→ 0
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is a complex. Our main task in this section will be to show that (3.2.1) is exact
(theorem 3.2.7), at least under the assumption that the base field k admits resolu-
tion of singularities. The most difficult part of the argument concerns the exactness
at Ω∗(X); one reduces fairly easily to two types of classes:

(1) the difference of two cobordism cycles [Y → X]− [Y ′ → X] with Y ∼= Y ′

over U .
(2) the difference of two cobordism cycles [f : Y → X,L] − [f : Y → X,L′]

with L ∼= L′ on f−1(U).

Thus, we begin by analyzing the effect of a birational transformation on the class
[Y → X] and the effect of twisting a line bundle L by OY (D) on the class [Y →
X,L].

3.2.1. Blow-ups. Let f : W ′ → W be a projective birational map, with W ′

and W smooth over k. In this section, we consider the problem of writing the class
[W ′ →W ] in Ω∗(W ).

By [10], there is a closed subscheme T of W such that f is the blow-up of
W along T . Since W is smooth, we may assume1 that the support of T is the
fundamental locus of f , i.e., W \ |T | is exactly the set of x ∈W over which f is an
isomorphism. Let E ⊂W ′ be the exceptional divisor f−1(T ).

We form a version of the “deformation to the normal cone” as follows: let
µ : Y → W × P1 be the blow-up of W × P1 along T × 0. Let 〈W × 0〉 denote the
proper transform of W × 0. Let 〈T × P1〉 denote the proper transform of T × P1.
Let Ẽ be the exceptional divisor of µ and set

Y1 := µ−1(W × 1)

Y0 := µ−1(W × 0) = 〈W × 0〉 ∪ Ẽ.

This gives us the deformation diagram (compare with the deformation diagram
(2.5.2))

(3.2.2) T × 1 � � i //
_�

��

Y1� _
i1
��

W × 1� _

��

〈T × P1〉 �
� ĩ // Y µ

// W × P1
p2
// P1

〈W × 0〉
µ̄
//

� t

&&NN
N W × 0

?�

OO

T × 0
?�

OO

� v

s ))SSSSSS Y0

?�

OO

µ0

44jjjjjjj

Ẽ q
//

* 

77ppppp

T × 0
?�
i

OO

p1
��

W

Lemma 3.2.1. The restriction of µ : Y →W × P1 to

µ̄ : 〈W × 0〉 →W,

1See [10, Exercise 7.11 (c)].
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is isomorphic over W to f : W ′ → W . In addition, Y \ Ẽ ∩ 〈T × P1〉 is smooth,
and contains 〈W × 0〉. Finally, if E is a strict normal crossing divisor, then Ẽ +
〈W × 0〉 \ 〈T × P1〉 is a strict normal crossing divisor on Y \ Ẽ ∩ 〈T × P1〉

Proof. Via the projection W ×P1 → P1, all schemes and morphisms involved
are over P1. Since µ is an isomorphism over P1 \ {0}, we may restrict everything
over the open subscheme A1 = P1 \ {∞} of P1. We indicate this by replacing P1

with A1 in the notation, but leaving all other notations the same.
The assertions being local over W , we may assume that W = SpecA for some

smooth integral k-algebra A. Let I ⊂ A be the ideal defining T , J ⊂ A[t] the ideal
defining T × 0, so J = (I, t).

Suppose I = (f0, . . . , fm). Then W ′ = ProjA(⊕nIn) is the subscheme of PmA
defined by the kernel NW ′ of the surjection of graded rings

A[X0, . . . , Xm]→ ⊕nIn

g(X0, . . . , Xm) 7→ g(f0, . . . , fm).

Similarly, Y is the subscheme of Pm+1
A[t] defined by the kernel NY of the surjection

of graded rings

A[t][X0, . . . , Xm, Xm+1]→ ⊕nJn

g(X0, . . . , Xm, Xm+1) 7→ g(f0, . . . , fm, t).

We claim that NY is the ideal generated by NW ′ and the elements fjXm+1 −
tXj , j = 0, . . . ,m. To see this, take g ∈ NY of degree d, and expand g as a sum of
monomials XIXj

m+1, (I = (i0, . . . , in), |I| =
∑
j ij):

g =
∑

|I|+i=d

gIX
IXi

m+1,

with

gI =
NI∑
j=0

gjIt
j ; gjI ∈ A, g

NI

I 6= 0.

Modulo the elements fjXm+1 − tXj , we may rewrite g as

g′ :=
d∑
i=0

g′iX
i
m+1 + (

M∑
j=1

ajt
j)Xd

m+1,

with g′i ∈ A[X0, . . . , Xm] homogeneous of degree d− i, and aj ∈ A. Evaluating g′,
we have

0 = g′(f0, . . . , fm, t) =
d∑
i=0

g′i(f0, . . . , fm)ti +
M∑
i=1

ait
d+i,

hence each ai = 0, and each g′i is in NW ′ , proving our claim.
Next, we note that multiplication by Xm+1, ×Xm+1 : OY → OY (1), is injec-

tive. Indeed, multiplication by Xm+1 on the homogeneous coordinate ring of Y is
just multiplication by t on ⊕nJn, which is evidently injective. This implies the in-
jectivity of ×Xm+1 on the sheaf level. Additionally, it is clear from our description
of NY that, for 0 ≤ i ≤ n,

A[X0, . . . , Xm, X
−1
i ]/NW ′ ∼= A[t][X0, . . . , Xm+1, X

−1
i ]/(NY , Xm+1),



3.2. LOCALIZATION 47

so W ′ is isomorphic to the subscheme of Y defined by Xm+1 = 0. Since W ′ is
smooth, and Xm+1 is a non-zero divisor on OY , this implies that Y is smooth
in a neighborhood of Xm+1 = 0. Finally, since the proper transform 〈W × 0〉 is
irreducible and dense in (Xm+1 = 0), we see that the equation Xm+1 = 0 defines
the subscheme 〈W × 0〉.

We now look at the proper transform 〈T×A1〉. Let N denote the sheaf of ideals
on Y defining 〈T ×A1〉, and let I be the sheaf of ideals defined by the homogeneous
ideal (X0, . . . , Xm). We claim that N = I. Indeed, on the subscheme of Y defined
by (X0, . . . , Xm), Xm+1 is invertible, hence the relations fjXm+1−tXj in NY imply
that I ⊃ (f0, . . . , fm)OY , and we have equality of ideal sheaves after inverting t.
Thus N = I after inverting t, hence N ⊃ I. Since the subscheme of Y defined by
I is evidently isomorphic to T ×A1 via the projection to X×A1, I is thus maximal
amoung ideal sheaves J with J [t−1] = I[t−1]. Thus N = I, as claimed.

On the other hand, consider the affine open subscheme Ui of Y defined by
Xi 6= 0, and the similarly defined subscheme Vi of W ′. Our description of NY in
terms of NW ′ implies that Ui ∼= Vi × A1, using Xm+1/Xi as the map to A1. Thus
Ui is smooth. Since Y → X×A1 is an isomorphism over X×A1 \T ×0, this proves
that Y \ Ẽ ∩ 〈T × A1〉 is smooth.

Finally, both Ẽ ∩ Ui ⊂ Ui and E ⊂ Vi are the subschemes of Ui and Vi,
respectively, defined by fi. Again referring to the explicit equations defining Y ,
we see that Ẽ ∩ Ui ⊂ Ui is isomorphic to E × A1 ⊂ Vi × A1, using as above the
coordinate Xn+1/Xi. Thus Ẽ \ 〈T × A1〉 is a strict normal crossing divisor on
Y \ Ẽ ∩ 〈T × A1〉. We note that 〈W × 0〉 is smooth, and 〈W × 0〉 ∩ Ẽ is the strict
normal crossing divisor E on W ′. Write E =

∑
i niDi. Since Ẽ = E × A1 in a

neighborhood of 〈W × 0〉, this implies that Ẽ =
∑
i niDi × A1 in a neighborhood

of 〈W × 0〉. Thus 〈W × 0〉 intersects each irreducible component of Ẽ transversely,
hence Ẽ+〈W×0〉\〈T×A1〉 is a strict normal crossing divisor on Y \Ẽ∩〈T×A1〉. �

3.2.2. Preliminaries on classes of divisors. Let E be a strict normal crossing
divisor on some W ∈ Smk. We have defined in §3.1 the class [E → |E|] in Ω∗(|E|);
for later use we will need a somewhat more detailed description of this class. Write
E =

∑m
i=1 niDi with the Di distinct and irreducible, so D :=

∑m
i=1Di is a reduced

strict normal crossing divisor. Write Emult := E−D, and Ered =
∑
ni=1Di. Define

|E|sing :=
(
∪i<j |Di| ∩ |Dj |

)
∪ |Emult|,

so |E|sing is the singular locus of |D|, together with the union of the |Dj | with
nj > 1.

Lemma 3.2.2. Let W be in Smk, and let E =
∑m
i=1 niDi be a strict normal

crossing divisor on W . Let ιsing : |E|sing → |E| be the inclusion. Then there is an
element η of Ω∗(|E|sing) such that

[E → |E|] = [Ered → |E|] + ιsing∗η.

Proof. We may suppose that nj = 1 for j = 1, . . . , s, and nj > 1 for j =
s+ 1, . . . ,m. Let n =

∑
i ni, and let Fn denote the n-fold sum

Fn(u1, . . . , un) = u1 +F . . .+F un.
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We have F (u, v) = u+ v +
∑
i≥1, j≥1 aiju

ivj , from which it follows that

Fn(u1, . . . , un) =
n∑
i=1

ui +
∑

i1≥1,...,in≥1

ai1...inu
i1
1 · · ·uinn .

Thus, if we expand

F 1,...,1,ns+1,...,nm := F (u1, . . . , us, us+1, . . . , us+1, . . . , um, . . . , um)

as required for the definition of [E → |E|],

F 1,...,1,ns+1,...,nm =
∑

J, ||J||≤1

uJFJ(u1, . . . , um),

we find

F 1,...,1,ns+1,...,nm =
s∑
i=1

ui +
∑
J′

uJ
′
FJ′(u1, . . . , um),

where each J ′ has either two nonzero entries, or an entry j′l = 1 with l > s. We
thus have

[E → |E|] =
∑

J, ||J||≤1

ιJ∗ [FJ(iJ∗OW (D1), . . . , iJ∗OW (Dm))]

=
s∑
j=1

ιj∗(IdDj
)

+
∑
J′

ιJ
′

∗ [FJ′(iJ
′∗OW (D1), . . . , iJ

′∗OW (Dm))],

where ιj : Dj → |E|, ιJ : DJ → |E|, iJ : DJ →W are the inclusions. This gives us
the desired decomposition, because each ιJ

′

∗ factors through ιsing∗. �

Lemma 3.2.3. Let j : V → Y be an open subscheme of some Y ∈ Smk, and
let D̃ be a strict normal crossing divisor on Y such that D := j∗D̃ is smooth (and
reduced). Let jD : D → |D̃| be the inclusion. Then there is a class [D̃]∗ ∈ M+(|D̃|)
such that

(1) j∗D[D̃]∗ = IdD ∈M+(D).
(2) The image of [D̃]∗ in Ω∗(|D̃|) is [D̃ → |D̃|].

Proof. We may write D̃ as D̃ =
∑s
i=1 D̃i+

∑m
j=s+1 njD̃j , with the D̃j smooth

and irreducible, and with
∑s
i=1 D̃i the closure of D in Y . We may suppose that

nj > 1 for all j > s; otherwise, just enlarge V . Let i : |D̃|sing → |D̃| be the
inclusion. By lemma 3.2.2, there is a class η ∈ Ω∗(|D̃|sing) such that

[D̃ → |D̃|] =
s∑
j=1

[D̃j → |D̃|] + i∗η.

Let η∗ be a lifting of η to an element of M+(|D̃|sing) (use lemma 2.5.11). Since∑s
i=1 j

∗
D[D̃i → |D̃|] = IdD, and |D̃|sing and D̃j , j > s are contained in Y \V , taking

[D̃]∗ =
s∑
j=1

([D̃j → |D̃|]) + i∗η∗

gives the desired element of M+(|D̃|). �
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3.2.3. Main result. In this section we assume that k admits resolution of sin-
gularities.

Proposition 3.2.4. Let µ : W ′ →W be a birational projective morphism, with
W and W ′ in Smk. Let iF : F →W be a reduced closed subscheme containing the
fundamental locus of µ, and let E be the exceptional divisor of µ. Suppose that E
is a strict normal crossing divisor. Then there is an element η ∈ Ω∗(F ) such that

[µ : W ′ →W ] = IdW + iF∗(η)

Proof. We may suppose that F is the fundamental locus of µ. Let T be a
closed subscheme of W supported in F such that µ is the blow-up of W along T .
Let q : Y → W × P1 be the blow-up of W × P1 along T × 0, and let Ẽ be the
exceptional divisor. By lemma 3.2.1, we have the identification of W ′ → W with
the restriction of q to q0 : 〈W × 0〉 →W × 0. Furthermore, the singular locus of Y
is contained in |Ẽ| ∩ 〈F ×P1〉, which is disjoint from 〈W × 0〉. Finally, 〈W × 0〉+ Ẽ

is a reduced strict normal crossing divisor away from Ysing := |Ẽ| ∩ 〈F × P1〉.
Thus, by the resolution of singularities, we may find a projective birational map

p : Ỹ → Y in Smk, which is an isomorphism over Y \Ysing, such that (qp)∗(W × 0)
is a strict normal crossing divisor. Thus, (qp)∗(W × 0) = 1 · 〈W × 0〉 +

∑
i niD̃i

with 〈W × 0〉+
∑m
i=1 D̃i a reduced normal crossing divisor, and with (qp)(D̃i) ⊂ F

for all i.
Let D̃ =

∑m
i=1 D̃i, and let

i : |〈W × 0〉+ D̃| → Ỹ ,

i〈W×0〉 : 〈W × 0〉 → |〈W × 0〉+ D̃|,

i|D̃| : |D̃| → |〈W × 0〉+ D̃|

be the inclusions. Let f : Ỹ → W be the morphism p1qp and let fF : |D̃| → F be
the restriction of f .

Since the divisors (qp)∗(W ×∞) and (qp)∗(W ×0) are linearly equivalent strict
normal crossing divisors on Ỹ , it follows from proposition 3.1.9 that

f∗([〈W × 0〉+
∑
i

niD̃i → Ỹ ]) = f∗[(qp)∗(W ×∞)→ Ỹ ]

in Ω∗(W ). Since qp is an isomorphism over W × (P1 \ {0}), we have f∗([(qp)∗(W ×
∞)→ Ỹ ]) = IdW . By lemma 3.2.2, there is an element τ ∈ Ω∗(|D̃|) such that

[〈W × 0〉+
∑
i

niD̃i → |〈W × 0〉+ D̃|]

= [〈W × 0〉 → |〈W × 0〉+ D̃|] + i|D̃|∗(τ)

in Ω∗(|〈W × 0〉+ D̃|). Let η = fF∗ (τ) ∈ Ω∗(F ). We thus have

f∗([〈W × 0〉 → Ỹ ]) + iF∗(η) = IdW .

Since f : 〈W × 0〉 → W is isomorphic to µ : W ′ → W , this proves the proposition.
�

Lemma 3.2.5. Let Y be in Smk, j : U → Y an open subscheme, L′1, L1, . . . , Lm
line bundles on Y . Suppose that

(1) The complement i : Z → Y of U is a strict normal crossing divisor.
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(2) j∗L1
∼= j∗L′1.

Then (IdY , L′1, . . . , Lm)− (IdY , L1, . . . , Lm) is in i∗(Ω∗(Z)).

Proof. It suffices to show that [L′1]− [L1] = i∗x for some x ∈ Ω∗(Z). Indeed,
if this is the case, then

(IdY , L′1, . . . , Lm)− (IdY , L1, . . . , Lm)

= c̃1(Lm) ◦ . . . ◦ c̃1(L2)([L′1]− [L1])

= c̃1(Lm) ◦ . . . ◦ c̃1(L2)(i∗x)

= i∗(c̃1(i∗Lm) ◦ . . . ◦ c̃1(i∗L2)(x)).

The kernel of j∗ : Pic(Y )→ Pic(U) is the set of line bundles of the form OY (A),
where A is a divisor supported on the normal crossing divisor Z. Thus, there are
effective divisors A and B, supported on Z, such that L1 ⊗OY (A) ∼= L′1 ⊗OY (B).
It clearly suffices to handle the case L′1 = L1 ⊗OY (A).

In this case, [L′1] = [L1] +F [OY (A)]. Since

F (u, v) ≡ u mod (v)Ω∗(k)[[u, v]],

there is a polynomial g(u, v) in Ω∗(k)[u, v] with

[L′1] = [L1] + g(c̃1(L1), c̃1(OY (A)))([OY (A)]).

Arguing as above, it suffices to show that [OY (A)] is in i∗(Ω∗(Z)). But from
proposition 3.1.9 we have

[OY (A)] = i∗[A→ Z],
which completes the proof of the lemma. �

Lemma 3.2.6. Let X be a finite type k-scheme, (Y
f−→ X,L1, . . . , Lm) a stan-

dard cobordism cycle on X. Let i : Z → X be a closed subscheme with complement
j : U → X and let jY : YU → Y denote the inclusion of the open subscheme
YU := Y ×X U . Suppose there is a smooth, quasi-projective k-scheme T , a smooth
morphism π : YU → T and line bundles M1, . . . ,Mr on T with j∗Y Li

∼= π∗Mi,

i = 1, . . . , r and with r > dimkT . Then the class of [Y
f−→ X,L1, . . . , Lm] in

Ω∗(X) is in i∗(Ω∗(Z)).

Proof. First assume that k is infinite. We proceed by induction on dimkT .
We may assume that Y = X and f = IdY , so that π is a morphism π : U → T . It
suffices to prove the case r = m = dimkT + 1.

We note that

[IdY , L1, . . . , Lr] = c̃1(L1) ◦ . . . ◦ c̃1(Lr)([IdY ]).

If L is a line bundle on Y , then c̃1(L)(i∗η) = i∗c̃1(i∗L)(η), for η ∈ Ω∗(Z). Thus
c̃1(L) sends i∗(Ω∗(Z)) into itself. Since c̃1(L⊗M±1) = c̃1(L)±F c̃1(M), the result
for L1 = L and L1 = M implies the result for L1 = L⊗M±1.

Next, let g : Ỹ → Y be a projective birational morphism in Smk which is an
isomorphism over U , and with exceptional divisor a strict normal crossing divisor.
We identify U with g−1(U) and let Z̃ = Ỹ \U . Since [Ỹ → Y ]−[IdY ] is in i∗(Ω∗(Z))
(proposition 3.2.4) and since

g∗c̃1(g∗L1) ◦ . . . ◦ c̃1(g∗Lr)([IdỸ ])− c̃1(L1) ◦ . . . ◦ c̃1(Lr)([IdY ])

= c̃1(L1) ◦ . . . ◦ c̃1(Lr)([Ỹ → Y ]− [IdY ]),
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it suffices to prove the result with Ỹ replacing Y and g∗Lj replacing Lj . Thus,
using resolution of singularities, we may assume that Z is a strict normal crossing
divisor on Y .

By resolution of singularities, there is a smooth projective k-scheme T̃ con-
taining T as a dense open subscheme. Also by resolution of singularities, there is
a projective birational morphism g : Ỹ → Y , which is an isomorphism over U ,
and with the exceptional divisor of π a strict normal crossing divisor, such that π
extends to a morphism π̃ : Ỹ → T̃ . Since Pic(T̃ ) → Pic(T ) is surjective, we may
replace T with T̃ . As above, we may replace Y with Ỹ . Thus, changing notation,
we may assume that π : U → T extends to π̃ : Y → T . By lemma 3.2.5, we may
assume that Lj = π̃∗(Mj) for j = 1, . . . , r.

Suppose that dimkT = 0, then M1 = OZ , so L1 = OY . Since c̃1(OY ) is the
zero endomorphism, the case dimkT = 0 is settled.

Suppose that dimkT = r > 0. We may write M1 = N ⊗M−1, with both N
and M very ample line bundles on T . Using the formal group law as above, we
may assume that M1 is very ample on T .

Since k is infinite, the Bertini theorem tells us that there is a section s of M1

with smooth divisor T1. Let Ȳ be the subscheme of Y defined by π̃∗s = 0. Since
Ȳ is a divisor on Y , we may write Ȳ = Y1 +A, with A and Y1 effective, having no
common components, and with A supported in the strict normal crossing divisor
Z. Since π : U → T is smooth, it follows that U1 := Y1 ∩U is a smooth dense open
subscheme of Y1. Let r : T1 → T , j1 : U1 → Y1 be the inclusions.

By resolution of singularities, there is a projective birational morphism g : Ỹ →
Y which is an isomorphism over U , such that g∗(Ȳ ) and the exceptional divisor of
g are strict normal crossing divisors on Ỹ . As above, we may replace Y with Ỹ and
Lj with g∗Lj . Changing notation, we may assume that Y1 is smooth.

Since L1 = OY (Y1 + A), and A is supported on Z, it suffices to show that the
class of [Y,OY (Y1), L2, . . . , Lr] is in i∗Ω∗(Z). Letting i1 : Y1 → Y be the inclusion,
we have

[Y,OY (Y1), . . . , Lr] = i1∗[Y1, i
∗
1L2, . . . , i

∗
1Lr].

Since π|Y1 : Y1 → T1 is smooth and equi-dimensional on the dense open subscheme
U1, and since the restriction of i∗1Lj to Y1 is π∗|Y1

(r∗Mj), we may use induction
to conclude that (Y1, i

∗
1L2, . . . , i

∗
1Lr) is in the image of Ω∗(Y1 ∩ Z), completing the

proof in case k is infinite.
If k is finite, the same argument works: at the point at which we need to find

a section of the very ample line bundle M1 with smooth divisor, we enlarge k as in
remark 2.3.8 and use lemma 2.3.5 to descend. �

Theorem 3.2.7. Suppose that k admits resolution of singularites. Let X be
a finite type k-scheme, i : Z → X a closed subscheme and j : U → X the open
complement. Then the sequence

Ω∗(Z) i∗−→ Ω∗(X)
j∗−→ Ω∗(U)→ 0,

is exact.

Proof. Step I. We first prove that the map

j∗ : Z∗(X)→ Z∗(U)
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is surjective. Let [f : Y → U,L1, . . . , Lr] be a cobordism cycle on U . As f : Y → U
is a projective morphism and Y is smooth and quasi-projective over k, there exists
a closed immersion Y → U × PN for some N , with f being the projection on U .
Let Ȳ be the closure of Y in X × PN . Applying resolution of singularities, there
is a projective birational morphism µ : Ỹ → Ȳ which is an isomorphism over Y ,
such that Ỹ is smooth (and quasi-projective as well). Thus f̃ := p1 ◦ µ : Ỹ → X

lifts f . Moreover, as the restriction map Pic(Ỹ )→ Pic(Y ) is onto, one can extend
the line bundles L1, . . . , Lr on Y to line bundles L̃1, . . . , L̃r on Ỹ . The cobordism
cycle [f̃ : Ỹ → X, L̃1, . . . , L̃r] on X clearly lifts [f : Y → U,L1, . . . , Lr], thus
proving the surjectivity. In particular this implies the surjectivity of the maps
j∗ : Z∗(X)→ Z∗(U), j∗ : Ω∗(X)→ Ω∗(U) and j∗ : Ω∗(X)→ Ω∗(U).

Step II. We prove that the map

ker(Z∗(X)→ Ω∗(X))
j∗−→ ker(Z∗(U)→ Ω∗(U))

is surjective. Since each of the maps

Z∗(X)→ Z∗(X)→ Ω∗(X)→ Ω∗(X)

are surjective, an easy diagram chase shows it is sufficient to prove that the maps

ker(Z∗(X)→ Ω∗(X))
j∗−→ ker(Z∗(U)→ Ω∗(U))

and
ker(Ω∗(X)→ Ω∗(X))

j∗−→ ker(Ω∗(U)→ Ω∗(U))
are surjective, and that

j∗(ker(Z∗(X)→ Ω∗(X))) ⊃ ker(Z∗(U)→ Z∗(U)).

By lemma 2.4.7, ker(Z∗(U)→ Ω∗(U)) = 〈RSect∗ 〉(U) is the subgroup of Z∗(U)
generated by elements of the form:

[Y → U,L1, . . . , Lr]− [Z → U, i∗(L1), . . . , i∗(Lr−1)]

with r > 0, [Y → U,L1, . . . , Lr] a standard cobordism cycle on U , and i : Z → Y
the closed immersion of a smooth divisor in Y such that Lr ∼= OY (Z). By step
I, one may find a standard cobordism cycle [f̃ : Ỹ → X, L̃1, . . . , L̃r] on X lifting
[Y → U,L1, . . . , Lr]. Let ĩ : Z̃ → Ỹ be the closure of Z in Ỹ .

Applying resolution of singularities (to Z̃ ⊂ Ỹ ), there is a projective birational
morphism µ : Ỹ ′ → Ỹ , such that µ is an isomorphism outside of Z̃ \ Z, and such
that the proper transform µ−1[Z̃] is smooth. Replacing Ỹ with Ỹ ′, and L̃i with
µ∗L̃j and changing notation, we may assume that the closure Z̃ of Z is smooth.
Since Lr ∼= OY (Z), we may take L̃r = OY (Z̃). Thus the element

[Ỹ → X, L̃1, . . . , L̃r]− [Z̃ → X, ĩ∗(L̃1), . . . , ĩ∗(L̃r−1)]

is an element of 〈RSect∗ 〉(X) lifting the given element of 〈RSect∗ 〉(U).
We now show that

ker(Ω∗(X)→ Ω∗(X))
j∗−→ ker(Ω∗(U)→ Ω∗(U))

is surjective. By proposition 2.5.15, we know that ker(Ω∗(U)→ Ω∗(U)) is generated
as a group by the elements of the form

f∗ ◦ c̃1(L1) ◦ · · · ◦ c̃1(Lr)
(
[F (L,M)]− [L⊗M ]

)
,
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where f : Y → U is a projective morphism with Y irreducible and smooth,
(L1, . . . , Lr, L,M) are line bundles on Y , and F (u, v) is a fixed choice of a lift-
ing of FL(u, v) to M+(k)[[u, v]] (see 2.5.13). Again by step I, we may lift such an
element to the element

f̃∗ ◦ c̃1(L̃1) ◦ · · · ◦ c̃1(L̃r)
(
[F (L̃, M̃)]− [L̃⊗ M̃ ]

)
,

which obviously lies in ker(Ω∗(X)→ Ω∗(X)).
Finally, we show that

j∗(ker(Z∗(X)→ Ω∗(X))) ⊃ ker(Z∗(U)→ Z∗(U)).

Indeed, lemma 2.4.2 shows that ker(Z∗(U) → Z∗(U)) is generated by elements of
the form

x := [Y → U, π∗M1, . . . , π
∗Mr, Lr+1, . . . , Lm],

where π : Y → T is a smooth equi-dimensional morphism to a smooth quasi-
projective k-scheme T of dimension < r, and M1, . . . ,Mr are line bundles on T .
By step I, we can lift x to an element τ := [Ỹ → X, L̃1, . . . , L̃m] of Z∗(X). By
lemma 3.2.6, there is an element η in Z∗(Z) such that τ − i∗(η) is in ker(Z∗(X)→
Ω∗(X)). Thus τ − i∗(η) is a lifting of x to ker(Z∗(X) → Ω∗(X)). This completes
step II.

Step III. The kernel of j∗ : Ω∗(X)→ Ω∗(U) is generated by differences

[f : Y → X,L1, . . . , Lr]− [f ′ : Y ′ → X,L′1, . . . , L
′
r]

of standard cobordism cycles which agree on U . Indeed, take x ∈ Z∗(X) whose
class in Ω∗(X) lies in the kernel of j∗ : Ω∗(X)→ Ω∗(U). By step II, we may modify
x by an element in ker(Z∗(X)→ Ω∗(X))), so that j∗x = 0 in Z∗(U). Since Z∗(U)
and Z∗(X) are the free abelian groups on the standard corbordism cycles, it follows
that x can be expressed in Z∗(X) as a sum of differences of standard cobordism
cycles on X which agree on U , as required.

Step IV. We finally prove that the differences [f : Y → X,L1, . . . , Lr] −[f ′ :
Y ′ → X,L′1, . . . , L

′
r] of standard cobordism cycles which agree on U lie in the im-

age of Ω∗(Z) i∗−→ Ω∗(X). Let α denote [f : Y → X,L1, . . . , Lr] and α′ denote
[f ′ : Y ′ → X,L′1, . . . , L

′
r].

If Y ×X U and Y ′ ×X U are both empty, then clearly [f : Y → X,L1, . . . , Lr]
and [f ′ : Y ′ → X,L′1, . . . , L

′
r] both are in the image of i∗.

If Y ×X U and Y ′ ×X U are (both) non-empty, then choose a U -isomorphism
φ : Y ×X U → Y ′ ×X U . Let Γ ⊂ Y ×X Y ′ be the closure of the graph of φ.
Resolving the singularities of Γ, we have a Y ′′ in Smk, with projective morphisms
µ : Y ′′ → Y , µ′ : Y ′′ → Y ′ which are isomorphisms over U , and with f ◦µ = f ′ ◦µ′.
We may also assume that (fµ)−1(X \ U) is a normal crossing divisor on Y ′′. Let
β = [Y ′′ → X,µ∗L1, . . . , µ

∗Lr] and β′ = [Y ′′ → X,µ′∗L′1, . . . , µ
′∗L′r], so

α− α′ = (α− β)− (α′ − β′)− (β′ − β).

It suffices to prove that α−β, α′−β′ and β′−β lie in the image of Ω∗(Z) i∗−→ Ω∗(X).
As (fµ)−1(X \ U) is a normal crossing divisor on Y ′′, we may apply propo-

sition 3.2.4 to Y ′′ → Y : if F = Y \ YU , there is an η ∈ Ω∗(F ) such that
[µ] − [IdY ] = iF∗(η) in Ω∗(Y ). Applying the c̃1(Li) and pushing forward by f
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shows that α − β lies in the image of Ω∗(Z) i∗−→ Ω∗(X). This reasoning shows the
same holds for α′ − β′.

It remains to show that β′ − β lies in the image of Ω∗(Z) i∗−→ Ω∗(X) as well.
Since f∗ maps Ω∗((fµ)−1(Z)) to Ω∗(Z), we may replace X with Y ′′. Changing

notation, we may assume that X is smooth and quasi-projective over k and that
Z is a strict normal crossing divisor on X. Since j∗L1

∼= j∗L′1, it follows from
lemma 3.2.5 that β′ − β is in i∗(Ω∗(Z)).

This finishes the proof of theorem 3.2.7. �

3.3. Transversality

The main task of this section is to prove

Proposition 3.3.1. Let k be a field. Let W be in Smk and let i : Z →W be a
smooth closed subscheme. Then Ω∗(W ) is generated by standard cobordism cycles
of the form [f : Y →W ] with f transverse to i.

We need a series of technical results before we begin the proof. Let Y := (Yij),
0 ≤ i ≤ r, 1 ≤ j ≤ r be the generic r + 1 × r matrix and let B = Spec k[Yij ].
Let X = (X0, . . . , Xr) and let Z ⊂ B × Pr, with projection µ : Z → B, be the
subscheme defined by the matrix equation XY = 0. We let Bi ⊂ B be the reduced
closed subscheme defined by rnkY ≤ i, i = 0, . . . , r− 1 and let Zi = µ−1(Bi). Note
that Bi+1 is the closed subscheme of B defined by the ideal of i× i minors of (Yij).

Form the sequence of blow-ups

(3.3.1) Br
τr−→ . . .

τ2−→ B1 τ1−→ B0 = B

where τi+1 : Bi+1 → Bi is the blow-up of Bi along the proper transform of Bi.
Form the sequence of blow-ups

(3.3.2) Zr
τ̃r−→ . . .

τ̃2−→ Z1 xrightarrowτ̃1Z
0 = Z

similarly, replacing B with Z and Bi with Zi. The map µ0 := µ induces the map
µi : Zi → Bi, forming a big commutative diagram of B-schemes. Let 〈Bi〉 ⊂ Bi

denote the proper transform of Bi and let Ei+1 ⊂ Bi+1 denote the exceptional
divisor τ−1

i+1(〈Bi〉). Similarly, let 〈Zi〉 ⊂ Zi denote the proper transform of Zi and
let Ẽi+1 ⊂ Zi+1 denote the exceptional divisor τ̃−1

i+1(〈Zi〉)

Lemma 3.3.2.

(1) Bi \Bi−1 and Zi \ Zi−1 are smooth for all i.
(2) Z is smooth and irreducible.
(3) Bi is smooth and the proper transform of Bi to Bi is smooth; Zi is smooth

and the proper transform of Zi to Zi is smooth.
(4) The maps τi : Ei∩〈Bi〉 → 〈Bi−1〉 and µi−1 : 〈Zi−1〉 → 〈Bi−1〉 are smooth

for all i = 1, . . . , r.
(5) the maps µi are all birational and µr and τ̃r are isomorphisms.

Proof. (1) is some elementary linear algebra. For the remainder of the asser-
tions, we proceed by induction on r, starting with r = 1. In this case B = A2, and
Z is the blow-up of A2 at the origin. Since B = B1, B0 = (0, 0), the result follows.



3.3. TRANSVERSALITY 55

Assume the result for r− 1, with r ≥ 2. B0 is the 0-matrix, and Z0 ⊂ Z is the
subscheme defined by the ideal generated by the Yij . Thus Z0 = B0 × Pr, so B0

and Z0 are both smooth.
Z is covered by the affine open subschemes Xi = 1, i = 0, . . . , r; we consider

the open subscheme U defined by X0 = 1. Let Ŷ be the square submatrix (Yij),
1 ≤ i ≤ r, 1 ≤ j ≤ r of Y , and let Y0 and X̂ be the row vectors (Y0j), (Xj),
1 ≤ j ≤ r, respectively. U is the closed subscheme of B × Ar defined by the
matrix equation Y0 = −X̂Ŷ . Clearly the coordinates Yij , Xj , 1 ≤ i, j ≤ r give
an isomorphism of U with Ar2+r, hence Z is smooth and irreducible, proving (2).
This also shows that Z1 and B1 are smooth.

Let B̄ = Projkk[Yij ] = Pr(r+1)−1 and let Z̄ ⊂ B̄ × Pr be the closed subscheme
defined by the bihomogeneous matrix equationXY = 0, with morphism µ̄ : Z̄ → B̄.
The projection from 0 ∈ B defines morphisms π : B1 → B̄, π̃ : Z1 → Z̄, which make
B1 and Z1 into P1-bundles over B̄ and Z̄ respectively. Defining closed subschemes
B̄i ⊂ B̄ and Z̄i ⊂ Z̄ by the rank conditions as above, we see that π−1(B̄i) is the
proper transform of Bi to B1 and π̃−1(Z̄i) is the proper transform of Zi to Z1.

Let Vij ⊂ B̄ be the open subscheme for which Yij 6= 0 for some ij, 0 ≤ i ≤ r,
1 ≤ j ≤ r. and let Uij = µ̄−1(Vij). Since B̄ = ∪ijVij , we have Z̄ = ∪ijUij .We
prove (3)-(5) by induction on r. Noting that have already shown that Z0 → B0 is
smooth, it suffices to prove the evident analogs of (3)-(5) for the restriction of µ̄ to
Uij → Vij , with Zk, Bk replaced by Uij ∩ Z̄k and Vij ∩ B̄k, respectively. It suffices
to consider the case ij = 01.

As above, U01 is given by the matrix equation XY = 0, except that Y01 = 1.
Let B′ = Spec k[{Y ′ij | 0 ≤ i ≤ r− 1, 1 ≤ j ≤ r− 1}], and let Z ′ ⊂ B′×Pr−1 be the
solution of the matrix equation X ′Y ′ = 0, X ′ = (X0, . . . , Xr−1) the generic row
vector of length r. Multiplying (Yij) (with Y01 = 1) on the right by the appropriate
elementary matrix to make the first row of Y the unit row vector (1, 0, . . . , 0)
transforms the equation XY = 0 to an equivalent system of the form

X

(
1 0
A Y ′′

)
= 0;

one sees thereby that there are smooth morphisms q : V01 → B′, q̃ : U01 → Z ′

intertwining U01 → V01 and Z ′ → B′, with

q−1(B′
i) = V01 ∩ B̄i+1

q̃−1(V ′i ) = U01 ∩ V̄i+1

The induction hypothesis then implies the properties we need for U01 → V01. �

In what follows, we say that a morphism f : Y → X is a locally closed im-
mersion if f factors as Y

g−→ U
j−→ X, with g a closed immersion and j an open

immersion.
We consider the following situation: LetX be a smooth irreducible affine variety

over k, Y ⊂ X a smooth irreducible closed subvariety of codimension r+1. We are
given a closed subset C of Y and a smooth closed subscheme D ⊂ X, intersecting
Y \ C transversely. We are given as well a finite dimensional k-subspace V of
Γ(X,OX) such that, for all sufficiently large N , there is an open subset UN ⊂ VN
such that each element f = (f1, . . . , fN ) ∈ UN defines a locally closed immersion
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f : Y → AN . Finally, we suppose that Y is a complete intersection, defined by
elements X0, . . . , Xr ∈ Γ(X,OX).

Take fij ∈ V, 0 ≤ i ≤ r, 1 ≤ j ≤ r, and let Fj =
∑r
i=0Xifij . Let T ⊂ X

be the closed subscheme defined by F1 = . . . = Fr = 0; clearly Y ⊂ T . Let Tsing

denote the non-smooth locus of T . Let f̄ij denote the restriction of fij to Y .
Let µ : T̃ → T be the blow-up of T along Y , let Ỹ = µ−1(Y ) and let µ : Ỹ → Y

be the restriction of µ. Let Yi−1 ⊂ Y be the subscheme defined by the vanishing
of the i × i minors of f̄ij and let Ỹi = µ−1(Yi). Define τi+1 : Y (i+1) → Y (i)

inductively by settting Y (0) = Y and letting τi+1 be the blow-up Y (i) along the
proper transform of Yi. Replacing Y with Ỹ , we have the blow-ups τ̃i+1 : Ỹ (i+1) →
Ỹ (i) defined similarly.

Lemma 3.3.3. Suppose k is infinite and that r(r + 1) ≥ 2dimkY + 1. Suppose
that there is an open subset Vr(r+1)

0 of Vr(r+1) such that, for all f ∈ Vr(r+1)
0 , we

have

(a) T \ Y is smooth; T is irreducible and of codimension r in X
(b) T \ Y intersects D transversly.

Suppose in addition

(c) for each point y ∈ Y , there is an f ∈ V with f(y) 6= 0.

Then for all (fij) in an open subset of Vr(r+1)
0 :

(1) T̃ and Ỹ are smooth and irreducible
(2) For each irreducible component C ′ of D, dimµ−1(C ′) = dimC ′.
(3) the restrictions µ : T̃ \ C → X and µ : Ỹ \ C → X are transverse to the

inclusion D → X.
(4) µ : Ỹ → Y is birational, the schemes Y (i) and Ỹ (i) are smooth, the

proper transforms of Yi to Y (i) and of Ỹi to Ỹ (i) are smooth and the map
Ỹ (r) → Y (r) induced by µ is an isomorphism.

Proof. By (a), T is Cohen-Macaulay and generically reduced, hence reduced.
Let p : X̃ → X be the blow-up of X along Y ; we have the canonical closed
immersion T̃ → X̃ identifying T̃ with the proper transform p−1[T ]. X̃ is the closed
subscheme of X × Pr defined by the equations XiYj = XjYi for 0 ≤ i, j ≤ r (with
Y0, . . . , Yr the homogeneous coordinates on Pr). Let E ⊂ X̃ be the exceptional
divisor of p, then E ∩ p−1[T ] is the exceptional divisor Ỹ of µ.

We now prove (1). T̃ → T is an isomorphism over every point x such that Y
is a Cartier divisor on T ; since Y has codimension one in T , this is the case for all
x ∈ T \ Tsing.

Let U ⊂ X̃ be the open subscheme Y0 6= 0. This gives us affine coordinates
ui := Yi/Y0, i = 1, . . . , r, u0 = X0; with respect to these coordinates, we have

p∗Fj = u0(p∗f0j +
r∑
i=1

uip
∗fij)

on U . Define functions p∗[Fj ] on U by

p∗[Fj ] := p∗f0j +
r∑
i=1

uip
∗fij .
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We claim that p−1[T ] ∩ U is the subscheme T ′ of U defined by p∗[Fj ] = 0, j =
1, . . . , r.

To see this, it is clear that T ′ \E = (p−1[T ]∩U) \E and that T ′ ⊃ p−1[T ]∩U .
Since T is reduced, hence so is p−1[T ], hence to to show that T ′ = p−1[T ] ∩ U , it
suffices to show that T ′ ∩ E = p−1[T ] ∩ U ∩ E.

For this, note that, the restriction of p to p : E ∩ U → Y identifies E ∩ U
with the affine space ArY , with coordinates u1, . . . , ur. By our assumption on V,
for N >> 0, all f := (f1, . . . , fN ) in an open subset of VN give a locally closed
immersion f : Y → AN . By our assumption (c), if we are given a point y ∈ Y , for
a general choice of f ∈ V the functions u1 · f ◦p, . . . , ur · f ◦p give a Y -isomorphism
E ∩ U → ArY over a neighborhood of y. Let W be the k-vector space of functions
on E ∩ U generated by the functions of the form f ◦ p, u1 · f ◦ p, . . . , ur · f ◦ p for
f ∈ V Then for N sufficiently large, a general element g ∈ WN gives a locally
closed immersion g : E ∩U → AN . Thus, by Bertini’s theorem, if we take elements
G1, . . . , Gr of the form

Gj =
N∑
i=1

gij , j = 1, . . . , r,

the subscheme of E ∩ U defined by G1 = . . . , Gr = 0 is smooth and irreducible of
codimension r. But each Gj can be rewritten as a linear combination of the form

Gj = f0j ◦ p+
r∑
i=1

ui · fij ◦ p

with the fij ∈ V. Thus, for a general choice of (fij) ∈ Vr(r+1), the subscheme T ′∩E
of E ∩ U is smooth, irreducible and has codimension r on E ∩ U ; since p−1[T ] ∩E
also has codimension r on E, we must have T ′ ∩ E = p−1[T ] ∩ U ∩ E as desired.

This also shows that Ỹ ∩ U = T̃ ∩ U ∩ E is smooth for general (fij); since
our choice of special coordinate Y0 was arbitrary, Ỹ = T̃ ∩E is smooth for general
(fij). But since p−1[T ] ∩ U = T ′ is a complete intersection on U , p−1[T ] is Cohen-
Macaulay. Since p−1[T ] \E and p−1[T ]∩E are both smooth, this implies p−1[T ] is
smooth, proving (1).

For (2), noting that E → Y is a Pr-bundle, p−1(C ′) has dimension dimC ′ + r.
Using Bertini’s theorem as above, we find that p−1(C ′) ∩ p−1[T ] has dimension
dimC ′ for general (fij), proving (2).

To show (3), T \ Y intersects D transversely for general (fij) by assumption.
As in the argument for (1), it suffices to show that µ : µ−1(Y \C)→ X is transverse
to D → X. By assumption D∩Y \C is smooth of the proper dimension. As in the
proof of (2), p−1(D ∩Y \C)→ D ∩Y \C is a smooth map of relative dimension r;
the argument for (1) using Bertini’s theorem shows that p−1[T ]∩p−1(D∩Y \C)∩U
is smooth and has the same dimension as D ∩ Y \ C, which proves (3).

Finally, for (4), we apply lemma 3.3.2; we use the notation of that lemma. The
matrix (f̄ij) defines a morphism

f̄ : Y → B := Spec k[{Yij ] | 0 ≤ i ≤ r, 1 ≤ j ≤ r}].

Since we are assuming r(r + 1) ≥ 2d + 1, the Whitney embedding theorem im-
plies that, for all (f̄ij) in an open subset of Vr(r+1), the map f̄ is a locally closed
immersion, in particular, f̄ is unramified. We want to show that the morphism
Z → B pulls back via f̄ to the morphism Ỹ → Y , and that the blow-up sequences
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(3.3.1) and (3.3.2) pull back via f̄ to sequences of blow-ups with smooth center.
Assuming the first statement, the smoothness condition of lemma 3.3.2(4) implies
that it suffices that the map f̄ be transverse to the inclusions Bi \ Bi−1 → B for
i = 0, . . . , r. By Kleiman’s transversality theorem [13, Theorem 10], this will be
the case if we change f̄ by a sufficiently general affine linear transformation of the
affine space B, which implies that f̄ satisfies the necessary transversality condition
for all f in an open subset of Vr(r+1).

We finish the proof by showing that Ỹ → Y is the pull-back of Z → B for
general f̄ . T̃ ⊂ T×Pr is the closed subscheme defined by the kernel of the surjection(

k[X0 . . . , XN ]/(F1, . . . , Fr)
)
[T0, . . . , Tr]→ k[X0 . . . , XN ]/(F1, . . . , Fr)

sending Ti to Xi, i = 0, . . . , r. Clearly the elements
∑
i Tifij are in this kernel; the

local computations of p−1[T ] we made above show that these elements generate the
kernel. As Y ⊂ T is defined by the ideal (X0, . . . , Xr), this shows that Ỹ = µ−1(Y )
is the subscheme of Y × Pr defined by the matrix equation (T0, . . . , Tr) · (f̄ij) = 0,
i.e., Ỹ ∼= Z ×B Y as a Y -scheme, as desired. �

We now consider a global version of the situation. Let X ⊂ PM be a smooth
quasi-projective scheme, Y ⊂ X a smooth closed subscheme of codimension r + 1
defined by an ideal-sheaf I. We suppose r(r+1) ≥ 2dimkY +1. Let D be a smooth
closed subscheme of X, and let Ȳ ⊂ X̄ be the closures of Y and X in PM .

Let OX(1) be the restriction of O(1) to X. Choose an n ≥ 1 such that
IȲ (n) is generated by global sections on X̄ and choose generating global sections
s1, . . . , sm ∈ H0(X̄, I(n)). Fix a degree d ≥ 1 and let (fij) ∈ H0(X,OX(d))mr be
an m× r matrix of elements of H0(X,OX(d)). Set

Fj :=
m∑
i=1

sifij ; j = 1, . . . , r,

and let T ⊂ X be the closed subscheme defined by F1 = . . . , Fm = 0. Then Y ⊂ T ;
let µ : T̃ → T be the blow-up of T along Y .

Lemma 3.3.4. Suppose k is infinite. Let C ⊂ Y be a closed subset of Y such
that Y \ C intersects D transversely. Let V be the image of H0(PM ,O(d)) in
H0(X,OX(d)). Then for all (fij) in an open subset of Vmr

(1) T̃ is smooth, µ−1(Y ) is smooth, dim T̃ = dimY + 1 and µ : µ−1(Y )→ Y
is birational. In addition, the map µ : µ−1(Y )→ Y factors as

µ−1(Y )

µ

��

Ỹ 0 Ỹ 1
τ̃1oo . . .τ̃2oo Ỹ r

τ̃roo

Y Y 0 Y1τ1
oo . . .

τ2
oo Y rτr

oo

where all the Y i and Ỹ i are smooth, and the maps τi and τ̃ ′i are all blow-
ups along smooth subschemes.

(2) dimµ−1(C ′) = dimC ′ for each irreducible component C ′ of C.
(3) µ : T̃ \ µ−1(C) → X and µ : µ−1(Y \ C) → X are transverse to the

inclusion D → X.

Proof. We may assume that X is irreducible. We claim that the vector space
W of sections of I(n+d) of the form sif , f ∈ V, i = 1, . . . ,m, define a locally closed
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immersion of X \ Y in a projective space. To see this, let X̄∗ → X̄ be the blow-up
of X̄ along Ȳ . The generators s1, . . . , sm of IȲ (n) define a closed embedding of X̄∗

in X̄ × Pm−1, and the map X \ Y given by W is just the composition

X \ Y ⊂ X̄∗ ⊂ X̄ × Pm−1 i−→ PM × Pm−1 S−→ PM(m−1)−1

where i is the closed immersion induced by X̄ ⊂ PM and S is the Segre embedding.
This proves our claim.

It follows, therefore, from Bertini’s theorem that T \Y is smooth and irreducible
and T ∩D\Y is smooth for all fij in an open subset of V r(r+1). In particular let X ′

be an affine subset of X contained an the open subscheme gf 6= 0 for some f ∈ V
and some g ∈ H0(X,OX(n)), and such that Y ∩ X ′ is a complete intersection
defined by some collection si0/g, . . . , sir/g, then the functions (1/f)V on X ′ satisfy
all the hypotheses for lemma 3.3.3. Also, we can rewrite the Fj on X ′ as functions

F ′j :=
r∑

k=0

1
gf
sikf

′
kj ; j = 1, . . . , r.

Let f̄ ′kj be the restriction of f ′kj/f to Y ∩ X ′, and let (Y ∩ X ′)i−1 be the closed
subscheme defined by the vanishing of the i× i minors of (f̄ ′kj). It is clear that the
(Y ∩ V )i for varying V patch together to form a closed subscheme Yi of Y .

The data Y ∩X ′ ⊂ X ′, C ∩X ′ and D∩X ′ ⊂ X ′, generators {si0/g, . . . , sir/g}
of I(V ), vector space of functions (1/f)V and subschemes (Y ∩ X ′)i thus gives a
special case of the data used in lemma 3.3.3. An open condition on the matrix
(f ′ij/f) will be implied by an open condition on the matrix (fij). Covering X by
finitely many affine open subsets of the type described above, we see that a finite
intersection of the resulting open subsets of Vr(r+1) gives the desired open condition
on the matrix (fij). �

Lemma 3.3.5. Let B be a quasi-projective variety over k, E → B a vector
bundle. Then there is a smooth projective variety H over k, a vector bundle EH →
H and a morphism f : B → H such that f∗EH is isomorphic to E.

Proof. This is proved in [8]; we give the proof here for the reader’s conve-
nience. B is quasi-projective, let i : B → PN be a locally closed immersion. E(n)
is generated by global sections on B for some n ≥ 0; choosing M global genera-
tors gives a morphism s : B → Gr(r,M) such that E ∼= s∗Ur,M , where Ur,M →
Gr(r,M) is the universal rank r quotient bundle. Taking H = PN × Gr(r,M),
EH = p∗1O(−n)⊗ p∗2Ur,M and f = (i, s) yields the desired result. �

proof of proposition 3.3.1. We first reduce to the case of an infinite base
field. If K ⊃ k is a finite separable field extension, and if f : Y →W×kK := WK is
transverse to the base-extension iK : ZK →WK , then p1 ◦ f : Y →W is transverse
to i. Thus, using lemma 2.3.5 and the standard trick of taking extensions of k of
relatively prime degrees allows us to assume the base field is infinite.

By lemma 2.5.11, Ω∗(W ) is generated by the cobordism cycles of the form
[f : Y → W ]. We proceed by induction on dimkY , starting with the trivial case
dim = −1.

Assume the result for all [Y →W ] with dimkY < r, and for all W ∈ Smk. We
first note that this implies the result for [f : Y →W ] with dimkY = r, such that f
factors as

Y
p−→ B

g−→W
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with p : Y → B a projective space bundle P(E) → B for some vector bundle E of
rank r ≥ 2, and g : B →W a projective morphism in Smk. Indeed, by lemma 3.3.5,
we have a morphism s : B → H, with H smooth and projective over k, and a vector
bundle EH → H such that s∗EH ∼= E. Let h = (g, s) : B → W × H. Then h
is projective; since dimkB < r, we may write [h] =

∑
i ni[fi : Bi → W × H] in

Ω∗(W ×H) with each fi transverse to i× Id : Z×H →W ×H. Let q : P→W ×H
be the projective space bundle P(p∗2EH). Then by taking the smooth pull-back by
q, we have

[h̃ : h∗P→ P] =
∑
i

ni[f̃i : f∗i P→ P]

in Ω∗(P). Pushing forward to W by p1 ◦ q writes [Y → W ] as a sum of maps
[f∗i P→W ] which are transverse to i : Z →W .

Similarly, the induction assumption implies the result for the decomposable
elements Ωr(W ) ∩ L∗≥1Ω∗(W ) in Ωr(W ).

This allows use to make the following reduction:

Claim: Let [f : Y →W ] be a cobordism cycle with dimkY = r, and let µ : Ỹ → Y
be a projective birational map in Smk. Suppose that the map µ admits a weak
factorization: there is a commutative diagram of projective Y -schemes, with each
Y i ∈ Smk,

Y 1

��
22

22
22

����
��
��

����
��
��
�

. . .

��
22

22
22

2 Y n

����
��

��
�

��
77

77
77

7

Ỹ

µ

AAY 0 Y 2 . . . Y n−1 Y n+1 Y

such that each slanted arrow is the blow-up of the base along a smooth subscheme.
Then the result is true for [f ◦ µ : Ỹ → W ] if and only if the result is true for
[f : Y →W ].

proof of claim. Let q : Y1 → Y2 be the blow-up of Y2 ∈ Smk along some
smooth closed subscheme F of Y2, and let f : Y2 → W be a projective morphism.
Suppose Y2 has dimension r. The blow-up formula of proposition 2.5.2 together with
the consequences of the induction hypothesis we have already mentioned implies
that the result is true for [f ◦ q : Y1 →W ] if and only if it is true for [f : Y2 →W ].
The existence of the weak factorization of µ thus yields the claim. �

Now take a cobordism cycle [Y → W ] with dimkY = r. Since f is projective,
there is a closed immersion Y → Pn × W such that f is the restriction of the
projection. By increasing n, we may assume that Y has codimension r on Pn ×W
with r(r + 1) ≥ 2dimkY + 1. Let Y0 ⊂ Y be the singular locus with respect to
Z →W , that is, the minimal closed subset C of Y such that the f : Y \C →W is
transverse to Z →W . We proceed by induction on dim Y0 to show that the result
holds true for [Y →W ].

W is quasi-projective, hence so is Pn ×W . We may thus apply lemma 3.3.4
with X = Pn ×W , with C = Y0 and with D the smooth closed subscheme Pn ×Z.
In particular by lemma 3.3.4(5), µ−1Y → Y admits a weak factorization, so by
the claim, it suffices to prove the result for [f ◦ µ : µ−1(Y ) → W ]; by the lemma,
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f ◦ µ is transverse to i away from a closed subset Y ′0 of the same dimension as
Y0. In addition, µ−1(Y ) is a divisor on a k-scheme T̃ ∈ Smk and f ◦ µ extends to
the projective morphism p2 ◦ µ : T̃ → W , which is transverse to i away from Y ′0 .
Changing notation, we may assume that Y is a divisor on some T ∈ Smk such that
the morphism f : Y → W extends to a projective morphism F : T → W and that
F : T \ Y0 →W is transverse to i : Z →W .

We can find very ample line bundles L andM on T such thatOT (Y ) = L⊗M−1.
Using the formal group law, and working modulo decomposable elements, we see
that it suffices to prove the result for the divisor Y ′ of a general section of a very
ample line bunde, say L, on T , with map Y ′ → T

F−→ W . Now, since the non-
transverse locus of F : T →W is contained in Y0, if Y ′ is the divisor of a sufficiently
general section of L, then by Bertini’s theorem, Y ′ is smooth, dim(Y ′ ∩ Y0) =
dim Y0−1, and Y ′\Y0 →W is tranverse to i. By induction, we may write [Y ′ →W ]
as a sum of cobordism cycles of the desired form, completing the proof. �

3.4. Homotopy invariance

In this section, we show that, for a finite type k-scheme X, the smooth pull-
back p∗ : Ω∗(X) → Ω∗+1(X × A1) is an isomorphism. We assume that k is a field
admitting resolution of singularities; in particular, k is perfect.

Proposition 3.4.1. Let X be a finite type k-scheme, and let p : X × A1 → X
be the projection. Then p∗ : Ω∗(X)→ Ω∗+1(X × A1) is surjective.

Proof. If X is a finite type k-scheme, then Ω∗(X) = Ω∗(Xred), so we may
assume that X is reduced. Since k is perfect, X has a filtration by reduced closed
subschemes

∅ = X0 ⊂ X1 ⊂ . . . ⊂ XN = X

such that Xi \ Xi−1 is in Smk. Using noetherian induction, we may assume the
result is true for XN−1. Letting U = XN \ XN−1, the commutative diagram of
localization sequences

Ω∗(XN−1) //

��

Ω∗(X) //

��

Ω∗(U) //

��

0

Ω∗+1(XN−1 × A1) // Ω∗+1(X × A1) // Ω∗+1(U × A1) // 0

and a diagram chase reduces us to the case of X ∈ Smk.
Take X in Smk. Using lemma 2.3.5 and the standard trick of taking extensions

of k of relatively prime degrees, we reduce to the case of an infinite field k.
By resolution of singularities, there is a smooth projective k-scheme X̄ con-

taining X as an open subscheme. Since Ω∗(X̄ × A1) → Ω∗(X × A1) is surjective,
it suffices to prove the result for X̄. Changing notation, we may assume that X is
projective.

By proposition 3.3.1, it suffices to show that cobordism cycles of the form
[f : Y → X × A1] such that f−1(X × 0) is smooth and codimension one on Y
are in the image of p∗. If f : Y → X × A1 is such a projective morphism, then,
as X is projective, p2f : Y → A1 is smooth over a neighborhood of 0 in A1. Let
m : A1×A1 → A1 be the multiplication map m(x, y) = xy. The map m is flat, and
is smooth over A1 \{0}. Since Y is smooth over a neighborhood of 0, it follows that
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Ym := Y ×A1 (A1 × A1) is in Smk. Let g : Ym → X × A1 × A1 be the projection.
Then g−1(X ×A1 × 0) = f−1(X × 0)×A1 and g−1(X ×A1 × 1) = Y . It is easy to
check that g : g−1(X×A1×0)→ X×A1 is isomorphic to p∗(f : f−1(X×0)→ X).

By resolution of singularities, we may extend g : Ym → X × A1 × A1 to a pro-
jective morphism g̃ : Ỹm → X ×A1×P1, with Ỹm smooth over k. By remark 2.4.8,
g̃ gives a cobordism between f and something in the image of p∗. �

Theorem 3.4.2. Let k be a field admiting resolution of singularities. Let X be
a finite type k-scheme. Then p∗ : Ω∗(X)→ Ω∗+N (X ×AN ) is an isomorphism for
all N .

Proof. As for proposition 3.4.1, we may assume that k is infinite. It suffices
to prove the case N = 1. Having proved surjectivity in proposition 3.4.1, it suffices
to prove the injectivity of p∗. Let i∞ : X → X × P1 be the inclusion i∞(x) =
(x, (1 : 0)). Consider the localization sequence

Ω∗(X) i∞∗−−→ Ω∗(X × P1)
j∗−→ Ω∗(X × A1)→ 0.

Let q : X × P1 → X be the projection, and let ψ : Ω∗(X × P1)→ Ω∗−1(X) be the
map

ψ(η) = q∗(c̃1(O(1))(η)).
If η = i∞∗(τ) for some τ in Ω∗(X), then

c̃1(O(1))(η) = i∞∗(c̃1(i∗∞(O(1)))(τ))

= i∞∗(c̃1(OX)(τ))
= 0.

Thus, ψ ◦ i∞∗ = 0, and ψ descends to a well-defined homomorphism

ψ̄ : Ω∗(X × A1)→ Ω∗−1(X).

On the other hand, for τ in Ω∗(X) of the form [f : Y → X],

ψ ◦ q∗(τ) = q∗(c̃1(O(1))([f × Id : Y × P1 → X × P1])

= q∗(i∞ ◦ f : Y → X × P1]

= [f : Y → X] = τ,

since (f×Id)∗(O(1)) has the section X0 with smooth divisor Y ×∞. Since classes of
the form [f : Y → X] generate Ω∗(X) by lemma 2.5.11, it follows that ψ ◦ q∗ = Id,
hence ψ̄ ◦ p∗ = Id, and p∗ is injective. �

3.5. The projective bundle formula

To simplify the notation, we pass freely between the category of line bundles and
the category of invertible sheaves, writing for instance c̃1(L) for the endomorphism
c̃1(L), if L is a line bundle with sheaf of sections L.

3.5.1. Support conditions. Let X be a finite type k-scheme, and i : F → X a
closed subset; give F the reduced scheme structure. Let ΩF∗ (X) ⊂ Ω∗(X) denote
the image of i∗ : Ω∗(F )→ Ω∗(X).

Lemma 3.5.1. Let F be a closed subset of X.
(1) Let f(u1, . . . , un) be a power series with Ω∗(k) coefficients. Choose invert-

ible sheaves L1, . . . ,Lm on X. Then f(c̃1(L1), . . . , c̃1(Lm)) preserves the
subgroup ΩF∗ (X).
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(2) Let p : Y → X be a smooth quasi-projective morphism, q : X → Z a
projective morphism. Then p∗ maps ΩF∗ (X) to Ωp

−1(F )
∗ (Y ), and q∗ maps

ΩF∗ (X) to Ωq(F )
∗ (X).

Proof. (2) follows directly from the definition of smooth pull-back and proper
push-forward. Similarly, (1) follows from the projection formula

c̃1(L)(iF∗(η)) = iF∗(c̃1(i∗FL)(η)),

for L an invertible sheaf on X, η an element of Ω∗(F ). �

3.5.2. Projective bundles. Let X be a k-scheme of finite type, let p : E → X be
a vector bundle of rank n+ 1, giving the Pn-bundle q : P(E) → X, with canonical
quotient invertible sheaf O(1). Write ξ for the operator c̃1(O(1)). We have the
group homomorphisms

φj := ξj ◦ q∗ : Ω∗−n+j(X)→ Ω∗(P(E));
let

ΦX,E : ⊕nj=0Ω∗−n+j(X)→ Ω∗(P(E))
be the sum of the φj .

In the case of a trivial bundle E = On+1
X , we have

P(E) = ProjOX
OX [X0, . . . , Xn] = PnX ,

andO(1) is the invertible sheaf with q∗O(1) theOX -module generated byX0, . . . , Xn.
Let im : PmX → PnX be the subscheme defined by Xm+1 = . . . = Xn = 0, and let
qm : PmX → X be the projection.

The following is an elementary computation, using the relations RSect∗ :

Lemma 3.5.2. For E = On+1
X , we have ξn−m ◦ q∗(η) = im∗(q∗m(η)), and

q∗(ξn−m ◦ q∗(η)) = [Pmk ] · η. Also ξn+1 = 0.

3.5.3. Some operators. We proceed to define Z-linear combinations of com-
posable expressions in ξ, q∗ and q∗, which we write as ψ0, . . . , ψn. Evaluating the
expression ψj as an operator will define a graded map ψj : Ω∗(P(E))→ Ω∗−n+j(X),
and, in case E = On+1

X , we will have

(3.5.1) ψi ◦ (ξj ◦ q∗) =

{
IdΩ∗(X) for i = j

0 for i 6= j.

We define the ψi inductively, starting with ψ0 := q∗ ◦ ξn. Suppose we have
defined ψi for i = 0, . . . ,m− 1, 1 ≤ m ≤ n. Let

ψm = q∗ ◦
(
ξn−m ◦

(
Id−

m−1∑
j=0

ξj ◦ q∗ ◦ ψj
))
.

It follows directly from lemma 3.5.2 that ψm satisfies the conditions (3.5.1), and the
induction continues. We let Ψ be the formal expression

∏n
j=0 ψj ; having chosen a

finite type k-scheme X and a rank n+1 bundle E on X, the expression Ψ determines
the homomorphism

ΨX,E : Ω∗(P(E))→ ⊕nj=0Ω∗−n+j(X),

natural in the pair (X, E).

Lemma 3.5.3. Suppose E = On+1
X . Then ΨX,E ◦ ΦX,E = Id.
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Proof. This follows directly from the identities (3.5.1). �

Theorem 3.5.4. Let k be a field admiting resolution of singularities. Let X be
a k-scheme of finite type, E a rank n+ 1 vector bundle on X. Then

ΦX,E : ⊕nj=0Ω∗−n+j(X)→ Ω∗(P(E))

is an isomorphism.

Proof. We first consider the case of the trivial bundle E = On+1
X . We have

shown the injectivity of Φ in lemma 3.5.3. We show surjectivity by induction on n,
the case n = 0 being trivial.

We have the inclusion in−1 : Pn−1
X → PnX ; let j : AnX → PnX be the open

complement.
From lemma 3.5.2, we have the commutative diagram, where the first row is

the evident inclusion,

⊕n−1
j=0 Ω∗−n+1+j(X) //

ΦX,On
X

��

⊕nj=0Ω∗−n+j(X)

Φ
X,On+1

X

��

Ω∗(Pn−1
X )

in−1∗

// Ω∗(PnX).

The image of ⊕nj=1Ω∗−n+j(X) under ΦX,On+1
X

therefore contains the image of in−1∗.
On the other hand, we have

j∗ ◦ φi = j∗ ◦ ξi ◦ q∗ = (c̃1(j∗O(1))i ◦ p∗

for all i. Since j∗O(1) ∼= OAn
X

, and c̃1(OAn
X

) = 0 by lemma 2.3.6, we have j∗◦φi = 0
for i > 0. Thus, using the localization sequence

Ω∗(Pn−1
X )

in−1∗−−−→ Ω∗(PnX)
j∗−→ Ω∗(AnX)→ 0,

we see that ΦX,On+1
X

is surjective if

p∗ = j∗ ◦ φ0 : Ω∗−n(X)→ Ω∗(AnX)

is. The surjectivity of p∗ follows from the homotopy theorem 3.4.2.
We now pass to the general case. Choose a filtration of X by closed subschemes

∅ = XN+1 ⊂ XN ⊂ . . . ⊂ X1 ⊂ X0 = X

such that the restriction of E to Xm \ Xm+1 is trivial. To simplify the text, we
omit the mention of the appropriate restriction of E in the notation for Φ and Ψ;
similarly, we write simply E for the restriction of E to the various locally closed
subsets Xm \Xm+1 or X \Xm, etc.

Assume by induction that ΦX\Xm
is an isomorphism. By the case of the trivial

bundle, ΦXm\Xm+1 is an isomorphism.
It follows from lemma 3.5.1 that the maps ΦXm\Xm+1 and ΨXm\Xm+1 descend

to maps on the images

ΦXm\Xm+1 : ⊕nj=0Ω
Xm\Xm+1
∗−n+j (X \Xm+1)→ Ω

Pn
Xm\Xm+1

(E)

∗ (PnX\Xm+1
(E))

ΨXm\Xm+1 : Ω
Pn

Xm\Xm+1
∗ (PnX\Xm+1

(E))→ ⊕nj=0Ω
Xm\Xm+1
∗−n+j (X \Xm+1)

with ΨXm\Xm+1 ◦ ΦXm\Xm+1 = Id. Thus ΦXm\Xm+1 is an isomorphism.
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The localization sequences for the inclusions Xm \ Xm+1 → X \ Xm+1 and
PnXm\Xm+1

(E)→ PnX\Xm+1
(E) give us the commutative diagram with exact columns

0

��

0

��

⊕nj=0Ω
Xm\Xm+1
∗−n+j (X \Xm+1)

i∗

��

ΦXm\Xm+1
// Ω

Pn
Xm\Xm+1

(E)

∗ (PnX\Xm+1
(E))

i∗

��

⊕nj=0Ω∗−n+j(X \Xm+1)

j∗

��

ΦX\Xm+1
// Ω∗(PnX\Xm+1

(E))

j∗

��

⊕nj=0Ω∗−n+j(X \Xm)

��

ΦX\Xm // Ω∗(PnX\Xm
(E))

��

0 0.
As the top and bottom horizontal maps are isomorphisms, ΦX\Xm+1 is an isomor-
phism, and the induction continues. �

3.6. The extended homotopy property

Lemma 3.6.1. Let 0 → L → E → F → 0 be an exact sequence of locally
free coherent sheaves on a finite type k-scheme X, with L an invertible sheaf, let
i : P(F) → P(E) be the associated closed immersion of projective bundles over X.
Let q : P(E)→ X, q̄ : P(F)→ X be the projections. Then

i∗ ◦ q̄∗ = c̃1(q∗L−1 ⊗O(1)E) ◦ q∗.

Proof. The subscheme P(F) of P(E) is defined by the vanishing of the map
ρ : q∗L → O(1)E induced by the inclusion L → E ; letting s be the section of
q∗L−1 ⊗O(1)E induced by ρ, P(F) is defined by s = 0, so

OP(E)(P(F)) ∼= q∗L−1 ⊗O(1)E .

Let f : Y → X be a projective morphism with Y ∈ Smk. The map f induces
the map f̃ : P(f∗E) → P(E), and the inclusion iY : P(f∗F) → P(f∗E). Then
q∗([f ]) is represented by f̃ , and (i∗q̄∗)([f ]) is represented by f̃ ◦ iY . By the above
computation and the relations defining Ω∗, we have

[P(f∗F)→ P(f∗E)] = [f̃∗(q∗L−1 ⊗O(1)E)].

Applying f̃∗, and using the definition of c̃1, we find

[f̃ ◦ iY ] = f̃∗([P(f∗F)→ P(f∗E)])

= c̃1(q∗L−1 ⊗O(1)E)([f̃ ])

= c̃1(q∗L−1 ⊗O(1)E)(q∗([f ])).

�

Lemma 3.6.2. 0 → OX → E → F → 0 be an exact sequence of vector bundles
on a finite type k-scheme X, let i : P(F)→ P(E) be the associated closed immersion
of projective bundles over X. Let q : P(E) → X, q̄ : P(F) → X be the projections,
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and let i : P(F) → P(E) be the inclusion corresponding to the projection E → F .
Let ξ = c̃1(O(1)E), and let ξ̄ = c̃1(O(1)F ). Then

i∗ ◦ (ξ̄j ◦ q̄∗) = ξj+1 ◦ q∗

for all j ≥ 0.

Proof. For j = 0, this is just a special case of lemma 3.6.1. In general, we
apply the projection formula:

i∗ ◦ (ξ̄j ◦ q̄∗) = i∗ ◦ (i∗ξj ◦ q̄∗) = ξj ◦ i∗ ◦ q̄∗,
which reduces us to the case j = 0. �

Theorem 3.6.3. Let k be a field admitting resolution of singularities, let p :
F → X be a rank n vector bundle over a k-scheme of finite type X, and let p̃ :
V → X be a principal homogeneous space for F (i.e., an affine space bundle over
X). Then p̃∗ : Ω∗(X)→ Ω∗+n(V ) is an isomorphism.

Proof. Let F be the sheaf of sections of F , and FD the dual. V is classified
by an element v ∈ H1(X,F) = Ext1OX

(OX ,F). Let

0→ OX → E → FD → 0

be the extension dual to v, giving the projective bundles q : P(E)→ X, q̄ : P(FD)→
X, and the inclusion i : P(FD)→ P(E).

The complement of P(FD) in P(E) is isomorphic to V , as an X-scheme. Thus,
we have the localization sequence

(3.6.1) Ω∗(P(FD)) i∗−→ Ω∗(P(E)) j∗−→ Ω∗(V )→ 0.

Let

κ : ⊕n−1
j=0 Ω∗−n+1−j(X)→ ⊕nj=0Ω∗−n−j(X)

π : ⊕nj=0Ω∗−n−j(X)→ Ω∗(X)

be the evident inclusion and projection, giving the exact sequence

(3.6.2) 0→ ⊕n−1
j=0 Ω∗−n+1−j(X) κ−−→ ⊕nj=0Ω∗−n−j(X) π−−→ Ω∗(X)→ 0

It follows from lemma 3.6.2 that i∗ ◦ ΦX,FD = ΦX,E ◦ κ. Since P(FD) is the
subscheme of P(E) defined by the vanishing of the map O → O(1) corresponding
to the inclusion OX → E , it follows that j∗O(1) = O. Thus, j∗ ◦ ΦX,E = p∗ ◦ π.
Therefore, (ΦX,FD ,ΦX,E , p∗) defines a map of sequences (3.6.2) → (3.6.1). Since
ΦX,ED and ΦX,ED⊕OX

are isomorphisms by theorem 3.5.4, it follows that p∗ is an
isomorphism. �

Remark 3.6.4. The method used above can also be applied to prove the ana-
logue of theorem 3.6.3 for Chow groups as well as for the K0 functor.



CHAPTER IV

Algebraic cobordism and the Lazard ring

We are now in position to exploit the deeper structures of algebraic cobordism.
We first axiomatize these structures in section 4.1 with the definition of an oriented
Borel-Moore weak homology theory; the results of chapter III immediately imply
that Ω∗ is the universal such theory. We develop, following Grothendieck [9] and
Quillen [28], the theory of Chern classes of vector bundles with values in an ori-
ented Borel-Moore weak homology theory, and adapt the “twisting” construction
of Quillen to our setting.

In section 4.2, we show that algebraic K-theory is the universal oriented the-
ory with multiplicative formal group law and characterize the Chow ring as the
universaly additive theory in section 4.5.

The central result of this chapter is the identification of Ω∗(k) with the Lazard
ring (theorem 4.3.7). In addition to our standing resolution of singularities assump-
tion, the proof uses the weak factorization conjecture, established in characteristic
zero in [1]. We give in section 4.4 an axiomatic treatment of Rost’s generalized de-
gree formula; the main results of this chapter and chapter III allows the application
of the degree formulas to Ω∗.

4.1. Weak homology and Chern classes

In this section, we introduce the notion of an oriented Borel-Moore weak ho-
mology theory. This notion is, as the terminolgy suggests, stronger than that of
an oriented Borel-Moore functor and weaker than the notion of an oriented Borel-
Moore homology theory, which will be introduced in in Chapter V. What we have
proven in Chapter III immediately implies that algebraic cobordism is such a theory,
assuming that k admits resolution of singularities.

We then develop the theory of Chern classes of vector bundles for oriented
Borel-Moore weak homology theories. We deduce several results: comparison of
algebraic cobordism with K-theory, definition of the Landweber-Novikov opera-
tions in algebraic cobordism and a comparison of rational algebraic cobordism with
rational Chow groups.

Throughout this section, V will be an admissible subcategory of Schk.

4.1.1. Axioms for weak homology. We introduce three axioms concerning an
oriented Borel-Moore functor A∗ on V:

(PB). Given a rank n vector bundle E → X on X ∈ V with sheaf of sections E ,
let q : P(E)→ X denote the projective bundle, and let O(1)E → P(E) be
the canonical quotient line bundle of q∗E. For each i ∈ {0, . . . , n}, let

ξ(i) : A∗+i−n(X)→ A∗(P(E))

67
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be the composition

A∗+i−n(X)
q∗−→ A∗+i(P(E)) c̃1(O(1)E)i

−−−−−−−→ A∗(P(E)).

Then the homomorphism

Σn−1
i=0 ξ

(i) : ⊕n−1
i=0 A∗+i−n(X)→ A∗(P(E))

is an isomorphism.
(EH). Let E → X be a vector bundle of rank r over X ∈ V, and let p : V → X

be an E-torsor. Then p∗ : A∗(X)→ A∗+r(V ) is an isomorphism.
(Loc). Let L→ X be a line bundle onX ∈ V. Suppose that L admits a section s :

X → L such that s is transverse in V to the zero-section of L; let i : D → X
be the subscheme defined by s. Then the image of c̃1 : A∗(X)→ A∗−1(X)
is contained in the image of i∗ : A∗−1(D)→ A∗−1(X).

If (PB) holds, we shall say that A∗ satisfies the projective bundle formula.

Remark 4.1.1. The axiom (Loc) is used to prove the Whitney product formula
for the total Chern class (see proposition 4.1.15 below). Applying (Loc) to the case
of a nowhere vanishing section of a trivial bundle (with D = ∅), we see that (Loc)
implies the property

(Triv). Let L→ X be the trivial bundle. Then c̃1(L) is the zero map.

On the other hand, in the presence of (Triv), (Loc) is a consequence of the ax-
iom

(Loc′). Let i : D → X be a closed embedding in V with open complement
j : U → X. Then the sequence

A∗(D) i∗−→ A∗(X)
j∗−→ A∗(U)

is exact.

Indeed, if L → X admits a section s with zero-locus contained in D, then clearly
j∗L → U is the trivial bundle. By (Triv), c̃1(j∗L) = 0; since c̃1(j∗L)(j∗η) =
j∗(c̃1(L)(η)), it follows from (Loc′) that the image of c̃1(L) is contained in the
image of i∗.

The axiom (Loc′) appears in many discussions of oriented (co)homology through-
out the literature, for instance, in the work of Panin [25].

Remark 4.1.2 (The splitting principle). Let A∗ be an oriented Borel-Moore
functor with product on an admissible V. Suppose in addition that A∗ satisfies
the axioms (PB) and (EH). Take X ∈ V and a vector bundle E → X. Then
there is a smooth morphism (of relative dimension say d) f : X ′ → X such that
f∗ : A∗(X)→ A∗+d(X ′) is injective and f∗(E) is a sum of line bundles. Indeed, let
q : F l(E)→ X be the full flag variety. Since q factors as a tower of projective space
bundles P(Ei) for appropriate vector bundles Ei, the projective bundle formula
(PB) implies that q∗ is injective. Let p : Spl(q∗E) → F l(E) be the bundle of
splittings of the universal flag on q∗E. Then p is a torsor for the vector bundle of
Hom’s of the quotient line bundles in the universal flag, hence by (EH) the map p∗

is an isomorphism. As the universal flag on q∗E clearly splits after pull-back by p,
the composition q ◦ p : Spl(q∗E)→ X does the job.
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Similarly, if 0 → E′ → E → E′′ → 0 is a short exact sequence of vector
bundles on X, then there is a smooth morphism f : X ′ → X such that f∗ :
A∗(X) → A∗+d(X ′) is injective, f∗(E′) and f∗(E′′) are sums of line bundles, and
the sequence 0→ f∗E′ → f∗E → f∗E′′ → 0 splits.

In what follows A∗ denotes an oriented Borel-Moore functor with product on
an admissible V, which moreover satisfies axioms (Sect), (PB) and (EH), unless
specific mention to the contrary is made. We will freely use the associated weak
cohomological functor Y → A∗(Y ) for smooth k-schemes Y .

4.1.2. The axiom (Nilp). The following lemma establishes axiom (Nilp) of
remark 2.2.3 for A∗.

Lemma 4.1.3. Let A∗ be an oriented Borel-Moore functor with product on Smk,
which moreover satisfies axioms (Sect) and (EH). Let Y be in Smk. Then there
is an integer NY such that for any family (L1, . . . , Ln) of line bundles on Y with
n > NY , one has

c̃1(L1) ◦ · · · ◦ c̃1(Ln)(1Y ) = 0 ∈ A∗(Y )

Proof. Using Jouanolou’s trick [12] we see there is a vector bundle E → Y of
rank r, and a torsor π : T → Y under E → Y such that T is an affine (and smooth)
scheme. Set NY := dim(T ) = dim(Y ) + r. We claim this integer satisfies the
property. By the homotopy axiom (EH) for A∗ we see that π∗ : A∗(Y )→ A∗+d(T )
is an isomorphism. Thus it suffices to show that c̃1(π∗L1)◦· · ·◦ c̃1(π∗Ln)(1T ) = 0 ∈
A∗(T ). Because T is affine each π∗(Li) is very ample, hence lemma 2.3.9 implies
the result. �

4.1.3. Functorialities. Let i : Pn−r → Pn be a linear embedding and let X be
in V. We define a pull-back map

(IdX × i)∗ : A∗(X ×k Pn)→ A∗−r(X ×k Pn−r),

which enjoys the usual functorialities. For this, let Pr−1 → Pn be a linearly em-
bedding projective subspace, with Pr−1∩Pn−r = ∅, let j : U → Pn be the inclusion
of the complement Pn \ Pr−1, and let π : U → Pn−r be the linear projection with
center Pr−1. The projection π makes U into a rank r vector bundle over Pn−r; in
particular, the pull-back map

(IdX × π)∗ : A∗−r(X × Pn−r)→ A∗(X × U)

is defined and is an isomorphism. We then set (IdX × i)∗ := (π∗)−1 ◦ j∗.
The evident extension of this procedure allows one to define the pull-back

(where r =
∑
rj)

A∗(X × Pn1 × . . .× Pns)
(IdX×i1×...×is)∗−−−−−−−−−−−→ A∗−r(X × Pn1−r1 × . . .× Pns−rs),

given linear embeddings ij : Pnj−rj → Pnj , j = 1, . . . , s.
The following list of functorialities is easily checked; we leave the details to the

reader:
(1) For a composite of linear embeddings i0 : Pn0 → Pn1 , i1 : Pn1 → Pn2 , we

have
(IdX × i0)∗ ◦ (IdX × i1)∗ = (IdX × (i1 ◦ i0))∗.
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(2) Let i : Pn−r → Pn be a linear embedding, L→ X ×Pn a line bundle, and
η ∈ A∗(X × Pn). Then

i∗(c̃1(L)(η)) = c̃1(i∗L)(i∗η).

(3) (IdX × i)∗(a× b) = a× i∗(b), for a ∈ A∗(X), b ∈ A∗(Pn).
(4) Given linear embeddings ij : Pnj−rj → Pnj , j = 1, . . . , s, the pull-back

(IdX × i1 × . . . × is)∗ is the composition of the pull-backs corresponding
to the s individual linear embeddings, taken in any order.

4.1.4. The formal group law.

Lemma 4.1.4. Let n ≥ 0 be an integer.

(1) For X ∈ V, each element η ∈ A∗(X × Pn) is a sum

η =
n∑
i=0

ηi · [Pn−i → Pn],

with the ηi elements of A∗(X) uniquely determined by η.

(2) A∗(Pn1 × . . .× Pnr ) is the free A∗(k)-module on the classes

[Pn1−i1 → Pn1 ]× . . .× [Pnr−ir → Pnr ]; 0 ≤ ij ≤ nj , j = 1, . . . , r,

where for i ∈ {0, . . . ,m}, Pm−i → Pm denotes (any choice of) a linearly embedded
projective space of dimension m− i.

Proof. (2) follows from (1) by induction on r. To prove (1), take η ∈ A∗(X×
Pn). Writing X × Pn as P(On+1

X ), we have the canonical quotient line bundle
γX,n := O(1) on X × Pn. From axiom (PB) applied to the trivial vector bundle of
rank n+ 1 over X , there are uniquely determined elements ηi ∈ A∗(X) with

η =
n∑
i=0

c̃1(γX,n)i(p∗1ηi).

Let πn : Pn → Spec k be the structure morphism. Since γX,n = p∗2γn, and
p∗1ηi = ηi · π∗n(1), we have

c̃1(γX,n)i(p∗1ηi) = ηi · c̃1(γn)i(π∗n(1)).

Thus, it suffice to show that

c̃1(γn)i(π∗n1) = [Pn−i → Pn].
For i = 1, this follows from the axiom (Sect), together with the fact that each
hyperplane Pn−1 → Pn is defined by a transverse section of γn. For i > 1, let
ι : Pn−i+1 → Pn be a linear embedding. By induction on i we have

c̃1(γn)i(π∗n1) = c̃1(γn)
(
c̃1(γn)i−1(π∗1)

)
= c̃1(γn)

(
[Pn−i+1 → Pn])

= c̃1(γn)
(
ι∗(π∗n−i+1(1)))

= ι∗(c̃1(γn−i+1)(π∗n−i+1(1)))

= ι∗([Pn−i → Pn−i+1]

= [Pn−i → Pn],
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and the induction goes through. �

Remark 4.1.5. From this lemma we easily deduce that c̃1(γn)n+1 = 0. Indeed,
using the axiom (Sect), one has c̃1(γn)([Pi → Pn]) = [Pi−1 → Pn] unless i = 0 in
which case c̃1(γn)([P0 → Pn]) = 0.

Remark 4.1.6. The proof of the lemma yields the formula:

[Pn1−i1 ⊂ Pn1 ]× . . .× [Pnr−ir ⊂ Pnr ] = c̃1(p∗1γn1)
i1 ◦ . . . ◦ c̃1(p∗1γnr )

ir .

It is also easy to check that, given a linear embedding i : Pn−r → Pn, we have

i∗([Ps → Pn]) =

{
[Ps−r → Pn−r] for r ≤ s
0 for r > s.

Indeed, if r > s, we can take the Ps inside the complementary linear space Pr,
and if r ≤ s, we can take the Ps to be the closure of π∗(Ps−r), for some linearly
embedded Ps−r → Pr.

Remark 4.1.7. Let X be in V, and let i : X → X×Pn be the closed embedding
i(x) = x× P0, where P0 is a chosen k-rational point of Pn. Let j : Pn−1 → Pn be a
linear embedding. It follows directly from lemma 4.1.4 and remark 4.1.6 that the
sequence

0→ A∗(X) i∗−→ A∗(X × Pn) j∗−→ A∗(X × Pn−1)→ 0

is exact. Additionally, one has i∗(η) = η · [P0 → Pn].

Corollary 4.1.8. There is a unique power series

FA(u, v) =
∑
i,j

ai,j u
i vj ∈ A∗(k)[[u, v]]

with ai,j ∈ Ai+j−1(k), such that, for any integers n > 0 and m > 0 we have in the
endomorphism ring of A∗(Pn × Pm):

(4.1.1) FA(c̃1(pr∗1(γn)), c̃1(pr∗2(γm))) = c̃1(pr∗1(γn)⊗ pr∗2(γm)).

Moreover, (A∗(k), FA(u, v)) is a commutative formal group law.

Proof. Let n > 0 and m > 0 be integers and consider the line bundle
On,m(a, b) := pr∗1(γ⊗an )⊗ pr∗2(γ⊗bm ) over Pn × Pm. Let πn,m : Pn × Pm → Spec k be
the structure morphism. We write 1n,m for π∗n,m(1Spec k).

By lemma 4.1.4, we can write

c̃1(On,m(1, 1))(1n,m) =
∑

0≤i≤n
0≤j≤m

an,mi,j [Pn−i → Pn]× [Pm−j → Pm],

for unique elements an,mi,j ∈ Ai+j−1(k). We first check that the an,mi,j are independent
of (n,m). Indeed, if n ≤ N , m ≤ M , we have linear embeddings i1 : Pn → PN ,
i2 : Pm → PM . By checking on basis elements and using the properties of (i1× i2)∗



72 IV. ALGEBRAIC COBORDISM AND THE LAZARD RING

described above, we

c̃1(On,m(1, 1))(1n,m) = c̃1((i1 × i2)∗ON,M (1, 1))((i1 × i2)∗1N,M )

= (i1 × i2)∗(ON,M (1, 1))(1N,M )

=
∑

0≤i≤N
0≤j≤M

aN,Mi,j · i∗1[PN−i → PN ]× i∗2[PM−j → PM ]

=
∑

0≤i≤n
0≤j≤m

aN,Mi,j · [Pn−i → Pn]× [Pm−j → Pm].

Equating coefficients with respect to our basis for A∗(Pn × Pm) over A∗(k) yields
an,mi,j = aN,Mi,j for 0 ≤ i ≤ n, 0 ≤ j ≤ m, as desired. We may therefore write ai,j for
an,mi,j .

Next, we claim that

c̃1(On,m(1, 1)) =
∑

0≤i≤n
0≤j≤m

ai,j c̃1(On,m(1, 0))i ◦ c̃1(On,m(0, 1))j

as endomorphisms of A∗(Pn × Pm). As both sides are A∗(k)-linear, we need only
check on the basis elements [Pr → Pn][Ps → Pm]. Letting i1 : Pr → Pn and
i2 : Ps → Pm be linear embeddings, we have

c̃1(On,m(1, 1))([Pr → Pn][Ps → Pm])

= c̃1(On,m(1, 1))((i1 × i2)∗(1r,s)
= (i1 × i2)∗(c̃1(Or,s(1, 1)(1r,s)))

=
∑

0≤i≤r
0≤j≤s

ai,j · [Pr−i → Pn][Ps−j → Pm].

Similarly

c̃1(On,m(1, 0))i ◦ c̃1(On,m(0, 1))j([Pr → Pn][Ps → Pm])

= (i1 × i2)∗(On,m(1, 0))i ◦ c̃1(On,m(0, 1))j(1r,s)

=

{
[Pr−i → Pn][Ps−j → Pm] if i ≤ r, j ≤ s
0 otherwise.

This verifies our claim.
Setting FA(u, v) =

∑
ij aiju

ivj and noting that c̃1(γn)n+1 = 0 (remark 4.1.5)
completes the proof of formula (4.1.1). We now show that FA defines a formal
group law.

Taking n = 0 or m = 0, and using (4.1.1), we see that ai0 = 0 = a0j for
i, j ≥ 2, and that a10 = a01 = 1. Similarly, using lemma 4.1.4, the isomorphism
τ∗On,m(1, 1) ∼= Om,n(1, 1), where τ : Pm×Pn → Pn×Pm is the exchange of factors,
yields the commutativity FA(u, v) = FA(v, u).

For associativity, let On,m,`(a, b, c) be the line bundle p∗1γ
⊗a
n ⊗ p∗2γ⊗bm ⊗ p∗3γ⊗c`

on Pn ⊗ Pm ⊗ P`. The same argument as above gives us a unique power series
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GA(u, v, w) =
∑
aijku

ivjwk with

GA(c̃1(On,m,`(1, 0, 0)), c̃1(On,m,`(0, 1, 0)), c̃1(On,m,`(0, 0, 1)))

= c̃1(On,m,`(1, 1, 1)).

We claim that

FA(u, FA(v, w)) = GA(u, v, w) = FA(FA(u, v), w).

It suffices to prove the first equality. To simplify the notation, we write O(a, b, c)
for On,m,`(a, b, c) .

Arguing as in the proof of formula (4.1.1) reduces us to showing

FA(c̃1(O(1, 0, 0)), FA(c̃1(O(0, 1, 0)), c̃1(O(0, 0, 1))))(1n,m,`)

= GA(c̃1(O(1, 0, 0)), c̃1(O(0, 1, 0)), c̃1(O(0, 0, 1)))(1n,m,`)

for all n,m, `, where 1n,m,` is the pull-back of 1 ∈ A∗(k) to A∗(Pn×Pm×P`) via the
structure morphism. For ` = 0, this identity follows directly from formula (4.1.1);
we proceed by induction on `. If we write

FA(u, FA(v, w)) =
∑
ijk

a′ijku
ivjwk,

our induction hypothesis, along with the exact sequence of remark 4.1.7, implies
that

FA(c̃1(O(1, 0, 0)), FA(c̃1(O(0, 1, 0)), c̃1(O(0, 0, 1))))(1n,m,`)

−GA(c̃1(O(1, 0, 0)), c̃1(O(0, 1, 0)), c̃1(O(0, 0, 1)))(1n,m,`)

=
∑
ij

(a′ij0 − aij0)[Pi → Pn][Pj × P0 → Pm × P`].

Let ι : Pm×P` → PN be the Segre embedding (N = (m+ 1)(`+ 1)− 1). Since
ι∗([Pj×P0 → Pm×P`]) = [Pj → PN ], (Id×ι)∗ : A∗(Pn×Pm×P`)→ A∗(Pn×PN ) is
injective on the A∗(k) submodule generated by the classes [Pi → Pn][Pj×P0 → Pm×
P`]. Thus we need only check our identity after pushing forward to A∗(Pn × PN ).

By smooth functoriality, we have

FA(c̃1(O(0, 1, 0), c̃1(O(0, 0, 1)) = c̃1(O(0, 1, 1)),

so

FA(c̃1(O(1, 0, 0)), FA(c̃1(O(0, 1, 0)), c̃1(O(0, 0, 1))))(1n,m,`)

= FA(c̃1(O(1, 0, 0)), c̃1(O(0, 1, 1))(1n,m,`).

Similarly,

GA(c̃1(O(1, 0, 0)), c̃1(O(0, 1, 0)), c̃1(O(0, 0, 1)))(1n,m,`)

= c̃1(O(1, 1, 1))(1n,m,`).

Since On,m,`(a, 1, 1) = (Id× ι)∗(On,N (a, 1)), we have

(Id× ι)∗(FA(c̃1(O(1, 0, 0)), c̃1(O(0, 1, 1))(1n,m,`))

= FA(c̃1(On,N (1, 0), c̃1(On,N (0, 1))((Id× ι)∗(1n,m,`)),
(Id× ι)∗(c̃1(O(1, 1, 1))(1n,m,`))

= c̃1(On,N (1, 1))((Id× ι)∗(1n,m,`)).
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Thus, we need only check that

FA(c̃1(On,N (1, 0), c̃1(On,N (0, 1))((Id× ι)∗(1n,m,`))
= c̃1(On,N (1, 1))((Id× ι)∗(1n,m,`)).

This this follows from our formula (4.1.1). �

4.1.5. Oriented Borel-Moore weak homology theories.

Definition 4.1.9. Let V be an admissible subcategory of Schk. An oriented
Borel-Moore weak homology theory on V is an oriented Borel-Moore functor on V
with product, A∗, which satisfies the axiom (Sect), the axioms (PB), (EH) and
(Loc) of §4.1.1, as well as the axiom (FGL) for the formal group law FA(u, v) given
by corollary 4.1.8.

Remarks 4.1.10. (1) One observes that, because of lemma 4.1.3, A∗ satis-
fies the axiom (Nilp), so that one can make sense of the axiom (FGL). By theo-
rem 2.3.13, we see that A∗ satisfies axiom (Dim), so A∗ is of geometric type on V.

(2) Conversely, suppose we have an oriented Borel-Moore L∗-functor A∗ on V,
of geometric type, satisfying the axioms (PB), (EH) and (Loc). Then A∗ satisfies
(FGL) for the formal group law F (u, v) given by the homomorphism L∗ → A∗(k)
defining the L∗-structure. By the uniqueness in corollary 4.1.8, F is equal to the
formal group law FA given by that corollary. Thus, an oriented Borel-Moore weak
homology theory on V is the same thing as an oriented Borel-Moore L∗-functor on
V, of geometric type, and satisfying the axioms (PB), (EH) and (Loc).

Theorem 4.1.11. Let k be a field admiting resolution of singularities and let
V be an admissible subcategory of Schk. Then algebraic cobordism

X 7→ Ω∗(X)

is an oriented Borel-Moore weak homology theory on V. Moreover, Ω∗ is the uni-
versal oriented Borel-Moore weak homology theory on V.

Proof. This follows directly from the results proven in Chapter III. �

Remark 4.1.12. We call a formal group law F on a ring R multiplicative if
F (u, v) = u + v − buv for some element b ∈ R, additive if F (u, v) = u + v. We
say a multiplicative formal group on R is periodic if b is invertible in R. Thus, the
universal multiplicative formal group is classified by the homomorphism L→ Z[β]
sending a11 to −β, and aij to 0 for (i, j) 6= (1, 1), where β is an indeterminant. Sim-
ilarly, the universal periodic multiplicative formal group is given by L→ Z[β, β−1],
and the universal additive formal group is L → Z, sending all aij to zero. From
theorem 4.1.11, it follows that Ω∗ ⊗L Z[β], Ω∗ ⊗L Z[β, β−1] and Ω∗ ⊗L Z are re-
spectively the universal multiplicative, periodic multiplicative and additive oriented
Borel-Moore weak homology theories on Smk and on Schk.

The Chow groups
X 7→ CH∗(X)

and the G-theory functor
X 7→ G0(X)[β, β−1]

are oriented Borel-Moore weak homology theories on Schk as well. CH∗ is additive
and G0[β, β−1] is multiplicative and periodic.
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4.1.6. Oriented weak cohomology theories. We consider the cohomological ver-
sion of an oriented Borel-Moore weak homology theory, and relate this to oriented
cohomology.

Definition 4.1.13. An oriented weak cohomology theory on Smk is an oriented
cohomological functor with product A∗ such that the associated oriented Borel-
Moore functor A∗ is an oriented Borel-Moore weak homology theory on Smk.

For instance, any oriented cohomology theory on Smk in the sense of the intro-
duction defines an oriented weak cohomology theory on Smk. For a detailed proof
of this, see proposition 5.2.4 below.

Remark 4.1.14. The essential difference between the notion of oriented weak
cohomology theory on Smk and that of oriented cohomology theory A∗ on Smk

is the existence of pull-backs f∗ : A∗(X) → A∗(Y ) for any morphism f : Y → X
between smooth k-schemes For instance, one can recover the ring structure on
A∗(X) as the external product A∗(X) ⊗ A∗(X) → A∗(X × X) followed by pull
back along the diagonal: ∆∗ : A∗(X ×X)→ A∗(X).

4.1.7. Chern classes and Conner-Floyd Chern classes. In this section A∗ will
be an oriented Borel-Moore weak homology theory on an admissble subcategory V.

Let E → X be a vector bundle of rank n over X ∈ V with sheaf of sections E .
One observes that the isomorphism in (PB) gives A∗(P(E)) the structure of a graded
left End(A∗(X))-module and implies the existence of unique homomorphisms

c̃i(E) : A∗(X)→ A∗−i(X)

for i ∈ {0, . . . , n}, with c̃0(E) = 1, and satisfying the equation (in the endomor-
phism ring of A∗(P(E))):

n∑
i=0

(−1)ic̃i(E)c̃1(O(1)E)n−i = 0.

The homomorphism c̃i(E) is called the i-th Chern class of E.
We will use Grothendieck’s arguments from [9] to verify the expected properties

of the Chern class operators:

Proposition 4.1.15. Let A∗ be an oriented Borel-Moore weak homology theory
on V. Then the Chern classes satisfy the following properties:

(0) Given vector bundles E → X and F → X on X ∈ V one has

c̃i(E) ◦ c̃j(F ) = c̃j(F ) ◦ c̃i(E)

for all i, j.
(1) For any line bundle L, c̃1(L) agrees with the one given in the structure of

an oriented Borel-Moore weak homology theory for A∗.
(2) For any smooth equi-dimensional morphism Y → X in V and any vector

bundle E → X over X, one has

c̃i(f∗E) ◦ f∗ = f∗ ◦ c̃i(E).

(3) If 0→ E′ → E → E′′ → 0 is an exact sequence of vector bundles over X,
then for each integer n ≥ 0 one has the following equation in End(A∗(X)):

c̃n(E) =
n∑
i=0

c̃i(E′) c̃n−i(E′′).
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(4) For any projective morphism Y → X in V, and any vector bundle E → X
over X one has

f∗ ◦ c̃i(f∗E) = c̃i(E) ◦ f∗.

Moreover the Chern classes are characterized by (0-3).

Remark 4.1.16. We will see below (proposition 5.2.4) that each oriented co-
homology theory on Smk defines an oriented weak cohomology theory on Smk.
Given an oriented cohomology theory A∗ on Smk, the procedure we use here to
construct Chern classes can be applied mutatis mutandis to define Chern classes
ci(E) ∈ Ai(X) of a vector bundle E on X ∈ Smk. The relationship between the
two approaches is that for a vector bundle E on a smooth scheme X one has

ci(E) = c̃i(E)(1X).

Conversely, one recovers the Chern class operators constructed here,

c̃i(E) : A∗(X)→ A∗+i(X),

as the cup product by ci(E). For a general oriented weak cohomology theory, we
don’t have the (internal) cup product in the structure, so that this formula has no
meaning.

As an example, the axiom (Triv): c̃1(OX) = 0 would follow from the previous
formula and the obvious fact that c1(OX) = 0. But in general it doesn’t hold.

The key to applying Grothendieck’s arguments for the properties of the Chern
classes in the case of an oriented Borel-Moore weak homology theory is given by
the following two lemmas.

Lemma 4.1.17. Let A∗ be an oriented Borel-Moore functor on V satisfying the
axiom (Loc). Let X be in V, and let D1, . . . , Dn be effective Cartier divisors on
X such that for each set of distinct indices 1 ≤ i1, . . . , ir ≤ n, the intersection
Di1 ∩ (∩rj=2Dij ) is transverse in V, i.e., the cartesian square

∩rj=1Dij
//

��

∩rj=2Dij

��

Di1
// X

is transverse in V. Suppose in addition that ∩ni=1Di = ∅. Then

n∏
i=1

c̃1(OX(Di)) = 0

as an operator on A∗(X).

Proof. Let ĩj : D1 ∩ . . . ∩Dj → D1 ∩ . . . ∩Dj−1, ij : D1 ∩ . . . ∩Dj → X be
the inclusions. By our assumption, ij is a closed embedding in V. Note that the
canonical section sj of ij−1∗OX(Dj) has divisor D1∩ . . .∩Dj , hence sj is tranverse
in V to the zero-section of ij−1∗OX(Dj). By (Loc), it follows that c̃1(ij−1∗OX(Dj))
maps A∗(D1∩. . .∩Dj−1) to ĩj∗(A∗−1(D1∩. . .∩Dj). Since ij−1

∗ ◦ c̃1(ij−1∗OX(Dj)) =
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c̃1(OX(Dj)) ◦ ij−1
∗ , it follows that c̃1(OX(Dj)) maps ij−1

∗ (A∗(D1 ∩ . . . ∩Dj−1)) to
ij∗(D1 ∩ . . . ∩Dj), and hence by induction

[ j∏
i=1

c̃1(OX(Di))
]
(A∗(X)) ⊂ ij∗(A∗(D1 ∩ . . . ∩Dj)).

for all j. Since A∗(∅) = 0, this proves the result. �

Lemma 4.1.18. Let A∗ be an oriented Borel-Moore weak homology theory on
V. Let X be in V, D1, . . . , Dn effective Cartier divisors on X satisfying the tran-
versality condition of lemma 4.1.17, and with ∩ni=1Di = ∅. Let L1, . . . , Ln be line
bundles on X, and let Mi = Li ⊗OX(Di), i = 1, . . . , n. Then

n∏
i=1

(c̃1(Mi)− c̃1(Li)) = 0

as an operator on A∗(X).

Proof. We use the formal group law FA(u, v) = u + v +
∑
p,q≥1 apqu

pvq.
Mi = Li ⊗OX(Di), so

c̃1(Mi) = FA(c̃1(Li), c̃1(OX(Di))

= c̃1(Li) + c̃1(OX(Di)) +
∑
p,q≥1

apq c̃1(Li)pc̃1(OX(Di))q.

Letting g(u, v) =
∑
p,q≥1 apqu

pvq−1, we thus have

c̃1(Mi)− c̃1(Li) = c̃1(OX(Di)) · g(c̃1(Li), c̃1(OX(Di))).

Since the operators c̃1(?) all commute, the result is a consequence of lemma 4.1.17.
�

We can now verify a weak version of the Whitney product formula.

Lemma 4.1.19. Let A∗ be an oriented Borel-Moore weak homology theory on V
and let X be in V. Let L1, . . . , Ln be line bundles on X and let E = ⊕ni=1Li. Then
c̃p(E) is the pth elementary symmetric polynomial in the (commuting) first Chern
class operators c̃1(L1), . . . , c̃1(Ln).

Proof. Let q : P→ X be the projective space bundle

P := ProjOX
(Sym∗(⊕ni=1Li)),

with tautological quotient q∗(⊕ni=1Li) → O(1). The composition Li → ⊕ni=1Li →
O(1) defines the section si : OP → O(1)⊗L−1

i ; let Di be the divisor of si. If the line
bundles are all trivialized on some open U ⊂ X, then the 1-sections in L1, . . . , Ln
defines the homogeneous coordinates X1, . . . , Xn on P = Pn−1

U , and Di is the divisor
of Xi. Thus the Di are all Cartier divisors. In addition, for each collection of
distinct indices 1 ≤ i1, . . . , ir ≤ n, the intersection ∩rj=1Dij has codimension r on
P and is smooth over X. Thus D1, . . . , Dn satisfy the tranversality conditions of
lemma 4.1.17 and ∩ni=1Di = ∅. As O(1) ∼= Li⊗OX(Di), it follows by lemma 4.1.18
that

n∏
i=1

(c̃1(O(1))− c̃1(Li)) = 0.
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From the uniqueness of the relation defining the Chern class c̃p(⊕ni=1Li), this implies
that c̃p(⊕ni=1Li) is the pth symmetric function in the operators c̃1(L1), . . . , c̃1(Ln),
exactly as desired. �

proof of proposition 4.1.15. The naturality (2) follows from the natural-
ity of c̃1(L), the naturality of the tautological quotient line bundle O(1) and the
projective bundle formula (PB). The normalization (1) follows from lemma 4.1.19
with n = 1.

For the proof of (0), the splitting principle (remark 4.1.2), together with the
naturality (2), implies that we may assume that F and E are direct sums of line
bundles. In this case, (0) follows from lemma 4.1.19 and the commutativity of the
first Chern classes of line bundles.

For (3), we may assume by the splitting principle that E = E′ ⊕ E′′ and E′

and E′′ are both sums of line bundles. The result in this case follows directly from
lemma 4.1.19. �

4.1.8. Todd classes. Let A∗ be an oriented Borel-Moore weak homology theory
on V and τ = (τi) ∈ Π∞

i=0Ai(k), with τ0 = 1. Define the inverse Todd class operator
of a line bundle L→ X to be the operator on A∗(X) given by the infinite sum

T̃d
−1

τ (L) =
∞∑
i=0

c̃1(L)i τi.

Note that the axiom (Dim) implies that T̃d
−1

τ (L) is a well-defined degree 0 endo-
morphism of A∗(X).

Proposition 4.1.20. Let A∗ be an oriented Borel-Moore weak homology theory
on V and τ = (τi) ∈ Π∞

i=0Ai(k), with τ0 = 1. Then one can define in a unique way
for each X ∈ V and each vector bundle E on X an endomorphism (of degree zero)

T̃d
−1

τ (E) : A∗(X)→ A∗(X)

such that the following holds:
(0) Given vector bundles E → X and F → X one has

T̃d
−1

τ (E) ◦ T̃d
−1

τ (F ) = T̃d
−1

τ (F ) ◦ T̃d
−1

τ (E).

(1) For a line bundle L one has:

T̃d
−1

τ (L) =
∞∑
i=0

c̃1(L)i τi.

(2) For any smooth equi-dimensional morphism Y → X ∈ V, and any vector
bundle E → X over X one has

T̃d
−1

τ (f∗E) ◦ f∗ = f∗ ◦ T̃d
−1

τ (E).

(3) If 0→ E′ → E → E′′ → 0 is an exact sequence of vector bundles over X,
then one has:

T̃d
−1

τ (E) = T̃d
−1

τ (E′) ◦ T̃d
−1

τ (E′′).

(4) For any projective morphism Y → X ∈ V, and any vector bundle E → X
over X one has

f∗ ◦ T̃d
−1

τ (f∗E) = T̃d
−1

τ (E) ◦ f∗.
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T̃d
−1

(E) is called the inverse Todd class operator of E.

Proof. This is just an exercise with symmetric functions, together with the
splitting principle and the Whitney product formula for the Chern class operators.
Consider the power series f(t) :=

∑∞
i=0 τit

i ∈ A∗(k)[[t]], where we give t degree -1.
Clearly the product f(t1) · . . . · f(tn) is a sum

f(t1) · . . . · f(tn) =
∞∑
i=0

Pi(t1, . . . , tn)

with Pi ∈ A∗(k)[t1, . . . , tn] a symmetric polynomial of total degree −i in t1, . . . , tn,
where we give ti degree -1 and A∗(k) degree 0. If we use the actual degrees in A∗(k),
then each Pi has total degree 0. Rewriting Pi as a polynomial in the elementary
symmetric polynomials σ1(t∗), . . . , σi(t∗) gives polynomials Qi ∈ A∗(k)[σ1, . . . , σi]
with

Pi(t1, . . . , tn) = Qi,n(σ1(t∗), . . . , σi(t∗))

It is easy to check that the Qi,n for n ≥ i are independent of n, and that Qi,n is
homogeneous of degree −i, where we give σm degree −m and A∗(k) degree 0; if we
use the actual degrees in A∗(k), then Qi,n has total degree 0. Set Qi := Qi,i. For
a vector bundle E → X, we set

T̃d
−1

τ (E) =
∞∑
i=0

Qi(c̃1(E), . . . , c̃i(E)),

where c̃i(E) is defined to be the zero endomorphism for i > rank(E). Applying the

splitting principle as in the proof of proposition 4.1.15 shows that T̃d
−1

τ (E) is a
well-defined degree 0 endomorphism of A∗(X), and that the properties (0)-(4) are
satisfied. �

Remark 4.1.21. Observe that T̃d
−1

τ (L) is an automorphism because the power
series

∞∑
i=0

τi u
i ∈ A∗(k)[[u]]

has leading term 1. For each vector bundle E, T̃d
−1

τ (E) is an automorphism as well:
the formal inverse to the power series

∑
iQi(σ1, . . . , σn) exists in the power series

ring A∗(k)[[σ1, σ2, . . .]] and gives the inverse to T̃d
−1

τ (E) by substituting c̃i(E) for
σi.

By (3) the assignment E 7→ c̃τ (E) descends to a group homomorphism

T̃d
−1

τ : K0(X)→ Aut(A∗(X)),

making A∗(X) a Z[K0(X)]-module.

Example 4.1.22. Universal example. Let Z[t] := Z[t1, . . . , tn, . . . ] be the
graded ring of polynomials with integral coefficients on variables ti, i > 0, of degree
i. We apply the above construction to the oriented Borel-Moore weak homology
theory X 7→ A∗(X)[t] := A∗(X)⊗Z Z[t] obtained from A∗ by extension of scalars.
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We take for family τ = (τi)i∈N the “universal” one given by τi = ti. For any line

bundle L on X, we write T̃d
−1

t (L) for the automorphism

T̃d
−1

τ (L) =
∞∑
i=0

c̃1(L)i ti : A∗(X)[t]→ A∗(X)[t]

and, for each vector bundle E over X, we denote by T̃d
−1

t (E) the automorphism

T̃d
−1

τ (E). We may expand T̃d
−1

t (E) as:

T̃d
−1

t (E) =
∑

I=(n1,...,nr,... )

c̃(n1,...,nr,... )(E)tn1
1 . . . tnr

r . . .

The c̃I := c̃(n1,...,nr,... )(E) are the Conner-Floyd Chern class endomorphisms

c̃I : A∗(X)→ A∗−
P

i ini
(X).

We recover for instance the ith Chern class c̃i(E) as the coefficient of ti1.
Now, to give τ = (τi) ∈ Π∞

i=0Ai(k), with τ0 = 1, is the same as to give a
morphism

ϑτ : A∗[t]→ A∗, ti 7→ τi.

If we consider A∗(k) as an A∗(k)[t]-algebra via ϑτ , this induces an isomorphsim

A∗(X)[t]⊗A∗(k)[t] A∗(k) ∼= A∗(X)

which maps T̃d
−1

t (E) to T̃d
−1

τ (E).

4.1.9. Twisting a Borel-Moore weak homology theory. The ideas in this section
come from Quillen’s paper [28].

Let A∗ be a Borel-Moore weak homology theory on V and τ = (τi) ∈ Π∞
i=0Ai(k),

with τ0 = 1. We construct a new Borel-Moore weak homology theory on V, denoted
by A(τ)

∗ , as follows. A(τ)
∗ (X) = A∗(X) and the push-forward maps are unchanged:

f
(τ)
∗ = f∗.

For any smooth equi-dimensional morphism f : Y → X we have the bundle of
vertical tangent vectors Tf , defined as the dual of the bundle with sheaf of sections
the relative Kähler differentials Ω1

Y/X . The virtual normal bundle of f , Nf , is the
element of K0(Y ) defined by Nf := −Tf .

We define

f∗(τ) := T̃d
−1

τ (Nf ) ◦ f∗,
and for any line bundle L over X we set

c̃
(τ)
1 (L) := T̃d

−1

τ (L) ◦ c̃1(L)

The properties of T̃d
−1

τ described in proposition 4.1.20, together with the fact that

T̃d
−1

τ (L) is an automorphism of A∗(X) (remark 4.1.21) shows that this data does
in fact define a Borel-Moore weak homology theory on V.

The definition of c̃(τ)1 (L) can be rewritten as

c̃
(τ)
1 (L) = λ(τ)(c̃1(L))
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where λ(τ)(u) =
∑
i≥0 τi · ui+1 ∈ A∗(k)[[u]]. Since λ(τ)(u) ≡ u mod u2, there is a

unique power series λ−1
(τ)(u) such that λ−1

(τ)(λ(τ)(u)) = u. As the the formal group

law F
(τ)
A associated to A(τ)

∗ is determined by the equations

F
(τ)
A (c̃(τ)1 (L), c̃(τ)1 (M)) = c̃

(τ)
1 (L⊗M),

it follows that F (τ)
A (λ(τ)(u), λ(τ)(v)) = λ(τ)(FA(u, v)), hence

(4.1.2) F
(τ)
A (u, v) = λ(τ) (FA(λ−1

(τ)(u), λ
−1
(τ)(v) ) ).

If we restrict attention to Smk we can do something slightly different. Fix a
sequence τ =

∏
i τi as above. For a vector bundle E → X, define the Todd class of

E, T̃dτ (E) by

T̃dτ (E) := T̃d
−1

τ (−E) = (T̃d
−1

τ (E))−1

Alternatively, let fτ (t) =
∑∞
i=0 τit

i and let τ (−1) ∈
∏
iAi(k) be the sequence with

fτ(−1)(t) =
1

fτ (t)

Then T̃dτ (E) = T̃d
−1

τ(−1)(E). Clearly the automorphisms T̃dτ (E) have the formal
properties given in proposition 4.1.20, with the normalization changed to T̃dτ (L) =∑
i τ

(−1)
i c̃1(L)i.
For X ∈ Smk, let TX denote the tangent bundle of X. For a morphism

f : Y → X in Smk, we have the virtual tangent bundle Tf ∈ K0(Y ):

Tf = [TY ]− [f∗TX ] ∈ K0(Y ).

In case f is smooth, the exact sequence 0 → f∗Ω1
X → Ω1

Y → Ω1
Y/X → 0 shows

that our two definitions of Tf agree as classes in K0. We define the virtual normal
bundle of f , Nf , by Nf := −Tf . In case f : Y → Spec k is the structure morphism,
we write NY for Nf , and call NY the virtual normal bundle of Y .

Define a Borel-Moore weak homology theory Aτ∗ on Smk, with Aτ∗(X) = A∗(X)
for X ∈ Smk, and with the pull-backs unchanged (f∗τ = f∗). For a projective
morphism f : Y → X, we set

fτ∗ := f∗ ◦ T̃dτ (Tf ),

and for a line bundle L over X we set

(4.1.3) c̃τ1(L) := c̃1(L) ◦ T̃dτ (−L) = c̃1(L) ◦ T̃d
−1

τ (L)

One easily checks that this does indeed define a Borel-Moore weak homology theory
on Smk.

Of course, we could have used the inverse Todd class of the virtual normal
bundle, T̃d

−1
(Nf ), in the definition of Aτ∗ , but the classical Riemann-Roch theorem

uses T̃d(Tf ), so we took this opportunity to introduce the inverse notation.
Let λτ (u) = λ(τ)(u) =

∑∞
i=0 τiu

i+1, so c̃τ1(L) = λτ (c̃1(L)) = c̃
(τ)
1 (L). Set1

ϑτ (u) =
u

λτ (u)
.

1Compare with [25, §5].
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The identity (4.1.3) gives the expression for T̃dτ (L) as

(4.1.4) T̃dτ (L) = ϑτ (c̃1(L)).

Lemma 4.1.23. Let X be in Smk, with tangent bundle TX . Then the automor-
phism

T̃d
−1

τ (TX) : A(τ)
∗ (X) ∼−→ Aτ∗(X)

determines an isomorphism of Borel-Moore weak homology theories on Smk. In
particular the two theories have the same formal group law.

Example 4.1.24. Let us consider the Borel-Moore weak homology theory on
Schk

X 7→ CH∗(X)⊗Q[β, β−1]

obtained from CH∗ by the extension of scalars Z ⊂ Q[β, β−1] (where β has degree
one). Note that the associated weak cohomology theory CH∗ is actually an oriented
cohomology theory; in particular, we have cup products. We apply our construction
for the family τ given by

λτ (u) =
1− e−β u

β
.

This gives

ϑτ (u) =
β u

1− e−β u
=

∑
i

τit
i,

and thus T̃dτ (L) is cup product with the classical Todd class2, where td(L) for a
line bundle L is defined as:

td(L) := ϑ(c1(L)).

More generally
fτ∗ (x) = f∗(x ∪ td(Tf )),

where td(E) is the classical Todd class of a vector bundle E. This new theory is
denoted X 7→ CH∗(X)⊗Q[β, β−1]td. The formula

1− e−(u+v) = 1− e−u · e−v

= (1− e−u) + (1− e−v)− (1− e−u)(1− e−v)

implies that the formal group law for this theory is the multiplicative one:

Fm(u, v) = u+ v − β u v.

Example 4.1.25. Assume k admits resolution of singularities. Following Quillen
[28], the Landweber-Novikov operations are obtained as follows. We consider the
Borel-Moore weak homology theory on Smk.

X 7→ Ω∗(X)[t].

Via the process described above, we modify this into Ω∗(X)[t]t, using the family
τ = t = (ti). By the universality of algebraic cobordism, we have a canonical
morphism

ϑLN : Ω∗ → Ω∗[t]t,

2 slightly modified by the introduction of β, which changes the classical Todd class in CH∗
to a purely degree zero element in CH∗[β, β−1]
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which we then expand as
ϑLN =

∑
I

SI t
I ,

where I runs over all finite sequences (n1, . . . , nr) (of arbitrary length), and tI =
tn1
1 . . . tnr

r . The natural transformations

S(n1,...,nr) : Ω∗ → Ω∗−(
P
ni · i)

are called the Landweber-Novikov operations.

Example 4.1.26. Still assuming that k admits resolution of singularities, we
have the oriented Borel-Moore weak homology theory CH∗ on Schk. We consider
the other twisting

X 7→ CH∗(X)[t](t),
which is also a weak Borel-Moore theory on Schk.

By universality of Ω∗ we get a canonical morphism

ϑCF : Ω∗ → CH∗[t](t).

We shall prove later on that this morphism is an isomorphism after ⊗Q.

At this point we can prove something weaker as follows.

Definition 4.1.27. Assume that k admits resolution of singularities. We de-
note by Ωad∗ the Borel-Moore homology weak theory

X 7→ Ωad∗ (X) := Ω∗(X)⊗L∗ Z.

As above, we have the twisted theory Ωad∗ [t](t) and the canonical morphism

(4.1.5) ϑ : Ω∗ → Ωad∗ [t](t)

of oriented Borel-Moore weak homology theories on Schk.
From equation 4.1.2 we know that the formal group law F on Ωad∗ [t](t) is given

by

(4.1.6) F (u, v) = λ(t) (Fa(λ−1
(t)(u), λ

−1
(t)(v) ) ) = λ(t) ( λ−1

(t)(u) + λ−1
(t)(v) ).

Theorem 4.1.28. Let k be a field admiting resolution of singularities. Then
the morphism (4.1.5)induces an isomorphism:

ϑ⊗Q : Ω∗ ⊗Q→ Ωad∗ [t](t) ⊗Q.

The idea behind this theorem is the following classical lemma:

Lemma 4.1.29. Let R be a commutative Q-algebra and let F (u, v) ∈ R[[u, v]]
be a commutative formal group law of rank one over R. Then there exists a unique
power series `F (u) =

∑
i τi u

i+1 ∈ R[[u]] such that τ0 = 1 and satisfying

`F (F (u, v)) = `F (u) + `F (v).

This power series is called the logarithm of F . Thus to give a commutative
formal group law of rank one over a Q-algebra is exactly the same as to give its
logarithm. Conversely, given a Q-algebra R and elements τi ∈ R, i = 1, 2, . . .,
letting `(u) =

∑∞
i=1 τiu

i+1 and setting

F`(u, v) = `−1(`(u) + `(v)),

F` defines a formal group law over R with logarithm `(u).
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Thus, if the logarithm of the universal formal group law on L∗ ⊗Q is denoted
by `L∗(u) =

∑
i bi ·ui+1 ∈ L∗⊗Q[[u]] the expression of the bi as elements of L∗⊗Q

determine a canonical graded ring homorphism

α : Q[b1, . . . , bn, . . . ]→ L∗ ⊗Q,

where the ring on the left is the polynomial ring on generators bi of degree i.
By construction, φ represents the natural transformation F (u, v) 7→ `F (u);

concretely, given a graded ring homomorphism ψ : L∗⊗Q→ R, the induced formal
group law FR := ψ(FL) has logarithm ψ◦φ(`L∗). Lemma 4.1.29 and the universality
of (FL,L) clearly imply that φ is an isomorphism.

Let Q[t1, . . . , tn, . . . ] be the polynomial ring with ti having degree i. Let
λ(t)(u) =

∑
i tiu

i+1, and let λ−1
(t)(u) be the inverse power series, i.e. λ(t)(λ−1

(t)(u)) =
u. Let

ρ : Q[b1, . . . , bn, . . . ]→ Q[t1, . . . , tn, . . . ]

be the homomorphism with ρ(`L∗) = λ−1
(t) . Since we can clearly express ti in terms

of ρ(b1) . . . , ρ(bi), ρ is an isomorphism. The map

γ := ρ ◦ α−1 : L∗ ⊗Q→ Q[t1, . . . , tn, . . . ]

is therefore also an isomorphism, and gives a formal group law on Q[t1, . . . , tn, . . . ]
with logarithm λ−1

(t)(u); the formal group law given by γ is therefore

λ(t) ( λ−1
(t)(u) + λ−1

(t)(v) )

(compare with (4.1.6)).
Our proof of theorem 4.1.28 is directly inspired by the construction of the

isomorphism L⊗Q ∼= Q[t1, t2, . . .].

proof of theorem 4.1.28. Let `(u) ∈ Ω∗(k)⊗Q[[u]] denote the logarithm of
FΩ(u, v). Writing `(u) =

∑
i≥0 bi · ui+1, we can twist rational algebraic cobordism

using this family b = {bi}i to get the Borel-Moore weak homology theory on Schk

X 7→ Ω∗(X)⊗Q(b).

By formula (4.1.2), the formal group law on Ω∗ ⊗ Q(b) is the additive one. Thus
the canonical morphism of Borel-Moore weak homology theories on Schk, Ω∗ →
Ω∗ ⊗ Q(b) given by universality of Ω∗ factors through the morphism Ω∗ → Ωad∗ ,
inducing a canonical morphism

φ : Ωad∗ → Ω∗ ⊗Q(b).

Let λ(u) denote `−1(u); define τi ∈ Ωi(k), i = 1, 2, . . ., by the equation:

λ(u) =
∑
i≥0

τi · ui+1.

Using the universal construction of example 4.1.22, we may extend φ to

Φ : Ωad∗ [t]→ Ω∗ ⊗Q(b),

so that ti is mapped to τi. By twisting the morphism Φ both at the source and the
target we get a morphism

Ωad∗ [t](t) → (Ω∗ ⊗Q(b))(τ).
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In fact, (Ω∗ ⊗Q(b))(τ) = Ω∗ ⊗Q, because, as λ is the inverse to `, twisting by τ is
the inverse to twisting by b. One easily checks that this morphism is an inverse to
ϑ⊗Q. Indeed, the composition

Ω∗ ⊗Q→ Ωad∗ [t](t) ⊗Q→ Ω∗ ⊗Q

is the identity by the universality of Ω∗. Thus ϑ⊗Q is a monomorphism.
To prove that ϑ⊗Q is an epimorphism, it follows from (4.1.6) that the group

law on Ωad∗ [t](t) has logarithm λ−1
(t)(u). From our discussion following lemma 4.1.29,

the homomorphism φ : L∗ → Ωad∗ (k)[t](t) classifying the group law on Ωad∗ (k)[t](t)

induces an isomorphism L∗ ⊗ Q → Q[t], where Ωad∗ (k) → Q is the ring homomor-
phism sending Ωad≥1(k) to zero (we know that Ωad0 (k) = Z by theorem 2.5.12). Note
that φ factors through ϑ via the canonical map L∗ → Ω∗(k), and L≥1 clearly goes
to zero under the map Ω∗ → Ωad∗ . Since Ωad∗ is graded and concentrated in degrees
≥ 0, one can use an induction on the degree to reduce to showing that Ω∗ → Ωad∗
is an epimorphism, which is clear from the definition of Ωad∗ . �

Remark 4.1.30. As a corollary we see that

ϑ : Ω∗(k)→ Ωad∗ (k)[t](t)

induces an isomorphism after ⊗Q, proving that Ω∗(k)⊗Q is a polynomial algebra
on Ωad∗ (k)⊗Q.

4.2. Algebraic cobordism and K-theory

In this section, we give a proof of theorem 1.2.3 and corollary 1.2.18.

4.2.1. Projective bundles. In this section A∗ denotes an oriented Borel-Moore
functor of geometric type (definition 2.2.1) on Smk, for which the formal group law
is multiplicative. Thus if b = [P1]A ∈ A−1 one has FA(u, v) = u+v−buv. However,
we never assume that A∗ is periodic so that the results below still hold if b = 0 (so
that A∗ additive is permitted)! Throughout this section, we will drop the index A

in the notation [−]A.
Clearly the power series χm(u) = [−1]m(u) is given by

[−1]m(u) =
−u

1− b · u
.

Write u · g(u) = [−1]m(u) so that g(u) = −1
1−b·u . We obviously have:

(4.2.1) [−1]m(u) · g([−1]m(u)) = u

(because [−1]m([−1]m(u)) = u) proving that g([−1]m(u)) = b · u− 1.

Proposition 4.2.1. Let i : Z → X be a closed immersion of codimension c
between smooth k-schemes, X being of dimension d. Let XZ → X be the blow-up of
X at Z, ηi the conormal sheaf of i. Then one has the following equality in Ad(X):

[XZ → X] = [IdX ] + b · i∗[P(ηi)→ Z]− i∗[P(ηi ⊕OZ)→ Z]

Proof. Let q : P := P(ηi ⊕ OZ) → Z be the structure morphism. We apply
proposition 2.5.2. The identity (4.2.1) yields the identities in A∗(P(νi ⊕O)):

g([O(−1)]) = g([−1]m([O(1)])) = b · [O(1)]− 1.
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As the closed subscheme P(ηi) of P(ηi ⊕ OZ) is defined by the vanishing of the
section OP → q∗(ηi ⊕OZ)→ O(1), we have [O(1)] = [P(νi)→ P(ηi ⊕OZ)] and the
formula follows. �

Take X ∈ Smk. If D ⊂ X is a divisor on X and F is a coherent sheaf on X
we denote by F(D) the tensor product F ⊗OX(D).

Lemma 4.2.2. Let L be an invertible sheaf on X ∈ Smk, E → X a locally
free sheaf of rank r ≥ 0 and let i : D → X be a smooth closed subscheme of X of
codimension one. Then one has the following formula in A∗(X):

[P(L(D)⊕ E)→ X] = [P(L ⊕ E))→ X]

+ i∗[P(i∗(L(D)⊕ L⊕ E))→ D]− b · i∗[P(i∗(L ⊕ E))→ D]

Proof. Consider the X-scheme q : Y := P(L(D)⊕ L ⊕ E)→ X. The projec-
tions

L(D)⊕ L⊕ E → L(D)⊕ E ,
L(D)⊕ L⊕ E → L⊕ E

determine the closed embeddings

i0 : D̃0 := P(L(D)⊕ E)→ Y,

i1 : D̃1 := P(L ⊕ E)→ Y.

Note that q∗D = P(i∗(L(D)⊕ L⊕ E)) as an X-scheme.
As D̃0 is defined by the vanishing of the composition

q∗L → q∗L(D)⊕ q∗L ⊕ q∗E → O(1)

it follows that OY (D̃0) ∼= (q∗L∨)(1). Similarly,

OY (D̃1) ∼= q∗(L(D)∨)(1),

OY (q∗D) ∼= q∗OX(D),

giving an isomorphism

OY (q∗D + D̃1) ∼= q∗OX(D)⊗OY (D̃1) ∼= OY (D̃0).

This yields the identity of endomorphisms:

c̃1(OY (D̃0)) = c̃1(q∗OX(D)⊗OY (D̃1))

= c̃1(q∗OX(D)) + c̃1(OY (D̃1))

− b · c̃1(q∗OX(D)) ◦ c̃1(OY (D̃1)).

Let ĩ : q−1D → Y be the inclusion. Applying the above identity to 1Y and using
the axiom (Sect) gives

[D̃0 → Y ] = [q∗D → Y ] + [D̃1 → Y ]− b · [q∗D · D̃1 → Y ]

= ĩ∗[P(i∗(L(D)⊕ L⊕ E)→ q−1(D)] + [P(L ⊕ E)→ Y ]

− b · ĩ∗[P(i∗(L ⊕ E))→ q−1(D)].

Pushing forward to X and D gives the desired formula. �
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Lemma 4.2.3. Let E be a direct sum of n + 1 invertible sheaves on some X ∈
Smk. Then in A∗(X),

[P(E)→ X] = bn · 1X .
In particular, one has [Pn] = bn in A∗(k).

Proof. We proceed by induction on X. We first consider the case dim X = 0,
X = SpecF for F a finite extension field of k. Since PnF = Pnk ×k F , we need
only consider the case F = k, i.e., we must show that [PN ] = bN . We proceed by
induction on N .

For N = 0 there is nothing to prove, and for N = 1 the result follows from the
equation [P1] = b in remark 2.5.6.

Take N ≥ 2. We apply lemma 4.2.2 with X = PN , D a linearly embedded
PN−1, L = O, and E = 0. Pushing forward the identity of classes in A∗(X) to
A∗(k) yields

[PPN (O(1))] = [PPN (O)] + [PPN−1(O(1)⊕O)]− b · [PPN−1(O)].

Since P(E) ∼= P(E ⊗L) for E a locally free sheaf and L an invertible sheaf, this gives

[PPN−1(O(1)⊕O)] = b · [PPN−1(O)] = b · [PN−1] = bN ,

the last identity using our induction hypothesis. Now suppose we have shown that
[PPN−r (O ⊕ O(1)r)] = bN for some r with 1 ≤ r < N . Apply lemma 4.2.2 with
X = PN−r, D a linearly embedded PN−r−1, L = O, and E = O(1)r. Pushing
forward to A∗(k) gives

bN = [PPN−r (O ⊕O(1)r)]

= [PPN−r (O(1)⊕O(1)r)]− [PPN−r−1(O ⊕O(1)r+1)]

+ b · [PPN−r−1(O(1)⊕O(1)r)]

= [Pr × PN−r]− [PPN−r−1(O ⊕O(1)r+1)] + b · [Pr × PN−r−1]

= [Pr][PN−r] + b · [Pr][PN−r−1]− [PPN−r−1(O ⊕O(1)r+1)].

By induction, [Pr] = br, [PN−r−1] = bN−r−1 and [PN−r] = bN−r, giving

[PPN−r−1(O ⊕O(1)r+1)] = bN .

Taking r = N − 1 gives us [PN ] = bN , as desired.
Now let L0, . . . ,Lr be invertible sheaves on X ∈ Smk. We prove that

[P(L0 ⊕ · · · ⊕ Lr)→ X] = br[X]

by induction on n = dimk(X), the case n = 0 having been settled above. Assume
n > 0 and that we have proven the above formula when the dimension of the base
is < n.

Let E be the sum L1 ⊕ · · · ⊕ Lr. Given a smooth divisor i : D → X in X,
lemma 4.2.2 gives

[P(L0 ⊕ E)→ X] = [P(L0(D)⊕ E)→ X]

− i∗[P(i∗(L0(D)⊕ L0 ⊕ E))→ D] + b · i∗[P(i∗(L0(D)⊕ E))→ D].

Since dimD < n, we may use our inductive hypothesis, giving

[P(L0 ⊕ E)→ X] = [P(L0(D)⊕ E)→ X]− i∗br[IdD] + b · i∗br−1[IdD]

= [P(L0(D)⊕ E)→ X].
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Doing the same for each Li, it follows that, given smooth divisors D0, . . . , Dr on
X, we have

[P(⊕ri=0Li)→ X] = [P(⊕ri=0Li(Di))→ X].
Since X is quasi-projective, there is a very ample invertible sheaf L on X such

that L ⊗ L∨i is very ample for each i. Replacing L with a high tensor power if
necessary, we may assume that, for each i, the divisor Di of some section of L⊗L∨i
is smooth. Then Li(Di) ∼= L for each i, so

[P(⊕ri=0Li)→ X] = [P(⊕ri=0Li(Di))→ X]

= [P(⊕ri=0L)→ X]

= [p2 : Pr ×X → X]

= br[IdX].

�

Remark 4.2.4. If we assume that A∗ satisfies the the projective bundle formula
(PB) and extended homotopy property (EH) on Smk, the previous lemma implies
that for any locally free sheaf E on X of rank r + 1 one has

[P(E)→ X] = br · 1X
Indeed, the splitting principle and axiom (A3) reduces to the case in which E is a
direct sum of line bundles.

We also get the following simplification of proposition 4.2.1:

Corollary 4.2.5. Let A∗ be an oriented Borel-Moore functor of geometric
type for which the formal group law is multiplicative. Suppose in addition that A∗
satisfies (PB) and (EH). Let Z ⊂ X be a smooth closed subscheme of some X in
Smk. Let XZ → X be the blow-up of X at Z. Then one has

[XZ → X]A = [IdX ]A
in A∗(X). In particular, when X is smooth and projective over k, one has

[XZ ]A = [X]A
in A∗(k).

Proof. The result follows from proposition 4.2.1 and remark 4.2.4. �

Remark 4.2.6. The universal oriented Borel-Moore weak homology theory on
Smk having multiplicative formal group law is of course given by:

X 7→ Ω∗(X)⊗L∗ Z[β]

Since an oriented Borel-Moore weak homology theory on Smk satisfies (PB) and
(EH), Ω∗ ⊗L∗ Z[β] thus satisfies corollary 4.2.5 above. It is tempting to make the
following:

Conjecture 4.2.7. Let k be a field. Then the oriented Borel-Moore functor
of geometric type

X 7→ Ω∗(X)⊗L∗ Z[β]
is the universal oriented Borel-Moore functor of geometric type which has “bira-
tional invariance” in the following sense: given a birational projective morphism
f : Y → X then f∗1Y = 1X .
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In fact we shall establish conjecture 4.2.7 over a field of characteristic zero in
§4.3.3 below.

4.2.2. Universal property of K-theory. In this section, we let A∗ be a mul-
tiplicative and periodic oriented weak cohomology theory on Smk. We begin by
contructing the Chern character chA as a transformation chA : K0[β, β−1] → A∗,
compatible with smooth-pullback, external products and first Chern class opera-
tors.

We have the canonical morphism of weak cohomology theories

ϑA : Ω∗ → A∗;

let Ā∗(X) be the A∗(k)-submodule of A∗(X) generated by ϑA(Ω∗(X)). Clearly
X 7→ Ā∗(X) defines a sub-weak cohomology theory of A∗.

Now, for X ∈ Smk, and E a vector bundle of rank r on X with sheaf of sections
E , define the Chern character operator c̃hA(E ⊗ βn) : Ā∗(X)→ Ā∗(X) by

c̃hA(E ⊗ βn) = (rank(E)− b · c̃A1 (E∨))bn.

We set chA(E · βn) := c̃hA(E · βn)(1X). Since c̃A1 is additive in exact sequences, we
have the homomorphism

c̃hA : K0(X)[β, β−1]→ EndA∗(k)(Ā∗(X)).

For a smooth morphism f : Y → X, we have

c̃hA(f∗x)(f∗y) = f∗(c̃hA(x)(y)),

for x ∈ K0(X)[β, β−1], y ∈ Ā∗(X).
Let L and M be line bundles on some X ∈ Smk with respective sheaves of sec-

tions L andM. Using the group law for A, we have the identity of endomorphisms
of Ā∗(X):

c̃hA(L ⊗M)) = 1− c̃A1 (L∨ ⊗M∨)b

= 1− c̃A1 (L∨)b− c̃A1 (M∨)b+ c̃A1 (L∨)c̃A1 (M∨)b2

= c̃hA(L)c̃hA(M).

Similarly, we have
c̃hA(c̃K1 (L)(M)) = c̃A1 (L)c̃hA(M).

By the splitting principle,this shows that

c̃hA(E ⊗ F) = c̃hA(E)c̃hA(F); c̃hA(c̃K1 (L)(E)) = c̃A1 (L)c̃hA(E)

for all locally free sheaves E and F , and line bundles L, that is, c̃hA is a ring
homomorphism, and intertwines the operations of first Chern classes of line bundles.

The splitting principle also shows that c̃hA is compatible with smooth pull-
back: for f : Y → X a smooth morphism in Smk,

f∗(c̃hA(x)(y)) = c̃hA(f∗x)(f∗y)

for x ∈ K0(X)[β, β−1], y ∈ A∗(X), and satisfies the projection formula for a
projective morphism f : Y → X in Smk:

f∗(c̃hA(f∗x)(y)) = c̃hA(x)(f∗y)

for x ∈ K0(X)[β, β−1], y ∈ A∗(Y ).
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Evaluating these formulas at 1X shows that chA is compatible with smooth pull-
backs, with the Chern class operators for line bundles and with external products,
as desired.

Now we prove that chA commutes with projective push-forwards. We follow
the argument used in Fulton’s proof of Grothendieck-Riemann-Roch for closed em-
bedding as in [7, §15.2]: first handle the case of a projective space bundle with a
section, then reduce to this case by deformation to the normal bundle.

Lemma 4.2.8. Let Z be in Smk, E a locally free coherent sheaf on Z, q : P→ Z
the projective bundle P(E ⊕ OZ). Let s : Z → P be the section defined by the
projection E ⊕ OX → OX . Take x ∈ K0(X)[β, β−1]. Then in A∗(P) we have

chA(s∗(x)) = s∗(chA(x)).

Proof. We first reduce to the case x = 1Z . It clearly suffices to prove the
lemma for x = [F ], F a locally free coherent sheaf on Z. Since chA and s∗ commute
with smooth pull-back, we may use the splitting principle to reduce to the case
F = ⊕iLi, Li invertible sheaves; the additivity of chA and s∗ reduce us to the
case F = L, the invertible sheaf of sections of a line bundle L. Since c̃K1 (L)(1Z) =
1− [L∨], it suffices to handle the case x = c̃K1 (L)(1Z).

Assuming the result for x = 1Z , we use the compatibility of chA with c̃1(?) and
the projection formula (definition 2.1.2(A3)):

chA(s∗(c̃K1 (L)(1Z))) = chA(s∗(c̃K1 (s∗q∗L)(1Z)))

= chA(c̃K1 (q∗L)(s∗(1Z)))

= c̃A1 (q∗L)(chA(s∗(1Z)))

= c̃A1 (q∗L)(s∗(chA(1Z)))

= s∗(c̃A1 (L)(chA(1Z)))

= s∗(chA(c̃K1 (L)(1Z))),

completing the reduction.
We now prove the case x = 1Z . As above, we may use the splitting principle to

reduce to the case E = ⊕ni=1Li, with the Li invertible sheaves on Z. Let L0 = OZ
and let Di be the subscheme of P(E ⊕ OX) given by the projection

E ⊕ OZ → ⊕j 6=iLj ,

i = 1, . . . , n. Di is thus the subscheme of zeros of the composition q∗(Li) →
q∗(E ⊕OZ)→ O(1), hence is the Cartier divisor of a section of O(1)⊗ q∗(Li)∨. Di

is smooth and s(Z) = ∩ni=1Di, so repeated applications of (Sect) give

s∗(1AZ) =
n∏
i=1

c̃A1 (O(1)⊗ q∗(Li)∨)(1AP ).

for all oriented weak cohomology theories A, including K0[β, β−1]. Since chA com-
mutes with the first Chern class operators and sends 1KP to 1AP , the proof is com-
plete. �

In short, the Todd class of a vector bundle in a multiplicative periodic theory
is trivial.
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Proposition 4.2.9. Let f : Y → X be a projective morphism in Smk and take
x ∈ K0(Y )[β, β−1]. Then

f∗(chA(x)) = chA(f∗(x))

Proof. It sufficient to check this for the projection Pn ×X → X to a smooth
k-scheme X and for a closed immersion Z → X between smooth k-schemes.

We first consider the case of the projection p2 : Pn ×X → X for some n > 0.
Using the projective bundle formula and the compatibility of chA with the external
product and the first Chern class operators, we need only consider the case of the
push forward along π : Pn → Spec k, and show that

πA∗ (chA(OPn)) = chA(πK∗ (OPn)).

We note that

πK∗ (OPn) = [Pn]K = βn,

since χ(OPN ) = 1. By lemma 4.2.3, [Pn]A = bn ∈ A∗(k); as chA(OPn) = 1APn , this
verifies our formula.

We proceed to the case of a closed immersion i : Z → X, using the deformation
to the normal bundle to reduce to the case handled in lemma 4.2.8. Although the
proof is just a slight modification of that used in [7, loc. cit.], we give the details
here for the reader’s convenience.

Let i : Z → X be a closed immersion in Smk. We have the deformation diagram
(2.5.2). Let iP : P → Y , i0 : Y0 → Y , iXZ

: XZ → Y be the inclusions. Take
x ∈ K0(Z), giving the element p∗1x ∈ K0(Z × P1) and let x̃ := ĩ∗(p∗1x) ∈ K0(Y ).
Since K0 is an oriented cohomology theory on Smk, we have

i∗1(x̃) = i∗x ∈ K0(X)[β, β−1]

i∗P(x̃) = s∗x ∈ K0(P)[β, β−1]

Noting that XZ∩Z×P1 = ∅, it follows from lemma 5.1.11 and proposition 5.2.1
that

c̃K1 (OY (XZ))(x̃)) = iXZ∗(i
∗
XZ

(x̃)) = 0.

hence

c̃hA(x̃) ◦ c̃K1 (OY (XZ))(1Y ) = c̃A1 (OY (XZ)(c̃h(x̃)(1Y ))

= c̃A1 (OY (XZ)(chA(x̃))

= chA(c̃K1 (OY (XZ))(x̃))
= 0.
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Thus

i1∗(chA(i∗x))

= i1∗(c̃hA(i∗1(x̃))(1Y1))

= c̃hA(x̃)(i1∗(1Y1))

= c̃hA(x̃) ◦ c̃K1 (OY (Y1))(1Y ))

= c̃hA(x̃) ◦ c̃K1 (OY (Y0))(1Y ))

= c̃hA(x̃) ◦
(
c̃K1 (OY (P)) + c̃K1 (OY (XZ))− b cnK(OY (P))c̃K1 (OY (XZ))

)
(1Y )

= c̃hA(x̃) ◦ c̃K1 (OY (P))(1Y )

= c̃hA(x̃)(iP∗(1P))

= iP∗(c̃hA(i∗P(x̃))(1P))

= iP∗(chA(s∗x)).

Let iZ0 , i
Z
1 : Z → Z × P1 be the 0- and 1-sections. For any element y ∈ A∗(Z),

we have p∗1y ∈ A∗+1(Z × P1) and it follows from lemma 2.3.7 that

iZ1∗(y) = c̃A1 (OZ×P1(1))(p∗1y) = iZ0∗(y).

Thus

i1∗(i∗(chA(x))) = ĩ∗(iZ1∗(chA(x)))

= ĩ∗(iZ0∗(chA(x)))

= iP∗(s∗(chA(x))).

Now apply the push-forward along p := p1 ◦ µ : Y → X to all our identities. Using
lemma 4.2.8, we have

chA(i∗(x)) = p∗(i1∗(chA(i∗(x))))

= p∗(iP∗(chA(s∗(x))))

= p∗(iP∗(s∗(chA(x))))

= p∗(i1∗(i∗(chA(x))))

= i∗(chA(x))

This completes the proof of the proposition. �

We can now prove the following version of theorem 1.2.3 involving oriented weak
cohomology theories on Smk (rather than genuine oriented cohomology theories):

Theorem 4.2.10. Let A∗ be an oriented weak cohomology theory on Smk.
Assume that A∗ is multiplicative and periodic. Then there exists one and only one
morphism of oriented weak cohomology theories

chA : K0[β, β−1]→ A∗

Proof. For a vector bundle E on X ∈ Smk, we write cAi (E) for c̃Ai (E)(1X).
We first observe that chA has to map β = [P1] to b = [P1]A. Moreover, as for
X ∈ Smk and any line bundle L over X with sheaf of sections L, one has in K0(X)

[L] = 1− (1− [(L∨)∨] = 1− cK1 (L∨) · β,
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one must have

chA([L]) = chA(1− cK1 (L∨) · β) = 1− cA1 (L∨) · b.

Using the splitting principle, this establishes uniqueness.
Let A∗ be the oriented Borel-Moore weak homology theory on Smk correspond-

ing to A∗. We have already shown that the Chern character chA : K0[β, β−1]→ A∗
constructed above is a natural transformation of oriented Borel-Moore weak homol-
ogy theories, which completes the proof. �

Remark 4.2.11. The classical Grothendieck-Riemann-Roch theorem can be
easily deduced from theorem 4.2.10. Indeed, consider the oriented weak cohomology
theory

X 7→ CH∗(X)⊗Q[β, β−1]td

constructed in example 4.1.24. Now by theorem 4.2.10 there exists one (and only
one) morphism

ϑ : K0[β, β−1]→ CH∗ ⊗Q[β, β−1]td

of oriented cohomology theories. One then checks by the splitting principle that ϑ
is equal in degree 0 to the Chern character

ch : K0(X)→ CH(X)⊗Q,

where CH(X) denotes the ungraded Chow ring. The explicit formula for the push-
forward maps in CH∗⊗Q[β, β−1]td yields the Grothendieck-Riemann-Roch theorem.

Corollary 4.2.12. Let k be a field admiting resolution of singularities. Then
for any smooth k-scheme X the natural homomorphism:

Ω∗(X)⊗L∗ Z[β, β−1]→ K0(X)[β, β−1]

is an isomorphism.

Proof. By remark 4.1.12, X 7→ Ω∗(X)⊗L∗ Z[β, β−1] is the universal oriented
multiplicative periodic Borel-Moore weak homology theory (either on Schk or on
Smk). Theorem 4.2.10 implies on the other hand that X 7→ K0(X)[β, β−1] is also
the universal oriented multiplicative periodic Borel-Moore weak homology theory
on Smk, whence the result. �

Remark 4.2.13. We do not know whether or not the canonical homomorphism

Ω∗(X)⊗L∗ Z[β, β−1]→ G0(X)[β, β−1]

is an isomorphism for all finite type k-schemes X. What follows from the previous
theorem is that

Ω∗(X)⊗L∗ Z[β, β−1]→ KBM
0 (X)[β, β−1]

is an isomorphism for any finite type k-scheme X. The remaining problem is to
decide whether or not

KBM
0 (X)[β, β−1]→ G0(X)[β, β−1]

is an isomorphism for any finite type k-scheme X, assuming k admits the resolution
of singularities.

Theorem 1.2.3 follows easily from theorem 4.2.10:
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proof of theorem 1.2.3. We use the fact (proposition 5.2.4) that an ori-
ented cohomology theory on Smk gives rise to an oriented weak cohomology the-
ory on Smk by restricting the pull-back maps to smooth morphisms, and setting
c̃1(L)(x) = c1(L) ∪ x.

By theorem 4.2.10, there is a unique natural transformation chA : K0[β, β−1]→
A∗ of oriented weak cohomology theories on Smk. We claim that chA commutes
with all pull-back maps, not just pull-back for smooth morphisms. Indeed, the
pull-backs in K-theory come from pulling back vector bundles, and the result fol-
lows from the naturality of Chern classes. Since chA is compatibile with external
products, this implies that chA is a ring homomorphism; chA is thus a natural
transformation of oriented cohomology theories on Smk, completing the proof. �

4.3. The cobordism ring of a point

In this section, we compute Ω∗(k) by showing that the canonical homomorphism

Φ : L∗ → Ω∗(k)

is an isomorphism over any field admitting resolution of singularities and weak
factorization (at present, this limits the result to fields of characteristic zero).

Our strategy to prove that L∗ = Ω∗(k) is to show first that Φ is always in-
jective, for any field. Then to prove surjectivity it is sufficient to prove that the
augmentation Ω∗(k)→ Z induces an isomorphism Ω∗(k)⊗L∗ Z ∼= Z. To do this we
proceed inductively in the dimension.

4.3.1. The canonical splitting. In this section we prove that Φ is always a
monomorphism, over any field. The first method is only valid when the field admits
a complex imbedding.

Lemma 4.3.1. Let σ : k → C be a complex embedding. Then sending a smooth
projective k-scheme X to the complex cobordism class of the compact complex man-
ifold Xσ(C) descends to a homomorphism

ψ : Ω∗(k)→MU2∗,

which is independent of the choice of σ. In addition, composing ψ with Φ induces
Quillen’s isomorphism

ΦMU : L∗ ∼= MU2∗.

In particular, Φ is injective.

Proof. An embedding σ gives a functor from the category of smooth k-
schemes to the category of complex manifolds, which we denote by X 7→ Xσ(C).
The functor X 7→ MU2∗(Xσ(C)) defines by [28] an oriented cohomology the-
ory on Smk; by propostion 5.2.4this functor is also an oriented weak cohomol-
ogy theory on Smk in the sense of definition 4.1.13. The universality of alge-
braic cobordism gives us a canonical map of oriented weak cohomology theories
ϑMU,σ(X) : Ω∗(X) → MU2∗(Xσ(C)). In particular, ϑMU,σ(k) yields the ring ho-
momorphism ψ : Ω∗(k)→MU2∗.

By construction, the composition L∗ → Ω∗(k)→MU2∗ is the canonical homo-
morphism ΦMU , which, by Quillen’s result [28], is an isomorphism.

We conclude by showing that ψ doesn’t depends on σ. Indeed, Ω∗(k) is gen-
erated by classes [X] of smooth projective varieties over k. In addition, by Milnor
[20], the class [Xσ(C)] ∈ MU2∗ depends only on the Chern numbers of X. But
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the latter can be computed algebraically and are thus independent of the choice of
complex embedding. In other words, given two complex embedding σ and τ , the
varieties Xσ(C) and Xτ (C) are automatically cobordant. �

Another way to prove the injectivity, over any field, is as follows. We use the
morphism

ϑCF : Ω∗ → CH∗[t](t)

defined in example 4.1.26. Its associated formal group law is by construction the
power series

Ft(u, v) = λ(λ−1(u) + λ−1(v)),
where

λ(u) =
∑
i≥0

tiu
i+1 ∈ Z[t1, . . . , tn, . . . ][[u]],

with the convention that t0 = 1. Here λ−1(u) is the inverse power series, satisfying
λ(λ−1(u)) = u. The statement of the following lemma is obvious, by construction,
except for the injectivity assertion.

Lemma 4.3.2. Let k be a field. Then the composition of the homomorphism

Ω∗(k)→ Z[t1, . . . , tn, . . . ]

induced by ϑCF and of
Φ : L∗ → Ω∗(k)

is the canonical monomorphism

L∗ → Z[t1, . . . , tn, . . . ]

classifying the formal group law Ft.

We can thus deduce:

Corollary 4.3.3. Let k be any field. Then

Φ : L∗ → Ω∗(k)

is a monomorphism.

For the injectivity in lemma 4.3.2, we refer the reader to [2, 28].

Remark 4.3.4. One can check that the homomorphism

Ω∗(k)→ Z[t1, . . . , tn, . . . ]

sends the class [X] of a smooth projective k-scheme X of dimension d to the sum

chern(X) :=
∑

α1,...,αd

〈c1(NX)α1 . . . cd(NX)αd , [X]〉

where the αi’s are non-negative integers, NX = −TX ∈ K0(X) is the virtual normal
bundle3 of X and 〈x, [X]〉 ∈ Z denotes the degree of a class x ∈ CH∗(X) (which is
zero unless x has degree d).

Thus this homomorphism is just “computing all the Chern numbers” of X. A.
Merkurjev has proven in [22] that for an arbitrary base-field k, all these chern(X) ∈

3Voevodsky has proven that NX can always be represented as a difference V −On
X for some

vector bundle V over X [32].
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Z[t1, . . . , tn, . . . ] =: Z[t] indeed lie in the (image of the) Lazard ring in Z[t]. This
provides in fact a ring homomorphism

Ψ : Ω∗(k)→ L∗
which is left inverse to Φ, over any field. In the sequel, however, we will not use
this fact, only corollary 4.3.3.

4.3.2. The main theorem. Throughout this section we assume that k admits
resolution of singularities and weak factorization.

Remark 4.3.5. For a field of characteristic zero, the weak factorization prop-
erty has been proved in [1] and [35]. Of course, resolution of singularieties follows
for a field of characteristic zero by [11]. Thus all the results in this section are valid
for k a field of characteristic zero.

We are now prepared to begin the proof of the surjectivity of Φ : L∗ → Ω∗(k)
which will thus finish the proof of theorem 1.2.7, restated as theorem 4.3.7 below.
In the sequel, we denote by Ωad∗ (k) the ring Ω∗(k)⊗L∗ Z.

We first show that the class of W in Ωad∗ (k) is a birational invariant.

Proposition 4.3.6. Let W and W ′ be smooth projective varieties over k. Sup-
pose that W and W ′ are birationally isomorphic. Then [W ′] = [W ] in Ωad∗ (k).

Proof. The proof uses weak factorization and resolution of singularities in an
essential way. By resolution of singularities, we may assume there is a birational
morphism W → W ′. By weak factorization, there is a sequence of birational
morphisms

W = W0 ← Y0 →W1 ← . . .← Yn →Wn = W ′

each of which is the blow-up along a smooth center. This reduces us to the case
W ′ = WF →W , the blow-up of W along a smooth center F . We conclude by using
corollary 4.2.5. �

Theorem 4.3.7. Let k be a field admitting resolution of singularities and weak
factorization. Then the natural map L∗ → Ω∗(k) is an isomorphism.

Proof. By corollary 4.3.3, we need only to show that Ωad∗ (k) ∼= Z. By the-
orem 2.5.12, the degree map Ω0(k) → Z is an isomorphism. We now show that
Ωadn (k) = 0 for all n > 0.

Let Y be a smooth irreducible projective variety of dimension n over k. Embed
Y in a PN , and take a general linear projection of Y to a Ȳ ⊂ Pn+1; with Y → Ȳ
finite and birational. Let µ : S → Pn+1 be a sequence of blow-ups with smooth
centers lying over Ȳsing such that µ∗(Ȳ ) is a strict normal crossing divisor. Write

µ∗(Ȳ ) = Ỹ +
∑
i

niEi,

where Ỹ is the proper transform of Ȳ , and the Ei are components of the exceptional
divisor of µ.

Since Ỹ → Ȳ and Y → Ȳ are birational isomorphisms, Ỹ is birationally iso-
morphic to Y . Thus, by proposition 4.3.6, we have [Ỹ ] = [Y ] in Ωadn (k). Write µ
as a composition of blow-ups of Si along the smooth center Fi:

S = S0
µ1−→ S1

µ2−→ . . .
µr−→ Sr = Pn+1.
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Let Ēi ⊂ Si−1 be the exceptional divisor µ−1
i (Fi); Ēi is the projective bundle

P(Ni) → Fi, where Ni is the conormal sheaf of Fi in Si. Reordering the Ei, the
map S → Si−1 restricts to a birational morphism Ei → Ēi. By remark 4.2.4 and
proposition 4.3.6, it follows that [Ei] = 0 in Ωadn (k).

Suppose Ȳ has degree d in Pn+1. Let D ⊂ Pn+1 be the divisor of a general
section of O(d). Then both D and µ∗D are smooth and irreducible, and µ : µ∗D →
D is birational. Thus [µ∗D] = [D] in Ωadn (k) by proposition 4.3.6. On the other
hand, µ∗D is linearly equivalent to µ∗(Ȳ ), hence [µ∗D → S] = [µ∗Ȳ → S] in Ωn(S).
Pushing forward to Spec k and using remark 3.1.7, we find

[D] = [µ∗D] = [µ∗Ȳ ] = [Ỹ ] = [Y ] ∈ Ωadn (k)

Furthermore, D is linearly equivalent to d hyperplanes in Pn+1, so by remark 3.1.7
and lemma 4.2.3,

[D] = d[Pn] = 0 ∈ Ωadn (k),
completing the proof. �

Remark 4.3.8. It is reasonable to conjecture:

Conjecture 1. Let k be a field. Then

Φ(k) : L∗ → Ω∗(k)

is an isomorphism.

We have proven this conjecture in characteristic zero and we know that the
map Φ(k) is always injective. Moreover, theorem 2.5.12 shows that this conjecture
is true in degree 0 over any field. Furthermore, one can check that our previous
proof can be carried for smooth curves over a field, proving the conjecture in degree
1 as well.

In fact, the group Ω1(k) is the free abelian group generated by [P1]. Moreover,
let C be a smooth projective curve over k, g its genus (the genus of its extension
to an algebraic closure of k). Then

[C] = (1− g) · [P1]

in Ω1(k).
Finally, it seems reasonable to suppose that once one assumes that k admits

resolution of singularities, the weak factorization theorem can be proved using the
methods of [1] and [35], in which case theorem 4.3.7 would be valid over a field
admitting resolution of singularities.

4.3.3. Birational invariant theories. In this section we prove the following the-
orem establishing conjecture 4.2.7 for fields admitting resolution of singularities and
weak factorization.

Theorem 4.3.9. Let k be a field admitting resolution of singularities and weak
factorization. Then the oriented Borel-Moore functor of geometric type

X 7→ Ω∗(X)⊗L∗ Z[β]

is the universal oriented Borel-Moore functor of geometric type which has “bira-
tional invariance” in the following sense: given a birational projective morphism
f : Y → X between smooth irreducible varieties, then f∗1Y = 1X .

We start by proving the following:
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Proposition 4.3.10. Let I ∈ L∗ denote the ideal generated by elements of the
form [W ] − [W ′], with W and W ′ be smooth projective varieties over k which are
birationally isomorphic. Then I is the kernel of the map

Ω∗(k) = L∗ → Z[β]

classifying the multiplicative formal group law.

Proof. Let W be a smooth projective irreducible k-variety. The image of [W ]
in Z[β] will be denoted by [W ]β in the sequel.

First, if W and W ′ are smooth projective varieties over k which are birationally
isomorphic then by resolution of singularities and weak factorization there is a
sequence of birational morphisms

W = W0 ← Y0 →W1 ← . . .← Yn →Wn = W ′

each of which is the blow-up along a smooth center. By corollary 4.2.5, we conclude
that [W ]β = [W ′]β proving that I is contained in the kernel Ker of Ω∗(k) = L∗ →
Z[β].

To prove the converse inclusion Ker ⊂ I we proceed by induction on degree.
The homomorphism L∗ → Z[β] sends a11 to β and aij to zero if i > 1 or j > 1.
The Ker is the ideal generated by the aij with i > 1 or j > 1. By remark 2.5.8
and induction on n+m, we see that

anm ≡ [Hn,m]− [Pn × Pm−1]

− [Pn−1 × Pm] + [P1 × Pn−1 × Pm−1] mod I.

As Pn×Pm−1, Pn−1×Pm and P1×Pn−1×Pm−1 are all birational to Pn+m−1, the
result follows from corollary 4.2.5 and the lemma below. �

Lemma 4.3.11. For each pair (n,m) of positive integers, the Milnor hypersur-
face Hn,m ⊂ Pn × Pm is birational to Pn+m−1.

Proof. Assume n ≤ m. Then the projection Hn,m → Pn realizes Hn,m as a
Pm−1-bundle over Pn. More precisely, if X0, . . . , Xn and Y0, . . . , Ym are standard
coordinates on Pn and Pm, one can use the section

∑n
i=0XiYi of O(1, 1) to define

Hn,m, and then Hn,m = ProjPn(E), where E is the kernel of the surjection Om+1
Pn →

OPn(1) with matrix (X0, ..., Xn, 0, . . . , 0). Thus Hn,m is birational to Pn+m−1. �

proof of theorem 4.3.9. Let A∗ be an oriented Borel-Moore functor of geo-
metric type which has birational invariance. By birational invariance of A∗, we see
that the map L∗ = Ω∗(k) → A∗(k) vanishes on the ideal I considered in proposi-
tion 4.3.10. From that proposition, the map L∗ = Ω∗(k) → A∗(k) factors through
L∗ → Z[β]. Thus the map

Ω∗(X)→ A∗(X)
given by the universality of Ω∗ induces a canonical morphism

Ω∗(X)⊗L∗ Z[β]→ A∗(X).

Thus it remains only to prove that the theory X 7→ Ω∗(X) ⊗L∗ Z[β] itself
has birational invariance. Given a birational projective morphism f : Y → X
between smooth irreducible varieties, then by weak factorization there exists a
finite sequence of blow-up and blow-down with smooth centers in the category of
X-schemes starting with Y and ending with X. So we reduce to proving f∗1Y = 1X
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when f is a blow-up with smooth center, and this clearly follows from corollary 4.2.5.
�

4.4. Degree formulas

4.4.1. The degree homomorphism. Let A∗ be an oriented Borel-Moore weak
homology theory on Schk. For a finitely generated field extension k ⊂ F , one
denotes by A∗(F/k) the colimit over the category of all models 4 X of F over
k of the groups A∗+deg .tr(F/k)(X). We observe that the smooth pull-backs in A∗
make the assignment F 7→ A∗(F/k) covariantly functorial with respect to separable
field extensions: given a separable extension φ : F ⊂ L of fields which are finitely
generated over k, one has a homomorphism φ∗ : A∗(F/k)→ A∗(L/k), functorial in
towers.

For instance, given an integral k-scheme X with function field F = k(X), then
A∗(F/k) can be identified with the colimit

colimU⊂XA∗+dimkX(U)

where U ranges over the set of non-empty open subsets of X. Letting i : η → X
denotes the generic point of X, we denote by

i∗ : A∗+dimkX(X)→ A∗(F/k)

the canonical homomorphism.

Definition 4.4.1. The oriented Borel-Moore weak homology theory A∗ is said
to be generically constant if for each finitely generated separable field extension
k ⊂ F the canonical morphism A∗(k)→ A∗(F/k) is an isomorphism.

For instance, the Chow group functor has this property; recall that CH∗(F/k) =
Z placed in degree zero, for any finitely generated field extension k ⊂ F . The K-
theory functor K0[β, β−1] has this property as well. We now proceed to prove that
algebraic cobordism also satisfies this property in characteristic zero; the proof will
crucially rely on theorem 4.3.7.

Let k ⊂ F be a finitely generated field extension of characteristic zero. We
define a ring homomorphism

Ω∗(F/k)→ Ω∗(F )

as follows: The group Ω∗(F/k) is generated by classes of the form [f : Y → X], with
f : Y → X a projective morphism, Y smooth and irreducible, and X integral with
field of function F . Let η be the generic point of X. Then, since the characteristic
is zero, the generic fiber Yη of f , which is a projective F -scheme, is also a smooth F -
scheme. The assignment [Y → X] 7→ [Yη] then induces the desired homomorphism.
Indeed, it is easy to check that the kernel of M(X)+ → Ω∗(X) maps to zero, and
that the resulting homomorphism Ω∗(X) → Ω∗(F ) is natural on the category of
models of F over k, hence descends to the direct limit Ω∗(F/k).

Lemma 4.4.2. Let k be a field of characteristic zero, then for a finitely generated
field extension k ⊂ F the homomorphism

Ω∗(F/k)→ Ω∗(F )

is an isomorphism

4A model of F over k is an integral finite type k-scheme X together with an isomorphism
between the field F and the field of functions of X.
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Proof. Let X denote an integral model for F . Since each f : Y → η inM(η)
is projective over η, it is clear that i∗ induces an isomorphism

i∗ : lim→
U

M(U)→M(F ).

If Y → η is inM(η), then each invertible sheaf L on Y is the restriction of an
invertible sheaf L̃ on Ỹ for some open U and some f̃ : Ỹ → U in M(U) inducing
Y → η. Thus

i∗ : lim→
U

Ω∗+dimkX
(U)→ Ω∗(F )

is an isomorphism. As similar argument easily shows that

i∗ : lim→
U

Ω∗+dimkX(U)→ Ω∗(F )

is an isomorphism. �

Corollary 4.4.3. In characteristic zero, algebraic cobordism is generically
constant.

Proof. One easily checks that the diagram

Ω∗(k) // Ω∗(F )

L∗
Φk

bbEEEEEEEE ΦF

<<xxxxxxxx

commutes. By theorem 4.3.7 the map Ω∗(k) → Ω∗(F ) is an isomorphism. Using
lemma 4.4.2 completes the proof. �

Definition 4.4.4. Let A∗ be a generically constant oriented Borel-Moore weak
homology theory on Schk. Let X be a reduced irreducible finite type k-scheme.
Let η be the generic point of X, with inclusion iη : η → X, and let pη : η → Spec k
be the structure morphism. The map p∗η : A∗(k)→ A∗(k(η)/k) is an isomorphism
by assumption, hence we have the homomorphism deg : A∗(X) → A∗−dimkX(k)
defined by deg = (p∗η)

−1 ◦ i∗η.
More generally, if X is a reduced finite type k-scheme with irreducible compo-

nents X1, . . . , Xr, we have the homomorphisms
degi : A∗(X)→ A∗−dimkXi

(k), i = 1, . . . , r, defined by

degi := (p∗ηi
)−1 ◦ i∗ηi

where ηi is the generic point of Xi.

On classes [f : Y → X]A with f separable of relative dimension zero, the degree
homomorphism is just the classical notion of degree:

Lemma 4.4.5. Let A∗ be an oriented Borel-Moore weak homology theory on
Smk and let f : Y → X be a projective morphism between smooth irreducible k-
schemes of the same dimension; if f is dominant, we assume in addition that f is
separable. Then one has the equality

deg([Y → X]) = [k(Y ) : k(X)] · 1X
in A∗(k(X)/k).
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Proof. The proof is basically the same as that of theorem 2.5.12, taking into
account that one may replace X by any of its non-empty open subsets, so one may
assume that X = SpecR is affine and that f corresponds to an elementary étale
algebra R[T ]/P . �

4.4.2. The generalized degree formula.

Definition 4.4.6. Let A∗ be an oriented Borel-Moore weak homology theory
on Schk. We say that A∗ has the localization property if for any closed immersion
i : Z → X with j : U ⊂ X the complementary open immersion, the sequence:

A∗(Z) i∗−→ A∗(X)
j∗−→ A∗(U)→ 0

is exact.

For instance, the Chow group functor and the K-theory functor have this prop-
erty over any field. Algebraic cobordism has the localization property as well, at
least assuming resolution of singularties over k, by theorem 3.2.7.

Let X be a finite type k-scheme, Z an integral closed subscheme. We write
codimXZ > 0 to mean that Z contains no generic point of X.

Theorem 4.4.7 (Generalized degree formula). Let k be a field. Let A∗ be an
oriented Borel-Moore weak homology theory on Schk. Assume that A∗ is generically
constant and has the localization property.

Let X be a reduced finite type k-scheme. Assume that, for each closed integral
subscheme Z ⊂ X, we are given a projective birational morphism Z̃ → Z with Z̃
in Smk. Then the A∗(k)-module A∗(X) is generated by the classes [Z̃ → X].

More precisely, let X1, . . . , Xr be the irreducible components of X. Let α be an
element of A∗(X). Then, for each integral subscheme Z ⊂ X with codimXZ > 0,
there is an element ωZ ∈ A∗−dimkZ(k), all but finitely many being zero, such that

α−
r∑
i=1

degi(α) · [X̃i → X] =
∑

Z, codimXZ>0

ωZ · [Z̃ → X].

One should observe that we don’t use the resolution of singularities in the proof.
The problem of course is to find some desingularisations Z̃ → Z of each closed
integral subscheme of X. See theorem 4.4.9 below for a variant of theorem 4.4.7
which uses de Jong’s theorem [5].

proof of theorem 4.4.7. We proceed by noetherian induction. For Ui an
open subscheme of Xi, we let Ũi denote the inverse image of Ui by X̃i → X.

Let α ∈ A∗(X). Then the element

α−
r∑
i=1

degi(α) · [X̃i → X]

vanishes upon applying each of the homomorphisms degi. Thus there is for each
i an open subscheme ji : Ui → X, containing the generic point of Xi and disjoint
from ∪j 6=iXj , such that j∗i α = degi(α) · [Ũi → Ui] in Ω∗(Ui).

Thus, letting U = ∪ri=1Ui, with inclusion j : U → X, we have

j∗
(
α−

r∑
i=1

degi(α) · [X̃i → X]
)

= 0
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in Ω∗(U). Let W = X \ U with closed immersion i : W → X. By the localization
property of A∗, there is an element α1 of A∗(W ) such that

α =
r∑
i=1

degi(α) · [X̃i → X] + i∗(α1)

Each closed integral subscheme Z ⊂ W is also a closed integral subscheme in X
thus we have our projective birational morphisms Z̃ → Z with Z̃ ∈ Smk. We then
apply the inductive hypothesis to W together with the given family of projective
morphisms Z̃ →W , where Z ranges over all the closed integral subscheme Z ⊂W .
We get an expression of our class α1 ∈ A∗(W ) as

α1 =
∑
Z⊂W

ωZ · [Z̃ →W ]

Together with our previous expression we thus get

α =
r∑
i=1

degi(α) · [X̃i → X] + i∗(α1)

=
r∑
i=1

degi(α) · [X̃i → X] +
∑
Z⊂W

ωZ · [Z̃ → X],

proving the theorem. �

Corollary 4.4.8. With the assumptions as in theorem 4.4.7, suppose in ad-
dition that each Xi is in Smk.

(1) Let f : Y → X be a projective morphism with Y in Smk. Then, for each inte-
gral subscheme Z ⊂ X with codimXZ > 0, there is an element ωZ ∈ A∗−dimkZ(k),
all but finitely many being zero, such that

[f : Y → X]−
∑
i

degi(f) · [Xi → X] =
∑

Z, codimXZ>0

ωZ · [Z̃ → X]

(2) Suppose that X is irreducible. Let f : Y → X be a projective birational mor-
phism with Y in Smk. Then, for each integral subscheme Z ⊂ X with codimXZ >
0, there is an element ωZ ∈ A∗−dimkZ(k), all but finitely many being zero, such that

[f : Y → X] = [IdX ] +
∑

Z, codimXZ>0

ωZ · [Z̃ → X]

Proof. Since Xi is in Smk, we may take X̃i → X to be Xi → X. The first
assertion then follows from theorem 4.4.7. The second follows from the first, noting
that deg f = 1 ∈ A∗(k) if f is birational (see lemma 4.4.5). �

Theorem 4.4.9 (Rational generalized degree formula). Let k be perfect field.
Let A∗ be an oriented Borel-Moore weak homology theory on Schk such that A∗(k) is
a Q-algebra. Assume A∗ is generically constant and that it satisfies the localization
property.

Let X be a reduced finite type k-scheme. For each closed integral subscheme
Z ⊂ X choose a projective morphism fZ : Z̃ → Z with Z̃ smooth over k and fZ
generically étale5.

5This is possible by de Jong’s theorem.
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Then the A∗(k)-module A∗(X) is generated by the classes [Z̃ → X]. More
precisely, let X1, . . . , Xr be the irreducible components of X, and let α be an element
of A∗(X). Then, for each Z ⊂ X with codimXZ > 0, there is an element ωZ ∈
A∗−dimkZ(k), all but finitely many being zero, such that

α−
r∑
i=1

degi(α) · [X̃i → X] =
∑

Z, codimXZ>0

ωZ · [Z̃ → X].

Remark 4.4.10. Under the assumptions of theorem 4.4.9, the analog of corol-
lary 4.4.8 is also valid. In particular, if X is in Smk and is irreducible, then, given
α ∈ A∗(X), there exists, for each Z ⊂ X of codimension > 0, elements ωZ ∈ A∗(k),
all but a finite number being zero, such that

α− deg(α) · [IdX ] =
∑

Z, codimXZ>0

ωZ · [Z̃ → X]

The proof of theorem 4.4.9 is exactly the same as for theorem 4.4.7, using
lemma 4.4.5.

Remark 4.4.11. Let A∗ denote an oriented Borel-Moore weak homology the-
ory which is generically constant and satisfies the localization property. Then the-
orem 4.4.7 implies that the natural map

A∗(k)⊗ZM(X)+∗ → A∗(X)

ω ⊗ [Y → X]) 7→ ω · [Y → X]A

is surjective. Thus the morphism Ω∗(X)⊗Z A∗(k)→ A∗(X) must be surjective as
well.

In particular, if we assume further that the ring A∗(k) is generated as a group
by classes [X] of smooth projective varieties over k, then it follows that Ω∗(X) →
A∗(X) is surjective.

We also get:

Corollary 4.4.12. Let k be a field admitting resolution of singularities. Let
A∗ be an oriented Borel-Moore weak homology theory on Schk. Assume A∗ is
generically constant and that it satisfies the localization property. Then for any
reduced finite type k-scheme X, the A∗(k)-module A∗(X) is generated over A∗(k)
by the classes of degree ∈ {0, . . . ,dim(X)}.

In addition, suppose that X has pure dimension d over k. Let X1, . . . , Xn

be the irreducible components of X, and let X̃i → Xi be a projectve birational
morphism with X̃i smooth. Then A∗(X) is generated over A∗(k) by the classes
[X̃i → X] ∈ Ad(X) and classes of degree ∈ {0, . . . ,dim(X)− 1}.

Let A∗ be an oriented Borel-Moore weak homology theory on Schk and let
X be a reduced finite type k-scheme with irreducible components X1,. . .,Xs. Let
di = dimkXi and let ιi : Xi → X be the inclusion. We let Ã∗(X) denote the kernel
of the total degree homomorphism

∑
i degi : A∗(X)→ ⊕iA∗−di

(k(Xi)/k). Assume
that A∗ is generically constant and that each Xi is in Smk. We have the map
p∗i : A∗−di

(k)→ A∗(X) defined by sending α to α · [Xi → X]A. The composition

A∗(k)
p∗i−→ A∗+di

(X)→ A∗(k(Xi)/k)
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is an isomorphism, so, via the maps p∗i , one gets a direct sum decomposition as
A∗(k)-modules

A∗(X) = Ã∗(X)⊕⊕si=1A∗−di
(k)

even if each Xi has no rational k-point!

Corollary 4.4.13. Let k be a field admitting resolution of singularities. Let
A∗ be an oriented Borel-Moore weak homology theory on Schk that is generically
constant and satisfies the localization property. Let X be in Schk. Choose for each
integral closed subvariety Z of X a projective birational morphism Z̃ → Z with Z̃
in Smk. Then the A∗(k)-module Ã∗(X) is generated by the classes [Z̃ → X]A, as
Z ⊂ X runs over all irreducible closed subsets which contain no generic point of
X.

This is clear from theorem 4.4.7.

Given an oriented Borel-Moore weak homology theory A∗ and a projective k-
schemeX of pure dimension d > 0, denote byM(X) ⊂ A∗(k) the ideal generated by
classes [Y ]A ∈ A∗(k) of smooth projective k-schemes Y of dimension dimk(Y ) < d
for which there exists a (projective) morphism Y → X over k.

Theorem 4.4.14. Let k be a field admitting resolution of singularities. Let
A∗ be an oriented Borel-Moore weak homology theory on Schk that is generically
constant and satisfies the localization property. Then for any pure dimensional
reduced projective k-scheme X, the ideal M(X) is the image of Ã∗(X) under the
push-forward π∗ : A∗(X)→ A∗(k) associated to π : X → Spec k.

This easily follows from corollary 4.4.13.

4.4.3. Consequences for Ω∗. Let k be a field of characteristic zero. As Ω∗ is
generically constant and satisfies the localization property on Schk, all the results of
§4.4.2 are valid for Ω∗. In addition, since push-forward by the inclusion Xred → X
induces an isomorphism Ω∗(Xred) → Ω∗(X), the definitions and results of §4.4.2
extend to non-reduced schemes by passing from X to Xred.

Rost has described a number of so-called “degree formulas” which relate the
degree of a map f : Y → X of smooth projective varieties, the Segre numbers of X
and Y , and the degrees of zero-cycles on X. As pointed out in [21], these all follow
from a formula in the cobordism of X, called the generalized degree formula.

Given a smooth projective irreducible k-scheme X of dimension d > 0, Rost
introduces the ideal M(X) ⊂ L∗ = Ω∗(Spec k) generated by classes [Y ] ∈ L∗ of
smooth projective k-schemes Y of dimension dimk(Y ) < d for which there exists
a morphism Y → X over k. We extend this definition to projective X which are
pure dimension d over k by taking A∗ = Ω∗ and using the definition given in the
previous section §4.4.2.

We now recall the statement of theorem 1.2.15:

Theorem 4.4.15. Let k be a field of characteristic zero. For a morphism f :
Y → X between smooth projective irreducible k-schemes one has

[Y ]− deg(f) · [X] ∈M(X)

This is an immediate consequence of the theorem 4.4.7 applied to algebraic
cobordism, by pushing forward the identity in theorem 4.4.7 from Ω∗(X) to Ω∗(k)
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Note also that, by theorem 2.5.12, deg(f) is as it usually is, i.e., the degree of the
field extension k(Y )/k(X) if f is surjective, and zero if not.

We also prove:

Theorem 4.4.16. For π : X → Spec k projective and pure dimensional, the
ideal M(X) ⊂ L∗ is the image of Ω̃∗(X) by the push-forward

π∗ : Ω∗(X)→ Ω∗(k).

This an immediate consequence of theorem 4.4.14.

Theorem 4.4.17. Let k be a field of characteristic zero. Let X be a smooth
projective k-variety.

(1) The ideal M(X) is a birational invariant of X.
(2) The class of X modulo M(X):

[X] ∈ L∗/M(X)

is a birational invariant of X as well.

Proof. For (1), if f : Y → X is a birational morphism, then clearly M(Y ) ⊂
M(X). For the converse inclusion, we claim that, for each point z ∈ X, there is a
point z′ ∈ Y with f(z′) = z and with f∗ : k(z)→ k(z′) an isomorphism. Assuming
this to be the case, we see that, for each irreducible closed subvariety Z of X, there
is an irreducible closed subvariety Z ′ of Y with f(Z ′) = Z and with f : Z ′ → Z

birational. Letting Z̃ → Z ′ be a resolution of singularities of Z ′, we may use
Z̃ → Z as the chosen resolution of singularities in theorem 4.4.7. In particular, by
corollary 4.4.13, Ω̃∗(X) is the Ω∗(k)-submodule of Ω∗(X) generated by the classes
[Z̃ → X], with Z a proper subvariety of X. Since [Z̃ → X] lifts to the element
[Z̃ → Y ] of Ω̃∗(Y ), the result follows from theorem 4.4.14.

To prove our claim, there is a sequence of blow-ups of X with smooth centers
Y ′ → X which dominates Y → X. It clearly suffices to prove the claim for Y ′ → X,
which in turn reduces the problem to the case of a single blow-up f : Y → X, with
smooth center C. Let z be in X. If z is not in C, then we may take z′ to be the
single point f−1(z). If z is in C, then the fiber f−1(z) is a projective space Prk(z) for
some r. We may then take z′ to be any k(z)-rational point of Prk(z). This completes
the proof of (1).

(2) is an immediate consequence of theorem 4.4.15 with deg(f) = 1. �

Corollary 4.4.18. Let X be a pure dimensional projective k-scheme. Then
the ideal M(X) in Ω∗(k) is stable under the action of Landweber-Novikov opera-
tions.

Proof. By example 4.1.25, the Landweber-Novikov operations define a mor-
phism of weak oriented Borel-Moore homology theories:

ϑLN =
∑
I

SI t
I : Ω∗ → Ω∗[t]t

which in particular commutes with push-forward. From this and corollary 4.4.13,
it is easy to see that Ω̃∗(X) is stable under the Landweber-Novikov operations.
Noting these facts, the result follows directly from theorem 4.4.16. �

A. Merkurjev has given a proof of corollary 4.4.18 over any field in [22].
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4.4.4. Rost’s degree formulas. Rost’s degree formula (corollary 1.2.17), and
the higher degree formulas discussed in [3] are simple consequences of the general-
ized degree formula corollary 4.4.8 (for algebraic cobordism) and properties of the
relevant characteristic classes.

Let P = P (x1, . . . , xd) be a weighted-homogeneous polynomial of degree d
(where we give xi degree i) with coefficients in some commutative ring R. If X is
a smooth projective variety over k of dimension d, define

P (X) := degP (c1, . . . , cd)(NX) ∈ CH0(k)⊗R ∼= R.

where NX ∈ K0(X) is the virtual normal bundle of X. Since P is obvious additive
under disjoint union, we have the homomorphism P̂ :M+(k)→ R.

Lemma 4.4.19. P̂ :M+(k)→ R descends uniquely to an R-linear map

P : Ωd(k)⊗Z R→ R.

Proof. Since M+(k) → Ω∗(k) is surjective, P is unique. To show existence,
we have the natural transformation ϑCF : Ω∗ → CH∗[t](t) defined in example 4.1.26.
To a monomial tn1

1 · . . . · tnr
r of weighted degree d (deg(ti) = i), we associate the

symmetric function in the Chern roots∑
ξa1
1 ξa2

2 . . .

where exactly nj of the ai’s are j, for j = 1, . . . , r, and the remaining aj are zero.
In this way, we have an isomorphism φ of the degree d part of Z[t1, . . .] with the
degree d symmetric functions in ξ1, ξ2, . . .. Additionally, writing

ct =
∑

tn1
1 tn2

2 · · · tnr
r cn1,...,nr

,

we see that cn1,...,nr = F (c1, . . . , cn), where F is the polynomial with Z-coefficients
expressing φ(tn1

1 tn2
2 . . . tnr

r ) in terms of the elementary symmetric functions in the
ξi.

On the other hand, from the definition of CH∗[t](t), if p : X → Spec k is smooth
and projective, we have (in CH∗[t](t))

p∗(1X) = p∗(p∗(1)) = deg ct(NX) ∈ Z[t1, t2, . . .].

In particular, sendingX to deg cn1,...,nr
(NX) descends to a homomorphism Ωd(k)→

Z, where d =
∑
i ini. Writing P (c1, . . . , cd) as an R-linear combination of the

cn1,...,nr yields the result. �

Let Sd be the polynomial in the Chern classes which corresponds to the sym-
metric function in the Chern roots

∑
i ξ
d
i , that is, Sd = φ(td). Clearly

Sd(c1, . . . , cd)(E ⊕ F ) = Sd(c1, . . . , cd)(E) + Sd(c1, . . . , cd)(F )

for vector bundles E and F , from which it easily follows that

(4.4.1) Sd(X × Y ) = 0

if dimkX > 0 and dimkY > 0, dimkX + dimkY = d. Furthermore, it follows from
lemma 7.9 (iii) (page 67) and corollary 7.14 (page 73) of [2, Part II], together with
theorem 4.3.7 and lemma 4.3.2, that the image

ϑCF (Ω∗(k)) ⊂ Z[t1, t2 . . .]
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is the subring generated by adtd, d = 1, 2 . . ., where

ad =

{
p if d = pn − 1 for some prime p and some n ≥ 1
1 otherwise.

Since Sd = φ(td), it follows from our description of ϑCF in the proof of lemma 4.4.19
that
(4.4.2)

If d = pn − 1 for some prime p and some integer n ≥ 1, then

Sd(Ωd(k)) = pZ ⊂ Z.

Setting sd := Sd/p, this yields

Lemma 4.4.20. Let d = pn−1 for some prime p and some integer n ≥ 1. Then

sd : Ωd(k)→ Z

induces an isomorphism of the indecomposable quotient QΩd(k) with Z.

Proof. From [2, loc. cit.], the Lazard ring L∗ is a polynomial ring on genera-
tors y1, y2, . . ., with deg yi = i. As L∗ ∼= Ω∗(k), it follows that the indecomposable
quotient QΩ∗(k) is Z in each degree. Furthermore Sd vanishes on products and
sd : Ωd(k)→ Z is surjective, completing the proof. �

In addition to the integral classes sd, for integers d = pn − 1 and r ≥ 1 there
are mod p characteristic classes td,r. The classes are defined as follows: Let Fp[vn]
be the graded polynomial ring with vn in degree pn − 1, and let ψ : L∗ → Fp[vn]
be a graded ring homomorphism such that the resulting group law F over Fp[vn]
has height n, that is, the power series [p]F (u) has lowest degree term aup

n

, with
a 6= 0. Identifying L∗ with Ω∗(k) using theorem 4.3.7, we have the homomorphism
ψΩ : Ω∗(k) → Fp[vn]. For η ∈ Ωrd(k), there is a unique element td,r(η) ∈ Fp with
ψp,n(η) = td,r(η)vrn. Clearly

td,r : Ωrd(k)→ Fp
is a homomorphism. Even though the td,r may depend on the choice of ψ, we
usually omit this choice from the notation.

Example 4.4.21. Let Vp be the polynomial ring Z(p)[v1, v2, . . .], where Z(p)

is the localization of Z away from p, and vi has degree pi − 1. By [29, Theorem
A2.1.25, page 364], there is a split surjective graded ring homomorphism

Φp : L∗ ⊗ Z(p) → Vp

which classifies the formal group laws which are p-typical [29, Appendix A.2]. The
map Φp is not unique, but there are two commonly used choices of Φp, one due
to Hazewinkel and one due to Araki, which agree mod p. Composing Φp with the
quotient map

Vp → Vp/(p, v1, . . . , vn−1, vn+1, . . .) ∼= Fp[vn]
defines a surjective graded ring homomorphism

ψp,n : L∗ → Fp[vn].

It follows from the formula [29, A2.2.4, page 370] that the group law defined by
ψp,n has height n.
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In particular, there do exist height n formal group laws over Fp[vn], so our
definition of the td,r is not empty.

Proposition 4.4.22. Let p be a prime, n ≥ 1 an integer and let d = pn − 1.
Let ψ : L∗ → Fp[vn] be a graded ring homomorphism giving a height n formal group
over Fp[vn]. Then sd and the td,r have the following properties:

(1) The homomorphisms td,r : Ωdr(k)→ Fp are non-zero for all r ≥ 1.
(2) If X1, . . . , Xs are smooth projective varieties with

∑
i dimXi = rd, then

td,r(
∏
iXi) = 0 unless d|dimXi for each i.

(3) There is an element u ∈ F×p such that

sd = utd,1 mod p.

Proof. (1) is the same as asserting the surjectivity of ψ. As ψ is a homomor-
phism of graded rings, ψ is surjective if and only if td,1 is non-zero. To see that td,1
is non-zero, write the universal group law as FL(u, v) = u+v+

∑
ij≥1 aiju

ivj , with
aij ∈ Li+j−1. Then the group law F over Fp[vn] coming from ψ is

F (u, v) = u+ v + vn ·
∑

i+j=pn

td,1(aij)uivj mod (u, v)p
n+1.

Since F has height n, it must be the case that F (u, v)− u− v is non-zero modulo
(u, v)p

n+1, hence td,1(aij) 6= 0 for some i, j, proving (1).
Since ψ is a ring homomorphism, we have

td,r(X × Y ) =
r∑
i=0

td,i(X)td,r−i(Y ),

where we set td,0 = 1. Since td,i(X) = 0 unless dimk(X) = di, (2) follows easily.
For (3), we have already seen that td,1 : Ωd(k) → Fp is surjective. By (2), td,1

factors through the mod p indecomposable quotient QΩd(k)/p. By lemma 4.4.20,
sd gives an isomorphism of QΩd(k)/p with Fp, hence td,1 : QΩd(k)/p → Fp is an
isomorphism as well, proving (3). �

We can now prove the main results of this section.

Theorem 4.4.23. Let f : Y → X be a morphism of smooth projective k-
schemes of dimension d, with d = pn − 1 for some prime p. Then there is a
zero-cycle η on X such that

sd(Y )− (deg f)sd(X) = deg(η).

Theorem 4.4.24. Let f : Y → X be a morphism of smooth projective k-
schemes of dimension rd, d = pn − 1 for some prime p. Suppose that X admits a
sequence of surjective morphisms

X = X0 → X1 → . . .→ Xr−1 → Xr = Spec k

such that:
(1) Each Xi is in Smk and dimkXi = d(r − i).
(2) Let η be a zero-cycle on Xi ×Xi+1 Spec k(Xi+1). Then p|deg(η).

Then
td,r(Y ) = deg(f)td,r(X).

Remark 4.4.25. By proposition 4.4.22, theorem 4.4.24 for r = 1 follows from
theorem 4.4.23.
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Proof. For theorem 4.4.23, corollary 4.4.8 gives the identity

[Y → X]− (deg f)[X = X] =
m∑
i=1

ωi[Z̃i → X]

in Ω∗(X); pushing forward to Ω∗(k) gives the identity

[Y ]− (deg f)[X] =
m∑
i=1

ωi[Z̃i]

in Ω∗(k). Apply sd to this identity. Since sd vanishes on non-trivial products, and
since Z̃j → Zj is an isomorphism if dimkZj = 0, we have

sd(Y )− deg(f)sd(X) =
∑
j

mjsd(Yj) deg(zj)

for smooth projective dimension d k-schemes Yj , integers mj and closed points zj
of X. Since sd(Yj) = nj for suitable integers nj , we have

sd(Y )− deg(f)sd(X) = deg(
∑
j

mjnjzj),

proving theorem 4.4.23.
For theorem 4.4.24, we have as before

[Y → X]− (deg f)[X = X] =
m∑
i=1

ωi[Z̃i → X]

in Ω∗(X). We push forward to Ω∗(X2), and decompose each Z̃j → X2 using
corollary 4.4.8, giving

[Z̃j → X2] = ω0j [X2 = X2] +
∑
i

nijωij [Z̃ij → X2]

in Ω∗(X2). Iterating, we have the identity in Ω∗(k)

[Y ]− (deg f)[X] =
∑

I=(i0,...,ir)

nI [
r∏
j=0

YIj ],

where the YIj are smooth projective k-schemes. In addition, the conditions on the
tower imply that p|nI for each product

∏r
j=0 YIj such that d|dimYIj for all j. Apply

td,r to this identity yields td,r(Y ) = deg(f)td,r(X). �

Remark 4.4.26. Let k be any field. Let f : Y → X be a morphism between
smooth projective varieties of dimension d > 0. Then there always exists a 0-cycle
on X with integral coefficients Σαnα · zα (where the zα are closed points in X) and
satisfying

(4.4.3) Sd(Y )− deg(f) · Sd(X) = Σαnα[κ(zα) : k].

In characteristic zero this easily follows from the above considerations but this
can proven over any field as follows. One consider the oriented Borel-Moore weak
homology theory given by X 7→ CH∗(X)[t]t and constructed in §4.1.9. It is then
obvious that the class [f : Y → X] can be written

[f : Y → X] = deg(f) · [IdX ] + Σαωα · [Zα ⊂ X]
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with ωα ∈ Z[t] and codimX(Z) > 0. Pushing this forward to CH∗(k)[t]t = Z[t]
gives

[Y ]− deg(f) · [X] = Σαωα · (πX)ν∗ [Zα]

from which the formula (4.4.3) follows by taking Sd. However one cannot deduce
the more subtle corollary 1.2.17, because it is not true in general that, if d = pn−1
for some prime number p and n > 0, that Sd(ω) is divisible by p for ω ∈ Z[t], even
though this holds for the elements in L∗ ⊂ Z[t]. Thus the difficulty is that, if one
uses only the theory CH∗, one doesn’t know that the ωZ lie in L∗.

4.5. Comparison with the Chow groups

In this section we prove theorem 1.2.19, which we restate:

Theorem 4.5.1. Let k be a field of characteristic zero. Then the canonical
morphism

Ω∗ ⊗L∗ Z→ CH∗

is an isomorphism of Borel-Moore weak homology theories on Schk.

As the theory Ω∗(X)⊗L∗ Z is evidently the universal ordinary oriented Borel-
Moore weak homology theory on Schk, we can reformulate this theorem by saying
that CH∗ is the universal ordinary oriented Borel-Moore weak homology theory on
Schk. It is reasonable to conjecture that this statement still holds over any field.

To prove the theorem, we construct an explicit inverse morphism CH∗ → Ω∗⊗L∗
Z. Throughout this section, k will be a field of characteristic zero.

4.5.1. The map Z∗(X)→ Ω∗ ⊗L∗ Z. Given a finite type k-scheme X, we de-
note by Z∗(X) the free abelian group on the set of closed integral subschemes
Z ⊂ X, graded by the dimension of Z.

Lemma 4.5.2. Let π : Z̃ → Z be a projective birational morphism with Z and
Z̃ smooth over k. Then the class of the projective morphism Z̃ → Z:

[Z̃ → Z] = π∗1Z̃ ∈ Ω∗(Z)⊗L∗ Z

equals 1Z .

Proof. This follows from theorem 4.3.7 and corollary 4.4.8 because the classes
ω involved, being of positive degree, vanish in Ω∗(Z)⊗L∗ Z. �

Let X denote a finite type k-scheme, and let Z ⊂ X be a closed integral
subscheme of X.

Lemma 4.5.3. Let Z̃ → Z be a projective birational morphism with Z̃ smooth
over k. Then the class of the projective morphism Z̃ → X:

[Z̃ → X] ∈ Ω∗(X)⊗L∗ Z

depends only on Z. We denote this class by [Z ⊂ X].

Proof. Indeed, let f1 : Z̃1 → Z and f2 : Z̃2 → Z be projective birational
morphisms with Z̃1 and Z̃2 smooth. Letting Z̃3 → Z̃1 × Z̃2 be a resolution of
singularities of the closure of the graph of the birational map f−1

2 f1 : Z̃1 → Z̃2, the
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projective morphisms π1 : Z̃3 → Z̃1 and π2 : Z̃3 → Z̃2 are birational. We deduce
from lemma 4.5.2 that, in Ω∗(X)⊗L∗ Z, one has:

[Z̃1 → X] = f1∗(1Z̃1
) = f1∗(π1∗(1Z̃3

)) = (f1 ◦ π1)∗(1Z̃3
)

= (f2 ◦ π2)∗(1Z̃3
) = f2∗(π2∗(1Z̃3

)) = f2∗(1Z̃2
) = [Z̃2 → X],

thus establishing the lemma. �

Definition 4.5.4. For a finite type k-scheme X, we denote by

φ : Z∗(X)→ Ω∗(X)⊗L∗ Z
Z ⊂ X 7→ [Z ⊂ X]

the induced group homomorphism.

It is clear that the composition

Z∗(X)→ Ω∗(X)⊗L∗ Z→ CH∗(X)

is the canonical morphism.
Moreover we observe that φ : Z∗(X) → Ω∗(X) ⊗L∗ Z is an epimorphism: this

follows easily from theorem 4.3.7 and theorem 4.4.7. Finally, it follows from theo-
rem 2.5.12 and theorem 4.4.7 that φ is compatible with projective push-forwards.

Thus to finish the proof of theorem 4.5.1, it suffices to prove:

Lemma 4.5.5. Let X be a finite type k-scheme, let W ⊂ X be an integral
closed subscheme, and let f ∈ k(W )∗ be a rational function on W with divisor
div(f) ∈ Z∗(X). Then one has

φ(div(f)) = 0 ∈ Ω∗(X)⊗L∗ Z

Indeed, by definition, CH∗(X) is the quotient of Z∗(X) by the subgroup gen-
erated by the cycles of the form div(f). Thus lemma 4.5.5 implies that φ induces
a homomorphism CH∗(X)→ Ω∗(X)⊗L∗ Z which is surjective and right inverse to
Ω∗(X)⊗L∗ Z→ CH∗(X); φ is thus an isomorphism.

proof of lemma 4.5.5. Let W ⊂ X an integral closed subscheme W ⊂ X
and f a non-zero rational function on W . By resolution of singularities, there is a
projective birational morphism π : W̃ → W such that W̃ is in Smk and such that
the induced rational function f̃ on W̃ defines a morphism f̃ : W̃ → P1. We may also
assume that divf̃ is a strict normal crossing divisor on W̃ ; write divf̃ = D0 −D∞,
with D0 and D∞ effective and having no common components. In particular, the
strict normal crossing divisors D0 and D∞ have classes [D0 → W̃ ], [D∞ → W̃ ] in
Ω∗(W̃ ).

From our explicit formula for the class of a normal crossing divisor, and the
isomorphism Ωad∗ (k) ∼= Z (theorem 4.3.7), it follows that

φ(D0) = [D0 → W̃ ]Ωad ; φ(D∞) = [D∞ → W̃ ]Ωad .

Thus

φ(divf) = φ(π∗(D0 −D∞)) = π∗([D0 → W̃ ]Ωad − [D∞ → W̃ ]Ωad).

In addition, as OW̃ (D0) ∼= f̃∗OP1(1) ∼= OW̃ (D∞), we have

[D0 → W̃ ] = c̃1(f̃∗OP1(1))(1W̃ ) = [D∞ → W̃ ],

by proposition 3.1.9. This completes the proof of the lemma. �
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Remark 4.5.6. Let X ∈ Schk. We denote by I∗(X) ⊂ Ω∗(X) the kernel of
Ω∗(X)→ CH∗(X). Then theorem 4.5.1 implies that

I∗(X) = L≥1 · Ω∗(X).

4.5.2. A filtration of algebraic cobordism. Let X be a finite type k-scheme and
let n ≥ 0 be an integer. We define the graded subgroup

F (n)Ω∗(X) ⊂ Ω∗(X)

to be the one generated by classes [f : Y → X] with Y smooth, irreducible and
dim(Y ) − dimf(Y ) ≥ n. We observe that this is a sub-Ω∗(k)-module of Ω∗(X).
For X = Spec k one has F (n)Ω∗(k) = Ω∗≥n(k), the subgroup of elements of degree
≥ n. In characteristic zero, we moreover know that L∗ ∼= Ω∗(k). By the result of
the previous section, we have F (1)Ω∗(X) = I∗(X).

Theorem 4.5.7. Let X be a finite type k-scheme and let n ≥ 0 be an integer.
Then one has

F (n)Ω∗(X) = L≥n · Ω∗(X)

Proof. This follows easily from theorem 4.4.7. �

The associated bigraded abelian group ⊕nF (n)Ω∗(X)/F (n+1)Ω∗(X) is denoted
by Gr∗Ω∗(X). For X = Spec k it is canonically isomorphic to Ω∗(k) via the obvious
isomorphism: F (n)Ω∗(k)/F (n+1)Ω∗(k) = Ωn(k).

As
Gr∗Ω∗(X) ∼= ⊕nL≥n · Ω∗(X)/L≥n+1 · Ω∗(X)

and CH∗(X) = Gr0Ω∗(X), the multiplication map L∗ ⊗ Ω∗(X) → Ω∗(X) induces
the the canonical homomorphism of bigraded abelian groups

ΦX : L∗ ⊗ CH∗(X)→ Gr∗Ω∗(X).

Corollary 4.5.8. For any finite type k-scheme X, the map

ΦX : L∗ ⊗ CH∗(X)→ Gr∗Ω∗(X)

is an epimorphism of L∗-modules.

Remark 4.5.9. Using theorem 4.1.28 one can show that ΦX ⊗Q is an isomor-
phism.

4.5.3. Some computations.

Lemma 4.5.10. Let X be a finite type k-scheme. Then the group F (1)Ω0(X)
vanishes, and the canonical morphism

Ω0(X)→ CH0(X)

is an isomorphism.

Proof. This is an immediate consequence of corollary 4.5.8. Indeed, the ho-
momorphism

ΦX : L∗ ⊗ CH∗(X)→ Gr∗(Ω∗(X))
induces in bi-degree (0, 0) an epimorphism:

ΦX : L0 ⊗ CH0(X)→ Gr0(Ω0(X)) = Ω0(X)

which is left inverse to the canonical morphism Ω0(X)→ CH0(X). �
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Now we are going to study Ω1(X). By the theorem 4.5.7 we have an exact
sequence of abelian groups

L1 ⊗ Ω0(X)→ Ω1(X)→ CH1(X)→ 0

We recall that L1 is a free abelian group on the class [P1] so that the left hand side
is isomorphic to Z⊗ Ω0(X) = Ω0(X).

Lemma 4.5.11. Let X be a smooth k-scheme. Then the composition

Ω0(X) = Z⊗ Ω0(X)→ Ω1(X)→ K0(X)

is the canonical homomorphism CH0(X) = Ω0(X)→ K0(X) which maps a 0-cycle
to the class of its associated OX-module..

This is easy to prove and is left to the reader.
For a finite type k-scheme X, we have the reduced K0 of X, K̃0(X), defined as

the kernel of the rank map K0(X)→ H0(XZar,Z).

Corollary 4.5.12. (1) Let X be a smooth k-scheme of dimension 1. Then
the homomorphism Ω1(X)→ K0(X) is an isomorphism.

(2) Let X be a smooth k-scheme of dimension 2. Then the homomorphism Ω1(X)→
K0(X) is an monomorphism which identifies Ω1(X) with K̃0(X).

Proof. (1) By lemma 4.5.11, we know that the homomorphism Ω1(X) →
K0(X) induces a map from the exact sequence

CH0(X)→ Ω1(X)→ CH1(X)→ 0

to the short exact sequence

0→ CH0(X)→ K0(X)→ CH1(X)→ 0,

and is thus an isomorphism.

(2) We have the homomorphism det : K̃0(X)→ CH1(X) induced by assigning
to a vector bundle E of rank n the isomorphism class of its maximal exterior
power Λn(E) ∈ CH1(X) = Pic(X). For a smooth surface, it follows from the
Grothendieck-Riemann-Roch theorem that we have a short exact sequence

0→ CH0(X)→ K̃0(X) det−−→ CH1(X)→ 0.

Noting that Ω1(X) → K0(X) lands in K̃0(X) for reasons of dimension, we then
argue as in (1) to conclude the proof. �





CHAPTER V

Oriented Borel-Moore homology

The main task that remains is the extension of the pull-back morphisms f∗ :
Ω∗(X) → Ω∗(Y ) from smooth quasi-projective morphisms to arbitary morphisms
f : Y → X in Smk (of relative dimension d). In fact, we will work in a more
general context, giving pull-back morphisms f∗ : Ω∗(X) → Ω∗(Y ) for each local
complete intersection morphism f : Y → X in Schk. The proper context for this
construction is that of an oriented Borel-Moore homology theory on Schk. As we
shall see in §5.1, this notion simultaneously extends both that of an oriented Borel-
Moore weak homology theory on Schk and that of an oriented cohomology theory
on Smk.

We begin with the definition of an oriented Borel-Moore homology theory in
§5.1 and then we relate this notion to that of an oriented Borel-Moore weak homol-
ogy theory on Schk, and an oriented cohomology theory on Smk.

5.1. Oriented Borel-Moore homology theories

5.1.1. Admissible subcategories and l.c.i. morphisms. Let S be a noetherian
separated scheme. We let SchS denote the category of finite type separated S-
schemes and SmS the full subcategory of smooth quasi-projective S-schemes.

Recall that a closed immersion i : Z → X is called a regular imbedding if
the ideal sheaf of Z in X is locally generated by a regular sequence. Also, a
local complete intersection morphism in SchS , an l.c.i. morphism for short, is a
morphism f : X → Y of flat finite type S-schemes which admits a factorization as
f = q ◦ i, where i : X → P is a regular imbedding and q : P → Y is a smooth,
quasi-projective morphism.

Let V ⊂ SchS be an admissible subcategory (1.1.1). We note that each admis-
sible subcategory of SchS contains SmS . We let V ′ denote the subcategory of V
consisting of only projective morphisms.

We sometimes require additional objects in V, as described by the modified
version of (1.1.1)(2):
(5.1.1)

(2)′ (a) If Y → X is an l.c.i. morphism with X ∈ V, then Y ∈ V.
(b) Let i : Z → X be a regular embedding in V. Then the blow-up of X

along Z is in V.

We will refer to a full subcategory V of SchS satisfying (1.1.1)(1)-(4) and (2)′ as
an l.c.i.-closed admissible subcategory of SchS .

Remark 5.1.1. Let i : Z → X be a regular embedding in SchS , let µ : XZ → X
be the blow-up of X along Z and let I be the ideal sheaf of Z. Suppose that X has
a line bundle L such that I ⊗L is generated by global sections; this will be the case

115



116 V. ORIENTED BOREL-MOORE HOMOLOGY

if for instance X is a quasi-projective R-scheme for some commutative noetherian
ring R. Then µ is a projective l.c.i. morphism (see lemma 7.2.3(2) below).

Thus, in case S is a quasi-projective R-scheme for some commutative noetherian
ring R, and V is an admissible subcategory of SchS consisting of quasi-projective
S-schemes, then V is l.c.i.-closed if and only if V satisfies (2)′(a) above.

Remarks 5.1.2. (1) Our notion of an l.c.i. morphism f : X → Y may differ
somewhat from other texts, as we require that the smooth morphism in the factor-
ization be quasi-projective, and that X and Y be flat over S.

(2) For the basic properties of regular imbeddings and l.c.i. morphisms, we refer the
reader to [7, Appendix B.7]. For example, if f : X → Y is an l.c.i. morphism, and
if we have any factorization of f as q ◦ i, where i : X → P is a closed imbedding and
q : P → Y is smooth, then i is automatically a regular imbedding. In particular,
if f : X → Y is a quasi-projective morphism of flat finite type S-schemes, then
the condition that f be an l.c.i. morphism is local on X (for the Zariski topology).
Also, the composition of two regular embeddings is a regular embedding.

(3) If f : X → Y and g : Y → Z are l.c.i. morphisms, then so is g ◦ f : X → Z.
Indeed, factor f and g as f = q1i1, g = q2i2, with i1 : X → P1, i2 : Y → P2 regular
imbeddings, and q1 : P1 → Y , q2 : P2 → Z smooth and quasi-projective. Since q1 is
quasi-projective, we can factor q1 as a (locally closed) immersion i′ : P1 → Y ×S PN
followed by the smooth projection p1 : Y ×S PN → Y . Since Y → P2 is quasi-
projective, there is an open subscheme U ⊂ P2 ×S PN containing (i2 × Id)(i(P1))
such that P1 → Y ×P2 U is a closed immersion. By (2), we may replace P1 with
Y ×P2 U , giving the commutative diagram

X
i◦i1 //

f
##H

HHHHHHHHH Y ×P2 U
p2 //

p1

��

U

q

��

Y
i2 //

g
$$I

IIIIIIIII P2

q2

��

Z

with i ◦ i1 a regular imbedding, q smooth and quasi-projective, and the square
cartesian. This gives the desired factorization g ◦ f = (q2q) ◦ (p2ii1).

Similarly, if fi : Xi → Yi, i = 1, 2 are l.c.i. morphisms, then the product
f1 × f2 : X1 ×S X2 → Y1 ×S Y2 is also an l.c.i. morphism. This follows from the
fact that a flat pull-back of a regular imbedding is a regular imbedding.

(4) We call a finite type S-scheme p : X → S an l.c.i. S-scheme if p is an l.c.i.
morphism, and let LciS denote the full subcategory of SchS with objects the l.c.i.
S-schemes. From our above remarks, LciS satisfies the conditions (1.1.1)(1)-(4)
and (5.1.1), i.e., LciS is an l.c.i.-closed admissible subcategory of SchS . Clearly
every l.c.i.-closed admissible subcategory of SchS contains LciS .

(5) Let f : X → Z and g : Y → Z be morphisms in SchS . Suppose that f : X → Z
is an l.c.i. morphismand that f and g are Tor-independent. Then the projection
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X ×Z Y → Y is an l.c.i. morphism. Similary, let f be an l.c.i. morphism in LciS ,
and g a morphism in LciS . If f and g are Tor-independent (i.e. transverse in
SchS), then X ×Z Y is in LciS , hence f and g are transverse in LciS .

5.1.2. Oriented Borel-Moore homology. We introduce the notion of an oriented
Borel-Moore homology theory.

Given a rank n locally free sheaf E on X ∈ V, let q : P(E) → X denote the
projective bundle of rank one quotients of E , with tautological quotient invertible
sheaf q∗E → O(1)E . We let O(1)E denote the line bundle on P(E) with sheaf of
sections O(1)E .

We call a functor F : V ′ → Ab∗ additive if F (∅) = 0 and the canonical map
F (X)⊕ F (Y )→ F (X

∐
Y ) is an isomorphism for all X, Y in V.

Definition 5.1.3. Let V be an admissible subcategory of SchS . An oriented
Borel-Moore homology theory A on V is given by

(D1). An additive functor

A∗ : V ′ → Ab∗ , X 7→ A∗(X).

(D2). For each l.c.i. morphism f : Y → X in V of relative dimension d, a
homomorphism of graded groups

f∗ : A∗(X)→ A∗+d(Y ).

(D3). An element 1 ∈ A0(S) and, for each pair (X,Y ) of objects in V, a bilinear
graded pairing:

A∗(X)⊗A∗(Y )→ A∗(X ×S Y )
u⊗ v 7→ u× v,

called the external product, which is associative, commutative and admits
1 as unit element.

These satisfy

(BM1). One has Id∗X = IdA∗(X) for any X ∈ V. Moreover, given composable l.c.i.
morphisms f : Y → X and g : Z → Y in V of pure relative dimension,
one has (f ◦ g)∗ = g∗ ◦ f∗.

(BM2). Let f : X → Z and g : Y → Z be morphisms in V. Suppose that f and g
are transverse in V, that f is projective and that g is an l.c.i. morphism,
giving the cartesian square

W
g′
//

f ′

��

X

f

��

Y g
// Z.

Note that f ′ is projective and g′ is an l.c.i. morphism. Then g∗f∗ = f ′∗g
′∗.

(BM3). Let f : X ′ → X in V and g : Y ′ → Y be morphisms in V. If f and g are
projective, then for u′ ∈ A∗(X ′) and v′ ∈ A∗(Y ′) one has

(f × g)∗(u′ × v′) = f∗(u′)× g∗(v′).
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If f and g are l.c.i. morphisms, then for u ∈ A∗(X) and v ∈ A∗(Y ) one
has

(f × g)∗(u× v) = f∗(u)× g∗(v)
(PB). For L → Y a line bundle on Y ∈ V with zero-section s : Y → L, define

the operator
c̃1(L) : A∗(Y )→ A∗−1(Y )

by c̃1(L)(η) = s∗(s∗(η)). Let E be a rank n+ 1 locally free coherent sheaf
on X ∈ V, with projective bundle q : P(E)→ X. For i = 0, . . . , n, let

ξ(i) : A∗+i−n(X)→ A∗(P(E))

be the composition of q∗ : A∗+i−n(X) → A∗+i(P(E)) with c̃1(O(1)E)i :
A∗+i(P(E))→ A∗(P(E)). Then the homomorphism

Σn−1
i=0 ξ

(i) : ⊕ni=0A∗+i−n(X)→ A∗(P(E))

is an isomorphism.
(EH). Let E → X be a vector bundle of rank r overX ∈ Schk, and let p : V → X

be an E-torsor. Then p∗ : A∗(X)→ A∗+r(V ) is an isomorphism.
(CD). For integers r,N > 0, let W = PN ×S . . . ×S PN (r factors), and let

pi : W → PN be the ith projection. Let X0, . . . , XN be the standard
homogeneous coordinates on PN , let n1, . . . , nr be non-negative integers,
and let i : E → W be the subscheme defined by

∏r
i=1 p

∗
i (XN )ni = 0.

Suppose that E is in V. Then i∗ : A∗(E)→ A∗(W ) is injective.

Example 5.1.4. The locally finite singular homology and étale homology the-
ories studied in [6] are examples of oriented Borel-Moore homology theories.

Example 5.1.5. The Chow groups functor X 7→ CH∗(X) on Sch′k. One can
check, using the projective push-forwards, the pull-backs and their properties de-
scribed in [7], that CH∗ is indeed endowed with such a structure. In fact, there
is one and only one structure of oriented Borel-Moore homology theory on CH∗
whose underlying structure gives the usual one. This follows rather easily from [7].

Example 5.1.6. The functor X 7→ G0(X)[β, β−1] can be shown as well to
admit a unique structure of oriented Borel-Moore homology theory on V whose
underlying structure is the usual one.

Remark 5.1.7. The axiom (CD) may appear at first glance to be somewhat
unnatural, but it is implied by a cellular decomposition property enjoyed by many
examples of oriented Borel-Moore homology theories, namely:

(CD′). Let E be a scheme in V. Suppose that the reduced subscheme Ered has a
filtration by reduced closed subschemes

∅ = E0 ⊂ E1 ⊂ . . . ⊂ EN = Ered

such that
(a) Ei \ Ei−1 is a disjoint union of its irreducible components.
(b) Each irreducible component E0

ij of Ei \Ei−1 is an affine space ANij

S .
(c) Let Eij be the closure of E0

ij in Ei. Then Eij is smooth over S.
Then the evident map

∐
i,j Eij → E induces a surjection

⊕i,jA∗(Eij)→ A∗(E).
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We will verify in §5.2.4 that (CD′) implies (CD). Since we will only need this special
consequence of the cellular decomposition property, we list only the property (CD)
as an axiom, even though it may seem less natural than the axiom (CD′).

We will be mostly interested in the sequel in the case S is the spectrum of a field
and V is the category of finite type k-schemes. However, many of the problems we
have considered the previous chapters for V = Schk have interesting generalizations
for other choices of V. One can easily develop a general theory of Chern classes of
vector bundles as in §4.1. Taking for instance V to be the category of finite type
S-schemes which are regular, one has the oriented Borel-Moore homology theory

X 7→ K0(X)[β, β−1].

Then, for a given multiplicative and periodic theory A∗, the assignment E 7→
rank(E) − cA1 (E∨) gives a natural transformation chA : K0[β, β−1] → A∗, which
makes K0[β, β−1] the universal multiplicative and periodic oriented Borel-Moore
homology theory. This raises the question of whether the analogues of theo-
rems 1.2.2 and 1.2.6 are still valid in the general situation. When S = Spec (k)
for a field k which is not perfect, for example, then one can take for V one of the
three following categories: that of all finite type k-schemes, that of all regular finite
type k-schemes, that of all smooth finite type k-schemes, and we do not know if
the analogues of theorems 1.2.2 and 1.2.6 remain true in these cases.

Another interesting example is the category LciS . This may be viewed as the
largest full subcategory of SchS for which each object πX : X → S has an obvious
fundamental class 1X := π∗X(1)1. As we shall see in §7.3, from the point of view
of algebraic cobordism an l.c.i. S-scheme is essentially the same as a smooth S-
scheme. For instance, one has a virtual normal bundle for an l.c.i. S-scheme, and
a reasonable theory of Chern “numbers” for those which are projective over S.

5.1.3. Fundamental classes. Let A∗ be an oriented Borel-Moore homology the-
ory on an admissible subcategory V of SchS .

Definition 5.1.8. Let pX : X → S be an l.c.i. scheme over S. Define the
fundamental class of X, 1X ∈ A∗(X), by 1X := p∗X(1), where 1 ∈ A0(S) is the unit
element.

For f : Y → X a projective morphism in V, with Y ∈ LciS , we write [f : Y →
X]A for f∗(1Y ). We omit the A in the notation if the context makes the meaning
clear.

Remark 5.1.9. Take S = Spec k, k a field. X → Spec k is an l.c.i. morphism
if and only X is a local complete intersection closed subscheme of a smooth quasi-
projective P over k. In particular, an l.c.i. k-schemeX is a Cohen-Macaulay scheme,
soX is unmixed (has no embedded components) and is locally equi-dimensional over
k. Thus, for such a scheme, we may use cohomological notation: An(X) = Ad−n(X)
if X is connected of dimension d over k, and then extend to locally equi-dimensional
X by taking the direct sum over the connected components. In particular, the
fundamental class 1X is in A0(X).

1It is not clear if LciS is in fact the largest full subcategory of SchS for which one can define
natural fundamental classes, but one can show by examples (see [15]) that it is impossible to

define natural fundamental classes on all of SchS , even for S = Spec k, k a field.
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Remark 5.1.10. Let f : Y → X be an l.c.i. morphism of l.c.i. S-schemes. Then
f∗(1X) = 1Y .

The axioms for an oriented Borel-Moore homology theory yield a simple de-
scription of the first Chern class operator c̃1(L) in case L admits a section which is
a non-zero divisor.

Lemma 5.1.11. Let A be an oriented Borel-Moore homology theory on some
admissible subcategory V of SchS. Take X ∈ V, L → X a line bundle with sheaf
of sections L. Let s : X → L a section such that the induced map ×s : OX → L is
injective, and let i : D → X be the Cartier divisor defined by s = 0. Suppose that
D is in V. Then

c̃1(L) = i∗i
∗.

Proof. Let s0 : X → L be the zero section. Then both s and s0 are regular
embeddings. We first show that

s∗0 = s∗ : A∗(L)→ A∗−1(X).

Indeed, we have the map s(t) : X × A1 → L defined by s(t) = ts + (1 − t)s0,
where A1 = Spec k[t]. Letting i0, i1 : X → X × A1 be the sections with value
0,1, respectively, it follows from the homotopy property (EH) that i∗0 = i∗1, hence
s∗0 = s∗, as claimed.

Now consider the cartesian square

D
i //

i

��

X

s0

��

X s
// L

By our assumption that ×s is injective, this square is Tor-independent; since D
is in V, s0 and s are transverse in V. Clearly s0 is projective and s is an l.c.i.
-morphism, hence by (BM2)

s∗s0∗ = i∗i
∗.

Since s∗ = s∗0, this shows that i∗i∗ = c̃1(L), as desired. �

Proposition 5.1.12. Let S be a Cohen-Macaulay scheme, V an l.c.i. closed
admissible subcategory of SchS, and A∗ an oriented Borel-Moore homology theory
on V. Let X be an l.c.i. scheme over S, p : L → X a line bundle. Let s : X → L
be a section of L such that the subscheme i : E → X defined by s = 0 has pure
codimension one on X. Then

i∗(1E) = c̃1(L)(1X)

in A1(X).

Proof. Since X is an l.c.i. scheme over S, X is also a Cohen-Macaulay scheme.
Thus s is a (local) non-zero divisor, hence E is also an l.c.i. scheme and the inclusion
i is a regular embedding. In particular, 1E = i∗(1X). Also, since s is a non-zero
divisor, we may apply lemma 5.1.11, giving

c̃1(L)(1X) = i∗(i∗(1X)) = i∗(1E),

as desired. �
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5.1.4. Operational structure. Let A∗ be an oriented Borel-Moore homology
theory on some admissible subcategory V of SchS . For Y in SmS of pure dimension
d over S, let An(Y ) := Ad−n(Y ). Since Y is smooth over S, the diagonal δY : Y →
Y ×S Y is a regular embedding, so we may define a product on A∗(Y ) by

a ∪Y b := δ∗Y (a× b).

This makes A∗(Y ) into a commutative graded ring with unit 1Y , natural with
respect to pull-back in Sm/S.

Similarly, for each morphism f : Z → Y in V, the graph

(IdZ , f) : Z → Z ×S Y

is a regular embedding, and we may make A∗(Z) into a graded A−∗(Y )-module by

a ∩f b := (IdZ , f)∗(b× a)

for a ∈ A∗(Y ), b ∈ A∗(Z).
The following properties are easy to verify (see the proof of proposition 5.2.1

below for details on the projection formula (4)):

(5.1.2)

(1) For Y ∈ Sm/S,
a ∩IdY

b = a ∪Y b
for all a ∈ A∗(Y ), b ∈ A∗(Y ).

(2) For a composition W
g−→ Z

f−→ Y in V with Y in Sm/S and g an l.c.i.
morphism, we have

a ∩fg g∗(b) = g∗(a ∩f b)

for a ∈ A∗(Y ), b ∈ A∗(Z).

(3) For a composition W
g−→ Z

f−→ Y in V with f : Z → Y a morphism in
Sm/S, we have

a ∩fg b = a ∩g f∗(b)
for a ∈ A∗(Y ), b ∈ A∗(W ).

(4) For a composition W
g−→ Z

f−→ Y in V with g projective and Y in Sm/S,
we have

g∗(a ∩fg b) = a ∩f g∗(b)
for a ∈ A∗(Y ), b ∈ A∗(W ).

(5) For f : Z → Y a morphism in V with Y in Sm/S, and L → Y a line
bundle, we have

c̃1(f∗L)(b) = c̃1(L)(1Y ) ∩f b

for all b ∈ A∗(Z).

5.2. Other oriented theories

We relate the notion of oriented Borel-Moore homology to oriented cohomology
and oriented Borel-Moore weak homology.
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5.2.1. Oriented cohomology. Let V be an admissible subcategory of SchS . We
recall from definition 1.1.2 the notion of an oriented cohomology theory on V. In
general, an oriented cohomology theory on V is not equivalent to an oriented Borel-
Moore homology theory on V, but, as we shall see in this section, for V = SmS ,
the two notions coincide.

Indeed, let A∗ be an oriented Borel-Moore homology theory on SmS , and
let A∗ be the theory A with cohomological grading: An(X) = An−dimSX(X) for
X → S smooth and of pure dimension over S; in general, one takes direct sums
over the connected components of X. The cup product on A∗(X) was defined
in section 5.1.4. Conversely, if A∗ is a cohomology theory on SmS , let A∗ be A
with homological grading, An(X) = AdimSX−n(X). Define the external product of
α ∈ A∗(X), β ∈ A∗(Y ) by α× β := p∗1(α) ∪ p∗2(β) ∈ A∗(X ×S Y ).

Proposition 5.2.1. The operations A∗ 7→ A∗, A∗ 7→ A∗ give equivalences of
the category of oriented Borel-Moore homology theories on SmS with the category
of oriented cohomology theories on SmS.

Proof. Suppose we are given an oriented Borel-Moore homology theory A∗
on SmS . Since the external product is unital, commutative and associative, the
same is true for the cup product, where the unit is 1X := p∗X(1), pX : X → S being
the structure morphism. Noting that each morphism X → Y in SmS is an l.c.i.
morphism, axiom (BM1) defines A∗ as a functor from SmS to graded groups, and
axiom (BM3) shows that the cup product is functorial. Thus, A∗ is a commutative
ring valued functor on SmS .

To show that A∗ is an oriented cohomology theory on SmS , we need to show
that

(1) If f : Y → X is a projective morphism in SmS of relative dimension
d, then the push-forward f∗ : A∗(Y ) → A∗−d(X) is A∗(X)-linear (the
projection formula).

(2) For a line bundle p : L→ X on X ∈ SmS , the Chern class endomorphism
c̃1(L) : A∗(X)→ A∗+1(X) is given by cup product with c1(L).

For (1), we have the commutative diagram, in which the square is cartesian:

Y ×S Y
Id×f

&&LLLLLLLLLL

Y
(Id,f)

//

δY

;;wwwwwwwww

f

��

Y ×S X

f×Id

��

X
δX

// X ×S X.
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In addition, the maps f × Id and δX are transverse in SmS . Using axioms (BM1),
(BM2) and (BM3), we have

f∗(α ∪ f∗(β)) = f∗(δ∗Y (α× f∗(β)))

= f∗(δ∗Y ◦ (Id× f)∗(α× β))

= f∗ ◦ (Id, f)∗(α× β)

= δ∗X ◦ (f × Id)∗(α× β)

= δ∗X(f∗(α)× β)

= f∗(α) ∪ β.

For (2), let s : X → L be the zero section. Then c1(L) = s∗(s∗(1X)) by
definition, while for η ∈ A∗(X),

c̃1(L)(η) := s∗(s∗(η))

= s∗(s∗(1X ∪ s∗(p∗η)))
= s∗(s∗(1X) ∪ p∗η)
= s∗(s∗(1X)) ∪ η
= c1(L) ∪ η.

Similarly, given an oriented cohomology theory A∗ on SmS , the functor A∗
on the projective morphisms of SmS evidently satisfies all the axioms of an ori-
ented Borel-Moore homology theory, with the possible exception of (BM2) for
push-forward and the axiom (CD). For the axiom (BM2), it suffices to show that
(f × Id)∗(α× β) = f∗(α)× β for a projective morphism f : X ′ → X in SmS ; this
follows easily from the projection formula and (A2):

(f × Id)∗(α× β) = (f × Id)∗(p∗1(α) ∪ p∗2(β))

= (f × Id)∗(p∗1(α) ∪ (f × Id)∗(p∗2(β)))

= (f × Id)∗(p∗1(α)) ∪ p∗2(β)(projection formula)

= p∗1(f∗(α)) ∪ p∗2(β)(A2)

= f∗(α)× β

For the axiom (CD), since V = SmS , the only choice for E (up to permuting
the factors in W := (PN )r) is E = PN−1 × PN . . .× PN . By repeated applications
of the projective bundle formula, A∗(W ) is the free A∗(S)-module on the classes
ξn1
1 · . . . · ξnr

r , 0 ≤ ni ≤ N , where ξi = c1(p∗i (O(1))), and pi : W → PN is the ith
projection. Similarly, A∗(E) is the free A∗(S)-module on the classes ξ̄n1

1 · . . . · ξ̄nr
r ,

0 ≤ n1 ≤ N − 1, 0 ≤ ni ≤ N , i = 2, . . . , r, where ξ̄i is the restriction of ξi to E. Let
i : E → W be the inclusion, and let 1E be the unit in A∗(E). By the projection
formula and lemma 5.2.3 below, we have

i∗(ξ̄n1
1 · . . . · ξ̄nr

r ) = i∗(i∗(ξn1
1 · . . . · ξnr

r ) ∪ 1E)

= ξn1
1 · . . . · ξnr

r ∪ i∗(1E)

= ξn1+1
1 · . . . · ξnr

r

Thus i∗ : A∗(E)→ A∗+1(W ) is injective, verifying (CD). �

Remark 5.2.2. We have actually proved a bit more in proposition 5.2.1, in that
we never used the axiom (CD) in showing that an oriented Borel-Moore homology



124 V. ORIENTED BOREL-MOORE HOMOLOGY

theory gives rise to a cohomology theory. In particular, for V = SmS , the axiom
(CD) is a consequence of the other axioms.

5.2.2. Cohomology and weak cohomology. In this section, k is an arbitrary
field. We proceed to show that any oriented cohomology theory on Smk defines an
oriented weak cohomology theory on Smk. Consider the following property (taken
from definition 2.2.1):
(Sect*). Let L→ Y be a line bundle on some Y ∈ SmS , s : Y → L a section trans-

verse to the zero-section (in SmS) and i : D → Y the closed immersion
of the zero subscheme of s. Then

c1(L) = i∗(1D).

Lemma 5.2.3. Let S be a Cohen-Macaulay scheme and let A∗ be an oriented
cohomology theory on SmS. The property (Sect*) holds for A∗.

Proof. Let A∗ be the oriented Borel-Moore homology theory on SmS given
by proposition 5.2.1. By proposition 5.1.12, we have

c1(L) := c̃1(L)(1Y ) = i∗(1D)

�

We now specialize to S = Spec k.

Proposition 5.2.4. Let k be a field and let A∗ be an oriented cohomology
theory on Smk. Then A∗ defines an an oriented weak cohomology theory on Smk

with first Chern class operator c̃1(L) given by

c̃1(L)(η) = c1(L) ∪ η.

Proof. Let A∗ be an oriented cohomology theory on Smk. Changing to homo-
logical notation, we have by proposition 5.2.1 the oriented Borel-Moore homology
theory A∗ with c̃1(L)(η) = c1(L) ∪ η. In particular, A∗ is an oriented Borel-Moore
functor with product, satisfying the axioms (PB) and (EH) of §4.1.1. We have just
shown in lemma 5.2.3 that A∗ satisfies (Sect*), hence A∗ satisfies (Sect). Thus by
lemma 4.1.3, A∗ satisfies the axiom (Nilp) of remark 2.2.3.

Next, we show that A∗ satisfies the axiom (Loc) of §4.1.1. For this, take
X ∈ Smk with line bundle L and a smooth closed subscheme i : D → X such that
L admits a section s, transverse to the zero-section, with zero-locus contained in
D; we may suppose that D is the divisor of s. By (Sect*), c̃1(L) is cup product
with i∗(1D), so for x ∈ A∗(X), we have

c̃1(L)(x) = i∗(1D) ∪ x = i∗(i∗x),

verifying (Loc) for A∗.
Let FA(u, v) ∈ A∗(k)[[u, v]] be the formal group law given by corollary 4.1.8.

To complete the proof, we need only show that A∗ satisfies the axiom (FGL) for
this group law. Since c̃1(L)(η) = c1(L) ∪ η, we need to show that, for line bundles
L,M on Y ∈ Smk,

FA(c1(L), c1(M)) = c1(L⊗M)
in A1(X). Since X is quasi-projective over k, we may use Jouanolou’s trick (and
axiom (EH)) to replace X with a smooth affine scheme over k. Thus we may
assume that L and M are globally generated on X, and so there are morphisms
f : X → Pn, g : X → Pm with L ∼= f∗(γn), M ∼= g∗(γm). The naturality of c1
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reduces us to the case X = Pn × Pm, L = p∗1(γn), M = p∗2(γm), which is follows
from corollary 4.1.8. �

Remark 5.2.5. Proposition 5.2.4 implies lemma 1.1.3, clearing up that bit of
unfinished business.

5.2.3. Weak homology theories. Fix a field k. In this section V will be an
admissible subcategory of Schk. We relate the notions of oriented Borel-Moore
homology and oriented Borel-Moore weak homology (see definition 4.1.9).

Proposition 5.2.6. Let A∗ be an oriented Borel-Moore homology theory on V.
By restricting the pull-back maps f∗ to smooth quasi-projective morphisms f : Y →
X in V having pure relative dimension, A∗ defines an oriented Borel-Moore weak
homology theory on V, also denoted A∗.

Proof. We need to show (see remark 4.1.10(2)):
(1) Let L be a line bundle on some X ∈ V. If f : Y → X is a smooth

morphism in V, then c̃1(f∗L) ◦ f∗ = f∗ ◦ c̃1(L). If f : Y → X is a
projective morphism in V, then f∗ ◦ c̃1(f∗L) = c̃1(L) ◦ f∗.

(2) If L and M are line bundles on X ∈ V, then c̃1(L)◦c̃1(M) = c̃1(M)◦c̃1(L).
(3) Let X and Y be in V, and L→ X be a line bundle on X. For α ∈ A∗(X),

β ∈ A∗(Y ), we have

c̃1(L)(α)× β = c̃1(p∗1L)(α× β),

where p1 : X ×k Y → X is the projection.
(4) A∗ has the structure of an oriented Borel-Moore L∗-functor and the axioms

(Sect), (FGL) and (Loc) of definition 2.2.1 are valid for A∗.
The property (1) follows easily from the functoriality of smooth pull-back

(BM1) and projective push-forward, plus axiom (BM2) applied to the transverse
cartesian diagram

Y
f∗s
//

f

��

f∗L

fL

��

X s
// L.

For (2), we have the transverse cartesian diagram

X
sL //

sM

��

L

s̃M

��

M
s̃L

// L⊕M.

Applying (BM2) and the functoriality of smooth pull-back and projective push-
forward, we have

c̃1(M) ◦ c̃1(L) = s∗MsM∗s
∗
LsL∗

= s∗M s̃
∗
Ls̃M∗sL∗

= s∗Ls̃
∗
M s̃L∗sM∗

= s∗LsL∗s
∗
MsM∗

= c̃1(L) ◦ c̃1(M).
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(3) is an easy consequence of (BM3).
For (4), we note that A∗ satisfies the axiom (Sect): Let p : Y → Spec k be

in Smk and let 1Y = p∗(1). Let L → Y be a line bundle on some Y ∈ Smk,
s : Y → L a section transverse to the zero-section (in Smk) and i : Z → Y the
closed immersion of the zero subscheme of s. Then

c̃1(L)(1Y ) = i∗(1Z).

Indeed, by proposition 5.2.1, A∗ defines an oriented cohomology theory A∗ on Smk,
and by lemma 5.2.3, (Sect*) holds for A∗. Since c̃1(L)(η) = c1(L) ∪ η for L → X
a line bundle on X ∈ Smk and for η ∈ A∗(X) (see the proof of proposition 5.2.1),
it follows that (Sect) holds for A∗. We note that, by lemma 4.1.3, A∗ satisfies the
axiom (Nilp).

To give the L∗-structure and to verify (FGL), we need to show: there is a power
series FA(u, v) ∈ A∗(k)[[u, v]] such that, given line bundles L and M on Y ∈ Smk,
we have

FA(c̃1(L), c̃1(M))(1Y ) = c̃1(L⊗M)(1Y ).
Indeed, by the axiom (Nilp), the left-hand side of this equation makes sense; the
commutativity and associativity of tensor product, together with the vanishing of
c̃1(OY )(1Y ), imply that FA is a formal group law, which yields the L∗-structure.

Since, by proposition 5.2.1, the oriented Borel-Moore homology theory A∗,
restricted to Smk, defines an oriented cohomology theory on Smk, the existence of
FA satisfying axiom (FGL) follows from lemma 1.1.3 and proposition 5.2.4.

Finally, to prove (Loc), take X in V, L → X a line bundle, and s a section
of L such that s is transverse in V to the zero-section of L. Let i : D → X be
the zero-subscheme of s. In particular, s and the zero-section are Tor-independent,
which implies that s is a non-zero divisor on X. Also, D is in V. We may therefore
apply lemma 5.1.11 to yield the identity

c̃1(L)(x) = i∗(i∗(x))

for all x ∈ A∗(X), proving (Loc). �

Remark 5.2.7. One consequence of propositions 5.2.1 and 5.2.6 is that an
oriented cohomology theory A∗ on Smk gives rise to an oriented Borel-Moore weak
homology theory A∗ on Smk.

Definition 5.2.8. Given an oriented Borel-Moore homology theory A∗ on some
admisible V ⊂ Schk, the oriented Borel-Moore weak homology theory it defines is
called the underlying one. Similarly, if A∗ is an oriented cohomology theory on
Smk, the oriented Borel-Moore weak homology theory A∗ it defines is called the
underlying one.

Conversely, given an oriented Borel-Moore weak homology theory A∗ on V, we
say that A∗ admits a structure of an oriented Borel-Moore homology theory if there
is such a theory Ã∗ whose underlying oriented Borel-Moore weak homology theory
is A∗. For V = Smk, we say that A∗ admits a structure of an oriented cohomology
theory if there is such a theory Ã∗ whose underlying oriented Borel-Moore weak
homology theory is A∗.

Remark 5.2.9 (Extended nilpotence and formal group law axioms). Let A∗
be an oriented Borel-Moore homology theory. The axioms (Nilp) and (FGL) refer
only to identities satisfied by the first Chern class operators after evaluation on a
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fundamental class 1Y for Y ∈ SmS , so it is natural to ask if these identities are
satisfied as operators on all of A∗(X). In fact, this is the case, at least for S affine,
and X quasi-projective over S, or if X is itself affine (without restriction on S); the
operator version of (Dim) is likewise satisfied for all affine X if S = Spec k.

Indeed, we can use Jouanolou’s trick to replace X with an affine scheme X ′

admitting a smooth quasi-projective morphism p : X ′ → X such that p∗ : A∗(X)→
A∗+r(X ′) is an isomorphism. Thus, for a line bundle L on X, there is a morphism
f : X ′ → Pn for some n such that p∗L ∼= f∗(O(1)); in fact, we may take n to be the
Krull dimension dimX ′ of X ′. Using the properties (5.1.2) of the A−∗(Pn)-module
structure on A∗(X ′) given by f , we have

p∗(c̃1(L)(x)) = c̃1(p∗L)(p∗(x)) = c1(O(1)) ∩f p∗(x)
for all x ∈ A∗(X), where c1(O(1)) := c̃1(O(1))(1Pn). Since c̃1(O(1))n+1(1Pn) = 0,
we see that c̃1(L)n+1 = 0. In particular, if X is itself affine, we have the identity

c̃1(L)dimX+1 = 0

for any line bundle L on X, where dimX is the Krull dimension of X; since dimX =
dimkX for X of finite type over a field k, this verifes the operator version of (Dim)
in this case.

The identity
FA(c̃1(L), c̃1(M)) = c̃1(L⊗M)

for L,M line bundles on X is proved similarly.

5.2.4. The axiom (CD). We conclude this section by showing that the axiom
(CD′) of remark 5.1.7 implies the axiom (CD) of definition 5.1.3, and that the
axiom (CD′) is implied by a certain localization property. In this section, S is a
noetherian separated Cohen-Macaulay scheme and V is an admissible subcategory
of SchS .

Lemma 5.2.10. Suppose V contains LciS. Suppose we are given the data from
definition 5.1.3 (D1)-(D3) of an oriented Borel-Moore homology theory A∗ on V,
satisfying the axioms of definition 5.1.3, with the possible exception of the axiom
(CD), and suppose that A∗ satisfies the axiom (CD′) of remark 5.1.7. Then A∗
satisfies the axiom (CD).

Proof. Let E be as in axiom (CD); Note that E is in LciS , hence in V. We
may suppose that n1, . . . , nm are non-zero and nm+1, . . . , nr are all zero.

Let X0, . . . , XN be the standard homogeneous coordinates on PN , and let Xi
j =

p∗i (Xj), where pi : W = (PN )r → PN is the ith projection.
We may thus write Ered as a strict normal crossing divisor Ered =

∑m
i=1Ei,

with
Ei = PN × . . .× PN−1 × . . .× PN ⊂ (PN )r,

with the PN−1 the linearly imbedded subspace of PN defined by Xi
N = 0, i =

1, . . . ,m.
By proposition 5.2.1 and remark 5.2.2, A∗ defines an oriented cohomology the-

ory A∗ on SmS ; we have also shown in the proof of proposition 5.2.1 that

c̃1(L)(η) = c1(L) ∪ η
for L → Y a line bundle on Y ∈ SmS and η ∈ A∗(Y ) = A∗(Y ). By lemma 5.2.3,
the property (Sect*) is valid for A∗. Using these two properties, together with



128 V. ORIENTED BOREL-MOORE HOMOLOGY

repeated applications of the axiom (PB), we see that A∗(Pm1 × . . . × Pmr ) is a
free A∗(S)-module with basis the classes î∗(1Pa1×...×Par ), where 0 ≤ aj ≤ nj for
1 ≤ j ≤ r, and where

î : Pa1 × . . .× Par → Pm1 × . . .× Pmr

is the subscheme defined by the vanishing of mj − aj coordinates Xj
l , j = 1, . . . , r.

It follows from the axiom (Sect*) that the class î∗(1Pa1×...×Par ) is independent of
the particular mj − aj coordinates chosen.

Using the standard cellular decomposition of each Ei, we have a filtration of
Ered satisfying the conditions of axiom (CD′), and with each of the “closed cells” of
the form of an imbedded product Pa1×. . .×Par in some Ei, defined by the vanishing
of coordinatesXj

l as above. If a given product Pa1×. . .×Par should occur twice, say
as a cell C in Ei and another cell C ′ in Ei′ , then both ai ≤ N−1 and ai′ ≤ N−1, so
there is a cell C ′′ of the same type in Ei∩Ei′ . Thus iC∗(1C) = iC′′∗(1C′′) = iC′∗(1C′)
in A∗(E), where iC : C → E, iC′ , iC′′ are the inclusions. Therefore, by axiom (CD′)
and our description of A∗(Ei) above, A∗(E) is generated as an A∗(S)-module by
the classes ĩ∗(1Pa1×...×Par ), where

ĩ : Pa1 × . . .× Par → E

is the composition of a map î followed by the inclusion Ei → E, and the indices
(a1, . . . , ar) run over all r-tuples with 0 ≤ aj ≤ N , j = 1, . . . , r, with at least one
index ai ≤ N−1 for some i ≤ m. Comparing this with the description of A∗((PN )r)
as a free A∗(S)-module with basis î∗(1Pa1×...×Par ), 0 ≤ ai ≤ N , i = 1, . . . , r, we
see that the A∗(S)-module generators for A∗(E) described above are actually an
A∗(S)-basis for A∗(E), and therefore A∗(E) is a summand of A∗((PN )r), which
verifies the axiom (CD). �

Lemma 5.2.11. Suppose we are given the data from definition 5.1.3 (D1)-(D3)
of an oriented Borel-Moore homology theory A∗ on SchS, satisfying the axioms of
definition 5.1.3, with the possible exception of the axiom (CD). Suppose that A∗
satisfies the weak localization property (Loc′) (see remark 4.1.1) for V = SchS:

Let i : Z → X be a closed immersion of finite type k-schemes with com-
plement j : U → X. Then the sequence

A∗(Z) i∗−→ A∗(X)
j∗−→ A∗(U)

is exact.
Then A∗ satisfies the axiom (CD′) of remark 5.1.7.

Proof. First take Z = Ered. Then U is the empty scheme, hence A∗(Xred)→
A∗(X) is surjective. Thus, it suffices to prove the axiom (CD′) for reduced E.

We proceed by noetherian induction. Take a filtration of E by closed sub-
schemes

∅ = E0 ⊂ E1 ⊂ . . . ⊂ EN = E

satisfying the conditions of axiom (CD′). By induction, the map

⊕i≤N−1,jA∗(Eij)→ A∗(EN−1)

is surjective, where Eij is the closure of the irreducible component E0
ij of Ei, i =

1, . . . , N − 1.
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Let E0
N1, . . . , E

0
Nm be the irreducible components of EN \ EN−1, and let ENj

be the closure of E0
Nj . By assumption, each E0

Nj is an affine space ANj over S and
each ENj is smooth and quasi-projective over S. Let p̄ : ENj → S and p : E0

Nj → S

be the structure morphisms, and let f : E0
Nj → ENj be the inclusion. We have the

commutative diagram

A∗(ENj)
f∗
// A∗(E0

Nj)

A∗−Nj (S)
p̄∗

ffLLLLLLLLLL
p∗

OO

Since p∗ : A∗−Nj (S) → A∗(E0
Nj) is an isomorphism by the homotopy property

(EH), it follows that f∗ : A∗(ENj) → A∗(E0
Nj) is surjective. Letting i : ENj → E

and f̃ : E0
Nj → E be the inclusions, we have f̃∗i∗ = f∗, by axiom (BM2). Thus the

restriction map
A∗(E)→ A∗(E \ EN ) = ⊕mj=1A∗(E

0
Nj)

is surjective.
Adding these surjectivities to our weak localization property, we have the exact

sequences

A∗(EN−1)→ A∗(EN )→ ⊕mj=1A∗(E
0
Nj)→ 0

A∗(ENj ∩ EN−1)→ A∗(ENj)→ A∗(E0
Nj)→ 0

By an elementary diagram chase the map

⊕i,jA∗(Eij)→ A∗(EN )

is surjective, and the induction goes through. �





CHAPTER VI

Functoriality

In this chapter, we construct pull-back maps in Ω∗ for l.c.i. morphisms, giving
Ω∗ the structure of an oriented Borel-Moor homology theory. The basic idea is
to use Fulton’s method: first define the operation of intersection with a Cartier
divisor, then use the deformation to the normal bundle to extend tthis operation to
a pull-back map for a regular embedding. The case of a general l.c.i. morphism f
is handled by factoring f as the composition of a regular embedding with a smooth
morphism.

Since the generators of Ω∗ are built out of smooth k-schemes, we need to
modify Fulton’s program. As it is difficult in algebraic geometry to make two
maps transverse, we use instead resolution of singularites to modify a given Cartier
divisor to a strict normal crossing divisor. This leads us to the notion of “refined
cobordism” with respect to a fixed Cartier divisor D on some X, by restricting the
maps f : Y → X to those for which either f∗D is a strict normal crossing divisor,
or f(Y ) is contained in D. Fulton’s program works well for the refined groups
Ω∗(X)D, and we are left with proving a “moving lemma”, namely, that the map
Ω∗(X)DΩ∗(X) is an isomorphism. With this extra complication resolved, Fulton’s
method goes through to yield the desired l.c.i. pull-back.

We conclude in section 6.6 with a discussion of refined pull-back and refined
intersection product, following again the ideas and methods of Fulton [7, section
6].

6.1. Refined cobordism

As mentioned in the introduction to Chapter V, the main task remaining is
to construct functorial pull-back maps f∗ : Ω∗(X) → Ω∗(Y ) for l.c.i. morphisms
f : Y → X in Schk; the method of “deformation to the normal bundle” leads us to
first consider the case of a divisor i : D → X. In fact, a more flexible notion, due
to Fulton [7], is that of a pseudo-divisor. In this section, we define a refined version
Ω∗(X)D of the cobordism group Ω∗(X), when one has the extra data of a pseudo-
divisor D on X; Ω∗(X)D comes with a natural homomorphism Ω∗(X)D → Ω∗(X).
In the next section, we define intersection with a pseudo-divisor D

D(−) : Ω∗(X)D → Ω∗(|D|).

We go on to prove the required properties of this product, most notably the
commutativity of intersection for two pseudo-divisors. For this, we will require the
auxiliary construction of groups Ω∗(X)D|D′ , which we also give in this section. We
conclude the construction in §6.4 by proving a “moving lemma”, showing that the
homomorphism Ω∗(X)D → Ω∗(X) is an isomorphism.

131
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6.1.1. Pseudo-divisors. Let X be a finite type k-scheme. Following Fulton [7],
a pseudo-divisor D on X is a triple D := (Z,L, s), where Z ⊂ X is a closed subset,
L is an invertible sheaf on X, and s is a section of L on X, such that the subscheme
s = 0 has support contained in Z; we identify triples (Z,L, s), (Z,L′, s′) if there is an
isomorphism φ : L → L′ with s′ = φ(s). In particular, having fixed L, the section s
is determined exactly up to a global unit on X. If we have a morphism f : Y → X,
we define f∗(Z,L, s) := (f−1(Z), f∗L, f∗s); clearly (fg)∗(D) = g∗(f∗D) for a
pseudo-divisor D. Also, an effective Cartier divisor D on X uniquely determines a
pseudo-divisor (|D|,OX(D), sD), where sD : OX → OX(D) is the canonical section
and |D| is the support of D.

We call Z the support of a pseudo-divisor D := (Z,L, s), and write Z = |D|.
Similarly, we call s the defining equation of D, and write s = eq.(D). We let
div(D) denote the subscheme s = 0, and write OX(D) for L. If X is in Smk, if
|D| = |divD| and if this subset has codimension one on X, then we identify D with
the Cartier divisor divD.

The zero pseudo-divisor is (∅,OX , 1). If we have pseudo-divisors D = (Z,L, s)
and D′ = (Z ′,L′, s′), define D +D′ = (Z ∪ Z ′,L ⊗ L′, s⊗ s′).

Remark 6.1.1. The main advantage of pseudo-divisors over Cartier divisors
is that one has the functorial pull-back D 7→ f∗(D) for D a pseudo-divisor on
some X and f : Y → X an arbitrary mophism; this is of course not the case for
Cartier divisors. Even though we are mainly interested in defining the operation
of intersection with a Cartier divisor, we will need the added flexibility of pseudo-
divisors to handle the composition of two intersections, especially when the two
divisors involved have a common component.

6.1.2. The group Ω∗(X)D. Let X be a finite type k-scheme and D a pseudo-
divisor on X. We define the series of groups

Z∗(X)D → Z∗(X)D → Ω∗(X)D → L∗ ⊗ Ω∗(X)D → Ω∗(X)D
analogous to the sequence

Z∗(X)→ Z∗(X)→ Ω∗(X)→ L∗ ⊗ Ω∗(X)→ Ω∗(X)

used to define Ω∗(X) in Chapter II.
Let E =

∑r
i=1 niEi be an effective strict normal crossing on a schemeW ∈ Smk

with irreducible components E1, . . . , Er. For each J ⊂ {1, . . . , r}, we have the face

EJ := ∩j∈JEj ,
which is smooth over k and has codimension |J | on W . We call E reduced if all the
ni = 1.

We recall from §2.1.1 thatM(X) is the set of isomorphism classes of projective
morphisms f : Y → X, with Y in Smk (where “isomorphism” means isomorphism
over X). M(X) is a monoid under disjoint union; we have the group completion
M+(X), which is the free abelian group on the isomorphism classes f : Y → X in
M(X) with Y irreducible.

Let M(X)D be the submonoid of M(X) generated by f : Y → X, with Y
irreducible, and with either f(Y ) ⊂ |D|, or with divf∗D a strict normal crossing
divisor on Y . We let M+(X)D be the group completion of M(X)D; M+(X)D is
clearly a subgroup ofM+(X).

Recall from definition 2.1.6 the notion of a cobordism cycle over X, and the free
abelian group Z∗(X) on the isomorphism classes of cobordism cycles, graded by
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giving (f : Y → X,L1, . . . , Lr) degree dimkY − r. We let Z∗(X)D be the subgroup
of Z∗(X) generated by the cobordism cycles (f : Y → X,L1, . . . , Lr) with Y → X
inM(X)D.

Definition 6.1.2. Let X be in Schk and D a pseudo-divisor on X. Let
〈RDim∗ 〉(X)D be the subgroup of Z∗(X)D generated by cobordism cycles of the
form

(f : Y → X,π∗(L1), . . . , π∗(Lr),M1, . . . ,Ms),
where π : Y → Z is a smooth quasi-projective morphism, Z is in Smk, L1, . . . , Lr
are line bundles on Z and r > dimkZ. We set

Z∗(X)D := Z∗(X)D/〈RDim∗ 〉(X)D.

Just as forM(X), Z∗(X) and Z∗(X), we have functoriality for smooth quasi-
projective morphisms of relative dimension d, f : X ′ → X:

f∗ :M(X)D →M(X ′)f∗(D),

f∗ : Z∗(X)D → Z∗+d(X ′)f∗(D),

f∗ : Z∗(X)D → Z∗+d(X ′)f∗(D),

and push-forward maps for projective morphisms f : X ′ → X:

f∗ :M(X ′)f∗(D) →M(X)D,

f∗ : Z∗(X ′)f∗(D) → Z∗(X)D,

f∗ : Z∗(X ′)f∗(D) → Z∗(X)D.

Also, for L→ X a line bundle on X, we have the Chern class endomorphism

c̃1(L) : Z∗(X)D → Z∗−1(X)D,

defined as for Z∗(X)

c̃1(L)((f : Y → X,L1, . . . , Lr)) := (f : Y → X,L1, . . . , Lr, f
∗L).

This descends to the locally nilpotent endomorphism

c̃1(L) : Z∗(X)D → Z∗−1(X)D.

The operation of product over k defines external products

× : Z∗(X)D ⊗Z∗(X ′)D′ → Z∗(X ×k X ′)D×X′∪X×D′ ,

which descend to Z∗(−)−, and have all the compatibilities with f∗, f∗ and c̃1(L) as
for Z∗(−) and Z∗(−). All these operations are compatible with the corresponding
ones defined for Z∗(−) and Z∗(−), via the natural maps Z∗(X)D → Z∗(X) and
Z∗(X)D → Z∗(X).

6.1.3. Good position. We define various notions of “good position” of a divisor
E with respect to a pseudo-divisor D.

Definition 6.1.3. Let f : W → X be in M(X), with W irreducible, and let
E be a strict normal crossing divisor on W . Let D be a pseudo-divisor on X. We
say that

(1) E is in good position with respect to D if, for each face EJ of E, the
composition EJ →W → X is inM(X)D.

(2) E is in very good position with respect to D if either f(W ) ⊂ |D|, or, if
not, E + divf∗D is a strict normal crossing divisor on W .
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(3) E is in general position with respect to D if E is in very good position
with respect to D and in addition, in case f(W ) 6⊂ |D|, E and divf∗D
have no common components.

We extend these notions to W not necessarily irreducible by imposing the appro-
priate condition on each component of W .

Remarks 6.1.4. (1) It is easy to see that, for f : W → X inM(X) with strict
normal crossing divisor E, if E is in very good position, it is in good position with
respect to D.

(2) If f : W → X is in M(X)D, and L is a very ample invertible sheaf on W ,
it follows from the Bertini theorem that, for a general section s of L, the divisor of
s is in general position with respect to D.

Definition 6.1.5. Let X be in Schk and D a pseudo-divisor on X. Let
〈RSect∗ 〉(X)D be the subgroup of Z∗(X)D generated by elements of the form

[f : Y → X,L1, . . . , Lr]− [f ◦ i : Z → X, i∗(L1), . . . , i∗(Lr−1)],

with r > 0, [f : Y → X,L1, . . . , Lr] a cobordism cycle in Z∗(X)D and i : Z → Y
the closed immersion of the subscheme defined by the vanishing of a transverse
section s : Y → Lr, such that Z is in very good position with respect to D.

We set
Ω∗(X)D := Z∗(X)D/〈RSect∗ 〉(X)D.

We have the evident natural map Ω∗(X)D → Ω∗(X). The operations f∗, f∗
and c̃1(L) descend to the quotient Ω∗(−)− of Z∗(−)−, and are compatible with
the corresponding operations on Ω∗(−) via the natural maps Ω∗(X)D → Ω∗(X).
Similarly, the external products for Z∗(−)− descend to Ω∗(−)−, and these external
products are compatible with the external products on Ω∗(−).

As in §1.1, we let (FL,L∗) denote the universal formal group law; L∗ is the
Lazard ring and FL = FL(u, v) is a power series with coefficients in L∗.

If T1, T2 : B → B are commuting locally nilpotent operators on an abelian
group B, and F (u, v) =

∑
i,j aiju

ivj is a power series with L∗-coefficients, we have
the well-defined L∗-linear operator F (T1, T2) : L∗ ⊗B → L∗ ⊗B defined by

F (T1, T2)(a⊗ b) :=
∑
i,j

aaij ⊗ T i1(b)T
j
2 (b).

Definition 6.1.6. For X in Schk, let 〈L∗RFGL∗ 〉(X)D be the L∗-submodule
of L∗ ⊗ Ω∗(X)D generated by elements of the form

(Id⊗ f∗)
(
FL(c̃1(L), c̃1(M))(η)− c̃1(L⊗M)(η)

)
,

where f : Y → X is in M(X)D, L and M are line bundles on Y , and η is in
Ω∗(Y )f∗D. We set

Ω∗(X)D := L∗ ⊗ Ω∗(X)D/〈L∗RFGL∗ 〉(X)D.

The natural transformation Ω∗(X)D → Ω∗(X) descends to a natural L∗-linear
transformation Ω∗(X)D → Ω∗(X). The structures we have defined for Ω∗(−)−: f∗,
f∗, c̃1(L) and external products, all descend to Ω∗(−)−, and are compatible with
the corresponding structures on Ω∗(−), via the natural transformation Ω∗(X)D →
Ω∗(X).
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If f : Y → X is an X-scheme, and D is a pseudo-divisor on X, we will often
write Ω∗(Y )D for Ω∗(Y )f∗(D), and similarly for Ω∗(Y )D, etc.

6.1.4. Refined divisor classes. The operators

c̃1(L) : Ω∗(X)D → Ω∗−1(X)D

are locally nilpotent and commute with one another, thus, if we have line bundles
L1, . . . , Lr on X, and a power series F (u1, . . . , ur) with L∗-coefficients, we have the
L∗-linear endomorphism

F (c̃1(L1), . . . , c̃1(Lr)) : Ω∗(X)D → Ω∗−1(X)D.

If f : W → X is in M(X)D, we have the element 1DW = [Id : W →W ] ∈ Ω∗(W )D.
Given line bundles L1, . . . , Lr on W we set

[F (L1, . . . , Lr)]D := F (c̃1(L1), . . . , c̃1(Lr))(1DX) ∈ Ω∗(W )D.

We recall some notation from §3.1.1. Let n1,. . ., nr be positive integers. Let
Fn1,...,nr be the power series with L∗-coefficients giving the sum in the universal
group law (FL,L∗):

Fn1,...,nr (u1, . . . , ur) = n1 ·F u1 +F . . .+F nr ·F ur.

We have as well the canonical decomposition

Fn1,...,nr (u1, . . . , ur) =
∑
||J||=1

uJFn1,...,nr

J (u1, . . . , ur),

defining the power series Fn1,...,nr

J .
If E =

∑r
i=1 niEi is a strict normal crossing divisor on a scheme W ∈ Smk,

with support |E| := ∪ri=1Ei, and irreducible components E1, . . . , Er, we have de-
fined the divisor class [E → |E|] of Ω∗(|E|) by the formula

[E → |E|] :=
∑

J, ||J||=1

ιJ∗ ([Fn1,...,nr

J (OW (E1)J , . . . , OW (Er)J)]).

Suppose now that we have f : W → X in M(X), and a strict normal crossing
divisor E on W , such that E is in good position with respect to D. Write E =∑m
i=1 niEi, with the Ei irreducible.

Since the subscheme EJ is in good position with respect to D for each J , the
morphism f ◦ ιJ : EJ → X is inM(X)D, so we have the class

[Fn1,...,nr

J (OW (E1)J , . . . , OW (Er)J)]D ∈ Ω∗(EJ)D,

giving the refined divisor class

[E → |E|]D :=
∑
J

ιJ∗ [Fn1,...,nr

J (OW (E1)J , . . . , OW (Er)J)]D

in Ω∗(|E|)D.
The properties of c̃1(L), [E → |E|] and Ω∗(X) proved in §2.3 and §3.1 carry

over without change to c̃1(L) (acting on Ω∗(X)D), [E → |E|]D and Ω∗(X)D.
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6.1.5. A further refinement. In order to discuss issues of functoriality, it will
be necessary to make an extension of the above construction.

Definition 6.1.7. Let X be a finite type k-scheme, with pseudo-divisors D,
D′. Let i : |D| → X be the inclusion. We let M(X)D|D′ be the submonoid of
M(X)D generated by those f : Y → X, with Y irreducible, such that

(1) If f(Y ) ⊂ |D|, then f : Y → |D| is inM(|D|)D′ .
(2) If f(Y ) 6⊂ |D|, then, for each face F of divf∗D, the map f : F → |D| is

inM(|D|)D′ , i.e., divf∗D is in good position with respect to D′.

Definition 6.1.8. Let f : W → X be in M(X), and let E be a strict normal
crossing divisor on W . We say that E is in good position with respect to D|D′ if for
each face EJ of E, the composition

EJ
iJ−→W

f−−→ X

is inM(X)D|D′ .
For f : W → X in M(X)D|D′ with W irreducible, we say that E is in very

good position with respect to D|D′ if E is in very good position with respect to D
and

(1) if f(W ) ⊂ |D|, then E is in very good position with respect to D′

(2) if f(W ) 6⊂ |D|, then for each face F of divf∗D not contained in E, the
normal crossing divisor F · E on F is in very good position with respect
to D′.

We say that E is in general position with respect to D|D′ if E is in very good
position with respect to D|D′ and in general position with respect to D.

We extended these notions to reducible W by requiring the appropriate condi-
tion on each component of W .

Remark 6.1.9. Suppose that W → X is inM(X)D|D′ . If E is a divisor on W ,
in very good position with respect to D|D′, and EJ is a face of E, then EJ is in
M(X)D|D′ . Indeed, if f(W ) ⊂ |D|, this is evident, and if f(W ) 6⊂ |D|, then each
face FE of the normal crossing divisor EJ · divf∗D on EJ is of the form EJ ·F for
F a face of divf∗D. Thus FE is a face of the normal crossing divisor F · E on F ,
and hence FE → |D| is inM(|D|)D′ . This shows that EJ → X is inM(X)D|D′ , as
claimed. In other words, if E is in very good position with respect to D|D′, then
E is in good position with respect to D|D′.

Making the evident modifications to the constructions of the previous section,
we have the sequence of abelian groups

Z∗(X)D|D′ → Z∗(X)D|D′ → Ω∗(X)D|D′ → Ω∗(X)D|D′ .

Explicitly, Z∗(X)D|D′ is the subgroup of Z∗(X) generated by the cobordism
cycles (Y → X,L1, . . . , Lr) with Y → X in M(X)D|D′ . Let 〈RDim∗ 〉(X)D|D′ be
the subgroup generated by cobordism cycles of the form

(f : Y → X,π∗(L1), . . . , π∗(Lr),M1, . . . ,Ms),

where π : Y → Z is a smooth quasi-projective morphism, Z is in Smk, L1, . . . , Lr
are line bundles on Z and r > dimkZ. We let Z∗(X)D|D′ be the quotient group
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Z∗(X)D|D′/〈RDim∗ 〉(X)D|D′ . Ω∗(X)D|D′ is the quotient of Z∗(X)D|D′ by the sub-
group 〈RSect∗ 〉(X)D|D′ generated by elements of the form

(f : Y → X,L1, . . . , Lr)− (f ◦ i : Z → X, i∗(L1), . . . , i∗(Lr−1)),

with r > 0, (f : Y → X,L1, . . . , Lr) a cobordism cycle in Z∗(X)D|D′ and i :
Z → Y the closed immersion of the subscheme defined by the vanishing of a
transverse section s : Y → Lr, such that Z is in very good position with re-
spect to D|D′. Ω∗(X)D|D′ is the quotient of L∗⊗Ω∗(X)D|D′ by the L∗-submodule
〈L∗RFGL∗ 〉(X)D|D′ generated by elements of the form

(Id⊗ f∗)
(
FL(c̃1(L), c̃1(M))(η)− c̃1(L⊗M)(η)

)
,

where f : Y → X is in M(X)D|D′ , L and M are line bundles on Y , and η is in
Ω∗(Y )f∗D|f∗D′ .

Forgetting D′ defines in an evident manner the natural transformations

Z∗(X)D|D′ → Z∗(X)D, Z∗(X)D|D′ → Z∗(X)D,

etc. The operations f∗, f∗, c̃1(L) and external products defined on Z∗(X)D,
Z∗(X)D, etc. have their evident refinements to Z∗(X)D|D′ , Z∗(X)D|D′ , Ω∗(X)D|D′
and Ω∗(X)D|D′ , satisfying the same structural relations, and compatible with the
operations on Z∗(X)D, Z∗(X)D, etc.

In particular, the operations c̃1(L) on Z∗(X)D|D′ and Ω∗(X)D|D′ are locally
nilpotent and commute with one another, so the definition of Ω∗(X)D|D′ makes
sense. Also, as for one pseudo-divisor, if we have an X-scheme f : Y → X, we
write M(Y )D|D′ , Ω∗(Y )D|D′ , etc., forM(Y )f∗D|f∗D′ , Ω∗(Y )f∗D|f∗D′ , etc.

For f : W → X in M(X)D|D′ , the identity map IdW : W → W is in

M(W )D|D′ , giving the identity class 1D|D
′

W ∈ Ω∗(W )D|D′ . Thus, if F (u1, . . . , ur) is
a power series with L∗-coefficients, and L1, . . . , Lr are line bundles on W , we have
the class

[F (L1, . . . , Lr)]D|D′ := F (c̃1(L1), . . . , c̃1(Lr))(1
D|D′
W ) ∈ Ω∗(W )D|D′ .

Therefore, given f : W → X in M(X) and a strict normal crossing divisor E =∑r
i=1 niEi on W which is in good position with respect to D|D′, we have the class

of E, [E → |E|]D|D′ ∈ Ω∗(|E|)D|D′ , defined by

[E → |E|]D|D′ :=
∑

J, ||J||=1

ιJ∗ ([Fn1,...,nr

J (OW (E1)J , . . . , OW (Er)J)]D|D′).

We recover the groupsM(X)D, Ω∗(X)D, etc., as a special case by taking D′ to
be the 0 pseudo-divisor (∅,OX , 1). Similarly, we recover M(X)D′ , Ω∗(X)D′ , etc.,
by taking D = (X,OX , 0).

As above, the properties of Ω∗(X), Ω̃∗(X), Ω∗(X), c̃1(L) and [E → |E|]
discussed in §2.3 and §3.1 carry over without change to Ω∗(X)D|D′ , Ω̃∗(X)D|D′ ,
Ω∗(X)D|D′ , c̃1(L) and [E → |E|]D|D′ . Also, as in §3.1, if E is a strict normal
crossing divisor on some W , and f : W → X is inM(X)D|D′ , we let [E →W ]D|D′
denote i∗([E → |E|]D|D′), where i : |E| →W is the inclusion.

Remark 6.1.10. Let f : Y → X be in M(X)D|D′ , with Y irreducible, and
suppose that f(Y ) 6⊂ |D|. Then divf∗D is a strict normal crossing divisor, in good
position with respect to D′, so if E is an effective divisor on Y with f(|E|) ⊂ |D|,
then E is in good position with respect to D′, hence the class [E → |E|]D′ in
Ω∗(|E|)D′ is defined.
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Remark 6.1.11. Among the results of §3.1 that extend to Ω∗(X)D|D′ , we note
the analog of proposition 3.1.9: Let E be a strict normal crossing divisor on some
W ∈ Smk. Let D, D′ be pseudo-divisors on W . Suppose that E is in good position
with respect to D|D′. Then

[E →W ]D|D′ = [OW (E)]D|D′ .

The proof is exactly the same as for proposition 3.1.9.

6.1.6. Some properties of Ω∗(X)D. In this section, we assume that k admits
resolution of singularities.

Lemma 6.1.12. Let X be in Schk, and let D be a pseudo-divisor on X. Let
f : Y → X be in M(X)D, let i : F → Y be a closed subscheme of Y and let
µ : W → Y be a projective birational morphism. Suppose that the exceptional
divisor E of µ is in very good position with respect to D and that µ(|E|) ⊂ F . Then
there is an element α ∈ Ω∗(F )D with

[f ◦ µ : W → X]D = [f : Y → X]D + (f ◦ i)∗(α) ∈ Ω∗(X)D.

Proof. Since E is in very good position with respect to D, E is a strict
normal crossing divisor on W . We may replace X with Y , so IdY is in M(Y )D,
and we may suppose that Y is irreducible. If |D| = Y , then Ω∗(Y )D = Ω∗(Y ),
Ω∗(F )D = Ω∗(F ), and the result is proposition 3.2.4. Suppose |D| 6= Y . Then D is
a strict normal crossing divisor on Y . Since E is in very good position with respect
to D, E + µ∗D is a strict normal crossing divisor on W ; in particular, µ : W → Y
is inM(Y )D, so [µ : W → Y ]D is defined.

We consider the deformation to the normal bundle, as in §3.2.1. Let Z ⊂ Y be
a closed subscheme supported in F such that W → Y is the blow-up of Y along
Z, and let ρ′ : T ′ → Y × P1 be the blow-up of Y × P1 along Z × 0. Without loss
of generality, we may assume that F = Zred. Let 〈F × P1〉 ⊂ T ′ be the proper
transform of F × P1, let 〈Y × 0〉 be the proper transform of Y × 0, and let Ê′ be
the exceptional divisor of ρ′. Let U = T ′ \ 〈F × P1〉 ∩ Ê′. Then (by lemma 3.2.1)
U is smooth over k, U contains 〈Y × 0〉 and the induced morphism 〈Y × 0〉 → Y
is isomorphic to W → Y . In addition (see the proof of loc. cit.) U → Y is locally
isomorphic to µ◦p1 : W ×A1 → Y , and, in these coordinates, Ê′∩U → Y is locally
isomorphic to µ ◦ p1 : E×A1 → Y and 〈Y × 0〉 ⊂ U is the subscheme W × 0. Thus,
(ρ′∗(D×P1)+ Ê′+ 〈Y ×0〉)∩U is a strict normal crossing divisor on U . Therefore,
by resolution of singularities, there is a projective birational morphism π : T → T ′

which an isomorphism over U , such that the induced morphism ρ : T → Y × P1

satisfies:

(1) T → Y × P1 is inM(Y × P1)D,
(2) Letting Ê ⊂ T be the exceptional divisor of ρ, ρ∗(D × P1) + Ê + 〈Y × 0〉

is a strict normal crossing divisor on T

Since ρ : T → Y × P1 is an isomorphism away from Y × 0, ρ−1(Y × 1) is
isomorphic to Y . By (1) and (2) above, we have the classes [ρ∗(Y × 1)→ T ]D and
[Ê + 〈Y × 0〉 → T ]D. Since Ê + 〈Y × 0〉 = ρ∗(Y × 0), we have

(6.1.1) [ρ∗(Y × 1)→ T ]D = [(p2 ◦ ρ)∗(OP1(1))]D = [Ê + 〈Y × 0〉 → T ]D
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by remark 6.1.11. On the other hand, by definition of the divisor class [Ê+〈Y ×0〉 →
|Ê + 〈Y × 0〉|]D, there is a class β ∈ Ω∗(|Ê|)D such that

(6.1.2) [Ê + 〈Y × 0〉 → T ]D = [〈Y × 0〉 → T ]D + î∗(β),

where î : |Ê| → T is the inclusion.
Let p : T → Y be p1 ◦ µ, and let pF : |Ê| → F be the map induced by p. Let

α = pF∗ (β). Applying the push-forward p∗ to the identity (6.1.2) and using (6.1.1)
yields

[IdY ]D = [f : W → Y ]D + i∗(α),
as desired. �

Lemma 6.1.13. Let f : X → Z be a morphism in Schk with Z in Smk, and
let L1, . . . , Lr be line bundles on Z with r > dimkZ. Let D be a pseudo-divisor on
X. Then the operator c̃1(f∗L1) ◦ . . . ◦ c̃1(f∗Lr) vanishes on Ω∗(X)D.

Proof. We proceed by induction on dimkZ. Since the operators c̃1(L) are
L∗-linear and commute with each other, it suffices to show that the operator in
question vanishes on elements g : Y → X ofM(X)D. Using the projection formula
reduces us to the case g = IdY , that is, it suffices to show that

(IdY , f∗L1, . . . , f
∗Lr) = 0 in Ω∗(Y )D,

assuming IdY is inM(Y )D.
We may assume that Y is irreducible. Thus, either Y ⊂ |D|, or D is a strict

normal crossing divisor on Y . We give the proof in the second case; the proof in
the first case is essentially the same, but easier, and is left to the reader.

Using the formal group law, we reduce to the case of very ample line bundles
Li (see the proof of lemma 3.2.6).

If dimkZ = 0, all the line bundles are trivial, hence have a nowhere vanishing
section. We may then use the relations in 〈RSect∗ 〉(Y )D|D′ (for the empty divisor)
to conclude that (IdY , f∗L1, . . . , f

∗Lr) = 0.
Suppose now that dimkZ > 0. Let s be a section of Lr, chosen so that f∗s

is not identically zero on Y . We may also assume that s = 0 is a smooth divisor
ī : Z̄ → Z on Z. Let H be the divisor of f∗s with inclusion i : |H| → Y , and let
f̄ : |H| → Z̄ be the induced morphism.

By resolution of singularities, there is a projective birational morphism µ :
W → Y such that µ∗(H +D) is a strict normal crossing divisor on W , and with µ
an isomorphism over Y \ |H|. By lemma 6.1.12, there is a class α ∈ Ω∗(H)D with

[W → Y ]D = [IdY ]D + i∗(α).

Since

c̃1(f∗L1) ◦ . . . c̃1(f∗Lr)(i∗(α)) = i∗(c̃1(f̄∗(̄i∗L1)) ◦ . . . c̃1(f̄∗(̄i∗Lr))(α)),

our induction hypothesis implies that c̃1(f∗L1) ◦ . . . c̃1(f∗Lr)(i∗(α)) = 0. Thus, it
suffices to show that c̃1(f∗L1) ◦ . . . c̃1(f∗Lr)([W → Y ]D) = 0. As this element is
just the push-forward of (W, (fµ)∗L1, . . . , (fµ)∗Lr) by µ, we may replace Y with
W ; changing notation, we may assume that H+D is a strict normal crossing divisor
on Y .

By remark 6.1.11, we have the identity in Ω∗(Y )D

[H → Y ]D = [OY (H)]D = [f∗Lr]D.
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Thus

(IdY , f∗L1, . . . , f
∗Lr)

= c̃1(f∗L1) ◦ . . . ◦ c̃1(f∗Lr−1)([H → Y ]D)

= i∗(c̃1(f̄∗(̄i∗L1)) ◦ . . . ◦ c̃1(f̄∗(̄i∗Lr))([H → |H|]D)).

As this last element is zero by our induction hypothesis, the lemma is proved. �

6.2. Intersection with a pseudo-divisor

In this section and for the remainder of this chapter, we assume that k admits
resolution of singularities, unless explicitly stated otherwise.

6.2.1. The intersection map on cobordism cycles. If L is a line bundle on a
k-scheme X with sheaf of sections L, we write c̃1(L) for c̃1(L).

LetD = (|D|,OX(D), s) be a pseudo-divisor onX, let f : Y → X be inM(X)D
with Y irreducible, and consider a cobordism cycle η := (Y → X,L1, . . . , Lr) in
Z∗(X)D. We define the element D(η) ∈ Ω∗(|D|) as follows: If f(Y ) ⊂ |D|, let
fD : Y → |D| be the morphism induced by f . We have the element c̃1(f∗OX(D))(η)
in Ω∗(Y ); we then define

D(η) := fD∗ (c̃1(f∗OX(D))(η)) ∈ Ω∗(|D|).

If f(Y ) 6⊂ |D|, then D̃ := divf∗D is a strict normal crossing divisor on Y . We let
fD : |D̃| → |D| be the restriction of f , LDi the restriction of Li to |D̃|, and define

D(η) := fD∗ (c̃1(LD1 ) ◦ . . . ◦ c̃1(LDr )([D̃ → |D̃|])) ∈ Ω∗(|D|).

We extend this operation to a homomorphism D(−) : Z∗(X)D → Ω∗(|D|) by
linearity.

Suppose we have a second pseudo-divisor D′ on X. We refine the above con-
struction to give, for each η ∈ Z∗(X)D|D′ , a class D(η)D′ in Ω∗(|D|)D′ . For this,
take f : Y → X in M(X)D|D′ with Y irreducible, and consider η = (Y →
X,L1, . . . , Lr). If f(Y ) ⊂ |D|, then fD : Y → |D| is in M(|D|)D′ . We may
thus set

D(η)D′ := fD∗ (c̃1(f∗OX(D))(η)),

giving a well-defined class in Ω∗(|D|)D′ . If f(Y ) 6⊂ |D|, then D̃ := divf∗D is a
strict normal crossing divisor contained in f−1(|D′|). The condition that f is in
M(X)D|D′ implies that D̃ is in good position with respect to D′, hence the refined
divisor class [D̃ → |D̃|]D′ ∈ Ω∗(|D̃|)D′ is defined. Letting fD : |D̃| → |D| be the
map induced by f , we then set

D(η)D′ := fD∗ (c̃1(L1) ◦ . . . c̃1(Lr)([D̃ → |D̃|]D′))

in Ω∗(|D|)D′ .
Extending by linearity defines D(η)D′ in Ω∗(|D|)D′ for each η ∈ Z∗(X)D|D′ . If

we takeD′ = 0, then we recover the definitions forD(f) given above. We sometimes
omit the subscript D′ from the notation if the context makes the meaning clear.

The next two results follow directly from the definitions:

Lemma 6.2.1. Let X be a finite type k-scheme, with pseudo-divisors D, D′.
Let g : X ′ → X be a morphism of finite type, and let gD : |g∗D| → |D| be the
restriction of g.
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(1) Suppose that g is projective and let η be in Z∗(X ′)D|D′ . Then g∗η is in
Z∗(X)D|D′ , and

gD∗(g∗D(η)D′) = D(g∗η)D′ .

(2) Suppose that g is smooth and quasi-projective. Take η ∈ Z∗(X)D. Then
g∗η is in Z∗(X ′)D, gD is smooth and quasi-projective, and

g∗D(D(η)D′) = (g∗D)(g∗η)D′ .

Lemma 6.2.2. Let X be a finite type k-scheme, with pseudo-divisors D, D′.
Let η be in Z∗(X)D|D′ , let L be a line bundle on X and let LD be the restriction
of L to D. Then

c̃1(LD)(D(η)D′) = D(c̃1(L)(η))D′ .

We extend the operation D(−)D′ to L∗ ⊗ Z∗(X)D|D′ by L∗-linearity. More
generally, let F (u1, . . . , ur) be a power series with L∗-coefficients, let L1, . . . , Lr be
line bundles on X, and let f : Y → X be in M(X)D|D′ . Letting FN denote the
truncation of F after total degree N , we have, for all N ≥ dimkY and all m ≥ 0

D(FN (c̃1(L1), . . . , c̃1(Lm))([f ]))D′

= fD∗(f∗D(FN (c̃1(f∗L1), . . . , c̃1(f∗Lm))(1D|D
′

Y ))

= fD∗(FN (c̃1(f∗L1), . . . , c̃1(f∗Lm))(f∗D(1D|D
′

Y )))

= fD∗(FN+m(c̃1(f∗L1), . . . , c̃1(f∗Lm))(f∗D(1D|D
′

Y )))

= D(FN+m(c̃1(L1), . . . , c̃1(Lm))([f ]))D′ .

Thus, for η ∈ Z∗(X)D|D′ , we may set

D(F (c̃1(L1), . . . , c̃1(Lm))(η))D′ := lim
N→∞

D(FN (c̃1(L1), . . . , c̃1(Lm))(η))D′ ,

as the limit is eventually constant.
With this definition, we may extend lemma 6.2.2 to power series in the Chern

class operators:

Lemma 6.2.3. Let η be in Z∗(X)D|D′ , let fD : |f∗D| → |D| be the restriction
of f and let i : |f∗D| → Y be the inclusion. Let F (u1, . . . , ur) be a power series
with L∗-coefficients, and let L1, . . . , Lr be line bundles on Y . Then

D(f∗([F (L1, . . . , Lr)]D|D′)) = fD∗ (F (c̃1(i∗L1), . . . , c̃1(i∗Lr))(f∗D)(1D|D
′

Y )).

The next result requires a bit more work.

Lemma 6.2.4. Let f : W → X be in M(X)D|D′ and let Y → W be a smooth
codimension one closed subscheme of W . Suppose that Y is in general position
with respect to D|D′. Suppose further that W is irreducible and f(W ) 6⊂ |D|. Let
fD : |f∗D| → |D| be the morphism induced by f and let i : |f∗D| → W be the
inclusion. Then

D([Y → X])D′ = fD∗ (c̃1(i∗OW (Y ))([divf∗D → |f∗D|]D′)).

Proof. Write D̃ for divf∗D. Let iY : Y → W denote the inclusion. Since
Y is in general position with respect to D|D′, Y → X is in M(X)D|D′ , i∗Y (D̃) is
a strict normal crossing divisor on Y and is in good position with respect to D′.
Furthermore, D([Y → X])D′ is by definition [i∗Y (D̃)→ |D|]D′ .
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Write D̃ =
∑m
i=1 niD̃i, with each D̃i irreducible. We may write [D̃ → |D̃|]D′

as a sum over the faces D̃J of D̃,

[D̃ → |D̃|]D′ =
∑
J

ιJ∗ ([Fn1,...,nm

J (LJ1 , . . . , L
J
m)]D′),

where ιJ : D̃J → |D̃| is the inclusion, Li = OW (D̃i) and LJi is the restriction of Li
to D̃J .

Since Y is in general position with respect to D, it follows that the intersection
Y J := Y ∩ D̃J is tranverse; since Y is in very good position with respect to D|D′,
the smooth codimension one subscheme ιY J : Y J → |D̃| of D̃J is in very good
position with respect to D′, for each index J . Thus, the relations in 〈RSect∗ 〉(|D̃|)D′
imply that

c̃1(i∗OW (Y ))([D̃ → |D̃|]D′) =
∑
J

ιY J∗ ([Fn1,...,nm

J (LY J1 , . . . , LY Jm )]D′),

where ιY J : Y J → |D̃| is the inclusion, and LY Ji is the restriction of Li to Y J .
Letting ī : |D̃| ∩ Y → |D̃| be the inclusion, the right-hand side above is clearly the
same as the class ī∗([i∗Y (D̃) → |D̃| ∩ Y ]D′). Pushing this identity forward via fD

gives

D([Y → X])D′ = [i∗Y (D̃)→ |D|]D′

= fD∗ ([i∗Y (D̃)→ |D̃|]D′)

= fD∗ (c̃1(i∗OW (Y ))([D̃ → |D̃|]D′)).
�

6.2.2. Descent to Ω∗(X)D|D′ . Let X be a finite type k-scheme with pseudo-
divisors D and D′. We proceed to show that intersection with a pseudo-divisor D
descends to a homomorphism D(−)D′ : Ω∗(X)D|D′ → Ω∗−1(|D|)D′ .

Lemma 6.2.5. Let f : Y → X a projective morphism in M(X)D|D′ , and let
L1, . . . , Lr be line bundles on Y with r ≥ dimkY . Then

D((Y → X,L1, . . . , Lr))D′ = 0

in Ω∗−1(|D|)D′ .

Proof. We may suppose Y to be irreducible. Write D̃ for f∗D, and let fD :
|divD̃| → |D| be the restriction of f . Using lemmas 6.2.1 and 6.2.2, we have

D((f : Y → X,L1, . . . , Lr))D′ = fD∗
(
c̃1(L1) ◦ . . . ◦ c̃1(Lr)(D̃(1D|D

′

Y ))
)
.

If f(Y ) ⊂ |D|, then D̃(1D|D
′

Y ) = c̃1(OY (D̃))(1D|D
′

Y ), and thus

c̃1(L1) ◦ . . . ◦ c̃1(Lr)(D̃(1D|D
′

Y )) = (IdY , L1, . . . , Lr, OY (D̃)) = 0

in Z∗(Y )D′ . If f(Y ) 6⊂ |D|, then D̃(1D|D
′

Y )) is a sum of terms of the form

a · ιJ∗ ((D̃J ,M1, . . . ,Ms)),

with a ∈ Ω∗(k), ιJ : D̃J → Y the inclusion of a face of D̃J , and the Mi line bundles
on D̃J . Thus c̃1(L1) ◦ . . . ◦ c̃1(Lr)(D̃(1D|D

′

Y )) is a sum of terms of the form

a · ιJ∗ ((D̃J ,M1, . . . ,Ms, ι
J∗L1, . . . , ι

J∗Lr))
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Since each face D̃J has dimension < dimkY , the terms

(D̃J ,M1, . . . ,Ms, ι
J∗L1, . . . , ι

J∗Lr)

vanish in Ω∗(D̃J)D′ (use the relations 〈RDim∗ 〉(D̃J)D′), whence the result. �

Lemma 6.2.6. Take X in Smk, D′ a pseudo-divisor on X. Let Z1, Z2 be
smooth disjoint divisors on X, in good position with respect to D′.

(1) Then
c̃1(OX(Z1)) ◦ c̃1(OX(Z2))(1D

′

X ) = 0
in Ω∗(X)D′ .

(2) Let D be a strict normal crossing divisor on X, in good position with
respect to D′, i : |D| → X the inclusion. Suppose that Z1 and Z2 are both
in very good position with respect to D|D′. Then

c̃1(i∗OX(Z1)) ◦ c̃1(i∗OX(Z2))([D → |D|]D′) = 0

in Ω∗(|D|)D′ .

Proof. For each J , write DJ as a disjoint union of irreducible components,

DJ = qjDJ
j

and let ιJj : DJ
j → |D|, iJj : DJ

i → X be the inclusions. Write D =
∑r
i=1 niDi, and

let ηJ,j = ιJj∗(c̃1(i
J∗
j OX(Z1)) ◦ c̃1(iJ∗j OX(Z2))(1D

′

DJ
j
)). Then

c̃1(i∗OX(Z1)) ◦ c̃1(i∗OX(Z2))([D → |D|]D′)

=
∑
J,j

Fn1,...,nr

J (c̃1(i∗OX(D1)), . . . , c̃1(i∗OX(Dr)))(ηJ,j).

If DJ
j is not contained in Z1 ∪ Z2, then Z1 ∩DJ

j and Z2 ∩DJ
j are smooth disjoint

divisors onDJ
j , in good position with respect toD′. Thus (2) follows from (1) in this

case. If DJ
j is contained in say Z1, then DJ

j ∩Z2 = ∅, and c̃1(iJ∗j OX(Z2))(1D
′

DJ
j
)) = 0,

using the relations 〈RSect∗ 〉(DJ)D|D′ in the case of an empty divisor, so (2) follows
in this case as well.

For (1), let ij : Zj → X be the inclusion. We have

c̃1(OX(Z1)) ◦ c̃1(OX(Z2))(1D
′

X ) = c̃1(i∗2OX(Z1))(1D
′

Z2
)

= c̃1(OZ2))(1
D′

Z2
)

= 0

using 〈RSect∗ 〉(Z2)D′ , again in the case of an empty divisor. �

Finally, we need a strengthening of lemma 6.2.4.

Lemma 6.2.7. Let W be in Smk and irreducible. Let iY : Y → W be an
irreducible codimension one closed subscheme, smooth over k. Let D,D′ be pseudo-
divisors on W such that W 6= |D| and let iD : |D| → W be the inclusion. Suppose
that Y + D is a strict normal crossing divisor on W , in very good position with
respect to D′. Then

(6.2.1) D([Y →W ])D′ = c̃1(i∗DOW (Y ))([D → |D|]D′)
in Ω∗(|D|)D′ .
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Proof. The condition that Y +D is a strict normal crossing divisor, in very
good position with respect to D′ implies that iY : Y → W is in M(W )D|D′ , and
that D is in good position with respect to D′. Thus, all the terms in (6.2.1) are
defined.

In case Y is not a component of D, Y is in general position with respect to
D|D′, so the result follows from lemma 6.2.4.

In what follows, we use the following notation to keep track of where the various
cycle classes are located: Let L1, . . . , Lr be line bundles on some T ∈ Smk, and
F (u1, . . . , ur) ∈ Ω∗(k)[[u1, . . . , ur]] a power series. We write [T ;F (L1, . . . , Lr)] for
[F (L1, . . . , Lr)] ∈ Ω∗(T ).

Now suppose that Y is a component ofD. WriteD =
∑m
i=1 niDi, with Y = D1.

Let ιY : Y → |D|, ηJ : DJ ∩ Y → Y , τJ : DJ ∩ Y → DJ , iJY : DJ ∩ Y → W ,
ιJ : DJ → |D| and iJ : DJ →W be the inclusions. Since

n1 ·F u1 +F + . . .+F nm ·F um = Fn1,...,nm(u1, . . . , um)

=
∑
J

uJFn1,...,nm

J (u1, . . . , um),

we have

c̃1(OW (D)) =
∑
J

c̃1(OW (D∗))JFJ(c̃1(OW (D1)), . . . , c̃1(OW (Dm))),

where FJ := Fn1,...,nm

J . Also, if J = (j1, . . . , jm), then

c̃1(OW (D∗))J = c̃1(OW (D1))j1 ◦ . . . ◦ c̃1(OW (Dm))jm .

Since we therefore have

D([Y →W ])D′ = c̃1(i∗DOW (D))([Y → |D|])

=
∑
J

ιY ∗
(
c̃1(i∗YOW (D∗))J([Y ;FJ(i∗YOW (D1), . . . , i∗YOW (Dm))]D′))

)
;

c̃1(i∗DOW (Y ))([D → |D|]D′)

=
∑
J

ιJ∗
(
c̃1(iJ∗OW (Y ))([DJ ;FJ(iJ∗OW (D1), . . . , iJ∗OW (Dm))]D′)

)
,

it suffices to prove that

(6.2.2) ιJ∗
(
c̃1(iJ∗OW (Y ))([DJ ;FJ(iJ∗OW (D1), . . . , iJ∗OW (Dm))]D′)

)
= ιY ∗

(
c̃1(i∗YOW (D∗))J([Y ;FJ(i∗YOW (D1), . . . , i∗YOW (Dm))]D′))

)
in Ω∗(|D|)D′ , for each index J .

Suppose that DJ is not contained in Y . Since Y +D is a strict normal crossing
divisor, the intersection Y ∩DJ is transverse. By symmetry, we may assume that
J = (1, . . . , 1, 0, . . . , 0), with say s 1’s. Applying the relations 〈RSect∗ 〉D′ repeatedly,
we see that

c̃1(i∗YOW (D∗))J
(
[Y ;FJ(i∗YOW (D1), . . . , i∗YOW (Dm))]D′

)
= ηJ∗ [Y ∩DJ ;FJ(iJ∗Y OW (D1), . . . , iJ∗Y OW (Dm))]D′ .
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Applying the same relations to the divisor Y ∩DJ on DJ , we have

τJ∗ [Y ∩DJ ;FJ(iJ∗Y OW (D1), . . . , iJ∗Y OW (Dm)]D′

= c̃1(iJ∗OW (Y ))
(
[Y ;FJ(iJ∗OW (D1), . . . , iJ∗OW (Dm))]D′

)
.

Since ιJ∗ ◦ τJ∗ = ιY ∗ ◦ ηJ∗ , these two identities yield the equality (6.2.2) in this case.
In case DJ is contained in Y = D1, then J = (1, j2, . . . , jm). Letting J ′ =

(0, j2, . . . , jm), we have DJ = Y ∩ DJ′ , and DJ′ is not contained in Y . Suppose
that J ′ 6= (0, . . . , 0). By the same argument as above, we have

ιJ
′

∗
(
c̃1(iJ

′∗OW (Y ))([DJ′ ;FJ(iJ
′∗OW (D1), . . . , iJ

′∗OW (Dm))]D′)
)

= ιY ∗
(
c̃1(i∗YOW (D∗))J

′(
[Y ;FJ(i∗YOW (D1), . . . , i∗YOW (Dm))]D′)

)
in Ω∗(|D|)D′ . Letting ī : DJ → DJ′ be the inclusion, the relations 〈RSect∗ 〉D′ yield
the identity

c̃1(iJ
′∗OW (Y ))([DJ′ ;FJ(iJ

′∗OW (D1), . . . , iJ
′∗OW (Dm))]D′)

= ī∗[DJ ;FJ(iJ∗OW (D1), . . . , iJ∗OW (Dm))]D′

in Ω∗(DJ′)D′ . Thus,

ιJ∗
(
c̃1(iJ∗OW (Y ))([DJ ;FJ(iJ∗OW (D1), . . .)]D′)

)
= ιJ

′

∗
(
c̃1(iJ

′∗OW (Y ))2([DJ′ ;FJ(iJ
′∗OW (D1), . . .)]D′)

)
= c̃1(i∗DOW (Y ))

(
ιJ
′

∗
(
c̃1(iJ

′∗OW (Y ))([DJ′ ;FJ(iJ
′∗OW (D1), . . .)]D′)

))
= c̃1(i∗DOW (Y ))

(
ιY ∗(c̃1(i∗YOW (D∗))J

′
([Y ;FJ(i∗YOW (D1), . . .)]D′))

)
= ιY ∗

(
(c̃1(i∗YOW (D∗))J([Y ;FJ(i∗YOW (D1), . . .)]D′)

)
,

verifying (6.2.2). If J ′ = (0, . . . , 0), then J = (1, 0, . . . , 0), DJ = D1 = Y and
HJ(u1, . . . , um) = n1. Thus in Ω∗(Y )D′ , we have

[Y ;FJ(c̃1(i∗YOW (D1)), . . . , i∗YOW (D1)))]D′

= n1 · 1D
′

Y

= [DJ ;FJ(iJ∗OW (D1), . . . , iJ∗OW (Dm))]D′ .

Similarly, c̃1(iJ∗OW (D∗))J = c̃1(i∗YOW (Y )), which yields (6.2.2). This finishes the
proof. �

We now show that D(−)D′ descends to Ω∗(X)D|D′ in a series of steps.

Step 1: The descent to Z∗(X)D|D′ . Let π : Y → Z be a smooth morphism with Z
and Y in Smk, L1, . . . , Lr line bundles on Z with r > dimkZ, and f : Y → X a pro-
jective morphism inM(X)D|D′ , with Y irreducible. Using lemmas 6.2.1 and 6.2.2,
it suffices to show that (f∗D)(IdY , π∗L1, . . . , π

∗Lr)D′ = 0 in Ω∗(|f∗D|)D′ . Chang-
ing notation, we may assume thatX = Y , and that eitherD is a strict normal cross-
ing divisor on Y , or |D| = Y . We need to show that D(IdY , π∗L1, . . . , π

∗Lr)D′ = 0
in Ω∗(|D|)D′ .

If |D| = Y , then

D(IdY , π∗L1, . . . , π
∗Lr)D′ = c̃1(OY (D))(IdY , π∗L1, . . . , π

∗Lr)

= (IdY , π∗L1, . . . , π
∗Lr, OY (D)),
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which is zero in Ω∗(|D|)D′ = Ω∗(Y )D′ by the relations 〈RDim∗ 〉(Y )D′ .
If D is a strict normal crossing divisor on Y , with inclusion i : |D| → Y , then

D(IdY , π∗L1, . . . , π
∗Lr)D′ = c̃1((π ◦ i)∗L1) ◦ . . . ◦ c̃1((π ◦ i)∗Lr)([D → |D|]D′).

To see that this class vanishes, apply lemma 6.1.13 to π ◦ i : |D| → Z.

Step 2: The descent to Ω∗(X)D|D′ . Let f : Y → X be in M(X)D|D′ , and let
Z → Y be a codimension one smooth closed subscheme in very good position with
respect to D|D′. Let i : |D| → Y be the inclusion. We may suppose that Y is
irreducible. As in step I, we reduce to the case X = Y . Also, it suffices to show
that

D([OY (Z)]D|D′)D′ = D([Z → Y ])D′ .
Write the divisor Z as a sum Z =

∑r
i=1 Zi. Since Z is smooth, we have

Zi ∩ Zj = ∅ for i 6= j. Let Z ′ =
∑r
i=2 Zi. Using lemma 6.2.2 and the relations

〈RFGL∗ 〉(|D|)D′ , we have

D([OY (Z)]D|D′)D′ = D(c̃1(OY (Z))(1D|D
′

Y ))D′

= c̃1(i∗OY (Z))(D(1D|D
′

Y )D′)

= FL(c̃1(OY (Z1)), c̃1(OY (Z ′)))(D(1D|D
′

Y )D′).

Suppose that Y 6= |D|, so divD is a strict normal crossing divisor in good
position with respect to D′. Since FL(u, v) = u+v+

∑
i,j≥1 aiju

ivj , it follows from
lemma 6.2.6 that

FL(c̃1(i∗OY (Z1)), c̃1(i∗OY (Z ′)))(D(1D|D
′

Y )D′)

= c̃1(i∗OY (Z1))(D(1D|D
′

Y )D′) + c̃1(i∗OY (Z ′))(D(1D|D
′

Y )D′)

= D([OY (Z1)]D|D′)D′ +D([OY (Z ′)]D|D′)D′ .

Thus, by induction, we have

D([OY (Z)]D|D′)D′ =
r∑
i=1

D([OY (Zi)]D|D′)D′ .

If Y = |D|, then D(1D|D
′

Y )D′ = c̃1(OY (D))(1D
′

Y ), and

c̃1(OY (Zi)) ◦ c̃1(OY (Zj)(1D
′

Y ) = 0

by lemma 6.2.6(1). Since [Z → Y ]D′ =
∑
i[Zi → Y ]D′ , we reduce to the case of an

irreducible Z.
If Z 6⊂ |D|, then Z is in general position with respect to D. Using lemma 6.2.2

and lemma 6.2.4, we have

D([OY (Z)]D|D′)D′ = c̃1(i∗OY (Z))(D(1D|D
′

Y ))

= c̃1(i∗OY (Z))([D → |D|]D′)
= D([Z → Y ])D′ ,

as desired. If Z ⊂ |D|, then the same argument, using lemma 6.2.7 in place of
lemma 6.2.4, yields the desired identity.

Step 3: The descent to Ω∗(X)D|D′ . Let f : Y → X be in M(X)D|D′ and let L
and M be line bundles on Y . It suffices to show that

D([FL(L,M)])D′ = D([L⊗M ])D′ .
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For this, let D̃ = f∗D, let fD : |D̃| → |D| be the morphism induced by f and let i :
|D̃| → Y be the inclusion. Using the relations 〈RFGL∗ 〉(|f∗D|)D′ and lemma 6.2.3,
we have

D([FL(L,M)])D′ = D(FL(c̃1(L), c̃1(M))(1D|D
′

Y ))D′

= fD∗ (FL(c̃1(i∗L), c̃1(i∗M))(D̃(1D|D
′

Y ))

= fD∗ (c̃1(i∗L⊗ i∗M)(D̃(1D|D
′

Y ))

= D([L⊗M ])D′ ,

which finishes the descent to Ω∗(X)D|D′ .

6.3. Intersection with a pseudo-divisor II

We establish two basic properties of the operation D(−)D′ .

6.3.1. Commutativity. The first important property is the commutativity of
intersection. We begin with some preliminary results.

Lemma 6.3.1. Let D and D′ be pseudo-divisors on some finite type k-scheme
X, and let i : |D| → X be the inclusion. Then, for η ∈ Ω∗(X)D|D′ , i∗(D(η)D′) =
c̃1(OX(D))(η) in Ω∗(X)D′ .

Proof. It suffices to consider the case of η = [f : Y → X] for some f ∈
M(X)D|D′ , with Y irreducible. If f(Y ) ⊂ |D|, then D(f) = c̃1(i∗OX(D))([Y →
|D|]D′), from which the desired formula follows directly. If f(Y ) 6⊂ |D|, then
D(f) = fD∗ ([f∗D → |f∗D|]D′), where fD : |f∗D| → |D| is the map induced by f .
By remark 6.1.11, we have [f∗D → Y ]D′ = c̃1(OY (f∗D))(1D

′

Y ). Thus

i∗(D(f)) = f∗([f∗D → Y ]D′)

= f∗(c̃1(f∗OX(D))(1D
′

Y ))

= c̃1(OX(D))(f).

�

Write FL(u, v) = u+ v + uvF11(u, v). Let G11(u, v) = vF11(u, v).

Lemma 6.3.2. Let D, D′ be pseudo-divisors on W ∈ Smk. Suppose that D
is a strict normal crossing divisor, in good position with respect to D′. Write
D = D0 + D1, with D0 > 0, D1 > 0 and D1 smooth. Let i : |D| → W be the
inclusion.

(1) We have the identity

[D → |D|]D′ = [D0 → |D|]D′ + [D1 → |D|]D′
+G11(c̃1(i∗OW (D1)), c̃1(i∗OW (D0)))([D1 → |D|]D′).

(2) Let f : Y → W be in M(W )D|D′ ∩ M(W )D0|D′ ∩ M(W )D1|D′ . Let
iY0 : |f∗D0| → |f∗D|, iY1 : |f∗D1| → |f∗D| be the inclusions, and let
f̄ : |f∗D1| → W be the induced morphism. Suppose that Y is irreducible
and either f(Y ) ⊂ |D1| or f∗D1 is a smooth divisor on Y . Then

(f∗D)(1D|D
′

Y )D′ = iY0∗((f
∗D0)(1

D0|D′
Y )D′) + iY1∗((f

∗D1)(1
D1|D′
Y )D′)+

iY1∗
(
G11

(
c̃1(f̄∗OW (D1)), c̃1(f̄∗OW (D0)) big)((f∗D1)(1

D1|D′
Y )D′)

)
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Proof. For the second assertion, suppose first that f(Y ) ⊂ |D|. Let i : |D| →
W be the inclusion. Then by definition

(f∗D)(1D|D
′

Y )D′ = c̃1(OY (f∗D))(1D
′

Y ).

Since D = D0 +D1, we have

c̃1(OY (f∗D)) = FL(c̃1(OY (f∗D1)), c̃1(OY (f∗D0))

= c̃1(OY (f∗D1)) + c̃1(OY (f∗D0))

+ c̃1(OY (f∗D1))G11(c̃1(OY (f∗D1)), c̃1(OY (f∗D0)).

By lemma 6.3.1, iYj∗((f
∗Dj)(1

D|D′
Y )D′) = c̃1(OY (f∗Dj))(1D

′

Y ), j = 0, 1. Thus

(f∗D)(1D|D
′

Y )D′ = iY0∗((f
∗D0)(1

D|D′
Y )D′) + iY1∗((f

∗D1)(1
D|D′
Y )D′)

+ c̃1(OY (f∗D1)) ◦G11(c̃1(f∗OW (D1)), c̃1(f∗OW (D0))(1D
′

Y ).

Using lemma 6.3.1 again, we have

c̃1(f∗OW (D1)) ◦G11(c̃1(f∗OW (D1)), c̃1(f∗OW (D0))(1D
′

Y )

= G11(c̃1(f∗OW (D1)), c̃1(f∗OW (D0)))
(
c̃1(OY (f∗D1))(1D

′

Y )
)

= iY1∗
(
G11(c̃1(f̄∗OW (D1)), c̃1(f̄∗OW (D0)))((f∗D1)(1

D|D′
Y ))

)
.

This verfies the second assertion in this case.
If f(Y ) 6⊂ |D|, the second assertion is a consequence of the first. Indeed, in this

case, f∗D is a strict normal crossing divisor on Y , in good position with respect to
D′, and thus (f∗D)(1D|D

′

Y ) is [f∗D → |f∗D|]D′ . Thus, applying the first assertion
to f∗D = f∗D0 + f∗D1, we have

(f∗D)(1D|D
′

Y ) = [f∗D → |f∗D|]D′

= iY0∗[f
∗D0 → |f∗D0|]D′ + iY1∗[f

∗D1 → |f∗D1|]D′

+ iY1∗
(
G11(c̃D

′

1 (i∗1OY (f∗D1)), c̃1(i∗1OY (f∗D0)))([f∗D1 → |f∗D1|]D′)
)

= iY0∗(D0(1
D0|D′
Y )D′) + iY1∗(D1(1

D1|D′
Y )D′)

+ iY1∗
(
G11(c̃1(f̄∗OW (D1)), c̃1(f̄∗OW (D0)))(D1(1

D1|D′
Y )D′)

)
.

To prove (1), we first reduce to the case of irreducible D1. Write D1 =
E1 + D11, with E1 > 0 and D11 irreducible. Since D11 and E1 are disjoint,
c̃1(i∗D11

OW (E1))([D11 → |D11|]D′) = 0. Thus

G11(c̃1(OW (D11)), c̃1(OW (D0 + E1))([D11 → |D11|]D′)
= G11(c̃1(OW (D11)), FL(c̃1(OW (D0), c̃1(E1)))([D11 → |D11|]D′)
= G11(c̃1(OW (D11)), c̃1(OW (D0))([D11 → |D11|]D′)

(we omit the pull-back of the line bundles here and for the remainder of the argu-
ment to simplify the notation). Similarly,

G11(c̃1(OW (E1 +D11)), c̃1(OW (D0)))([D1 → |D|]D′)
= G11(c̃1(OW (E1)) + c̃1(OW (D11)), c̃1(OW (D0)))([D1 → |D|]D′)
= G11(c̃1(OW (E1), c̃1(OW (D0)))([E1 → |D|]D′)

+G11(c̃1(OW (D11), c̃1(OW (D0)))([D11 → |D|]D′),
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using lemma 6.2.6. With these formulas, one easily shows that (1) for the de-
compositions E = D0 + E1, D = E + D11 and D1 = E1 + D11 implies (1) for
D = D0 +D1.

We now assume D1 irreducible. Write D =
∑m
i=1 niDi, with the Di irreducible.

For each face DJ of D properly contained in D1, let iJ1 : DJ → D1 be the inclusion.
Let Fn denote the n-fold sum in the formal group (FL,L∗). The identity

FL(u1, Fn−1(u2, . . . , un)) = Fn(u1, . . . , un) gives us the identity∑
J

uJFn1,...,nm

J (u1, . . . , um) = u1 + V + u1V F11(u1, V )

where

V =

{
Fn1−1,...,nm(u1, . . . , um) if n1 > 1,
Fn2,...,nm(u2, . . . , um) if n1 = 1.

Thus

V =

{∑
J′ u

J′Fn1−1,n2,...,nm

J′ (u1, u2, . . . , um) if n1 > 1,∑
J′ u

J′Fn2,...,nm

J′ (u2, . . . , um) if n1 = 1,

where
∑
J′ is over all faces of D0.

We write F 0,n2,...,nm

(0,j2,...,jm)(u1, u2, . . . , um) for Fn2,...,nm

(j2,...,jm)(u2, . . . , um) and set F 0,n2,...,nm

(j1,...,jm) =
0 if j1 6= 0.

Write u1V F11(u1, V ) = u1G11(u1, V ) as the sum

u1V F11(u1, V ) =
∑
K

uKF ′K(u1, . . . , um),

where the sum is over all indices K = (k1, . . . , km) with 0 ≤ ki ≤ 1, k1 = 1 (if
n1 = 1 F ′K = 0 unless

∑
i ki ≥ 2). Note that

(6.3.1) G11(u1, V ) =
∑
K

uK−1F ′K

where K − 1 := (0, k2, . . . , kn). For each index K = (1, k2, . . . , kn), we have

Fn1,...,nm

K (u1, . . . , um) = Fn1−1,n2,...,nm

K (u1, u2, . . . , um) + F ′K(u1, . . . , um).

Refering to the definition of [D → |D|]D′ , and noting that

V (c̃1(O(D1)), . . . , c̃1(O(Dm))) = c̃1(O(D0)),

we thus need to show

(6.3.2)
∑
K

′
ιK∗ F

′
K(c̃1(O(D1)), . . . , c̃1(O(Dm)))(1D

′

DK )

= G11(c̃1(O(D1)), c̃1(O(D0)))([D1 → |D|]D′),

where
∑′
K means the sum over all K = (1, k2, . . . , kn) if n1 > 1, and with the

added restriction that
∑
i ki >≥ 2 if n1 = 1.

For each K = (1, k2, . . . , km), let

c̃1(O(D∗))K−1 = c̃1(O(D2))k2 ◦ · · · ◦ c̃1(O(Dm))km .

By repeated applications of the relations 〈RSect∗ 〉D′ , we have

iK1∗
(
F ′K(c̃1(O(D1)), . . . , c̃1(O(Dm)))(1D

′

DK )
)

=
(
F ′K(c̃1(O(D1)), . . . , c̃1(O(Dm))) ◦ c̃1(O(D∗))K−1

)
(1D

′

D1
).
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Thus, as ιK∗ = i1∗ ◦ iK1∗, the relation (6.3.1) implies∑
K

′
ιK∗

(
F ′K(c̃1(O(D1)), . . . , c̃1(O(Dm)))(1D

′

DK )
)

=
∑
K

′
i1∗

(
c̃1(O(D∗))K−1F ′K(c̃1(O(D1)), . . . , c̃1(O(Dm)))(1D

′

D1
)
)

= i1∗
(
G11(c̃1(O(D1)), V (c̃1(O(D1)), . . . , c̃1(O(Dm))))(1D

′

D1
)
)

= G11(c̃1(O(D1)), c̃1(O(D0)))([D1 → |D|]D′).

This verifies the identity (6.3.2), completing the proof. �

Proposition 6.3.3 (Commutativity). Let D′′ be a pseudo-divisor on a finite
type k-scheme X. Let f : T → X be in M(X), and let D, D′ be pseudo-divisors
on T . Suppose that

(1) D +D′ is a strict normal crossing divisor on T .
(2) D is in good position with respect to D′|D′′.
(3) D′ is in good position with respect to D|D′′.

Let iD : |D| → T and iD′ : |D′| → T be the inclusions. Then

(i∗D′D)([D′ → |D′|]D|D′′)D′′ = (i∗DD
′)([D → |D|]D′|D′′)D′′

in Ω∗(|D| ∩ |D′|)D′′ .

Proof. Write D =
∑
i niDi with each Di irreducible, and similarly D′ =∑

j n
′
jD

′
j . We show more generally that

(i∗E′E)([E′ → |E′|]D|D′′)D′′ = (i∗EE
′)([E → |E|]D′|D′′)D′′

in Ω∗(|E| ∩ |E′|) for all divisors 0 ≤ E ≤ D, 0 ≤ E′ ≤ D′; if E =
∑
imiDi and

E′ =
∑
jm

′
jD

′
j , we may proceed by induction on m :=

∑
imi and m′ :=

∑
im

′
i.

Suppose m = m′ = 1; we may suppose E = D1 and E′ = D′
1. If D1 6= D′

1, then
D1 and D′

1 intersect transversely and (i∗D1
D′

1)([D1 → |D1|]D′|D′′)D′′ is the element
1D

′′

D1∩D′1
in Ω∗(|D1|∩ |D′

1|)D′′ , as is (i∗D′1D1)([D′
1 → |D′

1|]D|D′′)D′′ . If D1 = D′
1, then

D1([D′
1 → |D′

1|]D|D′′)D′′ and D′
1([D1 → |D1|]D′|D′′)D′′ are obviously the same in

Ω∗(|D1| ∩ |D′
1|)D′′ .

In the general case, we may assume that D1 is a component of E. Let E0 =
E − D1. By symmetry, it suffices to induct on m and assume the result for the
pairs E0, E

′ and D1, E
′. Thus

(i∗E′E0)([E′ → |E′|]D|f∗D′′) = (i∗E0
E′)([E0 → |E0|]D′|D′′)D′′

in Ω∗(|E0| ∩ |E′|)D′′ and

(i∗E′D1)([E′ → |E′|]D|D′′)D′′ = (i∗D1
E′)([D1 → |D1|]D′|D′′)D′′

in Ω∗(|D1| ∩ |E′|)D′′ .
The divisor class [E′ → |E′|]D|D′′ is an Ω∗(k)-linear combination of maps of

the form g : Y → |E′|, with g(Y ) ⊂ |D1|, or g∗(D1) smooth, so we may apply
lemma 6.3.2(2) to give

(i∗E′E)([E′ → |E′|]D|D′′)D′′ =

i0∗
(
(i∗E′E0)([E′ → |E′|]D|D′′)D′′

)
+ i1∗

(
(i∗E′D1)([E′ → |E′|]D|D′′)D′′

)
+ i1∗

(
G11(c̃1(OW (D1)), c̃1(OW (E0)))((i∗E′D1)([E′ → |E′|]D|D′′)D′′

)
,
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where i0 : |E0| ∩ |E′| → |E| ∩ |E′|, i1 : |D1| ∩ |E′| → |E| ∩ |E′| are the inclusions.
Using our induction hypothesis, together with lemma 6.2.3, we have the identity in
Ω∗(|E| ∩ |E′|)D′′ :

(i∗E′E)([E′ → |E′|]D|D′′)D′′
= (i∗EE

′)([E0 → |E|]D′|D′′)D′′ + (i∗EE
′)([D1 → |E|]D′|D′′)D′′

+G11(c̃1(OW (D1)), c̃1(OW (E0)))((i∗EE
′)([D1 → |E|]D′|D′′)D′′)

= (i∗EE
′)([E0 → |E|]D′|D′′)D′′ + (i∗EE

′)([D1 → |E|]D′|D′′)D′′
+ (i∗EE

′)(G11(c̃1(OW (D1)), c̃1(OW (E0)))([D1 → |E|]D′|D′′))D′′

= (i∗EE
′)

(
[E0 → |E|]D′|D′′ + [D1 → |E|]D′|D′′

+G11(c̃1(OW (D1)), c̃1(OW (E0)))([D1 → |E|]D′|D′′)
)
D′′

= (i∗EE
′)([E → |E|]D′|D′′)D′′ ,

the last identity following from lemma 6.3.2(1). �

6.3.2. Linear equivalent pseudo-divisors. We show how to relate the opera-
tions D0(−)D and D1(−)D for linearly equivalent pseudo-divisors D0 and D1.

Proposition 6.3.4. Let W be in Smk, with pseudo-divisors D0, D1 and D,
such that OW (D0) ∼= OW (D1). Let ij : |Dj | →W be the inclusion, j = 0, 1.

(1) Let η be in Z∗(W )Dj |D, j = 0, 1. Then

i0∗(D0(η)D) = i1∗(D1(η)D)

in Ω∗(W )D.
(2) Let E be a strict normal crossing divisor on W , in good position with

respect to Dj |D, j = 0, 1. Then

i0∗(D0([E → |E|]D0|D)D) = i1∗(D1([E → |E|]D1|D)D)

in Ω∗(W )D.

Proof. Clearly (2) is a special case of (1). To prove (1), the operations Dj(−)
are compatible with the Chern class operators c̃1(L). Thus, it suffice to prove (1)
for the case of f : Y → W in M(W )Dj |D, j = 0, 1. Using lemma 6.2.1, we reduce
to the case Y = W , f = Id. But by lemma 6.3.1

i0∗(D0(1
D0|D
W )D) = [OW (D0)]D = [OW (D1)]D = i1∗(D1(1

D1|D
W )D).

�

6.4. A moving lemma

The next step is to show that the canonical map Ω∗(X)D → Ω∗(X) is an
isomorphism.

6.4.1. Distinguished liftings. Given a finite type k-scheme X with a pseudo-
divisor D, we give a method for lifting elements of Z∗(X) to Ω∗(X)D.

Lemma 6.4.1. Let Y be in Smk and let D̃ be an effective divisor on Y . Then
there is a projective birational morphism ρ : W → Y × P1, with W ∈ Smk, such
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that
(6.4.1)

(1) The fundamental locus of ρ is contained in |D̃| × 0.
(2) The proper transforms to W of Y × 0 and |D̃| × P1, denoted 〈Y × 0〉 and
〈|D̃| × P1〉 respectively, are disjoint.

(3) 〈Y × 0〉 is smooth. Letting E be the exceptional divisor of ρ, 〈Y × 0〉+E
is a strict normal crossing divisor on W .

Proof. We may assume that Y is irreducible. To construct such a ρ, first blow
up Y × P1 along the reduced subscheme |D̃| × 0, forming the projective birational
morphism

ρ1 : W1 → Y × P1.

Let U = Y × P1 \ |D̃| × 0. Since |D̃| × 0 = Y × 0∩ |D̃| × P1, the proper transforms
of Y × 0 and |D̃| × P1 to W1 are disjoint. By Hironaka [11, Main Theorem I∗,
pg.132], we may resolve the singularities of W1 by a projective birational morphism
W2 → W1 which is an isomorphism over U . Let ρ2 : W2 → Y × P1 be the induced
morphism, let E2 be the exceptional divisor of ρ2, and consider the Cartier divisor
D′ := ρ∗2(Y × 0) + E2. Clearly D′ ∩ ρ−1

2 (U) is a strict normal crossing divisor;
by corollary A.3, there is a projective birational morphism µ : W → W2, with
W ∈ Smk, such that µ is an isomorphism over ρ−1

2 (U), and with µ∗D′+E′ a strict
normal crossing divisor on W , where E′ is the exceptional divisor of µ. Letting
ρ : W → Y × P1 be the induced morphism, it is clear that ρ has all the necessary
properties. �

Let X be a finite type k-scheme, and D a pseudo-divisor on X. Let f : Y → X
be in M(X), with Y irreducible. Suppose that f(Y ) 6⊂ |D|. Then D̃ := divf∗D
is an effective Cartier divisor on Y . Take a projective birational morphism ρ :
W → Y × P1 satisfying the conditions (6.4.1). We claim that ρ∗(Y × 0) is in good
position with respect to D. Indeed, E is supported in |ρ∗p∗1f∗D|, and divρ∗p∗1f

∗D is
supported in |E|∪〈|p∗1f∗D|〉. Since 〈|p∗1f∗D|〉 is disjoint from 〈Y ×0〉 and 〈Y ×0〉+E
is a strict normal crossing divisor, 〈Y × 0〉+ E is in good position with respect to
D. Since ρ∗(Y × 0) has the same support as 〈Y × 0〉 + E, ρ∗(Y × 0) is in good
position with respect to D, as claimed.

Note that ρ∗(Y × 0) is linearly equivalent to ρ∗(Y × 1) ∼= Y , so [f ] = (p1 ◦
ρ)∗([ρ∗(Y × 0) → W ]) in Ω∗(X). Thus (f ◦ p1 ◦ ρ)∗([ρ∗(Y × 0) → W ]D) gives a
lifting of f to an element of Ω∗(X)D.

Definition 6.4.2. (1) Given an element f : Y → X of M(X) with Y irre-
ducible, f(Y ) 6⊂ |D|, and a birational morphism ρ : W → Y × P1 satisfying the
conditions (6.4.1), we call the element

(f ◦ p1 ◦ ρ)∗([ρ∗(Y × 0)→W ]D)

of Ω∗(X)D a distinguished lifting of f ∈ M(X). If f(Y ) ⊂ |D|, a distinguished
lifting of f is just [f ] ∈ Ω∗(X)D.

(2) Let η = (f : Y → X,L1, . . . , Lr) be a cobordism cycle on X, with Y irre-
ducible. Suppose that f(Y ) 6⊂ |D|. Choose ρ : W → Y × P1 as in (1), and let
L̃i = (p1ρ)∗Li. We call the element

(f ◦ p1 ◦ ρ)∗
(
c̃1(L̃1) ◦ . . . ◦ c̃1(L̃r)([ρ∗(Y × 0)→W ]D)

)
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of Ω∗(X)D a distinguished lifting of η. If f(Y ) ⊂ |D|, then [η] ∈ Ω∗(X)D is a
distinguished lifting of η. We extend this notion to arbitrary elements of Z∗(X) by
linearity.

Remark 6.4.3. The comment immediately preceeding definition 6.4.2 justifies
our terminology: if ηD ∈ Ω∗(X)D is a distinguished lifting of η ∈ Z∗(X), then ηD
and η both map to the same element in Ω∗(X).

Remark 6.4.4. Using the notation of definition 6.4.2(2), we can write a dis-
tinguished lifting of (f : Y → X,L1, . . . , Lr) as

f∗
(
c̃1(L1) ◦ . . . ◦ c̃1(Lr)((p1 ◦ ρ)∗([ρ∗(Y × 0)→W ]D))

)
,

noting that (p1 ◦ ρ)∗([ρ∗(Y × 0)→W ]D) is in Ω∗(Y )f∗D.

Remark 6.4.5. Let T be a smooth projective k-scheme, and let f : Y → X be
in M(X). If µ : W → Y × P1 satisfies the conditions (6.4.1) for f∗D on Y , then
clearly IdT ×µ : T ×W → T ×Y ×P1 satisfies the conditions (6.4.1) for the divisor
(f ◦ p2)∗D on T × Y . From this, it easily follows that, if η̃ is a distinguished lifting
of some η ∈ Z∗(X), and α is in Z∗(k), then αη̃ is a distinguished lifting of αη.

Lemma 6.4.6. Let η be in Z∗(X), and let η1, η2 be distinguished liftings of η.
Then η1 = η2 in Ω∗(X)D.

Proof. First of all, we may assume that η is a cobordism cycle (f : Y →
X,L1, . . . , Lr), with Y irreducible. Next, it follows from the formula in remark 6.4.4
that, if τ is a distinguished lifting of (f, L1, . . . , Lr), then there is a distinguished
lifting Ĩd ∈ Ω∗(Y )f∗D of the cobordism cycle IdY ∈ Ω∗(Y ) with

τ = f∗(c̃1(L1) ◦ . . . ◦ c̃1(Lr)(Ĩd))

Thus, it suffices to consider the case of X ∈ Smk, and to show that two distin-
guished liftings of IdX ∈M(X) agree in Ω∗(X)D.

We may assume that X is irreducible. If |D| = X, then Z∗(X) = Z∗(X)D,
Ω∗(X) = Ω∗(X)D, and the unique distinguished lifting of IdX is the class of IdX
in Ω∗(X)D. Thus, we may assume that D is a Cartier divisor on X. Let η1 and η2
be two distinguished liftings of IdX .

Suppose ηi is constructed via a birational morphism ρi : Wi → X×P1 satisfying
(6.4.1), for i = 1, 2. Let Zi be a subscheme of X × P1, supported in |D| × 0, such
that Wi is the blow-up of X × P1 along Zi, i = 1, 2.

Let T1 → X × P1 × P1 be the blow-up along Z1 × P1, and let 〈Z2〉 denote the
proper transform of p∗13(Z2) to T1. Let T2 → T1 be the blow-up of T1 along 〈Z2〉,
with structure morphism φ : T2 → X × P1 × P1.

We claim there is a blow-up of T2 at a closed subscheme Z supported over
|D| × 0 × 0, T → T2, such that T is smooth over k, and such that the divisor
X × P1 × 0 + X × 0 × P1 pulls back to a strict normal crossing divisor on T ,
in good position with respect to D. To see this, let U be the open subscheme
T2 \ φ−1(|D| × 0 × 0). We note that U is smooth and the pull-back of X × P1 ×
0+X × 0×P1 to U is a strict normal crossing divisor, and the proper transform of
X ×P1× 0+X × 0×P1 is disjoint from the proper transform of D×P1×P1, after
restricting to U . Arguing as in the proof of lemma 6.4.1, we construct a projective
birational morphism T → T2, with T smooth over k and isomorphic to T2 over U ,
such that X × P1 × 0 + X × 0 × P1 pulls back to a strict normal crossing divisor
and the proper transform of X × P1 × 0 +X × 0 × P1 is disjoint from the proper
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transform of D × P1 × P1. This verifies our claim. We let p : T → X × P1 × P1

be the induced morphism, and let q : T → X be p followed by the projection
pX : X × P1 × P1 → X.

Clearly p−1(X×P1×1) is isomorphic to W1, and p−1(X×1×P1) is isomorphic
to W2, as schemes over X × P1. Let D0 = X × P1 × 0 and D′

0 = X × 0 × P1,
D1 = X × P1 × 1 and D′

1 = X × 1× P1. By our construction, we have the classes
[p∗D0 → T ]D′i|D, [p∗D′

0 → T ]Di|D, i = 0, 1.
Let ij : |p∗Dj | → T , i′j : |p∗D′

j | → T , j = 0, 1, be the inclusions. We first note
that

η1 = (qi1)∗
(
(p∗D1)([p∗D′

0 → T ]D1|D)D
)
.

Indeed, by proposition 6.3.3,

i1∗
(
(p∗D1)([p∗D′

0 → T ]D1|D)D
)

= i′0∗
(
(p∗D′

0)([p
∗D1 → T ]D′0|D)D

)
.

Let j1 : X × 0→ X ×P1 be the inclusion. As p−1(X ×P1× 1) is isomorphic to W1

over X × P1, we have

(qi′0)∗
(
(p∗D′

0)([p
∗D1 → T ]D′0|D)D

)
= (p1j1)∗

(
(X × 0)(W1 → X × P1)D

)
= η1

Similarly,
η2 = (qi′1)∗

(
(p∗D′

1)([p
∗D0 → T ]D′1|D)D

)
.

From proposition 6.3.4, we have

i0∗
(
(p∗D0)([p∗D′

0 → T ]D0|D)D
)

= i1∗
(
(p∗D1)([p∗D′

0 → T ]D1|D)D
)

i′0∗
(
(p∗D′

0)([p
∗D0 → T ]D′0|D)D

)
= i′1∗

(
(p∗D′

1)([p
∗D0 → T ]D′1|D)D

)
in Ω∗(T )D. By proposition 6.3.3, we have

i′0∗
(
(p∗D′

0)([p
∗D0 → T ]D′0|D)D

)
= i0∗

(
(p∗D0)([p∗D′

0 → T ]D0|D)D
)

in Ω∗(T )D. Pushing forward to X, we have

η1 = (qi1)∗
(
(p∗D1)([p∗D′

0 → T ]D1|D)D
)

= (qi′1)∗
(
(p∗D′

1)([p
∗D0 → T ]D′1|D)D

)
= η2,

as desired. �

Remark 6.4.7. Via this result, we may speak of the distinguished lifting of an
element of Z∗(X) to Ω∗(X)D. We have the following properties of the distinguished
lifting:

(1) Sending η ∈ Z∗(X) to its distinguished lifting η̃ defines a Z∗(k)-linear
homomorphism Z∗(X) → Ω∗(X)D, lifting the canonical map Z∗(X) →
Ω∗(X).

(2) Given f : X ′ → X projective, if η̃ ∈ Ω∗(X ′)f∗D is the distinguished lifting
of η ∈ Z∗(X ′), then f∗η̃ ∈ Ω∗(X)D is the distinguished lifting of f∗η.

(3) If L1, . . . , Lr are line bundles on X, and η̃ is the distinguished lifting of
η ∈ Z∗(X), then c̃1(L1) ◦ . . . ◦ c̃1(Lr)(η̃) is the distinguished lifting of
c̃1(L1) ◦ . . . ◦ c̃1(Lr)(η̃).

The Z∗(k)-linearity in (1) follows from remark 6.4.5, and the lifting property fol-
lows from remark 6.4.3. These last two properties follow from the formula in re-
mark 6.4.4.
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We extend the distinguished lifting to L∗ ⊗Z∗(X) by linearity.

Lemma 6.4.8. Let F be in L∗[[u1, . . . , ur]], let f : W → X be in M(X), and
let L1, . . . , Lr be line bundles on W . Take an element η ∈ Z∗(W ) and let η̃ be the
distinguished lifting of η to Ω∗(W )f∗D. Let FN denote the truncation of F after
total degree N . Then, for all N sufficiently large, f∗(F (c̃1(L1), . . . , c̃1(Lr))(η̃)) is
the distinguished lifting of f∗(FN (c̃1(L1), . . . , c̃1(Lr))(η)).

Proof. This follows from remark 6.4.7. �

Remark 6.4.9. As an application, consider the case of a strict normal crossing
divisor E =

∑m
j=1 njEj on Y ∈ Smk, with inclusion i : |E| → Y , and a projective

map f : Y → X. The class [E → |E|] ∈ Ω∗(|E|) is

(6.4.2)
∑
J

ιJ∗F
n1,...,nm

J (c̃1(OY (E1)), . . . , c̃1(OY (Em)))(IdEJ ).

where ιJ : EJ → |E| is the inclusion. Let [ĨdEJ ]D be the distinguished lifting of

IdEJ , and let ˜[E → |E|] be a lifting of [E → |E|] to Z∗(|E|) defined by truncating
Fn1,...,nm

J (u1, . . . , um) after total degree N , for some N > dimkE
J . By remark 6.4.7

and lemma 6.4.8, the element

˜[E → |E|]D :=
∑
J

ιJ∗F
n1,...,nm

J (c̃1(OY (E1)), . . . , c̃1(OY (Em)))([ĨdEJ ]D).

of Ω∗(|E|)D is the distinguished lifting of ˜[E → |E|].

Lemma 6.4.10. Let η be in Z∗(X)D, and let η̃ be the distinguished lifting of
the image of η in Z∗(X). Then η̃ is the image of η in Ω∗(X)D under the canonical
homomorphism Z∗(X)D → Ω∗(X)D.

Proof. From the relations described in remark 6.4.7, we reduce to the case of
η = IdX ∈M(X)D, with X irreducible and in Smk. The case |D| = X is evident,
so assume that D is a strict normal crossing divisor on X. Let µ : W → X × P1

be a projective birational morphism such that the conditions (6.4.1) are satisfied,
and let g = p1 ◦ µ. Then the divisors µ∗(X × 1) and µ∗(X × 0) are both in good
position with respect to D. As both are divisors of sections of µ∗(OX×P1(1)), we
have

g∗([µ∗(X × 1)→W ]D) = g∗([µ∗(X × 0)→W ]D)

in Ω∗(X)D, by remark 6.1.11. As g∗([µ∗(X×1)→W ]D) = IdX and g∗([µ∗(X×0)→
W ]D) is the distinguished lifting of IdX , the result follows. �

6.4.2. Lifting divisor classes. We need some information on the distinguished
lifting of divisor classes before proving the main moving lemma.

Let f : Y → X be in M(X), and let i : S → Y be a smoot Cartier divisor
on Y . Let D be a pseudo-divisor on X. Suppose that f(Y ) 6⊂ |D|, and that Y is
irreducible. Let D̃ = divf∗D.

We apply the construction of §6.4.1: blow up Y × P1 along a subscheme con-
tained in |D̃| × 0, forming the scheme ρ : T → Y × P1, satisfying the conditions
(6.4.1). Note that S × P1 + Y × 0 is a strict normal crossing divisor on Y × P1. By
corollary A.3, we may blow up T along smooth centers over |D̃| × 0, forming the
scheme τ : T̃ → Y × P1 which satisfies the conditions (6.4.1) and in addition has
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the property that τ∗(S × P1 + Y × 0) is a strict normal crossing divisor. Finally,
letting E be the exceptional divisor of τ , we may suppose that

|τ−1(D × 0)| = |E|.
We let 〈Y × 0〉 denote the proper transform of Y × 0 and 〈S × P1〉 the proper
transform of S × P1. Let S̃ = τ∗(S × P1), Ỹ = τ∗(Y × 0).

Lemma 6.4.11.
(1) S̃ + Ỹ is in good position with respect to Ỹ |D.
(2) Let q : |Ỹ | ∩ |S̃| → X be the composition of the inclusion into Ỹ with

f ◦ τ . Then q∗(Ỹ ([S̃ → |Ẽ|]Ỹ |D)D) ∈ Ω∗(X)D is the distinguished lifting
of f∗([E → Y ]), in the sense of remark 6.4.9.

Proof. We we write [S] for [S → Y ], etc. (1) follows directly from the con-
struction: since S̃ + Ỹ is a strict normal crossing divisor, S̃ + Ỹ is in M(T̃ )Ỹ .
Since

|τ∗(S × P1 + Y × 0)| = |〈Y × 0〉+ E + S̃|
and |τ−1(D × 0)| = |E|, it follows that, for each face F of S̃ + Ỹ , F ∩ Ỹ is in good
position with respect to D.

For (2), we claim that

(6.4.3) Ỹ ([S̃]Ỹ |D)D = Ỹ ([〈S × P1〉]Ỹ |D)D

in Ω∗(|Ỹ | ∩ |S̃|)D. Indeed we may write

S̃ = 〈S × P1〉+A,

where A is an effective divisor, supported in |S̃| ∩ |E|. Since the exceptional divisor
E is supported in |Ỹ |, A is supported in |Ỹ |. From the above decomposition of S̃,
we have

[S̃]Ỹ |D = [〈S × P1〉]Ỹ |D + i∗α,

where α is a class in Ω∗(|A|)Ỹ |D, and i : |A| → |S̃| is the inclusion. Then

Ỹ ([S̃]Ỹ |D)D = Ỹ ([〈S × P1〉]Ỹ |D)D + i∗c̃1(i∗OT̃ (Ỹ ))(α).

But Ỹ = τ∗(Y×0), henceOT̃ (Ỹ ) ∼= OT̃ in a neighborhood of |A|. Thus c̃1(i∗OT̃ (Ỹ ))(α) =
0, proving our claim.

We are thus reduced to showing that q∗(Ỹ ([〈S×P1〉]Ỹ |D))D is the distinguished
lifting of f∗([S]). For this, the fact that S̃ + E is a strict normal crossing divisor,
that τ−1(D × 0) = |E| and that τ satisfies the conditions (6.4.1) for D imply that
the restriction of τ ,

τS : 〈S × P1〉 → S × P1

satisfies the conditions (6.4.1) for the pull-back of D to S. Thus, the class

[τ∗S(S × 0)→ X]

is the distinguished lifting of [S → X]. Since

τ∗S(S × 0) = Ỹ ∩ 〈S × P1〉
as divisors on 〈S × P1〉, and since

[Ỹ ∩ 〈S × P1〉 → X]D = Ỹ [〈S × P1〉 → X]Ỹ |D|,

the proof is complete. �
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6.4.3. The proof of the moving lemma. We are now ready to prove the main
result of this section.

Theorem 6.4.12. Let X be a finite type k-scheme, and D a pseudo-divisor on
X. Then the canonical map ϑX : Ω∗(X)D → Ω∗(X) is an isomorphism.

Proof. As noted in remark 6.4.7, taking the distinguished lifting defines a
Z∗(k)-linear homomorphism φ : Z∗(X) → Ω∗(X)D, with ϑX(φ(η)) the image of η
in Ω∗(X). In fact, by lemma 6.4.10, we have a commutative diagram

Z∗(X)D //

ϑ̃X

��

Ω∗(X)D

ϑX

��

Z∗(X)
φ

99rrrrrrrrrr
// Ω∗(X)

where ϑ̃X is the canonical map, and the horizontal arrows are the canonical maps.
Since Z∗(X)→ Ω∗(X) is surjective lemma 2.5.9, the surjectivity of ϑX follows.

To show that ϑX is injective, it suffices to show that the distinguished lifting ho-
momorphism φ descends to an Ω∗(k)-linear homomorphism φ̄ : Ω∗(X)→ Ω∗(X)D.
Indeed, Ω∗(X)D is generated as an L∗-module by the image of Z∗(X)D, and thus
Ω∗(X)D is generated as an Ω∗(k)-module by the image of Z∗(X)D. Therefore, φ̄
is surjective, and ϑX ◦ φ̄ = Id, hence ϑX is injective. We proceed to show that φ
descends to φ̄.

First, we show that φ descends to φ1 : Z∗(X) → Ω∗(X)D. For this, take
a generator η := (f : Y → X,π∗L1, . . . , π

∗Lr,M1, . . . ,Ms) of 〈RDim∗ 〉(X) (see
lemma 2.4.2), which is the kernel of Z∗(X)→ Z∗(X). Here f : Y → X is inM(X),
π : Y → Z is a smooth morphism to some Z ∈ Smk, L1, . . . , Lr are line bundles
on Z, M1, . . . ,Ms are line bundles on Y , and r > dimkZ. Let µ : W → Y × P1

be a projective birational morphism used to construct a distinguished lifting of
f : Y → X. Let g = f ◦p1 ◦µ, τ = π ◦p1 ◦µ and ρ = p1 ◦µ. Then the distinguished
lifting of η is

g∗
(
c̃1(τ∗L1) ◦ . . . ◦ c̃1(τ∗Lr) ◦ c̃1(ρ∗M1) ◦ . . .

. . . ◦ c̃1(ρ∗Ms)([µ∗(Y × 0)→W ]D)
)
.

By lemma 6.1.13, the operator c̃1(τ∗L1) ◦ . . . ◦ c̃1(τ∗Lr) is zero on Ω∗(W )D, so the
distinguished lifting of η is zero, as desired.

Next, we check that φ1 descends to φ2 : Ω∗(X)→ Ω∗(X)D. Since φ intertwines
the operators c̃1(L) on Z∗(X) and Ω(X)D, it suffices by lemma 2.4.7 to check that
φ1 vanishes on elements of the form

[f : Y → X,OY (S)]− [f ◦ i : S → X],

where f is inM(X), and i : S → Y is the inclusion of a smooth divisor.
Let η ∈ Ω∗(Y )f∗D be the distinguished lifting of IdY . By lemma 6.4.8, f∗(c̃1(OY (S))(η))

is the distinguished lifting of (f : Y → X,OY (S)) = f∗(c̃1(OY (S))(IdY )).
On the other hand, let ρ : W → Y × P1 be a blow-up used to define the

distinguished lifting η, so η is represented by (p1 ◦ρ)∗([ρ∗(Y ×0)→W ]D). Blowing
up W further, and changing notation, we may assume that ρ∗(S × P1) is a normal
crossing divisor onW , in good position with respect to Y ×0|f∗D. By lemma 6.4.11,

f∗
(
(Y × 0)((p1 ◦ ρ)∗[ρ∗(S × P1)→W ]Y×0|D)f∗D

)
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is the distinguished lifting of f∗[S → Y ] to Ω∗(X)D. Let ĩS : |ρ∗(S × P1)| → W
and ĩ0 : |ρ∗(Y × 0)| →W be the inclusions. By lemma 6.3.1 and proposition 6.3.3,
we have

f∗
(
(Y × 0)((p1 ◦ ρ)∗[ρ∗(S × P1)→W ]Y×0|f∗D)

)
= (f ◦ p1 ◦ ρ)∗(̃i0∗(ρ∗(Y × 0)([ρ∗(S × P1)→W ]Y×0|D)))

= (f ◦ p1 ◦ ρ)∗
(̃
iS∗(ρ∗(S × P1)([ρ∗(Y × 0)→W ]S×P1|D))

)
= (f ◦ p1 ◦ ρ)∗

(
c̃1((p1 ◦ ρ)∗OY (S))(̃[ρ∗(Y × 0)→W ]D)

)
= f∗(c̃1(OY (S))(η)).

Thus f∗[S → Y ] and f∗(c̃1(OY (S))(1Y )) have the same distinugished lifting to
Ω∗(X)D, that is φ1([f : Y → X,OY (S)]− [f ◦ i : S → X]) = 0, as desired.

Finally, we check that φ2 descends to φ̄ : Ω∗(X) → Ω∗(X)D. For this we use
the description of the kernel of the surjection Ω∗(X) → Ω∗(X) given by propo-
sition 2.5.15. To describe this kernel, we consider the power series FΩ(u, v) =
u + v +

∑
i,j≥1 aiju

ivj giving the formal group law on Ω∗(k). We choose liftings
αij ∈ M+(k) of aij ∈ Ω∗(k), and let F (u, v) = u + v +

∑
i,j≥1 αiju

ivj be the re-
sulting lifting of FΩ. Then the kernel of Ω∗(X)→ Ω∗(X) is generated by elements
of the form

f∗
(
c̃1(L1) ◦ . . . ◦ c̃1(Lr)([F (L,M)]− [L⊗M ])

)
,

where f : Y → X is in M(X), and L1, . . . , Lr, L and M are line bundles on Y .
Given such an element, it suffices to show that

φ2([F (L,M)]− [L⊗M ]) = 0

in Ω∗(Y )D, since φ2 is compatible with f∗, and with the Chern class operators
c̃1(Li). Now, [F (L,M)] = F (c̃1(L), c̃1(M))(IdY ), and [L⊗M ] = c̃1(L⊗M)(IdY ).
Thus, if η ∈ Ω∗(Y )D is the distinguished lifting of IdY , it follows from the definition
of distinguished liftings that

φ2([F (L,M)]) = F (c̃1(L), c̃1(M))(η),

φ2([L⊗M ]) = c̃1(L⊗M)(η).

Since F (u, v) and FL(u, v) both have image FΩ(u, v) in Ω∗(k)[[u, v]], it follows that
F (c̃1(L), c̃1(M))(η) = FL(c̃1(L), c̃1(M))(η). Thus, using the relations 〈L∗RFGL∗ 〉(Y )f∗D,
we see that φ2([F (L,M)]−[L⊗M ]) = 0, which completes the descent and the proof
of the theorem. �

6.5. Pull-back for l.c.i. morphisms

Starting with the pull-back for a divisor, defined using the results of the previous
sections, we use the deformation to the normal bundle to define the Gysin morphism
for a regular imbedding of k-schemes. Combined with smooth pull-back, this gives
us functorial pull-back maps for l.c.i. morphisms of k-schemes, in particular, for
arbitrary morphisms in Smk.

6.5.1. Pull-back for divisors. The results of §6.2-§6.4 allow us to make the
following definition:
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Definition 6.5.1. Let D be a pseudo-divisor on a finite type k-scheme X. We
define the operation of “pull-back by D”,

i∗D : Ω∗(X)→ Ω∗−1(|D|),

to be the composition

Ω∗(X)
ϑ−1

X−−→ Ω∗(X)D
D(−)−−−→ Ω∗−1(|D|).

6.5.2. The Gysin morphism. Let iZ : Z → X be a regular embedding in Schk
of codimension d > 0. We proceed to define the map i∗Z : Ω∗(X)→ Ω∗−d(Z).

We form the deformation diagram for i: Let µ : M → X×P1 be the blow-up of
X×P1 along Z×0, let 〈X×0〉 and 〈Z×P1〉 denote the proper transforms of X×0
and Z × P1 respectively, let E be the exceptional divisor of µ, let N = E \ 〈X × 0〉
and U = M \ 〈X × 0〉. Let j : U \N → U , and iN : N → U be the inclusions.This
yields the commutative diagram

(6.5.1) N

µN

��

iN // U

µ

��

U \N
j

oo

〈Z × P1〉0

ssssssssss

ssssssssss

s

eeKKKKKKKKKKK

ĩ0

// 〈Z × P1〉
ĩ

99sssssssssss
X

iX1

ddIIIIIIIIIII

OO

Z × 0
i0

// Z × P1
i
// X × P1 X × 1oo

The equalities are isomorphisms induced by µ, µN is the morphism induced by µ
and 〈Z × P1〉0 is the fiber of 〈Z × P1〉 over 0 ∈ P1. We also have the identity
〈Z × P1〉0 = 〈Z × P1〉 ∩ V , which gives the map s.

Letting ν be the conormal sheaf of Z inX, µE : E → Z×0 = Z is the projective
bundle P(ν⊕OZ)→ Z, and µN : N → Z is the vector bundle Spec (Sym∗(N ))→ Z,
i.e., the normal bundle NZX of Z in X. Note that µ restricts to an isomorphism

µ : U \N ∼−→ X × (P1 \ 0).

When we need to indicate explicitly X and Z in the notation, we write MZX for
M , UZX for U , etc.

Lemma 6.5.2. The map i∗N ◦ iN∗ : Ω∗+1(N)→ Ω∗(N) is the zero map

Proof. If f : T → N is in M(N), then iN ◦ f : T → U is clearly in M(U)N ,
and N(iN ◦ f) = f∗(c̃1(f∗OU (N))(IdT )). But on U , the divisor N is linearly
equivalent to µ∗(X×1), which is disjoint from N . Thus f∗OU (N) ∼= OT and hence
c̃1(f∗OU (N))(IdT ) = 0. Thus i∗N iN∗(f) = N(iN ◦ f) = 0, as desired. �
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We have the diagram

(6.5.2) Ω∗(X)
p∗1 // Ω∗+1(X × (P1 \ 0))

µ∗∼
��

Ω∗+1(U \N) Ω∗+1(U)

i∗N
��

j∗
oo

Ω∗−d(Z)
µ∗N

// Ω∗(N).

We call (6.6.3) the zigzag diagram for the regular imbedding iZ . We have as well
the exact localization sequence (theorem 3.2.7)

Ω∗+1(N) iN∗−−→ Ω∗+1(U)
j∗−→ Ω∗+1(U \N)→ 0;

by lemma 6.5.2, the composition

Ω∗+1(X × (P1 \ 0))
µ∗−→ Ω∗+1(U \N)

(j∗)−1

−−−−→ Ω∗+1(U)
i∗N−−→ Ω∗(N)

gives a well-defined homomorphism ψY,Z : Ω∗+1(X × (P1 \ 0))→ Ω∗(N).
Since the map µN : N → Z makesN into a vector bundle over Z, it follows from

the homotopy property for algebraic cobordism (theorem 3.6.3) that the smooth
pull-back

µ∗V : Ω∗−d(Z)→ Ω∗(N)
is an isomorphism.

Definition 6.5.3. Let iZ : Z → X be a regular embedding of codimension d in
Schk. The Gysin morphism i∗Z : Ω∗(X)→ Ω∗−d(Z) is defined as the composition

Ω∗(X)
p∗1−→ Ω∗+1(X × (P1 \ 0))

ψY,Z−−−→ Ω∗(NZ/X)
(µ∗N )−1

−−−−−→ Ω∗−d(Z).

6.5.3. Properties of the Gysin morphism. Let f : Y → X, g : Z → X be mor-
phisms in Schk. Recall that f and g are called Tor-independent if TorOX

i (OY ,OZ) =
0 for i > 0.

Proposition 6.5.4. Let f : Y → X, g : Z → X be Tor-independent morphisms
in Schk, giving the cartesian diagram

Y ×X Z
f ′
//

g′

��

Z

g

��

Y
f

// X

Suppose that g is a regular embedding.
(1) If f is projective, then g∗ ◦ f∗ = f ′∗ ◦ g′∗.
(2) If f is smooth and quasi-projective, then f ′∗ ◦ g∗ = g′∗ ◦ f∗.

Proof. Since f and g are Tor-independent, the map g′ is a regular imbedding,
so g′∗ is defined. Also, if we apply the functor Y ×X− to zigzag diagram (6.6.3) for
the regular imbedding g : Z → X, we arrive at the zigzag diagram for the regular
imbedding g′ : Y ×X Z → Y . Calling the first diagram D(g) and the second D(g′),
the projection p2 : Y×X? →? gives the map of diagrams p2∗ : D(g′) → D(g) in
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case f is projective, and the map of diagrams p∗2 : D(g)→ D(g′) if f is smooth and
quasi-projective (with shift in the grading).

We note that the diagrams p2∗ : D(g′) → D(g) and p∗2 : D(g) → D(g′) are
commutative. Indeed, this follows from the following facts:

(1) projective push-forward commutes with smooth pull-back in cartesian di-
agrams (definition 2.1.2(A3)).

(2) pull-back by a divisor satisfies a projection formula with respect to pro-
jective push-forward (lemma 6.2.1(1)).

(3) pull-back by a divisor commutes with smooth pull-back (lemma 6.2.1(2)).
This proves the lemma. �

Corollary 6.5.5. Let Z and X be in Schk.
(1) Let i : Z → X be a regular imbedding, and let f : Y → X be in M(X).

Suppose f and i are Tor-independent and that Y ×X Z is in Smk. Then
i∗(f) is represented by p2 : Y ×X Z → Z.

(2) Let p : X → Z be a smooth morphism with a section i : Z → X. Then i
is a regular imbedding and i∗ ◦ p∗ = Id on Ω∗(Z).

(3) Let p : X → Z be a rank n vector bundle over Z, and let i : Z → X be a
section. Then i is a regular imbedding and i∗ is the inverse of p∗.

Proof. For (3), the fact that p∗ is an isomorphism if p : X → Z is a vector
bundle over Z, theorem 3.6.3 shows that (2) implies (3). Also, (2) follows from (1),
since p∗(f : Y → Z) is represented by p2 : Y ×Z X → X. It remains to prove (1).

By proposition 6.5.4, we have i∗f∗(η) = f ′∗i
′∗(η) for η ∈ Ω∗(Y ), where i′ :

Y ×X Z → Y , f ′ : Y ×X Z → Z are the projections. Thus, it suffices to show that
i′∗(IdY ) = IdY×XZ . Denoting Y ×X Z by Z ′, we form the deformation diagram
(6.6.3) for i′, letting µ : M → Y × P1 be the blow-up of Y × P1 along Z ′ × 0 with
exceptional divisor E, N := E ∩U , iN : N → U the inclusion of the normal bundle
NZ′Y , j : U \N → U the open complement of N , and µN : N → Z ′ the projection.

Clearly j∗(IdU ) = p∗1(IdY ) in Ω∗+1(U \N), hence

i′∗(IdY ) = (µ∗Z′)
−1(i∗N (IdU ) = (µ∗Z)−1( idN ).

Since µ∗Z′(IdZ′) = IdN , we have i′∗(IdY ) = IdZ′ , as desired. �

We check that our two definitions of pullback for a Cartier divisor agree.

Lemma 6.5.6. Let i : Z → X be a regular imbedding, with codimXZ = 1.
Then, for f : Y → X in M(X)Z , we have Z(f) = i∗(f) in Ω∗(Z), so i∗ = i∗Z .

Proof. Form the deformation diagram (6.5.1) for i; we have the blow-up µ :
M → X × P1 of X × P1 along Z × 0.

Let ρ : T̃ → Y × P1 be a blow-up of Y × P1 along smooth centers lying over
f−1(Z)×0 so that the rational map µ−1◦(f×Id) : Y ×P1 →W defines a morphism
φ̃ : T̃ → W . Blowing up further over Y × 0, if necessary, we may assume that φ̃ is
inM(W )E|〈Z×P1〉.

Let φ : T → U be the pull-back of φ̃ via the open immersion U →W . Clearly

T ×U U \N → U \N → Y × (P1 \ 0)

is an isomorphism. Thus, by definition of i∗, we have

i∗(f) = (µN )−1(i∗N (φ)).



162 VI. FUNCTORIALITY

Let i0 : Z → N be the zero section, giving the divisor i0(Z) on N . Since
i0(Z)(µ∗Ng) = g for g ∈ Ω∗(Z), the map i0(Z)(−) : Ω∗(N) → Ω∗(N) is inverse to
µ∗. Thus

i∗(f) = i0(Z)(i∗N (j∗(φ))) = i0(Z)(N(j∗(φ))) = i0(Z)(µ∗(X × 0)(φ)).

Let i1 : Z → X × 1 be the evident inclusion.
Write D for 〈Z × P1〉, and let iD : |D| → W , ι0 : |µ∗(X × 0)| → W and

ι1 : |µ∗(X × 1)| → W be the inclusions. Since 〈Z × P1〉 ∼= Z × P1, we have the
projection p1 : |D| → Z. Noting that i0(Z) = ι∗0(D) as Cartier divisors, and using
the projection formula (lemma 6.2.1(1)) and proposition 6.3.4, we have

i∗(f) = i0(Z)(µ∗(X × 0)(φ)) = (ι∗0D)(µ∗(X × 0)(φ))

= p1∗ ◦ i0∗
(
(ι∗0D)(µ∗(X × 0)(φ))

)
= p1∗

(
D(ι0∗(µ∗(X × 0)(φ))

)
= p1∗

(
D( iota1∗(µ∗(X × 1)(φ))

)
= i1(Z)(µ∗(X × 1)(φ)) = Z(f).

�

Lemma 6.5.7. Let i : Z → X be a regular imbedding, let p : Y → X be a
smooth quasi-projective morphism, and let s : Z → Y be a section of Y over Z.
Then s∗ ◦ p∗ = i∗.

Proof. Form the deformation diagram for the inclusion s : Z → Y , letting
µs : Ms → Y × P1 be the blow-up of Y × P1 along s(Z) × 0, Us := Ms \ 〈Y × 0〉,
and jNs

: Ns → Us the inclusion of the normal bundle Ns(Z)/Y . Similarly, let
µi : Mi → X ×P1 be the blow-up of X ×P1 along i(Z)× 0; we change s to i in the
notation.

Checking in local coordinates, one sees that the projection p : Y → X extends
to a smooth morphism p̃ : Us → Ui, inducing the natural map Np : NZY → NZX
from Ns to Ni. Take an element η ∈ Ω∗(X), and let η̃i be a lifting of p∗1η to Ω∗(Ui).
Then η̃s := p̃∗η̃i is a lifting of p∗1p

∗η to Ω∗(Us). Since p̃ is smooth, we have

i∗Ns
(η̃s) = Np∗i∗Ni

(η̃i).

Letting ps : Ns → Z, pi : Ni → Z be the projections, we have p∗s = Np∗ ◦p∗i , hence,
by proposition 6.5.4,

s∗(p∗η) = (p∗s)
−1(i∗Ns

(η̃s)) = (p∗i )
−1(i∗Ni

η̃i) = i∗η.

�

Theorem 6.5.8. Let i : Z → Z ′, i′ : Z ′ → X be regular imbeddings. Then
(i′ ◦ i)∗ = i∗ ◦ i′∗.

Proof. Form the deformation diagram (6.5.1) for i′ : Z ′ → X by blowing
up X × P1 along Z ′ × 0, giving the birational morphism µ : M → X × P1 with
exceptional divisor E, let U := M \ 〈X × 0〉, let iN : N → U be the inclusion of the
normal bundle NZ′X and µN : N → Z ′ the projection.

Restricting to Z, we have the closed subscheme 〈Z × P1〉 of 〈Z ′ × P1〉, which
is isomorphic to Z × P1 via µ, and the restriction of s defines a section s0 : Z → N
over Z, with s0(Z) = N ∩ 〈Z × P1〉. Letting s1 : Z → X × 1 ⊂ W be the map
s1(z) = (i′(i(z)), 1), we similarly have s1(Z) = X × 1 ∩ 〈Z × P1〉.
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Let η be an element of Ω∗(U)N+X×1. We claim that

(6.5.3) s∗0(N(η)) = s∗1((X × 1)(η))

in Ω∗(Z). Indeed, form the deformation diagram for the inclusion i′′ : 〈Z×P1〉 → U :
Let φ : T → U × P1 be the blow-up of U × P1 along 〈Z × P1〉 × 0, let jZ : UZ → T
be open subscheme T \ 〈U × 0〉, let iNZ : NZ → UZ be the inclusion of the normal
bundle of N〈Z×P1〉/U . The structure morphism W → P1 induces the morphism
τ : UZ → P1. Via τ the deformation diagram for iNZ is a diagram of schemes
over P1, where the fiber over 0 ∈ P1 is the deformation diagram for the inclusion
s0 : Z → N , and the fiber over 1 ∈ P1 is the deformation diagram for the inclusion
s1 : Z → X × 1. Let NZ

0 , UZ0 , etc., denote the fibers over 0, and NZ
1 , UZ1 , etc. the

fibers over 1. Let ρ0 : NZ
0 → Z, ρ1 : NZ

1 → Z and ρ : NZ → Z × P1 denote the
projections. Take an element η̃ ∈ Ω∗(UZ)UZ

0 +UZ
1 |NZ lifting p∗1(η). Then UZ1 (η̃) lifts

(p∗1(X × 1))(η) and UZ0 (η̃) lifts (p∗1N)(η), so

ρ∗0(s
∗
0(N(η))) = NZ

0 (UZ0 (η̃))(6.5.4)

ρ∗1(s
∗
1((X × 1)(η))) = NZ

1 (UZ1 (η̃)).

Here, we consider NZ
0 as a pseudo-divisor on UZ0 and NZ

1 as a pseudo-divisor on
UZ1 .

Let i0 : UZ0 → UZ , iN0 : NZ
0 → NZ be the inclusions. We have NZ

0 = i∗0N
Z (as

pseudo-divisors), hence by lemma 6.2.1(1)

iN0∗(N
Z
0 (UZ0 (η̃))) = iN0∗(i

∗
0N

Z(UZ0 (η̃))) = NZ(i0∗(UZ0 (η̃))).

Similarly, letting iN1 : NZ
1 → NZ be the inclusion, we have

iN1∗(N
Z
1 (UZ1 (η̃))) = NZ(i1∗(UZ1 (η̃))).

Also, by proposition 6.3.4, we have i0∗(UZ0 (η̃)) = i1∗(UZ1 (η̃)) in Ω∗(UZ). Thus, in
Ω∗(NZ) we have

iN0∗(N
Z
0 (UZ0 (η̃))) = NZ(i0∗(UZ0 (η̃)))(6.5.5)

= NZ(i1∗(UZ1 (η̃)))

= iN1∗(N
Z
1 (UZ1 (η̃)))

Let iZ0 : Z → Z × P1, iZ1 : Z → Z × P1 be the 0 and 1 sections, respectively.
Since ρ∗ : Ω∗(Z×P1)→ Ω∗(NZ) is an isomorphism by the homotopy property theo-
rem 3.6.3, (6.5.4) and (6.5.5) imply iZ0∗(s

∗
0(N(η))) = iZ1∗(s

∗
1((X×1)(η))). Projecting

to Ω∗(Z) by p1∗ shows that s∗0(N(η)) = s∗1((X × 1)(η)) in Ω∗(Z), as claimed.
Now take an element x of Ω∗(X), and let η be a lifting of p∗1x to Ω∗(U)N+X×1.

Then (X × 1)(η) = x, so s∗1((X × 1)(η)) = (i ◦ i′)∗(x). On the other hand, letting
µZ′ : N → Z ′ be the projection, we have N(η) = µ∗Z′i

′∗(x). By lemma 6.5.7, we
have

s∗0(N(η)) = s∗0(µ
∗
Z′i

′∗(x)) = i∗(i′∗(x)),

hence i∗(i′∗(x)) = (i′ ◦ i)∗(x). �

6.5.4. L.c.i. pull-back. Let f : X → Y be an l.c.i. morphism in Schk. By
definition, there is a factorization f = q ◦ i, with i : X → P a regular imbedding
and q : P → Y a smooth quasi-projective morphism.
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Lemma 6.5.9. Let f : X → Y be an l.c.i. morphism. If we have factorizations
f = q1 ◦ i1 = q2 ◦ i2, with ij : X → Pj regular imbeddings and qj : Pj → Y smooth
and quasi-projective, then

i∗1 ◦ q∗1 = i∗2 ◦ q∗2 .

Proof. Form the diagonal imbedding (i1, i2) : X → P1 ×Y P2. By re-
mark 5.1.2(2), (i1, i2) is a regular imbedding. Form the cartesian diagram (j = 1, 2)

P j
i′j
//

qj

��

P1 ×Y P2

pj

��

X
ij

// Pj

Then pj : P1×Y P2 → Pj is smooth and quasi-projective, so by proposition 6.5.4(2),
we have

q∗j ◦ i∗j = i′∗j ◦ p∗j ; j = 1, 2.

Also, the map (i1, i2) induces a section sj : X → P j to qj . Applying lemma 6.5.7
and theorem 6.5.8 gives

i∗j = s∗j ◦ q∗j ◦ i∗j
= s∗j ◦ i′∗j ◦ p∗j
= (i1, i2)∗ ◦ p∗j .

Let q : P1 ×Y P2 → Y be the map q1p1 = q2p2. Using the functoriality of smooth
pull-back, we have

i∗j ◦ q∗j = (i1, i2)∗ ◦ p∗j ◦ q∗j
= (i1, i2)∗ ◦ q∗.

�

We may therefore make the following definition:

Definition 6.5.10. Let f : X → Y be an l.c.i. morphism in Schk of relative
dimension d. Define f∗ : Ω∗(Y ) → Ω∗+d(X) as i∗ ◦ q∗, where f = q ◦ i is a
factorization of f with i a regular imbedding and q smooth and quasi-projective.

Theorem 6.5.11. Let f1 : X → Y , f2 : Y → Z be l.c.i. morphisms in Schk.
Then (f2 ◦ f1)∗ = f∗1 ◦ f∗2 .

Proof. As in remark 5.1.2, we have a commutative diagram

X
i1 //

f1
  

@@
@@

@@
@@

P1

q1

��

i // P

q

��

Y
i2
//

f2   
AA

AA
AA

AA
P2

q2

��

Z,
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with q1, q2 and q smooth and quasi-projective, i1, i2 and i regular imbeddings,
and the square cartesian. Using the functoriality of smooth pull-back, proposi-
tion 6.5.4(2) and theorem 6.5.8, we have

(f2 ◦ f1)∗ = (ii1)∗ ◦ (q2q)∗

= i∗1 ◦ i∗ ◦ q∗ ◦ q∗2
= i∗1 ◦ q∗1 ◦ i∗2 ◦ q∗2
= f∗1 ◦ f∗2

�

Theorem 6.5.12. Let f : X → Z, g : Y → Z be Tor-independent morphisms
in Schk, giving the cartesian diagram

X ×Z Y
p2 //

p1

��

Y

g

��

X
f

// Z.

Suppose that f is an l.c.i. morphism and that g projective. Then

f∗ ◦ g∗ = p1∗ ◦ p∗2.

Proof. Since f and g are Tor-independent, p2 is an l.c.i. morphism, so the
statement makes sense.

Write f = q ◦ i, with q : P → Z smooth and quasi-projective, and i : X → P a
regular imbedding. This gives us the diagram

X ×Z Y
i×Id

//

p1

��

P ×Z Y
p2 //

p1

��

Y

g

��

X
i

// P q
// Z.

with both squares cartesian. Using the functoriality of projective push-forward and
thereom 6.5.11, it suffices to prove the case of f a regular imbedding, or f a smooth
quasi-projective morphism. The first case is proposition 6.5.4(1), the second follows
easily from the definition of algebraic cobordism given in §2.4.

�

Proposition 6.5.13. Let fi : Xi → Yi, i = 1, 2 be l.c.i. morphisms in Schk.
Then for ηi ∈ Ω∗(Yi), i = 1, 2, we have

(f1 × f2)∗(η1 × η2) = f∗1 (η1)× f∗2 (η2).

Proof. We first note that f1 × f2 : X1 ×k X2 → Y1 × Y2 is indeed an l.c.i.
morphism: if X2 = Y2 and f2 = Id, this is clear, and we have the factorization
f1 × f2 = (f1 × Id) ◦ (Id × f2). Similarly, it suffices to prove the case X2 = Y2,
f2 = Id.

We may assume η2 is a cobordism cycle (g : Z → Y2, L1, . . . , Lr). Since both
smooth pull-back and the Gysin morphism are compatible with the Chern class
operators c̃1(L), we may assume that r = 0.
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Note that η2 = g∗(IdZ), so η1×η2 = (Id×g)∗(η1×IdZ). Similarly, f∗1 (η1)×η2 =
(Id × g)∗(f∗1 (η1) × IdZ2). Thus, using theorem 6.5.12, we may replace Y2 with Z
and η2 with IdZ , so it suffices to prove the result with Y2 ∈ Smk and η2 = IdY2 .

In this case η1×η2 = p∗(η1), where p : Y1×Y2 → Y1 is the projection. Similarly,
f∗1 (η1)× η2 = q∗(f∗1 (η1)), where q : X1 × Y2 → X1 is the projection. Thus we need
to show

(f1 × Id)∗(p∗(η1)) = q∗(f∗1 (η1)).
This follows from the functoriality of l.c.i. pull-back, theorem 6.5.11. �

6.6. Refined pull-back and refined intersections

Let g : Y → X be a morphism in Schk, f : Z → X an l.c.i. morphism in Schk
of relative codimension d and W := Z ×X Y the fiber product. Following Fulton
[7], we define the refined pull-back

f ! : Ω∗(Y )→ Ω∗−d(W ).

The construction and the proofs of all the basic properties of f ! are taken from
Fulton [7, Chapter 6] with minor modifications; we will therefore be somewhat
sketchy with the arguments, concentrating on the main ideas and the places where
the arguments need modification.

In this section, we will abuse notation slightly: if i : Z → Y is a regular
embedding of codimension one (i.e., Z is a Cartier divisor on Y ), and α is in Ω∗(Y )
we write Z(α) for i∗Z(α) ∈ Ω∗−1(Z).

We call a diagram in Schk consisting of squares a fiber diagram if all squares
commute and are cartesian.

We remind the reader that we are assuming throughout this section that k is
a field admitting resolution of singularities.

6.6.1. Normal cone and normal bundle. For i′ : W → Y a closed immersion
with ideal sheaf I, we have the normal cone of i′, namely, the W -scheme

CWY := SpecOW
(⊕∞n=0In/In+1).

If µ : MWY → Y × P1 is the blow-up of Y × P1 along W with exceptional divisor
EW , then

CWY ∼= EW \ 〈Y × 0〉;
in particular, CWY is a Cartier divisor on UWY := MWY \ 〈Y × 0〉, and we have
the following generalization of the deformation diagram (6.5.1)
(6.6.1)

CWY

µC

��

iC // UWY

µ

��

UWY \ CWY
jWoo

〈W × P1〉0

rrrrrrrrrr

rrrrrrrrrr

s

eeLLLLLLLLLL

ĩ0

// 〈W × P1〉
ĩ

99ssssssssss
Y

iY1

ffNNNNNNNNNNNNN

OO

W × 0
i0

// W × P1
i
// Y × P1 Y × 1oo

In case i′ is a regular embedding, then CWY is just the normal bundle NWY , and
the diagram (6.6.1) is just (6.5.1) with i′ : W → Y replacing i : Z → X.
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Now suppose we are given a cartesian square in Schk:

(6.6.2) W
i′ //

q

��

Y

g

��

Z
i
// X

with i a regular embedding. We have the surjections q∗InZ → InW , which give the
closed immersion

iW/Z : CWY → q∗NZX.

Let µq∗N : q∗NZX → W be the structure morphism. The cartesian square (6.6.2)
defines a morphism Ψ of the diagram (6.6.1) to the diagram (6.5.1).

6.6.2. Refined Gysin morphism. Suppose we have a cartesian square (6.6.2)
with i a regular embedding of pure codimension d. The facts that allow us to define
the pull-back for i have their direct analogs for i′ : W → Y :

(1) The sequence

Ω∗+1(CWY ) iC∗−−→ Ω∗+1(UWY )
j∗W−−→ Ω∗+1(UWY \ CWY )→ 0

is exact.
(2) CWY is a Cartier divisor on UWY and i∗C ◦ iC∗ = 0.
(3) µq∗N : q∗NZX →W induces an isomorphism

µ∗q∗N : Ω∗−d(W )→ Ω∗(q∗NZX).

The proofs are exactly the same as in §6.5, and are left to the reader.
We thus have the extended zig-zag diagram:

(6.6.3) Ω∗(Y )
p∗1 // Ω∗+1(Y × (P1 \ 0))

µ∗∼
��

Ω∗+1(UWY \ CWY ) Ω∗+1(UWY )

i∗C
��

j∗Woo

Ω∗−d(W )
µ∗q∗N

// Ω∗(q∗NZX) Ω∗(CWY )
iW/Z∗

oo

and the composition

Ω∗(Y )
µ∗◦p∗1−−−−→ Ω∗+1(UWY \ CWY )

i∗C◦(j
∗
W )−1

−−−−−−−→ Ω∗(CWY )
(µ∗q∗N )−1◦iW/Z∗−−−−−−−−−−−→ Ω∗−d(W )

gives a well-defined homomorphism

i!i′ : Ω∗(Y )→ Ω∗−d(W ).

We sometimes write i! for i!i′ when the context makes the meaning clear.

Remark 6.6.1. In the situation considered above, the zero-section s : W →
q∗N is a regular embedding, so s∗ : Ω∗(q∗N)→ Ω∗−d(W ) is defined, and is in fact
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the inverse to µ∗q∗N (corollary 6.5.5(3)). Thus for a given α ∈ Ω∗(Y ) we can describe
i!i′(α) as follows: choose an element α̃ ∈ Ω∗+1(UWY ) with j∗W (α̃) = µ∗◦p∗1(α). Then

i!i′(α) = s∗
(
iW/Z∗(CWY (α̃))

)
.

6.6.3. Properties of the refined Gysin morphism. The results and proofs of
§6.5 on the Gysin morphims i∗ extend with only minor changes to the refined Gysin
morphisms i!. We give a sketch of the arguments, indicating the points one needs
to change. In what follows, i : Z → X will be a regular embedding of codimension
d and

W
i′ //

q

��

Y

g

��

Z
i
// X

is a cartesian square.

Lemma 6.6.2. Suppose we have a fiber diagram

W ′ i′′ //

q′

��

Y ′

g′

��

W
i′ //

q

��

Y

g

��

Z
i
// X

Suppose that i and g are Tor-independent. Then i′ is a regular embedding and
i!i′′ = i′!i′′ . As a particular case (g′ = Id) we have i!i′ = i′∗.

Proof. Since i and g are Tor-independent, i′ is a regular embedding, and
q∗NZX ∼= NWY ∼= CWY . The result follows directly from this. �

The proof of the following result is essentially the same as that of proposi-
tion 6.5.4 and is left to the reader.

Proposition 6.6.3. Let g′ : Y ′ → Y , be a morphism in Schk, giving the fiber
diagram

W ′ i′′ //

q′

��

Y

g′

��

W
i′ //

q

��

Y

g

��

Z
i
// X.

(1) If g′ is projective, then i!i′ ◦ g′∗ = q′∗ ◦ i!i′′ .
(2) If g′ is smooth and quasi-projective, then i!i′′ ◦ g′∗ = q′∗ ◦ i!i′ .
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Lemma 6.6.4. Let

W
i′ //

q

��

Y

g

��

Z
i
// X

be a cartesian diagram in Schk, with i a regular embedding of codimension one,
i.e., Z is a Cartier divisor on X. Then we have the pseudo-divisor g∗Z on Y with
support W and

i!(α) = g∗Z(α) ∈ Ω∗−1(W )

for all α ∈ Ω∗(Y ).

Proof. Let h : Ỹ → Y be a projective morphism and suppose there is an
element α̃ ∈ Ω∗(Ỹ ) with h∗(α̃) = α. By proposition 6.6.3, we may replace (Y, α)
with (Ỹ , α̃). Since Ω∗(Y ) is generated by elements h∗(1Ỹ ) with Ỹ irreducible and
in Smk, we may assume that Y is irreducible and in Smk and that α = 1Y . Let
s : Y → g∗NZX be the zero-section.

If g(Y ) ⊂ i(Z), then CWY = Y = W , iW/Z = s. Using the notation of
remark 6.6.1 we may take α̃ = 1UWY , and we have

i!(1Y ) = s∗(s∗(Y (1UWY ))) = s∗(s∗(1Y )) = c̃1(g∗NZX)(1Y ).

Since NZX = OX(Z), this agrees with g∗Z(1Y ), proving the result in this case.
If g(Y ) is not contained in Z, then W = g∗Z is a Cartier divisor on Y . Thus

g and i are Tor-independent and by lemma 6.6.2

i!(1Y ) = i′∗(1Y ).

By lemma 6.5.6, i′∗(1Y ) = g∗Z(1Y ), which completes the proof. �

Theorem 6.6.5. Let i2 : Z2 → Z1, i1 : Z1 → X be regular imbeddings, giving
the fiber diagram

W2

i′2 //

q2

��

W1

i′1 //

q1

��

Y

g

��

Z2 i2
// Z1 i1

// X

Then (i′1 ◦ i2)! = i!2 ◦ i!1.

Proof. We first reduce to the case in which X is a vector bundle E → Z1

with i1 the zero-section, Y = q∗1E and i′1 is the zero-section.
For this, we form the deformation diagram over P1 × P1 as in the proof of

theorem 6.5.8: We start with the deformation diagram UZ1X → P1 for i1, and then
form the deformation diagram UZ2×P1UZ1 → P1 for Z2×P1 → UZ1X. We have the
cartesian diagram

(6.6.4) W2 × P1
ĩ′2 //

��

W1 × P1
ĩ′1 //

��

UW1Y

g̃

��

Z2 × P1

ĩ2

// Z1 × P1

ĩ1

// UZ1X.
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Forming the deformation diagrams for ĩ′1◦ ĩ′2 and ĩ1◦ ĩ1 yields the cartersian diagram

(6.6.5) W2 × P1 × P1 //

��

UW2×P1UW1Y

g̃

��

Z2 × P1 × P1 // UZ2×P1UZ1X

with a projection to P1 × P1. The order of the product is chosen so that the fiber
of (6.6.5) over P1 × 1 is the diagram (6.6.4) and the fiber over P1 × 0 is

(6.6.6) W2 × P1 //

Q

��

CW2×P1UW1Y

g̃

��

Z2 × P1 // NZ2×P1UZ1X

The fiber of (6.6.4) over 0 ∈ P1 is

W2

i′2 //

��

W1
s′ //

��

CW1Y

g̃

��

Z2 i2
// Z1 s

// NZ1X.

and the fiber of (6.6.4) over 1 ∈ P1 is the original diagram. Arguing as in the proof
of theorem 6.5.8 proves the following statement: for α ∈ Ω∗+1(UW1Y ),

s!(CW1Y (α)) = i!1(X × 1(α))

(s ◦ i2)!(CW1Y (α)) = (i1 ◦ i2)!(X × 1(α))

This reduces us to proving the result with X replaced by NZ1X, and Y replaced
by CW1Y :

W2

i′2 //

q2

��

W1
s′ //

q1

��

CW1Y

g′

��

Z2 i2
// Z1 s

// NZ1X

with s and s′ the zero-sections. Letting f : CW1Y → q∗1NZ1X be the canonical
closed immersion, we have the fiber diagram

W2

i′2 // W1
s′ // CW1Y

f

��

W2

i′2 //

q2

��

W1
s′′ //

q1

��

q∗1NZ1X

g′′

��

Z2 i2
// Z1 s

// NZ1X,

with s′′ the zero-section. Using proposition 6.6.3(1), this reduces us to the case
Y = q∗1NZ1X, i1 the zero-section, as desired.
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In this case, we have the isomorphism (see [7, proof of theorem 6.5])

CW2Y
∼= CW2W1 ×W2 (i2 ◦ q2)∗NZ1X,

and similarly UW2Y
∼= UW2W1 ×W1 q

∗
1NZ1X.

Since the square

W1

i′1 //

��

Y

��

Z1 i1
// X

is Tor-independent, i! = i′∗1 , hence i!1 : Ω∗(Y ) → Ω∗−d(W1) is the inverse to p∗ :
Ω∗−d(W1)→ Ω∗(q∗1NZ1X).

We have the fiber diagram

(i1 ◦ q2)∗NZ1X
i′ //

q

��

Y

p

��

W2
i′2

//

��

W1

��

Z2 i2
// Z1

which identifies (i1 ◦ i2)! : Ω∗(Y )→ Ω∗−d−e(W2) with the composition of

(i2)!i′ : Ω∗(Y )→ Ω∗−e((i1 ◦ q2)∗NZ1X)

followed by the inverse of the pull-back isomorphism

q∗ : Ω∗−d−e(W2)→ Ω∗−e((i1 ◦ q2)∗NZ1X).

Since q∗ ◦ (i2)!i′2 = (i2)!i′ ◦ p∗, we have

(i1 ◦ i2)! = (q∗)−1 ◦ (i2)!i′ = (i2)!i′2 ◦ (p∗)−1 = i!2 ◦ i!1,

as desired. �

6.6.4. Refined pull-back for l.c.i. morphisms. The same program we used for
extending the Gysin morphism i∗ for a regular embedding to the pull-back f∗ for
an l.c.i. morphism gives an extension of the refined Gysin morphism i! to a refined
pull-back f ! for an l.c.i. morphism. Indeed, let

(6.6.7) W
f ′
//

q

��

Y

g

��

Z
f
// X

be a cartesian square in Schk, with f an l.c.i. morphism of relative codimension d.
Factor f as f = p ◦ i, with i : Z → P a regular embedding of codimension d + e
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and p : P → X smooth and quasi-projective of relative dimension e. This gives us
the fiber diagram

W
i′ //

q

��

T
p′
//

��

Y

g

��

Z
i
// P p

// X.

Define
f !
f ′ : Ω∗(Y )→ Ω∗−d(W )

to be the composition

Ω∗(Y )
p′∗−−→ Ω∗+e(T )

i!
i′−→ Ω∗−dW ).

The basic properties of f ! are essentially the same as for f∗. We list these
results in the following omnibus theorem; the proofs are also essentially the same
as for f∗, and we leave the details to the reader.

Theorem 6.6.6. (1) Let

W
f ′
//

q

��

Y

g

��

Z
f
// X

be a cartesian square in Schk, with f an l.c.i. morphism of relative codimension d.
(a) f !

f ′ : Ω∗(Y ) → Ω∗−d(W ) is independent of the choice of factorization of
f .

(b) If f and g are Tor-independent, then f !
f ′ = f ′∗.

(c) Let E be a vector bundle on Y . Then f !
f ′ ◦ c̃n(E) = c̃n(f ′∗E) ◦ f !

f ′

(2) Let

W ′ f ′′
//

q′

��

Y ′

g′

��

W
f ′
//

q

��

Y

g

��

Z
f
// X

a fiber diagram in Schk, with f an l.c.i. morphism.
(a) if g′ is projective, then f !

f ′ ◦ g′∗ = q′∗ ◦ f !
f ′′ .

(b) if g′ is smooth and quasi-projective, then q′∗ ◦ f !
f ′ = f !

f ′′ ◦ g′∗.

(3) Let

W2

f ′2 //

q2

��

W1

f ′1 //

q1

��

Y

g

��

Z2
f2

// Z1
f1

// X
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be a fiber diagram in Schk, with f1 and f2 l.c.i. morphisms. Then (f1◦f2)! = f !
2◦f !

1.

(4) For i = 1, 2, let

Wi

f ′i //

qi

��

Yi

gi

��

Zi
fi

// Xi

be a cartesian square in Schk, with fi an l.c.i. morphism of relative codimension
di. For αi ∈ Ω∗(Yi), we have

(f1 × f2)!(α1 × α2) = f !
1(α1)× f !

2(α2).

6.6.5. Excess intersection formula. We show how Fulton’s excess intersection
formula [7, Theorem 6.3] extends to algebraic cobordism.

Lemma 6.6.7. Let p : E → X be a vector bundle of rank d on some X ∈ Schk.
Suppose that E has a section s : X → E such that the zero-subscheme of s, i : Z →
X is a regularly embedded closed subscheme of codimension d. Then

c̃d(E) = i∗ ◦ i∗.

Proof. The case d = 1 is lemma 5.1.11. We may use the splitting principle
(remark 4.1.2) to reduce to the case E = ⊕di=1Li, with the Li line bundles on X;
the Whitney product formula gives us the identity

c̃d(E) =
d∏
i=1

c̃1(Li).

The homotopy property allows us to prove the result for any section s such that
the zero-subscheme of s is a regularly embedded subscheme, as in the proof of
lemma 5.1.11. We may use the homotopy property again to pull back to E and
replace s with the tautological section of p∗E. In this case, the section of ⊕ri=1q

∗Li
induced by the tautological section q∗E and the surjection q∗E → ⊕ri=1q

∗Li has
zero-subscheme which is a codimension r regularly embedded closed subscheme, so
we may use induction and the case d = 1 to finish the result. �

Lemma 6.6.8. Let 0 → E′
i−→ E → E′′ → 0 be an exact sequence of vector

bundles on some X ∈ Schk, let d be the rank of E′′. Let s : X → E, s′ : X → E′

be the zero-sections. Then

s∗ ◦ i∗ = c̃d(E′′) ◦ s′∗.

Proof. Let p : E → X be the structure morphism. The closed subscheme
i(E′) is the zero-subscheme of canonical section of p∗E′′ induced by the surjection
E → E′′. Also, s = i ◦ s′, so

s∗ ◦ i∗ = s′∗ ◦ i∗ ◦ i∗
= s′∗ ◦ c̃d(p∗E′′)
= c̃d(E′′) ◦ s′∗,

using lemma 6.6.7. �
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We can now state and prove the excess intersection formula; we take the for-
mulation and proof from Fulton [7, Theorem 6.3].

Start with a fiber diagram in Schk:

W
i′′ //

q′

��

Y

g′

��

Z ′
i′ //

q

��

X ′

g

��

Z
i
// X

such that i and i′ are both regular embeddings, with i of codimension d and i′ of
codimension d′. Write N := NZX, N ′ := NZ′X

′. The bottom square gives the
inclusion iZ′/Z : N ′ → q∗N ; we define E to be the quotient bundle q∗N/N ′. E is
of rank e := d− d′. E is called the excess normal bundle for (i.i′).

Theorem 6.6.9 (Excess intersection formula).

i!i′′ = c̃e(q′∗E) ◦ i′!i′′ .
Proof. Form the deformation diagram (6.6.1) for i′′ : W → Y . For α ∈

Ω∗(Y ), let α̃ ∈ Ω∗+1(UWY ) be an element restricting to p∗1α on UWY \ CWY . We
have the closed immersions

CWY
iW/Z′−−−−→ q′∗N ′

CWY
iW/Z−−−→ (q ◦ q′)∗N

NZ′X
′ iZ′/Z−−−→ q∗N

with
iW/Z = q′∗(iZ′/Z) ◦ iW ′/Z′ .

Let s : W → (q ◦ q′)∗N , s′ : W → q′∗N ′ be the zero sections. Then

i′!(α) = s′∗
(
iW ′/Z′∗(CWY (α̃))

)
i!(α) = s∗

(
iW/Z∗(CWY (α̃))

)
= s∗ ◦ (q′∗(iZ′/Z))∗

(
iW ′/Z′∗(CWY (α̃))

)
and the result thus follows from lemma 6.6.8. �

6.6.6. Commutativity of refined pull-backs. We consider a fiber diagram

W ′ f ′′
//

��

Y ′

p

��

// Z ′

g

��

W
f ′
//

q

��

Y

��

// X ′

Z
f
// X

with f and g l.c.i. morphisms of relative codimension d and e, respectively.
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Theorem 6.6.10. f !g! = g!f ! : Ω∗(Y )→ Ω∗−d−e(W ′).

Proof. The result is easy to prove if either f or g is smooth and quasi-
projective; we may therefore assume that f and g are both regular embeddings;
in this case all the maps in the diagram are closed immersions.

Take α ∈ Ω∗(Y ). Suppose we have a projective morphism h : Ỹ → Y and an
element α̃ ∈ Ω∗(Ỹ ). Using proposition 6.6.3, we may replace Y with Ỹ and α with
α̃. Since Ω∗(Y ) is generated by elements of the form h∗(1Ỹ ) with Ỹ irreducible
and in Smk, we may assume that Y is irreducible and in Smk. We proceed by
induction on dimkY .

If now h : Ỹ → Y is a blow-up of Y along a smooth center F , the localization
theorem for i : F → Y and h−1(F )→ Ỹ imply that the map

Ω∗(Ỹ )⊕ Ω∗(F )
(h∗,i∗)−−−−→ Ω∗(Y )

is surjective. By our induction hypothesis, we may replace Y with Ỹ and assume
that α = 1Y . In particular, we may replace Y with any sequence of blow-ups of
Y along smooth centers, so we may assume that either W is a Cartier divisor on
Y or that W = Y . Similarly, we may assume that either Y ′ is a Cartier divisor
on Y or that Y ′ = Y . In case both W and Y ′ are Cartier divisors on Y , we may
blow-up further and assume that W + Y ′ is a strict normal crossing divisor on Y .
In particular, both f ′ and p are regular embeddings, so we may apply the excess
intersection theorem 6.6.9. Let E be the excess normal bundle for (f, f ′) and F the
excess bundle for (g, p).

Suppose that W = Y . Then f !
f ′ = c̃d(E), f !

f ′′ = c̃d(p∗E) and the excess
intersection formula gives

g!f ! = g! ◦ c̃d(E)

= c̃d(p∗E) ◦ g!
p

= f !g!

Similarly, f !g! = g!f ! if Y ′ = Y . Thus we may assume that W and Y ′ are both
Cartier divisors on Y .

In this case, W and Y ′ determine pseudo-divisors p∗W on Y ′ and f ′∗Y ′ on W ,
respectively. By lemma 6.6.2 and lemma 6.6.4, we have

g!f !(α) = f ′∗Y ′(W (α))

f !g!(α) = p∗W (Y ′(α)).

Since f ′∗Y ′(W (α)) = p∗W (Y ′(α)) by proposition 6.3.3, the proof is complete. �

6.6.7. Refined intersections. Take Z ∈ Smk of dimension d over k, so the
diagonal δ : Z → Z ×k Z is a regular embedding of codimension d. Suppose we
have X,Y ∈ Schk and projective morphisms f : X → Z, g : Y → Z. This gives
the cartesian diagram

X ×Z Y
δ′ //

(f,g)

��

X ×k Y

f×g
��

Z
δ
// Z ×k Z
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For α ∈ Ωn(X), β ∈ Ωm(Y ), define

α ·Z β ∈ Ωn+m−d(X ×Z Y )

by
α ·Z β := δ!(α× β).

The following are easy consequences of the properties of refined pull-back:
(1) Let τ : Y ×Z X → X ×Z Y be the symmetry. Then

τ∗(α ·Z β) = β ·Z α.
If we have h : W → Z and γ ∈ Ω∗(W ), then

(α ·Z β) ·Z γ = α ·Z (β ·Z γ).
(2) Given projective morphisms f ′ : X ′ → X, g′ : Y ′ → Y and α′ ∈ Ω∗(X ′),

β′ ∈ Ω∗(Y ′), then

(f ′, g′)∗(α′ ·Z β′) = f ′∗(α) ·Z g′∗(β).

In particular,

(f, g)∗(α ·Z β) = f∗(α) ∪ g∗(β).

(3) Let p : Z ′ → Z be a morphism in Smk. Then

p!(α) ·Z′ p!(β) = p!(α ·Z β).



CHAPTER VII

The universality of algebraic cobordism

In this chapter, we complete our program, finishing the proofs of the results
stated in in Chapter I. We also extend a number of our results on oriented coho-
mology of smooth schemes to oriented Borel-Moore homology of l.c.i. schemes.

7.1. Statement of results

The main aim of this chapter is to establish the following results:

Theorem 7.1.1. Let k be a field admitting resolution of singularities. Let V
be an l.c.i.-closed admissible subcategory of Schk. Then the oriented Borel-Moore
weak homology theory

∗X 7→ Ω∗(X)

on V admits one and only one structure of an oriented Borel-Moore homology theory
on V, which we still denote Ω∗.

Theorem 7.1.2. Let k be a field admitting resolution of singularities. Then
the oriented Borel-Moore weak homology theory Ω∗ on Smk admits one and only
one structure of an oriented cohomology theory Ω∗ on Smk.

We will also show

Theorem 7.1.3. Assume k admits resolution of singularities.
(1) Let V be an l.c.i.-closed admissible subcategory of Schk. Then algebraic cobor-
dism, X 7→ Ω∗(X), is the universal oriented Borel-Moore homology theory on V.
(2) Algebraic cobordism, considered as an oriented cohomology theory on Smk, is
the universal oriented cohomology theory on Smk.

These results complete the proof of theorem 1.2.6. Similarly, we have so far
proved theorem 1.2.18 and theorem 1.2.19 only for the underlying Borel-Moore
weak homology theories (see theorem 4.2.10 and theorem 4.5.1); theorem 7.1.3(2)
completes the proofs of these results for the respective oriented cohomology theories
on Smk. For the sake of completeness, we state these results here, in their full
generality:

Let L∗ → Z and L∗ → Z[β, β−1] be the homomorphisms classifying the additive
formal group law Fa(u, v) = u+ v and the multiplicative periodic formal group law
Fm(u, v) = u+ v − βuv.

Theorem 7.1.4. Assume k admits resolution of singularities.
(1) The canonical morphism Ω∗ → K0[β, β−1] of oriented cohomology theories on
Smk induces an isomorphism of such theories

Ω∗ ⊗L∗ Z[β, β−1]→ K0[β, β−1].

177
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(2) Suppose that k has characteristic zero. Then the canonical morphism Ω∗ → CH∗

of oriented Borel-Moore homology theories on Schk induces an isomorphism of such
theories

Ω∗ ⊗L∗ Z→ CH∗.

In particular, this isomorphism restricts to an isomorphism of oriented cohomology
theories on Smk.

Theorem 1.2.2 is a direct consequence of theorem 7.1.3(2) and theorem 7.1.4(2).
Indeed, theorem 7.1.3(2) shows that Ω∗ ⊗L∗ Z is the universal ordinary oriented
cohomology theory on Smk, and thus the isomorphism Ω∗ ⊗L∗ Z → CH∗ of theo-
rem 7.1.4 yields theorem 1.2.2.

7.1.1. Extended degree formulas. Some of the degree formulas of §4.4 can be
improved, if one considers a Borel-Moore homology theory instead of a weak homol-
ogy theory. For example, one can replace “smooth” with “l.c.i.” in theorem 4.4.7,
yielding the following result:

Theorem 7.1.5. Let k be a field. Let A∗ be an oriented Borel-Moore homol-
ogy theory on Schk. Assume A∗ is generically constant and has the localization
property.

Let X be a reduced finite type k-scheme. Assume that, for each closed integral
subscheme Z ⊂ X, we are given a projective birational morphism Z̃ → Z with Z̃
reduced and in Lcik. Let X1, . . . , Xr be the irreducible components of X, and let α
be in A∗(X). Then for each integral closed subscheme Z ⊂ X with codimXZ > 0,
there is an element ωZ ∈ A∗−dimkZ(k), all but finitely many being zero, such that

α−
r∑
i=1

degi(α) · [X̃i → X] =
∑

Z, codimXZ>0

ωZ [Z̃ → X].

Similarly, corollary 4.4.8 can be modified as follows:

Corollary 7.1.6. With the assumptions as in theorem 7.1.5, suppose that
each irreducible component Xi is in Lcik.

(1) Let f : Y → X be a projective morphism with Y in Lcik. Then for each
integral closed subscheme Z ⊂ X with codimXZ > 0, there is an element
ωZ ∈ A∗−dimkZ(k), all but finitely many being zero, such that

[f : Y → X]−
∑
i

degi(f) · [Xi → X] =
∑

Z, codimXZ>0

ωZ [Z̃ → X].

(2) Let f : Y → X be a projective birational morphism, with Y in Lcik. Then,
for each integral closed subscheme Z ⊂ X with codimXZ > 0, there is an
element ωZ ∈ A∗−dimkZ(k), all but finitely many being zero, such that

[f : Y → X] =
∑
i

[Xi → X] +
∑

Z, codimXZ>0

ωZ · [Z̃ → X].

Here, if Y is an l.c.i. k-scheme and f : Y → X is a projective morphism, we
write degi(f) for degi([f : Y → X]).

For example, if k is perfect, X is in Smk and has dimension at most four over k,
then, as one has resolution of singularities for finite type k-schemes of dimension at
most two, and since each codimension one subvariety of X is an l.c.i. k-scheme, we
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may apply these two results without having resolution of singularities for arbitrary
finite type k-schemes.

Also, suppose as in corollary 7.1.6 that X is a reduced finite type k-scheme
such that the irreducible components X1, . . . , Xs are all in Lcik. Let di = dimkXi.
We have the map p∗i : A∗−di

(k)→ A∗(X) defined by

pi(α) = α · [Xi → X].

Letting Ã∗(X) be the kernel of the total degree map∏
i

degi : A∗(X)→ ⊕si=1A∗−di
(k),

the maps pi define the splitting

(7.1.1) A∗(X) = Ã∗(X)⊕⊕si=1A∗−di
(k).

7.2. Pull-back in Borel-Moore homology theories

As algebraic cobordism is already universal as a Borel-Moore weak homology
theory, the main point we need to resolve is the universal nature of the pull-back
maps we have defined for Ω∗.

7.2.1. Divisor classes. Let A∗ be an oriented Borel-Moore homology theory
on V. Restricting A∗ to Smk, we have by proposition 5.2.1 the associated ori-
ented cohomology theory A∗ on Smk. In particular, there is a formal group law
(FA, A∗(k)), FA(u, v) ∈ A∗(k)[[u, v]], such that, for X in Smk and for line bundles
L, M on X, we have FA(c1(L), c1(M)) = c1(L⊗M). Considering A∗ as an oriented
Borel-Moore homology theory, this gives the identity of endomorphisms of A∗(X)

FA(c̃1(L), c̃1(M)) = c̃1(L⊗M).

Also, since (FA, A∗(k)) is a formal group law, there is a canonical ring homomor-
phism φA : L∗ → A∗(k) with φA(FL) = FA.

In particular, given positive integers n1, . . . , nr, we may form the power series
with A∗(k)-coefficients

Fn1,...,nr (u1, . . . , ur)A := n1 ·FA
u1 +FA

. . .+FA
nr ·FA

ur,

and Fn1,...,nr

J (u1, . . . , ur)A with

Fn1,...,nr (u1, . . . , ur)A =
∑

J, ||J||≤1

uJFn1,...,nr

J (u1, . . . , ur)A,

by the methods of §3.1.1 (see also §6.1.4).
If E =

∑r
i=1 niEi is a strict normal crossing divisor on some W ∈ Smk, let

i : |E| → W denote the closed subscheme (not necessarily reduced) defined by E.
We have the inclusions of the faces ιJ : EJ → |E|, and we may define the class
[E → |E|]A ∈ A∗(|E|) by

[E → |E|]A :=
∑

J, ||J||≤1

ιJ∗ ([Fn1,...,nr

J (ιJ∗OW (E1), . . . , ιJ∗OW (Er)]A),

where [Fn1,...,nr

J (ιJ∗OW (E1), . . . , ιJ∗OW (Er)]A denotes the element

Fn1,...,nr

J (c̃1(ιJ∗OW (E1)), . . . , c̃1(ιJ∗OW (Er))(1EJ ) ∈ A∗(EJ).

If i : |E| →W is the inclusion we write [E →W ]A for i∗([E → |E|]A).

Lemma 7.2.1. [E →W ]A = c̃1(OW (E))(1W ).
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Proof. For A∗ = Ω∗, this is proved in proposition 3.1.9. One can either
repeat the proof, replacing Ω∗ with A∗ throughout, or use the universality of Ω∗ as
an oriented Borel-Moore homology weak theory (theorem 4.1.11): if ϑA : Ω∗ → A∗
is the natural transformation of oriented Borel-Moore homology weak theories on
Smk, ϑA(f : Y → X) = f∗(1AY ), then it is easy to check that ϑA([E → W ]Ω) =
[E →W ]A. As ϑA interwines the respective Chern class operators, the formula for
Ω∗ implies the formula for A∗. �

Proposition 7.2.2. Let A∗ be an oriented Borel-Moore homology theory on V.
Let W be in Smk, and let E be a strict normal crossing divisor on W . Then

[E → |E|]A = 1|E|
in A∗(|E|).

Proof. Write E =
∑r
i=1 niEi, with Ei irreducible. Note that |E| is an l.c.i.

scheme over k, so we have a fundamental class 1|E|. Using Jouanoulou’s trick and
the homotopy invariance of A∗, we may assume that W is an affine scheme. Thus,
the line bundles OW (Ei) are all very ample, hence there are morphisms fi : W →
PN (forN sufficiently large) with Ei = f∗i (XN = 0), X0, . . . , XN being the standard
homogeneous coordinates on PN . Let f = (f1, . . . , fr) : W → (PN )r := W̃ , and
let Ẽi be the subscheme p∗i (XN = 0), where pi : (PN )r → PN is the projection
on the ith factor. Let Ẽ =

∑r
i=1 niẼi. Then f−1(|Ẽ|) = |E| and f∗(Ẽ) = E.

Letting fE : |E| → |Ẽ| be the restriction of f , fE is the Tor-independent pull-
back of the l.c.i. morphism f by the regular imbedding |Ẽ| → (PN )r, hence fE is
an l.c.i. morphism. It follows from the functoriality of the fundamental class that
f∗E(1|Ẽ|) = 1|E|. Similarly, 1EJ = f∗E(1ẼJ ) and

[Fn1,...,nr

J (ιJ∗OW (E1), . . . , ιJ∗OW (Er)]A

= f∗E([Fn1,...,nr

J (ιJ∗OW̃ (Ẽ1), . . . , ιJ∗OW̃ (Ẽr)]A).

Thus, f∗E([Ẽ → |Ẽ|]A) = [E → |E|]A. Therefore, it suffices to prove the result for
W = (PN )r, E =

∑r
i=1 nip

∗
i (XN = 0). In this case, applying the axiom (CD), the

map i∗ : A∗(|E|) → A∗(W ) is injective, where i : |E| → W is the inclusion, so it
suffices to show that

i∗([E → |E|]A) = i∗(1|E|).
By proposition 5.1.12 and lemma 7.2.1, both sides are c̃1(OW (E))(1W ), whence the
result. �

7.2.2. The deformation diagram revisited. In this section, we show that the
method used to define the Gysin morphism for algebraic cobordism is compatible
with the pull-back in an Borel-Moore homology theory A∗.

Let i : Z → X be a regular imbedding in V. We refer to the deformation
diagram (6.5.1) and retain the notations involving that diagram.

It follows from the next lemma and the condition (5.1.1) that all the schemes
in the above diagram are in V.

Lemma 7.2.3. The map ĩ : 〈Z × P1〉 → U is a regular imbedding.

Proof. The assertion is local on X, so we may assume that X is affine,
X = SpecR, and that Z is a complete intersection, defined by a regular sequence
f0, . . . , fN . We may also replace P1 with A1 := P1 \∞.
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Let k[y0, . . . , yN ] be a polynomial ring, and consider the k-algebra homomor-
phism ψ : k[y0, . . . , yN ] → R defined by sending yi to fi. Since f0, . . . , fN is a
regular sequence, ψ is a flat extension, at least after inverting some element z ∈ R
outside (f0, . . . , fN ). Since a flat extension of a regular imbedding is still a regular
imbedding, we see that it suffices to prove the result for X = Spec k[y0, . . . , yN ]
and Z the subscheme defined by the maximal ideal (y0, . . . , yN ). Letting t be the
standard coordinate on A1, Z × 0 is a complete intersection in X ×A1, defined by
the regular sequence y0, . . . , yN , t.

We therefore have the identification of W with the subscheme of X×A1×PN+1

defined by the equations

Xiyj −Xjyi = 0, 0 ≤ i, j ≤ N
Xit−XN+1yi = 0, 0 ≤ i ≤ N,

where X0, . . . , XN+1 are standard homogeneous coordinates on PN+1. Also, we
have noted in lemma 3.2.1 that 〈X × 0〉 is the subscheme defined by XN+1 =
0. This gives the description of U as the subscheme of AN × A1 × AN+1 =
Spec k[y0, . . . , yN , t, x0 . . . , xN ] defined by the equations

xiyj − xjyi = 0, 0 ≤ i, j ≤ N
xit− yi = 0, 0 ≤ i ≤ N.

Clearly, this gives an isomorphism U ∼= Spec k[t, x0, . . . , xN ], and identifies 〈Z×A1〉
with the subscheme defined by the ideal (x0, . . . , xN ), showing that 〈Z ×A1〉 → U
is a regular imbedding. �

Proposition 7.2.4. Let A∗ be an oriented Borel-Moore homology theory on V,
and let iZ : Z → X be a regular imbedding in V. Form the diagram (6.5.1) and
take η ∈ A∗(X). Suppose there is an element η̃ of A∗+1(U) such that iX∗1 (η̃) = η.
Then

q∗(i∗Z(η)) = i∗V (η̃).

Proof. Let ĩ0 : Z → 〈Z × P1〉 be the inclusion of the fiber over 0 ∈ P1, and
let ĩ1 : Z → 〈Z × P1〉 be the inclusions of the fiber over 1 ∈ P1. Let τ = ĩ∗(η̃).
Then ĩ∗1(τ) = i∗Z(iX∗1 (η̃)) = i∗Z(η). By the homotopy property (EH) for A∗, we have
ĩ∗0(τ) = ĩ∗1(τ) = i∗Z(η). But ĩ∗0(τ) = s∗(i∗V (η̃)) and q∗s∗ = Id, so

q∗(i∗Z(η)) = q∗ĩ∗0(τ)

= q∗s∗(i∗V (η̃))

= i∗V (η̃).

�

We can also use the deformation diagram to compute i∗Z of a special type of
element.

Lemma 7.2.5. Let i : Z → X be a regular codimension one imbedding, and
let f : Y → X be a projective morphism of finite type k-schemes. Suppose that
f(Y ) ⊂ Z and that Y is l.c.i. over k. Then

i∗(f∗(1Y )) = c̃1(i∗ZOX(Z))(fZ∗ (1Y )),

where fZ : Y → Z is the map induced by f .
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Proof. We use the diagram (6.5.1). The map fZ gives the map fZ × Id :
Y × P1 → Z × P1. Mapping Z × P1 to U by identifying with 〈Z × P1〉, we have
the map f̃ : Y × P1 → U . Clearly f̃∗(1Y×P1) is an element η̃ of A∗(U) with
iX∗1 (η̃) = f∗(1Y ). By proposition 7.2.4, we have

q∗(i∗Z(f∗(1Y ))) = i∗V (η̃).

Since 1Y×P1 = p∗1(1Y ), we have

i∗V (η̃) = s∗(f∗(1Y )).

Since s∗ and q∗ are inverse, we thus have

i∗Z(f∗(1Y )) = s∗s∗(f∗(1Y )),

and the right-hand side is c̃1(i∗ZOX(Z))(fZ∗ (1Y )), by definition. �

7.2.3. Algebraic cobordism. We are now ready to prove the main universality
results.

proof of theorem 7.1.1 and theorem 7.1.2. It follows from theorem 4.1.11
that Ω∗ has the structure of an oriented Borel-Moore weak homology theory on V
and is in fact the universal such theory. From the results of §6.5, we have pull-back
maps f∗ : Ω∗(X)→ Ω∗+d(Y ) for each l.c.i. morphism f : Y → X in Schk, satisfying
the axioms (BM1), (BM2) and (BM3). The axioms (PB) and (EH) are already valid
for an oriented Borel-Moore weak homology theory, so we need only verify the ax-
iom (CD). This follows from lemma 5.2.11, as Ω∗ satisfies the required localization
property by theorem 1.2.8. Thus, Ω∗ defines an oriented Borel-Moore homology
theory on Schk. By proposition 5.2.1, the restriction of the oriented Borel-Moore
homology theory Ω∗ to Smk defines an extension of the oriented Borel-Moore weak
homology theory Ω∗ on Smk to an oriented cohomology theory Ω∗ on Smk.

The uniqueness of the extension of Ω∗ to an an oriented Borel-Moore homology
theory on V follows from the universality of Ω∗ as a Borel-Moore homology theory
on V (theorem 7.1.3, which we prove below). Indeed, suppose the oriented Borel-
Moore weak homology theory Ω∗ on Schk has a second extension Ω̂∗ to an oriented
Borel-Moore homology theory on V, with pull-back maps f̂∗ for each l.c.i. mor-
phism f : Y → X in Schk. By the universality of Ω∗ as an oriented Borel-Moore
homology theory, there is a unique natural transformation of oriented Borel-Moore
homology theories on V, ϑ : Ω∗ → Ω̂∗. But the underlying oriented Borel-Moore
weak homology theory Ω∗ on V is also universal, and both Ω∗ and Ω̂∗ agree as weak
homology theories, so ϑ is the identity transformation, forcing f∗ = f̂∗ for all l.c.i.
morphisms f . The uniqueness of the extension of Ω∗ to an oriented cohomology
theory on Smk is proved the same way. �

proof of theorem 7.1.3. (1) Let V be an l.c.i. closed admissible subcate-
gory of Schk, and let A∗ be an oriented Borel-Moore homology theory on V. By
theorem 4.1.11, Ω∗ is the universal oriented Borel-Moore weak homology theory on
Schk, so there is a unique natural transformation

ϑA : Ω∗ → A∗

of the underlying oriented Borel-Moore weak homology theories, i.e., ϑA is com-
patible with projective push-forward, smooth pull-back, Chern class operators and
external products. It thus suffices to show that ϑA is compatible with pull-backs for
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l.c.i. morphisms in V. We use the notation f∗A, fA∗ , etc., to indicate which theory
we are using.

As ϑA is already compatible with smooth pull-back, we need only check com-
patibility with respect to regular imbeddings iZ : Z → X in V.

It suffices to check that, for f : Y → X inM(X), we have

i∗ZA(ϑA([f : Y → X])) = ϑA(i∗ZΩ([f : Y → X])).

Note that, as p : Y → Spec k is smooth and quasi-projective, we have

ϑA(1Ω
Y ) = ϑA(p∗Ω(1Ω)) = p∗A(1A) = 1AY .

Thus

ϑA([f : Y → X]) = ϑA(fΩ
∗ (1Ω

Y ))

= fA∗ (1AY ).

Therefore, we need to show

i∗ZA(fA∗ (1AY )) = ϑA(i∗ZΩ(fΩ
∗ (1Ω

Y ))).

We first reduce to the case of a codimension one regular imbedding by using
the deformation diagram (6.5.1); we retain the notations surrounding that diagram.
Let η = fA∗ (1AY ) and let ηΩ = fΩ

∗ (1Ω
Y ).

As the map µ : U → X ×P1 is an isomorphism over X ×P1 \Z × 0, we can lift
p∗1ηΩ ∈ Ω∗+1(X×P1) to an element η′Ω ∈ Ω∗+1(U \V ). In particular, iX∗1 (η′Ω) = ηΩ.
Since the (smooth) restriction map

j∗ : Ω∗+1(U)→ Ω∗+1(U \ V )

is surjective, we can lift η′Ω to an element η̃Ω ∈ Ω∗+1(U). Let η̃ = ϑA(η̃Ω). Then,
as iX∗1A ◦ p∗1A = Id, we have

iX∗1A (η̃) = η.

We may therefore apply proposition 7.2.4, giving

q∗A(i∗ZA(ϑA(fΩ
∗ (1Ω

Y )))) = i∗V A(ϑA( tildeηΩ)).

On the Ω side, we similarly have

q∗Ω(i∗ZΩ(fΩ
∗ (1Ω

Y ))) = i∗V Ω(η̃Ω).

Since q is smooth, and q∗A, q∗Ω are isomorphisms, this reduces us to the case of a
codimension one regular imbedding iZ : |Z| → X, where Z is a Cartier divisor on
X.

If f(Y ) ⊂ |Z|, let fZ : Y → |Z| be the map induced by f . By lemma 7.2.5, we
have

i∗ZA(fA∗ (1AY )) = c̃A1 (i∗ZOX(Z))(fZA∗ (1AY ))

i∗ZΩ(fΩ
∗ (1Ω

Y )) = c̃Ω1 (i∗ZOX(Z))(fZΩ
∗ (1Ω

Y )).

Since ϑA is compatible with Chern class operators, push-forward and units 1Y for
Y ∈ Smk, we have the desired compatibility in this case. Thus, we have

i∗ZA(ϑA(iΩZ∗(ρ))) = ϑA(i∗ZΩ(iΩZ∗(ρ)))

for all ρ ∈ Ω∗(Z).
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If f(Y ) 6⊂ |Z|, then there is a projective birational map τ : Y ′ → Y , which is
an isomorphism over X \ |Z|, such that (fτ)∗(Z) is a strict normal crossing divisor
on Y ′. As f−(fτ) vanishes in Ω∗(X \|Z|), it follows from the localization sequence

Ω∗(Z) i∗−→ Ω∗(X)→ Ω∗(X \ |Z|)→ 0

that f = (fτ) + i∗(ρ) for some ρ ∈ Ω∗(|Z|), Thus, we may assume that f∗Z is
a strict normal crossing divisor on Y with associated codimension one subscheme
if∗Z : |f∗Z| → Y .

Let fZ : |f∗Z| → |Z| be the map induced by f . Since Y is smooth, the maps
f : Y → X and iZ : |Z| → X are Tor-independent, hence transverse in Schk. But,
as the diagram

|f∗Z|
if∗Z

//

fZ

��

Y

f

��

|Z|
iZ
// X

is cartesian, it follows from axiom (BM2) that, for both the theory Ω∗ and the
theory A∗, we have

i∗Z(f∗(1Y )) = fZ∗ (i∗f∗Z(1Y ))

= fZ∗ (1|f∗Z|).

By proposition 7.2.2, we have (in both theories)

1|f∗Z| = [f∗Z → |f∗Z|].

Thus

i∗ZA(fA∗ (1AY )) = fZA∗ ([f∗Z → |f∗Z|]A),(7.2.1)

i∗ZΩ(fΩ
∗ (1Ω

Y )) = fZΩ
∗ ([f∗Z → |f∗Z|]Ω).

Let E be a Cartier divisor on some W ∈ Smk. Since the divisor class [E →
|E|]A ∈ A∗(|E|) depends only on the weak homology theory underlying A∗, we have

ϑA([E → |E|]Ω) = [E → |E|]A
This, together with (7.2.1), shows that

i∗ZA(fA∗ (1AY )) = fZA∗ (ϑA([f∗Z → |f∗Z|]Ω))

= ϑA(fZΩ
∗ ([f∗Z → |f∗Z|]Ω))

= ϑA(i∗ZΩ(fΩ
∗ (1Ω

Y ))).

This completes the proof of the universality of Ω∗ as an oriented Borel-Moore ho-
mology theory on V.

For (2), we use proposition 5.2.1 to reduce the proof to showing that Ω∗ is
the universal oriented Borel-Moore homology theory on Smk; for this, we will use
proposition 3.3.1 as the essential point.

Let A∗ be an oriented Borel-Moore homology theory on Smk. As above, we
have the unique natural transformation ϑA : Ω∗ → A∗ of weak homology theories
on Smk, and we need to show that ϑA intertwines the pull-back maps g∗Ω and g∗A
for each morphism g : X ′ → X in Smk.



7.3. SOME APPLICATIONS 185

It suffices to prove the result for g a regular imbedding i : Z → X, and for
elements of Ω∗(X) of the form [f : Y → X], f ∈ M(X). By proposition 3.3.1, we
need only consider maps f which are transverse to i in Smk. Form the cartesian
diagram

Ỹ
ĩ //

f̃

��

Y

f

��

Z
i
// X

Using axiom (BM3), we have

i∗Ω(f : Y → X) = i∗Ω(fΩ
∗ (1Ω

Y ))

= f̃Ω
∗ (̃i∗Ω(1Ω

Y ))

= f̃Ω
∗ (1Ỹ ).

Similarly, as ϑA(f : Y → X) = fA∗ (1AY ), we have

i∗A(ϑA(f)) = f̃A∗ (1A
Ỹ

).

Thus, as ϑA is compatible with push-forward and units, we have

ϑA(i∗Ω(f)) = i∗A(ϑA(f)),

as desired. �

7.3. Some applications

Having extended Ω∗ to an oriented Borel-Moore homology theory on Schk
(assuming k admits resolution of singularities), we are able to extend some of the
main applications of the theory from smooth varieties to l.c.i. schemes over k. For
most of this section, k will be a field of characteristic zero, although the results of
§7.3.1 and §7.3.2 are valid over an arbitrary field.

7.3.1. Chern classes and Conner-Floyd classes. Let A∗ be an oriented Borel-
Moore weak homology theory on an admissible V ⊂ Schk. In proposition 4.1.15 we
showed how to define Chern class operators c̃i(E) : A∗(X)→ A∗−i(X), i = 0, . . . , n,
for each rank n vector bundle E → X, X ∈ V, satisfying the standard properties.
Also, given a sequence τ = (τi) ∈

∏∞
i=0Ai(k) with τ0 = 1, we defined in proposi-

tion 4.1.20, for each vector bundle E → X, X ∈ V, a degree zero endomorphism
T̃d

−1

τ : A∗(X)→ A∗(X), with properties listed in that lemma.
Now let A∗ be an oriented Borel-Moore homology theory on an admissible

V ⊂ Schk. Exactly the same construction gives the Chern class operators c̃i(E) :
A∗(X)→ A∗−i(X) for E → X a vector bundle on X ∈ V, and, given a sequence τ

as above, the degree-zero endomorphisms T̃d
−1

τ (E) of A∗(X). These satisfy exactly
the same properties as in the case of the weak homology theory, with the added
property of functoriality with respect to l.c.i. pull-back. For the sake of precision,
we list these properties here:

Lemma 7.3.1. Let A∗ be an oriented Borel-Moore homology theory on V. Then
the Chern classes satisfy the following properties:
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(0) Given vector bundles E → X and F → X on X ∈ V one has

c̃i(E) ◦ c̃j(F ) = c̃j(F ) ◦ c̃i(E)

for any (i, j).
(1) For any line bundle L, c̃1(L) agrees with the one given in axiom (PB)

applied to A∗.
(2) For any l.c.i. morphism Y → X ∈ V, and any vector bundle E → X over

X one has
c̃i(f∗E) ◦ f∗ = f∗ ◦ c̃i(E).

(3) If 0→ E′ → E → E′′ → 0 is an exact sequence of vector bundles over X,
then for each integer n ≥ 0 one has the following equation in End(A∗(X)):

c̃n(E) =
n∑
i=0

c̃i(E′) c̃n−i(E′′).

(4) For any projective morphism Y → X in V and any vector bundle E → X
over X, one has

f∗ ◦ c̃i(f∗E) = c̃i(E) ◦ f∗.

Moreover, the Chern class operators are characterized by the properties (0)-(3).

Lemma 7.3.2. Let A∗ be an oriented Borel-Moore homology theory on V and
let τ = (τi) ∈ Π∞

i=0Ai(k), with τ0 = 1. Then one can define in a unique way, for
each X ∈ V and each vector bundle E on X, an endomorphism (of degree zero)

T̃d
−1

τ (E) : A∗(X)→ A∗(X)

such that the following holds:

(0) Given vector bundles E → X and F → X one has

T̃d
−1

τ (E) ◦ T̃d
−1

τ (F ) = T̃d
−1

τ (F ) ◦ T̃d
−1

τ (E).

(1) For a line bundle L one has:

T̃d
−1

τ (L) =
∞∑
i=0

c̃1(L)i τi.

(2) For any l.c.i. morphism Y → X in V, and any vector bundle E → X over
X one has

T̃d
−1

τ (f∗E) ◦ f∗ = f∗ ◦ T̃d
−1

τ (E).

(3) If 0→ E′ → E → E′′ → 0 is an exact sequence of vector bundles over X,
then one has:

T̃d
−1

τ (E) = T̃d
−1

τ (E′) ◦ T̃d
−1

τ (E′′).

(4) For any projective morphism Y → X in V and any vector bundle E → X
over X, one has

f∗ ◦ T̃d
−1

τ (f∗E) = T̃d
−1

τ (E) ◦ f∗.
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Remark 7.3.3. If E → X is a vector bundle on an l.c.i. k-scheme X in V, we
may evaluate the operators c̃i(E) or T̃d

−1

τ (E) on 1X , yielding the Chern classes
ci(E) ∈ Ai(X) and the total inverse Todd class (or Conner-Floyd class) Tdiτ (E) ∈
A0(X).

It follows directly from the two lemmas above that the Chern class operators
c̃i(E) and the inverse Todd class operator T̃d

−1

τ (E) depend only on the class of E
in K0(X).

As in example 4.1.22, we consider the “universal” example: Let A∗ be a Borel-
Moore homology theory on V, let Z[t] := Z[t1, t2, . . . , tn, . . .], with ti having degree
i, and consider the Borel-Moore homology theory X 7→ A∗(X)[t] := A∗(X)⊗ Z[t].
Let t be the family (1, t1, t2, . . .). For each line bundle L → X, X ∈ V, we thus
have the automorphism

T̃d
−1

t (L) =
∞∑
i=0

c̃1(L)iti : A∗(X)[t]→ A∗(X)[t]

and for each vector bundle E → X the automorphism T̃d
−1

t (E), which we expand
as

T̃d
−1

t (E) =
∑

(n1,n2,...)

c̃n1,n2,...,nr (E)tn1
1 · . . . · tnr

r .

As in loc. cit., we call the endomorphisms c̃n1,n2,...,nr
(E) the Conner-Floyd Chern

class endomorphisms for E. For X an l.c.i. k-scheme, we have as well the Conner-
Floyd classes

cn1,n2,...,nr (E) := c̃n1,n2,...,nr (E)(1X) ∈ Ad−P
i ini

(X),

d = dimkX.
We write c̃An1,n2,...,nr

(E) or cAn1,n2,...,nr
(E) if we need to specify A.

7.3.2. Twisting a Borel-Moore homology theory. We extend the twisting con-
structions of §4.1.9 from oriented Borel-Moore weak homology theories to oriented
Borel-Moore homology theories, and from smooth k-schemes to l.c.i. k-schemes.

Let f : Y → X be an l.c.i. morphism. Choose a factorization of f as f = qi,
with i : Y → P a regular imbedding and q : P → X a smooth morphism. We have
the relative tangent bundle Tq → P , defined as the vector bundle whose dual has
sheaf of sections the relative differentials Ω1

Y/X . Letting I be the ideal sheaf of Y
in P , we let Ni → Y be the bundle whose dual has sheaf of sections I/I2. We let
[Nf ] ∈ K0(Y ) be the class Ni − i∗Tq. It is easy to see that [Nf ] is independent of
the choice of the factorization of f .

If X = Spec k, we write [NY ] for [Nf ], and set [TY ] := −[NY ]. If f : Y → X is
an arbitrary morphism of l.c.i. k-schemes, define the virtual tangent bundle of f by
[Tf ] := [TY ]− f∗[TX ] ∈ K0(Y ).

Given a Borel-Moore homology theory A∗ on V, and a family τ as in the
previous section §7.3.1, we may twist A∗ by τ , forming the Borel-Moore homology
theory A(τ)

∗ with the same push-forward maps as A∗, and with

f∗(τ) = T̃d
−1

τ ([Nf ]) ◦ f∗

for an l.c.i. morphism f . For a line bundle L→ X, one has the Chern class operator

c̃
(τ)
1 (L) = T̃d

−1

τ (L) ◦ c̃1(L).
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One easily checks that this does define an oriented Borel-Moore homology theory
on V.

We can extend the second construction given in 4.1.9 from V ⊂ Smk to V ⊂ Lci.
We have the Todd class operator

T̃dτ (E) := T̃d
−1

τ (−[E]) = (T̃d
−1

τ (E))−1.

Define the Borel-Moore homology theory Aτ∗ on V as having the same l.c.i. pull-
backs as A∗, with push-forward

fτ∗ := f∗ ◦ T̃dτ ([Tf ])

for f : Y → X projective. The Chern class operators are given by

c̃τ1(L) = c̃1(L) ◦ T̃dτ (−L) = c̃
(τ)
1 (L)

for each line bundle L→ X, X ∈ V.
As in lemma 4.1.23, the isomorphisms

T̃d
−1

τ ([TX ]) : A(τ)
∗ (X) ∼−→ Aτ∗(X)

determine an isomorphism of oriented Borel-Moore homology theories A(τ)
∗ → Aτ∗

on V ⊂ Lci.

7.3.3. Operations on Ω∗. For the remainder of this section, we assume that k
admits resolution of singularities.

Take V = Lcik, and consider the universal twisting Ω∗[t]t of Ω∗. By the
universality of Ω∗, we have a canonical transformation of Borel-Moore homology
theories

ϑLN : Ω∗ → Ω∗[t]t,

which we expand as
ϑLN =

∑
I=(n1,...,nr,...)

SIt
I .

The individual terms S(n1,...,nr) : Ω∗ → Ω∗−n, n =
∑
i ini, are the Landweber-

Novikov operations defined in example 4.1.25; our extension of ϑLN to the setting
of Borel-Moore homology theories has just verified that the Landweber-Novikov
operations are natural with respect to l.c.i. pull-back.

Taking V = Schk and using the other twisting Ω∗[t](t), we have the natural
transformation ϑLN

′
: Ω∗ → Ω∗[t](t) of homology theories on Schk. Using the

canonical transformation Ω∗ → CH∗, we have the natural transformation

ϑCF : Ω∗ → CH∗[t](t).

Expanding ϑCF as
ϑCF =

∑
I

cCFI tI

defines the tranformations cCFn1,...,nr
: Ω∗ → CH∗−n, n =

∑
i ini.

Explicitly, we have

Lemma 7.3.4. Let π : Y → Spec k be an l.c.i. k-scheme. For f : Y → X a
projective morphism with X ∈ Schk, we have

cCFn1,...,nr
([f : Y → X]) = fCH

∗ (cCH
n1,...,nr

([NY ])).
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Proof. Note that 1Y = π∗(1) by definition, and [f : Y → X] = f∗(1Y ). Thus,
since ϑCF is a natural transformation of oriented Borel-Moore homology theories,
we have

ϑCF ([f : Y → X]) = ϑCF (fΩ
∗ (π∗Ω(1)))

= f
CH∗[t]

(t)

∗ (π∗CH∗[t](t)
(1))

=
∑
I

fCH
∗

(
c̃CH
I ([NY ])(π∗CH(1))

)
tI

=
∑
I

fCH
∗ (cCH

I ([NY ]))tI .

Equating the coefficients of tn1
1 · . . . · tnr

r yields the result. �

The same proof shows that, for l.c.i. k-schemes X and Y and a projective
morphism f : Y → X, we have

(7.3.1) Sn1,...,nr ([f : Y → X]) = fΩ
∗ (cΩn1,...,nr

([Nf ])) ∈ Ω∗(X).

Let P (x1, . . . , xd) be a degree d weighted-homogeneous polynomial with coeffi-
cients in a commutative ring R, where we give xi degree i. Let π : X → Spec k be
a projective l.c.i. k-scheme of dimension d over k. Define P (X) ∈ R by

P (X) := deg(P (cCH
1 , . . . , cCH

d )([NX ])).

Here deg : CH0(X)⊗R→ R is map induced by the composition of the push-forward
π∗ : CH0(X)→ CH0(k) followed by the canonical isomorphism CH0(k) ∼= Z.

Using lemma 7.3.4, the same proof as for lemma 4.4.19 yields the following
result.

Proposition 7.3.5. Let P (x1, . . . , xd) be a degree d weighted-homogeneous
polynomial with coefficients in a commutative ring R, with xi having degree i. There
is a unique homomorphism

PΩ : Ωd → R

with PΩ(π∗(1X)) = P (X) for each projective l.c.i. k-scheme π : X → Spec k of
dimension d over k.

7.3.4. Degree formulas for Ω∗. For the remainder of this section, k will be a
field of characteristic zero. We can now extend many of the results of §4.4.3 and
§4.4.4 from smooth k-schemes to l.c.i. k-schemes.

Let π : X → Spec k be a projective l.c.i. k-scheme of dimension d over k. We
write [X] ∈ Ωd(k) for π∗(1X); this agrees with the notation we have used for X
smooth and projective over k.

For X a projective purely d dimensional k-scheme, we have the ideal M(X)
of Ω∗(k), defined as the ideal generated by the classes [Y ] ∈ Ω∗(k), for those Y
smooth and projective over k, of dimension < d, for which there is a morphism
f : Y → X over k (see §4.4.2). More generally, if X is locally equi-dimensional over
k, define M(X) as the ideal generated by the M(Xi), as Xi runs over the connected
components of X.

With these notations, theorem 4.4.15 generalizes to
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Theorem 7.3.6. Let k be a field of characteristic zero. Let X and Y be reduced
projective l.c.i. k-schemes and let f : Y → X be a morphism. Suppose that X is
irreducible. Then one has

[Y ]− deg(f) · [X] ∈M(X).

The proof is exactly the same as for theorem 4.4.15.

Remark 7.3.7. Let X be a finite type k-scheme of dimension d over k, and let
η be an arbitrary element of Ω∗(X). It follows from the generalized degree formula
(theorem 4.4.7) applied to A∗ = Ω∗ that Ω∗(X) is generated as an Ω∗(k)-module
by classes of the form f : Y → X ∈ M(X), with dimkY ≤ d. Thus M(X) is the
ideal in Ω∗(k) generated by the classes [Y ], where Y is a projective l.c.i. k-scheme
of dimension < d for which there is a morphism f : Y → X.

Recall from §4.4.3 the Z-valued characteristic class sd and the Fp-valued char-
acteristic classes td,r, d = pn − 1. By lemma 7.3.4 and proposition 7.3.5, these
characteristic classes extend uniquely to projective l.c.i. k-schemes Y by the formu-
las

sd(Y ) :=
1
p

deg(Sd(c1, . . . , cd)([NY ])),

td,r(Y ) := deg(td,r(c1, . . . , cdr)([NY ])),

and these functions uniquely define homomorphisms

sΩd : Ωd(k)→ Z,

tΩd,r : Ωdr(k)→ Fp,

with sd(Y ) = sΩd ([Y ]) and td,r(Y ) = tΩd,r([Y ]) for all projective l.c.i. k-schemes Y .
Noting these remarks, the proofs of theorem 4.4.23 and theorem 4.4.24 yield

the following extensions of these results to l.c.i. schemes:

Theorem 7.3.8. Let f : Y → X be a morphism of reduced projective l.c.i.
k-schemes, both of dimension d, with X irreducible. Suppose that d = pn − 1 for
some prime p and some integer n > 0. Then there is a zero-cycle η on X such that

sd(Y )− (deg f)sd(X) = deg(η).

Theorem 7.3.9. Let f : Y → X be a morphism of reduced projective l.c.i.
k-schemes, with X irreducible. Suppose both X and Y have dimension rd over k,
where r > 0 is an integer and d = pn−1 for some prime p and some integer n > 0.
Suppose in addition that X admits a sequence of surjective morphisms to reduced
finite type k-schemes

X = X0 → X1 → . . .→ Xr−1 → Xr = Spec k

such that:
(1) Each Xi is in Lcik and dimkXi = d(r − i).
(2) Let η be a zero-cycle on Xi ×Xi+1 Spec k(Xi+1). Then p|deg(η).

Then
td,r(Y ) = deg(f)td,r(X).



APPENDIX A

Resolution of singularities

We recall a version of the well-known theorem of Hironaka [11]:

Theorem A.1. Let k be a field of characteristic zero. For a rational map
f : Y → X of irreducible k-varieties, let Sing f denote the closed subset of Y of
points at which Y is not smooth over k, or at which rational map f : Y → X is not
a morphism. Then there is a projective birational morphism µ : Y ′ → Y such that

(1) Y ′ is smooth over k.
(2) The induced birational map f ◦ µ : Y ′ → X is a morphism.
(3) The morphism µ can be factored as a sequence of blow-ups of Y along

smooth centers lying over Sing f .

For instance, taking f = IdY : Y → Y , one has the result that there is a
sequence of blow-ups of Y along smooth centers lying over Sing Y which resolves
the singularities of Y .

Throughout this paper, we have used the phrase “k admits resolution of sin-
gularities” to mean that, at the least, the conclusion of theorem A.1 is valid for
varieties over k. There are two additional results that we will require to be valid
when we say that k admits resolution of singularities. For lack of a suitable refer-
ence in the literature, we prove these results for a field of characteristic zero here.
We are indebted to D. Cutkosky for supplying the arguments given below.

Theorem A.2. Let X be a smooth quasi-projective variety over a field k of
characteristic zero, let D be a strict normal crossing divisor on X, and let S be a
reduced and irreducible codimension one subscheme of X. Let V be an open subset
of X containing each generic point of |D+S| such that V ∩(D+S) is a strict normal
crossing divisor on V . Then there is a sequence of blow-ups of smooth centers lying
over X \ V ,

X ′ = Xr → . . .→ X0 = X

such that, letting Ej be the exceptional divisor of Xj → X, and Dj, Sj the proper
transforms of D, S to Xj, Ej +Dj is a strict normal crossing divisor for all j, and
Er +Dr + Sr is a strict normal crossing divisor on X ′.

Proof. This is a special case of [11, Theorem IN,n2 , pg. 170], where, in the
notation of that result, we take N = dimkX, n = N − 1, and (RN,N−1

I , U) is the
resolution datum ((|D|;X;S), V ). �

Corollary A.3. Let X be a quasi-projective variety over a field k of charac-
teristic zero, and let D and D′ be effective divisors on X, with D′ a strict normal
crossing divisor on X. Let U be a smooth open subscheme of X, containing each
generic point of |D+D′|, such that (D+D′)∩U is a strict normal crossing divisor

191
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on U . Then there is a sequence of blow-ups of smooth centers lying over X \ U
Xr → . . .→ X0 = X

such that, letting E be the exceptional divisor of µ : Xr → X and Dr, D′
r the proper

transform of D to Xr, E+Dr+D′
r, is a strict normal crossing divisor on Xr. If X

is smooth, we may take U such that X \U ⊂ |D+D′|. In this case, E is supported
in µ∗(D+D′), and we may take the sequence of blow-ups so that, letting Ej be the
exceptional divisor of Xj → X and D′

j the proper transform of D′ to Xj, Ej +D′
j

is a strict normal crossing divisor on Xj for all j.

Proof. We note that |D′| is contained in the smooth locus of X. By resolving
the singularities of X via a sequence of blow-ups of smooth centers lying over Xsing

[11, Main Theorem I∗, pg.132], and taking the proper transforms of D and D′,
we reduce to the case of a smooth X. We may assume that D is reduced; write
D =

∑m
i=1D

i with the Di irreducible. We proceed by induction on m.
Let D∗ =

∑m−1
i=1 Di. Assuming the result for m − 1, we have a sequence of

blow-ups as above such that Er +D∗
r +D′

r is a strict normal crossing divisor, and
Ej +D′

j is a strict normal crossing divisor for all j. Replacing X with Xr, D with
the proper transform of Dm, and D′ with Er + D∗

r + D′
r, we reduce to the case

m = 1, which is theorem A.2. �

We conclude this appendix with the statement of the result on weak factoriza-
tion that we will need.

Conjecture A.4 (Weak factorization). Let µ : Ỹ → Y be a projective bi-
rational morphism in Smk. Then there is a commutive diagram of projective Y -
schemes, with each Y i ∈ Smk,

Y 1

��
22

22
22

����
��
��

����
��
��
�

. . .

��
22

22
22

2 Y n

����
��

��
�

��
77

77
77

7

Ỹ

µ

AAY 0 Y 2 . . . Y n−1 Y n+1 Y

such that each slanted arrow is the blow-up of the base along a smooth (over k)
subscheme.

This conjecture is consequence of the main result of [1] in case k has charac-
teristic zero; in case the conjecture is true for a given field k, we will say that k
admits weak factorization.
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(1975), p. 147-167
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universality of, 177

algebraic pre-cobordism, 29

axiom

(BM1), 117
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(EH), 2, 68, 118

(FGL), 20

(Loc), 68
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(PB), 2, 67, 118

(Sect), 20

(Triv), 68

(Loc′), 68

Chern character operator, 89

Chern class operator

for line bundles, 17

for vector bundles, 75

Chern classes, 67

Chow group, the

as oriented Borel-Moore functor, 21

Chow ring, the

as oriented cohomology, 4

cobordism cycle, 15

complex cobordism, 7

Conner-Floyd Chern class endomorphism,
80, 187

deformation diagram, 159

extended, 166

deformation to the normal cone, 32

degree homomorphism, 100

distinguished lifting, 152

divisor class, 43

refined, 135

elementary cobordisms, 29

excess intersection formula, 173

formal group law

additive, 74

logarithm, 83

multiplicative, 74

periodic, 74

fundamental class, 119

G0

as oriented Borel-Moore functor, 21

general position, 133, 136

geometric cobordism, 22

good position, 133, 136

Gysin morphism, 160

refined, 167, 168

inverse Todd class

of a line bundle, 78

of a vector bundle, 78

K0

as oriented cohomology, 4

l.c.i. morphism, 115

pull-back for, 164

l.c.i. scheme, 116

Landweber-Novikov operations, 83

localization

property, 101

theorem, 51

naive cobordism, 29

normal cone, 166

oriented Borel-Moore functor, 13

detected by smooth schemes, 15

generated by smooth schemes, 15

of geometric type, 20

with product, 17

oriented Borel-Moore homology theory, 117

twisting, 187
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oriented Borel-Moore weak homology

theory, 74

generically constant, 99
twisting, 80

oriented Borel-Moore R-functor, 18

oriented cohomological functor, 20
with product, 20

oriented cohomology theory, 2

additive, 5
multiplicative, 5

periodic, 5

oriented weak cohomology theory, 75

pseudo-divisor, 132

defining equation, 132
pull-back, 159

support, 132

pull-back
l.c.i., 164

refined, 166, 171

refined intersection, 166, 175

refined pull-back, 166, 171

regular embedding, 115
relative dimension, 1

splitting principle, 68
standard cycle, 19

strict normal crossing divisor, 41

face, 132

tangent bundle, 80

virtual, 81, 187
Todd class operator, 81

transverse, 1

very good position, 133, 136
virtual normal bundle, 80, 81

zigzag diagram, 160
extended, 167


