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1 Introduction

1.1 Mixed motives

During the early and mid-eighties, Beilinson[2] and Deligne [24] independently
described a conjectural abelian tensor category of mized motives over a given
base field k, MM, which, in analogy to the category of mixed Hodge struc-
tures, should contain Grothendieck’s category of pure (homological) motives
as the full subcategory of semi-simple objects, but should have a rich enough
structure of extensions to allow one to recover the weight-graded pieces of al-
gebraic K-theory. More specifically, one should have, for each smooth scheme
X of finite type over a given field k, an object h(X) in the derived category
DP(MMy,), as well as Tate twists h(X)(n), and natural isomorphisms

Hompo (aiagy) (1, A(X) (0)[m]) @ Q 2 Ko (X)),

where K,(X)(™ is the weight n eigenspace for the Adams operations. The
abelian groups

HY (X, Z(q)) == Hom peaqaq,) (1, M(X)(q)[p])

should form the universal Bloch-Ogus cohomology theory on smooth k-
schemes of finite type; as this theory should arise from mixed motives, it
is called motivic cohomology.

This category MM, should on the one hand give a natural framework
for Beilinson’s unified conjectures on the relation of algebraic K-theory to
values of L-functions, and on the other hand, give a direct relation of singular
cohomology and the Chow ring. For this, conjectures of Beilinson, Bloch and
Murre [74] suggest a decomposition (with Q-coefficients)

h(X)q = ®iZoh'(X)[~]
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for X a smooth projective variety of dimension d over k, with the h*(X)
semi-simple objects in MM ® Q. This yields a decomposition

H?"(X,Q(n)) = ®7LExtig, eo(l, h'(X)(n);

since one expects H?"(X,Q(n)) = Ko(X)™ = CH"(X)g, this would give
an interesting decomposition of the Chow group CH" (X )gq. For instance, the
expected properties of the h*(X) would lead to a proof of Bloch’s conjecture:

Conjecture 1.1. Let X be a smooth projective surface over C with H?(X,Ox) =
0. Let A%(X) be the kernel of the degree map CH?(X) — Z. Then the Al-
banses map ax : A%2(X) — Alb(X)(C) is an isomorphism.

The relation of the conjectural category of mixed motives to various gener-
alizations of Bloch’s conjecture and other fascinating conjectures of a geomet-
ric nature, as well as to values of L-functions, has been widely discussed in the
literature and we will not discuss these topics in any detail in this article. For
some more details on the conjectured properties of MM, and applications,
we refer the reader to [21, 52, 53, 75, 80, 81, 82, 103], as well as additional
articles in [104] and the article of Goncharov [35] in this volume.

The category MM, has yet to be constructed. However, in the nineties,
progress was made toward the construction of the derived category D®(MM},),
that is, the construction of a triangulated tensor category DM (k) that has
many of the structural properties expected of D*(MM},). In particular, we
now have a very good candidate for motivic cohomology H’ (X, Z(q)), which,
roughly speaking, satisfies all the expected properties which can be deduced
from the existence of a triangulated tensor category of mixed motives, without
assuming there is an underlying abelian category whose derived category is
DM k), or even that DM (k) has a reasonable ¢-structure.

In addition to the triangulated candidates for D®(MMy}), there are also
constructions of candidates for MMyp,; these however are not known to have
all the desired properties, e.g., the correct relation to K-theory.

In this article, we will outline the constructions and basic properties of var-
ious versions of categories of mixed motives which are now available. We will
also cover in some detail the known theory of the subcategory of mized Tate
motives, that is, the subcategory (either triangulated or abelian) generated
by the rational Tate objects Q(n).

We will make some mention of the relevance of these construction for
the mod n-theory, the Beilinson-Lichtenbaum conjectures and the Bloch-Kato
conjectures, but as these themes have been amply explained elsewhere (see
e.g. [32], [55]), we will not make more than passing reference to this topic.

The discussion of mixed Tate motivic categories in §5 is based in large part
on a seminar on this topic that ran during the fall of 2002 at the University of
Essen while I was visiting there. I would like to thank the participants of that
seminar, and especially Sviataslav Archava, Najmuddin Fakhruddin, Marco
Schlichting, Stefan Miiller-Stach and Helena Verrill, and for their lectures
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and discussions; a more detailed discussion of mixed Tate motivic categories
arising from this seminar is now in the process of being written. I would also
like to thank the Mathematics Department at the University of Essen and
especially my hosts, Hélene Esnault and Eckart Viehweg, for their hospitality
and support, which helped so much in the writing of this article.

1.2 Notations and conventions

If A(—) is a simplicial abelian group n — A(n), we have the associated (ho-
mological) complex A(x), with A(x),, = A(n) and d,, : A(n) — A(n — 1) the
alternating sum

dn = ZO(_l)jA(aj)

where the §; are the standard co-face maps.

We let C*(Ab) denote the category of cohomological complexes, bounded
below (4) or bounded above (—). We let Cy(Ab) denote the category of
homological complexes, bounded below (4) or bounded above (—). In both
categories, we have the suspension operation C' — C[1], and cone sequences

AL B = Cone(f) — A[1].

Thus, in the cohomological category (A[1])® = A™*! and in the homological
category (A[1])n, = An—1. We extend these notations to the respective derived
categories.

For a scheme S, we let Schg denote the category of schemes of finite type
over S, Smg the full sub-category of smooth quasi-projective S-schemes. If
S = Spec A for some ring A, we write Schy and Smy for Schgpeca and
SmSpecA-

For a noetherian commutative ring R, we let R-mod denote the category
of finitely generated R-modules; for a field F', we let F-Vec be the category
of vector spaces over F' (not necessarily of finite dimension). If G is a pro-
finite group, we let Q,[G]- mod denote the category of finitely dimensional
Qp-vector spaces with a continuous G-action.

2 Motivic complexes

In this first section, we begin with a discussion of Bloch’s seminal work in the
weight-two case. We then give an overview of the conjectures of Beilinson and
Lichtenbaum on absolute cohomology, as a prelude to our discussion of mixed
motives and motivic cohomology. After this, we describe two constructions
of theories of absolute cohomology: Bloch’s construction of the higher Chow
groups, and the Friedlander-Suslin construction of motivic complexes. For
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later use, we also give some details on associated cubical versions of these
complexes.

The relation of the Zariski cohomology of G,, to Ky and K; was well-
known from the very beginning: the Picard group H'(Xza.:, G,,) appears as
a quotient of the reduced Ky and the group of global units H°(Xz.:, G,,)
is likewise a quotient of K7(X), both via a determinant mapping. Hilbert’s
theorem 90 says that H*(Xzar, G,,) — H'(X¢t, Gyp) is an isomorphism for
1 =0, 1; the Kummer sequence

1—>,un—>(Gm—X—n—>Gm—>1

relates the torsion and cotorsion in H*(Xet, G,,) to H*(X, ). Rationally,
HY(Xzar,Gp,) and H(X,G,,) give the weight-one portion of Ky(X) and
K;(X), respectively (the weight-zero portion of Ky is similarly given by
HY(X 7.0, 7)).

The idea behind motivic complexes is, rather than arranging K-theory
by the K-theory degree, one can also collect together the pieces of the same
weight (for the Adams operations), and by doing so, one should be able to
construct the universal Bloch-Ogus cohomology theory with integral coeffi-
cients. For weight one, this is given by the cohomology of the single sheaf G,,,
but for weight n > 1, one would need a complex of length at least n — 1.
Later on, the complexes assumed a secondary role as explicit representatives
for the total derived functors RHom po(aqa, ) (1, h(X)(n)), where MMy is
the conjectural category of mixed motives over k, see §3.1.

Our discussion is historically out of order, in that quasi-isomorphism of
Bloch’s complexes with the Friedlander-Suslin construction was only con-
structed after Voevodsky introduced the machinery of finite correspondences
[100] and showed how to adapt Quillen’s proof of Gersten’s conjecture to this
setting in the course of his construction of a triangulated category of mixed
motives. However, it is now apparant that one can deduce the Mayer-Vietoris
properties of the Friedlander-Suslin complexes from Bloch’s complexes, and
conversely, one can acheive a more natural functoriality for Bloch’s complexes
from the Friedlander-Suslin version, without giving any direct relation to cat-
egories of mixed motives.

2.1 Weight-two complexes

Before a general framework emerged in the early ’80’s, there was a lively
development of the weight-two case, starting with Bloch’s Irvine notes [8], in
which he related:

1. the relations defining K of a field F'

2. the indecomposable K3 of F'

3. the values of the dilogarithm function

4. the Borel regulator on K3 of a number field.
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These relations were made more precise by Suslin’s introduction of the 5-term
dilogarithm relation [88], [87], uniting Bloch’s work with Dupont and Sah’s
study [30] of the homology of SLy and the scissors congruence group. Lichten-
baum [68], building on Bloch’s introduction of the relative K of the semi-local
ring F'[t]y(1—¢), constructed a length-two complex which computed the weight-
two portions of K3 and K3, up to inverting small primes. These constructions
formed the basis for the general picture, as conjectured by Beilinson and Licht-
enbaum, as well as the later constructions of Goncharov [38], [39], Bloch [13]
and Voevodsky-Suslin-Friedlander [100].

Bloch’s complexes

In [8], Bloch constructs 3 complexes:

(1) Let F be a field. Let R(F') = F[t]¢(1—¢), i.e., the localization of the poly-
nomial ring F[t] formed by inverting all polynomials P(¢) with P(0)P(1) # 0.
Let I(F) = t(1—t)R. We have the relative K -groups K, (R;I), which fits into
a long exact sequence

o= Ky 1 (R)I) — Kyp(R;I) = Kyp(R) — Ku(R/I) — ...
Using the localization sequence in K-theory, we have the boundary map

K3(R) = @4ep1nq0,13,6(2)";
z closed
composing with Ko(R;I) — Ka(R) gives the length-one complex
tame *
Ky (R; I) —— @xeA}\{O,l},k(I) (1)

x closed

Bloch shows
Proposition 2.1. There are canonical isomorphisms
kerd = KM4(F)
cokerd = Ky (F)
Here K(F) is the quotient of K3(F) by the image of the cup-product map
K1 (F)®3 — K3(F).

To make the comparision with the other two complexes, one needs an
extension of Matsumoto’s presentation of K5 of a field to the relative case:
For a semi-local PID A with Jacobson radical J and quotient field L, there is
an isomorphism (cf. [101])

Ko(A, )21+ ) @z L /<f@(1—f)| fel+ >
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In particular, Ko(R, I) contains the subgroup of symbols {1 + I, F*}; taking
the quotient of (1) by this subgroup yields the exact sequence (assuming F
algebraically closed)

K (F) Ks(R, I)

0
T Tory (F, ) {1+ 1,F*}

— F* @ F* — Ky(F) — 0.

(2) Let A(F') be the free abelian group on F \ {0, 1}, and form the complex
A(F) 2 F* @ F*

by sending € F'\ {0,1} to A := 2 ® (1 — 2) € F* ® F*. By Matsumoto’s
theorem, K3(F) = coker(\). Let B(F') be the kernel of A, giving the exact
sequence

0—-B(F)— AF) > F"QF" — Kyo(F)—0
(3) Start with the exponential sequence

0— 7 —C 2221, o 1,

Tensor with C* (over Z), giving the complex C® C* — C* ® C* and the exact
sequence

0 — Tor; (C*,C*") = C* - CC*"-C"®C" — 1.

The image of Tor; (C*,C*) in C* is the torsion subgroup; let C* be the torsion-
free quotient, yielding the exact sequence

0-C">CRC*->C*®C* — 1.

To relate these three complexes, Bloch defines two maps on A(C). For
z € C\{0,1}, let ¢(z) € C® C* be defined by

e(r) == [% log(1— ) ®z] + [1 ®exp (2—71i /Ow log(1 — t)%)} ,

In this formula, define

todt
log(1 —t) ::-/ —,

and use the same path of integration for all the integrals. Bloch shows that
€(x) is then well-defined and independent of the choice of path from 0 to x.
Extending € to A(C) by linearity gives the commutative triangle

A(C)
C®C* C* ® C*.

exp 2mi®id
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The second map 7 : A(C) — K3(R(C), I(C)) is defined explicitly by

xt?

@) =l - o aep o

=} € Ko (R(C), 1(0)).

This all yields the commutative diagram

0 Tﬁfﬁgli& {Il(i(I]?(():I*)} M € @ CF — K3(C) —= 0
. |

0 — B(C) A(C) A C*®C* — Ky(C) —=0
| |

0 ok COC ——5r C e C — K5(C) —>0

where ¥ and 6 are the maps induced by € and 7.

The dilogarithm

Composing € with

1 t®id id®l — Itipl
CeCr real part®i R@C*l®og| | R &R mu 1pyR

yields the map D : A(C) — R. On generators € C\ {0,1}, D(x) is the
Bloch- Wigner dilogarithm

D(z) = arg(1 — x) log |z| — Im(/oz log(1 — t)%)

Bloch shows how to relate D to the Borel regulator on K3(C) via the map 6.
If ' C C is a number field and one has explicit elements in B(F') which form
a basis for K3(F)™4, this gives an explict formula for the value of the Borel
regulator for K3(F).

Ezample 2.2. Let F = Q(¢), where ¢ = exp(%f*) and /¢ is an odd prime.
An easy calculations shows that ¢[¢?] is in B(F) for all i; one shows that

0[¢Y, ..., €[¢* /2] maps to a basis of K3(F)g under . Using the explicit
formula .
; 0 sz
D(¢) =Tm( ) =),
m=1

Bloch computes: the lattice in R¢~1/2 generated by the vectors

(DU, - DUIC), -, DECEIR))i=1,, ——,

has volume 2~ (¢=1)/2¢3(¢=1)/4 [1, oaa [£(2, X)[, where x runs over the odd char-
acters of (Z/1Z)* and L(s, x) := >_ x(n)n™* is the Dirichlet L-function.
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The Bloch-Suslin complex

Suslin [87] refined Bloch’s construction of the complex A(F) — F* ® F* by
imposing the five-term relation satisfied by the dilogarithm function:

y—1.  yl-1)
:C—l]+[:v(y—1)

One checks that this element goes to zero in F* A F*, giving the complex

2] = [y] + [y/=] - | ]

A(F) X A2F 2)
with A(F) being the above-mentioned quotient of A(F), and A\(z) = zA(1—z).
Since {x,y} = {y, 2} ! in K3(F), the cokernel of \ is still K3(F); Suslin shows

Proposition 2.3. Let F' be an infinite field. There is a natural isomorphism
ker A 2 Ki"d(F) /Tory (F*, F*),

where ﬁ"l(F*,F*) is an extension of Tory (F*, F*) by Z/2.

Higher weight

The construction of the Bloch-Suslin complex (2) has been generalized by
Goncharov [38], [39] to give complexes C(n) of the form

AF(TL)—>AF(TL—1)®F*—>AF(TL—2)®A2F*—>
— Ap(2) @ A" T2F* — A"F*

These are homological complexes with A™F* in degree n.

The groups Ap(i) are defined inductively: Each Ap(i) is a quotient of
Z[F U {o0}]; denote the generator corresponding to x € F as [z];. For i > 2,
the map

Ap(i)) @ A"TIF* — Ap(i—1) @ A" TR

sends [z]; ® n to [x];—1 ® x A n for  # 0,00 and sends [0];, and [00]; to 0.
Ap(1) = F*, with [z]; mapping to z € F* and Ap(2) is the Bloch-Suslin
construction A(F) (set [0]; = [1]; = [00]; = 0 for i = 1,2). The map

Ap(2) @ A"T2F* — A"F*

sends [z]o Antoxz A (1 —x)Anforz#£0,1,0c0.
To define Ap (i) as a quotient of Ap(i) := Z[FU{oo}] for i > 2, Goncharov
imposes “all rational relations”: Let Bp(i) be the kernel of
Ap(i) = Ap(i — 1) ® F*,

[z] = [7]i-1 ®@ 2.
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For . n;[z;(t)] in Bp) (i), t a variable, each x;(t) defines a morphism x; :
PL — PL, and so z;(a) € F U{oo} is well-defined for all a € F. Let Rp(i) C
Ap(i) be the subgroup generated by [0], [oo] and elements of the form

Z njlr;(1)] — Z n;[x;(0)],

with . nj[2;(t)] € Br) (i), and set Ap(i) :== Ap(i)/Rp(i). One checks that
this does indeed form a complex.

The role of these complexes and their applications to a number of con-
jectures is explained in detail in Goncharov’s article [35]. We will only men-
tion that the homology H,(C(n)) is conjectured to be the weight n K-group
K, (F)™ forn <p<2n—1.

Remark 2.4. In addition to inspiring later work on the construction of motivic
complexes, Bloch’s introduction of the relative K5 to study Ki"? was later
picked up by Merkurjev-Suslin [71] and Levine [66] in their computation of

the torsion and co-torsion of Kind of fields.

2.2 Beilinson-Lichtenbaum complexes

In the early ’80’s Beilinson and Lichtenbaum gave conjectures for versions of
universal cohomology which would arise as hypercohomology (in the Zariski,
resp. étale topology) of certain complexes of sheaves. The conjectures describe
sought-after properties of these representing complexes.

Beilinson’s conjectures

In [5], Beilinson gives a simultaneous generalization of a number of conjectures
on values of L-functions (see Kahn’s article [56] for details). A major part of
this work involved generalizing the Borel regulator using Deligne cohomology
and Gillet’s Chern classes for higher K-theory. He also states:

“It is thought that for any schemes[sic| there exists a universal cohomology
theory HY (X, Z(i)) satisfying Poincaré duality and related to Quillen’s K-
theory in the same way as in topology the singular cohomology is related to
K-theory. H’; must be closely related to the Milnor ring”.

The reader should note that, at this point, Beilinson is speaking of a
“universal” cohomology theory, but not “motivic” cohomology. In particular,
one should expect that the rational version H’ (X, Q(7)) is weight-graded K-
theory, and the integral version is related to Milnor K-theory, but there is
as yet no direct connection to motives. In any case, here is a more precise
formulation describing absolute cohomology:

Conjecture 2.5 (Beilinson [6]). For X € Smy, there are complexes 'z, (1),
r > 0, in the derived category of sheaves of abelian groups on Xz,,, (functorial
in X) with functorial graded product, and
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(0) FZar(O) =7, anr(l) = Gm[—l]

(1) Izar(r) is acyclic outside [1,7] for r > 1.

(2) Izar(r)®@LZ/n =2 7« Rap®™ if n is invertible on X, where o : Xy — Xzar
is the change of topology morphism.

(3) grf Kj(X) ® Q = H*"~"(Xzar, ['zar(r))q (or up to small primes)

(4) H"(Izar(r)) = K.

Here KM is the sheaf of Milnor K-groups, where the stalk IC,{‘)/II forzr e X
is the kernel of the symbol map

KM (K(X)) = @pex KM (k(2)).

Lichtenbaum’s conjectures

Lichtenbaum’s conjectures seem to be motivated more by the search for an
integral cohomology theory that would explain the values of L-functions. As
the ¢-part of these values was already seen to have a close connection with
{-adic étale cohomology, it is natural that these complexes would be based on
the étale topology.

Conjecture 2.6 (Lichtenbaum [69, 67]). For X € Smy, there are com-
plexes I (r), r > 0, in the derived category of sheaves of abelian groups on
Xgt, (functorial in X') with functorial graded product, and

(0) I's(0) = Z, Ter(1) = Gro[—1]

) I'ei(r) is acyclic outside [1,7] for r > 1.

) Rrtlarly(r) =0

) Tse(r) @F Z/n = p®7 if n is invertible on X.

) gl K& = H2~4((r)) (up to small primes), where K¢ and H>" (I (r))
are the respective Zariski sheaves.

(5) For a field F, H" (I's(r)(F)) = KM(F).

(1
(2
(3
(4

The two constructions should be related by
T<rRouTe(r) = I'(1r); Tee(r) = @™ Igar(r).

The relations (2) and (4) in Beilinson’s conjectures and (2), (3) and (5) in
Lichtenbaum’s version are generalizations of the Merkujev-Suslin theorem
(the case r = 2); Lichtenbaum’s condition (2) is a direct generalization of
the classical Hilbert Theorem 90, and also the generalization for Ky due to
Merkurjev and Suslin [72]. These conjectures, somewhat reinterpreted for mo-
tivic cohomology, are now known as the Beilinson-Lichtenbaum conjectures
(see [32] and also §2.4 for additional details).
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2.3 Bloch’s cycle complexes

In [13], Bloch gives a construction for complexes on Xz,, which satisfy some
of the conjectured properties of Beilinson, and whose étale sheafification sat-
isfies some of the properties conjectured by Lichtenbaum. The construction
and basic properties of these complexes are discussed in [32]; we will use his
notations here, but restrict ourselves mainly to the case of schemes of finite
type over a field.

Cycle complexes and higher Chow groups

Fix a field k. In [13], Bloch constructs, for each k-scheme X of finite type and
equi-dimensional over k, and each integer ¢ > 0, a simplicial abelian group
n — 2z9(X,n). The associated homological complex z9(X, *) is called Bloch’s
cycle complex and the higher Chow groups CHY(X, n) are defined by

CHY(X,n) := H,(29(X, %)).

We recall some details of this construction here for later use.
The algebraic n-simplex is the scheme

n

A" :=SpecZto, ..., tn]/ (D ti —1).

=0

The vertexz v}’ of A™ is the closed subscheme defined by t; = 0, j # i. More
generally, a face of A™ is a closed subscheme defined by equations of the form
tiy =...=...t;, =0. Welet v(n) denote the set of vertices of A™; sending i to
vl defines a bijection vy, : n — v(n). The choice of an index i € n determines
an isomorphism A™ 2 A" via the coordinates tg,...,t;—1,ti41,-..,tn. Note
that each face F' C A" is isomorphic to A™ for some m < n, we set dim F' :=
m. Let R, denote the coordinate ring Z[to, ..., tn]/ (> gt: — 1).

If g: n — m is a map of sets, let g* : R,, — R, be the map defined
by g*(ti) = Xjeg1(iyti (so g*(t:) = 0 if @ is not in the image of g). We
thus have the map A(g) : A™ — A™ and this forms the cosimplicial scheme
A* : A — Sch. More generally, if X is a k-scheme, we have the cosimplicial
k-scheme X x A*.

Definition 2.7. For a finite type k-scheme X and integer n, let z,(X,n) C
Zptn (X X A™) be the subgroup generated by integral closed subscheme W of
X x A™ with

dimy, (W N (X x F)) <dim F + p.

for each face F' of A™.
If X is locally equi-dimensional over k, let zP(X,n) C 2P(X x A™) be the
subgroup generated by integral closed subscheme W of X x A™ with

COdimXXF(W N (X X F)) > p.
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for each face F' of A™.
For g : n — m a map in A, we let g* : 2,(X,m) — z,(X,n) be the map
induced by

g"(w) :== (id X 9)" : Zp4m (X X A™)idxg — Zpyn(X X A™).

If X is locally equi-dimensional over k, the map g* : 2P(X, m) — 2P(X,n) is
defined similarly.
The assignment
n— z,(X, n),

(g:n—m)— (g% 2p(X,m) — 2(X,n))

forms the simplicial abelian group z,(X, —). We let z,(X, *) denote the as-
sociated complex of abelian groups. If X is locally equi-dimensional over k,
we have the simplicial abelian group z?(X, —) and the complex 2P (X, *); if X
has pure dimension d over k, then 2P (X, —) = z4—, (X, —).

Definition 2.8. Let X be a k-scheme of finite type. Set
CHp(X,n) := mn(2p(X, —)) = Hn(2p(X, %)).
If X is locally equi-dimenisonal over k, we set

CHP(X,n) :=m, (2P (X, —)) = H, (2P (X, %)).

Elementary functorialities

The complexes z,(X, *) and groups CH, (X, n) satisfy the following functori-
alities:

1. Let f: Y — X be a proper map in Schy. Then the maps (f X idan ). give
rise to the map of complexes

foi 2p(Yix) = 2,(X, %)

yielding f, : CH,(X,n) — CH,(Y,n). The maps f, satisfy the functorial-
ity (gf)« = g« o f« for composable proper maps f, g.

2. Let f : Y — X be an equi-dimensional l.c.i.map in Schy with fiber di-
mension d. Then the maps (f X ida»)* give rise to the map of complexes

JM< : Z:D(X7 _) - ZP-‘rd(YJ _),

yielding f* : CH,(X,n) — CHp44(Y,n). The maps f* satisfy the functo-
riality (gf)* = g* o f* for composable equi-dimensional l.c.i.maps f, g.
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Classical Chow groups
The groups CH,(X,0) are by definition the cokernel of the map
58,0 - 68,1 tzpr1 (X, 1) — 2p(X,0) = ZP(X)

From this, one has the identity CH,(X,0) = CH,(X).

Remark 2.9. All the above extends to schemes essentially of finite type over
k by taking the evident direct limit over finite-type models. One can also
extend the definitions to scheme ove finite type over a regular base B of Krull
dimension one : for X — B finite type and locally equi-dimensional, the
definition of 2P(X, *) is word-for-word the same. The definition of z,(X, —)
for X a finite-type B-scheme requires only a reasonable notion of dimension to
replace dimy. The choice made in [62] is as follows: Suppose that B is integral
with generic point 7. Let p : W — B be of finite type, with W integral. If the
generic fiber W), is non-empty, set dim W := dimy,,) W, + 1; if on the other
hand p(W) = z is a closed point of B, set dim W := dimy,,) W. In particular,
one has a good definition of the higher Chow groups CH, (X, n) for X of finite
type over the ring of integers Op in a number field F.

Fundamental properties and their consequences

We now list the fundamental properties of the complexes z, (X, *).

Theorem 2.10. [Homotopy property [13]] Let X be in Schy and let 7 :
X x A' — X be the projection. Then the map 7 : 2p(X, *) — 2p11(X x Al %)
is a quasi-isomorphism, i.e., the map 7 : CH,(X,n) — CHpy1(X x Al n) is
an isomorphisms forn=0,1,....

Theorem 2.11. [Localization [10]] Let X be in Schy, let i : W — X be a

closed subscheme and j : U — X the open complement X \ W. Then the
sequence

Sk

zp(W, %) L, 2p(X, %) Lo 2,(U, %)

induces a quasi-isomorphism
(W, %) — Cone(zp(X, #) L 2,(U, #))[~1].

Definition 2.12. Let f : Y — X be a morphism in Schy, with Y and
X locally equi-dimensional over k. Let zP(X,n); C 2P(X,n) be the subgroup
generated by irreducible W C X x A™ with 1-W € zP(X,n) and 1-Z € 2P(Y, n)
for each irreducible component Z of (id x f)~!(W). This forms a subcomplex
2P(X, %)y of 2P(X, *).

Theorem 2.13. [Moving Lemma [63, Part I, Chap. II, §3.5]] Let f : Y — X
be a morphism in Schy with X in Smy. Suppose X is either affine or projec-
tive over k. Then the inclusion zP(X,x)r — 2P (X, *) is a quasi-isomorphism.

These results have the following consequences
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Mayer-Vietoris

Let X be in Schy, U,V C X open subschemes with X = U U V. Then the
sequence (the maps are the evident restriction maps)

2p(X, %) = 2, (U, %) @ zp(V, %) — 2,(UNV, %)
gives a quasi-isomorphism
2(X, %) = Cone(z,(U, ) @ 2,(V. %) — 2,(U N V,#)[-1].

This yields the usual long exact Mayer-Vietoris sequence for the higher Chow
groups.

Functoriality

Let f:Y — X be a morphism in Schy with X € Smy and Y locally equi-
dimensional over k. Take an affine cover U = {Uy,...,Uy,} of X, and let
V= {Vi,...,,Vin} be the cover V; := f~1(U;) of Y. For I C {1,...,m}

let Uy = N;erU;, define Vy similarly, and let f; : Uy — Vi be the morphism
induced by f.

Form the Cech complex 2P (U, %) as the total complex of the evident double
complex

®:i2P (Ui, %) — @i 2P (Ui NUj, %) — ... — 2PN U, %)

and define zP(V, x) similarly. Replacing 2P (Uy, *) with 2P(Uy, %), yields the
subcomplex zP (U, ) 5 of zP(U, *); the pull-backs f; yield the map of complexes

[P 22U, %) — 2P(V, ).

By the moving lemma (Theorem 2.13), the inclusion 2P (U, *); — 2P (U, ) is
a quasi-isomorphism. We thus have the morphism f* : zP(X, *) — zP(Y, %) in
D~ (Ab) defined by the zig-zag diagram

2P(X, %) — 2P(U, %) — 2P(U, %5 AN 2P(V, %) — 2P(Y, ).

One shows that this makes the assignment X +— 2P(X, %) € D~ (Ab) into a
functor zP(—,*) : Sm;” — D~ (Ab). In particular, X — CH(X,n) becomes
a functor

CHP(—,n) : Sm;® — Ab.

Products

The cycle complexes admit natural associative and commutative external
products
UX,Y : Zp(Xa *) ® Zq(Yv *) - ZPJFQ(X X Y7 *)
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in D~ (Ab); for X smooth over k, one has natural cup products in D~ (Ab)
Ux := 8" oUx x = 2P(X, %) ® 29(X, %) — 2PTYX, ),

where § : X — X xj X is the diagonal. The cup products make &,z (X, *)
an associative commutative ring in the derived category, with unit the fun-
damental class 1- X € 29(X,0). In particular, this makes @, ,CH?(X, q) into
a bigraded ring (commutative in the p-grading, graded-commutative in the
g-grading), functorial in X.

One easily verifies the projection formula

p«(pfaUf) = aUp.f

for a proper map p:Y — X in Smy.

The external products are essentially given by the usual external product
of cycles. However, as the external product of cycle on X x A™ and a cycle
on Y x A™ yields a cycle on X x Y x A™ x A™ not a cycle on X x Y x
A"T™ the natural target of the external product is the total complex of the
double complex zpiq(X Xp Y, %, %), where 2P(X x Y,n,m) is the subgroup
of 2P(X XY x A™ x A™) of cycles in good position with respect to “bi-
faces” X xY x F' x F’. One then needs to map Totz,qq(X XY, *, %) back to
Zptq(X X1 Y, ), in the derived category. There are two techniques for doing
this:

1. Use the standard triangulation of A™ x A™ into n + m-simplices
2. Show that the inclusion

Zprq(X X5 Y, %) = 2p o (X X5 Y, %,0) C Totzptq(X Xi Y, %, %)

is a quasi-isomorphism

Both these techniques work and give the same product structure, see e.g. [64]
or [33] for details.

Projective bundle formula

For an invertible sheaf £ on X € Smy, we may choose a Cartier divisor D
on X with Ox (D) = L. Sending £ to the class of D in CH*(X,0) = CH(X)
gives a homomorphism

¢1 : Pic(X) — CH'(X,0).

If £ — X is alocally free sheaf of rank n+ 1, and ¢ : P(€) — X the associ-
ated P"-bundle Proj, , (Sym*€), we have the tautological invertible (quotient)
sheaf O(1) on P(&); let € := ¢1(O(1)). CH*(P(E),*) is a CH" (X, x)-module
via ¢*; in fact, CH*(P(£), *) is a free CH* (X, *)-module with basis 1,¢,...,£".
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Relation with K-theory

Once one has the projective bundle fomula, one can apply the technique of
Gillet [34] to give natural Chern class maps

Cpq + K2q—p(X) — CHU(X,2¢ — p)
and a multiplicative Chern character
chy 1 Ky (X)g — @p,qCH?(X, q)g
We let K, (X)® denote the weight p subspace of K,(X)q, i.e.
K (X)?) = {z € K,(X)g) | ¥u(zx) =kP -z for all k > 2},

where 9y, is the kth Adams operation on K, (X).

Theorem 2.14 ([64], [10]). Let X be in Smy. The Chern character gives a
isomorphism

K, (X)®) — CHP(X,n)o.

Milnor K-theory
As a special case of Theorem 2.14, we have the isomorphism
CH"(F,n) = K, (F)™

for F a field. From work of Suslin [89], we know that the canonical map of
Milnor K-theory to Quillen K theory identifies KM (F)q with K, (F)™). In
fact, one has

Theorem 2.15 (Nestorenko-Suslin [76], Totaro [92]). Let F be a field.
There is a natural isomorphism

KM(F) = CH"(F,n).

The case n =1 is a special case of the result in [13]:
Proposition 2.16. Let X be in Smy. Sending a unit u € HY(X, O%) to the

subscheme (u — 1)t; = u of X x Al defines an isomorphism H°(X,0%) =
CH'(X,1). Forn # 1, CH(X,n) = 0.

2.4 Suslin homology and Friedlander-Suslin cohomology

We describe Suslin’s construction of “abstract homology” for algebraic vari-
eties, and various modifications. For further details on this construction, we
refer the reader to the article [42] in this volume.
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Finite cycles and quasi-finite cycles

Definition 2.17. Take Y in Smj and X in Schy.

(1) Let zan(X)(Y) be the subgroup of z,(Y xj X) generated by integral closed
subschemes W C Y x; X such that p; : W — Y is finite and dominant over
an irreducible component of Y.

(2) Let zq.n(X)(Y) be the subgroup of z.(Y Xxj X) generated by integral
closed subschemes W C Y xj X such that p; : W — Y is quasi-finite and
dominant over an irreducible component of Y.

For a morphism f : Y’ — Y in Smy, the morphism f xid : Y/ x; X —
Y X X is an lL.c.i.-morphism; the finiteness, resp., quasi-finiteness conditions
imply that cycle-pull-back gives well-defined homomorphisms

o Zﬁn(X)(Y) - Zﬁn(X)(Y/);f* : Zq-ﬁn(X)(Y) - Zq-ﬁn(X)(Y)7

making zan(X) and zq.an(X) into presheaves of abelian groups on Smy. It is
easy to see that these are in fact sheaves for the étale topology on Smy.

Let F be a presheaf of abelian groups on Smy. For Y € Smy, we may
apply F to the cosimplicial scheme Y x A*, giving the simplicial abelian group
F(Y x A*).

Definition 2.18. Let F be a presheaf of abelian groups on Smy. (1) The
Suslin complex CS"S(F) is the complex of presheaves

Y = CPS(F)(Y),

where C5U(F)(Y) is the complex associated to the simplicial abelian group
F(Y x A*).
(2) For Y € Smy, write Zps y (¢) for the (cohomological) complex of sheaves
on YZar
U = Cog—s(2q.60 (A7) (U).

and Zpg(q) for the corresponding complex of sheaves on Smj, .
(3) For X € Schy, and abelian group A, the Suslin homology of X, H3"(X, A)
is defined by

HRYS(X, A) o= Hy(CF™ (260(X) (k) © A)).

(4) For Y € Smy, the Friedlander-Suslin cohomology HE«(Y, A(q)) is defined
by
HEs (Y, A(q)) == HP (Yzar, Zrs,y (q) ® A).

Remark 2.19. Let F be a presheaf on Smy. The homology presheaf on Smy
Y = Hy (C2(F)(Y))
is homotopy invariant, i.e., the natural map
p* o Ho(C2S(F)(Y)) — Ha(C2P(F)(Y x AY))

is an isomorphism. See e.g. [100, Chap. 3, Prop. 3.6] for a proof.
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Comparison with the higher Chow groups

For
W € zqan(AT)(Y x A™) C 29(Y x AT x A™),

and F' C A" a face, the intersection W N (Y x A? x F) is quasi-finite over
Y x F', hence
codimy xaax W N (Y x A? X F) > q.

Thus, we have inclusions
Za.in(AD)(Y x A™) C 29(Y x A%, n) C 29(Y x AT x A™),
giving the inclusion of complexes
ol : Cu(zq.an(AT)(Y) — 22(Y x AT, %).

Let Zg1,y (g) be the sheaf of (cohomological) complexes on Yz, associated
to the presheaf
U 29U x A%, 2q — *).

The maps af; thus give the map of sheaves of complexes
o’ Zps,y (q) — Zp1,y (q)

The main result of this section is

Theorem 2.20 (Suslin [100, Chap. 6]). The map o? : Zpsy(q) —
Zp1y (q) is a quasi-isomorphism for all Y € Smy,.

Corollary 2.21. Let Y be in Smy. Then a? induces an isomophism
Hyg(Y, Z(q)) — CH(Y, 29 — p).

Proof of the corollary. By the Mayer-Vietoris property for the complexes
29(U x A1, ), the natural map

H2q7n(zq(y X Aqv *)) - HH(YZarv ZBI,Y(Q))

is an isomorphism for all n. By the homotopy property (Theorem 2.10), the
pull-back map
p* i 29(AT %) — 29(Y x A9 x)

is a quasi-isomorphism, so we have the isomorphisms
CHY(Y,2q — n) = Hoq—n(29(Y, %)) = Hag_pn(z9(Y x A9, %)).
Thus, we have isomorphisms

H?S(YJ Z(Q)) = HP(YZara ZFS,Y(Q)) = CHq(Y, 2q - p)'
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The proof of Theorem 2.20 goes in two steps: First one uses Suslin’s
technique [100, Chap. 6, Thm. 2.1] to show that C.(zq.fn(A9)(SpecF)) —
z9(A%., *) is a quasi-isomorphism for F a field. One may then use any one of
several versions of a result of Voevodsky, that for F a homotopy invariant
presheaf with transfers, O the local ring of a smooth point on a scheme of
finite type over k with quotient field F', the map

F(O) — F(F)

is injective. One particular nice way to do this is the version due to Ojanguran-
Panin [79], which allows one to use a fairly restricted form of transfers, namely:

1. For f: X — Y a finite separable morphism in Smy, there is a homomor-
phism f, : F(X) — F(Y).

2. Let f: X - Y beasin (1), let ip : D — Y be the inclusion of a smooth
divisor, and suppose that f: E := X xy D — D is étale. Let ip : E — X
be the inclusion. Then f, 0% =i}, o f..

It is not hard, using the moving lemma (Theorem 2.13) to show that the
presheaf
Y — H,(Cone(ai))

has the structure of a presheaf on Smj with Ojanguran-Panin transfers; as
this presheaf vanishes on fields, it follows that a? is a quasi-isomorphism.

Remark 2.22. Via Proposition 2.16 and Theorem 2.20, we have an isomor-
phism
u: Gpl[—1] — Zrs(1)

in D~ (Sh™*(Smy).

The mod-n theory

Suslin and Voevodsky show in [86] that, for an algebraically closed field &
and n prime to the characteristic of k, and for A a regular Henselian local k
algebra with residue field k, there is a natural isomorphism of complexes

Zrs(q)(Spec A) @ Z/n = u3?)(Spec A)

(actually, this is only shown for k of characteristic zero, but using de Jong’s
theory of alterations, the same argument works in positive characteristics).
This verifies part (3) of Lichtenbaum’s conjectures 2.6.

The analogous conjecture, part (2) of Beilinson’s conjectures 2.5, which
essentially asserts the existence of a natural isomorphism

HP(F,Z/n(q)) = H (F, 1))

for fields F' finitely generated over a chosen base-field k (not necessarily alge-
braically closed) was shown in [90] and later in [33] to be equivalent to the
Bloch-Kato conjecture:
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Conjecture 2.23 ([17]). Let F be a field, n an integer prime to the charac-
teristic of F'. Then the Galois symbol

0 K (F)/n — HEy (F,pS9)

is an isomorphism.

Here, the Galois symbol is the map sending a symbol {a1,...,a4} €
KM(F) to the cup product l(a1) U...Ul(ay), where l(a) € HE, (F, py) is
the image of @ € F* under the Kummer sequence

Hgal(FJ Gm) ><_n> Hg}al(F7 Gm) - H(l}al(F7 Mn)'

This conjecture is known as the Bloch-Kato conjecture. One reduces di-
rectly to the case n = £”, { a prime. The case £ = 2 is also known as part
of the Milnor conjecture [73] proven by Voevodsky [99], [98]. The case of odd
¢ has been recently reduced by Voevodsky [93] to results of Rost (as yet un-
published) on the construction and properties of so-called “generic splitting
varieties”.

2.5 Cubical versions

One can also use cubes instead of simplices to define the various versions
of the cycle complexes. The major advantage is that the product structure
for the cubical complexes is easier to define, and with Q-coefficients, one can
construct cycle complexes which have a strictly commutative and associative
product. This approach is used by Hanamura in his construction of a category
of mixed motives, as well as in the construction of categories of Tate motives
by Bloch, Bloch-Kriz and Kriz-May.

Cubical complexes

Let (%, 00') denote the pair (Al,{0,1}), and (0", 80") the n-fold product
of (O',80%). Explicitly, O™ = A", and 900" is the divisor Y . (x; = 0) +
S (xi = 1), where z1,...,2, are the standard coordinates on A™. A face
of (" is a face of the normal crossing divisor 91", i.e., a subscheme defined
by equations of the form ¢;, = e1,...,t;, = €5, with the ¢; in {0,1}. If a face
F' has codimension m in 0", we write dim F' = n — m.

For e € {0,1} and j € {1,...,n} we let ¢; : O0""' — O" be the closed
embedding defined by inserting an e in the jth coordinate. We let 7; : 0" —
0" ! be the projection which omits the jth factor.

Definition 2.24. Let X be in Schy. Let 2,(X,n)® be the subgroup of
Zptn (X x O™) generated by integral subschemes W C X x O" such that

dim, WN (X x F) <p+dim F.
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If X is equi-dimensional over k of dimension d, we write 2P(X,n) for
Za—p(X,n)° and extend to locally equi-dimensional X by taking direct sums
over the connected components of X.

Clearly the pull-back of cycles ¢} 1 2,(X, n)® — 2,(X,n — 1) and

T Zp(X,n— 1)P — 2,(X,n)" are defined. We let z,(X, n)® be the quotient

2p(X,n)P = 2,(X,n)P/ Zw; (2,(X,n —1)P).

One easily checks that
n

DT =Y 1 T g (X ) 5 (X — 1)

j=1 j=1

descends to

dn 2 2p(X,0)" — 2,(X,n — 1)
and that d,_1 o d, = 0. Thus, we have the complex z,(X,*)?, and for X
locally equi-dimensional over k the complex 2P (X, %)°b.

We let Zp) x (p)° denote the sheafification of the presheaf on Xz, U —
2P(U x AP )°P,

Replacing 2P(X,n)® with zqan(AP)(X x O")/ D iy T Zq.fin(AP) (X X
007~1) and using the similarly defined differential, we have the cubical version
of Suslin’s complex, CP (zq.in(AP)(X)) and the sheaf of complexes Zgs x (p)P
on Xzar.

Cubes and simplices

The main comparison results are

Theorem 2.25. Let X be in Schy. (1) There is an isomorphism in D~ (Ab)
2p(X, )P 22 2, (X, %),

natural with respect to flat pull-back and proper push-forward.
(2) There is a natural (in the same sense as above) isomorphism in
D~ (Ab)
O (2q.6m (A7) (X) 2 Cu(2q.6(AP) (X))
The proof of (1) is given in, e.g., [64, Thm. 4.7]; the same argument (in
fact somewhat easier) also proves (2).
This has as immediate corollary:

Corollary 2.26. For X € Smy, there is an isomorphism in the derived
category of sheaves on Xzay

Zpix ()™ = Zps, x (p)°

)

natural with respect to pull-back by maps in Smy,.
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Remark 2.27. Let f : Y — X be a morphism in Schy, with X and Y lo-
cally equi-dimensional over k. One can define the subcomplex zP(X, *)?b C

2P(X, %)P as the cubical version of the subcomplex z, (X, *); C 2,(X, *). The
argument of [64, Thm. 4.7] mentioned above shows in addition that the isomor-
phism 2, (X, *)°® = 2,(X, %) induces an isomorphism 27 (X, *)gcb > 2P(X, %)y,
and thus, in case X is in Smy and is affine, the inclusion 2P(X, *)?b —
2P(X, %) is a quasi-isomorphism. Thus, sending X to zP(X,*)® extends
to a functor

2P(—, %) : Sm§P? — D~ (AD).

This explains the naturality assertion in the above corollary.

Products

As already mentioned, the cubical complexes are convenient for defining prod-
ucts. Indeed, the simple external product of cycles (after rearranging the terms
in the product) defines the map of complexes

Uxy : 2p(X, %) @ 24 (Y, %) — 2,0 0(X x3 Y, %)
Thus, we have a cup product
Ux := 0% o Ux x : 2P(X, %)? @ 29(X, %) — 2PH(X, %)P

in D~ (ADb), and the isomorphism of Theorem 2.25 respects the two products.

Alternating complexes

The symmetric group X, acts on z,(X, n)°? be permuting the factors of (0".

Extending coefficients to Q, we let 2z,(X,n)A! be the subspace of z,(X, n)be
on which £" acts by the sign representation, and letmA!* : z,(X, n)@b —
2,(X,n)A be the (X-equivariant) projection on this summand. One checks
(see [11, Lemma 1.1]) that the differential on z,(X, *)be descends to give a
map

dA 2 (X, )M 2 (X, n — 1)A

forming the subcomplex z,(X, %) of 2, (X, #)&.

Lemma 2.28 ([64, Thm. 4.11]). The inclusion z,(X, ) — z,(X, *)@b is
a quasi-isomorphism, with inverse the alternating projection w1t : zp(X, *)8’ —
2, (X, %)ALL,

We may define an external product on the alternating complexes by
U?{{%{ = wﬁfq oUxy : 2P(X, *)A“ ® 24(Y, *)A“ — 2PTI(X X, Y, *)A“.

This agrees (up to homotopy) with the product on z*(—, *)5—5.
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In particular, for X = Spec k, we have the commutative, associative prod-
uct
UA]t . Zp(k,*)Alt ®Q Zq(k, >|<)Alt N Z;D—i—q(k7 >|<)Alt7

satisfying the Leibniz rule
d(a UM b) = da UM b+ (—1)%°8%q UM b,

We will see in §5.2 how the complexes 29(k, x)!* form a (graded) commu-
tative differential graded algebra over Q, which may be used to give a concrete
description of the category of mixed Tate motives over k.

3 Abelian categories of mixed motives

We will now proceed to examine framework proposed by Beilinson and Deligne
for a category of mixed motives in somewhat more detail. Before doing so, how-
ever, we will fix some ideas concerning Bloch-Ogus cohomology and Tannakian
categories. Having done this, we give a formulation of some of the hoped-for
properties of the abelian category of mixed motives, and then describe two
very different approaches to a construction. The first, following Jannsen and
Deligne, attempts to define a “mixed motive” by its singular/étale/de Rham
realizations. The second, due to Nori, first considers the ring of natural endo-
morphisms of the singular cohomology functor on pairs of schemes, and then
defines a mixed motive as a module over this ring (roughly speaking). As we
mentioned in the introduction, it is not at all clear what relation K-theory
has to the cohomology theory arising from these constructions.

We will not discuss the theory of “pure” motives here at all. As a reference,
we refer the reader to the relevant articles in [104], as well as [56, Section 3] in
this volume, where in addition some of the material in this section is handled
in shorter form.

3.1 Background and conjectures

We formulate a version of Bloch-Ogus cohomology, somewhat modified from
the original definition in [19] to fit our purposes. We recall some notions from
the theory of Tannakian categories, and then give a version of the properties
one would like in an abelian category of mixed motives.

Bloch-Ogus cohomology

Let I'(¥) := @®n>0l'(n) be a graded object in C(Sh%*(k)) (with I'(n) in
graded degree 2n), together with a graded product p : I'(*) ®L I'(x) — I'(*)
in D(Sh%* (k)). For X € Smy, we set

H?(X, m) = HH(XZarv F(m))
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and for W C X a closed subset, set
HPw (X, m) == Hyy (Xzar, I'(m)).

We note that, if W € W’ C X are closed subsets of X € Smy, we have the
natural map

HF,W(Xv m) - H?,W/(Xv m)
Definition 3.1. We say that I'(x) defines a Bloch-Ogus cohomology theory if

1. The product p is associative and commutative in D(Sh%* (k)).

2. I'(x) is homotopy invariant: p* : Hyx(X,m) — H(X x A',m) is an iso-
morphism for all m.

3. I'(x) satisfies purity: Let W C X be a closed subset, with X € Smy,. If
codimx W > ¢ for some integer ¢, then HF. (X, q) = 0 for p < 2¢.

4. I'(x) admits natural cycle classes: Let W C X be an irreducible closed
codimension ¢ subset with X in Smyj. Then there is a fundamental class
W] e HI%?W (X, q) satisfying:

a) Naturality: Let z := >, n;W; be in 29(X), let W be the support of
z, and set cl(z) = Y, n[W;] € HI%?W(X, q). Let f:Y — X be a
morphism in Smy, such that f~*(W) has codimension q on Y. Then

I (cl(z)) = cl(f*(2)) € Hfﬂ?f—l(w) (Y,q).

b) Gysin isomorphism: Suppose that W C X is a pure codimension ¢
closed subset, with X and W in Smyg. Suppose that the inclusion
1 : W — X is split by a smooth morphism p : X — W. Then the
composition

n p* n U[W] n+2q
HpE(W,m) — Hp(X,m) —— Hp ' (X,m+q)

is an isomorphism.

¢) Products For X; € Smy, z; € 2% (X;) with support W;, i = 1,2, we
have

cl(z1 X z2) = picl(z1) U piel(z2)
in H??MQX‘I{% (X1 %k Xo,q1 + ¢2).
5. Coefficients: For p : X — Speck in Smy, X irreducible, the map

p*: HX(Speck,0) — HA(X,0)
is an isomorphism.

The functor X — @, HP(X,q) is called the Bloch-Ogus theory on Smy,
represented by I'(x). The ring HY(Speck,0) is called the coefficient ring of
the theory I'.

Remark 3.2. This notion of a Bloch-Ogus cohomology theory is somewhat
more general than that considered by Gillet in [34], in that Gillet requires
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1. A structure map G,,[—1] — I'(1) in D(Sh%*(Smy,)).
2. The complexes I'(n) should be in C+(Sh%* (k)).

The existence of the structure map (1) follows from the cycle class map dis-
cussed in §6.1; see Remark 6.4 for a precise statement. Allowing the I'(q) to be
unbounded forces one to take a bit more care in the definition of the universal
Chern classes on the simplicial ind-scheme BGL, in that one needs to use the
extended total complex to define I'(n)(BGLy):

I(n)(BGLy)™ := [[ ()™ ?(BGLy),,
p>0

and then take
I'(n)(BGL) := li]{fn I'(n)(BGLy).

Having made this definition, Gillet’s argument extends word-for-word to allow
for I'(n) € C(Sh%* (k)), giving a good theory of Chern classes

¢+ Kagp(X) — HA(X,q)

for a Bloch-Ogus theory in our sense.

Examples 3.3. The standard cohomology theories: singular cohomology, /-
adic étale cohomology, de Rham cohomology and Deligne cohomology, are
all examples which can be fit into the framework of the above. Also, motivic
cohomology, represented by I'(n) := Zgs(n) (see §2.4), is an example.

Tannakian formalism

We use [22, 28, 83| as references for this section.

Let F' be a field. An F-linear abelian tensor category A is called rigid if
there exists internal Homs in A4, i.e., for each pair of objects A, B of A, there
is an object Hom(A, B) and a natural isomorphism of functors

(C — Homy(A ® C, B)) 2 (C — Hom4(C,Hom(A, B))).

For example, the abelian tensor category of finite-dimensional F-vector spaces,
F-mod, has the internal Hom Hom(V,W) :=VY @ W.

An F-linear rigid abelian tensor category A is a Tannakian category if
there exists an exact faithful F-linear tensor functor to F’'-mod for some field
extension F’ of F; such a functor is called a fiber functor. If a fiber functor to
F-mod exists, we call A a neutral Tannakian category.

The primary example of a neutral Tannakian category is the category
Repr(G) of representations of an affine group scheme G over F in finite di-
mensional F-vector spaces; the forgetful functor Repr(G) — F-mod is the
evident fiber functor. Note that, if A is the Hopf algebra I'(G, O¢g), so that
G = Spec A, then Rep(G) is isomorphic to the category of co-representations
of A in F-mod, co-repp(A).
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Neutral Tannakian categories are of interest because they are all given as
categories of representations: If A is a Tannakian category over F' with fiber
functor w : A — F-mod, then there is an affine group scheme G over F' with
a canonical isomorphism

G(F) = Aut(w)

and an equivalence of A with Repy(G) with w going over to the forgetful
functor. G is canonically determined by A and w, and different choices of w
lead to isomorphic G’s. G is called the Galois group of A.

The category of mixed motives

In [2] and [24], a framework for a category of mixed motives over a base field
k is proposed. There are many articles describing the consequences of such a
theory, e.g., [21, 53, 75]. We give here a quick description of the properties
one should expect in this category, derived from [2] and [24].

Conjecture 3.4. Let k& be a field. There is a rigid tensor category MMy
containing “Tate objects” Z(n), n € Z, and a functor

h:Sm® — D*(MMy)

such that

L. Setting HY,(X,Z(q)) = Extf \,, (1,h(X) @ Z(q)), the functor X
®p.qH% (X, Z(q)) is the universal Bloch-Ogus cohomology theory on Smy,.

2. Let I" be a Bloch-Ogus theory on Smy, and RI" : Sm;* — D(ADb) the
functor X — I'(q)(X), where I'(¢)(X) is as in §3.1 the global sections
on X of a functorial flasque model for I'(¢). Then there is a “realization
functor”

Rp: MM,, — D(Ab)

such that the induced map D*Rp : D*(MM;) — D(Ab) yields a fac-
torization of RI" as DR o R. Applying H? yields the canonical natural
transformation

H3,(X,Z(q)) — HP (X, q)

given by (1).

3. In the Q-extension MM ®Q, the full subcategory of semi-simple objects
is equivalent to the category My of homological motives over k, and for
each X € Smy, the object h*(X)(q) :== H'(h(X)) ® Q(q) is in Mj,.

4. For X smooth and projective over k, there is a decomposition (not neces-
sarily unique) in D®*(MM;, ® Q)

h(X)g = ®2dime X pi(x)[—i).
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5. Let 0 : k — C, and let Rying » be the realization functor corresponding to
singular cohomology HZ,,(X7(C),Z(27i)’), where X7 (C) is the analytic

manifold of C-points of X x; C. Then the functor
HO o §Rsing,o : MMk & Q - Q'mOd

is a fiber functor, making MM, ® Q a neutral Tannakian category over
Q. Also, if R ¢ is the realization functor corresponding to X — HJ, (X X
k,Qi(x)), then

Ho Ret,0 : MM @ Qp — Qp-mod

is a fiber functor, making MM, ® Q, a neutral Tannakian category over

Qe
6. For each object M in MMy, there is a natural finite weight filtration

o=w,. McW,Mc...cW,,M =M.

The graded quotients gri;, M are in M, (after passing to the Q-extension).
For M = h(X), the weight filtration is sent to the weight filtration for
singular cohomology, respectively étale cohomology, under the respective
realization functor.

7. There are natural isomorphisms

HY (X, Z(q)) ® Q 2 Kog_p(X)?.

These should arise from a natural spectral sequence of Atiyah-Hirzebruch

type
Equ = Hﬁ;q(Xu Z(_q)) g K—P—Q(X)7

which degenerates at Fo after tensoring with Q.

Remark 3.5. Rather than limiting oneself to motives over a field k, Beilinson
suggests in [2] that one should look for a theory of “mixed motivic sheaves”
MM/S over a base-scheme S, analogous to the category of say sheaves of
abelian groups or perverse sheaves or constructible étale sheaves, or mixed
Hodge modules. In any case, one would want to have the Grothendieck-Verdier
formalism of four functors f., f*, fi and f', as well as a relation with K-
theory and the realization properties analogous to D®(MMy). However, as
suggested by Deligne [21], one might ask rather for a triangulated tensor
category D(S) with a t-structure whose heart is the abelian category MM/ S,
but without necesarily requiring that D*(MM/S) = D(S). Voevodsky [95]
has axiomatized the situation in his theory of “crossed functors”, and has
announced a construction of a category of mixed motives over S which satisfies
the necessary conditions. As the theory is still in its beginning stages, we will
not discuss these result further.
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The motivic Galois groups

Suppose k admits an embedding o : k — C, giving us the fiber functor
F, := HY 0 Rying over Q corresponding to singular cohomology. Let MotGaly,
be the Galois group of the Tannakian category MM ®Q, and let MotGal}® be
the Galois group for the semi-simple subcategory M. Taking the associated
graded for the weight filtration defines a functor MM — My, and hence
a homomorphism MotGaly — MotGal,, splitting the map induced by the
restriction functor MotGal, — MotGaly’. The map MotGal;® — MotGaly, is
thought of as an analog of the map on the algebraic m:

(X, %) — 7 (X, %)

corresponding to the projection X := X x; k — X for a scheme X over k.
The split surjection MotGal, — MotGaly yields the exact sequence

1— ﬁk — MotGal,, — MotGal}® — 1;

u % is a connected pro-unipotent algebraic group scheme over QQ, encoding the
extension information in MM,,.

One can restrict to the category of mized Tate motives TMy, i.e., the full
abelian subcategory (of MM ® Q) closed under extensions and generated by
the Tate objects Q(n), n € Z. The abelian subcategory TM;, of TM, generated
by the Q(n)’s is equivalent to the category of graded finite dimensional Q-
vector spaces, i.e., the category of representations of G, in Q-mod. As taking
the associated graded for the weight filtration defines an exact tensor functor
TM,, — TM}, splitting the inclusion, we have the split surjection

GalTM;, — G,, — 1

with kernel U}, a pro-unipotent algebraic group with G,,-action. Since the
action of G,, just gives the information of a grading, we thus have an equiv-
alence of TMy, with the category of graded representations of U, on finite
dimensional Q-vector spaces. More about this in section 5 on Tate motives.

3.2 Motives by compatible realizations

Building on Deligne’s theory of absolute Hodge cycles [28], Jannsen [54] con-
structs an abelian category of “simultaneous realizations”, as an attempt to
capture the idea of a mixed motive by looking at structures modeled on singu-
lar, de Rham and étale cohomology, together with comparison isomorphisms
between these structures. The known comparisons between singular, de Rham
and étale cohomology of a scheme X yields objects H™(X) in this category,
and a reasonable approximation to a good catgory of motives is the sub-
abelian category generated by these and their duals. Deligne has also given a
construction from this point of view in [23], adding a crystalline component
to the collection of realizations. The viewpoint of compatible realizations has
also been used in the setting of triangulated categories by Huber [48], see §4.2
for some details of this construction.
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The category of realizations

Let k be a field finitely generated over Q, k the algebraic closure of k. Let
Gy = Gal(k.k). Form the category of mized realizations MRy, with objects
tuples of the form H := (Hpr, H¢, Hy, Ino,0, 10,5), With £ running over prime
numbers, o over embeddings & — C and & over embeddings k — C, where

(a) Hpg is a finite dimensional k-vector space with an exhaustive decreasing
filtration F"™* Hpg, and an exhaustive increasing filtration W,, Hpg.

(b) H, is a finite-dimensional Q-vector space with a continuous Gg-action,
and an exhaustive increasing Gg-stable filtration W, H,.

(c) Hy is a Q-mixed Hodge structure: H, is a finite dimensional Q-vector
space with an exhaustive decreasing filtration F” on H, ® C, and an ex-
haustive increasing filtration W,, on H, inducing a pure Q-Hodge struc-
ture of weight m on gr!¥ H,, i.e., there is a direct sum decomposition

(ngVHU) ®C = @prg=mH"?
with H%P? = HP-4 and with
gV FH, @ C = ©p>o HPL.

(d) Io,s : Hy ®y C — Hpgr ® C is an isomorphism, identifying the F- and
W -filtrations.

(e) Iz : Hy ®g Q¢ — Hy is an isomorphism identifying the W-filtrations. In
addition, for each p € Gy, the diagram

H,

H,

commutes.

The various W-filtrations (resp. F-filtrations) are called weight filtrations
(resp. Hodge filtrations) and the isomorphisms I are called comparison iso-
morphisms.

Morphisms H — H' in MRy, are (k, Qg, Q)-linear maps
(Hor, He, Hy) — (Hpg, Hy, Hy)

respecting the various filtrations and comparison isomorphisms. Defining the
operations componentwise, one has a tensor product, dual and internal Hom.
In addition, for H = (Hpr, Hs, H,), the weight-filtrations on Hpr, Hy, H,
are all compatible via the comparison isomorphisms, so we have the functor
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Wn . MRk — MRk
Wn((HDR7 Hfa Ha')) = (WnHDR7 Wana WnHO')-

From the exactness of W,, in the category of Q-mixed Hodge structures, it
follows that W,, is exact.

Tannakian structure

The main structural result for MRy, is

Theorem 3.6 ([54, Theorem 2.13]). MRy, is a neutral Tannakian category
over Q.

In fact, the functor H — H, for a single choice of o gives the fiber functor.

The category of mixed motives

Let (X,Y) be a pair consisting of a finite type k-scheme X and a closed
subscheme Y. For an embedding ¢ : &k — C, let (X,,Y,) be the pair of
topological spaces given by the C-points of (X x; C,Y X C), with the C-
topology. Let H"(X,,Y,; Q) be the singular cohomology of the pair (X,,Y;).
Let HZ(X,Y; Q) be the Qg-étale cohomology of the pair and let Hpr(X,Y)
be the deRham cohomology.

Let X be a smooth quasi-projective k-scheme and take Y = (). Give
H"(X,,;Q) the mixed Hodge structure of Deligne [26]. Give HJ(X) the
analogous weight and Hodge filtration: Take a smooth projective variety
X containing X as a dense open subscheme with normal crossing divisor
D := X \ X at infinity. One then has

Hpye (X) = H'(X, 2%, (log D).

The stupid filtration on the deRham complex 2% /k(log D) gives the Hodge
filtration on H};(X) and the weight-filtration on Q}(/k(log D) by number

of components in the polar locus of a form induces (after shift by n) the
weight-filtration on HJ,(X). Similarly, we identify the dual of the relative
cohomology HZY™X~"(X, D, Q) with H2 (Xz; Q); the skeletal filtration
on D induces the weight-filtration on HZ"™*~"(X;, Dy, Q) and thus on
HE (X5 Qo).

The classical deRham theorem gives comparison isomorphisms

Iooo : H" (X5, Q) ® C — Hpgr(X) ®: C
and Artin’s comparison isomorphism yields
Lig = H" (X5, Q) ® Qo — Hg (X5, Qo).

Jannsen shows that setting
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H; = Hn(chQ)
HDR = HBR(X)
Hy = HE (X5;Qp)

with the above filtrations and comparison isomorphisms defines an object
H™(X) in MRy, functorial in X, giving the functor

H": szp — MRy

Definition 3.7. Jannsen’s category of mized motives by realizations over
k, JMMy, is the smallest full Tannakian subcategory of MRy containing all
the objects H™(X) for X smooth and quasi-projective over k. The objects
of JMMj, are called mized motives. The smallest Tannakian subcategory My
of JMM}, containing all objects H™(X) for X smooth and projective over k,
and closed under taking direct summands is called the subcategory of pure
motives.

Remark 3.8. As mentioned above, Deligne [23] has also described a category
of motives over Q by compatible realizations, adding a crystalline component
to the list of possible realizations. This yields a category analogous to the cat-
egory MRg. However, Deligne gives no precise definition of the subcategory
analogous to JMMg, saying that the objects should be those systems of com-
patible realizations of geometric origin but explicitly leaving the definition of
this term open.

Remarks 3.9. (1) Jannsen shows that the objects of JMMy, are exactly the
subquotients of H™(U)® H™ (V)Y for smooth, quasi-projective U and V over
k. In addition, JMM)}, is stable under the functors W,, and ngV.

(2) For each M € JMMy,, the weight-filtration W, M is finite and exhaustive,
and the graded pieces gr!¥ M are all pure motives. Thus each mixed motive
is a successive extension of pure motives. The category of pure motives is
semi-simple.

(3) The method of cubical hyperresolutions of Guillen and Navarro-Aznar [41]
extends H™ to a functor on arbitrary pairs of finite type k-schemes, sending
(X,Y) to the deRham/étale/singular cohomology

Hn(Xa Y) = (HBR(Xa Y)a H&(va(@l; ngl(Xa’v de(@))

with the canonical mixed Hodge over Q/weight filtration/Q-mixed Hodge
structure gives an object in My. Also, for a triple (X,Y, Z), the connecting
morphism H"(X,Y) — H"1(Y, Z) is a morphism in M.

3.3 Motives by Tannakian formalism

Let k£ be a subfield of C. For a pair consisting of a finite type k-scheme X
and a closed subscheme Y, one has the singular homology H. (X (C),Y(C);Z),
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which we denote by H.(X,Y). Nori constructs an abelian category of mixed
motives by considering the ring of all natural endomorphisms a of the functor
(X,Y) — H.(X,Y), with the additional requirement that o should com-
mute with all boundary maps 0; : H;(X,Y) — H;_1(Y,Z) for all triples
X DY D Z. The external products in homology make this ring into a bi-
algebra; dualizing and inverting the resulting character corresponding to the
Tate object H?(P!,Z) yields a Hopf algebra ymot. The category of co-modules
of Xmot in finitely generated abelian groups is then Nori’s abelian category of
mixed motives. In this section, we give some details regarding this construc-
tion. Some of these results involve relations with the triangulated categories
of motives constructed by Voevodsky; for the notations involved, we refer the
reader to §4.5.

Remark 3.10. Unfortunately, there are at present no public manuscripts de-
tailing Nori’s construction. We have relied mainly on [31], with some addi-
tional detail coming from [77]. Hopefully, one of these will soon be available
to the public.

A universal construction

A small diagram D consists of a set of objects O(D) and for each pair of
objects (p,q) a set of morphisms M (p, q) (but no composition law). If C is a
category, a representation of D in C, F' : D — C is given by assigning an object
Fp of C for each p € O(D), and a morphism F'm : Fp — Fq in C for each
m € M(p, q). For a noetherian commutative ring R, we let R-mod denote the
abelian category of finite R-modules.

Ezample 3.11. Let H.Schy be the diagram with objects the triples (X, Y1),
where X is a k-scheme of finite type, Y a closed subscheme of X and i an
integer. There are two types of morphisms: for f : X — X’ a morphism
of k-schemes which restricts to a morphism of closed subschemes ¥ — Y’
(i.e. a morphism of pairs f : (X,Y) — (X',Y”")), we have the morphism f, :
(X,Y,i) = (X',Y",4). For a triple (X, Y, Z) of closed subschemes X DY D Z,
we have the morphism d : (X,Y,i) — (Y, Z,i —1).

Sending (X,Y,i) to H;(X,Y) := H;(X(C),Y(C);Z), f. : (X,Y,i) —
(X", Y',4) to fo : Hi(X,Y) - H;(X,)Y') and d : (X,Y,i) — (Y, Z,i — 1)
to the boundary map 0; : H;(X,Y) — H;_1(Y, Z) in the long exact homology
sequence of the triple (X (C),Y (C), Z(C)) defines a represention

H, : H.Sch;, — Ab.

Reversing the arrow f, to f* : (X',Y",i) — (X,Y,i) and changing d to
d: (X,Y,i) = (Y,Z,i+ 1) gives the cohomological version H*Schy and the
representation

H*: H*Sch, — Ab,
H*((X,Y,i)) = H(X,Y) := H(X(C),Y(C); Z).
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The main theorem regarding representations of diagrams is

Theorem 3.12. Let T : D — R-mod be a representation of a small diagram
D. Then there is an R-linear abelian category C(T), a faithful evact R-linear
functor ffr: C(T) — R-mod and a representation T : D — C(T) such that

1. ffroT =T

2. T is universal: if A is an R-linear abelian category with a faithful exact
R-linear functor f : A — R-mod and F' : D — A is a representation such
that f o F =T, then there is a unique R-linear functor L(F):C(T) — A
such that the diagram

commutes.

The construction of T : D — C(T') follows the Tannakian pattern: Suppose
first that D is a finite set. Let End(7") be ring of (left) endomorphisms of T,
that is, the subset of J[ . p) Endr(T'p) consisting of all tuples e = ][, e,
such that, for all m € M(p, q), the diagram

Tp%Tq

Tp ——=Tq

commutes. It is clear that End(7T') is a sub-R-algebra of the product algebra
[1,co(p) Endr(Tp); since each T'p is a finite R-module and D is finite, End(T")
is an R-algebra, finite as an R-module. We let C(T") be the category of finitely
generated End(7')-modules, and ffr : C(T) — R-mod the forgetful functor.
By construction, each T'p is a left End(7)-module by the projection End(T") —
Endg(Tp), and each map Tm : Tp — Tq is End(T)-linear. This yields the
lifting T : D — C(T).

In general, we apply the above construction to all finite subsets O(F) of
O(D), i.e., to all “finite, full” subdiagrams F of D (where we use the same
sets of morphisms M(p, q) for all F). If FF C F' C D are two such finite full
subdiagrams, the projection

[[ Endr(@p)— ][ Endr(Tp)
peEO(F) pEO(F)
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yields a homomorphism End(7}z) — End(7}r), and hence an exact faithful
functor C(T)r) — C(T|p). Define

oT):= lm  C(T}p):
finite FCD

the forgetful functors C(7}r) — R-mod and the liftings T| r fit together to give
ffr:C(T) — R-mod and T : D — C(T).

To prove the universality, it suffices to consider the case of a small abelian
category A with a faithful exact functor f : A — R-mod. Let D(A) be the
diagram associated to A, i.e., the objects and morphisms are the same as A,
just forget the composition law. The above construction is obviously natural
in D, so we have the commutative diagram

D D(F) D(A) id A
CT) — 5= C(D(A)

with F an exact R-linear functor. Nori shows that F is an equivalence; an
inverse to F yields the desired functor C(T) — \A.

Abelian categories of effective motives

We apply the universal construction to the representations H, and H*.

Definition 3.13. Let k& be a subfield of C. Let EHM(k) = C(H.) and
ECM(k) = C(H*)

Nori shows that these categories are independent of the choice of embed-
ding k C C. The universal property of the C-construction yields faithful exact
functors

ECM(k) — MHS (3)
ECM(k) — Gal(k)-Rep
ECM(k) — Period(k)

Here MHS is the category of mixed Hodge structures, Gal(k)-Rep is the cate-
gory of representations of Gal(k/k) on finitely generated abelian groups, and
Period(k) is the category of tuples (L, V, ¢, V), where L is a finitely generated
abelian group, V a finite-dimensional k-vector space, ¢ : L® C — V ®; C
an isomorphism of C-vector spaces and V : V — 2} ® V the Gauf-Manin
connection, i.e. a Q-linear connection with V2 = 0 and with regular singular
points at infinity. Similarly, using Remark 3.9(3), the universal property yields
an exact faithful functor
ECM(k) — JMMj,
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The basic lemma and applications

We have the functors H; from pairs of finite-type k-schemes to EHM(k); in
order to define the total derived functor

m : Schy, — Dy(EHM(k)),

Nori shows that affine finite type k-schemes have a type of “cellular decom-
position” which, from the point of cohomology, looks like the usual cellular
decomposition of a CW-complex. Specifically, the basic result is

Theorem 3.14 ([78]). Let X be a finite type affine k-scheme of dimension
n over k C C. Let Z C X be a closed subset with dim Z < n — 1. Then there
exists a closed subset Y of X containing Z such that

1. dmY <n-1
2. H(X,Y)=0 fori#n
3. H,(X,Y) is a finitely generated abelian group.

Remark 3.15. Nori has mentioned to me that at the time of his proof of
Theorem 3.14, he was unaware that Beilinson had already proven this result
(actually, a stronger result, as Beilinson proves the above in characteristic
p > 0 as well) in [3, Lemma 3.3], by a different argument. He has also remarked
that the same method was used by Kari Vilonen in his Harvard University
Masters’ thesis to prove Artin’s comparison theorem.

To construct m, let X be an affine k-scheme of finite type. Applying The-
orem 3.14 repeatedly, there is a filtration X, of X by closed subsets

=X ,CXpC...CX,1CX,=X

such that H;(X;,X,;-1) = 0 for i # j and H;(X;,X,;_1) is a finitely gen-
erated abelian group for all j. Call such a filtration a good filtration of X.
Form the complex C.(X.) with C; = H;(X;,X,;_1) and with differential the
boundary map H;(X;, X;_1) — H;—1(X;_1, X;_2). This is clearly a complex
in EHM(k), and is natural in EHM(k) with respect to morphisms f: X — X’
which are compatible with the chosen filtrations X, and X_.

Let lim_, EHM(k) be the category of ind-systems in EHM(k), and let
Ch(lim_, EHM(k)) be the category of chain complexes in lim_, EHM(k) which
have bounded homology in EHM (k). Taking the system of good filtrations X,
of X (or equivalently, all filtrations) yields the functor

C, : Aff(k) — Ch(lim EHM(k)).
Passing to the derived categories

D(Ch(lim EHM(k))) ~ Dy(EHM(k))

and using a Cech construction yields the functor
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As a second application, replace the diagram category H,.Schy with
the diagram category H,.Sch}, of “good triples” (X,Y,i), i.e., those having
H;(X,Y) =0for j # i, and let EHM(k)" = C(H.), where H. : H.Sch}, — Ab
is the restriction of H,. He shows
Proposition 3.16. The natural map EHM (k)" — EHM(k) is an equivalence
of abelian categories

As applications of this result, Nori defines a tensor structure on EHM(k)
by considering the map of diagrams:

X :H*Sch;C X H*Sch;C — H*Sch;C
(X,Y) x (X, V)= (X xx X', X x;, YUY x; X').

and the representation H, x H, : H*Sch; X H*Sch;C — Ab x Ab. This gives

the commutative diagram

H,Sch), x H,Sch} —— H,Sch},

H*XH*\L lH*

Ab x Ab Ab

Noting that C(H,. x H,) = EHM(k)" x EHM(k)’, the universal property of C
yields the exact functor

® : EHM(k)" x EHM (k)" — EHM(k)’;
via Proposition 3.16, this gives the tensor product operation
® : EHM(k) x EHM(k) — EHM(k).
Nori constructs a duality functor
vV : EHM(k) — ECM(k)°P
respecting the representations H, and H* via the usual duality
Hom(—,Z) : Ab — Ab,
by sending a good pair (X,Y,n) to (X,Y,n), noting that
H"(X,Y)=H,(X,Y)"
for a good pair (X,Y). This induces an equivalence on the derived categories
V : Dy(EHM(k)) — DP(ECM(k))°P.

Finally, using Theorem 3.14, Nori shows that the restriction of C to Smy,
factors through the embedding I" : Smy, — Cor(k) (see §4.5 for the notation):
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Proposition 3.17. Let W C X XY be an effective finite correspondence, X,
Y in Smy, and affine. Then there is a map W : C(X) — C.(Y), satisfying

1. For a morphism f : X — Y with graph I, f. = TI%.
2. (WoW'), =W,oW/.

Using this result, Nori shows that the restriction of m to Smy, extends to
a functor

I : DM (k) — DP(EHM(k)).

making
DM (k)
Cor(k) g
Db (EHM(k))
cominmute.
Motives

For a finite subdiagram F of H.Schy, let A(F') be the dual of End(H, p):
A(F) := Hom(End(H,r),Z).
Let A be the limit
A= lim A(F).
F
The ring structure on End(H, r) makes A(F) and A into a co-algebra (over
Z). Nori shows

Lemma 3.18. EHM(k)" is equivalent to the category of left comodules M
over A, which are finitely generated as abelian groups.

The tensor product on EHM(k)” induces a comultiplication
End(H*|F) ® End(H*‘F/) — EHd(H*|F.F/),

where O(F - F’) is the set of triples of the form (X,Y,i) x (X',Y",d’) for
(X,Y,i) e F, (X',Y',i) € F'. This yields a commutative, associative multi-
plication A ® A — A, making A into a bi-algebra over Z.

Let Z(1) = H1(G,), as an object of EHM(k)’. As a Z-module, Z(1) = Z. If
F is a finite diagram containing (G, ), 1), then Z(1) is an End(H,|p)-module;
sending a € End(H,|r) to a-1 € Z(1) = Z determines an element

Xr € A(F) = Hom(End(H, ), Z).

The image of xr in A is independent of the choice of F', giving the element
X € A. Let A, be the localization of A by inverting x.
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Theorem 3.19. A, is a Hopf algebra.
Let Gmot (k) be the corresponding affine group-scheme Spec A4,,.

Definition 3.20. Nori’s category of mixed motives over k, NMM(k), is the
category of representations of Gt (k) in finitely generated Z-modules, i.e.,
the category of co-modules over A, which are finitely generated as an abelian

group.

Since ®Z(1) : NMM(k) — NMM(k) is invertible, the functor IT :
DMgg(k) — DY(EHM(k)) extends to

IT : DMy (k) — D*(NMM(E)). (4)

Similarly, the functors (3) and the functor ECM(k) — JMM}, extend to func-
tors on NMMj,.

There are a number of classical conjectures one can restate or generalize
using this formalism. For example, Beilinson’s conjectures on the existence of
an abelian category of mixed motives over k with the desired properties can
be restated as

Conjecture 3.21 (restatement of Beilinson’s conjecture). The functor
g : DMgffl(k)Q — DY(EHM(k)q) is fully faithful.

The Hodge conjecture can be generalized as

Conjecture 3.22. The functor hs : ECM (k) — M H S induces a fully faithful
functor NMM(k)g — MHSg. Equivalently, the map from the Mumford-Tate
group MT to Guot(k) corresponding to hs gives a surjective map MT —
Gmot (k)g. Equivalently, for all V' in NMM(k), the map

Homnwmr) (1, V)g — Homyns, (1, s(V))

is surjective.

Suppose that k is finitely generated over Q. Using the universal property
of NMM (k) with respect to p-adic étale cohomology, one has an exact functor
NMM (k) — Q,[Gal(k/k)]-mod,
equivalently, a homomorphism of Gal(k/k) to the Q,-points of Gyot (k). The

Tate conjecture generalizes to

Conjecture 3.23. The image of Gal(k/k) — Guot(k)(Q,) is Zariski dense
in Got(k)qg,. Equivalently, let NMM(k)qg, be the Q,-extension of NMM(k).
Then the functor

NMM(k)g, — Q,[Gal(k/k)]-mod

induced by NMM (k) — Q,[Gal(k/k)]-mod is fully faithful.
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4 Triangulated categories of motives

One can attempt a construction of a triangulated category of motives, which
should ideally have the properties expected by the derived category of Beilin-
son’s conjectural abelian category of mixed motives. In this direction there
are two essentially different approaches: One, due to Huber, is via simulta-
neous realizations, and the second (the approach used by Hanamura, Levine
and Voevodsky) builds a category out of some form of algebraic cycles or
correspondences.

The main problem in the second approach is that the composition of ar-
bitrary correspondences is not defined, unless one passes to a suitable equiv-
alence relation. If however, one imposes the equivalence relation first (as in
Grothendieck’s construction) one would lose most of the extension data that
the category of motives is supposed to capture. Thus, one is forced to modify
the notion of correspondence in some way so that all compositions are defined.
Hanamura, Levine and Voevodsky all use different approaches to solving this
problem. The constructions of Levine and Voevodsky both lead to equivalent
categories; while it is not at present clear that Hanamura’s construction is
also equivalent to the other two (at least with Q-coefficients) the resulting
Q-motivic cohomology is the same, and so one expects that this category is
equivalent as well.

4.1 The structure of motivic categories

All the constructions of triangulated categories of motives enjoy some basic
structural properties, which we formulate in this section. We give both a
cohomological as well as a homological formulation.

Let A be a subring of R which is a Dedekind domain. By a cohomological
triangulated category of motives over a field k with A-coefficients, we mean an
A-linear triangulated tensor category D, equipped with a functor

h:Sm;® — D
and Tate objects A(n), n € Z, with the following properties (we write f* for

h(f)):

1. Additivity. h(XTTY) = h(X) @ h(Y).

2. Homotopy. The map p* : h(X) — h(X x Al) is an isomorphism.

3. Mayer-Vietoris. Let U UV be a Zariski open cover of X € Smy, iy :
UNnV -U,iy:UNV -V, juy:U — X and jy : V — X the inclusions.
Then the sequence

h(X) Y2y @ nvy YTV Ay

extends canonically and functorially to a distinguished triangle.



Mixed Motives 41

4. Kinneth isomorphism. For a € D, write a(n) for a ® A(n). There are
associative, commutative external products

Uxy : h(X)(n) @ h(Y)(m) — (X X, Y)(n +m)
which are isomorphisms. A(0) is the unit for the tensor structure. We let
Ux : h(X) ® h(X) — h(X)

be the composition 6% o Ux, x, where dx : X — X x; X is the diagonal.
Remark 4.1. For the definition of an A-linear triangulated tensor category,
we refer the reader to [70, Chapter 8A]

5. Gysin distinguished triangle. For each closed codimension ¢ embedding in
Smy, i : W — X, there is a distinguished triangle

h(W)(—d)[—2d] L, h(X) 7, MX\W) — h(W)(=d)[1 — 2d]

which is natural in the pair (W, X). Here j : X \ W — X is the inclusion,
and “natural” means with respect to both to morphisms of pairs f :
(W', X’) — (W, X) such that W’ is the pull-back of W, as well as the
functoriality (i1 042)s = @14 0 @2, for a composition of closed embeddings
in Smy. Also, if i : W — X is an open component of X, then i, is the
inclusion of the summand h(W) of h(X) = (W) @ h(X \ W).

6. Cycle classes. For X € Smy, there are homomorphisms

19 : CHY(X') — Homp(A(0), h(X)(q)[24]).

The maps cl? are compatible with external products, and pull-back mor-
phisms. If ¢ : W — X is a codimension d closed embedding in Smy, and
Z is in CHY™ (W), then cl?(i.(Z)) = i, o cl”"*(Z).

7. Unit. The map cl’([Spec k]) : A(0) — h(Spec k) is an isomorphism.

8. Motivic cohomology. For X € Smy,, set

HP(X, A(q)) := Homp (A(0), h(X)(q)[p])-

As a consequence of the above axioms, the bi-graded group &, o H? (X, A(q))
becomes a bi-graded commutative ring (with product Ux ), with H? (X A(q))
in bi-degree (p, 2¢). The element cl’(1 - X) is the unit.

9. Projective bundle formula. Let £ be a rank n + 1 locally free sheaf on
X € Smy, with associated P"-bundle P(£) — X and invertible quotient
tautological sheaf O(1). Let ¢;(O(1)) € CH'(P(£)) be the 1st Chern class
of O(1), and set

¢ :=c e (01)) € HY(P(E), A(1)).

Letting ; : h(X)(—i)[—2i] — h(P(£)) be the map (— Upg) &) o ¢*, the
sum

Zazi i=o(X)(=1)[=2i] — h(P(E))

is an isomorphisrn.
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Remarks 4.2. Tt follows from (4) and (7) that A(n) ® A(m) is canonically
isomorphic to A(n + m), and thus we have isomorphisms

Homp(«, 5) =2 Homp(a(n), 5(n))

for all a, 8 in D and all n € Z.

All the properties of h(X) induce related properties for H*(X, A(x)) by
taking long exact sequences associated to Homp(A(0), —).

Using (5) and (9), one can define a push-forward map

fe : h(Y)(=d)[-2d] — h(X)

for a projective morphism f : Y — X of relative dimension d. For this, one
factors f as gqot, with i : Y — P™ x X a closed embedding and ¢ : P" x X — X
the projection. We use (5) to define i, and let

gs : h(P" X X) — h(X)(—n)[—2n]

be the inverse of the isomorphism Y7 a; of (9) (with & = O%™") followed
by the projection onto h(X)(—n)[—2n]. One sets f. := g. o ix, shows that f,
is independent of the choices made and that (fg). = f.g«. For details on this
construction, see, e.g., [63, Part 1, Chap. III, §2].

Remark 4.3. To define a homological triangulated category D of motives over a
field k with A-coeflicients, one replaces the functor h with an additive functor

m: Smy — D

and denote m(f) by f.. The properties (1)-(4) remain the same, reversing
the arrows in (2) and (3). The Gysin map i, in (5) becomes i* : m(X) —
m(W)(d)[24].

We define H?(X, A(q)) := Homp (m(X)(—q)[—p], A(0)). The cycle classes
in (6) become maps cl? : CH?(X) — H?%(X, A(q)), with the same functoriality
and properties as in (6) and (8). The projective bundle formula (9) becomes
the isomorphism

n

Y i ®gm(X)(§)[2i] — m(P(€)),

i=0
One uses the projective bundle formula to define a pull-back map
¢ : m(X)(n)[2n] — m(P(£))

by setting ¢* := a,. This allows one to define a functorial Gysin map f* :
m(X)(d)[2d] — m(Y), for f : Y — X projective of relative dimension d, as
we defined f, in the cohomological setting.

In short, the opposite of a cohomological category of motives is a homo-
logical category of motives, after changing the signs in the Tate objects.
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Definition 4.4. Let D be a cohomological triangulated category of motives
over k with A-coefficients. A duality on D is an exact pseudo-tensor functor
V : D — D, together with maps d, : A(0) — a¥ @ a, €4 : a @ a¥ — A(0)
for each « in D, such that
1. For each o in D, (e, ®idy) 0 (ide ® 04 ) = id, and (idg ® €4) 0 (04 ®idy) =
idgv.
2. For each smooth projective X of dimension d over k, h(X)Y = h(X)(d)[2d]
and d,(x) and €,(x) are the compositions of pull-back and push-forward

for
Spec (k) — X — AxX x X

In the homological case, we just change (2) to
m(X)" = m(X)(~d)[-2d]

Remark 4.5. A duality on D is a duality in the usual sense of tensor categories,
that is, for each o, 8 in D, oV ® 3 is an internal Hom object in D. In fact, the
map

Homp(a ® 7, ) — Homp (7, @ 3)

induced by sending f : a ® v — (3 to the composition

Y= AO0)®y ooid, ' ®@a®y 1487, a’ @3

is an isomorphism for all «, § and ~, with inverse similarly constructed using
€., instead of d,. For details, see [63, Part 1, Chap. IV, §1]

Definition 4.6. Let D be a (co)homological triangulated category of motives
over k, with coefficients in A. We say that D is a fine category of motives if,
for each X € Sm;, there are homomorphisms

P CHY(X,2q — p) — HP(X, A(q))

satisfying:

1. c?0? = ¢4

2. The maps cl”? are functorial with respect to pull-back, products and
push-forward for closed embeddings in Smy.

3. The maps cl™? commute with the boundary maps in the Mayer-Vietoris
sequences for H*(—, A(q)) and CHY(—,2q — *).

4. The A-linear extension of cl??,

oI} : CHY(X,2q — p) @ A — HP(X, A(q))

is an isomorphism for all X € Smy, and all p, q.
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An overview

We give below sketches of four constructions of triangulated categories of
motives, due to Huber, Hanamura, Levine and Voevodsky. Huber’s construc-
tion yields a cohomological triangulated category of motives over k with Q-
coefficients, with duality. Hanamura’s construction, assuming k admits res-
olution of singularties, yields a fine cohomological triangulated category of
motives over k with Q-coefficients, with duality. Levine’s construction yields a
fine cohomological triangulated category of motives over k with Z-coeflicients;
the category has duality if k& admits resolution of singularities. Voevodsky’s
construction yields a fine homological triangulated category of motives over
k with Z-coefficients; the category has duality if k¥ admits resolution of singu-
larties. In addition, if if £ admits resolution of singularties, Levine’s category
is equivalent to Voevodsky’s category.

4.2 Huber’s construction

Let k be a field finitely generated over Q. Huber’s construction of a triangu-
lated category of mixed motives over k [48] is, roughly speaking, a combination
of Jannsen’s abelian category MRy of compatible realizations, and Beilinson’s
category of mixed Hodge complexes [4]. In somewhat more detail, Huber con-
siders compatible systems of bounded below complexes and comparison maps

((Cor, Wa, F*)(Cp, Wa), (Co, Wi), (Cg, W), (Cp, W)
I, : Cpr ®, C — C)
I, :Cr®qC — C,
Iéﬂg :Cpr ®g Qe — ()
Ly :Co— C
where

1. o runs over embedding k¥ — C and ¢ runs over prime numbers.

2. Cpr is a bounded below complex of finite dimensional bi-filtered k-vector
spaces, with strict differentials. W, is an increasing filtration and F* is a
decreasing filtration

3. Cy (resp. C7) is a bounded below complex of finite dimension Q-vector
spaces (resp. C-vector spaces), with decreasing filtration W, and with
strict differentials.

4. C} (resp. Cy) is a bounded below complex of finite dimension Q-vector
spaces (resp. with continuous Gj-action), with decreasing filtration W,
and with strict differentials.

5 Iy, I, I}, and Iy, are filtered quasi-isomorphisms of complexes (with
respect to the W-filtrations).

6. For each n, the tuple of cohomologies (H™(Cpr), H"(Cy), H"(C,)) with
the induced filtrations is an object in MRy, where we give H"(C,) ® C
the Hodge filtration induced from the F-filtration on H"(Cpg).
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7. The Gjp-module H"(Cy) is mized (we don’t define this term here, see
[48, Definition 9.1.4] for a precise definition. Roughly speaking, the G-
action should arise from an inverse system of actions on finitely generated
Z/¢”-modules and grjj, H"(Cy)) should be pure of weight m for almost all
Frobenius elements in Gy).

Inverting quasi-isomorphisms of tuples yields Huber’s triangulated tensor cat-
egory of mixed motives, Dyr (k).

The category Dyr(k) has the structural properties given in §4.1 for a
cohomological triangulated category of motives over k with Q-coefficients, and
with duality. In addition, the functor h : Smyp — Dyr (k) extends to smooth
simplicial schemes over k. This extension is important in the applications
given by Huber and Wildeshaus [51] to the Tamagawa number conjecture of
Bloch and Kato.

4.3 Hanamura’s construction

We give a sketch of Hanamura’s construction of the category D(k) as the
pseudo-abelianization of a subcategory Dsy (k); in [46] D(k) is constructed as
a subcategory of a larger category Dj,(k), which we will not describe here.

The basic object is a higher correspondence: Let X and Y be irreducible
smooth projective varieties over k. Let

HCor((X,n), (Y, m))® := zm~nHdime X(x oy, _q)Alt,

For irreducible W € HCor((X,n), (Y,m))*, W' € HCor((Y,m),(Z,1))* we
say that W’ o W is defined if the external product W Uxxy,yxz W’ is in the
subcomplex

Zl*"erimk X+dimyg Y(X X Y X Y X Z, *)iﬁl)t(x(;yxidz
C Zl*"erimk X+dinlkY(X X Y X Y X Z, *)Alt'

In general, if W = 3, n,W;, W' = > m;W], we say W' o W is defined if
W1oW,; is defined for all 4, j.
If W’ oW is defined, we set

W' oW :=pxxz«((idx x dy xidz)*(W Uxxy,yxz W'))
The definition of the complex HCor is extended to formal symbols, i.e.

finite formal sums ®,(Xa, nq), by the formula

HCor(®4(Xa, na), ®3(Ys, mp)) := [ [ @sHCor((Xa, na), (Ya,mp)).

0 is the empty sum. We let 1 denote the formal symbol (Speck, 0).

If K = ®o(Xa,nq) is a formal symbol, we set 2°(K) := HCor(1, K). Thus,
20((X,n))* = 2"(X,—*). We set (X,n)" := (X,dimy X —n) and extend to
formal symbols by linearity. Similarly, we define a tensor product operation
K ® L as the bilinear extension of (X,n) ® (Y, m) := (X xx Y,n+ m).
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Definition 4.7. A diagram K := (K™, f™™) consists of formal symbols K™,
m € Z, together with elements f™" € HCor(K™, K™)"~™*1 n < m such
that:

1. For all but finitely many m, K™ = 0.

2. For all sequences m; < ... < ms the composition f™s™s=10... 0 fmm1
is defined.

3. For all n < m we have the identity

(_l)mafm,n + me,l ° fl,n =0.
l

Here 0 is the differential in the complex HCor(K™, K™)*.

The yoga of duals and tensor products of usual complexes in an additive
category extend to give operations K — KV and (K, L) — K®L for diagrams;
we refer the reader to [63, Part 2, Chap II, §1] or [46] for detailed formulas.

The diagrams (resp. finite diagrams) are objects in a triangulated category
Dfin(k). In order to describe the morphisms Homop, (1) (K, L), we need the
notion of a distinguished subcomplex of zP(X, %)t

Definition 4.8. Let X be a smooth projective variety. A distinguished sub-
complex of zP(X, *)A!® is a subcomplex of the form 27(X, *)?lt for some pro-
jective map f : Y — X in Schy, with Y locally equi-dimensional over k. If
K = ®a(Xa,na) is a formal symbol, a distinguished subcomplex of 2°(K) is
a subcomplex of the form Gq2" (Xq, —%)¢,, with fo : Yy — X, as above.

For f: (X,n) — (Y,m) in HCor((X,n), (Y, m))*, we say that f is defined
on a distinguished subcomplex 2°((X, n))" := z"(X, —*)" if f on is defined for
all n € 2"(X,—x*)" (where we identify z"(X, —«) with HCor(1, (X,n)). This
notion extends in the evident manner to f € HCor(K, K’) for formal symbols
K and K'.

Let K = (K™, f™") be a diagram. A collection of distinguished subcom-
plexes m — z0(K™)" is admissible for K if, for each sequence m; < ... < ms,
the correspondence fi'*""*' o...o fi"*™* is defined on 2°(K™!)" and maps
20(K™1) to 20(K™=). If a collection m — 20(K™)" is admissible for K, we
define the corresponding cycle complex for K, 2°(K)’ by

2(K)7 = @2 (KT
with differential &’ : 2°(K)"7 — 29(K)"7*! given by

d =100+ >

Here 0; is the differential in 20(K?)*.

Lemma 4.9. For each formal symbol K, there is an admissible collection
of distinguished complezes, and two different choices of such admissible col-
lections, m + 20(K™)" and m ~— 2°(K™)", result in canonically quasi-
isomorphic cycle complezes z°(K)' and 2°(K)".
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Thus, we may denote by 2%(K) the image of a 2Y(K)" in D(Ab).
Definition 4.10. Let K and L be diagrams. Set

Homein(k) (K,L):= HO(ZO(KV ® L)).

Unwinding this definition, we see that the complex 2°(K"V ® L) is built out
of the complexes HCor(K™, L™), and so a morphism ¢ : K — L is built out of
higher correspondences ¢™™ : K™ — L™, which satisfy some additional com-
patibility conditions. In particular, the composition of higher correspondences
induces an associative composition

Hompﬁn(k) (L, M) X Hompﬁn(k) (K, L) — Hompfin(k) (K, M)

One mimics the definition of the translation operator and cone operator
of complexes (this type of extension was first considered by Kapranov in the
construction of the category of complexes over a DG-category, see [58], [63]
or [46] for details).

Theorem 4.11 (Hanamura, [47], [46]). The category Dgn(k) with the
above structures of shift, cone sequence, dual and tensor product is a Tigid
triangulated tensor category.

“Rigid” means that, setting Hom(K, L) := KY®L, the objects Hom (K, L)
form an internal Hom object in Dgy (k).

Definition 4.12. The triangulated tensor category D(k) is the pseudo-
abelian hull of Dgy, (k).

By the results of [1], D(k) has a canonical structure of a triangulated tensor
category.

For X a smooth projective k-scheme, set Qx(n) := (X, n)[—2n]; we write
Q(n) for Qgpeck(n). More or less by construction we have

Homp1)(Q(0), Qx (n)[m]) = Han—m (2" (X, ) Aty = CH™(X, 2n — m)g. (5)
Sending X to Qx(0) := h(X) defines a functor
h : SmProj;” — D(k),

where SmProj,, is the full subcategory of Schy with objects the smooth
projective k-schemes.

Remark 4.13. Suppose that k admits resolution of singularities, and let X be
a smooth irreducible quasi-projective k-scheme of dimension n. Let X D X
be a smooth projective k-scheme containing X as a dense open subscheme,
such that the complement D := X \ X is a strict normal crossing divisor.
Write D = >"| D;, with the D; irreducible. For I C {1,...,m} let
Dy := Nier Dy, and let DY =11, _, Dy (so D© = X).
Consider the diagram (X, X) :=
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(D™, —n) — (D™D —n4+1) - ... = (DY -1)) = (D, 0)

where the correspondence (D), —i) — (DG~1D —i + 1) is the signed sum of
inclusions iz ; : Dyygjy — D1, [I| =i—1, j ¢ I, and the sign is (—1)" if there
are exactly r elements ¢ € I with ¢ < j. Hanamura [44] shows that (X, X)
in D(k) is independent of the choice of X (up to canonical isomorphism) and
that sending X to Qx(0) := (X, X) extends the functor h on SmProj, to

h:Sm® — D(k).
The identification (5) extends to a canonical isomorphism
Homp ) (Q(0), h(X)(n)[m]) = CH" (X, 2n — m)

for X € Smy,.

Using the method of cubical hyperresolutions [41], Hanamura [44] extends
h further to a functor

h : Sch}® — D(k).

In any case, assuming resolution of singularities for k, the category D(k) is a
fine cohomological triangulated category of motives over k, with Q coeflicients
and with duality.
Remark 4.14. In [45], Hanamura shows that, assuming the standard conjec-
tures of Grothendieck along with extensions by Murre and Soulé-Beilinson,
there is ¢-structure on D(k) whose heart H is a good candidate for MM, It
is not clear what relation H has to say Nori’s category NMMy.

4.4 Levine’s construction

Rather than using the moving lemma for the complexes 2P(X, %) as above,
Levine adds extra data to the category Smy so that pull-back of cycles be-
comes a well-defined operation.

The category L(k)
Definition 4.15. Let £(k) be the category of pairs (X, f : X’ — X) where

1. f is a morphism in Smy.

2. f admits a smooth section s : X — X’
The choice of the section s is not part of the data. For (X, f : X' — X)
and (Y,g : Y — Y) in L(k), Homg)((X, f),(Y,g)) is the subset of
Homgm, (X,Y") consisting of those maps h : X — Y such that there exists a
smooth morphism ¢ : X’ — Y’ making

X/—q>Y/
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commute. Composition is induced by the composition in Smy.

The condition that f : X’ — X admit a smooth section is just saying
that X’ admits a decomposition as a disjoint union X’ = X} [] X| where f
restricted to X is an isomorphism X} = X.

Definition 4.16. For (X, f: X' — X) € Smy, let 29(X)y be the subgroup
of 29(X) generated by integral codimension ¢ closed subschemes W C X such
that

codimyx/ f~H(W) > q.

The basic fact that makes things work is
Lemma 4.17. Let h: (X, f) — (Y, g) be a morphism in L(k). Then
1. h* is defined on 29(X)s, t.e. for all W € z9(X)y,
codimyh ™! (supp (W)) > q.
2. h* maps z9(X) s to 29(Y),.

The proof is elementary.

The category Amot (k)

We use the cycle groups z9(X ) f to construct a graded tensor category Amot (k)
in a series of steps.

(i) A1 (k) has objects Zx (n) s[m] for (X, f) € L(k), X irreducible, and n,m €
Z. The morphism-groups are given by
Hom 4, (1) (Zx (n) s [m], Zy (n')g[m'])

Z[Homﬁ(k)((xg)7(X7 f))] ifn:n/v m=m’
0 otherwise.

We also allow finite formal direct sums, with the Hom-groups defined for such
sums in the evident manner. The composition is induced from the composi-
tion in L(k). We write Zx (n)s for Zx(n)f[0], Zx (n) for Zx(n)ia and Z(n)
for Zgpecr(n). For p : (Y,m) — (X,n) in L(k), we write the corresponding
morphism in A; (k) as p* : Zx(n); — Zy (m)g.

Setting Zx (n)y @ Zy (m)y := Zxx,y(n + m)rxg extends to give A; (k)
the structure of a tensor category, graded with respect to the shift operator
Zx (n)flm] = Zx (n)¢lm +1].

(i) Az(k) is formed from A;(k) by adjoining (as a graded tensor category)
an object * and morphisms

[Z] : % — Zx (n)s[2n]

for each Z € 2™(X)y, with the relations:
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[aZ + W] = a[Z] + b[W]; Z,W € 2™(X)y, a,b € Z.

p*o[Z]=[p*(Z)| forp: (Y,g9) = (X, f) in L(k) and Z € z"(X)y.

The exchange involution 7y  : * ® * — * ® * is the identity.

For Z € 2"(X)f, W € 2™(Y)y, [Z] ® W] = [Speck| ® [Z x W] = [Z x
W] ® [Speck] as maps * ® * — Zxx,y(n+m)fxq[2n + 2m].

Ll e .

(iii) Amot(k) is the full additive subcategory of A5 (k) with objects sums of
*®m @ Zx(n)f, m > 0.

The categories D® (k) and DM (k)

Let C*(Amot(k)) be the category of bounded complexes over Apyoi(k), and
K? (k) the homotopy category K®(Amet(k)). K2 (k) is a triangulated ten-
sor category, where the shift operator and distinguished triangles are the
usual ones. Note that one needs to modify the definition of morphisms in
C®(Amot(k)) slightly to allow one to identify the shift in Ao (k) with the
usual shift of complexes (see [63, Part 2, Chap. II, §1.2] for details). The
tensor product in Ay, (k) makes K2 (k) a triangulated tensor category.

To form D? . (k), we localize K&, (k); we first need to introduce some
notation.

Let (X,f : X’ — X) be in L(k), let W C X be a closed subset, and
j : U — X be the open complement. Define Z¥ (n)¢ by

Z¥ (n)y = Cone(j* : Zx(n)y — Zu(n) s, )[~1],

where fy : U — U is the projection U xx X' — U. If Z is in 2"(X); and is
supported in W, then j*Z = 0, so the morphism [Z] : * — Zx (n)s[2n] lifts
canonically to the morphism

(217 % — ZK (n) ¢[2n]

(in C*(Aa (k).

If C is a triangulated category, and S a collection of morphisms, we let
C[S™1] be the localization of C with respect to the thick subcategory generated
by objects Cone(f), f € S. If C is a triangulated tensor category, let C[S g
be the triangulated tensor category formed by localizing C with respect to
the small thick subcategory containing the object Cone(f), f € S, and closed
under ® X for X in C; C[S™!]g is a triangulated tensor category, called the
triangulated tensor category formed from C by inverting the morphisms in S.
We can extend these notions to inverting finite zig-zag diagrams by taking
the cone of the direct sum of the sources mapping to the direct sum of the
targets.

Definition 4.18. Let D’ (k) be the triangulated tensor category formed
from K?

oot (k) by localizing as a triangulated tensor category:

1. Homotopy. For all X in Smy, invert the map p* : Zx(n) — Zxxa1(n).
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2. Nisnevic excision. Let (X, f : X’ — X) bein L(k), and let p: Y — X

be an étale map, W C X a closed subset such that p: p~}(W) — W is a

isomorphism. Then invert the map p* : Z¥ (n) — Z%, W) (n).

Unit. Invert the map [Speck] ® id*:x®1—>1®1=1.

4. Moving lemma. For all (X, f) in L£(k), invert the map id* : Zx(n); —
ZX (n)

5. Gysin isomorphism. Let g : P — X be a smooth morphism in Smy with
section s and let W = s(X) C P. Let d = dimx P. Invert the zig-zag
diagram:

©w

Zx(—d)[=2d] > Zp(—d)[~2d] = 1 @ Zp(—d)[—2d]

[Spec k]®id (W17 @id
—— —_—

* ® Zp(—d)[—2d] Z¥ (d)[2d] @ Zp(—d)[—2d]

id* oF
= ZII/DVXXIf(O) — ZII/DVXXIf(O)5P — Z%V(O),
where dp : P — P x P is the diagonal.
Remark 4.19. Our description of D (k) is slightly different than that given

mot

n [63], but yields an equivalent triangulated tensor category Dt (k). The
categroy Amot (k) described here is denoted A2, (V)* in [63].

mot
The category DM (k) is now defined as the pseudo-abelianization of
Db . (k). By [1], DM(k) inherits the structure of a triangulated tensor cate-
gory from DY . (k).

mot

Gysin isomorphism

Let i : W — X be a codimension d closed embedding in Smy. If i is split
by a smooth morphism p : X — W, one uses the Gysin isomorphism of
Definition 4.18(5) to define i, : Zw (—d)[—2d] — Zx(0); in general one uses
the standard method of deformation to the normal bundle to reduce to this
case.

Duality

Assuming that & admits resolution of singularities, the category DM (k) has
a an exact pseudo-tensor duality involution V : DM(k) — DM(k)°P; for
smooth projective X of dimension d over k one has

(Zx(n))" = Zx(d — n)[2d].

To construct V, the method of [63] is to note that, in a tensor category C, the
dual of an object X can be viewed as a triple (X V,d,¢) withd:1 — X ® XV,
e: XV ®X — 1, and with

(E ® ldx) o (ldX ® 5) =idy.
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In DM(k), for X smooth and projective of dimension d over k, the diagonal
[A] : 1 — Zxxx(d)[2d] gives §, and € is the composition px. o d%, where
0x : X — X x X is the diagonal inclusion and px : X — Speck is the
structure morphism. One then shows

Lemma 4.20 ([63, Part 1, Chap. IV, lemma 1.2.3]). Let D be a trian-
gulated tensor category, S a collection of objects of D. Suppose that

1. There is a tensor category C such that D is the localization of K°(C) (as
a triangulated tensor category.
2. Fach X € S admits a dual (XV,0,¢€).

Then the smallest triangulated tensor subcategory of D containing S, D(S),
admits a duality involution V : D(S) — D(S)°P, extending the given duality
on S.

If k satisfies resolution of singularities, the motives Zx (n), X smooth and
projective over k, n € Z, generate D% . (k) as a tensor triangulated category,
so the given duality extends to D% . (k), and then to the pseudo-abelianization
DM(k). As for Hanamura’s category, the functor h : Smp® — DM(k),

hX) :=Zx(0), extends to
h: Schi® — DM(k),

assumingk satisfies resolution of singularities.

Summing up, the category DM (k) is fine cohomological triangulated cat-
egory of motives over k with Z-coefficients. DM (k) has duality if k¥ admits
resolution of singularities.

4.5 Voevodsky’s construction

Voevodsky constructs a number of categories: the category of geometric mo-
tives DM g, (k) with its effective subcategory DMgffl(k), as well as a sheaf-
theoretic construction DM, containing DM;I‘E(I{) as a full dense subcate-
gory. In contrast to almost all other constructions, these are based on homol-
ogy rather than cohomology as the starting point, in particular, the motives
functor from Smy, to these categories is covariant.

To solve the problem of the partially defined composition of correspon-
dences, Voevodsky introduces the notion of finite correspondences, for which
all compositions are defined.

Finite correspondences and geometric motives

Definition 4.21. Let X and Y be in Smy. The group ¢(X,Y) is the subgroup
of zdimk X (X x; Y) generated by integral closed subschemes W C X x; Y
such that

1. the projection p; : W — X is finite
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2. the image p1 (W) C X is an irreducible component of X.
The elements of ¢(X,Y) are called the finite correspondences from X to Y.
The following basic lemma is easy to prove:

Lemma 4.22. Let X, Y and Z be in Smy, W € ¢(X,Y), W' € (Y, Z).
Suppose that X andY are irreducible. Then each irreducible component C' of
[W| x ZNX x |W'| is finite over X (via the projection p1) and p1(C) = X.

It follows from this lemma that, for W € ¢(X,Y), W' € ¢(Y, Z), we may
define the composition W’ o W € ¢(X, Z) by

W oW = p.(p3s(W) - p1(W")),

where p1 : X Xz Y X Z — X and p3 : X X Y X Z — Z are the projections,
and p: |W|x ZNX x |[W'| - X X, Z is the map induced by the projection
P13 X X Y X, Z — X Xy Z. The associativity of cycle-intersection implies
that this operation yields an associative bilinear composition law

o:¢(Y,Z)x e(X,)Y) — (X, Z).

Definition 4.23. The category Cor(k) is the category with the same objects
as Smy, with
Homeor(r) (X, Y) 1= ¢(X,Y),

and with the composition as defined above.

For a morphism f : X — Y in Smy, the graph I'y C X X3 Y isin ¢(X,Y),
so sending f to I'y defines a faithful functor

Smy, — Cor(k).

We write the morphism corresponding to I'y as f., and the object corresonding
to X € Smy, as [X].

The operation Xj (on smooth k-schemes and on cycles) makes Cor(k)
a tensor category. Thus, the bounded homotopy category K°(Cor(k)) is a
triangulated tensor category.

Definition 4.24. The category DMgg(k) of effective geometric motives is
the localization of K®(Cor(k)), as a triangulated tensor category, by

1. Homotopy. For X € Smy, invert p, : X x Al — X

2. Mayer-Vietoris. Let X be in Smy, with Zariski open subschemes U,V
such that X =UUV.Let iy : UNV - U, iy :UNV =V, jy: U —- X
and jy : V — X be the inclusions. Since (jy + jvs) o (ivs«, —iv«) = 0, we
have the canonical map

Cone([U N V] 22" V), ) g [v]) Yet2ve), 1 x.

Invert this map.
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To define the category of geometric motives, D Mg, (k), we invert the Lef-

schetz motive. For X € Smy, the reduced motives [X] is defined as

[X] := Cone(p. : [X] — [Speck]).
Set Z(1) := [P][2], and set Z(n) := Z(1)®" for n > 0.
Definition 4.25. The category D Mgy, (k) is defined by inverting the functor
®Z(1) on DMZE(E), ie.,

Hompyy,,.. (k) (X,Y) := li7rln HomDMgg(k) (X ®Z(n),Y @ Z(n)).

Remark 4.26. In order that DM,y (k) be again a triangulated category, it
suffices that the commutativity involution Z(1) ® Z(1) — Z(1) ® Z(1) be the
identity, which is in fact the case.

Of course, there arises the question of the behavior of the evident functor
DMEE (k) — DMy (k). Here we have

Theorem 4.27 (Voevodsky [97]). The functor DMgﬁ(k) — DMe™ (k) s
a fully faithful embedding.

The first proof of this result (in [100]) used resolution of singularities, but
the later proof in [97] does not, and is valid in all characteristics.

Sheaves with transfer

The sheaf-theoretic construction of mixed motives is based on the notion of a
Nisnevic sheaf with transfer.

Let X be a k-scheme of finite type. A Nisnevic cover U — X is an étale
morphism of finite type such that, for each finitely generated field extension
F of k, the map on F-valued points U(F) — X (F) is surjective. This small
Nisnevic site of X, Xnis has underlying category finite type étale X-schemes
with covering families finite families U; — X such that I1,U; — X is a Nisnevic
cover The big Nisnevic site over k, with underlying category Smy, is defined
similarly. We let Sh™* (k) denote the categories of Nisnevic sheaves of abelian
groups on Smy, and Sh™®(X) the category of Nisnevic sheaves on X. For a
presheaf F on Smy, or Xyjis, we let Fyis denote the associated sheaf. We often
denote H* (XNis; ]:Nis) by H* (XNiS7 .7:)

For a category C, we have the category of presheaves of abelian groups on
C, i.e., the category of functors C°? — Ab.

Definition 4.28. (1) The category PST(k) of presheaves with transfer is the
category of presheaves of abelian groups on Cor(k). The category of Nisnevic
sheaves with transfer on Smy,, Sh™**(Cor(k)), is the full subcategory of PST (k)
with objects those F' such that, for each X € Smy, the restriction of F' to
Xnis 1s a sheaf.
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(2) Let F be a presheaf of abelian groups on Smy. We call F' homotopy
invariant if for all X € Smy, the map

p* i F(X)— F(X x A"

is an isomorphism.

(3) Let F be a presheaf of abelian groups on Smy,. We call F strictly homotopy
invariant if for all ¢ > 0, the cohomology presheaf X — H?(Xnis, FNis) is
homotopy invariant.

The category ShNiS(Cor(k)) is an abelian category with enough injectives,
and we have the derived category D~ (Sh™*(Cor(k))). For F* € D~ (Sh™*(Cor(k))),
we have the cohomology sheaf, H?(F*), i.e., the Nisnevic sheaf with transfer
associated to the presheaf

X i (kerd? : FY(X) — F1T(X))/d9™ (FI71(X)).

Definition 4.29. The category DM®® (k) is the full subcategory of D~ (Sh™*(Cor(k)))
consisting of those F* whose cohomology sheaves are strictly homotopy in-
variant.

The localization theorem

The category DM° (k) is a localization of D~ (Sh™*(Cor(k))). To show this,
one uses the Suslin complex of a sheaf with transfers.

Definition 4.30. Let F be in Sh™*(Cor(k)). Define CS"(F) to be the sheafi-
fication of the complex of presheaves

X (..o FXxA") - F(X x A" Y - ... = F(X)),

where the differentials are the usual alternating sum of restriction maps, and
F(X x A") is in degree —n. For I'* € D~ (Sh™5(Cor(k))), define Ly (F*) in
D~ (Sh™®(Cor(k))) as the total derived functor of F — CSUS(F) .

For F € C~(Sh™®(Cor(k))), we let FA' be the sheafification of the complex
of presheaves X — F(X x Al); the projection X x A' — X defines the natural

map p* : F — FA
Definition 4.31. Let D,, (Sh™s(Cor(k))) be the localization of the triangu-

lated category D~ (Sh™*(Cor(k))) with respect to the localizing subcategory
generated by objects of the form Cone(p* : F' — FAI).

Theorem 4.32 ([100, Chap. 5, Prop. 3.2.3]). (1) For each F € D~ (Sh™*(Cor(k))),
Ly (F) is in DM (k). The resulting functor

Lai : D (ShN®(Cor(k))) — DM (k)
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is exact and is left-adjoint to the inclusion

DM (k) — D~ (ShN*(Cor(k))).

(2) The functor Ly descends to an equivalence of triangulated categories
Ly : Dy, (Sh™*®(Cor(k))) — DM (k).

This result enables one to make DM (k) into a tensor category as
follows. Let Z,(X) denote the representable Nisnevic sheaf with transfers
Y — (Y, X). Define Z, (X) ® Zi(Y) := Zy (X X3 Y). One shows that this
operation extends to give D~ (Sh™™(Cor(k))) the structure of a triangulated
tensor category; the localizing functor L1 then induces a tensor operation on
Dy, (Sh™s(Cor(k))), making Dgl(ShNiS(Cor(k))) a triangulated tensor cate-
gory.

Explicity, in DM®T(k), this gives us the functor

m : Smy, — DM (k),
defined by m(X) := C5%(Z, (X)), and the formula

m(X x;Y)=m(X)@m(Y).

The embedding theorem

‘We now have the two functors

-]
Smy —> DMZH (k) (6)

S

DM (k).

Theorem 4.33. There is a unique exact functor i : DMngfl(k) — DM (k)
filling in the diagram (6). i is a fully faithful embedding and a tensor functor.
In addition, DM;EE is dense in DMt (k).

Here “dense” means that every object X in DM° (k) fits in a distinguished
triangle
Dai(Aa) = Bpi(Bg) = X — Bai(Aa)[1],

where the A, and the Bg are in DMgffl(k), and the direct sums exist in
DM (k).
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Applications of the embedding theorem

The embedding theorem allows one to apply sheaf-theoretic constructions to
DM9™(k), with some restrictions. As an example, the bi-functor RHom(—, —)
on D~ (Sh™®(Cor(k)) induces an internal Hom in DM°® (k) by restriction. One
then gets an internal Hom in D Mgy, (k) (assuming resolution of singularities)
by setting

HOTTLDM

(k) (A, B) := Hom pyperr (1) (A @ Z(n), B ® Z(n + m)) @ Z(—m)
for n, m sufficiently large. Also, using the embedding theorem, one has

Theorem 4.34. For X € Smy, there is a natural isomorphism

Hom p gt 1) (m(X), Z(q)[p]) = His (X, Z(q)) = H"(Xnis; Zrs(q))-
From this, Theorem 4.27 and Corollary 2.21, we have

Corollary 4.35. For X € Smy, there is a natural isomorphism

Homp g, (k) (m(X), Z(q)[p]) = CHI(X, 2q — p).

Once one has this description of the morphisms in D Mgy, it follows eas-
ily that DMy, is a fine homological triangulated category of motives over
k with Z-coeflicients, and that DM,,, has duality if k& admits resolution of
singularities.

Comparison results

We state the main comparison theorem relating Levine’s DM (k) and Voevod-
sky’s DM9™ (k). We note that replacing the functor m : Smy — DMy (k)
with

h: Sm;” — DMy, (k)
h(X) = HomDMgm(k) (m(X), Z)

changes DM, (k) from a homological category of motives to a cohomological
category of motives.

Theorem 4.36 ([63, Part 1, Chap. VI, Theorem 2.5.5]). Let k be a

field admitting resolution of singularities. Sending Zx (n) in DM(k) to Hompay,,.. k) (m(X), Z(n))
in DMgm (), for X € Smy, extends to a pseudo-tensor equivalence of coho-

mological categories over motives over k

DM(k) — DMI™(k),

i.e., an equivalence of the underlying triangulated tensor categories, compatible
with the respective functors h on Sm;P.
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5 Mixed Tate Motives

Let G = Gal(k/k) for some field k, and let ¢ be a prime not dividing the
characteristic. In the category of continuous representations of G in finite di-
mensional Q-vector spaces, one has the Tate objects Q¢(n); the subcategory
formed by the successive extension of the Tate objects turns out to contain
a surprising amount of information. Analogously, one has the Tate Hodge
structure Q(n) and the subcategory of the category of admissible variations
of mixed Hodge structures over a base-scheme B consisting of successive exten-
sions of the Q(n); this subcategory gives rise, for example, to all the multiple
polylogarithm functions. In this section, we consider the motivic version of
these constructions, looking at categories of mixed motives generated by Tate
objects.

We begin with an abstract approach by considering the triangulated sub-
category of DMy (k) ® Q generated by the Tate objects Q(n). Via the Tan-
nakian formalism, this quickly leads to the search for a concrete description
of this category as a category of representations of the motivic Lie algebra
or dually, co-representations of the motivic co-Lie algebra. We outline con-
structions in this direction due to Bloch [11], Bloch-Kriz [18] and Kriz-May
[61], in which the motivic cycle algebra, built out of the alternating version of
Bloch cycle complex described in §2.5, plays a central role. The work of Kriz
and May shows how all the representation-theoretic constructions are related
and a theorem of Spitzweck [85] allows us to relate all these to the abstract
construction inside D Mgy, .

5.1 The triangulated category of mixed Tate motives

Since we now have a reasonable definition of “the” triangulated category of
mixed motives over a field k, especially with Q-coefficients, it makes sense to
define the triangulated category of mixed Tate motives as the full triangulated
subcategory generated by the (rational) Tate objects Q(n), n € Z. Since the
cohomological formulation has been used most often in the literature, we will
do so as well. We will assume in this section that the base field k admits
resolution of singularities, for simplicity.

Concretely, this means we replace the functor m : Smy — DM9™ (k) with
the functor i : Sm;” — DM9™(k),

hX) :== Hom(m(X),Z).

To give an example to fix ideas, the projective bundle formula gives the iso-
morphism
h(P") = &j_oZ(—j)[-24]-

Definition 5.1. Let k be a field. The triangulated category of Tate motives,
DTM(k), is the full triangulated subcategory of DM 9™ (k)°P ® Q generated
by the Tate objects Q(n), n € Z.
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As the duality involution V : DM9™ (k) — DM9™(k)°P is an equivalence
of triangulated tensor categories, and Q(n)Y = Q(—n), we have a duality
involution on DTM(k), giving an equivalence

vV : DTM(k) — DTM(k)".

The weight-structure

The category DTM(k) admits a natural weight-filtration: Let DTM(k)<,, be
the full triangulated subcategory of DTM(k) generated by the Tate objects
Z(—m) with m < n. This gives the tower of subcategories

... C DTM(k)<n, C DTM(k)<nt1 C ... C DTM(k)

Dually, let DTM(k)>"™ be the full triangulated subcategory of DTM(k) gen-
erated by the Tate objects Z(—m) with m > n.
The basic fact upon which the subsequenct construction rests is:

Lemma 5.2. For X € DTM(k)<,, Y € DTM(k)~", we have
Hompryr) (X, Y) = 0.

Proof. For generators X = Q(—a)[s], Y = Q(-b)[t], a < n < b, this follows
from

Homprmr) (Q(—a)[s], Q(—b)[t]) = Homprm (Q, Q(a — b)[t — s])
= CH* *(Speck,2(a—b) —t+s) @ Q

which is zero since a — b < 0. The general result follows easily from this. O

By various methods (see, e.g., [65] or [57]), one can use the lemma to
show that the inclusion ¢, : DTM(k)<, — DTM(k) admits a right adjoint
rn : DTM(k) — DTM(k)<,,. This gives us the functor

W, : DTM(k) — DTM(k),

W, := in o ry, and the canonical map ¢, : W, X — X for X in DTM(k).
One shows as well that Cone(iy,) is in DTM(k)>"™, giving the canonical dis-
tinguished triangle

WX - X - W>"X — W, X[1]

where W>"X := Cone(iy,).

Remark 5.3. As pointed out in [57], one can perfectly well define an integral
version DTM(k)z of DTM(k) as the triangulated subcategory of DMgp, (k)
generated by the Tate objects Z(n). The argument for weight filtration in
DTM(k) works perfectly well to give a weight filtration in DTM(k)z.
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The t-structure and vanishing conjecture

One can ask if the Beilinson formulation for mixed motives holds at least
for mixed Tate motives. The first obstruction is the so-called Beilinson-Soulé
vanishing conjecture (see [84]):

Conjecture 5.4. Let F' be a field. Then Kp(F)(‘Z) =0if2¢g <pandp>0.
Translating to motivic cohomology, this says
Conjecture 5.5. Let F be a field. Then H?(F,Q(q)) =0if p <0 and ¢ > 0.

Since we have

Hompryr (Q, Q(g)[p]) = H? (k, Q(q)),

we find a relation between the vanishing conjecture and the structure of the
triangulated Tate category.

For example, if there were an abelian category TM(k) with DTM (k) equiv-
alent to the derived category D®(TM(k)), in such a way that the Tate objects
Q(n) were all in TM(k), then we would have

Homprmx) (Q, Q(g)[p]) = EXtZ%M(k) (Q,Q(q)),

which would thus be zero for p < 0.

Suppose further that TM(k) is a rigid tensor category, inducing the tensor
and duality on DTM(k), with functorial exact weight filtration W, inducing
the functors W,, on DTM(k), and that taking the associated graded with
respect to W, induces a faithful exact functor to Q-vector-spaces

gr?V : TM(k) — Vecg.
Then, as each map f: Q — Q(a), a # 0 has gr*f = 0, it follows that

Homyny (Q, Qg)) =0

for g # 0 as well.
In short, the existence of an abelian category of mixed Tate motives TM (k)
with good properties implies the vanishing conjectures of Beilinson and Soulé.
There is a partial converse to this, namely,

Theorem 5.6 ([65]). Let k be a field, and suppose that the Beilinson-Soulé
vanishing conjectures hold for k. Then there is a t-structure on DTM(k) with
heart TM(k) satisfying:

1. TM(k) contains all the Tate objects Q(n). The Q(n) generate TM(k) as
an abelian category, closed under extensions in DTM(k).

2. The tensor operation and duality on DTM(k) restrict to TM(k), making
TM(k) a rigid tensor category
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3. The funtors Wy, map TM(k) into itself, giving each object X of TM(k) a
functorial finite weight-filtration

0= W]W.l,_lX C WM(X) c...C WN(X) = X.

4. Taking associated graded for the weight-filtration gives a faithful exact

tensor functor
©ngr? : TM(E) — Q-mod

to finite dimensional Q-vector spaces, making TM(k) a neutral Q- Tannakian
category.
5. There are canonical natural maps

(bp(Xa Y) : EXt%M(k) (X7 Y) - HomDTM(k) (Xa Y[p])

for X,Y in TM(k). ¢,(X,Y) is an isomorphism for p = 0,1, and an
injection for p = 2.

We will describe below a criterion for DTM(k) to be the derived category
DP(TM(k)).

Looking at part (4) above, the Tannakian formalism as explained in §3.1
gives an identification of TM(k) with the category of graded representations
of a graded pro-unipotent affine algebraic group over Q, or what amounts to
the same thing, a graded pro-nilpotent Lie algebra over Q, called the motivic
Lie algebra. There have been a number of constructions of candidates for the
motivic Lie algebra, or the associated Hopf algebra, which we will discuss
below.

Remark 5.7. The works of Terasoma [91], Deligne-Goncharov [27], Goncharov
[37], [36], Goncharov-Manin [40] and others has drawn a close connection
between the mixed Tate category and values of the Riemann zeta function,
polylogarithms and multi-zeta functions; due to lack of space, we will not
discuss these works here. See the article [35] in this volume for further details.

5.2 The Bloch cycle algebra and Lie algebra

Definition 5.8. (1) Let F be a field. A cdga (A*,d,-) over F consists of
a unital, graded-commutative F-algebra (A* := @®,czA",-) together with a
graded homomorphism d = @,,d", d® : A — A1 such that

1. d"tlod” = 0.

2. d""(a-b) =d"a-b+ (=1)"a-d™b;a € A", be A™.
A* is called connected if A® = 0 for n < 0 and A° = F - 1, cohomologically
connected if H"(A*) =0 for n < 0 and H°(A*) = F - 1.

(2) An Adams-graded cdga is a cdga A together with a direct sum decomposi-
tion into subcomplexes A* := @,>0A*(r) such that A*(r)- A*(s) C A*(r+s).
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An Adams-graded cdga is (cohomologically) connected if the underlying cdga
is (cohomologically) connected.

For x € A™(r), we called n the cohomological degree of x, n := degx, and
r the Adams degree of x, r := |x|.

Ezxample 5.9. Let k be a field. Recall from §2.5 the alternating cycle complexes
2P (k, )21 with commutative associative product

UMY 2 2P (k, %) ® 29(k, %) — 2PFa(k, ).

Bloch [11] has defined the motivic cdga over k, N} (x), as the Adams-graded
cdga over Q with

2" (K, 2r — m)Alt forr >0

N (r) = {Zo(k’O)Alt(: Q- [Speck]) forr =0.

and product
SN @ N (s) = N+ 5)
given by UM, The unit is 1 - [Spec k] € N°(0).
Remark 5.10. The Beilinson-Soulé vanishing conjecture for the field £ is ex-
actly the statement that A (x) is cohomologically connected.

Bloch defines a graded co-Lie algebra M(x) = @,50M(r) as follows: Start
with the cycle cdga N. Let NV := @,>oN°(r), and let J C N be the dif-
ferential ideal generated by @,<o,,N"(r) & N?. Let N be the quotient cdga
N /T . Bloch shows
Lemma 5.11. (1) The product A2N"' — N? is injective

(2) Let My, = {x € N | dx is in A2N"' € N2}, Then
dM;, C /12./\/1;9 c 2Nt c N2

(3) The map d : My, — A2My makes My, into an Adams graded co-Lie
algebra over Q.

Definition 5.12. The category of Bloch-Tate mixed motives over k, BT My,
is the category of graded co-representations of My in Q-mod, that is, the
category of finite-dimensional graded Q-vector spaces V (x) = @,V (r) together
with a graded, degree zero QQ-linear map

p V(%) = My ®q V(*)

satisfying the co-associativity condition (id A p) o p = (0 ® id) o p as maps
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BTMjy, contains the Tate-objects Q(n), n € Z, where Q(n) is the vec-
tor space Q supported in degree —n, with zero co-action p. There is a map
HYN*(r)) — Ext]13TMk (Q(0),Q(r)) by sending n € Z*(N*(r)) to the class of
the extension

0—Q(r)—V, — Q) —0,

where V,, = Q(0) @ Q(r) as a graded Q-vector space, with co-action p given
by
pla,b) =n® (0,a).

One checks that changing 1 by a co-boundary does not affect the extension
class.

5.3 Categories arising from a cdga

As we will see below, the construction of mixed Tate motives via co-representations
of the Bloch co-Lie algebra M), is reasonable only under the so-called 1-
minimal conjecture. Bloch and Kriz [18] have given another construction of
a co-Lie algebra, and at the same time the associated Hopf algebra, by using
the bar construction of N. Kriz and May [61] have given a construction of
a triangulated category, which derives more directly from the cdga Nj; in
case N}, is cohomologically connected, this triangulated category has a heart
which turns out to be equivalent to the category of graded co-modules over
the Bloch-Kriz co-Lie algebra.

Before we go into this, we discuss some of the general theory of the bar
construction of a cdga and related constructions. We have taken this material
from [61].

The bar construction

We recall the definition of the reduced bar construction of an augmented cdga
€: A* — k over a field F of characteristic zero. Let A* be the kernel of ¢, and
form the tensor algebra

nm)Am Rp...QF Anm

.....

with A™ ®@p ... ®p A™ in total degree Zj n; —m, together with a copy of
F' in degree 0, corresponding to the empty tensor product, which we write
as F' - 1. Denote a decomposable element of A" Q@p ...Qp A" in T,jf_l* as
[z1] ... |zm], z; € A", and define the map d by

d(z1] .. Jem]) = Y (~1)Z 9@ | day] )

J

+ Z(—l)j[x1| ozl o]
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Set d(F - 1) = 0. This forms the complex (B(A),d).
The shuffle product

[Z1] .. zm] U [Znt1] - - - [Tmtn]
m!n!
= T zﬂ: sg(0) [T - - - [Zo(nrm)):
where o € X, 1, ranges over all permutations with o(1) < ... < o(n) and

o(n+1) <...<o(n+m), defines a product on B(A), satisfying the Leibniz
rule with respect to d. The map

§:B(A) — B(A) ® B(A)
([x1] .. |em]) == Z[xﬂ colm] @ [wiga] - T
=0
(the empty tensor being 1) defines a coproduct on B(A).

This all makes (B(A), d, U, §) into a differential graded Hopf algebra over k,
which is graded-commutative with respect to the product U. The cohomology
H*(B(A)) is thus a graded Hopf algebra over k, in particular H°(B(A)) is a
commutative Hopf algebra over k.

Let Z(A) be the kernel of the augmentation H°(B(A)) — k. The coproduct
§ on H°(B(A)) induces the structure of a co-Lie algebra on y4 := Z(A)/Z(A)?.

Suppose A = @®,>0A*(r) is an Adams-graded cdga over k. We give
B(A) the Adams grading B(A) = @®,>0B(A)(r) where the Adams degree

of [x1]...|Tm] is
] Jzm] =) ).
J

Thus H°(B(A)) = @,>0H°(B(A)(r)) becomes a graded Hopf algebra over F,
commutative as a k-algebra. We also have the Adams-graded co-Lie algebra
Ya = Sr>07a(r).

Remark 5.13. Let A be an Adams-graded cdga over a field F' of character-
istic zero. The Adams grading makes G := Spec H’(B(A)) into a graded
pro-unipotent affine group-scheme (i.e., G comes equipped with an action
of G,). Thus 4 is a graded nilpotent co-Lie algebra, and there is an
equivalence of categories between the graded co-representations of H°(B(A))
in finite dimensional graded F-vector spaces, co-repr(H(B(A))), and the
graded co-representations of 4 in finite dimensional graded F-vector spaces,
co-repp(va)-

Weight filtrations and Tate objects

Let A be an Adams-graded cdga over a field F' of characteristic zero, and let
M = @, M(r) be a graded co-module for 4, finite dimensional as an F-vector
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space. Let W,,M = @,<, M (r). As 74 is positively graded, W,, M is a y4-sub-
comodule of M. Thus, each M has a finite functorial weight filtration, and
the functor gry, is exact. We say that M has pure weight n if W,M = M and
Wyp_1M = 0.

We have the Tate object F'(n), being the 1-dimensional F-vector space,
concentrated in Adams degree —n, and with trivial (i.e. 0) co-action F(n) —
74 ® F(n). Clearly gry/* M = F(n)® for some a, so all objects in co-repg(va)
are successive extensions of Tate objects. The full subcategory of objects of
pure weight n is equivalent to F-mod.

Sending M to gryy M := ®,griy, M defines a fiber functor

griy : co-repp(va) — F-mod

making co-repp(v4) a neutral F-Tannakian category.

The category of cell-modules

The approach of Kriz and May [61] is to define a triangulated category directly
from the Adams graded cdga N without passing to the bar construction or
using a co-Lie algebra, by considering a certain type of dg-modules over N.
We recall some of their work here.

Let A* be a graded algebra over a field F'. We let A[n] be the left A*-module
which is A™T" in degree m, with the A*-action given by left multiplication.
If A*(x) = @, ,A"(r) is a bi-graded F-algebra, we let A<r>[n] be the left
A*(*)-module which is A™*"(r + s) in bi-degree (m, s), with action given by
left multiplication.

Definition 5.14. Let A be a cdga over a field F' of characteristic zero.

(1) A dg-A-module (M*,d) consists of a complex M* = &, M™ with differen-
tial d, together with a graded, degree zero map p : A* ®p M* — M™* which
makes Mx* into a graded A*-module, and satisfies the Leibniz rule

d(a-m) =da-m+(—1)%8% - m; a € A*,me M*,

where we write a - m for p(a ® m).

(2) If A = ®y>0A"(r) is an Adams-graded cdga, an Adams-graded dg-A-
module is a dg-A-module M* together with a decomposition into subcom-
plexes M* = @©;M*(s) such that A*(r) - M*(s) C M*(r + s).

(3) An Adams-graded dg-A-module M is a cell module if M is free and finitely
generated as a bi-graded A-module, where we forget the differential structure.
That is, there are elements b; € M™(r;), j = 1,...,s, such that the maps
a — a - b; induces an isomorphism of bi-graded A-modules

@ gA<r;>[n;] — M.
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The derived category

Let A be an Adams-graded cdga over a field F', and let M and N be Adams-
graded dg-A-modules. Let Hom(M, N) be the Adams-graded dg-A-module
with Hom(M, N)"(r) the A-module maps f : M — N with f(M%(s)) C
Notn(r 4 5), and differential d defined by df (m) = d(f(m)) + (=1)"*L f(dm)
for f € Hom(M,N)™(r). Similarly, let M ® N be the Adams-graded dg-A-
module

(M @ N)"(r) = Gatb=n,s+t=rM"(s) ®p N(t),

with differential d(m ® n) = dm @ n + (=1)%8™m ® dn.
For f : M — N a morphism of Adams-graded dg-A-modules, we let
Cone(f) be the Adams-graded dg-A-module with

Cone(f)"(r) :== N™(r) @ M"T(r)

and differential d(n,m) = (dn + f(m), —dm). Let M[1] be the Adams-graded
dg-A-module with M[1]"(r) := M"!(r) and differential —d, where d is the
differential of M. A sequence of the form

MLNLCone(f) LM[I]

where ¢ and j are the evident inclusion and projection, is called a cone se-
quence.

Definition 5.15. (1) The category KCM(A) is the F-linear triangulated
category with objects the cell-A-modules M, morphisms

Homy (M, N) := H°(Hom(M, N))

with evident composition law, translation M +— M[1] and distinguished tri-
angles those sequences isomorphic to a cone sequence.

(2) The category DCM(A) is the localization of KCM(A) with respect to
quasi-isomorphisms, that is, invert the maps f : M — N which induce an
isomorphism on cohomology H*(M) — H*(N).

We note that the tensor product and internal Hom of cell modules gives
KCM(A) and DCM(A) the structure of rigid triangulated tensor categories.
The following is a useful result (see [61, Proposition 4.2]):

Proposition 5.16. Let ¢ : A — A’ be a quasi-isomorphism of Adams
graded cdgas. Then ¢ induces an equivalence of triangulated tensor categories

DCM(A) — DCM(A).
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The weight and t-structures

It is easy to describe the weight filtration in DCM(A). Indeed, let M =
@ A<r;>[n;] be a cell A-module with basis {b;}. The differential d is de-

termined by
dbj = Z aijbi.

As A*(r) =0if r < 0, and d is of weight 0 with respect to the Adams grading,
it follows that |b;| < |b;] if a;; # 0. We may thus set

Wy M := &, <nA<r;>[n;] C M,

with differential the restriction of d. One shows that this gives a well-defined
exact functor W,, : DCM(A) — DCM(A), and a natural finite weight filtration

0=Wp_1-W,M—...>Wyp_1M—>W, M=M

for M in DCM(A). Let F(n) be the “Tate object 7 A<—n>.

For the t¢-structure, one needs to assume that A is cohomologically con-
nected; by Proposition 5.16 we may assume that A is connected. Let ¢ : A — k
be the augmentation given by projection on A°(0), and define

DCM(A)<p:={M | H*"(M ®4 k) =0 for n > 0}
DCM(A)>o:={M | H*(M ®4 k) =0 for n < 0}
H(A) :={M | H"(M ®4 k) =0 for n # 0}
One shows that this defines a t-structure (DCM(A) <, DCM(A)>¢) on DCM(A)
with heart H(A). Also, the F(n) are in H(A) and these generate H(A), oin
that the smallest full abelian subcategory of H(A) containing all the F(n)
and closed under subquotients and extensions is all of H(A).
The subcategory of H(A) consisting of objects of pure weight n is equiv-
alent to F-mod with generator the Tate object F(—n), giving us the fiber

functor
gryy : H(A) — F-mod

which makes H(A) a neutral F-Tannakian category.

Minimal models

A cdga A over a field F' of characteristic zero is said to be generalized nilpotent
if
1. As a graded F-algebra, A = Sym™*F for some Z-graded F-vector space F,
ie., A= A*Eyqq ® Sym* E,,. In addition, E,, = 0 for n < 0.
2. E is an increasing union of graded subspaces

0=FE'cECc...CcE"C...CE

with dE™ C Sym*E"~ 1.
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Note that a generalized nilpotent cdga is automatically connected.
Let A be a cohomologically connected cdga. An n-minimal model of A is
a map of cdgas

s: M{n} — A,

with M{n} generalized nilpotent and generated (as an algebra) in degrees
< n, such that s induces an isomorphism on H™ for m < n and an injection
on H™*!. One shows that this characterizes s : M{n} — A, up to unique
isomorphism, so we may speak of the n-minimal model of A. Similarly, the
minimal model of 4 is a quasi-isomorphism M{oo} — A with M{co} general-
ized nilpotent; we can recover M{n} as the sub-cdga of M{oo} generated by
Bo<i<nM{oo}!. We call A n-minimal if M{n} = M{cc}. With the obvious
changes, we have all these notions in the Adams-graded setting.

Remark 5.17. In rational homotopy theory, the rational homotopy type corre-
sponding to a cdga A is a K(m,1) if and only if A is 1-minimal, so a 1-minimal
cdga is often called a K (m,1).

Let A be a cohomologically connected edga with 1-minimal model M{1},
let QA = M{1}! with map 0 : QA — A2QA the differential d : M{1}} —
APM{1} = M{1}% Then (QA,9) is a co-Lie algebra over F. If A is an
Adams-graded cdga, then QA becomes an Adams-graded co-Lie algebra. We
can also form the co-Lie algebra y4 as in §5.3.

Putting it all together

In [61] the relations between the various constructions we have presented
above are discussed. We recall the main points here.

Theorem 5.18. Let A be an Adams graded cdga over a field F' of character-
istic zero. Suppose the A is cohomologically connected.

(1) There is a functor p : Db(co-repr(H°(B(A)))) — DCM(A). p respects the
weight filtrations and sends Tate objects to Tate objects. p induces a functor
on the hearts

H(p) : co-repp(H(B(A))) — H(A)

which is an equivalence of filtered Tannakian categories, respecting the fiber
functors gryy, .

(2) Let Ma{1l} be the 1-minimal model of A. Then there are isomorphisms of
graded Hopf algebras H°(B(A)) = HY(B(Ma{1})) and graded co-Lie algebras

QA= Ynmaq) =74

(8) The functor p is an equivalence of triangulated categories if and only if A
is a K(m, 1) (i.e., A is I-minimal).
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5.4 Categories of mixed Tate motives

We are now ready to apply the machinery of §5.3.

Tate motives as modules

Definition 5.19. Let k be a field.

(1) The Bloch-Kriz category of mixed Tate motives over k, BKTMy, is the
category co-repg(H°(B(Ny))) of graded co-representations of the Hopf alge-
bra H°(B(N})) in finite dimensional graded Q-vector spaces, equivalently, the
category co-repg (Y, ) of graded co-representations of the co-Lie algebra v,
in finite dimensional graded Q-vector spaces.

(2) The Kriz-May triangulated category of mixed Tate motives over k,
DTy, is the derived category DCM (N}, ) of cell modules over Nf.

Remark 5.20. One can show that, assuming N is 1-minimal, the co-Lie al-
gebra My, is QM. In general, there is a map of co-Lie algebras
¢ N, — M,
and hence a functor
¢« : BKTMy, = co-rep(yn,) — co-rep(My) = BTMy.

Applying Theorem 5.18 to the situation at hand, we have

Theorem 5.21. Let k be a field. Suppose Ny, is cohomologically connected,
i.e., the Beilinson-Soulé vanishing conjecture holds for k.

1. There is an exact tensor functor p : D*(BKTMjy,) — DTy, preserving the
weight-filtrations and sending Tate objects to Tate objects.

2. The functor p induces an equivalence of filtered Q-Tannakian categories
BKTMy, — H(N%), respecting the fiber functors gri, .

3. The functor p is an equivalence of triangulated categories if and only if
Ny is a K(m,1). In particular, if Ny, is a K(m,1), then

Extl oy, (Q,Q(q)) = H?(k,Q(q)) = Kag—p(k)@

for all p and q.

The very last assertion follows from the identities (assuming p an equiva-
lence)

ExtBr, (Q, Q(g)) = Hompr, (Q, Q(q)[p))
= H?(N"(q))
= H"(k,Q(q))-
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Remark 5.22. If the Beilinson-Soulé vanishing conjecture fails to hold for k,
then there is no hope of an equivalence of triangulated categories D*(BKTM}y) —
DTy, as the lack of cohomological connectness for N, is equivalent to having
Hompr, (Q, Q(¢g)[p]) # 0 for some ¢ > 0 and p < 0.

It is not clear if the lack of cohomological connectness of N} gives an
obstruction to the existence of a reasonable functor p : D*(BKTMy) — DT},

(say, with p(Q(n)) = Q(n)).

Tate motives as Voevodsky motives

The following result, extracted from [85, Theorem 2], shows how the Kriz-May
triangulated category serves as a bridge between the Bloch-Kriz category of
co-modules, and the more natural, but also more abstract, category of Tate
motives sitting inside of Voevodsky’s category DMgp,.

Theorem 5.23. Let k be a field. There is a natural exact tensor functor
¢ : DTy — DMgm(k)

which induces an equivalence of triangulated tensor categories DT}, — DTM(k).
The functor ¢ is compatible with the weight filtrations in DTy and DTM(k).

If Ny is cohomologically connected, then ¢ induces an equivalence of abelian

categories

Note that this gives a module-theoretic description of DTM(k) for all fields
k, without assuming any conjectures. This result also gives a context for the
K (m, 1)-conjecture:

Conjecture 5.24. Let k be a field. Then the cycle cdga N}, is a K (7, 1).

Indeed the conjecture would imply that all the different candidates for
an abelian category of mixed Tate motives over k agree: If Ny is 1-minimal,
the Ny is cohomologically connected. By Theorem 5.23, the abelian cate-
gories H(N}) and TM(k) are equivalent, as well as the triangulated categories
DTy = DCM(N%) and DTM(k). By Theorem 5.21, we have an equivalence
of triangulated categories D*(H(N})) and DTy, and H(N}) is equivalent to
the Bloch-Kriz category BKTMy. By Remark 5.20, the graded co-Lie algebras
QN and M, agree, so we have equivalences of abelian categories

BTM(k) ~ BKTM(k) ~ TM(k) ~ HDTy
and triangulated categories
DY(TM(k)) ~ DTM(k).

All these equivalences respect the tensor structure, the weight filtrations and
duality.



Mixed Motives 71

5.5 Spitzweck’s representation theorem

We sketch a proof of Thereom 5.23.

Cubical complexes in DM (k)
To give a representation of DT, into DM,,,, it is convenient to use a cubical
version of the Suslin-complex C,.

Definition 5.25. Let F be presheaf on Smy. Let C<P(F) be the presheaf

CP(F)(X) = F(X xO")/ Zn:qr;(f(x x Om=1)).

J=1

and let CP(F) be the complex with differential

(1) Fj0) = Y (=17 Fy0).

1 j=1

-

dy, =

J

If F is a Nisnevic sheaf, then C¢"(F) is a complex of Nisnevic sheaves, and
if F is a Nisnevic sheaf with transfers, then CSP(F) is a complex of Nisnevic
sheaves with transfers. We extend the construction to bounded above com-
plexes of sheaves (with transfers) by taking the total complex of the evident
double complex.

For a presheaf F, let CA(F) € CP(F)g denote as above the subspace
of alternating elements with respect to the action of X, on (0", forming the
subcomplex CA(F) C CP(F)q. We extend this to bounded above complexes
of presheaves as well.

The arguments used in §2.5 to compare Bloch’s cycle complex with the
cubical version show

Lemma 5.26. Let F be a bounded above complex of presheaves on Smy.

1. There is a natural isomorphism CSU(F) = CP(F) in the derived cate-
gory of presheaves on Smy. If F is a presheaf with transfer, we have an
isomorphism CSUS(F) = C(F) in the derived category D~ (PST(k)).

2. The inclusion CM(F)(Y) C CP(F)(Y) is a quasi-isomorphism for all
Y € Smy.

In particular, CP(F) has homotopy invariant cohomology sheaves, so we

have the functors . .
C . 0~ (ShN®(k)) — DM (k).

CAt . 0~ (ShNE (k) — DM (k) ® Q.
Taking the usual Suslin complex also gives us a functor
CE" 07 (ShN*(k)) — DM (k).

and we thus have the isomorphism of functors CS% — C and CA* —
(CP)e-
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The cycle cdga in DM®® (k)

We apply this construction to F = Zq.an(A?). The symmetric group X,
acts on this sheaf by permuting the coordinates in A7, we let N3™(q) C
CMY(Zqin(A7)) be the subsheaf of symmetric sections with respect to this
action.

Lemma 5.27. The inclusion Ni™ (q) C CAY(Zq.an(A9)) is an isomorphism
in DM (k)

Proof. Roughly speaking, it follows from Theorem 2.25, Lemma 2.28 and
Lemma 5.26 that the inclusion

O (Zasin(AD)(Y) — 29(Y x AT, )M
is a quasi-isomorphism for each Y € Smy,. As the pull-back
29(Y x A9 )M 29(Y x A9, %)M

is also a quasi-isomorphism by the homotopy property, X, acts trivially on
29(Y x A9, %) in D~(Ab). O

For X,Y € Smy, the external product of correspondences gives the asso-
ciative external product

O (Za.in(A)(X) ® O (Za.sn (A7) (Y) — CY

n+m

(Za.in (APT)) (X %1 Y)

Taking X =Y and pulling back by the diagonal X — X x; X gives the cup
product of complexes of sheaves

U: C:b (Zq-ﬁn (AP) ® C:b(Zq.ﬁn(Aq)) - C:b(Zq.ﬁn (Ap+q))'

Taking the alternating projection with respect to the [1* and symmetric pro-
jection with respect to the A* yields the associative, commutative product

S NEP(p) @ NE™ (@) = N (p + q),

which makes NE" := @,>oN;"(r) into an Adams-graded cdga object in
O~ (Sh™s(k)).
In particular, if a is in N2 (k), multiplication by a gives an endomorphism

a-—: NZ™ — NS

A replacement for N}

Let
Ni(A")™(r) := (2" (A7, 2r — n) A0y,

where sym means the symmetric subspace with respect to the X,.-action on A"
by permuting the coordinates. Taking the external product and the alternating
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and symmetric projections defines an Adams-graded cdga Ny (A*). We have
the evident inclusion

i NP (k) — Ni(AY),
and the pull-back via the maps 7, : A” — Spec k defines
T N — Ni(A").

As above, i and 7* are both quasi-isomorphisms of cdgas. Thus, we have the
equivalence of triangulated tensor categories

DT}, := DCM(N;) ~ DCM(Ni(A*)) ~ DCM(NVE™ (k).

The functor DTy, — D Mg, (k)g

We are now ready to define our representation of DTy := DCM(N}) into
DMgm(k)g. Let N'=NF™ (k). We actually define a functor

¢ : DOM(N) — D Mg (k)g

where DCM(N)’ is the category of cell-A/-modules with a choice of basis. As
this is equivalent to DCM(N/), which in turn is equivalent to DTy, the functor
¢ suffices for our purposes.

Let M = ®,;N'm; be a cell N-module, with basis {m;} and differential d

given by
dmj = Z AijMy.
i
Encoding d as the matrix (a;;), the condition d? = 0 translates as

(aij) - (aiz) = (daij), (7)

where da;; is the differential in N. Let ¢(M,d) be the complex of sheaves
®;NE" (rj)[n;lp;, where pj is a formal basis element. The differential § in
¢(M, d) characterized by

6(py) = Z ijfhiy
ij

and the requirement that ¢ satisfy the Leibniz rule
§(a-py) = da- pj+ (=1)*5a - 5(u;)

for a a local section of NZ™(r;)[n;]. The matrix equation (7) ensures that
62 = 0, giving a well-defined object of DM®f (k).

If f: M — N is a morphism of cell N-modules, , we choose bases {m;}
for M and {n;} for N, let {x;} and {v;} be the corresponding bases for ¢(M)

and ¢(N). If f(m;) = >, fijni, then define ¢(f) by ¢(f)(1;) = >_; fij-
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One easily checks that ¢ respects tensor products, the translation functor
and cone sequences, so yields a well-defined exact tensor functor

¢ : DCM(NVE™ (k) — DMgm(k)q-

By construction, ¢(Q(n)) is the object NF™(n) of DMgw(k)g, which by
Lemma 5.26 and Lemma 5.27 is isomorphic to C5%(Zyan(A™))g = Q(n)
in DMgm(k)g. Furthermore, we have

Hompr, (Q(0), Q(n)[m]) = H™(Nk(n)) = CH" (k, 2n — m),

which agrees with Homprwx) (Q(0), Q(n)[m]); it is not hard to see that ¢
induces the identity maps between these two Hom-groups. Since the Q(n)’s
are generators of DTy, it follows that ¢ is fully faithful; since DTM(k) is
generated by the Q(n)’s, ¢ is therefore an equivalence. This completes the
proof of the representation theorem 5.23.

6 Cycle classes, regulators and realizations

If one uses the axioms of §3.1 for a Bloch-Ogus cohomology theory, motivic
cohomology becomes the universal Bloch-Ogus theory on Smy. The various
regulators on higher K-theory can then be factored through the Chern classes
with values in motivic cohomology. Pushing this approach a bit further gives
rise to “realization functors” from the triangulated category of mixed motives
to the category of sheaves of abelian groups on Sm%"”. In this section, we give
a sketch of these constructions. See also the article of Goncharov [35] in this
volume.

There are other methods available for defining realization functors which
we will mention as well.

6.1 Cycle classes

We fix a Bloch-Ogus cohomology theory I" on Smy. In this section, we describe
how one constructs functorial cycle classes

Cl%p : CHq(Xu 2q _p) - H;)‘(Xv q)u

and describe some of their basic properties. We refer to §3.1 for the notation.

Relative cycle classes

The main point of the construction is to use the purity property of I" to extend
the cycle classes to the relative case. Let D = YI" | D; be a strict normal
crossing divisor on some Y € Smy, that is, for each subset I C {1,...,m},
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the subscheme Dy := NjcrD; of Y is smooth over k and of pure codimension
|[I] on Y. We include the case I = ) in the notation; explicitly Dy =Y.

Let I'(x) be a flasque model for I'(x), e.g., for each X € Smy, I'(n)(X) is
the complex of global sections of the Godement resolution of the restriction
of I'(n) to Xzar; in particular, we have

Hp(X,q) = H"(I'(9)(X)).

Let I'(q)(X; D) be the iterated shifted cone of the restriction maps for the
inclusions D; — X, that is, if m = 1, D = D1, then

I(q)(X; D) == Cone(i}, : I'(q)(X) — I'(q)(D))[-1]

and in general, I'(¢)(X; D) is defined inductively as

m—1 . m—1
I'(q)(X; D) := Cone(f‘(q)(X; Z D;) =% I'(q)(D1; Z D1 N Dy))[-1].
i=1 i=1

One can also define I'(q)(X; D) as the total complex associated to the
m-cube of complexes

I+ I'(q)(Dr),

from which one sees that the definition of I'(¢)(X; D) is independent of the
ordering of the D;. Define the relative cohomology by

Hi(X;D,q) == H*(I'(q)(X; D)).

For W C X a closed subset, we have relative cohomology with supports,
defined as B
Hrw(X;D,q) == H (I (9)(X; D)),

where
I'(q)(X; D) = Cone(j* : I'(q)(X; D) — I'(q)(X \ W;5*D))[-1],

and j : X \ W — X is the inclusion.

Let D' = Y7, D} be a SNC divisor on X containing D. Let z9(X)p-
denote the subgroup of 24(X) generated by integral codimension ¢ subschemes
W such that

codimp, (W N D7) > ¢

for all I C {1,...,r}, and let 29(X; D)ps denote the kernel of the restriction
map

*

255
29(X)pr —— @L,2%(D;).

If W C X is a closed subset, let z{;,(X; D)ps be the subgroup of 29(X; D)p,
consisting of cycles supported in W; we write z{}, (X; D) for zf,(X; D)p.
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Lemma 6.1. Let W C X be a closed subset, D = > | D; a strict normal
crossing divisor on X € Smy,. Let A be the ring HY(Speck,0).

1. Ifcodimp, (WNDr) > q for all I, then HF.y,(Y; D, q) = 0. If codimp, (WN
Dr) > q for all I, then Hf,y (Y;D,q) =0 for all p < 2q

2. Suppose that codimp, (W NDy) > q for all I. Then the cycle class map cl
define an isomorphism

c: 2zl (X;D)® A — HX(X;D,q).

Proof. For m = 0, (1) is just the purity property of Definition 3.1(3). The
property (5) and the Gysin isomorphism (4)(b) of 3.1 give the isomorphism
of (2) for W smooth, and one uses purity again to extend to arbitrary W. In
general, one uses the long exact cohomology sequences associated to a cone
and induction on m. g

Higher Chow groups and relative Chow groups

Identifying the higher Chow groups with “relative Chow groups”, making
a similar identification for I'-cohomology, and using the relative cycle map
completes the construction.

For m > 0, let 9% and A% be the SNC divisors Y . ,(t; = 0) and
Z?:_Ol (t; = 0) on X x A™, respectively. For a commutative ring A, we have
the higher Chow groups with A-coefficients

CHY(X,n; A) := H,(29(X, %) ® A).
Define motivic cohomology with A-coefficients, H? (X, A(q)), by
HP(X, A(g)) == CHY(X, 2g — p; A).
Lemma 6.2. There is an exact sequence
X AL AT e @ A —
21X x A", 0%)® A — CHY(X,n; A) — 0.

Proof. By the Dold-Kan theorem [29], the inclusion of the normalized sub-
complex

NzY(X, ) — 29(X, *)

is a quasi-isomorphism. Since Nz9(X, n) = z9(X x A", A ) gy with differential
sty 1+ 21X % AT AT o 29X x A, Ao

the result follows. O
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Lemma 6.3. Let X be in Smy. Then Hi(X x A™; A%, q) = 0 for all ¢ and
there is a natural isomorphism

HP(X x A" 0% ,q) = HY"(X, q)
Proof. This follows from the homotopy property of I" and induction on n. 0O
We can now define the cycle class map
CHY(X,n; A) ), Hl%qfn(X, q),
where A is the coefficient ring H(Spec k, 0); we then have
%7 : HP(X, Alg)) — HP(X,q)
by cl?? := cl?(2¢q — p).
Indeed, from Lemma 6.1, we have natural isomorphisms

29X x A", 0%) ® A= lim HPA, (X x A" 0%, q)
w
(X x AL AT o @ A 2 Tim Hiy, (X x A" AR g)
W/

where W runs over codimension ¢ closed subsets of X x A™ “in good position”
with respect to the faces of A™, and W’ runs over codimension ¢ closed subsets
of X x A"*T1 “in good position” with respect to the faces of A"+, “Forgetting
the supports” gives maps

lim H 7 (X x A™ 0%, q) — HF (X x A" 0%, q)

w
lim 7, (X x A™FH AR q) — HPH(X < A" A% g)
W/

Putting these together and using and Lemma 6.2 and Lemma 6.3 gives the
desired cycle class maps

c(n) : CHY(X,n; A) — HF¥ (X, q).
Remark 6.4. With a bit more work, one can achieve the maps cl?? as maps
o' : Zrs(q) @" A — I'(q) (8)

in D(Sh*”(k)), compatible with the multiplicative structure. Using Re-
mark 2.22; we have the structure map

cd'ou:G,[-1]— (1)

promised in §3.1.

For additional details, we refer the reader to [33] ([33] considers cl? as a
map from the cycle complexes Zp)(q) instead, but one can easily recover the
statements made above from this).
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In any case, we have:

Theorem 6.5. Fix a coefficient ring A. Motivic cohomology with A-coefficients,
H*(—, A(x)), as the Bloch-Ogus theory on Smy, represented by Zys(x) @% A,
is the universal Bloch-Ogus cohomology theory with coefficient ring A, in the
sense of Definition 3.1.

Remark 6.6. With minor changes, the cycle classes described here extend to
the case of scheme smooth and quasi-projective over a Dedkind domain, for
example, over a localization of a ring of integers in a number field, using the
extension of the cycle complexes described in Remark 2.9. For instance, we
have cycle classes

c®? . HP(X,Z/n(q)) := CHY(X, 2q — p; Z/n) — HL (X, Z/n(q))

for X — Spec (Op[1/n]) smooth and quasi-projective, F' a number field.

Explicit formulas

The abstract approach outlined above does not lend itself to easy computa-
tions in explicit examples, except perhaps for the case of units and Milnor
K-theory. Goncharov explains in his article [35] how one can give a fairly
explicit formula for the cycle class map to real Deligne cohomology; this has
been refined recently in [59] and [60] to give formulas for the map to integral
Deligne cohomology. Although this search for explicit formulas may at first
seem to be merely a computational convenience, in fact such formulas lie at
the heart of some important conjectures, for instance, Zagier’s conjecture on
relating values of L-functions to polylogarithms [102].

Regulators

The classical case of a regulator is the Dirichlet regulator, which is the co-
volume of the lattice of units of a number field under the embedding given
by the logarithm of the various absolute values. The term “regulator” now
generally refers to a real-valued invariant of some K-group, especially if there
is some link with the classical case.

The Dirichlet construction was first generalized to higher K-theory of num-
ber rings by Borel [20] using group cohomology, and was later reinterpreted
by Beilinson [5] as a lattice co-volume arising from a Gillet-type Chern class
to real Deligne cohomology. In the context of the cycle class maps described
above, we only wish to remark that it is easy to show that Gillet’s Chern class
r? Kog—p(X) — HY(X, q) factors as

Kagp(X) <5 HP (X, Z(q)) <55 HE(X, q).

for I'(x) a Bloch-Ogus cohomology theory.
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6.2 Realizations
Extending the cycle class map

In this section, we describe the method used by Levine [63, Part 1, Chap.
V] for defining a realization functor on DM (k) associated to a Bloch-Ogus
cohomology theory I' (see [63, Part 1, Chap. V, Theorem 1.3.1] for a precise
statement, but note the remark below). We retain the notation of §6.1.

Remark 6.7. There is an error in the statement of [63, Part 1, Chap. V,
Definition 1.1.6 and Theorem 1.3.1]: The graded complex of sheaves F should
be of the form F = @4czF(q), not Sqge0F (¢), as it is stated in loc. cit.. In
Definition 1.1.6, the axioms (ii) and (iii) are for ¢ > 0, whereas the axiom (iv)
is for all ¢1,¢2 and axiom (v) is for all ¢. I am grateful to Bruno Kahn for
pointing out this error.

One would at first like to extend the assignment Zx (q) — I'(q)(X) to a
functor
Rr : DM(k) — D(AD).

There are essentially two obstructions to doing this:

1. In DM(k), we have the isomorphism

Zx(q) @ Zy(¢') = Zxxy(q+¢),

but there is no requirement that the external products for I" induce an
analogous isomorphism in D(Ab),

F(g)(X)@" I'(¢)Y) 2T (qg+¢)X xY).

In fact, in many naturally occuring examples, the above map is not an
isomorphism.

2. The object I'(x) = @©4,I'(q) is indeed a commutative ring-object in the
derived category of sheaves on Sm%"”, but the commutativity and asscia-
tivity properties of the product may not lift to similar properties on the
level of the representing complexes I'(¢)(X).

To avoid these problems, one considers a refinement of a Bloch-Ogus the-
ory, namely a geometric cohomology theory on Sm?k [63, Part 1, Chap. V, Def.
1.1.6], where 7 is a Grothendieck topology, at least as fine as the Zariski topol-
ogy, having enough points (e.g., the étale, Zariski or Nisnevic topologies). Let
A be a commutative ring and let Sh’ (Smy) be the category of sheaves of A-
modules on Sm;';. Essentially, a geometric cohomology I' is given by a graded
commutative ring object I'(x) = Gqezl'(g) in C(Sh)y(Smy)), such that

1. All stalks of the sheaves I'(¢)™ are flat A-modules.
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2. For X in Smy, let px : X — Speck denote the projection. Then for X
and Y in Smy, the product map

RPX*(ﬁ(Q)IX) ®" RPY*(ﬁ(q/)\Y) — Rpxxy«(I'(q+ q)ixxy)

is an isomorphism in D(Sh’,(Speck)).

3. Let « : Sm,';A—> Sm?* be the change of topology morphism, and let
I'(n) := Ra,I'(n). Then I'(x) := @®,>0l'(n) defines a Bloch-Ogus coho-
mology theory on Smy, in the sense of §3.1.

4. Let 1 denote the unit in Sh’(Speck) and [Speck] : 1 — f(0)|3peck

the map in D(Sh’,(Speck)) corresponding to the cycle class [Speck] €

HY(Speck,0). Then [Spec k] is an isomorphism.
Examples of such theories include: de Rham cohomology, singular cohomology,
étale cohomology with mod n coeflicients.

Having made this refinement, one is able to extend to assignment Zx (¢) —

Rpx«(I'(q)|x) to a good realization functor:

Theorem 6.8 ([63, Part 1, Chap. V, Thm. 1.3.1]). Let I" be a geometric
cohomology theory on Smy,, and let A := H?(Speck,0). Then sending Zx(q)

to Rpx«(I'(q)|x) extends to an exact pseudo-tensor functor
Rr : DM(k)a — D(Sh’(Speck)).

Here Sh; (Spec k) is the category of sheaves of A-modules on Spec k, for the
?-topology. DM (k) 4 is the extension of DM (k) to an A-linear triangulated
category formed by taking the A-extension of the additive category Aot (k)
and applying the construction used in §4.4 to form DM (k) (this is not the
same as the standard A-extension DM (k) ® A if for instance A is not flat over
7).

The rough idea is to first extend the assignment

Zx(q) — Rpx.(I'(q)x)

to the additive category Amoi(k) ® A (notation as in §4.4) by sending the
cycle map [Z] : x — Zx (d)[2d] to a representative of the cycle class with sup-
ports in codimension ¢ for the cohomology theory I'. The lack of a canonical
representative creates problems, so we replace Amot(k) with a DG-category
Aot (k) for which the relations among the cycle maps [Z] are only satisfied
up to homotopy and “all higher homotopies”. Proceeding along this line, one
constructs a functor

R KO (Aot (k) @ A) — K (Sh’, (Speck)).
One then “forgets supports” in the theory I" and passes to the derived category

RE . K(Amot(k) ® A) — D(Sh’,(Speck)).
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Now let D®(Anot(k) ® A) be the localization of K®(Anoi(k) ® A) as a
triangulated tensor category, formed by inverting the same generating set
of maps we used to form D’( Aot (k)) from K®(Auot(k)). The Bloch-Ogus
axioms for I' imply that RE extends to a functor on D®(Apmet(k) ® A); one
then extends to the pseudo-abelian hull of D®(Amet(k) ® A) and proves that
this pseudo-abelian hull is equivalent to our original category DM (k) 4.

Remark 6.9. We take this opportunity to correct an error in [63], pointed out
to us by Bruno Kahn: In [63], we only required that a geometric cohomology
be non-negatively graded: I'(x) = @,501'(¢). This of course leaves nowhere to
send Zx (q) for ¢ < 0, so the full Z-grading, as described above, is required.

Remark 6.10. Although theories such as Beilinson’s absolute Hodge coho-
mology, Deligne cohomology, or ¢-adic étale cohomology do not fit into the
framework of a geometric cohomology theory, the method of construction of
the realization functor does go through to give realization functors for these
theories as well. We refer the reader to [63, Part 1, Chap. V, §2] for these
constructions.

We would like to correct an error in our construction of the absolute Hodge
realization, pointed out to us by Pierre Deligne: In diagram (2.3.8.1), pg. 279,
defining the object D[X, X], the operation Dec is improperly applied, and
the functor p(x %), (top of page 278) is incorrectly defined. To correct this,
one changes p y x). by first taking global sections as indicated in diagram
(2.3.6,8), and then applying the operation Dec to all the induced W-filtrations
on the global sections. One also deletes the operation Dec from all applications
in the diagram (2.3.8.1) defining D[X, X]. With these changes, the construc-
tion goes through as described in [63].

Huber’s method

Huber constructs realizations for the rational Voevodsky category DMgm (k)q
in ([49, 50]) using a method very similar to the construction used by Nori to
prove Proposition 3.17. The idea is the following: Suppose the base field is C.
Let W — X be a finite dominant morphism, with X € Smy, and W and X
irreducible. Let W/ — X be the normalization of X in the Galois closure of
E(W)/k(X), let G = Gal(k(W')/k(X)), and let C*(X) denote the singular
cochain complex of X (C) with Q-coefficients. Then G acts on C*(W'), and in
fact the natural map C*(X) — C*(W’) gives a quasi-isomorphism

O (X) — C* (W)€,

where C*(W')¢ is the subcomplex of C*(W') of G-invariant cochains. Also,
since we have Q-coefficients, there is a projection w : C*(W') — C*(W')C.
Thus, one can define the pushforward my,/x, : C*(W) — C*(X) as the com-
position in DT (Q-mod)

1%
~

CH(W) L (W) L O (WG & 0 (X)
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where p : W’ — W is the projection and d is the degree of p. Now, if W =
> niW; is in Cor(X,Y’), we have the map

W,:C*"(Y) — C*(X)
in DT (Q-mod) defined as the sum Y, n;W;., where W, is the composition

«
W, /Y TW, /X *

C*(Y) c* (W) C*(X)
where Ty, /y : Wy — Y is the evident map.
Refining this to give maps on the level of complexes, the assignment X —

C*(X) extends to a functor
Rsing : COI‘((C)%p —Ct (@—VGC);

the properties of singular cohomology as a Bloch-Ogus theory imply that Rging
extends to an exact functor

§Rsing : DMgm((C)Q - DJr (Q—mod)

Two essential problems occur in this approach:

1. For many interesting theories I" (e.g. de Rham cohomology), even though
there are extensions of I' to complexes on all reduced normal quasi-
projective k-schemes, it is often not the case that I'(¢)(X) — I'(q)(W')¢
is a quasi-isomorphism, as was the case for singular cohomology.

2. It is not so easy (even in the case of singular cohomology) to refine the
map 7y, x« to give a functorial map on the level of complexes.

Huber overcomes these difficulties to give realizations for singular coho-
mology, as described above, as well as for QQg-étale cohomology, and rational
Deligne cohomology.

Nori’s realizations
Using the functor (4) (see just below Definition 3.20)
I : DMy, (k) — D*(NMM(k)),

and the universal property of the category NMM(k) (derived from the univer-
sal property of ECM(k)), one has integral realization functors from D Mgy, (k)
for: singular cohomology, ¢-adic étale cohomology, de Rham cohomology, and
Beilinson’s absolute Hodge cohomology. These do not seem to have been used
at all in the literature up to now, so we hope that a good version of Nori’s
work will appear soon.
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Bloch-Kriz realizations

We conclude our overview of realizations by briefly discussing the method
used in [18] for constructing realizations of the Tate category BKTM}. Denote
the motivic Hopf algebra H(B(N&)) by Xmot(k) (see Definition 5.19 for the
notation).

One can consider for instance the category of continuous Gy, := Gal(k/k)
representations M in finite dimensional Qg-vector spaces, such that M has
a finite filtration W, M with quotients gr’V M being given by the nth power
of the cyclotomic character. This forms a Tannakian Q,-category, classified
by an Adams-graded Hopf algebra xet ¢(k). Thus, in order to define an étale
realization of the category BKTMy = co-rep(xmot(k)), it suffices to give a
homomorphism of Hopf algebras

Pét Xmot(k) - Xét,l(k)-

Using a modification of the cycle-class method discussed in §6.1, they show
that the cycle class map (8), for I'(x) = Qg-étale cohomology, can be refined
to give rise to such a homomorphism ¢g¢;, and hence a realization functor

¢et : BKTMy, — co-rep(xet,e(k)) — Q¢[Gr]-mod.

It would be interesting to compare this realization functor with the one given
by Spitzweck’s representation theorem and Nori’s realization functor.

A similar method yields a description of real mixed Hodge structures as the
Tannakian category of co-representations of an Adams graded Hopf algebra
XHdg over R, and a realization homomorphism

¢Hdg : Xmot((c) — XHdg-

Again, it would be interesting to compare this with Nori’s approach, and to
see if the refined cycle classes of [59, 60] allow one to give a more explicit
description of ¢uqg.
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