TECHNIQUES OF LOCALIZATION IN THE THEORY OF
ALGEBRAIC CYCLES

MARC LEVINE

ABSTRACT. We extend the localization techniques developed by Bloch to sim-
plicial spaces. As applications, we give an extension of Bloch’s localization
theorem for the higher Chow groups to schemes of finite type over a regu-
lar scheme of dimension at most one (including mixed characteristic) and,
relying on a fundamental result of Friedlander-Suslin, we globalize the Bloch-
Lichtenbaum spectral sequence to give a spectral sequence converging to the
G-theory of a scheme X, of finite type over a regular scheme of dimension one,
with El-term the motivic Borel-Moore homology.

1. INTRODUCTION

1.1. Bloch’s higher Chow groups. We begin by recalling Bloch’s definition of
the higher Chow groups [1]. Fix a base field k. Let AkN denote the standard
“algebraic N-simplex”

AY := Specklt, . .. ,tN]/Zti -1,

let X be a quasi-projective scheme over k, and let A% be the cosimplicial scheme
N +— X Xk Ag

A face of A¥ is a subscheme defined by equations of the form t;, = ... =1t; =0.
Let X(,,q) be the set of dimension ¢ + p irreducible closed subschemes W' of A%
such that W intersects each dimension r face F' in dimension < g + r. We have
Bloch’s simplicial group

P 2q(X,p),

with z,(X,p) the subgroup of the dimension ¢ + p cycles on X x AP generated by
X(p,q)- Denote the associated complex by z,(X,*). The higher Chow groups of X
are defined by

CHy(X,p) := Hp(z¢(X, %)).
If X is locally equi-dimensional over k, we may label these complexes by codimen-
sion, and define

CHY(X,p) := Hp(21(X, %)),
where 29(X, p) = z4—p(X, p) if X has dimension d over k.

These groups compute the motivic Borel-Moore homology of X and, for X
smooth over k, the motivic cohomology of X by
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Theorem 1.2. There is a natural isomorphism
Hy M (X, Z(q)) = CHy (X, p — 29),

where HBM- is the motivic Borel-Moore homology. Suppose X is smooth over k.
There is a natural isomorphism

H?(X,Z(q)) = CHY(X,2q — p).

Here the motivic cohomology is that defined by the construction of [6], [8] or
[12].

The categories of [12] and [8] are equivalent for k of characteristic zero [8, VI,
Theorem 2.5.5]. In addition, motivic cohomology has many of the formal prop-
erties one expects, including Mayer-Vietoris, Chern classes and Chern character
isomorphism from K-theory, and duality. Thus, one is somewhat justified in using
Bloch’s higher Chow groups as the definition of motivic cohomology for a smooth
quasi-projective k-scheme.

Required for the above theorem is the fundamental localization result from [2].

Theorem 1.3 (Bloch). Let Z C X be a closed subscheme, U the complement X\ Z.
Then the sequence

2q(Z, %) SZZN zg(X, %) 2o, 2q(U, %)
is a distinguished triangle, i.e., the quotient complex z4(U, %)/ jiz4(X, %) is acyclic.

Remark 1.4. For ¢ < dim X — 1, the map jj; is not surjective, except for some
trivial cases.

1.5. In this paper, we give an extension of the technique used to prove Theo-
rem 1.3, which allows one to prove similar moving lemmas in a more general setting.
Our main result (Theorem 1.9) is stated below.

Theorem 1.9 extends Bloch’s results in two directions: it allows the base-ring A
to be a semi-local PID instead of a field, and it gives a more precise formulation
of the homological construction used to prove the acyclicity in Theorem 1.3. This
will allow us to apply the moving lemma to certain interesting simplicial spaces.

1.6. Applications. We give two applications of our main result. The first is an
extension of the localization result Theorem 1.3 to schemes of finite type over a
regular scheme B of dimension at most one. For f : X — B a finite-type B-
scheme, we have the set X, ) defined as above, where we use a certain dimension
function instead of dimension over k; see §1.8 below for the precise definition. We
let z4(X,p) denote the free abelian group on X, ;y, forming the simplicial abelian
group p — z4(X,p), and the associated complex z,(X, *). The complexes z,(X, )
are covariant for proper morphisms, and contravariant for flat morphisms (with
an appropriate shift in ¢). In particular, we have the complex of sheaves on B,
f+zq(X, %), associated to the presheaf V  z,(p~1(V),x). These complexes of
sheaves have the same functoriality as the complexes z,(—, *).
Here is our extension of Bloch’s localization result:

Theorem 1.7. Let B be a regular one-dimensional scheme. Leti: Z — X be a
closed subscheme of a finite-type B-scheme f : X — Spec B, and let j : U — X be
the complement. Then the (exact) sequence of sheaves on B

0 = (f 08)azq(Z,%) =5 fuzg(X, ) L5 (f 0 §)ezq(U, %)
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forms a distinguished triangle in the derived category; in other words, the quo-
tient complex (f o §)azq(U,*)/5*(frzq(X,%)) is acyclic. If B is semi-local, then
2q(U, %) /5% 24(X, %) is acyclic, hence the exact sequence of complezes

0 — 24(Z, %) LR 2q(X, %) 7, 24(U, )
forms a distinguished triangle.

If we set CHy(X,p) := H P (Bgar, frzq(X, %)) =: HE_‘%&(X, Z(q)), then Theo-
rem 1.7 gives a long exact localization sequence for the higher Chow groups/motivic

Borel-Moore homology. We also have the identity
Hiym (B, fizq(X, %)) = Hy(2(X, ))

for B semi-local.
The second application is a globalization of the Bloch-Lichtenbaum spectral se-
quence [3]

qu = HP(F,Z(—q/2)) = K—p—q(F)v

F' a field, to a spectral sequence (of homological type) for X — B of finite type, B
a regular noetherian scheme of dimension at most one,

B}, = HPM (X, Z(~q/2)) = Gpyq(X).

The proof relies on the Bloch-Lichtenbaum sequence for field, plus the fundamental
result of Friedlander-Suslin [5, Theorem 6.1], which gives a natural interpretation
of the Bloch-Lichtenbaum sequence as coming from the “niveau” tower associated
to the cosimplicial scheme A%, in case X = Spec F. For details, see §8. In [10],
we examine various properties of this spectral sequence, including the construction
of Adams operations, functoriality, multiplicative properties, and comparison with
étale cohomology and étale K-theory. In [5], Friedlander and Suslin have given a
gobalization of the Bloch-Lichtenbaum spectral sequence to schemes of finite type
over a field by another method.

1.8. Statement of results. Before we state our main result, we introduce some
notation.

Let B be a regular noetherian scheme of dimension at most one. For f: X — B
an irreducible B-scheme of finite type, the dimension of X is defined as follows:
Let n € B be the image of the generic point of X, X, the fiber of X over n. If n
is a closed point of B, then X is a scheme over the residue field k(n), and we set
dim X := dimy,) X. If  is not a closed point of B, we set dim X := dimy,,) X, +1.
If X — B is proper, then dim X is the Krull dimension of X, but in general dim X
is only greater than or equal to the Krull dimension. If X is equi-dimensional over
B, we write dimpg X for the dimension of X over B.

We let A™ = Spec g(Oglto, - .. ,tn]/ >, ti — 1), giving the cosimplicial B-scheme
A*. We have for each B-scheme X the cosimplicial scheme A% := X xg A*, and
for each (p,q) the set X(, ) of irreducible closed subsets C' of A% of dimension
p + ¢, such that, for each face F' of AP, we have

dim(CNX x F) < dimp F +g.

If U is an open subscheme of X, we let U();q) be the subset of U, ,) consisting of

those irreducible closed subsets whose closure in Ag( are in X (pyq)-
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We work in the additive category ZSchp, with the same objects as Schp, where
Homgsenh,; (X,Y) is the free abelian group on Homggen, (X,Y) for X and Y con-
nected, and disjoint union is the direct sum. By taking the usual alternating
sum of the coboundary maps, the cosimplicial scheme A* becomes an object of
C*(ZSchp), also denoted A*. We also have the object (AN; 9AN) of C*(ZSchp),
defined as follows: In degree —r, (AN; 9AYN) is the direct sum of the objects DAY,
I a proper subset of {0,..., N} having r elements, where

AT = Nies(t; = 0).
The differential in (AY; 9AYN) is an alternating sum over the various inclusion maps.
The appropriate alternating sum of identity maps defines the map of complexes (of
degree —N)
Ty A* — (AN 9AN).

For details on these constructions, we refer the reader to §2, §2.2 and §2.4.

The coordinates ¢;, j € I, in the standard order, give a canonical isomorphism
o s AM-HI 8A§VI. We define X(; ) to be the set of irreducible closed subsets of
X x OA} that correspond to elements of X(ys_|7|,¢) via id X ¢;. For U open in X,
we define U()I( I similarly.

We can now state our extension of the main technical result of [2].

Theorem 1.9 (cf. [2], §3). Let B = Spec A, where A is a semi-local PID with
infinite residue fields, and let U be an open subscheme of a B-scheme X of finite type
over B. Let {C; ;} be a finite collection of irreducible closed subsets, Cr ; € Ut,4;)s
IC{0,1,...,N}. Then there is a degree —N map of complezes

T A* — (AN;0AN),

and a homotopy H of W with Wy, with the following property: Write ¥ and H as
sums with Z-coefficients

U= > aiff; H= > migh njmj#0,
Ig{o,s.’.. N} Ig{o,s.’.. N}
with
fio AN AT gy s ANTUIRL S 9AR,

maps of B-schemes. Then

1. Each component of (id x f7)~1(Cy ;) is in U()fv_ll‘,qj) for each I, s and j.

2. Each component of (id x g7)~'(Cy ;) is in Un_|141,q,) for each I, s and j.

3. IfCrj isin U();q]), then each component of (idx g§)~*(Cy ;) is in U()fvfll\ﬂ,qj)

for each s.

We actually prove a somewhat finer result, Theorem 6.12, which is useful in case
A has some finite residue fields. The proof of Theorem 1.9 and Theorem 6.12 uses
our extension of the fundamental result [2, Theorem 2.1.2]:

Theorem 1.10 (]9, Theorem 1.3)). Let B be a regular scheme of dimension at
most one. Let X be a B-scheme of finite type, S — B a smooth B scheme with strict
reduced relative normal crossing divisor 0S, and Z C X xg S a closed subscheme,
not contained in X x 0S. Then there is an iterated blow-up of faces p: S’ — S (see
§3) such that (id x p)~1[Z] intersects X x F properly for all faces F of 8S’.
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Here (id x p)~1[Z] is the proper transform of Z, 95’ := p~1(0S)eq, and a “face”
I of 95" is a subscheme of " of the form dS], N...NdS] , where the 05} are
the irreducible components of the normal crossing divisor 8S’. The divisor 95’ is
refered to as the distinguished divisor on S’. A wvertex of 95’ is a face of dimension
zero over B.

A rough sketch of the proof of Theorem 1.9 is as follows: One first reduces to
the case of quasi-projective X. We may assume, by adding in even more irreducible
subschemes, that the subschemes C7 ; for |I| > 0 are contained in the intersection
of the Cp ; with faces of U x AN We replace the simplex AN with the cube
ON = AN, with 90" the union of the divisors z; = 0, 1, via a birational morphism
7 AN — OV with 0O = 771(0AN),cq. We then use Theorem 1.10 to form an
iterated blow up of OV along faces of 90, forming the scheme p : Sy; — OV with
distinguished divisor 9Sy; := p~1 (00" ),eq, so that the proper transform of each
Cy; to U x Sy has closure in X x Sj; which intersectsw each face properly.

Choose a general A-point ¢ of OV \ d0%; since p : Spr — O is an isomorphism
away from OO%, we may consider ¢ as in Sy;. One defines, for each vertex v of
(S, 08u), a distinguished coordinate systems t7,...,t% on a neighborhood of
v in Sy. We form the “little cube” with origin v by using the divisors ¢7 = 0,
t? = t7(c). We paste these little cubes together, triangulate the little cubes into
simplices, and compose with 7o p . The result turns out to be a map of complexes

[N N, N
T AT — (AN;9AN).

To construct the homotopy, take 0¥ x O, and perform the same blow-up on
O x 1 that we just used to construct Sp;. The same division into cubes and then
into simplices gives part of the desired homotopy; the rest comes from a comparison

of OV and AV,
The paper is organized as follows: In §2, we define the “relative complex”

(X;Dq,...,D,) associated to a scheme X and a collection of closed subschemes
Dy, ... ,D,. We also describe a method for constructing homotopies of maps into
(X;Ds,...,D,). In §3, we consider schemes constructed by a sequence of blow-ups

of faces of a normal crossing divisor, and show how one constructs a distinguished
coordinate atlas on such blow-ups. We look more closely at the iterated blow-ups
of the “n-cube” in §4, which forms the heart of the paper. In §5, we show how
to pass from the n-cube to the n-simplex, and we prove our main results in §6.
We conclude with the applications to the localization problem for the higher Chow
groups in §7 and the globalization of the Bloch-Lichtenbaum spectral sequence in
§8.

This paper was written during an extended visit at the University of Essen; I
would like to thank them, the DFG and Northeastern University for making the visit
possible. I would also like to thank my colleagues and friends in Essen, especially
Hélene Esnault and Eckart Viehweg, for creating a stimulating and supportive
environment. Finally, I want to thank Eric Friedlander, Ofer Gabber, Bruno Kahn,
Fabian Morel, and Andrei Suslin for their hospitality, comments and suggestions.

2. COMPLEXES ASSOCIATED TO SCHEMES AND SUBSCHEMES

2.1. If Ais an additive category, we have the differential graded category C(A)
of complexes, where the Hom-complex Hom((A,d4), (B,dpg)) is the graded group
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whose element in degree n are given by sequences of maps in A
f=(f+A" = B*ie),
with
df == (dif ™o fi+ (-1)" 1 fF o dly AT — BT,

We call a map of degree n, f: A — B, a map of complexes if df = 0.
As a matter of notation, if I is a finite subset of an ordered set S, we write
I =1 <...<i,toindicate that I = {41,... ,%,} and ¢; < i;4; forj=1,... ,r—1.

2.2. The relative complex. Let B be a noetherian scheme, Schg the category
of B-schemes, essentially of finite type over B. We form the additive category
ZSchp generated by connected B-schemes, i.e., disjoint union is direct sum, and
Homygen, (X, Y) is the free abelian group on Homgen, (X,Y) for X and Y con-
nected and non-empty. In particular, the empty scheme is canonically isomorphic
to zero. We work in the category of complexes C(ZSchp). Let X be a B-scheme,

and D a closed subscheme. Form the complex (X;D): D -2 X, with X in de-

gree 0. More generally, suppose we have closed subschemes Dq,... , Dy of X. For
Ic{l,... ,N}, let Dy = NierD;. We have the N-dimenisonal complex which in
multi-degree J = (—j1,... ,—jn) € {0, =1} is Dy, where I(J) := {i | j; = 1},

and zero otherwise, with all maps being the inclusions. For later use, we let
trj + D1 — Dy

denote the inclusion, for j € I C {1,... ,N}. We let (X;Dy,...,Dy) denote the
total complex of this N-complex. Explicitly, the maps in the total complex are
defined by summing over the maps

(_1)j_1“1<~~<imi]‘ :Dij<<ip — Di1<...<5j<...<ir'
Example 2.3. We have the ordered set of closed subschemes of AN,
BAN = {(to = 0), e ,(tN = 0)},

giving the complex (AY; JAY). Using the coordinates {to,... ,txy}\{t; | i € I} in
the usual order gives a canonical isomorphism

v AN AN,
Let Y := (&,Y",d) be an object of C(ZSchp). A degree d map
F:Y — (X;Dq,...,Dn)
decomposes into the sum

F=> F; F:y =D,
1

We call Fy the I-component of F.

2.4. Triangulations.

Definition 2.5. Let X be a B-scheme, Dq,..., Dy closed subschemes. We call
Hom(A*, (X; Dy,...,Dy,)) the singular chain complex of (X; Dy, ..., D,), which
we write as Sing(X; Dy,...,D,).
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We have the element Uy := >, Wk of Sing(AN;dAN), with WX ™" being the
direct sum of the maps

(—1)Zs Ny i s ANTT S 9AN

1< <0 *
Uy has degree —N and d¥y = 0.

For M < N, we identify AM with the face tp;41 = ... = ty = 0 of AN
via tpr41<..<n. This identifies the dimension 4 faces of AM with a subset of the
dimension i faces of AN. Taking the sum of the maps

-1 . N M
(i)LM+1<...<N - BAil<..4<ir+M,N<M+1<..A<N - aAi1<...<ir+M,N7

N—12V[+1)

where the sign =+ is (—1)(N_M)T+(
tative diagram of complexes

, defines a map xas,n, giving the commu-

(2.1) (AN; QAN ) 285 (AM gAM)
NN
T War
A*

Let Ord be the category with objects the ordered sets [n] :={0 <1< ... <n},
and morphisms order-preserving maps of sets. Suppose we have a functor

F : O0rd”® — C>((Ab),

where C>o(Ab) is the category of homological complexes which are zero in negative
degree. We may apply F' to the complex A* (identifying [n] with A™, and similarly
for the morphisms), and take the total complex, forming the homological complex
F(A*); we may similarly form the complex F(AN;9AN). This gives the map (of
homological degree N)

(2.2) Ty F(AN; 0AN) — F(AY)

and the commutative diagram

(2.3) F(AN; 9AN) 222 pAM, gAM)
J’ y
i
F(a)

The following result is an elementary consequence of the Dold-Kan equivalence
of the categories of simplicial abelian groups and chain complexes.

Lemma 2.6. (i) For M < N, the map on homology
Yirw ¢ Hi ar(F(AM;0AM)) = Hy_y(F(A;047))
is an isomorphism for i < M and a surjection for i = M.
(i) The map (2.2) induces a homology isomorphism
W Hy n(F(AY;0A)) — Hy(F(A"))
fori < N.
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Proof, taken from [8, Part II, Chap. III, Lemma 1.1.5(ii) |. We first prove (i); it
suffices to consider the case M = N — 1. For each n we have the spectral sequence
E;,q(n) = Hy n(Fp(A™;0A")) = Hp g n(F(A™;0A")).

The map x7y_; y gives a map of spectral sequences E(N —1) — E(N); this reduces
to the case of a functor F' : Ord°® — Ab.

Let 9S'AY be the subset {(t; = 0); j =0,...,i} of JAN. We have the term-
wise split exact sequence of complexes

0 — (AN;9SN—LANY Moy (AN gAN) XNZLN (AN=L gAN=1)[_1] _; 0,
Applying F', we have the term-wise exact sequence of complexes
(2.4)

0 — F(AN=1L9AN-1)[1] 22228, pAN; 9AN) 255 pAN; 9V -1AN) - 0.

Thus, it suffices to show that H,(F(AN;9SN=1AN)) =0 for p < 0. We will show
H,(F(AN;0<'AN)) = 0 for p < 0 and i < N by induction on i and N, the case
1 = —1 being evidently true.
The inclusion ¢ = ¢; : AV~ — A induces the map
o F(AN;agi—lAN) N F(AN_l;GSi_lAN_l),

which identifies F'(AY;0<'AN) with cone(:*). From the resulting long exact ho-
mology sequence and induction on N and i, it follows that H,(F(AN;0<IAN)) =0
for p < —1, and we have the exact sequence

0 Ho(F(AY;051AN)) — Ho(F(AY;951A))
— Ho(F(ANTYH 05 TANTY) — H 4 (F(AN;05°AN)) — 0
The degeneracy o : AN — AN=L g(tg,... ,tn) = (to,... ,t; +tit1,... ,tN), gives
a splitting
o* F(ANfl; agiflANfl) N F(AN; agiflAN)

to ¢*. This shows that H_;(F(AN;95AN)) = 0, and the induction goes through.

For (ii), we proceed by induction on N. Using (i) and the commutative diagram
(2.3), we see that (2.2) induces a homology isomorphism H;_n(F(AN;0AN)) —

H;(F(A*)) for i < N —1. From (i) and the sequence (2.4), we have the exact
sequence

(2.5)
Ho(F(AN; 05N TANY) — Ho(F(AN 71, 0AN YY) — H_(F(AN;0AY)) — 0.
We have the normalized subcomplex NF(A*) of F(A*), with
NFE(A*), =Ny ker(tf : F(A™) — F(A™1)).

By the results of Dold-Kan (see e.g. [4]), the inclusion NF(A*) — F(A*) is a
quasi-isomorphism. Clearly, the maps ¥ and ¥y_; induce isomorphisms

U s Ho(F(AN; 05V 1AN)) — NF(A*)y
Uy Ho(F(ANTH9AN"Y)) — ker(d: NF(A*)y_1 — NF(A*)y_ ).

Combining these with the exact sequence (2.5), we see that W%, induces an isomor-
phism

H_i(F(AN;0AN)) — Hy_1(F(A")),
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completing the proof. O
Via Lemma 2.6, we may view the complexes (AY; 0AN)[—N] as giving approx-
imations to A*, by using the diagram (2.3) and Lemma 2.6 to give the identity
(2.6) H,(F(A*)) = lim Hy,(F((AY; 0AY)[-N])).
N

Definition 2.7. An element ¥ of Sing(AN;9AY) which is homotopic to ¥y is
called a triangulation of (AN; 0AN).

It follows directly from Lemma 2.6 that a triangulation ¥ of (AY; dAY) induces
a homology isomorphism
U Hy n(F(AN;0AN)) — Hi(F(AY))
in degrees i < N, for F': C°?> — C>¢(Ab) a functor, where C is a subcategory of

Schp containing the maps in A*, the maps used to construct ¥ and the maps in a
choice of homotopy between ¥ and V.

2.8. Functorialities. We describe various mapping properties of the complexes
(X;Dl,... ,DN).

Suppose we have B-schemes X and Y, Dq,..., Dy closed subschemes of X, and
Ey, ..., Ej closed subschemes of YV, f : X — Y a morphism, and 7: {1,... ,N} —
{1,..., M} a map with the property that

(27) f(DJ) C Er(j)'
Thus, for each I C {1,...,N}, f induces the map
fr:Dr — Eqp).

For asubset I = {i; < ... <i.}of{1,...,N}, define sgn(r, I) to be zero if |7(I)| <
||, and the sign of the permutation which puts the sequence (7(i1),...,7(i;)) in
increasing order if |7(I)| = |I|. Let

(f,T)I =sgn(r,I)fr: Dy —)ET(I)
and let
(f;T) : (X;Dl,... ,DN) — (Y;E1;~«- ’EN[)

be the sum of the (f,7)!. It is easy to check that (f,7) commutes with d, and thus
defines a map of complexes of degree 0. The functoriality

(g,m)o(f,7)=(g90 fnorT)
follows directly from the definitions.
Lemma 2.9. The map (f,7) is independent of the choice of T, up to homotopy.

Proof. Tt suffices to consider the case of a second map 7’ satisfying the condition
(2.7), and differing from 7 at a single element ¢ € {1,...,N}; we may suppose
7(i) < 7'(i). We have

F(D;) C Eriyrir)-

Let I be a subset of {1,..., N} containing ¢, and suppose that 7/(¢) is not in
7(I). Let

SgH(T, T/7 I) = (71)jilsgn(’rv I)
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if 7(i) is the jth element in the sequence with elements 7(I) U 7/(I), written in
increasing order. Note that, if 7/() is the kth element in the sequence with elements
7(I) U T'(I), written in increasing order, then we have

(2.8) (=1)7 " Ysgn(r, I) = —(—1)F"tsgn(', I).

If i is in I and 7/(¢) is in 7(I), or if 4 is not in I, we set sgn(r,7',I) = 0.
Define the map hy : D; — E(1yur/(r) to be the map induced by f, and let

h:(X:Dy,....Dy) — (Y:Bn,....Ey)
be the sum of the maps sgn(7, 7/, I)h;. With aid of (2.8), one easily verifies that
doh+hod=(f7")—(f)
O

Via the lemma, we may write f, for the homotopy class of the map (f, 7).

2.10. Homotopies. Fix a B-scheme X, with closed subschemes D;,... ,Dy. For
1 <4,j < N, we have the closed subscheme D;; := D; N D; of D;. In this section,
we describe a method for converting a map of complexes

F:Y — (X;Dq,...,Dn)
into a pair of maps of complexes
Fi0,Fj1:Y — (X;D1,...,Dj_1,Dj j+1,Dj42,... ,Dn),
together with an explicit homotopy F} between I} o and —Fj ;.
We begin by defining the maps
pj i (X;D1,...,Dny) — (Dj; D1j,...,Djj,...,Djn),

—

40 (Dj; D1j,...,Djj,... . DjN) —
(X;Dl,... ’Dj—laDj,j—Q—laDj—Q—Q,“- ,DN),

and
gj (Dj13D1jyr, - s Djyajar, oo s Djvan) —
(X, D17 e ,Dj_l, Dj,j+1a Dj+2, . ,DN).
The map p;, j =1,..., N, is the sum of the maps

1—1:7. . L . - .
(=1)"7d: Diy<.<ciy=j<...<in — Dj,i1<...<i1<...<ir’

p; is the zero map on Dy if j & I. To define the map g;o, take an index I C
{1,....,5,...,N}. If j+1isin I, let I' = I U {j}, otherwise, let I' = I. We
consider Dy as a summand of (X;D1,...,D;j_1,D; j+1,Djy2,...,Dy) by writing
DI/ as OZ-GIDZ- lf]+ 1 ¢ I7 and as Dj,j+1 n (ﬁiel\{jH}Di) lf] +1¢€ I. Let

g0,1: Djr— Dr

be the inclusion, and set ¢; 0 = >, gj,0,r- The map g; ; is defined similarly, reversing
the role of j and j + 1.
Clearly p; is a map of degree one, g;0 and g;1 are degree zero maps, and

dpj = quO = dqj'71 = 0
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Let H; 1 : Dr — D; be the map
id ifrc{1,...,N\{4,5+1},
H;;= )
0 otherwise,
and let
H] : (X7D15 aDN) - (X7D15 aDj—17Dj7j+17Dj+2a"' 7DN)

be the sum of the Hj ;.
We let S(N) denote the set of subsets of {1,...,N}, S(N)a, C S(N) the set
of I withae I, bg I, and S(N)qp C S(N) the set of I with {a,b} C I.

Lemma 2.11. dH; = gj0op; + ¢j10Pj+1-

Proof. We prove the case j = N —1; the general case follows from this by reordering
the D;. We write H for Hy_1, gn—1 for gny_1,0 and gy for gn_11.
Write the identity map on (X;D1,...,Dy) as a sum

id=idy-1 +idy +idy—1, 5 + idp,

where idy_1 (resp. idy) is the sum of the identity maps on Dy with N — 1 in I,
and N not in I (resp. N € I and N —1 ¢ I). idy_1 n is the sum of the identity
maps on Dy with {N — 1, N} C I, and id;, is the sum of the remaining terms, i.e.,
the identity maps on those Dy with I C {1,... ,N — 2}.

We have
(2.9) 0=doid—idod
= (do idy_; —idy_q 0 d) + (d oidy —idy o d)
+ (d o idN—l,N — idN—l,N o d) + (d oidy —idy o d)
In particular, for each index I C {1,..., N}, we have vanishing of the I-component

(doid —id o d)s of doid — id o d. Taking the sum of the I-components over all T
containing N — 1 but not containing N, we arrive at the identity

(do idN,1 — idel o d) + Z (—1)|I|_1L[7N = Z (—1)|I|_1L]7N,1.
IeS(N)n-1,N IeS(N)n_1\~N

Taking the sum of the I-components over all I containing N but not containing
N — 1, gives

(doidN—idNOd)+ Z (—1)'1‘_2“71\1_1 = Z (—1)‘1‘_1L17N,
IeS(N)N-1,N IeS(N)N\N-1

and taking the sum of the I-components over all I containing N and N — 1 gives

(doidy_1,y —idy_1,ny0d) = Z (=D)M1=2 Ny + Z (—)HI=1 N
IeS(N)N-1,N IeS(N)N-1,N
These together with (2.9) yield the identity

(210) (doidy —idyod)+ > (=D yna+ DY (DT v =0
IES(N)N_1\N TES(N)n\N-1



12 MARC LEVINE

Let p;r : D; — Dj be the map

id: Dy — Dy if[C{L...,N—Q},
P tiN—1:Dyp— Dpyn-1} if I € S(N)nv-1\n,

LI,N:DI_)DI\{N} ifIES(N)N\Nfl,

0 if{N—1,N}C I

Let
p:(X;D1,...,Dn) — (X;D1,... ,Dn_2,Dn_1,N)
be the sum of the p;. One computes directly that
po( Z ()=t o+ Z (1)1 v) = gn—1 0 pN-1 + an O PN,
IES(N)N_1\n I€S(N)N\N_1
and
poid, = H.

In addition, since the I-component of d o id; and idj, is zero if either N — 1 or N
is in I, we have

podoidy =dopoidy.
Thus, applying p to (2.10) gives the desired identity. O

Remark 2.12. One could also give a “coordinate-free” proof of a weaker, but still
usable result, by first restricting to the subcategory C of Schp with objects the
Dy, and with morphisms D; — D being the inclusion if J C I, and the empty set
otherwise. Let Z be the cone of the map

(Dj;Dl,ja"' ,DjJ,... 7DJ'J\/') ) (Dj+1;D17j+1,... 7Dj+1,j+17- . aDj+1,N)

45,014,
2L (X5 Dy, .., Dj1,Djji1, Djya, ..., Dy)
and let
z[-1] %
(Dj; D1js--- 5 Djjoo o s Din) ® (Dja; Dajins - Djga s -+, Djan)
be the canonical map. One constructs an explict map 7 : (X; D1,...,Dn) — Z[-1]

in C(ZC) with (p;,pj+1) = no 7. From this it follows that q;o o pj + ¢j1 © pjt1
is homotopically trivial in C?(ZC). We can then conclude that there is a homo-
topy H which is a sum, with Z-coefficients, of the H; ; described above, because
the maps H, ; generate the group of degree zero maps from (X;Ds,...,Dy) to
(X;D1,...,Dj—1,Dj jt1,Djya,...,Dn). Since this proof is essentially as long as
the explicit version, and since it gives a somewhat weaker result, we have omitted
the details.

If jis in I, write I =iy < ... <4 = j < ... <, and set sgn;(I) = (—1)""1.
Suppose we have an object Y of C(ZSchg), and a degree n map of complexes
F:Y— (X;Dq,...,Dn).
Form the maps

Fj,OaFj,laFj,h . Y — (X,Dl, ,Dj—laDj,j—&-laDj—&-wa ,,DN)
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by setting
(2.11) Fio== Y sgn(DujoFr+ > sgn;(I)Fy,
TE€S(N)j\j+1 T€S(N)j,j+1
Fji:= Z sgn; g (L)erj10 Fr + Z sen; 4 (1) Fr,
IES(N)jr1\; T€S(N)j,5+1
Fj7h = Z F].

Ic{1,....N}\{j.j+1}
Proposition 2.13. Fj, and F} 1 are degree n maps of complexes, and
dFjn = Fjo+ Fj.
Proof. This follows directly from Lemma 2.11 and the identities
ijo = Qj,O Opj 9 F, Fj,l = qj,l Oijrl o F, Fj,h = Hj ofF.

3. BLOWING UP FACES

3.1.  We fix a noetherian base scheme B, which we assume to be irreducible. Let T’
be a B-scheme, smooth over B, T a codimension one closed subscheme of T' with
irreducible components 977, ... ,0Tn. We say that 0T is a strict reduced relative
normal crossing divisor on T if for each T C {1,..., N}, the subscheme 0T} has
pure codimension |I| on T, and is smooth over B. If Dy,..., Dy are distinct
codimension one reduced closed subschemes of T such that the union of the D; is a
strict reduced relative normal crossing divisor on 7', we say that D1,... , Dy form
a normal crossing divisor on T.

If OT is a strict reduced relative normal crossing divisor on 7', we will sometimes
also denote the set of irreducible components of 9T by 0T, and we will often give
a specific ordering to this set. The context will make the distinction clear.

Let 0T be a strict reduced relative normal crossing divisor on 7. A face of
(T;0T) is an irreducible component of some 0Ty, a vertex is a face of dimension
zero, and an edge is a face of dimension one (both over Spec B). If the divisor T
is understood, we often refer to a face, vertex or edge of (T';0T) as a face, vertex
or edge of T

It is easy to show that, if 9T is a strict reduced relative normal crossing divisor
on T, and if p : T/ — T is the blow-up of T along a face F' (of codimension at
least two) of T', then OT” := p~1(9T)yeq is a strict reduced relative normal crossing
divisor on T". Let us call T the distinguished divisor on T. We then define the
distinguished divisor on T; := T” to be 97;. We may continue, blowing up a face
of T} to form T3 with its distinguished divisor, and so on. We call such a tower of
blow-ups

TM—>...—>T1—>TQZ:T

a sequence of blow-ups of faces, and the composition Th;y — T an iterated blow-up
of faces.

Let Y be a smooth B-scheme with strict reduced relative normal crossing divisor
JY . We let By be the full subcategory of Schy with objects p : X — Y the iterated
blow-ups of faces of Y. For each p : X — Y in By, we have the distinguished divisor
0X = pil(ay)rcd
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Lemma 3.2. Let T be a B-scheme with distinguished divisor 0T, and let
T. 5T ... =Ty —>Ty=T

a sequence of blow-ups of faces. Suppose that

1. Fach edge of T contains exactly two vertices.

2. Letl be an edge of T' with vertices v1 and va. There are irreducible components

Dl 7& DQ of@T with Dz Nni= Vi, 1= 1,2
Then (1) and (2) are true for T,.
Proof. (Taken from [2, Lemma(1.3.2)]) We proceed by induction on r, reducing us
to the case r = 1. If [ is an edge of Ty, then p(l) is either an edge or a vertex of
T. Suppose p(l) is an edge I’, with vertices v’ and w’. Replacing T' with an open
neighborhood of [ in T, and changing notation, we may suppose that
U!'=DyN...NDyp_1;v" =I'NnDy,w =1'ND,,

with the D; distinct irreducible components of 0T

Let F be the face of T' we blow up to form T4. If F' contains I’, we may suppose

F=Dyn...NnDjy

for some s, 3 < s < n—1. Let E be the exceptional divisor of p, and let [D;]
denote the proper transform of D; to Ty. Then the irreducible components of the
distinguished divisor of T; lying over a neighborhood of I’ are E, [D4],... ,[Dy].
Each edge mapping onto !’ is thus of the form

I=En (] D]
J#4,2<j<n—1

for some choice of i, 2 < i < n—1, and the vertices of [ are thus IN[D;] and IN[D,].
If F does not contain I, say I’ F = v’, then

I=[D3)N...N[Dp_1]

and [ has vertices I N E, and [ N [D,,].
If p(l) is a vertex v = D1 N...N D, then we have

I=En N D]

J#i#i 1<j<n

and [ has vertices [ N [D;], 1N [Dy]. O
Let Dy, ..., Dy define a reduced strict normal crossing divisor 07 on T, and let
v be a vertex of T'. Suppose that D;,,...,D;, are the divisors containing v. We

call an n-tuple of regular functions (f1,..., f,) defined in a neighborhood U of v a
coordinate system adapted to OT at v if the map

(fi,-- s fn): U — A"

is an open immersion, and if the divisor D;; NU is given by f; =0, j =1,... ,n.
Let us start with a B-scheme T with distinguished divisor 9T, such that each
vertex v of T has a neighborhood U, with regular functions f7,...,f? giving a

coordinate system adapted to 0T at v. We assume in addition that, for each face
F of T, we have

FC U’UGFU’U;

in particular, the U, cover T'. Having fixed such a choice of the coordinate systems,
we refer to the coordinate system fY := (ff,...,fY), or any other coordinate
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system gotten by reordering the f7, as a distinguished coordinate system al v. Let
F be a face of T, and p : T" — T the blow-up of T along F with exceptional divisor
E, giving the distinguished divisor 0T on T”. If v is a vertex of T” with p(v) = w,
we define the distinguished coordinate system at v’ as follows: If F' does not contain
w, take U, = p~ Y (U, \ F), and f* = f¥ op. If F' does contain w, then there is a
subset J of {1,...,n} and an ¢ € J such that F is defined on U, by the equations
I{7=0,j€J,and

v=En () [ =0

JjeJjFi
We let U, = p~1(Uy) \ [(f* = 0)], and
D N RO R TR AY Y
R VA O2 000 B ACAR (1>

We also allow a reordering of the f7.

Thus, given a sequence of blow-ups of faces
Ty =Ty —...>Ty =Ty =T,
we have defined the distinguished coordinate systems f for each vertex v of Thy;.

Example 3.3. Fix n > 0 and let 0" = A", with distinguished divisor 000" having
components D1,... , Doy,

t; =0); 1=2k, k=1,... ,n,
D.._
Tl -t=0); i=2k-1,k=1,...,n.

At each vertex v = (e1,... ,€n), € € {0,1}, we take as a distinguished coordinate
system t¥ := (V,... ,t2), where

tv L ti lf €; — O7
P 1 -t ife = 1.

4. BLOWING UP THE n-CUBE

4.1. Preliminaries. As in §3, we fix an irreducible noetherian base scheme B. Let
S = 0" with distinguished divisor 00" and distinguished coordinate systems as in
Example 3.3. We fix a sequence of blow-ups of faces of S, as in §3:

Svy—...— 85— 8,

we let p: Sy — S be the resulting morphism, and let 95; denote the distinguished
divisor on ;.

Since S satifies the conditions (1) and (2) of Lemma 3.2, the same is true for
each S;.

For a vertex v of Sy, we call the divisors in 9Sj; which contain v the coordinate
divisors through v. We let 0VS); denote the subset of 35, consisting of those D
with v ¢ D, and U}, the open neighborhood Sy \ 0¥ Sxs of v.

Lemma 4.2. Let v be a vertex of Sy, t¥ = (t¥,... ,tY) the corresponding distin-
guished coordinate system. Let w be the image of v in S. Then
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1. There is a matric (a;;) € GL,(Z) with a;; > 0 for all i,j such that

=TT,
J
2. The coordinate functions t] are regular functions on Uy,.
3. The morphism t : Uy, — A™ determined by t¥ is an open immersion.

Proof. All three statements are obviously true for Sp;y = S. Suppose (1) and (2) are
true for Sp;_1. Let u be the image of v in Sy;_1, and let F' C Sy;_1 be the face we
blow up to form Sj;. If F' does not contain u, then Sy; — Sp;_1 is an isomorphism
over Uy;_, and t¥ = t“, up to reordering, whence the result for Sy;. Suppose F'
contains u, and let U = Sp;—1 \ 9“Spr—1. Then the coordinate system t* defines
an isomorphism of U with a Zariski open neighborhood of 0 in S. This reduces us
to the case M = 1, u = w = 0. If F' has dimension r, we have the isomorphism
(S, F) =2 (A" " 0) x F, which reduces us to the case F = 0. In this case, the
blow-up is the closed subscheme of P, 1 defined by the equations Xty = Xitj,
where we use homogeneous coordinates X1, ... , X, for P»~!. The vertex v is given
by a choice of some i € {1,... ,n}, with v = N,%;(X; = 0), the open neighborhood
U? is given by X; # 0, and the coordinate system ¢V is then

{tj/ti fOI'j #Z,

t; for j =1,

tj =

up to reordering. Thus

tl_{t;t? for j # 4,
=

134 for j =1,

proving (1). As the t? are regular away from the proper transform of the divisor
t; = 0, (2) is proved as well. Clearly the coordinate system t¥ gives an isomorphism
tv : Uy — A", proving (3). O

4.3. Orientations. We associate to each vertex of Sy, an orientation, i.e., a sign.
For this, fix an ordering of the divisors in 9S5);:

8Sy = {D1,... Dy}

compatible via p with the ordering of the components of the distinguished divisor
of S given in Example 3.3. We let vg be the vertex (0,...,0) of S.

We note that the scheme S with its distinguished divisor is the extension to B
of the Z-scheme Sy := 07, together with the distinguished divisor 0.57. It follows
by an elementary induction that the same is true for each (S;,0S;). In particular,
to define a sign at each vertex of S, it suffices to make the definition in case
B = Spec Z; we therefore assume in this section that B = SpecZ.

At each vertex v of Sz, we have the coordinate system tV := (t},... ,t2). The
closure of the divisor t{ = 0 is one of the Dj, say Dj;). We call t¥ ordered if
j(1) < §(2) < ... < j(n). This condition determines the coordinate system ¢"
uniquely. We henceforth use only ordered coordinate systems, unless explicitly
mentioned.

Let U; C S; be the subset S; \ 05;; each U; is isomorphic to U := Uy via the
map S; — S. Let U(R)™ C U(R) be the subset {(r1,...,7,) | 0 <r; <1}, and let
Un(R)T be the inverse image of U(R)* via p.
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If v is a vertex of Sy, then by Lemma 4.2, Uy, is contained in the domain of
definition of the coordinate mapping ¢V, and ¢V is a coordinate system at each point
of Uy, which we identify with U via p : Sp; — S. Thus, the Jacobian determinant

ot?
J(v,w) = v
is a well-defined regular function on Uy, for each pair of vertices v and w, even if
we take one vertex from Sy and one from S. Since Ups(R)T is contractible, the
sign of J(v,w) is constant over Ups(R)™T.

Definition 4.4. Let v be a vertex of Sy;. The orientation €(v) is the sign of
J(v,v9) on Upr(R)T. We call two vertices v and w adjacent if there is an edge [ of
Sy with v, w € 1; we call [ the edge joining v and w (c¢f. Lemma 3.2).

Let v and w be adjacent vertices, joined by an edge [. Since S, satisfies the
conditions (1) and (2) of Lemma 3.2, there is a unique divisor D among the D;
such that D contains v, but does not contain w. We call the coordinate ¢, with

(t;; = 0) = D the coordinate forl at v. Suppose that ty is the coordinate for [ at w.
Let g(v,w) be the permutation of {1,...,n} such that g(p) = ¢, and the closures

of t7 =0 and tg(j) = 0 agree for j # p.

Lemma 4.5. Let v and w be adjacent vertices of Sas, | the edge joining v and w.
Then
1. e(v) = —sgn(g(v,w))e(w).
2. Let ty be the coordinate for | at v, which we consider as a rational function
on l. Then ty(w) is either oo or 1.

Proof. We first prove (1). Let g = g(v,w). It suffices to show that —sgn(g) is the
sign of the Jacobian matrix J(v,w) evaluated at some point of Ups(IR)T. For this,
it is convenient to change coordinates in S as follows: Let x; = t;/1 —t;. The affine
line A! = P! — {oc} is transformed to the affine line P! — {—1}, and the region
0 <t; <1 is transformed to the region 0 < z; < co. The new vertices on S are the

points u = (ey,... ,€,), with € € {0,00}. We use for a distinguished coordinate
system at u the coordinates z* = (z¥,... ,z%), with
+1
xy =x;,

where the exponent is +1 if ¢, = 0, —1 if ¢; = oo.
We have

dr; 1 d(z;t) 1
dt;  (1—-t)2" d(1-t;) ¢’

which are positive on 0 < ¢; < 1, so making these substitutions will not affect the
sign of the various Jacobian determinants involved. We write the distinguished
coordinate system at a vertex v with respect to these new coordinates as V. We
let S = (P1)", and let Sy; — S be the extension of Sy; gotten by blowing up the
corresponding faces over S.

Since the coordinates x; are all regular at the “missing” point —1, the statement
(2) of Lemma 4.2 remain valid for Sy, i.e., each zV is a regular function on Sy, \
0°Spy. Tt follows by Lemma 4.2(1) that there is a matrix (a;;) € GL,(Z) such that

(4.1) vy = [

J
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Let [ be the edge connecting v and w, z; the coordinate for [ at v and zj’ the
coordinate for [ at w. Let [ be the closure of [ in Sar. Then [ is a IP'; since v and
w are the only vertices of Syy on [ (¢f. Lemma 3.2), it follows that z) has a single
zero with multiplicity one on [ at p, hence x} has its unique pole at w. Thus (4.1)
implies that

(4.2) zy = (xp) "

By considering the divisors of the functions xZ’(j) and z¥, we see that
o) = 5 (1)
for all j # p. From this and (4.2), we have
J(w,v) = —(x) *sgn(g),
completing the proof of (1).

The statement (2) is clearly true for Sy = S; by induction, we may assume (2)
for Sps—1. We have the morphism pys : Spr — Spr—1; let v/ = par(v), W' = pur(w)
and I' = pp(1). If v' = w', then, arguing as above, we have ¢, = (t}]")_l, as rational
functions on [, hence ¢, (w) = oo. If v’ # w’, then I’ is the edge connecting v’ and w'.
Let t;i be the coordinate for I’ at v’. Then one can easily check that p}‘VI(t;:) =tp

so ty(w) = t;’,; (w’), which by induction is either 1 or co. O

4.6. The cubical complex. For j=1,... ,n+1,e=0,1, let

tie: 0" — gntt
be the inclusion with
t; for 1 <1<y,
tieti = tica for j<i<n-+1,
€ for i = j.
Let
di,d’ 0" — gr+t
be the signed sums
r+1
= (=110,
j=1
r+1
di = Z(—l)‘ﬁ_lij.
j=1
One easily checks that dy ody =0=d_od_, and that dy od_ = —d_ od, giving

us the complexes (0%, d4), (O%,d_) and (O*,d), with d = d} + d_. We write O*
for (O%, d).

We let O be the “semi-local scheme” of the vertices in 0", i.e., the limit of open
subschemes gotten by removing closed subsets C' with C' Nv = ) for all vertices v.
g really is a semi-local scheme if B is semi-local. It is conceivable that OO may
not even be a scheme if B is not affine. In this case, we consider [Jj as a limit
object in the category of B-schemes.

The differential d" restricts to the map

. r r+1
d" 0y — 0y,
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giving the complexes (O, d4 ), (O§,d—) and O := (0§, d) and the maps of com-
plexes

(Dévd-i-) - (D*>d+)7 (DS’d—) - (D*ad—)’ DS — o

4.7. Little cubes for Sj;. In this section, we show how a sequence of blow-
ups as in §3 leads to a “cubiculation” of Sp;. We assume that the B-scheme
(A' —{0,1})™ — B admits a section, i.e., that there exists a regular function u on
B such that v and 1 — u are units. For our applications, we will assume that B is
a semi-local scheme such that all residue fields are infinite, so the assumption on
the existence of sections is fulfilled; in general, one can replace B with a suitable
B-scheme B’ — B, make a base-extension to B’, and change notation.

Let ¢ := (c1,... ,¢,) be asection of (Al —{0,1})" over B. Since (A —{0,1})" =
g" \ 90" = Uy, we may consider ¢ as a section of Uy C Sy over B. We let
tc = (¢, ... ,t2°) be the modified coordinate system

t;’c =17 /t] (c);
via Lemma 4.2, we have the B-morphism ¢"¢ : Uy; — A™. By Lemma 4.2(3), t"° is
an open immersion, mapping v to the origin. It follows from Lemma 4.5(2) that the
image tV¢(U},) contains all the vertices of 0" = A™, hence we have the morphism

AV Op — Sy

defined by inverting t">¢ over 00§, and then including U}, in Sy.
Let 0t0y be the set of divisors {D; := (t;, = 0) c Of | i = 1,...,n}. The
coordinate system

o~ o~

(try e tiy e iy tn)
on Dy, . ; defines the isomorphism
YR [ L Ny iy

Recall from §4.6 the complexes (0§, d+.), (O, d—) and O := (3§, d). We have the

natural map of complexes (of degree —n)

(43) oo+ (Ogdy) — (08 070)

defined as the sum of the maps
(1% 4y o O = Dy i

Let 0,53 denote the set of divisors in 95y, which contain v, in the same order
as in 3S);. The ordered inclusion 9,5y C 0S5, defines the map of complexes

n” : (Sm;0uSnr) — (Sm; OSn).
We define the map
¢4+ (05, d+) — (Sn;08m)
as the composition
(@5 d) % (TF50:05) 2 (Sar30uSu) > (Sar; O5ar).
Clearly d¢}“ = 0. We have the map
¢"°: (0, d) — (Sa; 0Sm)

with the same definition as ¢*; d¢"¢ is not zero.
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Let
(4.4) ¢°:(Og,d) — (Sa;9Swm)
be the sum

¢° = e(v)p”.

v

Proposition 4.8. d¢° = 0.
For the proof, we require the following result:

Lemma 4.9. Let v and w be adjacent vertices, connected by an edge l. Suppose
that t is the coordinate for | at v and ty is the coordinate for | at w. Then the

diagram
A€ Awse
Uo Sm Uo

n—1
|:|0

commutes.

Proof. (Following [2, Lemma (1.3.4)]) We proceed by induction on M, the case
Sy = S being obvious. Let v/, w’ and I’ be the image of v, w and [, respectively, in
Sy—1, and let FF C Sp;_1 be the face we blow up to form Sy,. It suffices to prove
the result for some choice of order on the set of components of the distinguished
divisor.

Suppose at first that I’ is an edge and I’ C F. As in the proof of Lemma 3.2,
we may assume we have components Dy, ..., D,41 of the distinguished divisor on
Sar—1 with

Di:(t;’TO)7 Di+1:(t;"—:0); 1=1,...,n,
and with
!'=DynN...0D,, v =I'NDy, w =I'N"Dypy1, F=D,N...ND,.
We may also assume that

I=EN[Ds]N...N[Dy_1], v=1IN[D1], w=1N[Dpy1],

where [—] denotes proper transform. This yields the following coordinate changes:
o t;’/ / j=1...,s—1,n,
J v/t j=5...,n—1,
o [0 j=l..s-2n-ln,
! t a1 j=s—1,...,n—2,

so t% is the coordinate for [ at w, and ¢} is the coordinate for [ at v. The induction

hypothesis implies that the divisors ¢V =t}'(c) and t%" = t¥'(c) agree, and that,
on this common divisor, we have the identities,

18 () = 8 /e () G =2, .
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Combining these with the coordinate changes described above gives the identity of
divisors t§ = t¥(c) and t¥ = t¥(c) and on this common divisor, the identities

t5/t5(c) =t 1 /t7 1 (c); G=2,...,n.

This implies the desired commmutativity.
Now suppose that I’ an edge and F NI’ a vertex, say F NI’ = w’. Then we may
assume

!'=Dyn...0Dy, v =I'NDy, w =I'NDypy1, F=DsN...NDyyq
and
l=[D]N...N0[Dy], v=IN[Dy], w=INE.
This gives the following coordinate changes:
ti=t; j=1,...,n,

y {W/ j=1,...,s—2mn,

J e j=s—1,...,n—1,

with ¢% the coordinate for | at w, and ¢} the coordinate for [ at v. The argument
proceeds as above.
If I’ is a vertex v/, then we may assume

v=DiNn...0nD,, F=D,N...ND,,
and
Il=[Di)N...0[Dpo]NE, v=IN[Dy_1], w=1N[Dy,].
This gives the following coordinate changes:

o t j=1,...,s—1,n,
J ey j=s,...,m—1,

v t}?l / 7=1,...,s—1,n—1,
J [t 1 j=s,...,n—2,n,
with ¢9_, the coordinate for [ at v and t¥ the coordinate for | at w. One then

argues as above to complete the proof. O

Proof of Proposition 4.8. It suffices to show that
pfod_ =0.

To understand this equation, we first note that the terms of ¢¢ o d_ occur in pairs.
Indeed, fix a vertex v and a dimension n — r. Suppose that the components of the
distinguished divisor containing v are D;,,...,D; , with ¢y < ... <,. The terms
in ¢”¢ involving Oy~ " are indexed by the sequences 1 < j; < ... < j, < n, with
0o~ " mapping into the face D;; < .<;; by the composition

v,C
AP ou <<
The corresponding terms in ¢“% o d_ are then a signed sum over the maps

v,c .rn—r—1
(4.5) A0 <. <j 0 tpa 1 Uy — S,
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for 1 < p < n—r. For each such choice of p, we have the edge [ containing v defined
as the intersection
L= Dy <..<ij, N Dz"1<...<iz7<...<z"

n—r

where ¢} < ... <1}, _, is the complement of i;, < ... <4, ini; <...<ip.

Conversely, given a vertex v of Sy, an index 1 < j; < ... < j < n, and
an edge [ containing v, the above construction gives a uniquely determined map
Dg”fl — S occurring in ¢¢ o d_. By Lemma 3.2, we may therefore pair the
terms occuring in ¢¢ o d_ by fixing [ and j; < ... < j,, and taking the two terms
corresponding to the two vertices on .

Let w be the other vertex on [, and let D, be the distinguished divisor with
w = 1N Ds. For some b we have 4, < s < ip41, where we set 7,41 = co. To fix
ideas, we suppose that z'; < s, the other case is gotten by reversing the role of v
and w. Let a be the index with 4}, = i,. Define the index i} < ... <4} by writing
the set {41, ... e in, s} in increasing order.

Let j7 < ... < j; be the index with

Di’f*:D 3 kzl,...,’/‘,
Tk

7’jk Y

et et . e .
and let i7" < ... <", be the complement of if. < ... <ij. ind] <... <ig.

Clearly s = i} for some gq.

By Lemma 4.9, the map
(4.6) A€o ey Otgn Dg”fl — Sy

agrees with the map (4.5). Thus, we need only show that (4.5) and (4.6) occur in
¢° o d_ with opposite sign.
We have
jr = Jk if ij, <1, or s <ij,,
Jr—1 otherwise.

Thus
Y k=Y ji+@—p) =b—a,
% %

since both sides are counting the number of indices in the set {i1,... ,i,, s} which
are strictly between i; and s. On the other hand, g(v,w) is the permuation

k ifk<aork>hb,
glv,w)(k) =< k-1 ifa<k<b,
b itk =a,

so
sgn(g(v,w)) = (=1)"7".
The map (4.5) occurs with sign
e(v)(=1)Zwdetnr) (_q)p—1
and the map (4.6) occurs with sign

e{w)(~D) T (i,
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By Lemma 4.5, we have
e(w) = (=1)""**e(v),
so (4.5) and (4.6) occur with opposite sign, as desired. O

4.10. Little cubes for S. We now complete the program of defining a “cubicula-
tion” for S = O". We fix a sequence of blow-ups of faces

Sy — ... — S,
with p : Syr — S the composition, and a section ¢ : B — 07\ 900" = (A\ {0,1})".
Lemma 4.11. Let v be a vertex of Sy;. Then the morphism
po AV 07 — S
extends (uniquely) to a morphism
(4.7 Ave.O" — S

Proof. The assertion is local on B, so we may assume that B is affine, B = Spec A.

Let w = p(v), giving us the distinguished coordinate system ¢*; we note that
the functions ¢ are regular on all of S and define a global coordinate system for
S, ie.,

ALY, ..t = Alt, .- -t
By Lemma 4.2, there is a matrix (b;;) € GL,(Z) such that

=TI by =o.

J

Thus, the map
A Alty, ... t,] — T(@g, O)
has image in the subring I'(O", O) = A[tY,... ,t%], completing the proof. O

Chose a map 7 : {1,... ,N} — {1,...,2n} such that p((0Sn);) C (95)+¢),
giving the map of complexes

i (Sar; 0Sy) — (S5;09).
By Proposition 4.8 and Lemma 4.11, the map of complexes
p« 0 ¢°: Og — (5;05)
extends canonically to the map of complexes
(4.8) ¢, 0" — (5;09).

The map @ is independent of the choice of 7, up to homotopy (¢f. Lemma 2.9).
As a special case, we may take Sy; = S, giving us the map

o, 0" — (5;09).
Proposition 4.12. Let p : Sy; — S be an iterated blow-up of faces. For each

section ¢ : B — (A'\ {0,1})"*L of the form ¢’ = (c,cni1), there is a homotopy
Hy(c') between @ and ®f.
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Proof. Let T = ["*!, with distinguished divisor 9T chosen as for S. We identify
S with the face t,,+1 = 1 of T via the inclusion ¢. If S; — S is the blow-up of S
along a face F, form the blow-up T} — T of T along «(F). We have the canonical
identification of S; with the proper transform of ¢(S), so we may iterate, forming
the sequence of blow-ups of faces

Ty —...—=Ty:=T

with T; containing S; as the proper transform of ¢(5), and T;1 being the blow-up
of T; along the image of the face of S; we blow up to form S;;;1. The divisors in
0T (except for the proper transforms of ¢,.1 = 0 and ¢,41 = 1) are thus in 1-1
correspondence with the divisors of 0S5y, the correspondence given by intersection
with Sp; C Thy. We have the identification of S with the face ¢,,411 = 0 of T)y.

We alter our conventions a bit by taking the proper transforms [(¢,+1 = 0)],
[(tn+1 = 1)] to be the last two divisors in Ty;. We order 9T as before, and we
order the exceptional divisors in 0Ty, to correspond with the given ordering of the
exceptional divisors in Sp;. With this ordering, we have

[(trnt1=0)] = (0Tm)N-1, [(tns1 =1)] = (0Tm)n,

with N = 2n + 2+ M. We note that [(t,+1 = 1)] N [(the1 = 0)] = 0, ie.,
(0Tm)n—1,n = 0. In particular, if (0Ta)i,<...<s, is non-empty, then at most one
ijisin {N — 1, N}, and if one 4; is in {N — 1, N}, then j = r.

Choose a section ¢’ : B — T\ 0T with ¢, = ¢;, i = 1,... ,n. The above sequence
of blow-ups gives us via Proposition 4.8 the map of complexes

¢¢ -0y — (Tar; 0Tns).

Let 0_-Ty = 0Twm \ {[(tn+1 = D], [(tnr1 = 0)]}, and let 0_T = 9T \ {(tnt1 =
0), (tn+1 = 1)}. Following the construction of §2.11, we have the maps

®6, 91, b5 2 Op — (Tar; 0-Twr)

given by
G-Y X oo
T I=(11<...<ip_1<ip,=N-—-1)
6= > (=)™ er o
T I=(i1<...<ip_1<ip=N)
and

#h=> > I,

r I=i1<...<ip

where this last sum is over indices with ¢, < N — 1. As the notation suggests, ¢§
and ¢§ depend only on c. By Proposition 2.13, we have

doy, = ¢5 + ¢5;
both ¢f and ¢§ are degree —n maps of complexes.
Let 7/ : 0Ty — OT be unique map extending 7 which preserves the corre-

spondence with the divisors on Sy, and sends [(t,4+1 = 1)] and [(tn+1 = 0)] to
(tn+1 = 1) and (t,4+1 = 0), respectively. Then 7/ maps 0_Tys to _T. It follows
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from Lemma 4.11 and the definition of ¢§, ¢§ and ng,Cl/ that 7/ o ¢§, 7. o ¢§ and
Tl o qﬁf; extend uniquely to maps

®¢, S, - O* — (T;0_T),
with
A5, = Of + 5.

Both ®§ and ®§ are degree —n maps of complexes.
The projection 7 : T'— S of T on S gives the map of complexes (of degree 0)

7y 2 (T5;0-T) — (S;085).

Via 7, we may identify [(¢,41 = 0)] with S; the rational map T — Sy, defined
by 7 extends uniquely to a morphism 7 : Ty — Sy, giving an identification of
[(tn+1 = 1)] with Sps. Under these identifications, we have

(4.9) es(m(v)) = ery, (v)
for a vertex v in [(tn4+1 = 0)], while
(410) €Snr (7}(1}» = €Iy (v)

for a vertex v in [(¢t,41 = 1)]. Indeed, it follows directly from the definitions that,
for v € [(t,+1 = 0)], the ordered distinguished coordinate system ¢t on T is given
by

= (7, ),

where (7). #5(")) is the ordered distinguished coordinate system on S at 7 (v).

Similary, for v € [(t,4+1 = 1)], the ordered distinguished coordinate system t” on
Ty is given by

n
tv _ (t71T(v)) o 7tg(v) 1— tn+l H 71'(11

where (tir(v), e ,tz(”)) is the ordered distinguished coordinate system on Sy, at

7(v), and the a; are integers. Taking (4.9) and (4.10) into account, the definition
of 9§ and ¢f readily imply that

e 0 Of = =Py, T 0 O] = Op.
This gives us
d(m, 0 B, ) = Bf — Bf;

taking Ho(c') = 7wy o @g completes the proof. O

5. FROM CUBES TO SIMPLICES

The object in this section is to convert the map (4.8) into a triangulation of

(AN:9AN).
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5.1. The product A" xO™. As preparation, we extend the maps ®¢; to products
of cubes and simplices. We make ZSchp into a tensor category with @ = x p; this
makes the category of bounded below complexes _C+_(ZSChB) into a differential
graded tensor category. Explicitly, if A = (;4°,d} : A" - A"™') and B =
(®;B7,d% : BI — BIt1) are complexes, then (A ® B)" = &;4;—,A" ® BJ with
differential

hop = Y dy @idps + (—1)'ida: ® d}.

i+j=n
Iff=%,f:A—=C"" g=3,¢: B — D' are graded maps of degrees n
and m respectively, then f ® g is the sum Zi’j(—l)mifi ®4g.
We note that the sum of the evident identity maps
Diy....i @ Ejy 5. = Nz (Diy X Y) NN (X X Ej,)

gives an isomorphism

(X;Dl,... 7Dn)® (Y,El, ,Em)
- (X xxY;D1xY,... , D, XY, X xE;... , X xXEp,).
We have the degree —N map of complexes
oy O — (@V;00V)
defined by the sum of the maps
()25 TN G i eren) f TN T2 Oii<<in et e DY
where ¢(;, <. i) (c1,... e,) 15 the canonical identification of O0"~" with image the
subscheme defined by t;; = ¢;, €; € {0,1}.
We thus have the map of complexes
v, ®®,: A*O" — (A™;0A™) @ (O™;00™).
Recall that the vertices of A™ are the subschemes v; given by ¢; = 1, t; = 0,
j #i. Fix integers m, n and M > m + 1, and a section ¢ := (c1,... ,¢p) : B —
(AT\ {0,1H)M. Let ¢™ = (car—ma1,--- ,cum), and let v be a vertex of O™. Taking
the identity blow-up 0" — O™, we have the map A*<" : O™ — O™. This gives
us the affine-linear maps
Arn(c) : A" x O™ — A™ x O™,
AL () (o, - vtz z) = (to + (1 — 1)ty crty, o, ...t A (2)),
and
Apn(e) A" x O™ — A™ x O™,
AL () (to, .. o tnsz) = ((1— et to + crti,ta, ..., ta A (2)),
We set
e(vo,v) = €e(v);  €(vy,v) = —e(v).
As in §4.7, if OT is the set of irreducible components of a strict reduced normal
crossing divisor on a B-scheme T', and v is a vertex, we let 9,7 C OT be the subset

consisting of those D € 9T which contain v. For vertices v € A™ w € O™, the sum
of the evident identity maps defines the (additive) projection

Ty @ (A" 0A™) @ (O™;00™) — (A™;0,A™) ® (O™; 0,0™),
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and the inclusion of complexes
o : (A™;0,A™) @ (O™;0,0™) — (A™; 0A™) @ (O™;00™).
The maps A} (c), i = 0,1, give the maps of complexes
Ay () 1 (A™; 0, A™) ® (O™;000™) — (A™;0,,A™) ® (O™; 0,0™).

n,mx*
We set 9(A™ x O™) := 0A™ x O™ 4+ A™ x 90™, and define
(5.1) U, X D (c) : A" @0 — (A" x O™; 9(A™ x O™))
by

Uy X @y (c) = (=1)™" Z €(Vi, V) tw; 0 © AZ’,;Z*(C) 0 g0 © (U ® Br),

v,i=0,1
where the v in the sum runs over the vertices of O".
Lemma 5.2. U, x ®,,,(c) is a map of complezxes (of degree —n —m).
Proof. The proof is similar to that of Proposition 4.8, but easier. We have the
projections
oy o (A" 0A™) — (A 9,A™);  m, : (O™;00™) — (O0™;0,0™),
and the inclusions
Lyt (AT 0,A™) — (A™;0A™); 1, : (O™;0,0™) — (@O™;00™).

Define A% (cq) and A% (c1) by

A (c1)(toy - o tn) = (to + (1 — c1)tr, cat1, tay .o s tn);

AH(er)(toy - - stn) = (1 —c1)t1, to + catr, tay .oy tn).
These define the maps of complexes

Aji(er) : (A" 0, A") — (A" 0, A");  1=0,1.
Letting e(vg) = 1, €(v1) = —1 gives the identity
U, X ®,,(c) =
+ ( Z €(vi)ty; 0 Ayi(c1) 0Ty, © \Iln) ® (Z €(v)ty 0 Ai&cm oy o ‘bm).

i=0,1 v
The second term in the tensor product is just @fg , so it suffices to show that
(5.2) Up(er) = Y €(vi)ty, 0 AV (c1) 0y, 0 Wy 0 A — (A" 0A™)

i=0,1

is a map of complexes.
To see this, let 67 : A™ — A™T! be the inclusion
O (toy -+ ytm) = (toy -+ s tim1, 0,85, .o S tm).

Write the differential d in A* as the sum d = dy + d_, where d7* : A™ — A™H!
is S HH(—1)i6m, and d™ = §5'. Note that (A*,dy) is a complex, and 7,, o
U, : (A%, dy) — (A™;0,,A™) is a map of complexes. Thus ¥, (c1) : (A*,dy) —
(A™; OA™) is a map of complexes, and we need only show that ¥, (c;) od_ = 0.
This follows directly from the identity

A (c1) 0 67 = A% (¢1) o 57
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We have the dominant birational morphism

py  ANTIx Ol - AN

defined by

pn((to,--- stn-1),2) = (1 — x)tg, ..., (L —x)tn_1,x).
We let
(5.3) ay:ON — AN

be the composition

(5.4) ON 2294 AL (@)1 22X A2 N2

3 Xid pN—1Xid _
LA AN Ot 2N AN

Explicitly,

(1, ... ,2n)=((1—z1)...- (1 —an),z1(l —z2)(L —23) -...- (1 —aN),
,CCQ(l - ,CC3)(1 - .’L‘4) et (1 - .’EN), N 7.’17]\],1(1 - -TN)7xN)-
We note that 7x maps the face z; = 0 of OV birationally onto the face t; = 0 of
AN fori=1,...,N; all the other faces x; = 1 of OV land in the face to = 0. This
gives us the well-defined map
s (AOY;00%) — (AN; 0AN).
Similarly, we have the well-defined maps
(pn x id), - (A" x O™ L (A1 x O™ L)) — (A" x O™; 9(A™ x O™))

Proposition 5.3. Let ¢ : B — (A'\ {0,1})"*™ be a section, giving the maps
U, X ®,,(c) and (pp, X id)x 0 (Vy—1 X @pp1(c)) from A*@0O* to (A™ x O™; O(A™ x
am™)). Suppose n > 2. Then there is a homotopy Hy, m(c) of ¥, x &, (c) with
(pn X ld)* o (\I/n—l X <I>m+1(c)).

Proof. We have the map of complexes
U, X Bpyq(c) s A" @O — (A" x O™ 9(A™ x O™ L)),
Let

A(A™ x O™ 1) _ = [9(A™ x O™ 1)\ {(A" x (21 = 0), (t, = 0) x O™1}]
U{(tn =0) x (21 =0)},

where we put (¢, = 0) X (z1 = 0) in the spot vacated by A™ x (z; = 0). Write
Tp,i for the map €(v;,v)Ly, » © AZZ";ZH*(C) O Ty,0, and ¢ and ¢, for the maps
(@m,o0m) — (@™* o0m*t) and (A" 1,0A""1) — (A", 0A") induced by the
respective inclusions (x; = 0) — O™ (t,, = 0) — A",

We apply Proposition 2.13, where we take j = n. Adding in the signs which
occur in the definition of the tensor product of maps of complexes, we have the

homotopy ¥,, X ®,,+1(c), between the maps

Wy X B (€0, W X pa (€)1 2 AT © T — (A" x O™ 9(A" x O™ ),
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with
( 1)(m+1)n\1’n X (I)m-‘rl( )0

+1)+ 1
E ( )(n m)(m " [ Ln®1d OTvz (\I/n,i1<...<ir71<n®(I)m+1,j1<...<j3)
v,1=0,1,1

+ g To,i © (Uniy<..<ip_1<n @ ‘I>m+1,1<j2<...<js)],

and
(=) MO By () =

> (=) EN (1d@01) 07,10 (Ui <.y <ie @ P11 <o <)
v,1=0,1,J Iji.<n

+ E Tu,i © Wnis<ocip_r<n @ Prng1,1<jo<.. <)o -
T

Here, the indices I and J in the sums are all indices i1 < ... < 4y, j1 < ... < Js,
with the various special conditions as indicated in the subscripts of ¥,, or ®,,,;1 or
in the summations, i.e., sometimes j; = 1, ¢, = n or both, or j; > 1 or 4,. <n. The
v in the summation is over all vertices of O™*!

Let o : A1 — A™ be the degeneracy map

o(tos - stng1) = (toy - stn + tngt).
The map
(0 xid) o (ppy1 x id) : A" x O™ — A" x O™
defines the map
(A" x O™ 9(A" x Om+t)_) LXDe@niiDle An o gm. g(An x gmy).
Noting that

_ r—1
\Ilnvi1<...<i7~71<n - (_1) \I]’ﬂfl,’i1<..‘<i7-717
_ m
Prt11<goc.. <o = (1) P jy 1< <ju—1,
we find

[(0 xid) o (pn41 X id)]x 0 (¥ X Prny1(c)o)
= (=1)""(p, xid)s 0o (¥p_1 X ®puyi(c)),

[(0 xid) o (ppt1 X id)]x 0 (U, X Ppy1(c)1) = (=1)™T,, X Py (c).
Thus, (—1)™[(0 x id) o (pp41 X id)]x 0 (¥,, X Dyyp1(c)p,) gives the desired homotopy
between ¥,, x ®,,(c) and (p, x id)« o (V1 X Pppp1(c)). O

5.4. Triangulating O0*. We begin the conversion process by writing down the
“standard” triangulation of O*. Let [IN] denote the ordered set {0 < ... < N}. If
S and T are partially ordered sets, we have the partially ordered set S x T with
(a,b) < (a/,¥) if and only if a < @’ and b < ¥'. For a map
g+ [N]—[1]",
we have the unique affine-linear map
L(g) : AN OV
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with L(g)(v;) = g(j), where we have the obvious identitification of [1]V with the
set of vertices of OV . If ¢ is injective and order-preserving, we have the well-defined
permutation o(g) of {1,..., N} which sends j to i if the ith coordinate of g(j — 1)
is zero and the ith coordinate of g(j) is one. We let sgn(g) be the sign of the
permutation o(g). This gives us the map in ZSchp:

Ty := ngn(g)L(g) AN OV,
g

where the sum is over injective order-preserving g : [N] — [1]". One easily checks
that the sum of the Ty gives a map of complexes

T:A" —0O"
5.5. Triangulating A* ® A*. We have the partially ordered set [m] x [n]. For an
injective, order preserving map
9 := (gpm)» 9m)) = [m +n] — [m] x [n],
we have the affine-linear map
L(g) : A™™ — A™ x A™

with L(9)(v;) = (Vg )+ Vg (j))- We also have the well-defined permutation o(g)
of {1,...,n+m} defined by sending j to i € {1,... ,m} if g (j —1) =i —1 and

gim)(J) =4, and tom+i € {m+1,... ,m4n}if gy (j—1) =i—1and gy, (j) = 1.
We define sgn(g) := sgn(o(g)), and let

T = Z Sgn(g)Lg'
g

The sum of the T}, ,, defines the well-known Eilenberg-Maclane map
0: A" - A* R A",
We have the following complement to Proposition 5.3:

Proposition 5.6. For each section ¢ : B — (Al \ {0,1})", there is a homotopy
Hy(c) between ¥ x $p(c) o (id®T) o d and ¥y.

Proof. We have the identity (id ® ®¢) o (id ® T') 0 § = ida«, where we make the
identification Y @ 0° = Y ® B = Y for B-schemes Y. From this we have

U x @o(c) o ([d@T)0d = [1y, 0 AR, (c1) = Loy © Ay, (c1)] 0 Ty, © W

Here we write Ay for Ay, etc.
Let o : AN+l — AN be the degeneracy map

(to, e 7tN+1) — (to +t1,t2, ... ,tNt1).
Let p: ANTL — AN+1 be the cyclic permuation
p(to, .- s tns1) = (b1, ,tng1,t0)-
Let A%, and A%, be the maps AN*! — ANFL defined by
AII)\}H =pto AN o0,
AQI]\?+1 =p! oA, 00
We apply Proposition 2.13 to the map

\II/N-s-l(Cl) = [ty, © AUJ\}Jrl*(Cl) — Ly, © AQIJ\?+1*(01)] 0Ty, © UNy1,
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with the selected divisors D; := (ty = 0) and Do := (t; = 0) of AN*1. One easily
computes that

o0 Wy y(e1)o = —[tw, 0 AR, (c1) = 1oy 0 A, (c1)] 0 7y © Uiy,

04 O \IJGV—H(Cl)l = \I/N,

s0 0, 0 Wy (c1)n gives the desired homotopy. O

5.7. Triangulating (AY;9AY). Given an iterated blow-up of faces

p: SM — S = |:|N
and section ¢ : B — (A'\ {0,1})", we have the map of complexes ®¢ : 0% —
(ON;00%). We have as well the map 7y : OY — AN (5.3) and the triangulation
T : A* — O of §5.4. Define the map of complexes
(5.5) W A* — (AN;0AN)
to be the composition 7wy, o P€oT.

More generally, suppose we have a B-scheme B’ — B, and a B-morphism c :
B’ — (A'\ {0,1})™. Writing ¢ : B’ — (AL,\ {0,1})¥ for the corresponding section,
we have the map VS : Ay, — (AF,;0Af,). We let

vy Ap — (AN; 0AN)

be the composition of W¢ with the map 7p : (A},;0AY,) — (AN;0AN) induced
by the sum of the projections Fgr — F, F a face of AN. We define oy O —
@v;oal), U, x @,,(c) : A* @0O%, — (A" x O™, 9(A™ x O™), etc. similarly. We
let Unpr: A%, — (AN;0AN) be the composition 7p: o (U xp B').

Theorem 5.8. Let p : Sy — S be an iterated blow-up of faces, B' — B a B-
scheme, and ¢ : B’ — (A'\ {0,1})Y a B-morphism. For each B-morphism ¢ :
B' — (AY\ {0,1})N*1 of the form (c,cn41) there is a homotopy HE between W
and ‘I’NB’ .

Proof. Tt clearly suffices to consider the case B’ = B. We have the homotopy Hy(c')
of &7 with ®f; given by Proposition 4.12, giving the homotopy 7y. o Ho(c') o T' of
Uy with Wg,.
Recall the tower (5.4)
OV 2 Al x OV S AZx OV 2 5 AV L O — AN,
Let TN —m.m : AN~ x0O™ — AN m =1,..., N, be the composition in this tower.
It is an elementary computation to see that
(To®id)o (id®@T)0d =T,
where we make the identification A ® Y = B® Y =Y, for B-schemes Y. From
this we see that
TNe 0 (U@ Pn(c) o (Id®T)od = Vg,
The isomorphism p; x id : OV — A x OV~ identifies Ue with m nv_1. 0 (U7 ®
DOn_1(c))o(id®T)od
We have the homotopies Hy —m, m(c) of Proposition 5.3; the sum
N-—2
Z TN —m,mx © HN—m.m(c)o(id x T)od

m=0
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thus gives a homotopy between V¢, and ¥y x ®o(c) o (id® T) o 4.
We have the homotopy Hy (c) between ¥y x ®g(c) o (id @ T) 0 § and U given
by Proposition 5.6. Thus, we may take

N—2
H;, =7y 0 Ho(c) o T + Z TN—m,ms © HN—m,m(c) o (id x T) o 6 + Hn(c).
m=0

O

6. GOOD POSITION

In this section, we complete the proof of Theorem 1.9. The final step is to show
that, for a suitable iterated blow-up of faces p : S — S, and a general choice
of the auxiliary section ¢’ := (c,eny1) : B — (A'\ {0,1})V*!, the map WS and
the homotopy HZ‘;’/ between W7 and Wy given by Theorem 5.8 satisfy the general
position conditions required by Theorem 1.9. We suppose that B is an irreducible
excellent noetherian scheme. Unless specified otherwise, all schemes will be reduced.

6.1. Proper intersection. Let Z be a B-scheme of finite type, T" a smooth B-
scheme with strict reduced relative normal crossing divisor 0T, and f : Z — T a
B-morphism, such that no generic point of Z lands in dT. We say that Z intersects
the faces of T properly if, for each face F' of T', we have

codimz(f~1(F)) > codimp(F).

Let (T7,0T") and (T, 9T') be smooth B-schemes with strict reduced relative nor-
mal crossing divisors, and p : (17,01") — (1”,9T") a B-morphism which induces an
isomorphism p : 7"\ 0T" — T\ OT. For a B-morphism f : Z — T we have the map
pltof:Z\ f~Y0T) — T’, inducing the section o : Z \ f~2(0T) — Z x1 T'. Let
p~1[Z] be the closure of the image of o, and p~t[f] : p~[Z] — T’ the morphism
induced by pz. We let p~1(Z) denote the reduced fiber product (Z x7 T')red, and
p~1(f) : p~Y(Z) — T’ the projection.

6.2. Monomial morphisms. A morphism p: A™ — A™ is monomial if there are
integers b;; > 0 such that p*(z;) = H?:1 x?” fori =1,...,m. For n = m, it is
easy to show that a monomial morphism p is birational if and only if det(b;;) = *1.

We have the category of pairs (T,0T), where T is a smooth B-scheme, 0T is
a strict reduced relative normal crossing divisor, and a map of pairs (T,0T) —
(T,0T") is a morphism of B-schemes p : T'— T” such that p maps 9T to dT’. We
call such a map étale if p is étale and p~(9T") = OT. The étale topology on Schp
induces a Grothendieck topology on the category of pairs, which we also call the
étale topology.

Let A™ C A™ be the sum of the coordinate hyperplanes. Let (X,0X), (Y,9Y)
be smooth B-schemes with strict reduced relative normal crossing divisors. A
morphism p : (X,0X) — (Y,0Y) is a locally birational monomial morphism if
p is locally isomorphic (in the étale topology of pairs) to a birational monomial
morphism (A”, A™) — (A™, 0A™).

Let p: A" — A"™ be a birational monomial morphism, with corresponding ma-
trix of exponents (b;;). Let (a;;) be the inverse to the matrix (b;;), set pp(t); =
(I14t%*), and let p, be the diagonal G} -action on A" defined by

pp((tlv cee ’tn)> (xla s axn)) = (pp(t)lxlv cee ,pp(t)nxn)'
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For example, the fundamental action of GJ; on A",

(tl,... ,tn) . (Il,... ,l’n) = (tlxl,... ,tnzn).
n

is pia. The map p is G]),-equivariant, with G},

via the fundamental action on the range.

acting via p, on the domain, and

Lemma 6.3. Let p : (X,0X) — (Y,9Y) be a locally birational monomial mor-
phism of B-schemes, and let f : Z — Y be a finite type morphism of B-schemes,
intersecting all faces of Y properly. Form the cartesian square

Z/f—>X

T

f
Then

1. f': Z' — X intersects all faces properly.
2. Suppose that p: X \ 0X — Y \ 9Y is an isomorphism. Then
p 2 = Ziea =171 (2).
Proof. We may assume that Z is irreducible. The second statement follows from
the first. Indeed, since Z’ — X intersects all faces properly, each generic point of
7' has image in X \ 0X. If we assume that X \ X — Y \ 9Y is an isomorphism,
this implies that each generic point of Z’ is in p~![Z], whence (2).
For the first statement we may assume that X = Y = A", and that p :
(A™, 0A™) — (A™, 0OA™) is a birational monomial morphism.
Let F be a face of A”. The open face F is the complement in F of all the faces
of A™ properly contained in F'. The following facts are easy to verify:
(a) Let F? be an open face in A™. There is a unique open face G° in A" such
that p(F°) is contained in GO.
(b) Let G° be an open face in A™. Then G is an orbit of G, for the fundamental
action of G}, on A”.

Since the map p is G}, -equivariant (acting by p, on the domain, and the funda-
mental action on the range), it follows from (a) and (b) that the restriction of p to
the morphism

p: FY—G°
is surjective and GI,-equivariant. From (b) it follows that a choice of a section o :
B — G° determines an isomorphism of F? with G° x 3p~1(0(B)), with p becoming
the projection on GY. If G is defined by the equations X; =0, j € J C {1,... ,n},
then we have the section o with value z; = 0 for j € J, ; = 1 for j € J. Thus,
the morphism p : FO — GO is flat.

As Z is of finite type over B, and B is excellent, Z has a well-defined finite Krull
dimension. Since A™ is smooth over B, the map p is a birational l.c.i. morphism.
This implies that each irreducible component of Z’ has Krull dimension greater than
or equal to the Krull dimension of Z. Since Z intersects all faces of A™ properly,
the flatness of p : FO — G° implies that each irreducible component of Z’ which
lies over 90X has Krull dimension strictly less than the Krull dimension of Z. Thus
7' is irreducible, and the generic point of Z’ maps to X \ 9X. Using the flatness
of the maps p : F© — G, and the fact that Z — A" intersects all faces of A"
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properly again, we see that codimz (f'~1(F)) > codimyn (F) for all faces F), i.e.,
that f': Z' — A™ intersects all faces properly. O

Example 6.4. Recall from §3 the category of iterated blow-ups By for a B-scheme
Y with strict reduced normal crossing divisor 9Y. Let p; : (X;,0X;) — (Y,09Y),
i =1,2, be in By, such that p; = p; op for some Y-morphism p : Xy — X; (we say
that X5 dominates X;). Then the induced morphism p : (Xo,0X5) — (X1,0X7)
is a locally birational monomial morphism. If f : Z — X; intersects all faces
properly, then by Lemma 6.3, so does p~1(f) : p~1(Z) — Xs, and in addition,
p 1 (Z) =p7[Z].

6.5. For each vertex v of S := OV, we have the divisor 9,0V consisting of
those components of 0" which contain v; the pair (OV,9,0%) is isomorphic
to (AN,0AN). Fix for each vertex v an iterated blow-up of faces of (OV,9,0%V),
py : S(v) — S. By [9, Proposition 5.3], there is an iterated blow-up of faces of
(@™, 00"), p: Sy — S, which dominates each S(v); we let g, : Sy — S(v) be
the induced morphism.

If w is a vertex of S(v), we have the open neighborhood U, of w, being the
complement of the union of components of 95 (v) which do not contain w, and
the distinguished coordinate system t* of regular functions on U,,. We let 0U,, =
9S(v) NU,. By induction on the number of blow-ups used to construct p,, and a
direct computation of the distinguished coordinate system on a blow-up, as in the
proof of Lemma 4.2, we see that the map t* : U,, — A" is an isomorphism, and
gives an isomorphism of pairs (Uy,, U,,) — (AN, AN). Via this identification, we
may speak of a monomial morphism A" — U,,,.

Let A) be the “semi-local scheme” of the zero-section vy in A%, i.e., the limit
of the open subschemes AN \ C, over closed subschemes C with C Nwvy = (). For a
vertex u of Sp;, we have the coordinate system t* of regular functions on U,,, giving
the morphism t* : U, — AN which is an isomorphism over a neighborhood of w;
let

2 Al - U,
be the morphism induced by the inverse of ¢*.

Lemma 6.6. Let u be a vertex of Sy, let v = p(u), and let w = q,(u). Then
the composition q, o \* : Al — S(v) extends (uniquely) to a birational monomial
morphism AY : AN — U, C S(v).

Proof. 1t is clear that ¢, maps the coordinate neighborhood U, C Sy into U,,
hence g;(t}’) is a regular function on U, for each j =1,... ,n.

The proof now proceeds essentially as in Lemma 4.11. We may assume that B
is affine, B = Spec A. Applying Lemma 4.2 to the birational maps p and p,, there
is a matrix (b;;) € GLn(Z) such that

N
gty = [[asrs; i=1,... N
j=1
Since the qi(t;ﬁ”) are all regular on U,,, we have div(g}(t¥)) > Oforeachi=1,...,N,

from which it follows that all the b;; are non-negative. Thus, the map

(quo N)* L A[tY, ..., t%] —» T (AL, 0)
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has image in the subring T'(AN, O0) 2 A[t¥ ... | t%], giving the extension A%. From
the explicit formula

N
Ay =TT,
j=1

we see that A¥ is a birational monomial morphism. O

6.7. General position on A". We now assume that the base-scheme B is regular
and has Krull dimension one. We call a morphism of B-schemes B’ — (A'\{0,1})"
allowable if B’ is a flat B-scheme.

Let f: Z — S be a B-morphism of finite type such that no generic point of Z
lands in 05, let w be a vertex of Sy, and let ¢ : B’ — (A'\{0,1})"V be an allowable
morphism of B-schemes.

Let p: Sy — S be an iterated blow-up of faces. We have the map (4.7)

A¥e . 0% — Spr;

we let pichB/ denote the proper transform (A%€)~1[Zp/], and pL}7C(f) : piu,cZB/ —
0%, the induced morphism.

Recall the triangulation 7;, of O" given in §5.4. If f : A™ — O" is one of the
maps appearing in T, and if F' is a face of A™, we call the image f(F) a face of
Tar.

Let B’ — B be a B-scheme, d = (dy,... ,d,) : B’ — G} a B-morphism, giving
the B-isomorphism

i(d) : O — A%

Lemma 6.8. Let f: Z — A™ be a B-morphism of finite type such that no generic
point of Z lands in OA™. Suppose that Z intersects all faces of (A™, OA™) properly.
Then there is an open subscheme Vz of G, mapping onto B, such that, for all

allowable B-morphisms d : B — Vy, and for all faces F of TO™, the base-extension
fBr: Zp — A%, intersects i(d)(F) properly, i.e.,

codimy (f5/ (i(d)(F))) > codimyn (i(d)(F)).

Proof. Tt suffices to prove the lemma in case Z is irreducible. We have the map
over G, (p1,p) : GI', X A™ — G x A™, with p the fundamental action p;q. Via the
identification O™ = A™, the map i(d) is just the pull-back of (p1,p) by d : B’ — G..
By induction on n, we need only consider faces F' of TO"™ which are not contained
in OA™. Since the intersection of F' with 0A™ is again a face, it suffices to show that
there is an open subscheme j : V — GJ}, of G}},, mapping onto B, such that open
face FO := F'\ F N OA™ has the property that i(j)(Fp) intersects fy : Zy — A%
properly.

We write A for A" \ A™ and G for G?,. The map p: G xp FY — A is a locally
trivial bundle over A with fiber F°, thus, the same is true of the pull-back of p via
f. In particular, (G xp F°) x4 Z is irreducible, of dimension dim Z + dimpg F°.
Consider the projection

7:(GxpFY) %y Z—G.

If 7 is dominant, there is a codimension two subscheme C' of G such that = is
equi-dimensional over G. If 7 is not dominant, but p : (G xp F°) x; Z — B is
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dominant, let C' be the closure of the image of 7. If both 7 and p are not dominant,
say the image of p is the closed point b of B, then there is a proper closed subset C'
of the fiber Gy, such that 7 : (G x g F°) x3 Z — G}, is equi-dimensional over G} \ C.
In each case, the closed subset C' contains no fiber of the projection G — B, hence
the subscheme V := G\ C maps onto B, and clearly the inclusion j : V — G has
the property that i(j)(Fp) intersects fy : Zy — AJ, properly. O

We have a similar result for the triangulation of A™ x[O™ given by composing the
map U, x ®,,(c) of §5.1 with the triangulation id x T, and the Eilenberg-Maclane
map § of §5.5. We leave the proof of the following lemma to the reader; the proof
is essentially the same for Lemma 6.8.

Lemma 6.9. Let f: Z — A™ x O™ a B-morphism which intersects all faces of
A"xO™ properly. Then there is an open subscheme Vyz of (A\{0,1})"*™  mapping
onto B, such that, for all allowable B-morphisms ¢ : B’ — Vz, all faces F of A™T™,
and all maps T(c) : ABT™ — A" x O™ occuring in ¥, X ®,,,(c) o (id x Ty,) 0 8, the
map fp : Zp — A" x O, intersects T(c)(F) properly.

Now suppose that, as in §6.5, we have for each vertex v of S = OV, an iterated
blow-up of faces p, : S(v) — (S,0,S5), such that p: Sy — S factors through S(v).

Proposition 6.10. Let f : Z — S be a B-morphism of finite type such that no
generic point of Z lands in 0S. Suppose that Z, := p;'[Z] intersects all faces of
S(v) properly, for all vertices v of S. Then there is a Zariski open subscheme Vy
of (AY\ {0,1})Y, such that

1. The structure morphism V; — B is surjective.

2. For each allowable morphism of B-schemes ¢ : B’ — Vy, and each vertex u
of Su, the morphism p, (f) : pi, Zp — O%, intersects all faces of TOR,
properly.

In particular, if f: Z — S intersects all faces of S properly, then the above holds
for all iterated blow-ups of faces p: Syr — S.

Proof. Let u be a vertex of Sy, giving the coordinate system (t%,U,) around u,
the vertex v := p(u) of S, and the vertex w := ¢,(u) of S(v). For a B-morphism
c:B"— (A'\ {0,1})", we have the induced morphism d := t*(c) : B’ — G, and,
via Lemma 6.6, the factorization of the map A" as

A" = p, 0 AZ 0 i(1"(0)).
We let Z, ., be the fiber product Z, x g¢,) AV,

fw,u

Zv,u — AN

"

Zv —f> S('U)
By our assumption on the maps Z, — S(v), together with Lemma 6.3, it follows
that f, . : Zyw — AY intersects all faces of AN properly. Let Vz,. be the open
subscheme of GYY given by Lemma 6.8; by definition, if ¢ is a morphism such that
t“(c) lands in Vg, , then pl, .(f) : pl, .Zp — OF, intersects all faces of TOY,
properly.

v,u?
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Let Vz be the intersection in (A1\{0, 1})¥ of the open subschemes (A!\{0,1})VN
()" (Vz,(u).)» s u runs over all vertices of Sp. Since each ¢ is dominant on
each fiber over B, all the fibers of V; — B are non-empty. We have already seen
that condition (2) holds for each morphism ¢ : B’ — V. This proves (1) and (2).

The remaining statement follows by taking all the maps p, : S(v) — S to be the
identity. O

6.11. Some reductions. We now turn to the proof of Theorem 1.9. In this section,
we make some preliminary reductions. We use the notations of §1 and Theorem 1.9.
Let B = Spec A, where A is a semi-local PID.

We will show the following sharper result:

Theorem 6.12. Let j : U — X be an open subscheme of a finite type B-scheme
X, and let {Cy; € U(I)qj)} be a finite collection of irreducible closed subsets, as in
the statement of Theorem 1.9. Then there is an iterated blow-up of faces S’ — S
such that, for each iterated blow-up of faces p : Spr — S which dominates S’, there
is an open subset V(Sar) C (A — {0, 1)V such that

1. The structure morphism V (Sy) — B is surjective.

2. For each flat B-scheme B’ and each B-morphism ¢ = (¢,eny1) @ B —
V(Sw), the map V5 and the homotopy Hlf, of U5 with Wyp: given by Theo-
rem 5.8 satisfy the following analog of the conclusions of Theorem 1.9: Write
U and H as sums with Z-coefficients

U= > niff; H= Y migh nimi#0,
I’C‘{O,S.’.‘ N} Ig{o,sf.. N}

with
fi AN 9AN, e AN gAY,

maps of B-schemes. Then

(a) Each component of (id x f§)~Y(Cr;) is in (UB/)f(N—\I\,qj) for each I, s
and j.

(b) Each component of (id x g3)~*(C1;) is in (Up')(n—|1|+1,q,) for each I, s
and j.

(c) If Cr; is in U()f)qj), then each component of (id x g3)~'(Cr ;) is in
(UB’)ggv—qu,qj) for each s.

We first reduce the proof of Theorem 6.12 to the case of affine X. Take X of finite
type over B, let X = U, X, be a finite affine cover, giving the open subscheme
U; :==UNX; of X;. Assuming Theorem 6.12 for the affine schemes X;, we have for
each i =1,...,n an iterated blow-up of faces S, — S, satisfying Theorem 6.12 for
U; C X; and the collection of subsets {Cr; N (U; x OAY)}. We denote the open
subset corresponding to an S dominating S} by V;(S”). By [9, Proposition 5.3,
there is an iterated blow-up of faces S’ — S which dominates all the S;. It then
follows that, for each blow-up of faces p : S); — S which dominates S/, and each
allowable B-morphism

d = (c,enyy1): B = V(Sy) =0 Vi(Sm),
the map W; and the homotopy Hgl of W§ with Wy p: given by Theorem 5.8 satisfy,

foreachi =1,... ,n, the conclusions of Theorem 6.12 for U; C X; and the collection
{C1; N (U; x DAY)}. Since the property of being in U, 4y (resp. in U();q)) is local
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over U (resp. local over X), the map U7 and the homotopy Hgl satisfy conclusions
of Theorem 6.12 for U C X and original collection {C; ;}. Thus, it suffices to prove
Theorem 6.12 for X affine.

We will make a further simplification; we first require the following elementary
lemma:

Lemma 6.13. Let Y be quasi-projective over B, j : U — Y a non-empty open
subscheme, and C' an element of Uy ) for some I C {0,... ,N},and some g > —N.
Then there is an irreducible closed subset C of AN such that C is in Uw@,qg), and C
is an irreducible component of C NU x OAN . IfC is in U(I q) We may find a C as

above with C € U(®7q).

Proof. If we can prove the result in the case of an element of U ), the result
follows for an element C of U(’;’q). Indeed the closure C' in Y x dAY is in Y{7 4) by
definition; if we have a D € Y(p 4) with C an irreducible component of DNY x AN
then taking C = DN U x AN gives the desired closed subset.

If Y’ is an irreducible component of Y, then the inclusion U’ :=UNY’' — U
induces maps U(’I’q) — Uy q, U(’}f;) — U();,q)’ and similarly for I = . Also, Uz q) is
the union of the (UNY’ )(1,q)> @S Y runs over the irreducible components of Y, and
similarly for UY (1.q)’ Uw@,q and U( ) Thus, we may assume that Y is irreducible.

In this case, since B has Krull dimension at most one, either Y is equi-dimensional
over B, or Y maps to a closed point of B. We give the proof in the first case; the
proof in the second case is essentially the same, and is left to the reader.

Suppose that C is in U . We fix an embedding of Y in a projective space
P%. Since dimC = N — |I| 4+ ¢, C has pure codimension r := dimpY — ¢ on
U x OAY | and intersects each subscheme U x JAY in codimension > r, for each
face I ¢ J € {0,... ,N}. Let Z be the ideal sheaf of C. For d large enough, the
sheaf Z(d) is generated by global sections. Thus, there are sections sq,...,s, of
Z(d) over U x AN such that the subscheme C defined by s1,..., s, satisfies

1. C'\ C has pure codimension r on U x AN \ C.

2. (C\ C)NU x dAY has pure codimension r on U x AN \ C for all J C

{0,...,N}.
Since C' intersects all faces of U x AY in codimension r, it follows that C is in
Up,q- Since C contains C, and each component of C NU x AN has codimension
r, it follows that C' is a component of C N U x JAN. O

We can now make our final reduction.

Proposition 6.14. Suppose we can prove Theorem 6.12 for X affine, and for each
finite collection of irreducible closed subsets {C; € Ug q,)}- Then Theorem 6.12 is
true in general.

Proof. We have already seen that it suffices to prove Theorem 6.12 for X affine.
Suppose then that X is affine, and that {Cr ; € U(qu)} is a finite set of irreducible
closed subsets. By Lemma 6.13, we can find for each Cy; a Z; ; € Uy 4, such that
Cy,; is an irreducible component of Z; ; N OAN | and if Cr,j is in U()I(’qj)7 then we
may take Zj; € U(@ a)

Suppose we can find an iterated blow-up of faces S’ — S, and open subschemes
V(Spr) for each iterated blow-up p : Sy — S which dominates S’, satisfying
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Theorem 6.12 for the collection {Z; ;}. Fix one such p : Spy — S, and an allowable
B-morphism ¢ = (¢,en41) : B' — V(Su). Replacing B with B’ and changing
notation, we may assume that B’ = B. Thus we have the map W§ : A* —
(AN 9AN), and the homotopy Hg/ of U¢ with Wy.

Let f: A* — (Y;9Y) be a map of degree —N in C(ZSchg). We say that f
is compatible with faces if, for each component f§ : AN=Hl — 9Y7 of f, there is a
component fé : AN — 9Yy =Y, and a face F of AN such that f; composed with
the inclusion 0Y; — Y factors as

AN-IIl oz o AN o,y

We make an analogous definition for maps O0* — (V;9Y), O — (Y;9Y), or
A*@O* — (YV;0Y).

We claim that the maps V7 and HIC,' are compatible with faces. Assuming this
is the case, the fact that the (fé)*l(ZI’j) intersects all faces of U x AN properly
implies that (f§)~*(Cy ;) intersects all faces of U x AN —III properly. Similarly, if
(f)) " (Z1;) is in U()J(\,yqj)7 then (f;)~1(Cr,;) is in U()z(v,qj)’

We proceed to verify the above claim. Consider first the map (4.4) ¢¢ : 0§ —
(Sar,0Sar). Tt follows directly from the construction of ¢¢ that ¢¢ is compatible
with faces. Since ®; is the unique extension of the map p o ¢¢, it follows that
oy - O — (S,0S5) is compatible with faces. Since Ve = 7y o @ o T, where
7n : OV — AN is the map (5.3) and T : A* — O* is the standard triangulation,
the claim for Wy is verified.

The proof for the homotopy H;/ is similar. We use the notation from the proof

of Theorem 5.8. The homotopy Hgl is the sum

N—2
H;/ = 7Ny 0 Ho(d) o T + Z TN —m,ms © HN_—m.m(c) o (id x T) o d 4+ Hy(c).

m=0

Here Ho(c') is the homotopy of ®; with ®f;, constructed in the proof of Propo-
sition 4.12, Hy_m.m(c) is the homotopy of maps A* @ O* — (AN=™ x O™, 9)
constructed in Proposition 5.3, and Hy(¢) is the homotopy constructed in in Propo-
sition 5.6. T': A* — [O0* is the triangulation constructed in §5.4, § : A* — A* ®@ A*
is the Eilenberg-Maclane map, and the maps my_m,,m are the compositions in
the tower (5.4). It clearly suffices to prove that the maps Ho(c¢'), Hy_m.m(c),
m=20,...,N—1, and Hy(c) are compatible with faces.

For this, consider first the map Hy(c'). To construct Hy(c'), we started with
the map @gl : 0% — (T,07), coming from a certain iterated blow-up of faces
q : Thy — OV We took the projection 7 : OV — O on the first N-factors,
and then we applied the homotopy machine of §2.10 to the map m, o (IJZ,. It follows
from the explicit form (2.11) of the homotopy <I>”,'1/ corresponding to @g/ that the
components of Hy(c') and 7, o <I>;/ consisting of maps OV — O are the same,
and that each map 0! — 0% occurring in Hy(c') occurs in m, o @g/. Thus, since
Ty O <I>2/ is compatible with faces, so is Hy(c').

The maps Hy_mm(c), m = 0,... ,N — 2, are constructed similarly (see the
proof of Proposition 5.3) from tensor products of maps of the form \I/f;, @fj. As
these latter maps are compatible with faces, the same argument as above shows
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that the maps Hy_m m(c) are compatible with faces as well. The proof for the
homotopy Hy(c) is similar. O

6.15. Proof of Theorem 1.9. We proceed to prove Theorem 6.12 for X affine,
and for a collection of subsets Cj € Up,q;), j = 1,... , s, which will complete the
proof of Theorem 1.9.

Let C; denote the closure of C; in X x AN. We suppose that C; is in U()é’qj) for
j=1,...,r; for these j, C'j s in X g g,)-

Recall the tower (5.4), built out of the maps p, x id : A"~1 x O™+ — A" x
O™, giving the compositions 7n : OV — AN, and TN—m,m AN-m e Om -
AN. We have the degeneracy morphisms o : A" — A" o(tg,... ,t,41) =
(to, vttty + tn+1).

Lemma 6.16. Let f : Z — A™ xO™ be a morphism intersecting all faces properly.
Then (p, x id)7X(f) : (pn x id)"H(Z) — A"~L x O™F! intersects all faces of
A" O™ properly, and (o xid)7(f) : (o xid)~1(Z) — A" x O™ intersects
all faces of A"t x O™ properly.

Proof. The map p, x id is easily seen to be locally birational monomial, so the
first assertion follows from Lemma 6.3. For the second assertion, let F' be a face of
A"t O™, Then (o xid)(F) is a face F' of A™ x O™, and the restriction of o x id
to the open face F° factors as a flat map F° — F’ followed by the inclusion of F’
into A™ x O™. Since f : Z — A™ x O™ intersects all faces properly, this implies
that (o x id)~1(f) : (o x id)~}(Z) — A™*! x O™ intersects all faces of properly as
well. O

Let Z; = n5'(Cy), let Z; = mx'[Z;] and let
Z::HZj; Z::HZj; Z<r ::HZj.
j=1 j=1 j=1

Welet f: Z -0V, f: Z - 0O and f<, : Z<, — O be the projections. It follows
from Lemma 6.16 that f intersects all faces of S := O properly. From Lemma 6.3,
we have Z; = ' [C)] for j =1,... s, and Z; = 75" (C;) for j=1,... 7.

By [9, Theorem 0.3], there is, for each vertex v of S, an iterated blow-up of
faces of (S,0,5), p, : S(v) — S, such that p;[f] : p;1[Z] — S(v) intersects all
faces of S(v) properly. Let p : Sy — S be an iterated blow-up of faces which
dominates all the p,. By Proposition 6.10(1), there is a Zariski open subscheme Vj
of (A*\ {0,1})¥, faithfully flat over B, such that, for each allowable B-morphism
¢: B' =V, and for each vertex u of Sy, the morphisms pl, .(f) : p, .Zp — OF,
and p'uc(f) : PLCZB/ — OX%, intersects all faces of TO%Y, properly. It follows from
Proposition 6.10(2) and Lemma 6.3 that

(6.1) PueZpr = (M) "N (Zpr),
(6.2) PucZ<rn = (M) (Zarp).

Let hg : O, — O be a component of 7, and let hs_l(Zj) denote the closure
in X x O}, of h;'(Z;). By the definition of the map ®, hy = A* for some vertex

u of Sps. For this choice of u, it follows from (6.1) that

hs'(Z) C Dy Znr-
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Thus, the projection hs_l(Zj) — OY intersects all faces of TN properly.
From this it follows in turn that, if f, : A%, — AN is a component of vy,
then the irreducible components of f;!(C;) are in (UB’)%M for all j. Indeed, let

f51(C;) be the the closure of f71(C;) in X x AY,. Each component f; is of the
form 7wy o hs ot for some component hy : Dg, — O of 7, where ¢ : AN - 0OV s
a component of the triangulation 7T'. Since Z; = w&l(C’j), and ¢ is an isomorphism
of B-schemes, it follows that

fH(C)) = (d x )7 (ha ' (Z5)).

As h;l(Zj) intersects all the faces of TN properly, it follows that the closure

fs 1(C’j) likewise intersects all faces of AN properly, i.e., that the irreducible com-
ponents of f7(C;) are in (Up/)x, -

This verifies the portion of Theorem 1.9 dealing with the map ¥. We now turn
to the homotopy H.

We write H = Hg' as the sum (see the proof of Theorem 5.8)

N—2
HE =my. 0 Ho(d) 0T+ Y an—mums © Hy—mm(c) o (id x T) 0§+ Hy(c).
m=0
We first consider the term wy o Hy(c¢') o T. The homotopy Hy(c') is defined (see
the proof of Proposition 4.12) by blowing-up ON*! = OV x O! along the locus
ON x 1 so as to form the sequence of blow-ups forming the map p : Sy — S.
This gives the iterated blow-up of faces ¢ : Tjy — T which is the identity over
OV x 0 and p over OV x 1. A choice of a B-morphism ¢’ : B’ — (A!\ {0,1})V+!
of the form (¢, cyy1) gives the map <I>§/ : 0% — (1,0T). Feeding this map to
the homotopy machine of §2.10 gives the homotopy ®,. We have the projection
7:T =0Vt — § =0V on the first N-factors, and Hy(c') = 7, o ®y,.
Clearly 7=1(Z) — ON*! and 7=1(Z<,) — ON*! intersects all faces of OV F!
properly. Arguing as above, we have for all vertices u’ of Ty

QL/,c/ﬂ'_l(Z)B’ = (Aul,C/)_l(ﬂ-_l(Z)B')’
Gy ot N Z<r)p = (AN m N Z<r) )

From this, it follows as above that, for each component Ay : Dg,‘" L oON of m, o<I>g,,
both h;1(Z) — ON+L and h}(Z<,) — OV intersect all faces of TON 1 properly.

From the explicit formula for (@gl) n given in (2.11), the components of Hy(c)
of the form b’ : Dg,ﬂ — OV agree with those of 7, o @g/. The same argument as
above shows that, for each component hy : Agﬂ'l — AN of Ty o Hy(c') o T, the
irreducible components of h; ' (C;) are in (Up)(n,q,) forall j =1,... ,s. Replacing
U with X and C; with C}, j = 1,... 7, the same argument shows that h; 1 (C}) is in
(XB/)(N,g,) forall j =1,...,r, from which it follows that h!(C;) is in (UB’)()gv,qj)
forall j=1,...,r.

We turn next to the terms mn_pm ms © Hy—m,m(c) o (id x T'). We have the maps

U, x & (c) : A*@ 0Oy — (A" xO™,0).

In the proof of Lemma 5.2, we have noted that ¥,, x ®,,(c) is defined by taking
the tensor product of ¥,,(c;) and ®¢;", and then identifying (A", 9) ® (O™, ) with
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(A™ x O™, 9(A™ x O™)). The map
H, () : A" @0Op — (A" x O™, 9(A™ x O™))

gives a homotopy of ¥, x ®,,(¢) with (p, x id)x 0 (V1 X Py 41(c)), and is con-
structed by taking the homotopy (¥, X ®,,,41(c))p, corresponding to ¥, X @, 41(c),
and composing with [(o x id) o (pp41 x id)]. (up to sign). This gives the formula

Hy_mm(c)o(idxT)od
==4[(o xid) o (pN—m+1 X id)]x 0 (U N—m X Ppry1(c))p o (id X T') 0 4.

Let

Z7 = (TN—mm © (0 x id) o (pN—m+1 x 1d))7(Cy), j=1,... s,

ij = (WN—m,m o (o xid)o (pN—mt1 X id))_l(Zj)a J=1...,r

and let
S s
zm =11z zz =12z
j=1 j=1

We let f™: Zm — AN—m xOQm+l fm . 7w — AN=m x 0™+ be the projections.
It follows from Lemma 6.16 that fm_and ]?Z‘T intersect all faces of AN—™ x Om+!
properly. -

By Lemma 6.9, there is an open subscheme Vy_, m of (A\ {0,1})", mapping
onto B, such that for all allowable B-morphisms ¢ : B’ — Vy_y;.m, for each
component h : AN — AN=7 5 O+ of Uy, x @41 (c) 0 (id x T') 0§, and for
each face F of Agf ! the maps f™ and f2 intersect h(F') properly. Since each such

component h induces an isomorphism of B’-schemes Ag,ﬂ — AN=m » Dgfrl, this
is the same as saying that h=1(Z™) — AN*L and A=1(Z7 ) — ANT! intersect all
faces properly. Since (¥ _p X ®py1(c))po(idxT)od and (¥ _p X Py (c))o(id x
T) o4 have the same components of this form, this implies that, for each component
hs of HN —pm(c)o(idxT)od, h;1(C)) isin (Up:) (N41,q;), 5 = 1,- -+ » s, and hH(C)
is in (Xp/)(nt1,4,), 5 = 1,...,7. Thus hyY(Cy) is in (UB’)fN-i-l,qj)’ ji=1,...,r
completing the discussion for the term Hpy_y, m(c) o (id X T') 0 6.

The argument for Hy(c) is similar. The homotopy Hy(c) is gotten (up to sign)
from the map ¥n41 X $g(c) by taking the associated homotopy (¥ n41 X Po(c))n,
composing with o,, and then conjugating by the linear automorphism of AN*!
coming from a permutation of the vertices. For our purpose, we may ignore the
conjugation by this automorphism, in which case the argument is the same as that
for Hx_pm. This gives us an open subscheme Vi of (A!\ {0,1})V, faithfully
flat over B, such that, for all allowable B-morphisms ¢ : B’ — Vi, h;1(C;) is in
(Us)(N+1.4;)> = 1,--., s, and hy'(Cj) is in (UB/)€§V+1,q_7)7 j=1,...,r, for each
component hy : AN — AN of Hy/(c).

Taking

V(SM) = (V() n ]\hQ Vme,m N VN) X (Al \ {O, 1})

m=0

completes the proof of Theorem 6.12 and Theorem 1.9.
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7. LOCALIZATION FOR MOTIVIC BOREL-MOORE HOMOLOGY

We can now prove our extension Theorem 1.7 of Bloch’s localization theorem; we
use the notations of §1. Let B be a regular noetherian scheme of Krull dimension
at most one, p : X — B a finite type B scheme, and j : U — X an open subscheme.
To prove Theorem 1.7, it suffices to show that, if B is semi-local, then the quotient
complex z,(U, x)/j*z,(X, %) is acyclic.

Write B = Spec A, with A a semi-local principal ideal domain.

Lemma 7.1. Let V be an open subscheme of A", mapping onto Spec A. Then
there exist finite €tale extensions A — A1, A — As, of relatively prime degree, with
sections 0; : Spec A; — Vi, .

Proof. Let A — A’ be an extension, with A’ semi-local. Suppose that, for each
closed point z of Spec A’, there is a k(x)-valued point v, of V. By the Chinese
remainder theorem, there is a section s : A’ — A", with s(z) = v,; since V is
open, it follows that s has image in V. Thus, it suffices to find A; which are étale
and finite over A, of relatively prime degree, such that V(k(x)) # @ for each closed
point = of Spec A1 and Spec As.

Let y be a closed point of Spec A. If n = 1, there is an integer d, > 1 such
that, for all separable field extensions k(y) — L of degree > d,, V(L) # 0; if
k(y) is infinite, we may and will take d, = 1. The same holds for arbitrary n by
an elementary induction. Let d be the maximum of the d,, as y runs over the
closed points of A, and take distinct primes l1,ls > d. For each y, there is a monic
separable polynomial f,; € k(y)[X] of degree l;, such that each irreducible factor
of f, i has degree > d,,. Choose monic polynomials f; € A[X] such that f; reduces
to fiy at y. Letting A; = A[X]/(f;) gives the desired extensions. O

Ifi: A— A’ is a finite extension of semi-local principal ideal rings of degree d,
then the composition

zL1<U’ *)/]*ZQ(X’ *) — Zq(UA” *)/j*zq(XA’v *) = ZLI(UA'7 *)/j*zq(XA” *)
is multiplication by degree d. Applying the lemma, we may assume throughout the
subsequent constructions that each open V' C Al which maps onto Spec A, admits
a section.

Let C C UinOU x AJ be a finite union of closed subsets C; e U(p%q)7 0<p; <
M. We let Ord=" be the full subcategory of the category Ord with objects [p],
0 < p < N. Since Ord=" is a finite category, the union of the closed subsets
(id x g)~Y(C NU x AP), as g : A? — AP runs over the morphisms in Ord=" is
again a finite union of the same form. We let C<Y denote this completion of C
with respect to the category Ord=" and CsN C U x AP the portion of C=V in
U x AP,

We let z4(U,p)n(C) be the subgroup of z4(U,p) generated by the irreducible
components of C5N. For p < N, z,(U, p) is the direct limit of the z, (U, p)n(C) as
C runs over unions of closed subsets C; € Uy, ), as above. Similarly, J*24(X,p)
is the direct limit of the z4(U,p)n(C’), as C’ runs over unions of closed subsets
CJ/' € U()I(MI)'

The association p — z4(U,p)n(C) extends to an N-truncated simplicial sub-
group z,(U, =) n(C) : Ord=" °® — Ab of the N-truncated simplicial abelian group

2q(U, =) = [pr— 29(U,p)] : Ord=< °° — Ab.
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We may apply 29(U, —)n(C) and z,(U, —) to the complex (AN, 0AN), giving the
subcomplex z4(U; (AN, 0AN))(C) of the complex 27(U; (AN, 0AN)). We have as
well the subcomplex z,(U, %) 5 (C) of z4(U, ), associated to the N-truncated sim-
plicial abelian group 2z4(U, —)n(C).

Take C; € Un, ), J=1,...,8, C; € U()l(\,“q)7 t=s4+1,...,r, and let

c=Uc. = ¢
j=1 j=s+1
The map ¥ gives the map of complexes
zQ(Uv Uy) : 24(U; (ANv 8AN))[—N] - Zq(Uv *),
which, by Lemma 2.6, is a homology isomorphism in degrees < N. Thus, the map
2g(U, Un)(O) : 22(U; (AN, 0AN))(O)[=N] — 2, (U, *)
is a homology isomorphism in degree < N after taking the limit over C. Similarly,
the map
2g(U, Un)(C) : 29(U; (AN, 0AM))(C)[=N] = 57 24(X, *)
is a homology isomorphism in degree < N after taking the limit over C”.
From Theorem 6.12, we have the diagram

(7.1) 2 (U (AN, 0AN))(C")[=N] —— 2,(U; (AY, 0A))(C)
zqum(c’)[—ml / lzqumw)
j*le(Xv *) L Zq(Uv *)a

where ¥ = W7 for suitable A-valued point ¢ of aN\oaV, and p: Sy — OV is

an iterated blow-up of faces. The properties of the homotopy Hpc/ imply that (7.1)
is commutative up to homotopy. From the remarks in the previous paragraph, we
see that the inclusion ¢ is a homology isomorphism in degrees < N. Since N was
arbitrary, ¢ is a homology isomorphism, completing the proof of Theorem 1.7.

8. ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE

We now proceed to give an application to the construction of a spectral sequence
from motivic cohomology to K-theory, globalizing the spectral sequence constructed
by Bloch and Lichtenbaum in [3]. We let B be a regular scheme of Krull dimension
at most one. In this section, unless specific mention to the contrary is made, “space”
will mean “simplicial set”; we let S denote the category of simplicial sets.

8.1. A variant of Theorem 6.12. It will be useful to have a slightly different
version of Theorem 6.12 where we replace various identities of dimensions with
inequalities. Fortunately, this variant follows easily from Theorem 6.12.

Let B be a regular scheme of dimension at most one, and let X — B be a
B-scheme of finite type. Let X(, <) be the set of irreducible closed subsets W' of
X x AP such that, for each face F of AP (including F' = AP), and each irreducible
component W’ of W N (X x F), we have

dim(W’) < ¢ + dimp(F).
If U is an open subscheme of X, we let Uéi <) be the subset of U
of those W whose closure in X x AP is in X, <.

p,<q) consisting
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Theorem 8.2. Let B = Spec A, where A is a semi-local PID, and let U be an open
subscheme of a B-scheme X of finite type over B. Let {Cr ;} be a finite collection
of irreducible closed subsets, Crj € U <q;), 1 C {0,1,... ,N}. Then there is an
iterated blow-up of faces S — S := O such that, for each iterated blow-up of faces
p: Sy — S which dominates S’, there is an open subset V(Syr) C (A1 —{0,1})N+1
such that

1. The structure map V(Sy) — B is surjective.

2. For each allowable B-morphism ¢ := (¢,cn41) : B — V(Sn), the map

Ve Ap — (AN;0AN)
and the homotopy Hgl of Wy, with ¥ given by Theorem 5.8 satisfy the fol-
lowing: Write W, and Hy as sums with Z-coefficients
w= S wifh H = Y migh nimi#0,
10, N} 1¢{0,... N}
with
i M= oals gi AR S oAy,
maps of B-schemes. Then
(a) Each component of (id x f§)~*(Cr ;) is in (UB’)€§V—|I|,§qj) for each I, s
and j.
(b) Each component of (id x g7)~(Cr ;) is in (Up')(n—|1)+1,<q;) Jor each I,
s and j.
(c) If Crj is in U();Sq]-)’ then each component of (id x g5)~(Cr,;) is in
(UB/)g\f—\IHLqu) for each s.
Proof. The arguments used in §6.11 reduce us to the case of X affine. The argument
of Lemma 6.13 proves the following variant:

Lemma 8.3. Let Y be quasi-projective over B, 7 : U — Y a non-empty open
subscheme, and C an element of Uy <q) for some I C {0,... ,N},and some q >
—N. Then there is an wrreducible closed subset C' of A{}[ such that C is in U,qg)
and C'is contained in C NU x OAN . If C is in U(?Sq)’ we may find a C as above

1A Y
with C € U(Q)’q).

Also, if we have a C € Uyq) (resp. C € U({q)), and an irreducible subset
C' of C, then clearly C' is in U <) (resp. in U();Sq))' Thus, the argument of
Proposition 6.14 reduces the proof of Theorem 8.2 to the case of a finite collection
of irreducible closed subsets {C; € Ugq,)} (and also X affine, but we won’t need
this). The conclusion of Theorem 8.2 in this case follows from Theorem 6.12. O

8.4. The G-theory spectral sequence. Let X be a finite-type B-scheme. We
have the exact category M x of coherent sheaves on X, and the corresponding
K-theory spectrum G(X) := K(Mx). The deloopings Q~?G(X) are given by
Waldhausen’s multiple @Q-construction; in particular, the spectrum G(X) has the
natural structure of a spectrum of simplicial sets.

Remark 8.5. When we take the homotopy fiber or cofiber of a map of spectra, this
will always be the homotopy fiber or cofiber in the category of spectra.
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Remark 8.6. In what follows, we will be constructing various simplicial spaces, or
simplicial spectra, by applying the Quillen/Waldhausen construction to simplicial
exact categories. These in turn will arise from various pseudo-functors F : CP —
ECat, where C will be a small subcategory of the category of schemes, and ECat is
the category of exact categories. Since F' is not a functor, one runs into problems in
applying the Quillen/Waldhausen construction. To avoid this, there is a standard
method for changing the pseudo-functor F' into a functor, namely, for each X € C,
replace F(X) with the category of tuples (F,8, : ¢*F — F,), with F an object
of F(X), F, an object of F(Y), for each morphism g : ¥ — X in C, and 6,
an isomorphism (here we write g*F for F(g)(F)). The morphisms are collections
of maps for each component making the evident diagrams commute. For each
f:Y — X in C, define

FA(F,0g: 6" F — Fy) = (Fp,0fon 0 Epn o B*(051) - B* Fr — Fron),

where h : Z — Y is amorphism in C and &5 5, : h*(f*F) — (foh)*F is the canonical
isomorphism which is part of the data of the pseudo-functor F. By making this
substitution, we may assume that our pull-back maps are functorial over any chosen
small subcategory of the category of schemes; we will assume that we have done
this, without further mention.

Let U be an open subscheme of X x AP. We have the full subcategory My (0AP)
of My with objects the coherent sheaves F such that Tor?” (F,Ovnxxr)) =0
for all faces F' of AP and all ¢ > 0. We write Mx(p) for Mxxa»(OAP) and let
G(X,p) denote the K-theory spectrum K(Mx(p)).

For a closed subset W of X x AP, we have the spectrum with supports Gw (X, p),
defined as the homotopy fiber of the map of spectra

j* s K(Mx(p)) — K(Muy(0AF)),

where U is the complement X x AP\ W and j : U — X x AP is the inclusion. We
let G4y (X, p) denote the direct limit of the Gw (X, p), as W runs over finite unions
of irreducible closed subsets C' € X(;, <¢)-

Let i : A9 — AP be a closed embedding in A*, so i identifies A? with a face of
AP let W C X x AP be a finite union of C; € X(;, <), let U be the complement
X x AP\ W, and V = i~1(U). The vanishing Tor condition implies that the pull-
back i* : My (OAP) — My is exact, and has image in My (0A?). In particular,
the assignment p — Mx(p) extends to a simplicial exact category Mx(—); we
let G(X,—) := K(Mx(—)) the corresponding simplicial spectrum. Similarly, the
assignments p — G4 (X, p) extend to simplicial spectra G (X, —).

Lemma 8.7. For U C X x AP open, the inclusion My (0AP) — My induces a
weak equivalence K (My(0AP)) — K(My).

Proof. We apply Quillen’s resolution theorem [11, §4, Corollary 1] to the inclusion
My (0AP) — My; it thus suffices to show that each F € My admits a finite
resolution by objects in My (9AP). Since each face is a complete intersection in U, it
suffices to show that each F € My admits a surjection G — F with G € My (9AP).
Since each F € My extends to a F € Mxxar, and since j* : Mxxar — My
maps Mx (p) to My (9AP), we may assume that U = X x AP,

Let F' be a face of AP. Since F' is flat over B, X x F'is flat over X. Thus, if Fy
is in Mx, then pjFy is in M x(p). Thus, it suffices to show that each F € Mxxa»r
admits a surjection pjFy — F for some Fy € Mx.
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We identify AP with AP. Let i : AP — PP be the standard inclusion, let H =
PP\ AP, and let p; : X x PP — X the extension of p; : X x A? — X. Let G
be a coherent sheaf on X x PP with (id x ¢)*G = F. For all d, the sheaf p1.G(d)
on X is a coherent Ox-module, and for all d sufficiently large the natural map
P1P1+G(d) — G(d) is surjective. The section h : Opr — Opr(d) with divisor d - H
defines an isomorphism (id x 7)*G — (id x 1)*G(d), giving the surjection

PiPLG(d) — (id x i)°G = F,
completing the proof of the lemma. O

Proposition 8.8. Let X be a B-scheme of finite type.

1. Let W be a closed subset of X x AP. There is a natural weak equivalence
2. The projection p1 : X x AP — X induces a weak equivalence pi : G(X) —
G(X,p).

Proof. Let Gy (X x AP) denote the homotopy fiber of the restriction map j* :
G(X x AP) — G(X x AP\ W). Quillen’s localization theorem [11, §7, Proposition
3.1] gives us the natural weak equivalence G(W) — Gw (X x AP). The natural
map Gw (X,p) — Gw (X x AP) is a weak equivalence by Lemma 8.7, proving (1).

The homotopy property for G-theory implies that the map p} : Mx — Mxxar
induces a weak equivalence G(X) — G(X x AP). The natural map G(X,p) —
G(X x AP) is a weak equivalence by Lemma 8.7, proving (2). O

We let dim X denote the maximum of dim X; over the irreducible components
X; of X. We note that G(4)(X,p) = G(X,p) for all ¢ > dim X. The evident maps

G(q—l)(va) - G(q) (Xa p)

give the tower of simplicial spectra
(81) el T G(q_l)(X, 7) - G(q)(X, 7) — ... G(dimX)(X7 7) = G(X, 7).

By Proposition 8.8(2), the augmentation X — X x A* gives a weak equivalence
of G(X,—) with G(X). We let G(4/4—1)(X,—) denote the homotopy cofiber of
the map G;—1)(X, =) — G4 (X, —) The tower (8.1) thus gives rise to a spectral
sequence (of homological type)

(8:2) E;,q = Tp+q(Gp/p-1) (X, =) = Gpiq(X).

Since the tower (8.2) is natural with respect to flat morphisms, replacing X with
U xp X for U C B open forms a tower of presheaves of simplicial spectra on By,;.
Jardine [7] has constructed a closed model structure on the category of presheaves
of spectra; in particular, for a presheaf of simplicial spectra G on Bz,,, we have the
homotopy groups 7x(B;G) (also denoted H~(B;G)). For a presheaf of Eilenberg-
Maclane spectra, 7y (B;G) agrees with the Zariski hypercohomology H~(B;G*),
where G* is the complex of presheaves of abelian groups corresponding to G via
the Dold-Kan correspondence. For a B-scheme f : X — B, presheafifying the
tower (8.2) over B and taking the associated spectral sequence gives us the spectral
sequence

(8.3) E;zl7,q = Tprq(B; f*G(p/p—l)(X7 =) = Gpiq(X).
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This spectral sequence converges to Gp14(X) since Quillen’s localization theorem
[11, §7, Proposition 3.1] implies that the natural map

TN (K(Mx)) — 78 (B; fo K(Mx))

is an isomorphism.
Let moG (q/q—1)(X, —) denote the simplicial abelian group

p = 70(G(g/-1)(X,P)).
Taking the cycle-class of a coherent sheaf defines the map of simplicial abelian
groups mocly : TG g/q—1)(X, =) — z4(X, —); by replacing the simplicial abelian
groups with the associated Eilenberg-Maclane spectra, we may consider mocl, as
a natural map of spectra. Since Q_NG(q/q_l)(Xm) is N-connected for each N,
we have the natural map of simplicial spectra G 4/q—1)(X, —) — TG (g/q—1)(X, —).
Composing this map with mgcl, gives us the natural map of simplicial spectra

(84) Clq . G(q/q—l)(X; 7) — Zq(X, 7).

In case X = Spec F for a field F, Friedlander and Suslin [5, Theorem 6.1] have
shown that this map is a weak equivalence. After the usual reindexing, the spec-
tral sequence (8.2) thus becomes the (cohomological) spectral sequence of Atiyah-
Hirzebruch type

(8.5) E3Y = HP(F,Z(—q/2)) = G_p—q(F) = K_p_o(F).

The arguments of §7 used to prove Theorem 1.7 can be modified to show that the
simplicial spectra G 4) (X, —) satisfy a localization property, namely, if i : Z — X is
a closed subscheme of X with complement j : U — X, then the sequence

(8.6) Gg)(Z,—) == G (X, =) *= Gy (U, -)

is a homotopy fiber sequence, at least in case B = Spec A, A a semi-local principal
ideal ring. Assuming this is so, we are able to identify the E'-terms in (8.3) via:

Proposition 8.9. Let B be a regular scheme of Krull dimension at most one.
Suppose that the sequence (8.6) is a homotopy fiber sequence for all pairs (X, Z),
with X a scheme of finite type over a semi-local principal ideal ring, and Z C X
a closed subscheme. Then, for all finite-type B-schemes f : X — B, the map
(8.4) induces a weak equivalence of presheaves of simplicial spectra f.G 4 (X, —) —
J+24(X, =), and isomorphisms of the E*-term in the spectral sequence (8.3)

E;AZ = 7TP+‘1(B; f*G(P/pfl)(X’ -)) = 7Tp+q(B§ f*zp(X, -))
= Hy1q(B; fezp(X, %)) = CHL (X, p + q).

In case B = Spec A, A a semi-local principal ideal ring, the spectral sequences (8.2)
and (8.3) agree, with E'-term

E} )= mpag(Grpp1)(X, =) 2 mpag(2p(X, —))
= P+Q(ZP(X’ *)) = CHP(X,p + Q)~

Proof. Since a map of presheaves of simplicial sets which is a stalk-wise weak equiv-
alence induces an isomorphism on 7, (B;—), it suffices to prove the proposition
in case B = SpecA, A a semi-local PID. Since we know that m,(z,(X,—)) =
7n(B; fizp(X, —)) in this case (Theorem 1.7), we need only show that the E'-term
in the spectral sequence (8.2) is given by mp44(2p(X, —)).
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Let G4 (X(y), —) be the direct limit of the spectra G(4)(Z,—), as Z runs over
unions of irreducible closed subsets C' C X with dim C' < r. This gives us the map
of simplicial spectra

Go)(X(r-1), =) = G (Xry, =)
let G4y (X(r/r—1), —) denote the cofiber of i,.
Since the sequences (8.6) are homotopy fiber sequences for all (X, Z) by assump-
tion, and since the operation of taking the K-theory spectrum is compatible with
direct limits of exact categories [11, §2], we have the homotopy fiber sequence

. i
Gl Ximx-1),—) = GoX,=) = [ G -),
€X (dim X)
natural in ¢q. Since taking the homotopy cofiber (of spectra) preserves homotopy
fiber sequences, we have the homotopy fiber sequence

Gla/g—1)X(@imx—1), =) == Grgpe (X, =) =[] Gajany(, ).
IEX(dimX)

Let z4(X(yy,p) be the direct limit of the z,(Z,p), as Z runs over unions of
irreducible closed subsets C C X with dimC < r. As A is a semi-local principal
ideal ring, it follows from Theorem 1.7 and the Dold-Kan equivalence that

2q(X(dim x—1)s —) — 2(X, —) L H zq(z,—)
€ X (dim X)

is a homotopy fiber sequence. The cycle map gives the commutative diagram

*

G(q/qfl)(X(dimel)y -) — G(q/q—l)(X7 -) —— erx(dimx) G(q/q—l)@’ -)

J cly J cly l cly

ZQ(X(dimX*U’_) ZQ(Xﬂ_) . HzEX(dimx) Zq(x’i)

- i

By [5, Theorem 6.1], the cycle map cl, : G(g/q—1)(z,—) — 24(x,—) is a weak
equivalence for all z € X. By induction on dim X, and the compatibility of the
functors G(4/4—1) and z, with direct limits, the cycle map

clg 1 Gg/q-1) (X(dim x-1): =) = 2¢(X(dim x-1), —)

is a weak equivalence. Thus clg : G(q/q—1)(X, =) — 24(X, —) is a weak equivalence.
O

8.10. After reindexing (8.3) to give an EZ-spectral sequence, we arrive at the
homological spectral sequence

(8.7) By, = H M (X, Z(~q/2)) = Gpaq(X),

reminiscent of the classical Atiyah-Hirzebruch spectral sequence from singular co-
homology to topological K-theory. In case X is regular, the natural map G.(X) —
K. (X) is an isomorphism. If X is irreducible, dim X = d, we define H? (X, 7Z(q)) :=
CHy_4(X,2d — 2¢ — p) and extend this definition to arbitrary regular X by taking
the direct sum over the irreducible components. The sequence (8.7) then becomes
the cohomological sequence

(8.8) B = HP(X,7(~q/2)) = K_p_q(X),
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The above constructions give similar spectral sequences with finite coefficients
as well. For instance, define the complex z,(X,*)/n as the cone of multiplication
by n, xn: z4(X, %) — z4(X, %), and set

Hy ™ (X, Z/n(q)) = B 7P (B; fuzg(X, %) /m).

Replacing 74(—) with the mod n homotopy group m(—;7Z/n) gives the spectral
sequence

(8.9) E2 = H)M(X,Z/n(—q/2)) = Gpiq(X;Z/n).

The other spectral sequences discussed above have their mod n counterparts as
well.

To complete the discussion, we now prove the localization property for spectra
G(q) (X, —); we may take B = Spec A, A a semi-local PID.

We let j : U — X be the inclusion of an open subscheme U of a finite-type
B-scheme X. Let G(q)(UX,p) be the spectrum constructed as G 4) (U, p), where we

take supports in W C U x AP which is a union of finitely many C € U()If <q) We

have the associated simplicial spectra G(q)(UX ,—), and the natural map
(8.10) G(UX, =) = G,»(U,-)
Theorem 8.11. The map (8.10) is a weak equivalence.

Proof. As the spectra G4)(U~,—) and G4 (U,—) are covariantly functorial for
finite morphisms X — X', we may use the argument of §7 to show that we may
assume that each open subscheme V' of A% which maps onto B admits a section.

Applying the Hurewicz isomorphism to the cofiber of (8.10), it suffices to show
that (8.10) induces a homology isomorphism on all sufficently large deloopings.
Since the homology group Hj, of Q’dG(q)(UX, —) and Q*dG(q)(U, —) are given by
H,, of the truncated simplicial objects for all truncations > p, so it suflices to show
that (8.10) induces a homology isomorphism in degrees p < N on the associated
N-truncated simplicial objects Q_dG(q)(UX, —)n and Q_dG(q)(U, -)N-

For a simplicial set T, we let Sing(T) denote the complex of integral simplicial
chains, i.e., Sing(T)([p]) is the free abelian group on T'([p]). The functor Sing(—)
thus transforms N-truncated simplicial spaces to N-truncated simplicial complexes
(i.e. functors Ord=" °® — C(Ab)), and we have the natural quasi-isomorphism

Tot(Sing(T.)) — Sing(|T.], Z),

for an N-truncated simplicial space T, : Ord=" °P — S, where |T,| is the geometric

realization of T, and Sing(|T%|,7) is the complex of singular chains. We therefore
need only show that (8.10) induces a homology isomorphism in degrees p < N

Tot(Sing(Q G o) (UX, -))) — Tot(Sing(Q G (U, -))).

The proof is now essentially the same as the proof of Theorem 1.7. For a finite
collection C' := {C} € Uy, <¢)}, and an integer N > 0, we have the closed subset
C’pSN of U x AP, containing all the C; with p; = p, and functorial in p for morphisms
g: AT — AP in ASN_ C=N s a finite union of irreducible closed subsets in Uy, <4
for all p, and if in addition all C; are in U()ijéq), then CPSN is a finite union of
irreducible closed subsets in U(); <q) for all p.
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Fix integers N > 0 and ¢, and take a finite collection C' := {C; € U, <o)},
0 <p; < N. We may form the N-truncated simplicial spectrum G¢ (U, —)n with

Go(U,p)y = Gpen (X x AP).

csN
‘We then have
Hy(Q79G q)(U, -)) = lim H,(Q*Go(U, —)n)
c

for p < N, where C runs over finite collections {C; € Uy, <)}, 0 < pj < N. We
have a similar description of H,(Q ¢G(UX,—)x) for p < N,
Hy(Q G (U™, =) = lim Hy (2 G (U, —)n)
C/
where C’ runs over finite collections {C; € U();J,<q)}’ 0<p; <N.
Take Cj € Uy, <q)s j=1,...,8, Cj € Uéfjéq), j=s+1,...,r,with0<p; <
N, and let

C= OC]-, C' = LTJ C;.
Jj=1 j=s+1
This gives us the functors
Sing(Q?G¢ (U, —)n) : Ord=" °P — C(Ab)
Sing(Q 4G/ (U, —)n) : Ord=N P — C(Ab)
and the natural map
Sing(Q G (U, —)n) — Sing(Q*Ge (U, —)n).
We may form the associated total complexes
Tot(Sing(Q G (U, —)n)), Tot(Sing(Q ?Ger (U, —)n)).
We may also apply Sing(Q2~?G¢ (U, —)n) and Sing(Q~?G¢/ (U, —)n) to the complex
(AN OAN), forming the complexes
Sing(Q 4G (U; AN, 0AN)), Sing(Q™4Ger (U; AN, 0AN)).
Taking the limit over C, C’ gives the various complexes
Tot(Sing(Q Gy (U, —)n)), Tot(Sing(Q Gy, (UX,—)n))
Sing(Q Gy (U; AN, 0AY)), Sing(Q G,y (UX; AN, 0AN)).
The map ¥ gives the map of complexes

Sing(Q™1G g (U; AN, 0AN ) [ N] 22D, o (Sing (246G ) (U, —)w)),
which, by Lemma 2.6, is a homology isomorphism in degrees < N. Thus, the map

Sing(G(¥n))(C)

Sing(Q G (U; AN, 0AN))[~N] Tot(Sing(Q ™Gy (U, —)n))

is a homology isomorphism in degree < N after taking the limit over C. Similarly,
the map

Sing(Q 4G (U; AN, 9AN )~ N] 22D, pot(Sing(-9G ) (U, —)w))

is a homology isomorphism in degree < N after taking the limit over C”.
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From Theorem 8.2, we have the diagram
(8.11)
Sing(Q 4G (U; AN, 0AN)) [~ N] —— Sing(Q 4G (U; AN, 0AN))[-N]

Sing<c<wm><0/>l / lsmgm(w))(m

Tot(Sing(Q*dG(q)(UX, -)n)) —_—) Tot(Sing(Q’dG(q)(U7 —)N))-
As in the proof of Theorem 1.7 in §7, it follows from the properties of ¥ := W7 and

H = H;/ that (8.11) is commutative up to homotopy, and hence ¢ is a homology
isomorphism in degrees < N. Since N was arbitrary, ¢ is a homology isomorphism,
and hence (8.10) is a weak equivalence. O

It is now easy to show that (8.6) is a homotopy fiber sequence.

Corollary 8.12. Let B = Spec A, A a semi-local PID, and let X be a B-scheme
of finite type. Let j : U — X be the inclusion of an open subscheme, i : Z — X of
U the complement. Then the sequence

G()(Z,~) = Gg(X, ) 7= G (U, -)
is a homotopy fiber sequence for all integers q.

Proof. Let C be in X, <5). Then each irreducible component of C'N (Z x AP) is
in Z(, <4)- By definition, if C' is in U()zgéq)’ then the closure of C' in X x AP is in
X(p,<q)- From this, Proposition 8.8(1) and Quillen’s localization theorem [11, §7,
Proposition 3.1], we have the homotopy fiber sequence

G(g)(Z,p) = Gy (X,p) 2= G (U, p)

for each p, giving the homotopy fiber sequence
G(q)(Za _) L G(q)(Xv _) L G(q)(UXa _)~

By Theorem 8.11, the natural map G/ UX,-) — G () (U, —) is a weak equivalence,
giving the desired homotopy fiber sequence. O
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