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Abstract. We extend the localization techniques developed by Bloch to sim-
plicial spaces. As applications, we give an extension of Bloch’s localization
theorem for the higher Chow groups to schemes of finite type over a regu-
lar scheme of dimension at most one (including mixed characteristic) and,
relying on a fundamental result of Friedlander-Suslin, we globalize the Bloch-
Lichtenbaum spectral sequence to give a spectral sequence converging to the
G-theory of a scheme X, of finite type over a regular scheme of dimension one,
with E1-term the motivic Borel-Moore homology.

1. Introduction

1.1. Bloch’s higher Chow groups. We begin by recalling Bloch’s definition of
the higher Chow groups [1]. Fix a base field k. Let ∆N

k denote the standard
“algebraic N -simplex”

∆N
k := Spec k[t0, . . . , tN ]/

∑
i

ti − 1,

let X be a quasi-projective scheme over k, and let ∆∗
X be the cosimplicial scheme

N �→ X ×k ∆N
k .

A face of ∆N
X is a subscheme defined by equations of the form ti1 = . . . = tir = 0.

Let X(p,q) be the set of dimension q + p irreducible closed subschemes W of ∆p
X

such that W intersects each dimension r face F in dimension ≤ q + r. We have
Bloch’s simplicial group

p �→ zq(X, p),

with zq(X, p) the subgroup of the dimension q + p cycles on X ×∆p generated by
X(p,q). Denote the associated complex by zq(X, ∗). The higher Chow groups of X
are defined by

CHq(X, p) := Hp(zq(X, ∗)).
If X is locally equi-dimensional over k, we may label these complexes by codimen-
sion, and define

CHq(X, p) := Hp(zq(X, ∗)),
where zq(X, p) = zd−p(X, p) if X has dimension d over k.

These groups compute the motivic Borel-Moore homology of X and, for X
smooth over k, the motivic cohomology of X by
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Theorem 1.2. There is a natural isomorphism

HB.M.
p (X,Z(q)) ∼= CHq(X, p− 2q),

where HB.M.
∗ is the motivic Borel-Moore homology. Suppose X is smooth over k.

There is a natural isomorphism

Hp(X,Z(q)) ∼= CHq(X, 2q − p).

Here the motivic cohomology is that defined by the construction of [6], [8] or
[12].

The categories of [12] and [8] are equivalent for k of characteristic zero [8, VI,
Theorem 2.5.5]. In addition, motivic cohomology has many of the formal prop-
erties one expects, including Mayer-Vietoris, Chern classes and Chern character
isomorphism from K-theory, and duality. Thus, one is somewhat justified in using
Bloch’s higher Chow groups as the definition of motivic cohomology for a smooth
quasi-projective k-scheme.

Required for the above theorem is the fundamental localization result from [2].

Theorem 1.3 (Bloch). Let Z ⊂ X be a closed subscheme, U the complement X\Z.
Then the sequence

zq(Z, ∗) iZ∗−−→ zq(X, ∗) j∗U−→ zq(U, ∗)
is a distinguished triangle, i.e., the quotient complex zq(U, ∗)/j∗Uzq(X, ∗) is acyclic.

Remark 1.4. For q < dimX − 1, the map j∗U is not surjective, except for some
trivial cases.

1.5. In this paper, we give an extension of the technique used to prove Theo-
rem 1.3, which allows one to prove similar moving lemmas in a more general setting.
Our main result (Theorem 1.9) is stated below.

Theorem 1.9 extends Bloch’s results in two directions: it allows the base-ring A
to be a semi-local PID instead of a field, and it gives a more precise formulation
of the homological construction used to prove the acyclicity in Theorem 1.3. This
will allow us to apply the moving lemma to certain interesting simplicial spaces.

1.6. Applications. We give two applications of our main result. The first is an
extension of the localization result Theorem 1.3 to schemes of finite type over a
regular scheme B of dimension at most one. For f : X → B a finite-type B-
scheme, we have the set X(p,q) defined as above, where we use a certain dimension
function instead of dimension over k; see §1.8 below for the precise definition. We
let zq(X, p) denote the free abelian group on X(p,q), forming the simplicial abelian
group p �→ zq(X, p), and the associated complex zq(X, ∗). The complexes zq(X, ∗)
are covariant for proper morphisms, and contravariant for flat morphisms (with
an appropriate shift in q). In particular, we have the complex of sheaves on B,
f∗zq(X, ∗), associated to the presheaf V �→ zq(p−1(V ), ∗). These complexes of
sheaves have the same functoriality as the complexes zq(−, ∗).

Here is our extension of Bloch’s localization result:

Theorem 1.7. Let B be a regular one-dimensional scheme. Let i : Z → X be a
closed subscheme of a finite-type B-scheme f : X → SpecB, and let j : U → X be
the complement. Then the (exact) sequence of sheaves on B

0 → (f ◦ i)∗zq(Z, ∗) i∗−→ f∗zq(X, ∗) j∗−→ (f ◦ j)∗zq(U, ∗)
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forms a distinguished triangle in the derived category; in other words, the quo-
tient complex (f ◦ j)∗zq(U, ∗)/j∗(f∗zq(X, ∗)) is acyclic. If B is semi-local, then
zq(U, ∗)/j∗zq(X, ∗) is acyclic, hence the exact sequence of complexes

0 → zq(Z, ∗) i∗−→ zq(X, ∗) j∗−→ zq(U, ∗)
forms a distinguished triangle.

If we set CHq(X, p) := H−p(BZar, f∗zq(X, ∗)) =: HB.M.
p−2q(X,Z(q)), then Theo-

rem 1.7 gives a long exact localization sequence for the higher Chow groups/motivic
Borel-Moore homology. We also have the identity

H−p
Zar(B, f∗zq(X, ∗)) = Hp(zq(X, ∗))

for B semi-local.
The second application is a globalization of the Bloch-Lichtenbaum spectral se-

quence [3]

Ep,q
2 = Hp(F,Z(−q/2)) =⇒ K−p−q(F ),

F a field, to a spectral sequence (of homological type) for X → B of finite type, B
a regular noetherian scheme of dimension at most one,

E2
p,q = HB.M.

p (X,Z(−q/2)) =⇒ Gp+q(X).

The proof relies on the Bloch-Lichtenbaum sequence for field, plus the fundamental
result of Friedlander-Suslin [5, Theorem 6.1], which gives a natural interpretation
of the Bloch-Lichtenbaum sequence as coming from the “niveau” tower associated
to the cosimplicial scheme ∆∗

X , in case X = SpecF . For details, see §8. In [10],
we examine various properties of this spectral sequence, including the construction
of Adams operations, functoriality, multiplicative properties, and comparison with
étale cohomology and étale K-theory. In [5], Friedlander and Suslin have given a
gobalization of the Bloch-Lichtenbaum spectral sequence to schemes of finite type
over a field by another method.

1.8. Statement of results. Before we state our main result, we introduce some
notation.

Let B be a regular noetherian scheme of dimension at most one. For f : X → B
an irreducible B-scheme of finite type, the dimension of X is defined as follows:
Let η ∈ B be the image of the generic point of X, Xη the fiber of X over η. If η
is a closed point of B, then X is a scheme over the residue field k(η), and we set
dimX := dimk(η) X. If η is not a closed point of B, we set dimX := dimk(η) Xη+1.
If X → B is proper, then dimX is the Krull dimension of X, but in general dimX
is only greater than or equal to the Krull dimension. If X is equi-dimensional over
B, we write dimB X for the dimension of X over B.

We let ∆n = SpecB(OB [t0, . . . , tn]/
∑

i ti−1), giving the cosimplicial B-scheme
∆∗. We have for each B-scheme X the cosimplicial scheme ∆∗

X := X ×B ∆∗, and
for each (p, q) the set X(p,q) of irreducible closed subsets C of ∆p

X of dimension
p + q, such that, for each face F of ∆p, we have

dim(C ∩X × F ) ≤ dimB F + q.

If U is an open subscheme of X, we let UX
(p,q) be the subset of U(p,q) consisting of

those irreducible closed subsets whose closure in ∆p
X are in X(p,q).
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We work in the additive category ZSchB , with the same objects as SchB , where
HomZSchB

(X,Y ) is the free abelian group on HomZSchB
(X,Y ) for X and Y con-

nected, and disjoint union is the direct sum. By taking the usual alternating
sum of the coboundary maps, the cosimplicial scheme ∆∗ becomes an object of
C+(ZSchB), also denoted ∆∗. We also have the object (∆N ; ∂∆N ) of Cb(ZSchB),
defined as follows: In degree −r, (∆N ; ∂∆N ) is the direct sum of the objects ∂∆N

I ,
I a proper subset of {0, . . . , N} having r elements, where

∂∆N
I = ∩i∈I(ti = 0).

The differential in (∆N ; ∂∆N ) is an alternating sum over the various inclusion maps.
The appropriate alternating sum of identity maps defines the map of complexes (of
degree −N)

ΨN : ∆∗ → (∆N , ∂∆N ).

For details on these constructions, we refer the reader to §2, §2.2 and §2.4.
The coordinates tj , j �∈ I, in the standard order, give a canonical isomorphism

ιI : ∆M−|I| → ∂∆M
I . We define X(I,q) to be the set of irreducible closed subsets of

X × ∂∆M
I that correspond to elements of X(M−|I|,q) via id× ιI . For U open in X,

we define UX
(I,q) similarly.

We can now state our extension of the main technical result of [2].

Theorem 1.9 (cf. [2], §3). Let B = SpecA, where A is a semi-local PID with
infinite residue fields, and let U be an open subscheme of a B-scheme X of finite type
over B. Let {CI,j} be a finite collection of irreducible closed subsets, CI,j ∈ U(I,qj),
I ( {0, 1, . . . , N}. Then there is a degree −N map of complexes

Ψ : ∆∗ → (∆N ; ∂∆N ),

and a homotopy H of Ψ with ΨN , with the following property: Write Ψ and H as
sums with Z-coefficients

Ψ =
∑
s,

I({0,... ,N}

nsIf
s
I ; H =

∑
s,

I({0,... ,N}

ms
Ig
s
I ; nsI ,m

s
I �= 0,

with

fsI : ∆N−|I| → ∂∆N
I ; gsI : ∆N−|I|+1 → ∂∆N

I ,

maps of B-schemes. Then
1. Each component of (id× fsI )

−1(CI,j) is in UX
(N−|I|,qj)

for each I, s and j.
2. Each component of (id× gsI)

−1(CI,j) is in U(N−|I|+1,qj) for each I, s and j.
3. If CI,j is in UX

(I,qj)
, then each component of (id×gsI)

−1(CI,j) is in UX
(N−|I|+1,qj)

for each s.

We actually prove a somewhat finer result, Theorem 6.12, which is useful in case
A has some finite residue fields. The proof of Theorem 1.9 and Theorem 6.12 uses
our extension of the fundamental result [2, Theorem 2.1.2]:

Theorem 1.10 ([9, Theorem 1.3]). Let B be a regular scheme of dimension at
most one. Let X be a B-scheme of finite type, S → B a smooth B scheme with strict
reduced relative normal crossing divisor ∂S, and Z ⊂ X ×B S a closed subscheme,
not contained in X×∂S. Then there is an iterated blow-up of faces p : S′ → S (see
§3) such that (id× p)−1[Z] intersects X × F properly for all faces F of ∂S′.



TECHNIQUES OF LOCALIZATION IN THE THEORY OF ALGEBRAIC CYCLES 5

Here (id × p)−1[Z] is the proper transform of Z, ∂S′ := p−1(∂S)red, and a “face”
F of ∂S′ is a subscheme of S′ of the form ∂S′

i1
∩ . . . ∩ ∂S′

is
, where the ∂S′

j are
the irreducible components of the normal crossing divisor ∂S′. The divisor ∂S′ is
refered to as the distinguished divisor on S′. A vertex of ∂S′ is a face of dimension
zero over B.

A rough sketch of the proof of Theorem 1.9 is as follows: One first reduces to
the case of quasi-projective X. We may assume, by adding in even more irreducible
subschemes, that the subschemes CI,j for |I| > 0 are contained in the intersection
of the C∅,j with faces of U × ∆N . We replace the simplex ∆N with the cube
�
N = AN , with ∂�N the union of the divisors xi = 0, 1, via a birational morphism

π : ∆N → �
N with ∂�N = π−1(∂∆N )red. We then use Theorem 1.10 to form an

iterated blow up of �N along faces of ∂�N , forming the scheme p : SM → �
N with

distinguished divisor ∂SM := p−1(∂�N )red, so that the proper transform of each
C∅,j to U × SM has closure in X × SM which intersectsw each face properly.

Choose a general A-point c of �N \ ∂�N ; since p : SM → �
N is an isomorphism

away from ∂�N , we may consider c as in SM . One defines, for each vertex v of
(SM , ∂SM ), a distinguished coordinate systems tv1, . . . , t

v
N on a neighborhood of

v in SM . We form the “little cube” with origin v by using the divisors tvj = 0,
tvj = tvj (c). We paste these little cubes together, triangulate the little cubes into
simplices, and compose with π ◦ p . The result turns out to be a map of complexes

Ψc
p : ∆∗ → (∆N ; ∂∆N ).

To construct the homotopy, take �N × �1, and perform the same blow-up on
�
N × 1 that we just used to construct SM . The same division into cubes and then

into simplices gives part of the desired homotopy; the rest comes from a comparison
of �N and ∆N .

The paper is organized as follows: In §2, we define the “relative complex”
(X;D1, . . . , Dn) associated to a scheme X and a collection of closed subschemes
D1, . . . , Dn. We also describe a method for constructing homotopies of maps into
(X;D1, . . . , Dn). In §3, we consider schemes constructed by a sequence of blow-ups
of faces of a normal crossing divisor, and show how one constructs a distinguished
coordinate atlas on such blow-ups. We look more closely at the iterated blow-ups
of the “n-cube” in §4, which forms the heart of the paper. In §5, we show how
to pass from the n-cube to the n-simplex, and we prove our main results in §6.
We conclude with the applications to the localization problem for the higher Chow
groups in §7 and the globalization of the Bloch-Lichtenbaum spectral sequence in
§8.

This paper was written during an extended visit at the University of Essen; I
would like to thank them, the DFG and Northeastern University for making the visit
possible. I would also like to thank my colleagues and friends in Essen, especially
Hélène Esnault and Eckart Viehweg, for creating a stimulating and supportive
environment. Finally, I want to thank Eric Friedlander, Ofer Gabber, Bruno Kahn,
Fabian Morel, and Andrei Suslin for their hospitality, comments and suggestions.

2. Complexes associated to schemes and subschemes

2.1. If A is an additive category, we have the differential graded category C(A)
of complexes, where the Hom-complex Hom((A, dA), (B, dB)) is the graded group
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whose element in degree n are given by sequences of maps in A
f := (f i : Ai → Bi+n; i ∈ Z),

with

df := (di+nB ◦ f i + (−1)n−1f i+1 ◦ diA : Ai → Bi+n+1).

We call a map of degree n, f : A → B, a map of complexes if df = 0.
As a matter of notation, if I is a finite subset of an ordered set S, we write

I = i1 < . . . < ir to indicate that I = {i1, . . . , ir} and ij < ij+1 for j = 1, . . . , r−1.

2.2. The relative complex. Let B be a noetherian scheme, SchB the category
of B-schemes, essentially of finite type over B. We form the additive category
ZSchB generated by connected B-schemes, i.e., disjoint union is direct sum, and
HomZSchB

(X,Y ) is the free abelian group on HomSchB
(X,Y ) for X and Y con-

nected and non-empty. In particular, the empty scheme is canonically isomorphic
to zero. We work in the category of complexes C(ZSchB). Let X be a B-scheme,
and D a closed subscheme. Form the complex (X;D): D

iD−→ X, with X in de-
gree 0. More generally, suppose we have closed subschemes D1, . . . , DN of X. For
I ⊂ {1, . . . , N}, let DI = ∩i∈IDi. We have the N -dimenisonal complex which in
multi-degree J = (−j1, . . . ,−jn) ∈ {0,−1}N is DI(J), where I(J) := {i | ji = 1},
and zero otherwise, with all maps being the inclusions. For later use, we let

ιI,j : DI → DI\{j}

denote the inclusion, for j ∈ I ⊂ {1, . . . , N}. We let (X;D1, . . . , DN ) denote the
total complex of this N -complex. Explicitly, the maps in the total complex are
defined by summing over the maps

(−1)j−1ιi1<...<ir,ij : Di1<...<ir → Di1<...<bij<...<ir .

Example 2.3. We have the ordered set of closed subschemes of ∆N ,

∂∆N := {(t0 = 0), . . . , (tN = 0)},
giving the complex (∆N ; ∂∆N ). Using the coordinates {t0, . . . , tN} \ {ti | i ∈ I} in
the usual order gives a canonical isomorphism

ιI : ∆N−|I| → ∂∆N
I .

Let Y := (⊕rY r, d) be an object of C(ZSchB). A degree d map

F : Y → (X;D1, . . . , DN )

decomposes into the sum

F =
∑
I

FI ; FI : Y −|I|−d → DI .

We call FI the I-component of F .

2.4. Triangulations.

Definition 2.5. Let X be a B-scheme, D1, . . . , DN closed subschemes. We call
Hom(∆∗, (X;D1, . . . , Dn)) the singular chain complex of (X;D1, . . . , Dn), which
we write as Sing(X;D1, . . . , Dn).
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We have the element ΨN :=
∑

i Ψ
i
N of Sing(∆N ; ∂∆N ), with ΨN−r

N being the
direct sum of the maps

(−1)
P

j ij+Nrιi1<...<ir : ∆N−r → ∂∆N
i1<...<ir .

ΨN has degree −N and dΨN = 0.
For M ≤ N , we identify ∆M with the face tM+1 = . . . = tN = 0 of ∆N

via ιM+1<...<N . This identifies the dimension i faces of ∆M with a subset of the
dimension i faces of ∆N . Taking the sum of the maps

(±)ι−1
M+1<...<N : ∂∆N

i1<...<ir+M−N<M+1<...<N → ∂∆M
i1<...<ir+M−N

,

where the sign ± is (−1)(N−M)r+(N−M+1
2 ), defines a map χM,N , giving the commu-

tative diagram of complexes

(∆N ; ∂∆N ) //
χM,N

(∆M ; ∂∆M )

∆∗

OO

ΨN

77

ΨM

nnnnnnnnnnnn

(2.1)

Let Ord be the category with objects the ordered sets [n] := {0 < 1 < . . . < n},
and morphisms order-preserving maps of sets. Suppose we have a functor

F : Ordop → C≥0(Ab),

where C≥0(Ab) is the category of homological complexes which are zero in negative
degree. We may apply F to the complex ∆∗ (identifying [n] with ∆n, and similarly
for the morphisms), and take the total complex, forming the homological complex
F (∆∗); we may similarly form the complex F (∆N ; ∂∆N ). This gives the map (of
homological degree N)

Ψ∗
N : F (∆N ; ∂∆N ) → F (∆∗)(2.2)

and the commutative diagram

F (∆N ; ∂∆N )

��

Ψ∗
N

F (∆M ; ∂∆M )oo

χ∗
M,N

vv

Ψ∗
M

nn
nn
nn
nn
nn
nn

F (∆∗)

(2.3)

The following result is an elementary consequence of the Dold-Kan equivalence
of the categories of simplicial abelian groups and chain complexes.

Lemma 2.6. (i) For M ≤ N , the map on homology

χ∗
M,N : Hi−M (F (∆M ; ∂∆M )) → Hi−N (F (∆N ; ∂∆N ))

is an isomorphism for i < M and a surjection for i = M .

(ii) The map (2.2) induces a homology isomorphism

Ψ∗
N : Hi−N (F (∆N ; ∂∆N )) → Hi(F (∆∗))

for i < N .
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Proof, taken from [8, Part II, Chap. III, Lemma 1.1.5(ii) ]. We first prove (i); it
suffices to consider the case M = N − 1. For each n we have the spectral sequence

E1
p,q(n) = Hq−n(Fp(∆n; ∂∆n)) =⇒ Hp+q−n(F (∆n; ∂∆n)).

The map χ∗
N−1,N gives a map of spectral sequences E(N−1) → E(N); this reduces

to the case of a functor F : Ordop → Ab.
Let ∂≤i∆N be the subset {(tj = 0); j = 0, . . . , i} of ∂∆N . We have the term-

wise split exact sequence of complexes

0 → (∆N ; ∂≤N−1∆N ) id∗−−→ (∆N ; ∂∆N )
χN−1,N−−−−−→ (∆N−1; ∂∆N−1)[−1] → 0.

Applying F , we have the term-wise exact sequence of complexes

0 → F (∆N−1; ∂∆N−1)[1]
χ∗

N−1,N−−−−−→ F (∆N ; ∂∆N ) id∗
−−→ F (∆N ; ∂≤N−1∆N ) → 0.

(2.4)

Thus, it suffices to show that Hp(F (∆N ; ∂≤N−1∆N )) = 0 for p < 0. We will show
Hp(F (∆N ; ∂≤i∆N )) = 0 for p < 0 and i < N by induction on i and N , the case
i = −1 being evidently true.

The inclusion ι = ιi : ∆N−1 → ∆N induces the map

ι∗ : F (∆N ; ∂≤i−1∆N ) → F (∆N−1; ∂≤i−1∆N−1),

which identifies F (∆N ; ∂≤i∆N ) with cone(ι∗). From the resulting long exact ho-
mology sequence and induction on N and i, it follows that Hp(F (∆N ; ∂≤i∆N )) = 0
for p < −1, and we have the exact sequence

0 → H0(F (∆N ; ∂≤i∆N )) → H0(F (∆N ; ∂≤i−1∆N ))

→ H0(F (∆N−1; ∂≤i−1∆N−1)) → H−1(F (∆N ; ∂≤i∆N )) → 0

The degeneracy σ : ∆N → ∆N−1, σ(t0, . . . , tN ) = (t0, . . . , ti + ti+1, . . . , tN ), gives
a splitting

σ∗ : F (∆N−1; ∂≤i−1∆N−1) → F (∆N ; ∂≤i−1∆N )

to ι∗. This shows that H−1(F (∆N ; ∂≤i∆N )) = 0, and the induction goes through.
For (ii), we proceed by induction on N . Using (i) and the commutative diagram

(2.3), we see that (2.2) induces a homology isomorphism Hi−N (F (∆N ; ∂∆N )) →
Hi(F (∆∗)) for i < N − 1. From (i) and the sequence (2.4), we have the exact
sequence

H0(F (∆N ; ∂≤N−1∆N )) → H0(F (∆N−1; ∂∆N−1)) → H−1(F (∆N ; ∂∆N )) → 0.
(2.5)

We have the normalized subcomplex NF (∆∗) of F (∆∗), with

NF (∆∗)n = ∩n−1
i=0 ker(ι∗i : F (∆n) → F (∆n−1)).

By the results of Dold-Kan (see e.g. [4]), the inclusion NF (∆∗) → F (∆∗) is a
quasi-isomorphism. Clearly, the maps ΨN and ΨN−1 induce isomorphisms

Ψ∗
N : H0(F (∆N ; ∂≤N−1∆N )) → NF (∆∗)N

Ψ∗
N−1 : H0(F (∆N−1; ∂∆N−1)) → ker(d : NF (∆∗)N−1 → NF (∆∗)N−2).

Combining these with the exact sequence (2.5), we see that Ψ∗
N induces an isomor-

phism

H−1(F (∆N ; ∂∆N )) → HN−1(F (∆∗)),
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completing the proof.

Via Lemma 2.6, we may view the complexes (∆N ; ∂∆N )[−N ] as giving approx-
imations to ∆∗, by using the diagram (2.3) and Lemma 2.6 to give the identity

Hp(F (∆∗)) = lim→
N

Hp(F ((∆N ; ∂∆N )[−N ])).(2.6)

Definition 2.7. An element Ψ of Sing(∆N ; ∂∆N ) which is homotopic to ΨN is
called a triangulation of (∆N ; ∂∆N ).

It follows directly from Lemma 2.6 that a triangulation Ψ of (∆N ; ∂∆N ) induces
a homology isomorphism

Ψ∗ : Hi−N (F (∆N ; ∂∆N )) → Hi(F (∆∗))

in degrees i < N , for F : Cop → C≥0(Ab) a functor, where C is a subcategory of
SchB containing the maps in ∆∗, the maps used to construct Ψ and the maps in a
choice of homotopy between Ψ and ΨN .

2.8. Functorialities. We describe various mapping properties of the complexes
(X;D1, . . . , DN ).

Suppose we have B-schemes X and Y , D1, . . . , DN closed subschemes of X, and
E1, . . . , EM closed subschemes of Y , f : X → Y a morphism, and τ : {1, . . . , N} →
{1, . . . ,M} a map with the property that

f(Dj) ⊂ Eτ(j).(2.7)

Thus, for each I ⊂ {1, . . . , N}, f induces the map

fI : DI → Eτ(I).

For a subset I = {i1 < . . . < ir} of {1, . . . , N}, define sgn(τ, I) to be zero if |τ(I)| <
|I|, and the sign of the permutation which puts the sequence (τ(i1), . . . , τ(ir)) in
increasing order if |τ(I)| = |I|. Let

(f, τ)I = sgn(τ, I)fI : DI → Eτ(I)

and let

(f, τ) : (X;D1, . . . , DN ) → (Y ;E1, . . . , EM )

be the sum of the (f, τ)I . It is easy to check that (f, τ) commutes with d, and thus
defines a map of complexes of degree 0. The functoriality

(g, η) ◦ (f, τ) = (g ◦ f, η ◦ τ)

follows directly from the definitions.

Lemma 2.9. The map (f, τ) is independent of the choice of τ , up to homotopy.

Proof. It suffices to consider the case of a second map τ ′ satisfying the condition
(2.7), and differing from τ at a single element i ∈ {1, . . . , N}; we may suppose
τ(i) < τ ′(i). We have

f(Di) ⊂ Eτ(i),τ(i′).

Let I be a subset of {1, . . . , N} containing i, and suppose that τ ′(i) is not in
τ(I). Let

sgn(τ, τ ′, I) = (−1)j−1sgn(τ, I)
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if τ(i) is the jth element in the sequence with elements τ(I) ∪ τ ′(I), written in
increasing order. Note that, if τ ′(i) is the kth element in the sequence with elements
τ(I) ∪ τ ′(I), written in increasing order, then we have

(−1)j−1sgn(τ, I) = −(−1)k−1sgn(τ ′, I).(2.8)

If i is in I and τ ′(i) is in τ(I), or if i is not in I, we set sgn(τ, τ ′, I) = 0.
Define the map hI : DI → Eτ(I)∪τ ′(I) to be the map induced by f , and let

h : (X;D1, . . . , DN ) → (Y ;E1, . . . , EM )

be the sum of the maps sgn(τ, τ ′, I)hI . With aid of (2.8), one easily verifies that

d ◦ h + h ◦ d = (f, τ ′)− (f, τ).

Via the lemma, we may write f∗ for the homotopy class of the map (f, τ).

2.10. Homotopies. Fix a B-scheme X, with closed subschemes D1, . . . , DN . For
1 ≤ i, j ≤ N , we have the closed subscheme Dj,i := Dj ∩Di of Dj . In this section,
we describe a method for converting a map of complexes

F : Y → (X;D1, . . . , DN )

into a pair of maps of complexes

Fj,0, Fj,1 : Y → (X;D1, . . . , Dj−1, Dj,j+1, Dj+2, . . . , DN ),

together with an explicit homotopy Fj,h between Fj,0 and −Fj,1.
We begin by defining the maps

pj : (X;D1, . . . , DN ) → (Dj ;D1,j , . . . , D̂j,j , . . . , Dj,N ),

qj,0 : (Dj ;D1,j , . . . , D̂j,j , . . . , Dj,N ) →
(X;D1, . . . , Dj−1, Dj,j+1, Dj+2, . . . , DN ),

and

qj,1 : (Dj+1;D1,j+1, . . . , \Dj+1,j+1, . . . , Dj+1,N ) →
(X;D1, . . . , Dj−1, Dj,j+1, Dj+2, . . . , DN ).

The map pj , j = 1, . . . , N , is the sum of the maps

(−1)l−1id : Di1<...<il=j<...<ir → Dj,i1<...<îl<...<ir
;

pj is the zero map on DI if j �∈ I. To define the map qj,0, take an index I ⊂
{1, . . . , ĵ, . . . , N}. If j + 1 is in I, let I ′ = I ∪ {j}, otherwise, let I ′ = I. We
consider DI′ as a summand of (X;D1, . . . , Dj−1, Dj,j+1, Dj+2, . . . , DN ) by writing
DI′ as ∩i∈IDi if j + 1 �∈ I, and as Dj,j+1 ∩ (∩i∈I\{j+1}Di) if j + 1 ∈ I. Let

qj,0,I : Dj,I → DI′

be the inclusion, and set qj,0 =
∑

I qj,0,I . The map qj,1 is defined similarly, reversing
the role of j and j + 1.

Clearly pj is a map of degree one, qj,0 and qj,1 are degree zero maps, and

dpj = dqj,0 = dqj,1 = 0.
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Let Hj,I : DI → DI be the map

Hj,I =

{
id if I ⊂ {1, . . . , N} \ {j, j + 1},
0 otherwise,

and let

Hj : (X;D1, . . . , DN ) → (X;D1, . . . , Dj−1, Dj,j+1, Dj+2, . . . , DN )

be the sum of the Hj,I .
We let S(N) denote the set of subsets of {1, . . . , N}, S(N)a\b ⊂ S(N) the set

of I with a ∈ I, b �∈ I, and S(N)a,b ⊂ S(N) the set of I with {a, b} ⊂ I.

Lemma 2.11. dHj = qj,0 ◦ pj + qj,1 ◦ pj+1.

Proof. We prove the case j = N−1; the general case follows from this by reordering
the Di. We write H for HN−1, qN−1 for qN−1,0 and qN for qN−1,1.

Write the identity map on (X;D1, . . . , DN ) as a sum

id = idN−1 + idN + idN−1,N + idh,

where idN−1 (resp. idN ) is the sum of the identity maps on DI with N − 1 in I,
and N not in I (resp. N ∈ I and N − 1 �∈ I). idN−1,N is the sum of the identity
maps on DI with {N − 1, N} ⊂ I, and idh is the sum of the remaining terms, i.e.,
the identity maps on those DI with I ⊂ {1, . . . , N − 2}.

We have

0 = d ◦ id− id ◦ d(2.9)

= (d ◦ idN−1 − idN−1 ◦ d) + (d ◦ idN − idN ◦ d)

+ (d ◦ idN−1,N − idN−1,N ◦ d) + (d ◦ idh − idh ◦ d).

In particular, for each index I ⊂ {1, . . . , N}, we have vanishing of the I-component
(d ◦ id − id ◦ d)I of d ◦ id − id ◦ d. Taking the sum of the I-components over all I
containing N − 1 but not containing N , we arrive at the identity

(d ◦ idN−1 − idN−1 ◦ d) +
∑

I∈S(N)N−1,N

(−1)|I|−1ιI,N =
∑

I∈S(N)N−1\N

(−1)|I|−1ιI,N−1.

Taking the sum of the I-components over all I containing N but not containing
N − 1, gives

(d ◦ idN − idN ◦ d) +
∑

I∈S(N)N−1,N

(−1)|I|−2ιI,N−1 =
∑

I∈S(N)N\N−1

(−1)|I|−1ιI,N ,

and taking the sum of the I-components over all I containing N and N − 1 gives

(d ◦ idN−1,N − idN−1,N ◦ d) =
∑

I∈S(N)N−1,N

(−1)|I|−2ιI,N−1 +
∑

I∈S(N)N−1,N

(−1)|I|−1ιI,N .

These together with (2.9) yield the identity

(d ◦ idh − idh ◦ d) +
∑

I∈S(N)N−1\N

(−1)|I|−1ιI,N−1 +
∑

I∈S(N)N\N−1

(−1)|I|−1ιI,N = 0.(2.10)
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Let ρI : DI → DJ be the map

ρI =


id : DI → DI if I ⊂ {1, . . . , N − 2},
ιI,N−1 : DI → DI\{N−1} if I ∈ S(N)N−1\N ,

ιI,N : DI → DI\{N} if I ∈ S(N)N\N−1,

0 if {N − 1, N} ⊂ I.

Let

ρ : (X;D1, . . . , DN ) → (X;D1, . . . , DN−2, DN−1,N )

be the sum of the ρI . One computes directly that

ρ ◦ (
∑

I∈S(N)N−1\N

(−1)|I|−1ιI,N−1 +
∑

I∈S(N)N\N−1

(−1)|I|−1ιI,N ) = qN−1 ◦ pN−1 + qN ◦ pN ,

and

ρ ◦ idh = H.

In addition, since the I-component of d ◦ idh and idh is zero if either N − 1 or N
is in I, we have

ρ ◦ d ◦ idh = d ◦ ρ ◦ idh.

Thus, applying ρ to (2.10) gives the desired identity.

Remark 2.12. One could also give a “coordinate-free” proof of a weaker, but still
usable result, by first restricting to the subcategory C of SchB with objects the
DI , and with morphisms DI → DJ being the inclusion if J ⊂ I, and the empty set
otherwise. Let Z be the cone of the map

(Dj ;D1,j , . . . , D̂j,j , . . . , Dj,N )⊕ (Dj+1;D1,j+1, . . . , \Dj+1,j+1, . . . , Dj+1,N )
qj,0+qj,1−−−−−→ (X;D1, . . . , Dj−1, Dj,j+1, Dj+2, . . . , DN )

and let

Z[−1]
η−→

(Dj ;D1,j , . . . , D̂j,j , . . . , Dj,N )⊕ (Dj+1;D1,j+1, . . . , \Dj+1,j+1, . . . , Dj+1,N )

be the canonical map. One constructs an explict map τ : (X;D1, . . . , DN ) → Z[−1]
in Cb(ZC) with (pj , pj+1) = η ◦ τ . From this it follows that qj,0 ◦ pj + qj,1 ◦ pj+1

is homotopically trivial in Cb(ZC). We can then conclude that there is a homo-
topy H which is a sum, with Z-coefficients, of the Hj,I described above, because
the maps Hj,I generate the group of degree zero maps from (X;D1, . . . , DN ) to
(X;D1, . . . , Dj−1, Dj,j+1, Dj+2, . . . , DN ). Since this proof is essentially as long as
the explicit version, and since it gives a somewhat weaker result, we have omitted
the details.

If j is in I, write I = i1 < . . . < il = j < . . . < ir, and set sgnj(I) = (−1)l−1.
Suppose we have an object Y of C(ZSchB), and a degree n map of complexes

F : Y → (X;D1, . . . , DN ).

Form the maps

Fj,0, Fj,1, Fj,h : Y → (X;D1, . . . , Dj−1, Dj,j+1, Dj+2, . . . , , DN )
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by setting

Fj,0 :=
∑

I∈S(N)j\j+1

sgnj(I)ιI,j ◦ FI +
∑

I∈S(N)j,j+1

sgnj(I)FI ,(2.11)

Fj,1 :=
∑

I∈S(N)j+1\j

sgnj+1(I)ιI,j+1 ◦ FI +
∑

I∈S(N)j,j+1

sgnj+1(I)FI ,

Fj,h :=
∑

I⊂{1,... ,N}\{j,j+1}
FI .

Proposition 2.13. Fj,0 and Fj,1 are degree n maps of complexes, and

dFj,h = Fj,0 + Fj,1.

Proof. This follows directly from Lemma 2.11 and the identities

Fj,0 = qj,0 ◦ pj ◦ F, Fj,1 = qj,1 ◦ pj+1 ◦ F, Fj,h = Hj ◦ F.

3. Blowing up faces

3.1. We fix a noetherian base scheme B, which we assume to be irreducible. Let T
be a B-scheme, smooth over B, ∂T a codimension one closed subscheme of T with
irreducible components ∂T1, . . . , ∂TN . We say that ∂T is a strict reduced relative
normal crossing divisor on T if for each I ⊂ {1, . . . , N}, the subscheme ∂TI has
pure codimension |I| on T , and is smooth over B. If D1, . . . , DN are distinct
codimension one reduced closed subschemes of T such that the union of the Di is a
strict reduced relative normal crossing divisor on T , we say that D1, . . . , DN form
a normal crossing divisor on T .

If ∂T is a strict reduced relative normal crossing divisor on T , we will sometimes
also denote the set of irreducible components of ∂T by ∂T , and we will often give
a specific ordering to this set. The context will make the distinction clear.

Let ∂T be a strict reduced relative normal crossing divisor on T . A face of
(T ; ∂T ) is an irreducible component of some ∂TI , a vertex is a face of dimension
zero, and an edge is a face of dimension one (both over SpecB). If the divisor ∂T
is understood, we often refer to a face, vertex or edge of (T ; ∂T ) as a face, vertex
or edge of T .

It is easy to show that, if ∂T is a strict reduced relative normal crossing divisor
on T , and if p : T ′ → T is the blow-up of T along a face F (of codimension at
least two) of T , then ∂T ′ := p−1(∂T )red is a strict reduced relative normal crossing
divisor on T ′. Let us call ∂T the distinguished divisor on T . We then define the
distinguished divisor on T1 := T ′ to be ∂T1. We may continue, blowing up a face
of T1 to form T2 with its distinguished divisor, and so on. We call such a tower of
blow-ups

TM → . . . → T1 → T0 := T

a sequence of blow-ups of faces, and the composition TM → T an iterated blow-up
of faces.

Let Y be a smooth B-scheme with strict reduced relative normal crossing divisor
∂Y . We letBY be the full subcategory of SchY with objects p : X → Y the iterated
blow-ups of faces of Y . For each p : X → Y inBY , we have the distinguished divisor
∂X := p−1(∂Y )red.
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Lemma 3.2. Let T be a B-scheme with distinguished divisor ∂T , and let

Tr
p−→ Tr−1 → . . . → T1 → T0 = T

a sequence of blow-ups of faces. Suppose that
1. Each edge of T contains exactly two vertices.
2. Let l be an edge of T with vertices v1 and v2. There are irreducible components

D1 �= D2 of ∂T with Di ∩ l = vi, i = 1, 2.
Then (1) and (2) are true for Tr.

Proof. (Taken from [2, Lemma(1.3.2)]) We proceed by induction on r, reducing us
to the case r = 1. If l is an edge of T1, then p(l) is either an edge or a vertex of
T . Suppose p(l) is an edge l′, with vertices v′ and w′. Replacing T with an open
neighborhood of l in T , and changing notation, we may suppose that

l′ = D2 ∩ . . . ∩Dn−1; v′ = l′ ∩D1, w
′ = l′ ∩Dn,

with the Di distinct irreducible components of ∂T .
Let F be the face of T we blow up to form T1. If F contains l′, we may suppose

F = D2 ∩ . . . ∩Ds

for some s, 3 ≤ s ≤ n − 1. Let E be the exceptional divisor of p, and let [Di]
denote the proper transform of Di to T1. Then the irreducible components of the
distinguished divisor of T1 lying over a neighborhood of l′ are E, [D1], . . . , [Dn].
Each edge mapping onto l′ is thus of the form

l = E ∩
⋂

j �=i,2≤j≤n−1

[Dj ]

for some choice of i, 2 ≤ i ≤ n−1, and the vertices of l are thus l∩ [D1] and l∩ [Dn].
If F does not contain l′, say l′ ∩ F = v′, then

l = [D2] ∩ . . . ∩ [Dn−1]

and l has vertices l ∩ E, and l ∩ [Dn].
If p(l) is a vertex v = D1 ∩ . . . ∩Dn, then we have

l = E ∩
⋂

j �=i,j �=i′,1≤j≤n
[Dj ],

and l has vertices l ∩ [Di], l ∩ [Di′ ].

Let D1, . . . , DN define a reduced strict normal crossing divisor ∂T on T , and let
v be a vertex of T . Suppose that Di1 , . . . , Din are the divisors containing v. We
call an n-tuple of regular functions (f1, . . . , fn) defined in a neighborhood U of v a
coordinate system adapted to ∂T at v if the map

(f1, . . . , fn) : U → An

is an open immersion, and if the divisor Dij ∩ U is given by fj = 0, j = 1, . . . , n.
Let us start with a B-scheme T with distinguished divisor ∂T , such that each

vertex v of T has a neighborhood Uv with regular functions fv1 , . . . , f
v
n giving a

coordinate system adapted to ∂T at v. We assume in addition that, for each face
F of T , we have

F ⊂ ∪v∈FUv;
in particular, the Uv cover T . Having fixed such a choice of the coordinate systems,
we refer to the coordinate system fv := (fv1 , . . . , f

v
n), or any other coordinate
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system gotten by reordering the fvj , as a distinguished coordinate system at v. Let
F be a face of T , and p : T ′ → T the blow-up of T along F with exceptional divisor
E, giving the distinguished divisor ∂T ′ on T ′. If v is a vertex of T ′ with p(v) = w,
we define the distinguished coordinate system at v′ as follows: If F does not contain
w, take Uv = p−1(Uw \ F ), and fv = fw ◦ p. If F does contain w, then there is a
subset J of {1, . . . , n} and an i ∈ J such that F is defined on Uw by the equations
fwj = 0, j ∈ J , and

v = E ∩
⋂

j∈J,j �=i
[(fwj = 0)].

We let Uv = p−1(Uw) \ [(fwi = 0)], and

fvj =

{
p∗(fwj ) j ∈ {1, . . . , n}, j �∈ J \ {i},
p∗(fwj /fwi ) j ∈ J \ {i}.

We also allow a reordering of the fvj .
Thus, given a sequence of blow-ups of faces

TM → TM−1 → . . . → T1 → T0 = T,

we have defined the distinguished coordinate systems fv for each vertex v of TM .

Example 3.3. Fix n ≥ 0 and let �n = An, with distinguished divisor ∂�n having
components D1, . . . , D2n,

Di :=

{
(ti = 0); i = 2k, k = 1, . . . , n,
(1− ti = 0); i = 2k − 1, k = 1, . . . , n.

At each vertex v = (ε1, . . . , εn), εi ∈ {0, 1}, we take as a distinguished coordinate
system tv := (tv1, . . . , t

v
n), where

tvi :=

{
ti if εi = 0,
1− ti if εi = 1.

4. Blowing up the n-cube

4.1. Preliminaries. As in §3, we fix an irreducible noetherian base scheme B. Let
S = �

n with distinguished divisor ∂�n and distinguished coordinate systems as in
Example 3.3. We fix a sequence of blow-ups of faces of S, as in §3:

SM → . . . → S1 → S,

we let p : SM → S be the resulting morphism, and let ∂Sj denote the distinguished
divisor on Sj .

Since S satifies the conditions (1) and (2) of Lemma 3.2, the same is true for
each Sj .

For a vertex v of SM , we call the divisors in ∂SM which contain v the coordinate
divisors through v. We let ∂vSM denote the subset of ∂SM consisting of those D
with v �∈ D, and Uv

M the open neighborhood SM \ ∂vSM of v.

Lemma 4.2. Let v be a vertex of SM , tv = (tv1, . . . , t
v
n) the corresponding distin-

guished coordinate system. Let w be the image of v in S. Then



16 MARC LEVINE

1. There is a matrix (aij) ∈ GLn(Z) with aij ≥ 0 for all i, j such that

twi =
∏
j

(tvj )
aij .

2. The coordinate functions tvi are regular functions on Uv
M .

3. The morphism tv : Uv
M → An determined by tv is an open immersion.

Proof. All three statements are obviously true for SM = S. Suppose (1) and (2) are
true for SM−1. Let u be the image of v in SM−1, and let F ⊂ SM−1 be the face we
blow up to form SM . If F does not contain u, then SM → SM−1 is an isomorphism
over Uu

M−1, and tv = tu, up to reordering, whence the result for SM . Suppose F
contains u, and let U = SM−1 \ ∂uSM−1. Then the coordinate system tu defines
an isomorphism of U with a Zariski open neighborhood of 0 in S. This reduces us
to the case M = 1, u = w = 0. If F has dimension r, we have the isomorphism
(S, F ) ∼= (An−r, 0) × F , which reduces us to the case F = 0. In this case, the
blow-up is the closed subscheme of Pn−1

An defined by the equations Xjti = Xitj ,
where we use homogeneous coordinates X1, . . . , Xn for Pn−1. The vertex v is given
by a choice of some i ∈ {1, . . . , n}, with v = ∩j �=i(Xj = 0), the open neighborhood
Uv

1 is given by Xi �= 0, and the coordinate system tv is then

tvj =

{
tj/ti for j �= i,

ti for j = i,

up to reordering. Thus

tj =

{
tvj t

v
i for j �= i,

tvi for j = i,

proving (1). As the tvj are regular away from the proper transform of the divisor
ti = 0, (2) is proved as well. Clearly the coordinate system tv gives an isomorphism
tv : Uv

1 → An, proving (3).

4.3. Orientations. We associate to each vertex of SM an orientation, i.e., a sign.
For this, fix an ordering of the divisors in ∂SM :

∂SM = {D1, . . . , DN}
compatible via p with the ordering of the components of the distinguished divisor
of S given in Example 3.3. We let v0 be the vertex (0, . . . , 0) of S.

We note that the scheme S with its distinguished divisor is the extension to B
of the Z-scheme SZ := �

n
Z, together with the distinguished divisor ∂SZ. It follows

by an elementary induction that the same is true for each (Sj , ∂Sj). In particular,
to define a sign at each vertex of SM , it suffices to make the definition in case
B = SpecZ; we therefore assume in this section that B = SpecZ.

At each vertex v of SM , we have the coordinate system tv := (tv1, . . . , t
v
n). The

closure of the divisor tvi = 0 is one of the Dj , say Dj(i). We call tv ordered if
j(1) < j(2) < . . . < j(n). This condition determines the coordinate system tv

uniquely. We henceforth use only ordered coordinate systems, unless explicitly
mentioned.

Let Uj ⊂ Sj be the subset Sj \ ∂Sj ; each Uj is isomorphic to U := U0 via the
map Sj → S. Let U(R)+ ⊂ U(R) be the subset {(r1, . . . , rn) | 0 < ri < 1}, and let
UM (R)+ be the inverse image of U(R)+ via p.
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If v is a vertex of SM , then by Lemma 4.2, UM is contained in the domain of
definition of the coordinate mapping tv, and tv is a coordinate system at each point
of UM , which we identify with U via p : SM → S. Thus, the Jacobian determinant

J(v, w) :=
∂tv

∂tw

is a well-defined regular function on UM for each pair of vertices v and w, even if
we take one vertex from SM and one from S. Since UM (R)+ is contractible, the
sign of J(v, w) is constant over UM (R)+.

Definition 4.4. Let v be a vertex of SM . The orientation ε(v) is the sign of
J(v, v0) on UM (R)+. We call two vertices v and w adjacent if there is an edge l of
SM with v, w ∈ l; we call l the edge joining v and w (cf. Lemma 3.2).

Let v and w be adjacent vertices, joined by an edge l. Since SM satisfies the
conditions (1) and (2) of Lemma 3.2, there is a unique divisor D among the Dj

such that D contains v, but does not contain w. We call the coordinate tvp with
(tvp = 0) = D the coordinate for l at v. Suppose that twq is the coordinate for l at w.
Let g(v, w) be the permutation of {1, . . . , n} such that g(p) = q, and the closures
of tvj = 0 and twg(j) = 0 agree for j �= p.

Lemma 4.5. Let v and w be adjacent vertices of SM , l the edge joining v and w.
Then

1. ε(v) = −sgn(g(v, w))ε(w).
2. Let tvp be the coordinate for l at v, which we consider as a rational function

on l. Then tvp(w) is either ∞ or 1.

Proof. We first prove (1). Let g = g(v, w). It suffices to show that −sgn(g) is the
sign of the Jacobian matrix J(v, w) evaluated at some point of UM (R)+. For this,
it is convenient to change coordinates in S as follows: Let xi = ti/1− ti. The affine
line A1 = P1 − {∞} is transformed to the affine line P1 − {−1}, and the region
0 ≤ ti ≤ 1 is transformed to the region 0 ≤ xi ≤ ∞. The new vertices on S are the
points u = (ε1, . . . , εn), with εi ∈ {0,∞}. We use for a distinguished coordinate
system at u the coordinates xu = (xu1 , . . . , x

u
n), with

xui = x±1
i ,

where the exponent is +1 if εi = 0, −1 if εi = ∞.
We have

dxi
dti

=
1

(1− ti)2
,

d(x−1
i )

d(1− ti)
=

1
t2i

,

which are positive on 0 < ti < 1, so making these substitutions will not affect the
sign of the various Jacobian determinants involved. We write the distinguished
coordinate system at a vertex v with respect to these new coordinates as xv. We
let S̄ = (P1)n, and let S̄M → S̄ be the extension of SM gotten by blowing up the
corresponding faces over S̄.

Since the coordinates xi are all regular at the “missing” point −1, the statement
(2) of Lemma 4.2 remain valid for S̄M , i.e., each xvi is a regular function on S̄M \
∂vS̄M . It follows by Lemma 4.2(1) that there is a matrix (aij) ∈ GLn(Z) such that

xwi =
∏
j

(xvj )
aij .(4.1)
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Let l be the edge connecting v and w, xvp the coordinate for l at v and xwq the
coordinate for l at w. Let l̄ be the closure of l in S̄M . Then l̄ is a P1; since v and
w are the only vertices of S̄M on l̄ (cf. Lemma 3.2), it follows that xvp has a single
zero with multiplicity one on l̄ at p, hence xvp has its unique pole at w. Thus (4.1)
implies that

xwq = (xvp)
−1.(4.2)

By considering the divisors of the functions xwg(j) and xvj , we see that

xwg(j) = xvj (x
v
p)
ajp

for all j �= p. From this and (4.2), we have

J(w, v) = −(xvp)
−2sgn(g),

completing the proof of (1).
The statement (2) is clearly true for SM = S; by induction, we may assume (2)

for SM−1. We have the morphism pM : SM → SM−1; let v′ = pM (v), w′ = pM (w)
and l′ = pM (l). If v′ = w′, then, arguing as above, we have tvp = (twq )−1, as rational
functions on l, hence tvp(w) = ∞. If v′ �= w′, then l′ is the edge connecting v′ and w′.
Let tv

′

p′ be the coordinate for l′ at v′. Then one can easily check that p∗M (tv
′

p′) = tvp,
so tvp(w) = tv

′

p′(w
′), which by induction is either 1 or ∞.

4.6. The cubical complex. For j = 1, . . . , n + 1, ε = 0, 1, let

ιj,ε : �n → �
n+1

be the inclusion with

ι∗j,εti =


ti for 1 ≤ i < j,

ti−1 for j < i ≤ n + 1,
ε for i = j.

Let

dr+, dr− : �r → �
r+1

be the signed sums

dr+ :=
r+1∑
j=1

(−1)jιj,0,

dr− :=
r+1∑
j=1

(−1)j+1ιj,1.

One easily checks that d+ ◦ d+ = 0 = d− ◦ d−, and that d+ ◦ d− = −d− ◦ d+, giving
us the complexes (�∗, d+), (�∗, d−) and (�∗, d), with d = d+ + d−. We write �∗

for (�∗, d).
We let �r0 be the “semi-local scheme” of the vertices in �r, i.e., the limit of open

subschemes gotten by removing closed subsets C with C ∩ v = ∅ for all vertices v.
�
r
0 really is a semi-local scheme if B is semi-local. It is conceivable that �r0 may

not even be a scheme if B is not affine. In this case, we consider �r0 as a limit
object in the category of B-schemes.

The differential dr restricts to the map

dr : �r0 → �
r+1
0 ,
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giving the complexes (�∗
0, d+), (�∗

0, d−) and �∗
0 := (�∗

0, d) and the maps of com-
plexes

(�∗
0, d+) → (�∗, d+), (�∗

0, d−) → (�∗, d−), �∗
0 → �

∗.

4.7. Little cubes for SM . In this section, we show how a sequence of blow-
ups as in §3 leads to a “cubiculation” of SM . We assume that the B-scheme
(A1 − {0, 1})n → B admits a section, i.e., that there exists a regular function u on
B such that u and 1− u are units. For our applications, we will assume that B is
a semi-local scheme such that all residue fields are infinite, so the assumption on
the existence of sections is fulfilled; in general, one can replace B with a suitable
B-scheme B′ → B, make a base-extension to B′, and change notation.

Let c := (c1, . . . , cn) be a section of (A1−{0, 1})n over B. Since (A1−{0, 1})n =
�
n \ ∂�n = UM , we may consider c as a section of UM ⊂ SM over B. We let

tv,c := (tv,c1 , . . . , tv,cn ) be the modified coordinate system

tv,cj := tvj/t
v
j (c);

via Lemma 4.2, we have the B-morphism tv,c : Uv
M → An. By Lemma 4.2(3), tv,c is

an open immersion, mapping v to the origin. It follows from Lemma 4.5(2) that the
image tv,c(Uv

M ) contains all the vertices of �n = An, hence we have the morphism

λv,c : �n0 → SM

defined by inverting tv,c over �n0 , and then including Uv
M in SM .

Let ∂+
�
n
0 be the set of divisors {Di := (ti = 0) ⊂ �

n
0 | i = 1, . . . , n}. The

coordinate system

(t1, . . . , t̂i1 , . . . , t̂ir , . . . , tn)

on Di1,... ,ir defines the isomorphism

ιI : �n−|I| → DI .

Recall from §4.6 the complexes (�∗
0, d+), (�∗

0, d−) and �∗
0 := (�∗

0, d). We have the
natural map of complexes (of degree −n)

ρn : (�∗
0, d+) → (�n0 ; ∂+

�
n
0 )(4.3)

defined as the sum of the maps

(−1)
P

j ij+nrιi1<...<ir : �n−r → Di1<...<ir .

Let ∂vSM denote the set of divisors in ∂SM which contain v, in the same order
as in ∂SM . The ordered inclusion ∂vSM ⊂ ∂SM defines the map of complexes

ηv : (SM ; ∂vSM ) → (SM ; ∂SM ).

We define the map

φv,c+ : (�∗
0, d+) → (SM ; ∂SM )

as the composition

(�∗
0, d+)

ρn−→ (�n0 ; ∂+�
n
0 )

λv,c
∗−−→ (SM ; ∂vSM )

ηv

−→ (SM ; ∂SM ).

Clearly dφv,c+ = 0. We have the map

φv,c : (�∗
0, d) → (SM ; ∂SM )

with the same definition as φv,c+ ; dφv,c is not zero.
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Let

φc : (�∗
0, d) → (SM ; ∂SM )(4.4)

be the sum

φc =
∑
v

ε(v)φv,c.

Proposition 4.8. dφc = 0.

For the proof, we require the following result:

Lemma 4.9. Let v and w be adjacent vertices, connected by an edge l. Suppose
that tvp is the coordinate for l at v and twq is the coordinate for l at w. Then the
diagram

�
n
0

//
λv,c

SM �
n
0

oo
λw,c

�
n−1
0

bb

ιp,1

D
D
D
D
D
D
D
D

<<

ιq,1

z
z
z
z
z
z
z
z

commutes.

Proof. (Following [2, Lemma (1.3.4)]) We proceed by induction on M , the case
SM = S being obvious. Let v′, w′ and l′ be the image of v, w and l, respectively, in
SM−1, and let F ⊂ SM−1 be the face we blow up to form SM . It suffices to prove
the result for some choice of order on the set of components of the distinguished
divisor.

Suppose at first that l′ is an edge and l′ ⊂ F . As in the proof of Lemma 3.2,
we may assume we have components D1, . . . , Dn+1 of the distinguished divisor on
SM−1 with

Di = (tvi = 0), Di+1 = (twi = 0); i = 1, . . . , n,

and with

l′ = D2 ∩ . . . ∩Dn, v′ = l′ ∩D1, w′ = l′ ∩Dn+1, F = Ds ∩ . . . ∩Dn.

We may also assume that

l = E ∩ [D2] ∩ . . . ∩ [Dn−1], v = l ∩ [D1], w = l ∩ [Dn+1],

where [−] denotes proper transform. This yields the following coordinate changes:

tvj =

{
tv

′
j j = 1, . . . , s− 1, n,
tv

′
j /tv

′
n j = s, . . . , n− 1,

twj =

{
tw

′
j j = 1, . . . , s− 2, n− 1, n,
tw

′
j /tw

′
n−1 j = s− 1, . . . , n− 2,

so twn is the coordinate for l at w, and tv1 is the coordinate for l at v. The induction
hypothesis implies that the divisors tv

′
1 = tv

′
1 (c) and tw′

n = tw′
n (c) agree, and that,

on this common divisor, we have the identities,

tv
′

j /tv
′

j (c) = tw
′

j−1/t
w′

j−1(c); j = 2, . . . , n.
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Combining these with the coordinate changes described above gives the identity of
divisors tv1 = tv1(c) and twn = twn (c) and on this common divisor, the identities

tvj/t
v
j (c) = twj−1/t

w
j−1(c); j = 2, . . . , n.

This implies the desired commmutativity.
Now suppose that l′ an edge and F ∩ l′ a vertex, say F ∩ l′ = w′. Then we may

assume

l′ = D2 ∩ . . . ∩Dn, v′ = l′ ∩D1, w′ = l′ ∩Dn+1, F = Ds ∩ . . . ∩Dn+1,

and

l = [D2] ∩ . . . ∩ [Dn], v = l ∩ [D1], w = l ∩ E.

This gives the following coordinate changes:

tvj = tv
′

j j = 1, . . . , n,

twj =

{
tw

′
j j = 1, . . . , s− 2, n,
tw

′
j /tw

′
n j = s− 1, . . . , n− 1,

with twn the coordinate for l at w, and tv1 the coordinate for l at v. The argument
proceeds as above.

If l′ is a vertex v′, then we may assume

v′ = D1 ∩ . . . ∩Dn, F = Ds ∩ . . . ∩Dn,

and

l = [D1] ∩ . . . ∩ [Dn−2] ∩ E, v = l ∩ [Dn−1], w = l ∩ [Dn].

This gives the following coordinate changes:

tvj =

{
tv

′
j j = 1, . . . , s− 1, n,
tv

′
j /tv

′
n j = s, . . . , n− 1,

twj =

{
tv

′
j j = 1, . . . , s− 1, n− 1,
tv

′
j /tv

′
n−1 j = s, . . . , n− 2, n,

with tvn−1 the coordinate for l at v and twn the coordinate for l at w. One then
argues as above to complete the proof.

Proof of Proposition 4.8. It suffices to show that

φc ◦ d− = 0.

To understand this equation, we first note that the terms of φc ◦ d− occur in pairs.
Indeed, fix a vertex v and a dimension n− r. Suppose that the components of the
distinguished divisor containing v are Di1 , . . . , Din , with i1 < . . . < in. The terms
in φv,c involving �n−r0 are indexed by the sequences 1 ≤ j1 < . . . < jr ≤ n, with
�
n−r
0 mapping into the face Dij1<...<ijr

by the composition

λv,c ◦ ιj1<...<jr .

The corresponding terms in φc,v ◦ d− are then a signed sum over the maps

λv,c ◦ ιj1<...<jr ◦ ιp,1 : �n−r−1
0 → SM ,(4.5)
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for 1 ≤ p ≤ n−r. For each such choice of p, we have the edge l containing v defined
as the intersection

l := Dij1<...<ijr
∩Di′1<...<

bi′p<...<i′n−r

where i′1 < . . . < i′n−r is the complement of ij1 < . . . < ijr in i1 < . . . < in.
Conversely, given a vertex v of SM , an index 1 ≤ j1 < . . . < jr ≤ n, and

an edge l containing v, the above construction gives a uniquely determined map
�
n−r−1
0 → SM occurring in φc ◦ d−. By Lemma 3.2, we may therefore pair the

terms occuring in φc ◦ d− by fixing l and j1 < . . . < jr, and taking the two terms
corresponding to the two vertices on l.

Let w be the other vertex on l, and let Ds be the distinguished divisor with
w = l ∩ Ds. For some b we have ib < s < ib+1, where we set in+1 = ∞. To fix
ideas, we suppose that i′p < s, the other case is gotten by reversing the role of v
and w. Let a be the index with i′p = ia. Define the index i∗1 < . . . < i∗n by writing
the set {i1, . . . , îa, . . . , in, s} in increasing order.

Let j∗1 < . . . < j∗r be the index with

Di∗
j∗
k

= Dijk
; k = 1, . . . , r,

and let i∗′1 < . . . < i∗′n−r be the complement of i∗j∗1 < . . . < i∗j∗r in i∗1 < . . . < i∗n.
Clearly s = i∗′q for some q.

By Lemma 4.9, the map

λw,c ◦ ι(j∗1 ,... ,j∗r ) ◦ ιq,1 : �n−r−1
0 → SM(4.6)

agrees with the map (4.5). Thus, we need only show that (4.5) and (4.6) occur in
φc ◦ d− with opposite sign.

We have

j∗k =

{
jk if ijk < i′p or s < ijk ,

jk − 1 otherwise.

Thus ∑
k

jk −
∑
k

j∗k + (q − p) = b− a,

since both sides are counting the number of indices in the set {i1, . . . , in, s} which
are strictly between i′p and s. On the other hand, g(v, w) is the permuation

g(v, w)(k) =


k if k < a or k > b,

k − 1 if a < k ≤ b,

b if k = a,

so

sgn(g(v, w)) = (−1)b−a.

The map (4.5) occurs with sign

ε(v)(−1)
P

k jk+n(r+1)(−1)p−1

and the map (4.6) occurs with sign

ε(w)(−1)
P

k j
∗
k+n(r+1)(−1)q−1.
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By Lemma 4.5, we have

ε(w) = (−1)b−a+1ε(v),

so (4.5) and (4.6) occur with opposite sign, as desired.

4.10. Little cubes for S. We now complete the program of defining a “cubicula-
tion” for S = �

n. We fix a sequence of blow-ups of faces

SM → . . . → S,

with p : SM → S the composition, and a section c : B → �
n \∂�n = (A1 \{0, 1})n.

Lemma 4.11. Let v be a vertex of SM . Then the morphism

p ◦ λv,c : �n0 → S

extends (uniquely) to a morphism

Λv,c : �n → S.(4.7)

Proof. The assertion is local on B, so we may assume that B is affine, B = SpecA.
Let w = p(v), giving us the distinguished coordinate system tw; we note that

the functions twj are regular on all of S and define a global coordinate system for
S, i.e.,

A[tw1 , . . . , twn ] = A[t1, . . . , tn].

By Lemma 4.2, there is a matrix (bij) ∈ GLn(Z) such that

twi =
∏
j

(tvj )
bij ; bij ≥ 0.

Thus, the map

Λv,c∗ : A[t1, . . . , tn] → Γ(�n0 ,O)

has image in the subring Γ(�n,O) ∼= A[tv1, . . . , t
v
n], completing the proof.

Chose a map τ : {1, . . . , N} → {1, . . . , 2n} such that p((∂SM )j) ⊂ (∂S)τ(j),
giving the map of complexes

p∗ : (SM ; ∂SM ) → (S; ∂S).

By Proposition 4.8 and Lemma 4.11, the map of complexes

p∗ ◦ φc : �∗
0 → (S; ∂S)

extends canonically to the map of complexes

Φc
p : �∗ → (S; ∂S).(4.8)

The map Φc
p is independent of the choice of τ , up to homotopy (cf. Lemma 2.9).

As a special case, we may take SM = S, giving us the map

Φc
id : �∗ → (S; ∂S).

Proposition 4.12. Let p : SM → S be an iterated blow-up of faces. For each
section c′ : B → (A1 \ {0, 1})n+1 of the form c′ = (c, cn+1), there is a homotopy
H0(c′) between Φc

p and Φc
id.
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Proof. Let T = �
n+1, with distinguished divisor ∂T chosen as for S. We identify

S with the face tn+1 = 1 of T via the inclusion ι. If S1 → S is the blow-up of S
along a face F , form the blow-up T1 → T of T along ι(F ). We have the canonical
identification of S1 with the proper transform of ι(S), so we may iterate, forming
the sequence of blow-ups of faces

TM → . . . → T0 := T

with Ti containing Si as the proper transform of ι(S), and Ti+1 being the blow-up
of Ti along the image of the face of Si we blow up to form Si+1. The divisors in
∂TM (except for the proper transforms of tn+1 = 0 and tn+1 = 1) are thus in 1-1
correspondence with the divisors of ∂SM , the correspondence given by intersection
with SM ⊂ TM . We have the identification of S with the face tn+1 = 0 of TM .

We alter our conventions a bit by taking the proper transforms [(tn+1 = 0)],
[(tn+1 = 1)] to be the last two divisors in ∂TM . We order ∂T as before, and we
order the exceptional divisors in ∂TM to correspond with the given ordering of the
exceptional divisors in SM . With this ordering, we have

[(tn+1 = 0)] = (∂TM )N−1, [(tn+1 = 1)] = (∂TM )N ,

with N = 2n + 2 + M . We note that [(tn+1 = 1)] ∩ [(tn+1 = 0)] = ∅, i.e.,
(∂TM )N−1,N = ∅. In particular, if (∂TM )i1<...<ir is non-empty, then at most one
ij is in {N − 1, N}, and if one ij is in {N − 1, N}, then j = r.

Choose a section c′ : B → T \∂T with c′i = ci, i = 1, . . . , n. The above sequence
of blow-ups gives us via Proposition 4.8 the map of complexes

φc
′
: �∗

0 → (TM ; ∂TM ).

Let ∂−TM = ∂TM \ {[(tn+1 = 1)], [(tn+1 = 0)]}, and let ∂−T = ∂T \ {(tn+1 =
0), (tn+1 = 1)}. Following the construction of §2.11, we have the maps

φc0, φ
c
1, φ

c′

h : �∗
0 → (TM ; ∂−TM )

given by

φc0 =
∑
r

∑
I=(i1<...<ir−1<ir=N−1)

(−1)r−1ιI,N−1 ◦ FI ,

φc1 =
∑
r

∑
I=(i1<...<ir−1<ir=N)

(−1)r−1ιI,N ◦ FI ,

and

φc
′

h =
∑
r

∑
I=i1<...<ir

FI ,

where this last sum is over indices with ir < N − 1. As the notation suggests, φc0
and φc1 depend only on c. By Proposition 2.13, we have

dφc
′

h = φc0 + φc1;

both φc0 and φc1 are degree −n maps of complexes.
Let τ ′ : ∂TM → ∂T be unique map extending τ which preserves the corre-

spondence with the divisors on SM , and sends [(tn+1 = 1)] and [(tn+1 = 0)] to
(tn+1 = 1) and (tn+1 = 0), respectively. Then τ ′ maps ∂−TM to ∂−T . It follows
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from Lemma 4.11 and the definition of φc0, φc1 and φc
′

h that τ ′
∗ ◦ φc0, τ ′

∗ ◦ φc1 and
τ ′
∗ ◦ φc

′

h extend uniquely to maps

Φc
0,Φ

c
1,Φ

c′

h : �∗ → (T ; ∂−T ),

with

dΦc′

h = Φc
0 + Φc

1.

Both Φc
0 and Φc

1 are degree −n maps of complexes.
The projection π : T → S of T on S gives the map of complexes (of degree 0)

π∗ : (T ; ∂−T ) → (S; ∂S).

Via π, we may identify [(tn+1 = 0)] with S; the rational map T → SM defined
by π extends uniquely to a morphism π̃ : TM → SM , giving an identification of
[(tn+1 = 1)] with SM . Under these identifications, we have

εS(π(v)) = εTM
(v)(4.9)

for a vertex v in [(tn+1 = 0)], while

εSM
(π̃(v)) = −εTM

(v)(4.10)

for a vertex v in [(tn+1 = 1)]. Indeed, it follows directly from the definitions that,
for v ∈ [(tn+1 = 0)], the ordered distinguished coordinate system tv on TM is given
by

tv = (tπ(v)
1 , . . . , tπ(v)

n , tn+1),

where (tπ(v)
1 , . . . , t

π(v)
n ) is the ordered distinguished coordinate system on S at π(v).

Similary, for v ∈ [(tn+1 = 1)], the ordered distinguished coordinate system tv on
TM is given by

tv = (tπ̃(v)
1 , . . . , tπ̃(v)

n , (1− tn+1)
n∏
j=1

(tπ̃(v)
j )aj ),

where (tπ̃(v)
1 , . . . , t

π̃(v)
n ) is the ordered distinguished coordinate system on SM at

π̃(v), and the aj are integers. Taking (4.9) and (4.10) into account, the definition
of φc0 and φc1 readily imply that

π∗ ◦ Φc
0 = −Φc

id, π∗ ◦ Φc
1 = Φc

p.

This gives us

d(π∗ ◦ Φc′

h ) = Φc
p − Φc

id;

taking H0(c′) = π∗ ◦ Φc′

h completes the proof.

5. From cubes to simplices

The object in this section is to convert the map (4.8) into a triangulation of
(∆N ; ∂∆N ).
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5.1. The product ∆n×�m. As preparation, we extend the maps Φc
id to products

of cubes and simplices. We make ZSchB into a tensor category with ⊗ = ×B ; this
makes the category of bounded below complexes C+(ZSchB) into a differential
graded tensor category. Explicitly, if A = (⊕iAi, diA : Ai → Ai+1) and B =
(⊕jBj , djB : Bj → Bj+1) are complexes, then (A ⊗ B)n = ⊕i+j=nAi ⊗ Bj with
differential

dnA⊗B =
∑
i+j=n

diA ⊗ idBj + (−1)iidAi ⊗ djB .

If f =
∑

i f
i : Ai → Ci+n, g =

∑
j g

j : Bj → Dj+m are graded maps of degrees n

and m respectively, then f ⊗ g is the sum
∑

i,j(−1)mif i ⊗ gj .
We note that the sum of the evident identity maps

Di1,... ,ir ⊗ Ej1,... ,js = ∩rl=1(Dil × Y ) ∩ ∩sl=1(X × Ejl)

gives an isomorphism

(X;D1, . . . , Dn)⊗ (Y ;E1, . . . , Em)

→ (X ×k Y ;D1 × Y, . . . ,Dn × Y,X × E1 . . . , X × Em).

We have the degree −N map of complexes

ΦN : �∗ → (�N ; ∂�N )

defined by the sum of the maps

(−1)
P

j ij+εj+Nrι(i1<...<ir),(ε1,... ,εr) : �N−r → ∂(i1<...<ir),(ε1,... ,εr)�
N ,

where ι(i1<...<ir),(ε1,... ,εr) is the canonical identification of �n−r with image the
subscheme defined by tij = εj , εj ∈ {0, 1}.

We thus have the map of complexes

Ψn ⊗ Φm : ∆∗ ⊗�∗ → (∆n; ∂∆n)⊗ (�m; ∂�m).

Recall that the vertices of ∆n are the subschemes vi given by ti = 1, tj = 0,
j �= i. Fix integers m, n and M ≥ m + 1, and a section c := (c1, . . . , cM ) : B →
(A1 \ {0, 1})M . Let cm = (cM−m+1, . . . , cM ), and let v be a vertex of �m. Taking
the identity blow-up �m → �

m, we have the map Λv,c
m

: �m → �
m. This gives

us the affine-linear maps

Λv0,vn,m(c) : ∆n ×�m → ∆n ×�m,

Λv0,vn,m(c)(t0, . . . , tn;x) = (t0 + (1− c1)t1, c1t1, t2, . . . , tn; Λv,c
m

(x)),

and

Λv1,vn,m(c) : ∆n ×�m → ∆n ×�m,

Λv1,vn,m(c)(t0, . . . , tn;x) = ((1− c1)t1, t0 + c1t1, t2, . . . , tn; Λv,c
m

(x)),

We set

ε(v0, v) = ε(v); ε(v1, v) = −ε(v).

As in §4.7, if ∂T is the set of irreducible components of a strict reduced normal
crossing divisor on a B-scheme T , and v is a vertex, we let ∂vT ⊂ ∂T be the subset
consisting of those D ∈ ∂T which contain v. For vertices v ∈ ∆n, w ∈ �m, the sum
of the evident identity maps defines the (additive) projection

πv,w : (∆n; ∂∆n)⊗ (�m; ∂�m) → (∆n; ∂v∆n)⊗ (�m; ∂w�m),
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and the inclusion of complexes

ιv,w : (∆n; ∂v∆n)⊗ (�m; ∂w�m) → (∆n; ∂∆n)⊗ (�m; ∂�m).

The maps Λvi,v
n,m(c), i = 0, 1, give the maps of complexes

Λvi,v
n,m∗(c) : (∆n; ∂v0∆

n)⊗ (�m; ∂0�
m) → (∆n; ∂vi

∆n)⊗ (�m; ∂v�m).

We set ∂(∆n ×�m) := ∂∆n ×�m + ∆n × ∂�m, and define

Ψn × Φm(c) : ∆∗ ⊗�∗ → (∆n ×�m; ∂(∆n ×�m))(5.1)

by

Ψn × Φm(c) = (−1)mn
∑

v,i=0,1

ε(vi, v)ιvi,v ◦ Λvi,v
n,m∗(c) ◦ πv0,0 ◦ (Ψn ⊗ Φm),

where the v in the sum runs over the vertices of �m.

Lemma 5.2. Ψn × Φm(c) is a map of complexes (of degree −n−m).

Proof. The proof is similar to that of Proposition 4.8, but easier. We have the
projections

πv : (∆n; ∂∆n) → (∆n; ∂v∆n); πw : (�m; ∂�m) → (�m; ∂w�m),

and the inclusions

ιv : (∆n; ∂v∆n) → (∆n; ∂∆n); ιw : (�m; ∂w�m) → (�m; ∂�m).

Define Λv0n (c1) and Λv1n (c1) by

Λv0n (c1)(t0, . . . , tn) = (t0 + (1− c1)t1, c1t1, t2, . . . , tn);

Λv1n (c1)(t0, . . . , tn) = ((1− c1)t1, t0 + c1t1, t2, . . . , tn).

These define the maps of complexes

Λvi
n∗(c1) : (∆n; ∂v0∆

n) → (∆n; ∂vi
∆n); i = 0, 1.

Letting ε(v0) = 1, ε(v1) = −1 gives the identity

Ψn × Φm(c) =

±
( ∑
i=0,1

ε(vi)ιvi
◦ Λvi

n∗(c1) ◦ πv0 ◦Ψn

)
⊗

( ∑
v

ε(v)ιv ◦ Λv,c
m

∗ ◦ π0 ◦ Φm

)
.

The second term in the tensor product is just Φcm

id , so it suffices to show that

Ψn(c1) :=
∑
i=0,1

ε(vi)ιvi
◦ Λvi

n∗(c1) ◦ πv0 ◦Ψn : ∆∗ → (∆n; ∂∆n)(5.2)

is a map of complexes.
To see this, let δmi : ∆m → ∆m+1 be the inclusion

δmi (t0, . . . , tm) = (t0, . . . , ti−1, 0, ti, . . . , tm).

Write the differential d in ∆∗ as the sum d = d+ + d−, where dm+ : ∆m → ∆m+1

is
∑m+1

i=1 (−1)iδmi , and dm− = δm0 . Note that (∆∗, d+) is a complex, and πv0 ◦
Ψn : (∆∗, d+) → (∆n; ∂v0∆

n) is a map of complexes. Thus Ψn(c1) : (∆∗, d+) →
(∆n; ∂∆n) is a map of complexes, and we need only show that Ψn(c1) ◦ d− = 0.
This follows directly from the identity

Λv0n (c1) ◦ δn0 = Λv1n (c1) ◦ δn0 .
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We have the dominant birational morphism

pN : ∆N−1 ×�1 → ∆N

defined by

pN ((t0, . . . , tN−1), x) = ((1− x)t0, . . . , (1− x)tN−1, x).

We let

πN : �N → ∆N(5.3)

be the composition

(5.4) �
N p1×id−−−−→ ∆1 × (�1)N−1 p2×id−−−−→ ∆2 ×�N−2

p3×id−−−−→ . . .
pN−1×id−−−−−−→ ∆N−1 ×�1 pN−−→ ∆N

Explicitly,

πN (x1, . . . , xN ) = ((1− x1) · . . . · (1− xN ), x1(1− x2)(1− x3) · . . . · (1− xN ),

x2(1− x3)(1− x4) · . . . · (1− xN ), . . . , xN−1(1− xN ), xN ).

We note that πN maps the face xi = 0 of �N birationally onto the face ti = 0 of
∆N , for i = 1, . . . , N ; all the other faces xi = 1 of �N land in the face t0 = 0. This
gives us the well-defined map

πN∗ : (�N ; ∂�N ) → (∆N ; ∂∆N ).

Similarly, we have the well-defined maps

(pn × id)∗ : (∆n−1 ×�m+1; ∂(∆n−1 ×�m+1)) → (∆n ×�m; ∂(∆n ×�m))

Proposition 5.3. Let c : B → (A1 \ {0, 1})n+m be a section, giving the maps
Ψn×Φm(c) and (pn× id)∗ ◦ (Ψn−1×Φm+1(c)) from ∆∗⊗�∗ to (∆n×�m; ∂(∆n×
�
m)). Suppose n ≥ 2. Then there is a homotopy Hn,m(c) of Ψn × Φm(c) with

(pn × id)∗ ◦ (Ψn−1 × Φm+1(c)).

Proof. We have the map of complexes

Ψn × Φm+1(c) : ∆∗ ⊗�∗ → (∆n ×�m+1; ∂(∆n ×�m+1)).

Let

∂(∆n ×�m+1)− = [∂(∆n ×�m+1) \ {(∆n × (x1 = 0), (tn = 0)×�m+1}]
∪ {(tn = 0)× (x1 = 0)},

where we put (tn = 0) × (x1 = 0) in the spot vacated by ∆n × (x1 = 0). Write
τv,i for the map ε(vi, v)ιvi,v ◦ Λvi,v

n,m+1∗(c) ◦ πv0,0, and ι1 and ιn for the maps
(�m, ∂�m) → (�m+1, ∂�m+1) and (∆n−1, ∂∆n−1) → (∆n, ∂∆n) induced by the
respective inclusions (x1 = 0) → �

m+1, (tn = 0) → ∆n.
We apply Proposition 2.13, where we take j = n. Adding in the signs which

occur in the definition of the tensor product of maps of complexes, we have the
homotopy Ψn × Φm+1(c)h between the maps

Ψn × Φm+1(c)n,0,Ψn × Φm+1(c)1 : ∆∗ ⊗�∗ → (∆n ×�m+1; ∂(∆n ×�m+1)−),
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with

(−1)(m+1)nΨn × Φm+1(c)0 =∑
v,i=0,1,I

(−1)(n−r)(m+1)+r−1
[ ∑
J,j1>1

(ιn⊗ id)◦τv,i◦(Ψn,i1<...<ir−1<n⊗Φm+1,j1<...<js)

+
∑
J

τv,i ◦ (Ψn,i1<...<ir−1<n ⊗ Φm+1,1<j2<...<js)
]
,

and

(−1)(m+1)nΨn × Φm+1(c)1 =∑
v,i=0,1,J

(−1)(n−r)(m+1)+r
[ ∑
I,ir<n

(id⊗ι1)◦τv,i◦(Ψn,i1<...<ir−1<ir⊗Φm+1,1<j2<...<js)

+
∑
I

τv,i ◦Ψn,i1<...<ir−1<n ⊗ Φm+1,1<j2<...<js

]
.

Here, the indices I and J in the sums are all indices i1 < . . . < ir, j1 < . . . < js,
with the various special conditions as indicated in the subscripts of Ψn or Φm+1 or
in the summations, i.e., sometimes j1 = 1, ir = n or both, or j1 > 1 or ir < n. The
v in the summation is over all vertices of �m+1

Let σ : ∆n+1 → ∆n be the degeneracy map

σ(t0, . . . , tn+1) = (t0, . . . , tn + tn+1).

The map

(σ × id) ◦ (pn+1 × id) : ∆n ×�m+1 → ∆n ×�m

defines the map

(∆n ×�m+1; ∂(∆n ×�m+1)−)
[(σ×id)◦(pn+1×id)]∗−−−−−−−−−−−−−→ (∆n ×�m; ∂(∆n ×�m)).

Noting that

Ψn,i1<...<ir−1<n = (−1)r−1Ψn−1,i1<...<ir−1 ,

Φm+1,1<j2<...<js = (−1)mΦm,j2−1<...<js−1,

we find

[(σ × id) ◦ (pn+1 × id)]∗ ◦ (Ψn × Φm+1(c)0)

= (−1)m+1(pn × id)∗ ◦ (Ψn−1 × Φm+1(c)),

[(σ × id) ◦ (pn+1 × id)]∗ ◦ (Ψn × Φm+1(c)1) = (−1)mΨn × Φm(c).

Thus, (−1)m[(σ× id) ◦ (pn+1× id)]∗ ◦ (Ψn×Φm+1(c)h) gives the desired homotopy
between Ψn × Φm(c) and (pn × id)∗ ◦ (Ψn−1 × Φm+1(c)).

5.4. Triangulating �
∗. We begin the conversion process by writing down the

“standard” triangulation of �∗. Let [N ] denote the ordered set {0 < . . . < N}. If
S and T are partially ordered sets, we have the partially ordered set S × T with
(a, b) ≤ (a′, b′) if and only if a ≤ a′ and b ≤ b′. For a map

g : [N ] → [1]N ,

we have the unique affine-linear map

L(g) : ∆N → �
N
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with L(g)(vj) = g(j), where we have the obvious identitification of [1]N with the
set of vertices of �N . If g is injective and order-preserving, we have the well-defined
permutation σ(g) of {1, . . . , N} which sends j to i if the ith coordinate of g(j − 1)
is zero and the ith coordinate of g(j) is one. We let sgn(g) be the sign of the
permutation σ(g). This gives us the map in ZSchB :

TN :=
∑
g

sgn(g)L(g) : ∆N → �
N ,

where the sum is over injective order-preserving g : [N ] → [1]N . One easily checks
that the sum of the TN gives a map of complexes

T : ∆∗ → �
∗.

5.5. Triangulating ∆∗ ⊗∆∗. We have the partially ordered set [m]× [n]. For an
injective, order preserving map

g := (g[m], g[n]) : [m + n] → [m]× [n],

we have the affine-linear map

L(g) : ∆m+n → ∆m ×∆n

with L(g)(vj) = (vg[m](j), vg[n](j)). We also have the well-defined permutation σ(g)
of {1, . . . , n + m} defined by sending j to i ∈ {1, . . . ,m} if g[m](j − 1) = i− 1 and
g[m](j) = i, and to m+ i ∈ {m+1, . . . ,m+n} if g[n](j− 1) = i− 1 and g[n](j) = i.
We define sgn(g) := sgn(σ(g)), and let

Tm,n :=
∑
g

sgn(g)Lg.

The sum of the Tm,n defines the well-known Eilenberg-Maclane map

δ : ∆∗ → ∆∗ ⊗∆∗.

We have the following complement to Proposition 5.3:

Proposition 5.6. For each section c : B → (A1 \ {0, 1})N , there is a homotopy
HN (c) between ΨN × Φ0(c) ◦ (id⊗ T ) ◦ δ and ΨN .

Proof. We have the identity (id ⊗ Φ0) ◦ (id ⊗ T ) ◦ δ = id∆∗ , where we make the
identification Y ⊗�0 = Y ⊗B = Y for B-schemes Y . From this we have

ΨN × Φ0(c) ◦ (id⊗ T ) ◦ δ = [ιv0 ◦ Λv0N∗(c1)− ιv1 ◦ Λv1N∗(c1)] ◦ πv0 ◦ΨN .

Here we write ΛN for ΛN,0, etc.
Let σ : ∆N+1 → ∆N be the degeneracy map

(t0, . . . , tN+1) �→ (t0 + t1, t2, . . . , tN+1).

Let ρ : ∆N+1 → ∆N+1 be the cyclic permuation

ρ(t0, . . . , tN+1) = (t1, . . . , tN+1, t0).

Let Λ̂v1N+1 and Λ̂v2N+1 be the maps ∆N+1 → ∆N+1 defined by

Λ̂v1N+1 = ρ−1 ◦ Λv0N+1 ◦ ρ,

Λ̂v2N+1 = ρ−1 ◦ Λv1N+1 ◦ ρ.

We apply Proposition 2.13 to the map

Ψ′
N+1(c1) := [ιv1 ◦ Λ̂v1N+1∗(c1)− ιv2 ◦ Λ̂v2N+1∗(c1)] ◦ πv0 ◦ΨN+1,
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with the selected divisors D1 := (t0 = 0) and D2 := (t1 = 0) of ∆N+1. One easily
computes that

σ∗ ◦Ψ′
N+1(c1)0 = −[ιv0 ◦ Λv0N∗(c1)− ιv1 ◦ Λv1N∗(c1)] ◦ πv0 ◦ΨN ,

σ∗ ◦Ψ′
N+1(c1)1 = ΨN ,

so σ∗ ◦Ψ′
N+1(c1)h gives the desired homotopy.

5.7. Triangulating (∆N ; ∂∆N ). Given an iterated blow-up of faces

p : SM → S = �
N

and section c : B → (A1 \ {0, 1})N , we have the map of complexes Φc
p : �∗ →

(�N ; ∂�N ). We have as well the map πN : �N → ∆N (5.3) and the triangulation
T : ∆∗ → �

∗ of §5.4. Define the map of complexes

Ψc
p : ∆∗ → (∆N ; ∂∆N )(5.5)

to be the composition πN∗ ◦ Φc ◦ T .
More generally, suppose we have a B-scheme B′ → B, and a B-morphism c :

B′ → (A1 \{0, 1})n. Writing c̃ : B′ → (A1
B′ \{0, 1})N for the corresponding section,

we have the map Ψc̃
p : ∆∗

B′ → (∆N
B′ ; ∂∆N

B′). We let

Ψc
p : ∆∗

B′ → (∆N ; ∂∆N )

be the composition of Ψc̃
p with the map πB′ : (∆N

B′ ; ∂∆N
B′) → (∆N ; ∂∆N ) induced

by the sum of the projections FB′ → F , F a face of ∆N . We define Φc
p : �∗

B′ →
(�N ; ∂�N ), Ψn ×Φm(c) : ∆∗ ⊗�∗

B′ → (∆n ×�m, ∂(∆n ×�m), etc. similarly. We
let ΨNB′ : ∆∗

B′ → (∆N ; ∂∆N ) be the composition πB′ ◦ (ΨN ×B B′).

Theorem 5.8. Let p : SM → S be an iterated blow-up of faces, B′ → B a B-
scheme, and c : B′ → (A1 \ {0, 1})N a B-morphism. For each B-morphism c′ :
B′ → (A1 \ {0, 1})N+1 of the form (c, cN+1) there is a homotopy Hc′

p between Ψc
p

and ΨNB′ .

Proof. It clearly suffices to consider the case B′ = B. We have the homotopy H0(c′)
of Φc

p with Φc
id given by Proposition 4.12, giving the homotopy πN∗ ◦H0(c′) ◦ T of

Ψc
p with Ψc

id.
Recall the tower (5.4)

�
N ∼= ∆1 ×�N−1 → ∆2 ×�N−2 → . . . → ∆N−1 ×�1 → ∆N .

Let πN−m,m : ∆N−m×�m → ∆N , m = 1, . . . , N , be the composition in this tower.
It is an elementary computation to see that

(Ψ0 ⊗ id) ◦ (id⊗ T ) ◦ δ = T,

where we make the identification ∆0 ⊗ Y = B ⊗ Y = Y , for B-schemes Y . From
this we see that

πN∗ ◦ (Ψ0 ⊗ ΦN (c)) ◦ (id⊗ T ) ◦ δ = Ψc
id.

The isomorphism p1 × id : �N → ∆1 × �N−1 identifies Ψc
id with π1,N−1∗ ◦ (Ψ1 ⊗

ΦN−1(c)) ◦ (id⊗ T ) ◦ δ
We have the homotopies HN−m,m(c) of Proposition 5.3; the sum

N−2∑
m=0

πN−m,m∗ ◦HN−m,m(c) ◦ (id× T ) ◦ δ
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thus gives a homotopy between Ψc
id and ΨN × Φ0(c) ◦ (id⊗ T ) ◦ δ.

We have the homotopy HN (c) between ΨN ×Φ0(c) ◦ (id⊗ T ) ◦ δ and ΨN given
by Proposition 5.6. Thus, we may take

Hc′

p := πN∗ ◦H0(c′) ◦ T +
N−2∑
m=0

πN−m,m∗ ◦HN−m,m(c) ◦ (id× T ) ◦ δ + HN (c).

6. Good position

In this section, we complete the proof of Theorem 1.9. The final step is to show
that, for a suitable iterated blow-up of faces p : S′ → S, and a general choice
of the auxiliary section c′ := (c, cN+1) : B → (A1 \ {0, 1})N+1, the map Ψc

p and
the homotopy Hc′

p between Ψc
p and ΨN given by Theorem 5.8 satisfy the general

position conditions required by Theorem 1.9. We suppose that B is an irreducible
excellent noetherian scheme. Unless specified otherwise, all schemes will be reduced.

6.1. Proper intersection. Let Z be a B-scheme of finite type, T a smooth B-
scheme with strict reduced relative normal crossing divisor ∂T , and f : Z → T a
B-morphism, such that no generic point of Z lands in ∂T . We say that Z intersects
the faces of T properly if, for each face F of T , we have

codimZ(f−1(F )) ≥ codimT (F ).

Let (T ′, ∂T ′) and (T, ∂T ) be smooth B-schemes with strict reduced relative nor-
mal crossing divisors, and p : (T ′, ∂T ′) → (T ′, ∂T ′) a B-morphism which induces an
isomorphism p : T ′ \∂T ′ → T \∂T . For a B-morphism f : Z → T we have the map
p−1 ◦ f : Z \ f−1(∂T ) → T ′, inducing the section σ : Z \ f−1(∂T ) → Z ×T T ′. Let
p−1[Z] be the closure of the image of σ, and p−1[f ] : p−1[Z] → T ′ the morphism
induced by p2. We let p−1(Z) denote the reduced fiber product (Z ×T T ′)red, and
p−1(f) : p−1(Z) → T ′ the projection.

6.2. Monomial morphisms. A morphism p : An → Am is monomial if there are
integers bij ≥ 0 such that p∗(xi) =

∏n
j=1 x

bij

j for i = 1, . . . ,m. For n = m, it is
easy to show that a monomial morphism p is birational if and only if det(bij) = ±1.

We have the category of pairs (T, ∂T ), where T is a smooth B-scheme, ∂T is
a strict reduced relative normal crossing divisor, and a map of pairs (T, ∂T ) →
(T ′, ∂T ′) is a morphism of B-schemes p : T → T ′ such that p maps ∂T to ∂T ′. We
call such a map étale if p is étale and p−1(∂T ′) = ∂T . The étale topology on SchB
induces a Grothendieck topology on the category of pairs, which we also call the
étale topology.

Let ∂An ⊂ An be the sum of the coordinate hyperplanes. Let (X, ∂X), (Y, ∂Y )
be smooth B-schemes with strict reduced relative normal crossing divisors. A
morphism p : (X, ∂X) → (Y, ∂Y ) is a locally birational monomial morphism if
p is locally isomorphic (in the étale topology of pairs) to a birational monomial
morphism (An, ∂An) → (An, ∂An).

Let p : An → An be a birational monomial morphism, with corresponding ma-
trix of exponents (bij). Let (aij) be the inverse to the matrix (bij), set ρp(t)j =
(
∏
k t

ajk), and let ρp be the diagonal Gnm-action on An defined by

ρp((t1, . . . , tn), (x1, . . . , xn)) = (ρp(t)1x1, . . . , ρp(t)nxn).
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For example, the fundamental action of Gnm on An,

(t1, . . . , tn) · (x1, . . . , xn) = (t1x1, . . . , tnxn).

is ρid. The map p is Gnm-equivariant, with Gnm acting via ρp on the domain, and
via the fundamental action on the range.

Lemma 6.3. Let p : (X, ∂X) → (Y, ∂Y ) be a locally birational monomial mor-
phism of B-schemes, and let f : Z → Y be a finite type morphism of B-schemes,
intersecting all faces of Y properly. Form the cartesian square

Z ′ //
f ′

��

X

��

p

Z //

f
Y.

Then
1. f ′ : Z ′ → X intersects all faces properly.
2. Suppose that p : X \ ∂X → Y \ ∂Y is an isomorphism. Then

p−1[Z] = Z ′
red = p−1(Z).

Proof. We may assume that Z is irreducible. The second statement follows from
the first. Indeed, since Z ′ → X intersects all faces properly, each generic point of
Z ′ has image in X \ ∂X. If we assume that X \ ∂X → Y \ ∂Y is an isomorphism,
this implies that each generic point of Z ′ is in p−1[Z], whence (2).

For the first statement we may assume that X = Y = An, and that p :
(An, ∂An) → (An, ∂An) is a birational monomial morphism.

Let F be a face of An. The open face F 0 is the complement in F of all the faces
of An properly contained in F . The following facts are easy to verify:

(a) Let F 0 be an open face in An. There is a unique open face G0 in An such
that p(F 0) is contained in G0.

(b) Let G0 be an open face in An. Then G0 is an orbit of Gnm for the fundamental
action of Gnm on An.

Since the map p is Gnm-equivariant (acting by ρp on the domain, and the funda-
mental action on the range), it follows from (a) and (b) that the restriction of p to
the morphism

p : F 0 → G0

is surjective and Gnm-equivariant. From (b) it follows that a choice of a section σ :
B → G0 determines an isomorphism of F 0 with G0×B p−1(σ(B)), with p becoming
the projection on G0. If G is defined by the equations Xj = 0, j ∈ J ⊂ {1, . . . , n},
then we have the section σ with value xj = 0 for j ∈ J , xj = 1 for j �∈ J . Thus,
the morphism p : F 0 → G0 is flat.

As Z is of finite type over B, and B is excellent, Z has a well-defined finite Krull
dimension. Since An is smooth over B, the map p is a birational l.c.i. morphism.
This implies that each irreducible component of Z ′ has Krull dimension greater than
or equal to the Krull dimension of Z. Since Z intersects all faces of An properly,
the flatness of p : F 0 → G0 implies that each irreducible component of Z ′ which
lies over ∂X has Krull dimension strictly less than the Krull dimension of Z. Thus
Z ′ is irreducible, and the generic point of Z ′ maps to X \ ∂X. Using the flatness
of the maps p : F 0 → G0, and the fact that Z → An intersects all faces of An
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properly again, we see that codimZ′(f ′−1(F )) ≥ codimAn(F ) for all faces F , i.e.,
that f ′ : Z ′ → An intersects all faces properly.

Example 6.4. Recall from §3 the category of iterated blow-ups BY for a B-scheme
Y with strict reduced normal crossing divisor ∂Y . Let pi : (Xi, ∂Xi) → (Y, ∂Y ),
i = 1, 2, be in BY , such that p2 = p1 ◦p for some Y -morphism p : X2 → X1 (we say
that X2 dominates X1). Then the induced morphism p : (X2, ∂X2) → (X1, ∂X1)
is a locally birational monomial morphism. If f : Z → X1 intersects all faces
properly, then by Lemma 6.3, so does p−1(f) : p−1(Z) → X2, and in addition,
p−1(Z) = p−1[Z].

6.5. For each vertex v of S := �
N , we have the divisor ∂v�

N consisting of
those components of ∂�N which contain v; the pair (�N , ∂v�

N ) is isomorphic
to (AN , ∂AN ). Fix for each vertex v an iterated blow-up of faces of (�N , ∂v�

N ),
pv : S(v) → S. By [9, Proposition 5.3], there is an iterated blow-up of faces of
(�N , ∂�N ), p : SM → S, which dominates each S(v); we let qv : SM → S(v) be
the induced morphism.

If w is a vertex of S(v), we have the open neighborhood Uw of w, being the
complement of the union of components of ∂S(v) which do not contain w, and
the distinguished coordinate system tw of regular functions on Uw. We let ∂Uw =
∂S(v) ∩ Uw. By induction on the number of blow-ups used to construct pv, and a
direct computation of the distinguished coordinate system on a blow-up, as in the
proof of Lemma 4.2, we see that the map tw : Uw → An is an isomorphism, and
gives an isomorphism of pairs (Uw, ∂Uw) → (AN , ∂AN ). Via this identification, we
may speak of a monomial morphism An → Uw.

Let AN0 be the “semi-local scheme” of the zero-section v0 in AN , i.e., the limit
of the open subschemes AN \ C, over closed subschemes C with C ∩ v0 = ∅. For a
vertex u of SM , we have the coordinate system tu of regular functions on Uu, giving
the morphism tw : Uu → AN which is an isomorphism over a neighborhood of v0;
let

λu : AN0 → Uu

be the morphism induced by the inverse of tw.

Lemma 6.6. Let u be a vertex of SM , let v = p(u), and let w = qv(u). Then
the composition qv ◦ λu : AN0 → S(v) extends (uniquely) to a birational monomial
morphism Λuw : AN → Uw ⊂ S(v).

Proof. It is clear that qv maps the coordinate neighborhood Uu ⊂ SM into Uw,
hence q∗v(t

w
j ) is a regular function on Uu for each j = 1, . . . , n.

The proof now proceeds essentially as in Lemma 4.11. We may assume that B
is affine, B = SpecA. Applying Lemma 4.2 to the birational maps p and pv, there
is a matrix (bij) ∈ GLN (Z) such that

q∗v(t
w
i ) =

N∏
j=1

(tuj )
bij ; i = 1, . . . , N.

Since the q∗v(t
w
j ) are all regular on Uu, we have div(q∗v(t

w
i )) ≥ 0 for each i = 1, . . . , N ,

from which it follows that all the bij are non-negative. Thus, the map

(qv ◦ λu)∗ : A[tw1 , . . . , twN ] → Γ(AN0 ,O)
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has image in the subring Γ(AN ,O) ∼= A[tu1 , . . . , t
u
N ], giving the extension Λuw. From

the explicit formula

Λu∗w (twj ) =
N∏
j=1

(tuj )
bij ,

we see that Λuw is a birational monomial morphism.

6.7. General position on AN . We now assume that the base-scheme B is regular
and has Krull dimension one. We call a morphism of B-schemes B′ → (A1\{0, 1})n
allowable if B′ is a flat B-scheme.

Let f : Z → S be a B-morphism of finite type such that no generic point of Z
lands in ∂S, let w be a vertex of SM , and let c : B′ → (A1 \{0, 1})N be an allowable
morphism of B-schemes.

Let p : SM → S be an iterated blow-up of faces. We have the map (4.7)

Λw,c : �nB′ → SB′ ;

we let p!
w,cZB′ denote the proper transform (Λw,c)−1[ZB′ ], and p!

w,c(f) : p!
w,cZB′ →

�
N
B′ the induced morphism.
Recall the triangulation Tn of �n given in §5.4. If f : ∆n → �

n is one of the
maps appearing in Tn, and if F is a face of ∆n, we call the image f(F ) a face of
T�n.

Let B′ → B be a B-scheme, d = (d1, . . . , dn) : B′ → Gnm a B-morphism, giving
the B-isomorphism

i(d) : �nB′ → AnB′

with i(d)∗(Xi) = diXi.

Lemma 6.8. Let f : Z → An be a B-morphism of finite type such that no generic
point of Z lands in ∂An. Suppose that Z intersects all faces of (An, ∂An) properly.
Then there is an open subscheme VZ of Gnm, mapping onto B, such that, for all
allowable B-morphisms d : B′ → VZ , and for all faces F of T�n, the base-extension
fB′ : ZB′ → AnB′ intersects i(d)(F ) properly, i.e.,

codimZ

(
f−1
B′ (i(d)(F ))

)
≥ codimAn(i(d)(F )).

Proof. It suffices to prove the lemma in case Z is irreducible. We have the map
over Gnm, (p1, ρ) : Gnm×An → Gnm×An, with ρ the fundamental action ρid. Via the
identification �n = An, the map i(d) is just the pull-back of (p1, ρ) by d : B′ → Gnm.
By induction on n, we need only consider faces F of T�n which are not contained
in ∂An. Since the intersection of F with ∂An is again a face, it suffices to show that
there is an open subscheme j : V → Gnm of Gnm, mapping onto B, such that open
face F 0 := F \ F ∩ ∂An has the property that i(j)(F0) intersects fV : ZV → AnV
properly.

We write A for An \ ∂An and G for Gnm. The map ρ : G×B F 0 → A is a locally
trivial bundle over A with fiber F 0, thus, the same is true of the pull-back of ρ via
f . In particular, (G ×B F 0) ×A Z is irreducible, of dimension dimZ + dimB F 0.
Consider the projection

π : (G×B F 0)×A Z → G.

If π is dominant, there is a codimension two subscheme C of G such that π is
equi-dimensional over G. If π is not dominant, but p : (G ×B F 0) ×A Z → B is
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dominant, let C be the closure of the image of π. If both π and p are not dominant,
say the image of p is the closed point b of B, then there is a proper closed subset C
of the fiber Gb such that π : (G×B F 0)×AZ → Gb is equi-dimensional over Gb \C.
In each case, the closed subset C contains no fiber of the projection G → B, hence
the subscheme V := G \ C maps onto B, and clearly the inclusion j : V → G has
the property that i(j)(F0) intersects fV : ZV → AnV properly.

We have a similar result for the triangulation of ∆n×�m given by composing the
map Ψn×Φm(c) of §5.1 with the triangulation id×Tm and the Eilenberg-Maclane
map δ of §5.5. We leave the proof of the following lemma to the reader; the proof
is essentially the same for Lemma 6.8.

Lemma 6.9. Let f : Z → ∆n × �m a B-morphism which intersects all faces of
∆n×�m properly. Then there is an open subscheme VZ of (A1\{0, 1})n+m, mapping
onto B, such that, for all allowable B-morphisms c : B′ → VZ , all faces F of ∆n+m,
and all maps T (c) : ∆n+m

B′ → ∆n ×�m occuring in Ψn ×Φm(c) ◦ (id× Tm) ◦ δ, the
map fB′ : ZB′ → ∆n ×�mB′ intersects T (c)(F ) properly.

Now suppose that, as in §6.5, we have for each vertex v of S = �
N , an iterated

blow-up of faces pv : S(v) → (S, ∂vS), such that p : SM → S factors through S(v).

Proposition 6.10. Let f : Z → S be a B-morphism of finite type such that no
generic point of Z lands in ∂S. Suppose that Zv := p−1

v [Z] intersects all faces of
S(v) properly, for all vertices v of S. Then there is a Zariski open subscheme VZ
of (A1 \ {0, 1})N , such that

1. The structure morphism VZ → B is surjective.
2. For each allowable morphism of B-schemes c : B′ → VZ , and each vertex u

of SM , the morphism p!
u,c(f) : p!

u,cZB′ → �
n
B′ intersects all faces of T�nB′

properly.
In particular, if f : Z → S intersects all faces of S properly, then the above holds
for all iterated blow-ups of faces p : SM → S.

Proof. Let u be a vertex of SM , giving the coordinate system (tu, Uu) around u,
the vertex v := p(u) of S, and the vertex w := qv(u) of S(v). For a B-morphism
c : B′ → (A1 \ {0, 1})N , we have the induced morphism d := tu(c) : B′ → GNm, and,
via Lemma 6.6, the factorization of the map Λu,c as

Λu,c = pv ◦ Λuv ◦ i(tu(c)).

We let Zv,u be the fiber product Zv ×S(v) A
N ,

Zv,u //
fv,u

��

AN

��

Λu
w

Zv //

fv

S(v).

By our assumption on the maps Zv → S(v), together with Lemma 6.3, it follows
that fv,u : Zv,u → AN intersects all faces of AN properly. Let VZv,u

be the open
subscheme of GNm given by Lemma 6.8; by definition, if c is a morphism such that
tu(c) lands in VZv,u

, then p!
u,c(f) : p!

u,cZB′ → �
N
B′ intersects all faces of T�NB′

properly.
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Let VZ be the intersection in (A1\{0, 1})N of the open subschemes (A1\{0, 1})N∩
(tu)−1(VZp(u),u

), as u runs over all vertices of SM . Since each tu is dominant on
each fiber over B, all the fibers of VZ → B are non-empty. We have already seen
that condition (2) holds for each morphism c : B′ → VZ . This proves (1) and (2).

The remaining statement follows by taking all the maps pv : S(v) → S to be the
identity.

6.11. Some reductions. We now turn to the proof of Theorem 1.9. In this section,
we make some preliminary reductions. We use the notations of §1 and Theorem 1.9.
Let B = SpecA, where A is a semi-local PID.

We will show the following sharper result:

Theorem 6.12. Let j : U → X be an open subscheme of a finite type B-scheme
X, and let {CI,j ∈ U(I,qj)} be a finite collection of irreducible closed subsets, as in
the statement of Theorem 1.9. Then there is an iterated blow-up of faces S′ → S
such that, for each iterated blow-up of faces p : SM → S which dominates S′, there
is an open subset V (SM ) ⊂ (A1 − {0, 1})N+1 such that

1. The structure morphism V (SM ) → B is surjective.
2. For each flat B-scheme B′ and each B-morphism c′ := (c, cN+1) : B′ →

V (SM ), the map Ψc
p and the homotopy Hc′

p of Ψc
p with ΨNB′ given by Theo-

rem 5.8 satisfy the following analog of the conclusions of Theorem 1.9: Write
Ψ and H as sums with Z-coefficients

Ψ =
∑
s,

I({0,... ,N}

nsIf
s
I ; H =

∑
s,

I({0,... ,N}

ms
Ig
s
I ; nsI ,m

s
I �= 0,

with

fsI : ∆N−|I|
B′ → ∂∆N

I ; gsI : ∆N−|I|+1
B′ → ∂∆N

I ,

maps of B-schemes. Then
(a) Each component of (id × fsI )

−1(CI,j) is in (UB′)X(N−|I|,qj)
for each I, s

and j.
(b) Each component of (id× gsI)

−1(CI,j) is in (UB′)(N−|I|+1,qj) for each I, s
and j.

(c) If CI,j is in UX
(I,qj)

, then each component of (id × gsI)
−1(CI,j) is in

(UB′)X(N−|I|+1,qj)
for each s.

We first reduce the proof of Theorem 6.12 to the case of affine X. Take X of finite
type over B, let X = ∪ni=1Xi be a finite affine cover, giving the open subscheme
Ui := U ∩Xi of Xi. Assuming Theorem 6.12 for the affine schemes Xi, we have for
each i = 1, . . . , n an iterated blow-up of faces S′

i → S, satisfying Theorem 6.12 for
Ui ⊂ Xi and the collection of subsets {CI,j ∩ (Ui × ∂∆N

I )}. We denote the open
subset corresponding to an S′′ dominating S′

i by Vi(S′′). By [9, Proposition 5.3],
there is an iterated blow-up of faces S′ → S which dominates all the Si. It then
follows that, for each blow-up of faces p : SM → S which dominates S′, and each
allowable B-morphism

c′ = (c, cN+1) : B′ → V (SM ) := ∩ni=1Vi(SM ),

the map Ψc
p and the homotopy Hc′

p of Ψc
p with ΨNB′ given by Theorem 5.8 satisfy,

for each i = 1, . . . , n, the conclusions of Theorem 6.12 for Ui ⊂ Xi and the collection
{CI,j ∩ (Ui × ∂∆N

I )}. Since the property of being in U(s,q) (resp. in UX
(s,q)) is local
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over U (resp. local over X), the map Ψc
p and the homotopy Hc′

p satisfy conclusions
of Theorem 6.12 for U ⊂ X and original collection {CI,j}. Thus, it suffices to prove
Theorem 6.12 for X affine.

We will make a further simplification; we first require the following elementary
lemma:

Lemma 6.13. Let Y be quasi-projective over B, j : U → Y a non-empty open
subscheme, and C an element of U(I,q) for some I ⊂ {0, . . . , N},and some q ≥ −N .
Then there is an irreducible closed subset C̃ of ∆N

U such that C̃ is in U(∅,q), and C

is an irreducible component of C̃ ∩U × ∂∆N
I . If C is in UY

(I,q), we may find a C̃ as
above with C̃ ∈ UY

(∅,q).

Proof. If we can prove the result in the case of an element of U(I,q), the result
follows for an element C of UY

(I,q). Indeed the closure C̄ in Y × ∂∆N
I is in Y(I,q) by

definition; if we have a D ∈ Y(∅,q) with C̄ an irreducible component of D∩Y ×∂∆N
I ,

then taking C̃ = D ∩ U ×∆N gives the desired closed subset.
If Y ′ is an irreducible component of Y , then the inclusion U ′ := U ∩ Y ′ → U

induces maps U ′
(I,q) → UI,q, U ′Y ′

(I,q) → UY
(I,q), and similarly for I = ∅. Also, U(I,q) is

the union of the (U ∩Y ′)(I,q), as Y ′ runs over the irreducible components of Y , and
similarly for UY

(I,q), U(∅,q) and UY
(∅,q). Thus, we may assume that Y is irreducible.

In this case, since B has Krull dimension at most one, either Y is equi-dimensional
over B, or Y maps to a closed point of B. We give the proof in the first case; the
proof in the second case is essentially the same, and is left to the reader.

Suppose that C is in U(I,q). We fix an embedding of Y in a projective space
PnB . Since dimC = N − |I| + q, C has pure codimension r := dimB Y − q on
U × ∂∆N

I , and intersects each subscheme U × ∂∆N
J in codimension ≥ r, for each

face I ⊂ J ( {0, . . . , N}. Let I be the ideal sheaf of C. For d large enough, the
sheaf I(d) is generated by global sections. Thus, there are sections s1, . . . , sr of
I(d) over U ×∆N such that the subscheme C̃ defined by s1, . . . , sr satisfies

1. C̃ \ C has pure codimension r on U ×∆N \ C.
2. (C̃ \ C) ∩ U × ∂∆N

J has pure codimension r on U × ∂∆N
J \ C for all J (

{0, . . . , N}.
Since C intersects all faces of U × ∂∆N

I in codimension r, it follows that C̃ is in
U∅,q. Since C̃ contains C, and each component of C̃ ∩ U × ∂∆N

I has codimension
r, it follows that C is a component of C̃ ∩ U × ∂∆N

I .

We can now make our final reduction.

Proposition 6.14. Suppose we can prove Theorem 6.12 for X affine, and for each
finite collection of irreducible closed subsets {Cj ∈ U(∅,qj)}. Then Theorem 6.12 is
true in general.

Proof. We have already seen that it suffices to prove Theorem 6.12 for X affine.
Suppose then that X is affine, and that {CI,j ∈ U(I,qj)} is a finite set of irreducible
closed subsets. By Lemma 6.13, we can find for each CI,j a ZI,j ∈ U∅,qj

such that
CI,j is an irreducible component of ZI,j ∩ ∂∆N , and if CI,j is in UX

(I,qj)
, then we

may take ZI,j ∈ UX
(∅,qj)

.
Suppose we can find an iterated blow-up of faces S′ → S, and open subschemes

V (SM ) for each iterated blow-up p : SM → S which dominates S′, satisfying
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Theorem 6.12 for the collection {ZI,j}. Fix one such p : SM → S, and an allowable
B-morphism c′ = (c, cN+1) : B′ → V (SM ). Replacing B with B′ and changing
notation, we may assume that B′ = B. Thus we have the map Ψc

p : ∆∗ →
(∆N , ∂∆N ), and the homotopy Hc′

p of Ψc
p with ΨN .

Let f : ∆∗ → (Y ; ∂Y ) be a map of degree −N in C(ZSchB). We say that f
is compatible with faces if, for each component fsI : ∆N−|I| → ∂YI of f , there is a
component f t∅ : ∆N → ∂Y∅ = Y , and a face F of ∆N such that fsI composed with
the inclusion ∂YI → Y factors as

∆N−|I| ∼= F ⊂ ∆N ft
∅−→ Y.

We make an analogous definition for maps �∗ → (Y ; ∂Y ), �∗
0 → (Y ; ∂Y ), or

∆∗ ⊗�∗ → (Y ; ∂Y ).
We claim that the maps Ψc

p and Hc′
p are compatible with faces. Assuming this

is the case, the fact that the (f t∅)
−1(ZI,j) intersects all faces of U × ∆N properly

implies that (fsI )
−1(CI,j) intersects all faces of U ×∆N−|I| properly. Similarly, if

(f t∅)
−1(ZI,j) is in UX

(N,qj)
, then (fsI )

−1(CI,j) is in UX
(N,qj)

.
We proceed to verify the above claim. Consider first the map (4.4) φc : �∗

0 →
(SM , ∂SM ). It follows directly from the construction of φc that φc is compatible
with faces. Since Φc

p is the unique extension of the map p ◦ φc, it follows that
Φc
p : �∗ → (S, ∂S) is compatible with faces. Since Ψc

p = πN ◦ Φc
p ◦ T , where

πN : �N → ∆N is the map (5.3) and T : ∆∗ → �
∗ is the standard triangulation,

the claim for Ψc
p is verified.

The proof for the homotopy Hc′
p is similar. We use the notation from the proof

of Theorem 5.8. The homotopy Hc′
p is the sum

Hc′

p = πN∗ ◦H0(c′) ◦ T +
N−2∑
m=0

πN−m,m∗ ◦HN−m,m(c) ◦ (id× T ) ◦ δ + HN (c).

Here H0(c′) is the homotopy of Φc
p with Φc

id, constructed in the proof of Propo-
sition 4.12, HN−m,m(c) is the homotopy of maps ∆∗ ⊗ �∗ → (∆N−m × �m, ∂)
constructed in Proposition 5.3, and HN (c) is the homotopy constructed in in Propo-
sition 5.6. T : ∆∗ → �

∗ is the triangulation constructed in §5.4, δ : ∆∗ → ∆∗⊗∆∗

is the Eilenberg-Maclane map, and the maps πN−m,m are the compositions in
the tower (5.4). It clearly suffices to prove that the maps H0(c′), HN−m,m(c),
m = 0, . . . , N − 1, and HN (c) are compatible with faces.

For this, consider first the map H0(c′). To construct H0(c′), we started with
the map Φc′

q : �∗ → (T, ∂T ), coming from a certain iterated blow-up of faces
q : TM → �

N+1. We took the projection π : �N+1 → �
N on the first N -factors,

and then we applied the homotopy machine of §2.10 to the map π∗ ◦Φc′
q . It follows

from the explicit form (2.11) of the homotopy Φc′

h corresponding to Φc′
q that the

components of H0(c′) and π∗ ◦ Φc′
q consisting of maps �N+1 → �

N are the same,
and that each map �i+1 → �

i occurring in H0(c′) occurs in π∗ ◦ Φc′
q . Thus, since

π∗ ◦ Φc′
q is compatible with faces, so is H0(c′).

The maps HN−m,m(c), m = 0, . . . , N − 2, are constructed similarly (see the
proof of Proposition 5.3) from tensor products of maps of the form Ψc1

id , Φc2

id . As
these latter maps are compatible with faces, the same argument as above shows
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that the maps HN−m,m(c) are compatible with faces as well. The proof for the
homotopy HN (c) is similar.

6.15. Proof of Theorem 1.9. We proceed to prove Theorem 6.12 for X affine,
and for a collection of subsets Cj ∈ U(∅,qj), j = 1, . . . , s, which will complete the
proof of Theorem 1.9.

Let C̄j denote the closure of Cj in X ×∆N . We suppose that Cj is in UX
(∅,qj)

for
j = 1, . . . , r; for these j, C̄j is in X(∅,qj).

Recall the tower (5.4), built out of the maps pn × id : ∆n−1 × �m+1 → ∆n ×
�
m, giving the compositions πN : �N → ∆N , and πN−m,m : ∆N−m × �m →

∆N . We have the degeneracy morphisms σ : ∆n+1 → ∆n, σ(t0, . . . , tn+1) =
(t0, . . . , tn−1, tn + tn+1).

Lemma 6.16. Let f : Z → ∆n×�m be a morphism intersecting all faces properly.
Then (pn × id)−1(f) : (pn × id)−1(Z) → ∆n−1 × �m+1 intersects all faces of
∆n−1×�m+1 properly, and (σ× id)−1(f) : (σ× id)−1(Z) → ∆n+1×�m intersects
all faces of ∆n+1 ×�m properly.

Proof. The map pn × id is easily seen to be locally birational monomial, so the
first assertion follows from Lemma 6.3. For the second assertion, let F be a face of
∆n+1×�m. Then (σ× id)(F ) is a face F ′ of ∆n×�m, and the restriction of σ× id
to the open face F 0 factors as a flat map F 0 → F ′ followed by the inclusion of F ′

into ∆n × �m. Since f : Z → ∆n × �m intersects all faces properly, this implies
that (σ× id)−1(f) : (σ× id)−1(Z) → ∆n+1 ×�m intersects all faces of properly as
well.

Let Zj = π−1
N (Cj), let Z̄j = π−1

N [Z̄j ] and let

Z :=
s∐
j=1

Zj ; Z̄ :=
s∐
j=1

Z̄j ; Z̄≤r :=
r∐
j=1

Z̄j .

We let f : Z → �
N , f̄ : Z̄ → �

N and f̄≤r : Z̄≤r → �
N be the projections. It follows

from Lemma 6.16 that f intersects all faces of S := �N properly. From Lemma 6.3,
we have Zj = π−1

N [Cj ] for j = 1, . . . , s, and Z̄j = π−1
N (C̄j) for j = 1, . . . , r.

By [9, Theorem 0.3], there is, for each vertex v of S, an iterated blow-up of
faces of (S, ∂vS), pv : S(v) → S, such that p−1

v [f̄ ] : p−1
v [Z̄] → S(v) intersects all

faces of S(v) properly. Let p : SM → S be an iterated blow-up of faces which
dominates all the pv. By Proposition 6.10(1), there is a Zariski open subscheme V0

of (A1 \ {0, 1})N , faithfully flat over B, such that, for each allowable B-morphism
c : B′ → V0, and for each vertex u of SM , the morphisms p!

u,c(f) : p!
u,cZB′ → �

N
B′

and p!
u,c(f̄) : p!

u,cZ̄B′ → �
N
B′ intersects all faces of T�NB′ properly. It follows from

Proposition 6.10(2) and Lemma 6.3 that

p!
u,cZB′ = (Λu,c)−1(ZB′),(6.1)

p!
u,cZ̄≤rB′ = (Λu,c)−1(Z̄≤rB′).(6.2)

Let hs : �NB′ → �
N be a component of Φc

p, and let h−1
s (Zj) denote the closure

in X×�NB′ of h−1
s (Zj). By the definition of the map Φc

p, hs = Λu,c for some vertex
u of SM . For this choice of u, it follows from (6.1) that

h−1
s (Zj) ⊂ p!

u,cZ̄B′ .
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Thus, the projection h−1
s (Zj) → �

N intersects all faces of T�N properly.
From this it follows in turn that, if fs : ∆N

B′ → ∆N is a component of Ψc
p,

then the irreducible components of f−1
s (Cj) are in (UB′)XN,qj

for all j. Indeed, let

f−1
s (Cj) be the the closure of f−1

s (Cj) in X ×∆N
B′ . Each component fs is of the

form πN ◦ hs ◦ t for some component hs : �NB′ → �
N of Φc

p, where t : ∆N → �
N is

a component of the triangulation T . Since Zj = π−1
N (Cj), and t is an isomorphism

of B-schemes, it follows that

f−1
s (Cj) = (id× t)−1(h−1

s (Zj)).

As h−1
s (Zj) intersects all the faces of T�N properly, it follows that the closure

f−1
s (Cj) likewise intersects all faces of ∆N properly, i.e., that the irreducible com-

ponents of f−1
s (Cj) are in (UB′)XN,qj

.
This verifies the portion of Theorem 1.9 dealing with the map Ψ. We now turn

to the homotopy H.
We write H = Hc′

p as the sum (see the proof of Theorem 5.8)

Hc′

p = πN∗ ◦H0(c′) ◦ T +
N−2∑
m=0

πN−m,m∗ ◦HN−m,m(c) ◦ (id× T ) ◦ δ + HN (c).

We first consider the term πN ◦H0(c′) ◦ T . The homotopy H0(c′) is defined (see
the proof of Proposition 4.12) by blowing-up �N+1 = �

N × �1 along the locus
�
N × 1 so as to form the sequence of blow-ups forming the map p : SM → S.

This gives the iterated blow-up of faces q : TM → T which is the identity over
�
N × 0 and p over �N × 1. A choice of a B-morphism c′ : B′ → (A1 \ {0, 1})N+1

of the form (c, cN+1) gives the map Φc′
q : �∗

B′ → (T, ∂T ). Feeding this map to
the homotopy machine of §2.10 gives the homotopy Φh. We have the projection
π : T = �

N+1 → S = �
N on the first N -factors, and H0(c′) = π∗ ◦ Φh.

Clearly π−1(Z) → �
N+1 and π−1(Z̄≤r) → �

N+1 intersects all faces of �N+1

properly. Arguing as above, we have for all vertices u′ of TM

q!
u′,c′π

−1(Z)B′ = (Λu
′,c′)−1(π−1(Z)B′),

q!
u′,c′π

−1(Z̄≤r)B′ = (Λu
′,c′)−1(π−1(Z̄≤r)B′).

From this, it follows as above that, for each component hs : �N+1
B′ → �

N of π∗◦Φc′
q ,

both h−1
s (Z) → �

N+1 and h−1
s (Z̄≤r) → �

N+1 intersect all faces of T�N+1 properly.
From the explicit formula for (Φc′

q )h given in (2.11), the components of H0(c′)
of the form h′ : �N+1

B′ → �
N agree with those of π∗ ◦ Φc′

q . The same argument as
above shows that, for each component hs : ∆N+1

B′ → ∆N of πN ◦ H0(c′) ◦ T , the
irreducible components of h−1

s (Cj) are in (UB′)(N,qj) for all j = 1, . . . , s. Replacing
U with X and Cj with C̄j , j = 1, . . . , r, the same argument shows that h−1

s (C̄j) is in
(XB′)(N,qj) for all j = 1, . . . , r, from which it follows that h−1

s (Cj) is in (UB′)X(N,qj)

for all j = 1, . . . , r.
We turn next to the terms πN−m,m∗ ◦HN−m,m(c) ◦ (id× T ). We have the maps

Ψn × Φm(c) : ∆∗ ⊗�∗
B′ → (∆n ×�m, ∂).

In the proof of Lemma 5.2, we have noted that Ψn × Φm(c) is defined by taking
the tensor product of Ψn(c1) and Φcm

id , and then identifying (∆n, ∂)⊗ (�m, ∂) with
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(∆n ×�m, ∂(∆n ×�m)). The map

Hn,m(c) : ∆∗ ⊗�∗
B′ → (∆n ×�m, ∂(∆n ×�m))

gives a homotopy of Ψn × Φm(c) with (pn × id)∗ ◦ (Ψn−1 × Φm+1(c)), and is con-
structed by taking the homotopy (Ψn×Φm+1(c))h corresponding to Ψn×Φm+1(c),
and composing with [(σ × id) ◦ (pn+1 × id)]∗ (up to sign). This gives the formula

HN−m,m(c) ◦ (id× T ) ◦ δ

= ±[(σ × id) ◦ (pN−m+1 × id)]∗ ◦ (ΨN−m × Φm+1(c))h ◦ (id× T ) ◦ δ.

Let

Zm
j = (πN−m,m ◦ (σ × id) ◦ (pN−m+1 × id))−1(Cj), j = 1, . . . , s,

Z̄m
j = (πN−m,m ◦ (σ × id) ◦ (pN−m+1 × id))−1(Z̄j), j = 1, . . . , r,

and let

Zm :=
s∐
j=1

Zm
j ; Z̄m

≤r :=
r∐
j=1

Z̄m
j .

We let fm : Zm → ∆N−m×�m+1, f̄m≤r : Z̄m
≤r → ∆N−m×�m+1 be the projections.

It follows from Lemma 6.16 that fm and f̄m≤r intersect all faces of ∆N−m ×�m+1

properly.
By Lemma 6.9, there is an open subscheme VN−m,m of (A1 \ {0, 1})N , mapping

onto B, such that for all allowable B-morphisms c : B′ → VN−m,m, for each
component h : ∆N+1

B′ → ∆N−m ×�m+1 of ΨN−m ×Φm+1(c) ◦ (id× T ) ◦ δ, and for
each face F of ∆N+1

B′ , the maps fm and f̄m≤r intersect h(F ) properly. Since each such
component h induces an isomorphism of B′-schemes ∆N+1

B′ → ∆N−m×�m+1
B′ , this

is the same as saying that h−1(Zm) → ∆N+1 and h−1(Z̄m
≤r) → ∆N+1 intersect all

faces properly. Since (ΨN−m×Φm+1(c))h◦(id×T )◦δ and (ΨN−m×Φm+1(c))◦(id×
T )◦δ have the same components of this form, this implies that, for each component
hs of HN−m,m(c)◦(id×T )◦δ, h−1

s (Cj) is in (UB′)(N+1,qj), j = 1, . . . , s, and h−1
s (C̄j)

is in (XB′)(N+1,qj), j = 1, . . . , r. Thus h−1
s (Cj) is in (UB′)X(N+1,qj)

, j = 1, . . . , r,
completing the discussion for the term HN−m,m(c) ◦ (id× T ) ◦ δ.

The argument for HN (c) is similar. The homotopy HN (c) is gotten (up to sign)
from the map ΨN+1 ×Φ0(c) by taking the associated homotopy (ΨN+1 ×Φ0(c))h,
composing with σ∗, and then conjugating by the linear automorphism of ∆N+1

coming from a permutation of the vertices. For our purpose, we may ignore the
conjugation by this automorphism, in which case the argument is the same as that
for HN−m,m. This gives us an open subscheme VN of (A1 \ {0, 1})N , faithfully
flat over B, such that, for all allowable B-morphisms c : B′ → VN , h−1

s (Cj) is in
(UB′)(N+1,qj), j = 1, . . . , s, and h−1

s (Cj) is in (UB′)X(N+1,qj)
, j = 1, . . . , r, for each

component hs : ∆N+1
B′ → ∆N of HN (c).

Taking

V (SM ) =
(
V0 ∩

N−2⋂
m=0

VN−m,m ∩ VN
)
× (A1 \ {0, 1})

completes the proof of Theorem 6.12 and Theorem 1.9.
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7. Localization for motivic Borel-Moore homology

We can now prove our extension Theorem 1.7 of Bloch’s localization theorem; we
use the notations of §1. Let B be a regular noetherian scheme of Krull dimension
at most one, p : X → B a finite type B scheme, and j : U → X an open subscheme.
To prove Theorem 1.7, it suffices to show that, if B is semi-local, then the quotient
complex zq(U, ∗)/j∗zq(X, ∗) is acyclic.

Write B = SpecA, with A a semi-local principal ideal domain.

Lemma 7.1. Let V be an open subscheme of AnA, mapping onto SpecA. Then
there exist finite étale extensions A → A1, A → A2, of relatively prime degree, with
sections σi : SpecAi → VAi

.

Proof. Let A → A′ be an extension, with A′ semi-local. Suppose that, for each
closed point x of SpecA′, there is a k(x)-valued point vx of V . By the Chinese
remainder theorem, there is a section s : A′ → AnA′ with s(x) = vx; since V is
open, it follows that s has image in V . Thus, it suffices to find Ai which are étale
and finite over A, of relatively prime degree, such that V (k(x)) �= ∅ for each closed
point x of SpecA1 and SpecA2.

Let y be a closed point of SpecA. If n = 1, there is an integer dy ≥ 1 such
that, for all separable field extensions k(y) → L of degree ≥ dy, V (L) �= ∅; if
k(y) is infinite, we may and will take dy = 1. The same holds for arbitrary n by
an elementary induction. Let d be the maximum of the dy, as y runs over the
closed points of A, and take distinct primes l1, l2 ≥ d. For each y, there is a monic
separable polynomial fy,i ∈ k(y)[X] of degree li, such that each irreducible factor
of fy,i has degree ≥ dy. Choose monic polynomials fi ∈ A[X] such that fi reduces
to fi,y at y. Letting Ai = A[X]/(fi) gives the desired extensions.

If i : A → A′ is a finite extension of semi-local principal ideal rings of degree d,
then the composition

zq(U, ∗)/j∗zq(X, ∗) i∗−→ zq(UA′ , ∗)/j∗zq(XA′ , ∗) i∗−→ zq(UA′ , ∗)/j∗zq(XA′ , ∗)
is multiplication by degree d. Applying the lemma, we may assume throughout the
subsequent constructions that each open V ⊂ A1

A which maps onto SpecA, admits
a section.

Let C ⊂  Mj=0U ×∆j be a finite union of closed subsets Cj ∈ U(pj ,q), 0 ≤ pj ≤
M . We let Ord≤N be the full subcategory of the category Ord with objects [p],
0 ≤ p ≤ N . Since Ord≤N is a finite category, the union of the closed subsets
(id × g)−1(C ∩ U × ∆p), as g : ∆q → ∆p runs over the morphisms in Ord≤N , is
again a finite union of the same form. We let C≤N denote this completion of C
with respect to the category Ord≤N , and C≤N

p ⊂ U ×∆p the portion of C≤N in
U ×∆p.

We let zq(U, p)N (C) be the subgroup of zq(U, p) generated by the irreducible
components of C≤N

p . For p ≤ N , zq(U, p) is the direct limit of the zq(U, p)N (C) as
C runs over unions of closed subsets Cj ∈ U(pj ,q), as above. Similarly, j∗zq(X, p)
is the direct limit of the zq(U, p)N (C ′), as C ′ runs over unions of closed subsets
C ′
j ∈ UX

(Ij ,q)
.

The association p �→ zq(U, p)N (C) extends to an N -truncated simplicial sub-
group zq(U,−)N (C) : Ord≤N op → Ab of the N -truncated simplicial abelian group

zq(U,−) := [p �→ zq(U, p)] : Ord≤ op → Ab.
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We may apply zq(U,−)N (C) and zq(U,−) to the complex (∆N , ∂∆N ), giving the
subcomplex zq(U ; (∆N , ∂∆N ))(C) of the complex zq(U ; (∆N , ∂∆N )). We have as
well the subcomplex zq(U, ∗)N (C) of zq(U, ∗), associated to the N -truncated sim-
plicial abelian group zq(U,−)N (C).

Take Cj ∈ U(Nj ,q), j = 1, . . . , s, Ci ∈ UX
(Ni,q)

, i = s + 1, . . . , r, and let

C =
r⋃
j=1

Cj , C ′ =
r⋃

j=s+1

Cj .

The map ΨN gives the map of complexes

zq(U,ΨN ) : zq(U ; (∆N , ∂∆N ))[−N ] → zq(U, ∗),
which, by Lemma 2.6, is a homology isomorphism in degrees < N . Thus, the map

zq(U,ΨN )(C) : zq(U ; (∆N , ∂∆N ))(C)[−N ] → zq(U, ∗)
is a homology isomorphism in degree < N after taking the limit over C. Similarly,
the map

zq(U,ΨN )(C ′) : zq(U ; (∆N , ∂∆N ))(C ′)[−N ] → j∗zq(X, ∗)
is a homology isomorphism in degree < N after taking the limit over C ′.

From Theorem 6.12, we have the diagram

zq(U ; (∆N , ∂∆N ))(C ′)[−N ] //

��

zq(U,ΨN )(C′)[−N ]

zq(U ; (∆N , ∂∆N ))(C)

tt

Ψ

iii
iii

iii
iii

iii
iii

��

zq(U,ΨN )(C)

j∗zq(X, ∗) //

ι
zq(U, ∗),

(7.1)

where Ψ = Ψc
p for suitable A-valued point c of �N \ ∂�N , and p : SM → �

N is
an iterated blow-up of faces. The properties of the homotopy Hc′

p imply that (7.1)
is commutative up to homotopy. From the remarks in the previous paragraph, we
see that the inclusion ι is a homology isomorphism in degrees < N . Since N was
arbitrary, ι is a homology isomorphism, completing the proof of Theorem 1.7.

8. Atiyah-Hirzebruch spectral sequence

We now proceed to give an application to the construction of a spectral sequence
from motivic cohomology to K-theory, globalizing the spectral sequence constructed
by Bloch and Lichtenbaum in [3]. We let B be a regular scheme of Krull dimension
at most one. In this section, unless specific mention to the contrary is made, “space”
will mean “simplicial set”; we let S denote the category of simplicial sets.

8.1. A variant of Theorem 6.12. It will be useful to have a slightly different
version of Theorem 6.12 where we replace various identities of dimensions with
inequalities. Fortunately, this variant follows easily from Theorem 6.12.

Let B be a regular scheme of dimension at most one, and let X → B be a
B-scheme of finite type. Let X(p,≤q) be the set of irreducible closed subsets W of
X ×∆p such that, for each face F of ∆p (including F = ∆p), and each irreducible
component W ′ of W ∩ (X × F ), we have

dim(W ′) ≤ q + dimB(F ).

If U is an open subscheme of X, we let UX
(p,≤q) be the subset of U(p,≤q) consisting

of those W whose closure in X ×∆p is in X(p,≤q).
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Theorem 8.2. Let B = SpecA, where A is a semi-local PID, and let U be an open
subscheme of a B-scheme X of finite type over B. Let {CI,j} be a finite collection
of irreducible closed subsets, CI,j ∈ U(I,≤qj), I ( {0, 1, . . . , N}. Then there is an
iterated blow-up of faces S′ → S := �N such that, for each iterated blow-up of faces
p : SM → S which dominates S′, there is an open subset V (SM ) ⊂ (A1−{0, 1})N+1

such that
1. The structure map V (SM ) → B is surjective.
2. For each allowable B-morphism c′ := (c, cN+1) : B′ → V (SM ), the map

Ψc
p : ∆∗

B′ → (∆N ; ∂∆N )

and the homotopy Hc′
p of Ψc

p with ΨN given by Theorem 5.8 satisfy the fol-
lowing: Write Ψc

p and Hc′
p as sums with Z-coefficients

Ψc
p =

∑
s,

I({0,... ,N}

nsIf
s
I ; Hc′

p =
∑
s,

I({0,... ,N}

ms
Ig
s
I ; nsI ,m

s
I �= 0,

with

fsI : ∆N−|I|
B′ → ∂∆N

I ; gsI : ∆N−|I|+1
B′ → ∂∆N

I ,

maps of B-schemes. Then
(a) Each component of (id× fsI )

−1(CI,j) is in (UB′)X(N−|I|,≤qj)
for each I, s

and j.
(b) Each component of (id× gsI)

−1(CI,j) is in (UB′)(N−|I|+1,≤qj) for each I,
s and j.

(c) If CI,j is in UX
(I,≤qj)

, then each component of (id × gsI)
−1(CI,j) is in

(UB′)X(N−|I|+1,≤qj)
for each s.

Proof. The arguments used in §6.11 reduce us to the case of X affine. The argument
of Lemma 6.13 proves the following variant:

Lemma 8.3. Let Y be quasi-projective over B, j : U → Y a non-empty open
subscheme, and C an element of U(I,≤q) for some I ⊂ {0, . . . , N},and some q ≥
−N . Then there is an irreducible closed subset C̃ of ∆N

U such that C̃ is in U(∅,q),
and C is contained in C̃ ∩ U × ∂∆N

I . If C is in UY
(I,≤q), we may find a C̃ as above

with C̃ ∈ UY
(∅,q).

Also, if we have a C ∈ U(I,q) (resp. C ∈ UX
(I,q)), and an irreducible subset

C ′ of C, then clearly C ′ is in U(I,≤q) (resp. in UX
(I,≤q)). Thus, the argument of

Proposition 6.14 reduces the proof of Theorem 8.2 to the case of a finite collection
of irreducible closed subsets {Cj ∈ U(∅,qj)} (and also X affine, but we won’t need
this). The conclusion of Theorem 8.2 in this case follows from Theorem 6.12.

8.4. The G-theory spectral sequence. Let X be a finite-type B-scheme. We
have the exact category MX of coherent sheaves on X, and the corresponding
K-theory spectrum G(X) := K(MX). The deloopings Ω−dG(X) are given by
Waldhausen’s multiple Q-construction; in particular, the spectrum G(X) has the
natural structure of a spectrum of simplicial sets.

Remark 8.5. When we take the homotopy fiber or cofiber of a map of spectra, this
will always be the homotopy fiber or cofiber in the category of spectra.
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Remark 8.6. In what follows, we will be constructing various simplicial spaces, or
simplicial spectra, by applying the Quillen/Waldhausen construction to simplicial
exact categories. These in turn will arise from various pseudo-functors F : Cop →
ECat, where C will be a small subcategory of the category of schemes, and ECat is
the category of exact categories. Since F is not a functor, one runs into problems in
applying the Quillen/Waldhausen construction. To avoid this, there is a standard
method for changing the pseudo-functor F into a functor, namely, for each X ∈ C,
replace F (X) with the category of tuples (F , θg : g∗F → Fg), with F an object
of F (X), Fg an object of F (Y ), for each morphism g : Y → X in C, and θg
an isomorphism (here we write g∗F for F (g)(F)). The morphisms are collections
of maps for each component making the evident diagrams commute. For each
f : Y → X in C, define

f∗(F , θg : g∗F → Fg) = (Ff , θf◦h ◦ ξf,h ◦ h∗(θ−1
f ) : h∗Ff → Ff◦h),

where h : Z → Y is a morphism in C and ξf,h : h∗(f∗F) → (f ◦h)∗F is the canonical
isomorphism which is part of the data of the pseudo-functor F . By making this
substitution, we may assume that our pull-back maps are functorial over any chosen
small subcategory of the category of schemes; we will assume that we have done
this, without further mention.

Let U be an open subscheme of X×∆p. We have the full subcategory MU (∂∆p)
of MU with objects the coherent sheaves F such that TorOU

q (F ,OU∩(X×F )) = 0
for all faces F of ∆p and all q > 0. We write MX(p) for MX×∆p(∂∆p) and let
G(X, p) denote the K-theory spectrum K(MX(p)).

For a closed subset W of X×∆p, we have the spectrum with supports GW (X, p),
defined as the homotopy fiber of the map of spectra

j∗ : K(MX(p)) → K(MU (∂∆p)),

where U is the complement X ×∆p \W and j : U → X ×∆p is the inclusion. We
let G(q)(X, p) denote the direct limit of the GW (X, p), as W runs over finite unions
of irreducible closed subsets C ∈ X(p,≤q).

Let i : ∆q → ∆p be a closed embedding in ∆∗, so i identifies ∆q with a face of
∆p, let W ⊂ X ×∆p be a finite union of Cj ∈ X(p,≤q), let U be the complement
X ×∆p \W , and V = i−1(U). The vanishing Tor condition implies that the pull-
back i∗ : MU (∂∆p) → MV is exact, and has image in MV (∂∆q). In particular,
the assignment p �→ MX(p) extends to a simplicial exact category MX(−); we
let G(X,−) := K(MX(−)) the corresponding simplicial spectrum. Similarly, the
assignments p �→ G(q)(X, p) extend to simplicial spectra G(q)(X,−).

Lemma 8.7. For U ⊂ X × ∆p open, the inclusion MU (∂∆p) → MU induces a
weak equivalence K(MU (∂∆p)) → K(MU ).

Proof. We apply Quillen’s resolution theorem [11, §4, Corollary 1] to the inclusion
MU (∂∆p) → MU ; it thus suffices to show that each F ∈ MU admits a finite
resolution by objects inMU (∂∆p). Since each face is a complete intersection in U , it
suffices to show that each F ∈MU admits a surjection G → F with G ∈ MU (∂∆p).
Since each F ∈ MU extends to a F̄ ∈ MX×∆p , and since j∗ : MX×∆p → MU

maps MX(p) to MU (∂∆p), we may assume that U = X ×∆p.
Let F be a face of ∆p. Since F is flat over B, X × F is flat over X. Thus, if F0

is in MX , then p∗1F0 is in MX(p). Thus, it suffices to show that each F ∈MX×∆p

admits a surjection p∗1F0 → F for some F0 ∈MX .
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We identify ∆p with Ap. Let i : Ap → Pp be the standard inclusion, let H =
Pp \ Ap, and let p̄1 : X × Pp → X the extension of p1 : X × Ap → X. Let G
be a coherent sheaf on X × Pp with (id × i)∗G ∼= F . For all d, the sheaf p̄1∗G(d)
on X is a coherent OX -module, and for all d sufficiently large the natural map
p̄∗1p̄1∗G(d) → G(d) is surjective. The section h : OPp → OPp(d) with divisor d · H
defines an isomorphism (id× i)∗G → (id× i)∗G(d), giving the surjection

p∗1p̄1∗G(d) → (id× i)∗G ∼= F ,

completing the proof of the lemma.

Proposition 8.8. Let X be a B-scheme of finite type.

1. Let W be a closed subset of X × ∆p. There is a natural weak equivalence
G(W ) ∼ GW (X, p).

2. The projection p1 : X × ∆p → X induces a weak equivalence p∗1 : G(X) →
G(X, p).

Proof. Let GW (X × ∆p) denote the homotopy fiber of the restriction map j∗ :
G(X ×∆p) → G(X ×∆p \W ). Quillen’s localization theorem [11, §7, Proposition
3.1] gives us the natural weak equivalence G(W ) → GW (X × ∆p). The natural
map GW (X, p) → GW (X ×∆p) is a weak equivalence by Lemma 8.7, proving (1).

The homotopy property for G-theory implies that the map p∗1 : MX →MX×∆p

induces a weak equivalence G(X) → G(X × ∆p). The natural map G(X, p) →
G(X ×∆p) is a weak equivalence by Lemma 8.7, proving (2).

We let dimX denote the maximum of dimXi over the irreducible components
Xi of X. We note that G(q)(X, p) = G(X, p) for all q ≥ dimX. The evident maps

G(q−1)(X, p) → G(q)(X, p)

give the tower of simplicial spectra

. . . → G(q−1)(X,−) → G(q)(X,−) → . . . → G(dimX)(X,−) = G(X,−).(8.1)

By Proposition 8.8(2), the augmentation X → X ×∆∗ gives a weak equivalence
of G(X,−) with G(X). We let G(q/q−1)(X,−) denote the homotopy cofiber of
the map G(q−1)(X,−) → G(q)(X,−) The tower (8.1) thus gives rise to a spectral
sequence (of homological type)

E1
p,q = πp+q(G(p/p−1)(X,−)) =⇒ Gp+q(X).(8.2)

Since the tower (8.2) is natural with respect to flat morphisms, replacing X with
U ×B X for U ⊂ B open forms a tower of presheaves of simplicial spectra on BZar.
Jardine [7] has constructed a closed model structure on the category of presheaves
of spectra; in particular, for a presheaf of simplicial spectra G on BZar, we have the
homotopy groups πN (B;G) (also denoted H−N (B;G)). For a presheaf of Eilenberg-
Maclane spectra, πN (B;G) agrees with the Zariski hypercohomology H−N (B;G∗),
where G∗ is the complex of presheaves of abelian groups corresponding to G via
the Dold-Kan correspondence. For a B-scheme f : X → B, presheafifying the
tower (8.2) over B and taking the associated spectral sequence gives us the spectral
sequence

E1
p,q = πp+q(B; f∗G(p/p−1)(X,−)) =⇒ Gp+q(X).(8.3)
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This spectral sequence converges to Gp+q(X) since Quillen’s localization theorem
[11, §7, Proposition 3.1] implies that the natural map

πN (K(MX)) → πN (B; f∗K(MX))

is an isomorphism.
Let π0G(q/q−1)(X,−) denote the simplicial abelian group

p �→ π0(G(q/q−1)(X, p)).

Taking the cycle-class of a coherent sheaf defines the map of simplicial abelian
groups π0clq : π0G(q/q−1)(X,−) → zq(X,−); by replacing the simplicial abelian
groups with the associated Eilenberg-Maclane spectra, we may consider π0clq as
a natural map of spectra. Since Ω−NG(q/q−1)(X, p) is N -connected for each N ,
we have the natural map of simplicial spectra G(q/q−1)(X,−) → π0G(q/q−1)(X,−).
Composing this map with π0clq gives us the natural map of simplicial spectra

clq : G(q/q−1)(X,−) → zq(X,−).(8.4)

In case X = SpecF for a field F , Friedlander and Suslin [5, Theorem 6.1] have
shown that this map is a weak equivalence. After the usual reindexing, the spec-
tral sequence (8.2) thus becomes the (cohomological) spectral sequence of Atiyah-
Hirzebruch type

Ep,q
2 = Hp(F,Z(−q/2)) =⇒ G−p−q(F ) = K−p−q(F ).(8.5)

The arguments of §7 used to prove Theorem 1.7 can be modified to show that the
simplicial spectra G(q)(X,−) satisfy a localization property, namely, if i : Z → X is
a closed subscheme of X with complement j : U → X, then the sequence

G(q)(Z,−) i∗−→ G(q)(X,−)
j∗−→ G(q)(U,−)(8.6)

is a homotopy fiber sequence, at least in case B = SpecA, A a semi-local principal
ideal ring. Assuming this is so, we are able to identify the E1-terms in (8.3) via:

Proposition 8.9. Let B be a regular scheme of Krull dimension at most one.
Suppose that the sequence (8.6) is a homotopy fiber sequence for all pairs (X,Z),
with X a scheme of finite type over a semi-local principal ideal ring, and Z ⊂ X
a closed subscheme. Then, for all finite-type B-schemes f : X → B, the map
(8.4) induces a weak equivalence of presheaves of simplicial spectra f∗G(q)(X,−) →
f∗zq(X,−), and isomorphisms of the E1-term in the spectral sequence (8.3)

E1
p,q = πp+q(B; f∗G(p/p−1)(X,−)) ∼= πp+q(B; f∗zp(X,−))

∼= Hp+q(B; f∗zp(X, ∗)) = CHp(X, p + q).

In case B = SpecA, A a semi-local principal ideal ring, the spectral sequences (8.2)
and (8.3) agree, with E1-term

E1
p,q = πp+q(G(p/p−1)(X,−)) ∼= πp+q(zp(X,−))

∼= Hp+q(zp(X, ∗)) = CHp(X, p + q).

Proof. Since a map of presheaves of simplicial sets which is a stalk-wise weak equiv-
alence induces an isomorphism on πn(B;−), it suffices to prove the proposition
in case B = SpecA, A a semi-local PID. Since we know that πn(zp(X,−)) =
πn(B; f∗zp(X,−)) in this case (Theorem 1.7), we need only show that the E1-term
in the spectral sequence (8.2) is given by πp+q(zp(X,−)).



TECHNIQUES OF LOCALIZATION IN THE THEORY OF ALGEBRAIC CYCLES 49

Let G(q)(X(r),−) be the direct limit of the spectra G(q)(Z,−), as Z runs over
unions of irreducible closed subsets C ⊂ X with dimC ≤ r. This gives us the map
of simplicial spectra

G(q)(X(r−1),−) ir−→ G(q)(X(r),−);

let G(q)(X(r/r−1),−) denote the cofiber of ir.
Since the sequences (8.6) are homotopy fiber sequences for all (X,Z) by assump-

tion, and since the operation of taking the K-theory spectrum is compatible with
direct limits of exact categories [11, §2], we have the homotopy fiber sequence

G(q)(X(dimX−1),−) i∗−→ G(q)(X,−)
j∗−→

∐
x∈X(dim X)

G(q)(x,−),

natural in q. Since taking the homotopy cofiber (of spectra) preserves homotopy
fiber sequences, we have the homotopy fiber sequence

G(q/q−1)(X(dimX−1),−) i∗−→ G(q/q−1)(X,−)
j∗−→

∏
x∈X(dim X)

G(q/q−1)(x,−).

Let zq(X(r), p) be the direct limit of the zq(Z, p), as Z runs over unions of
irreducible closed subsets C ⊂ X with dimC ≤ r. As A is a semi-local principal
ideal ring, it follows from Theorem 1.7 and the Dold-Kan equivalence that

zq(X(dimX−1),−) i∗−→ zq(X,−)
j∗−→

∏
x∈X(dim X)

zq(x,−)

is a homotopy fiber sequence. The cycle map gives the commutative diagram

G(q/q−1)(X(dimX−1),−) //
i∗

��

clq

G(q/q−1)(X,−) //
j∗

��

clq

∏
x∈X(dim X)

G(q/q−1)(x,−)

��

clq

zq(X(dimX−1),−) //

i∗
zq(X,−) //

j∗

∏
x∈X(dim X)

zq(x,−)

By [5, Theorem 6.1], the cycle map clq : G(q/q−1)(x,−) → zq(x,−) is a weak
equivalence for all x ∈ X. By induction on dimX, and the compatibility of the
functors G(q/q−1) and zq with direct limits, the cycle map

clq : G(q/q−1)(X(dimX−1),−) → zq(X(dimX−1),−)

is a weak equivalence. Thus clq : G(q/q−1)(X,−) → zq(X,−) is a weak equivalence.

8.10. After reindexing (8.3) to give an E2-spectral sequence, we arrive at the
homological spectral sequence

E2
p,q = HB.M.

p (X,Z(−q/2)) =⇒ Gp+q(X),(8.7)

reminiscent of the classical Atiyah-Hirzebruch spectral sequence from singular co-
homology to topological K-theory. In case X is regular, the natural map G∗(X) →
K∗(X) is an isomorphism. If X is irreducible, dimX = d, we define Hp(X,Z(q)) :=
CHd−q(X, 2d− 2q − p) and extend this definition to arbitrary regular X by taking
the direct sum over the irreducible components. The sequence (8.7) then becomes
the cohomological sequence

Ep,q
2 = Hp(X,Z(−q/2)) =⇒ K−p−q(X).(8.8)
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The above constructions give similar spectral sequences with finite coefficients
as well. For instance, define the complex zq(X, ∗)/n as the cone of multiplication
by n, ×n : zq(X, ∗) → zq(X, ∗), and set

HB.M.
p (X,Z/n(q)) := H2q−p(B; f∗zq(X, ∗)/n).

Replacing πs(−) with the mod n homotopy group πs(−;Z/n) gives the spectral
sequence

E2
p,q = HB.M.

p (X,Z/n(−q/2)) =⇒ Gp+q(X;Z/n).(8.9)

The other spectral sequences discussed above have their mod n counterparts as
well.

To complete the discussion, we now prove the localization property for spectra
G(q)(X,−); we may take B = SpecA, A a semi-local PID.

We let j : U → X be the inclusion of an open subscheme U of a finite-type
B-scheme X. Let G(q)(UX , p) be the spectrum constructed as G(q)(U, p), where we
take supports in W ⊂ U ×∆p which is a union of finitely many C ∈ UX

(p,≤q). We
have the associated simplicial spectra G(q)(UX ,−), and the natural map

G(q)(UX ,−) → G(q)(U,−)(8.10)

Theorem 8.11. The map (8.10) is a weak equivalence.

Proof. As the spectra G(q)(UX ,−) and G(q)(U,−) are covariantly functorial for
finite morphisms X → X ′, we may use the argument of §7 to show that we may
assume that each open subscheme V of AnB which maps onto B admits a section.

Applying the Hurewicz isomorphism to the cofiber of (8.10), it suffices to show
that (8.10) induces a homology isomorphism on all sufficently large deloopings.
Since the homology group Hp of Ω−dG(q)(UX ,−) and Ω−dG(q)(U,−) are given by
Hp of the truncated simplicial objects for all truncations > p, so it suffices to show
that (8.10) induces a homology isomorphism in degrees p < N on the associated
N -truncated simplicial objects Ω−dG(q)(UX ,−)N and Ω−dG(q)(U,−)N .

For a simplicial set T , we let Sing(T ) denote the complex of integral simplicial
chains, i.e., Sing(T )([p]) is the free abelian group on T ([p]). The functor Sing(−)
thus transforms N -truncated simplicial spaces to N -truncated simplicial complexes
(i.e. functors Ord≤N op → C(Ab)), and we have the natural quasi-isomorphism

Tot(Sing(T∗)) → Sing(|T∗|,Z),

for an N -truncated simplicial space T∗ : Ord≤N op → S, where |T∗| is the geometric
realization of T∗ and Sing(|T∗|,Z) is the complex of singular chains. We therefore
need only show that (8.10) induces a homology isomorphism in degrees p < N

Tot(Sing(Ω−dG(q)(UX ,−))) → Tot(Sing(Ω−dG(q)(U,−))).

The proof is now essentially the same as the proof of Theorem 1.7. For a finite
collection C := {Cj ∈ U(pj ,≤q)}, and an integer N ≥ 0, we have the closed subset
C≤N
p of U×∆p, containing all the Cj with pj = p, and functorial in p for morphisms

g : ∆q → ∆p in ∆≤N . C≤N
p is a finite union of irreducible closed subsets in U(p,≤q)

for all p, and if in addition all Cj are in UX
(pj ,≤q), then C≤N

p is a finite union of
irreducible closed subsets in UX

(p,≤q) for all p.
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Fix integers N ≥ 0 and q, and take a finite collection C := {Cj ∈ U(pj ,≤q)},
0 ≤ pj ≤ N . We may form the N -truncated simplicial spectrum GC(U,−)N with

GC(U, p)N = G
C

≤N
p

(X ×∆p).

We then have

Hp(Ω−dG(q)(U,−)) = lim→
C

Hp(Ω−dGC(U,−)N )

for p < N , where C runs over finite collections {Cj ∈ U(pj ,≤q)}, 0 ≤ pj ≤ N . We
have a similar description of Hp(Ω−dG(UX ,−)N ) for p < N ,

Hp(Ω−dG(q)(UX ,−)) = lim→
C′

Hp(Ω−dGC(U,−)N )

where C ′ runs over finite collections {C ′
j ∈ UX

(pj ,≤q)}, 0 ≤ pj ≤ N .
Take Cj ∈ U(pj ,≤q), j = 1, . . . , s, Cj ∈ UX

(pj ,≤q), j = s + 1, . . . , r, with 0 ≤ pj ≤
N , and let

C =
r⋃
j=1

Cj , C ′ =
r⋃

j=s+1

Cj .

This gives us the functors

Sing(Ω−dGC(U,−)N ) : Ord≤N op → C(Ab)

Sing(Ω−dGC′(U,−)N ) : Ord≤N op → C(Ab)

and the natural map

Sing(Ω−dGC′(U,−)N ) → Sing(Ω−dGC(U,−)N ).

We may form the associated total complexes

Tot(Sing(Ω−dGC(U,−)N )), Tot(Sing(Ω−dGC′(U,−)N )).

We may also apply Sing(Ω−dGC(U,−)N ) and Sing(Ω−dGC′(U,−)N ) to the complex
(∆N , ∂∆N ), forming the complexes

Sing(Ω−dGC(U ; ∆N , ∂∆N )), Sing(Ω−dGC′(U ; ∆N , ∂∆N )).

Taking the limit over C, C ′ gives the various complexes

Tot(Sing(Ω−dG(q)(U,−)N )), Tot(Sing(Ω−dG(q)(UX ,−)N ))

Sing(Ω−dG(q)(U ; ∆N , ∂∆N )), Sing(Ω−dG(q)(UX ; ∆N , ∂∆N )).

The map ΨN gives the map of complexes

Sing(Ω−dG(q)(U ; ∆N , ∂∆N ))[−N ]
Sing(G(ΨN ))−−−−−−−−→ Tot(Sing(Ω−dG(q)(U,−)N )),

which, by Lemma 2.6, is a homology isomorphism in degrees < N . Thus, the map

Sing(Ω−dGC(U ; ∆N , ∂∆N ))[−N ]
Sing(G(ΨN ))(C)−−−−−−−−−−→ Tot(Sing(Ω−dG(q)(U,−)N ))

is a homology isomorphism in degree < N after taking the limit over C. Similarly,
the map

Sing(Ω−dGC′(U ; ∆N , ∂∆N ))[−N ]
Sing(G(ΨN ))(C′)−−−−−−−−−−−→ Tot(Sing(Ω−dG(q)(UX ,−)N ))

is a homology isomorphism in degree < N after taking the limit over C ′.
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From Theorem 8.2, we have the diagram

Sing(Ω−dGC′(U ; ∆N , ∂∆N ))[−N ] //

��

Sing(G(ΨN ))(C′)

Sing(Ω−dGC(U ; ∆N , ∂∆N ))[−N ]

ss

Ψ

ggg
ggg

ggg
ggg

ggg
ggg

ggg

��

Sing(G(ΨN ))(C)

Tot(Sing(Ω−dG(q)(UX ,−)N )) //

ι
Tot(Sing(Ω−dG(q)(U,−)N )).

(8.11)

As in the proof of Theorem 1.7 in §7, it follows from the properties of Ψ := Ψc
p and

H := Hc′
p that (8.11) is commutative up to homotopy, and hence ι is a homology

isomorphism in degrees < N . Since N was arbitrary, ι is a homology isomorphism,
and hence (8.10) is a weak equivalence.

It is now easy to show that (8.6) is a homotopy fiber sequence.

Corollary 8.12. Let B = SpecA, A a semi-local PID, and let X be a B-scheme
of finite type. Let j : U → X be the inclusion of an open subscheme, i : Z → X of
U the complement. Then the sequence

G(q)(Z,−) i∗−→ G(q)(X,−)
j∗−→ G(q)(U,−)

is a homotopy fiber sequence for all integers q.

Proof. Let C be in X(p,≤q). Then each irreducible component of C ∩ (Z ×∆p) is
in Z(p,≤q). By definition, if C is in UX

(p,≤q), then the closure of C in X ×∆p is in
X(p,≤q). From this, Proposition 8.8(1) and Quillen’s localization theorem [11, §7,
Proposition 3.1], we have the homotopy fiber sequence

G(q)(Z, p) i∗−→ G(q)(X, p)
j∗−→ G(q)(UX , p)

for each p, giving the homotopy fiber sequence

G(q)(Z,−) i∗−→ G(q)(X,−)
j∗−→ G(q)(UX ,−).

By Theorem 8.11, the natural map G(q)(UX ,−) → G(q)(U,−) is a weak equivalence,
giving the desired homotopy fiber sequence.
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