ON SHALIKA MODELS AND P-ADIC L-FUNCTIONS

LENNART GEHRMANN

ABSTRACT. We use modular symbols to construct p-adic L-functions for co-
homological cuspidal automorphic representations on GL(2n), which admit a
Shalika model. Our construction differs from former ones in that it systemat-
ically makes use of the representation theory of p-adic groups.
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INTRODUCTION

Modular symbols and integral formulas for special values of L-function were
first used by Mazur-Swinnerton-Dyer [MSD74] and Manin [Man73] to construct p-
adic L-functions for cuspidal elliptic eigenforms. Besides generalizing the construc-
tion to automorphic representations on GLo over other fields than the rationals
(cf. [Man76]) there are several directions in which one can generalize the method
to higher rank groups:

One can study the p-adic behaviour of Rankin-Selberg L-functions associated
to cuspidal automorphic representations on GL,, x GL,_; as has been done most
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2 L. GEHRMANN

notably by Schmidt [Sch93], Kazhdan-Mazur-Schmidt [KMS00] and Januszewski
[Jan11], [Jan15]. In [Mah00] Mahnkopf studies the case of the standard L-function
of a cuspidal representation of GLs.

In this paper we consider the standard L-function of a cuspidal automorphic
representation V' on GLg,, which admits a Shalika model, over a totally real field
F. The construction of a p-adic L-function in this setting has been carried out by
Ash-Ginzburg [AG94] under the following assumptions:

(A) The cuspidal automorphic representation is cohomological with respect to the
trivial representation.

(B) The local components V,, are spherical and ordinary for all places p above p.

(C) A certain restriction on the p-class group of F.

The main aim of this article is to relax the above assumptions. In particular, we get
rid of assumption (C) completely and work with a cuspidal representation, which is
cohomological with respect to an arbitrary algebraic representation V,;. Our meth-
ods are somewhat different from the ones of Ash and Ginzburg. Whereas their
arguments are close to the classical ones, i.e. using Hecke relations to prove the dis-
tribution property and the boundedness of the distribution, we follow the strategy
of Spief in [Spil4], which builds on work of Darmon (cf. [Dar01]). The two main
features of this construction are the following: All computations, e.g. the distribu-
tion and interpolation property, are purely local and we construct the distribution
from a cohomology class in the group cohomology of an S,-arithmetic subgroup of
GLg,, with values in (V, ® Va1)Y, where Vp is the tensor product ®pes, V,. The ex-
istence of a well-behaved lattice inside the locally algebraic representation Vj, ® V1
then implies the boundedness of the distribution.
The main results of the paper are:

Definition of the distribution in Section 3.2

Proof of an interpolation property (see Proposition 3.5)
Proof of rationality of the distribution (see Corollary 4.11)
Proof of integrality of the distribution (see Corollary 4.12)

Let us explain our results and their proofs in more detail:

The heart of the article is Section 2. We develop a theory of stabilizations with
respect to the standard parabolic subgroup P,, C GLa, of type (n,n) in terms of the
representation theory of p-adic groups. More precisely, a local component V, of V'
admits a stabilization © if it is a quotient of a parabolically induced representation
from P,. Thus, we can view V} as the global sections of a sheaf on the quotient
P, (Fy)\ GL2, (Fy). We use the action of the Levi subgroup of P, to trivialize this
sheaf on an open subset inside the open Bruhat cell. This yields a map

do: CY(GL,(Fy),C) — V4.

In the main Lemma 2.11 we show that dg (resp. a variant of it for locally algebraic
representations) respects integral structures on both sides as long as the stabiliza-
tion © is weakly ordinary. This weak ordinarity condition is equivalent to the usual
ordinarity condition in the GLg-case but strictly weaker in the higher rank case.
In Section 2.3 we define a modified Euler factor E(O, x,,s) for every character
Xp: Fy — C* by integrating x odet over the pullback of the local Shalika functional
by do. The modified Euler factors are holomorphic multiples of the local L-factors,
i.e. we have

E(@vxpvs) = e(@vxpvs) : L(VP & Xpas)a

where (0, x;,s) is an entire function. Using explicit formulas for the Shalika
functional we show that the modified Euler factors are the expected ones if V, is a
twist of an unramified principal series representation by a character.
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In the third section we globalize our construction. Let .S}, be the set of places of
F above p. Suppose we have given stabilizations ©, of V, for all places p € 5, a
critical half integer s+ 1/2 and a finite set of finite places X, which is disjoint from
Sp. Then we construct a distribution pe,, s on the Galois group G, of the maximal
abelian extension of F' unramified outside p and oo such that the interpolation

property

/g x(Mtoss(d1) = [T e@pxps +1/2) x Ln(V @ x,5+1/2)
P pPES

holds for all continuous characters x: G, — C*.

Finally, in the last section we recast the definition of pgy s in terms of modular
symbols. As an immediate consequence we get that the distribution takes values
in a finite dimensional vector space over the field of definition £ of the finite part
of V. Using results of Grobner and Raghuram on rationality of Shalika models
(cf. [GR14]) we show the following more refined result: there exist periods Q¢ for
all characters e: FX, = (F @ R)* — {£1} such that

/ X(V)tey,s(dy) € £
9p
Here & C C is the smallest extension of £, over which the stabilizations ©, are
defined, and S)’( is the field you get by adjoining the image of x. Assuming that
the stabilizations are weakly ordinary we show that the distributions pey, s are p-
adically bounded provided that the locally algebraic representation V, ® V}, admits
a lattice L, which has a resolution by compactly induced representations of finite
type (see Definition 1.2 for a precise definition). The two main steps in proving the
boundedness are:

e Arithmetic groups are of type (VFL) (as introduced by Serre in [Ser72])
and therefore, modular symbols with values in the lattice L commute with
flat base change.

e Jo respects integral structures.

We end the introduction by some comments on the existence of the above mentioned
lattices: By the Breuil-Schneider conjecture the representation V,3 ® V, should
always admit some lattice. In the GLa-case Vignéras has shown in [Vig08] that the
existence of some lattice is equivalent to the existence of a lattice, which has a good
resolution. In Section 1.3 we list known examples of locally algebraic representations
in the higher rank case, which admit good lattices. Since smooth ordinary principal
series representations admit good lattices by the work of Ollivier (cf. [Oll14]) our
construction covers all cases discussed in [AG94]. In the higher weight case the
existence of good lattices is known in special cases by results of Grofle-Klonne
(see [GK14]).
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and Vytautas Pasktinas for several helpful discussions and Felix Bergunde for a
thorough reading of an earlier draft of the article. It is a pleasure to thank all
past and current members of the Bielefeld arithmetic geometry study group for the
daily all-important coffee break. Finally, I like to thank the anonymous referee for
a detailed list of remarks, which helped to improve the exposition of the article.

Notions and Notations. We will use the following notions and notations
throughout the whole article. At the beginning of each chapter there will be an
additional set of notations which may be only valid for that given section.
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The entry in the i-th row and j-th column of a matrix A is denoted by A;;. We
denote the n x n-identity matrix by 1,.

All rings are commutative and have a unit. The group of invertible elements of
a ring R will be denoted by R*. If M is an R-module, we denote the dual module
Homp(M,R) by MV.

If R is a ring and G a group, we will denote the group ring of G over R by
R[G]. If G is a topological group, we write G° for the connected component of the
identity. Given a closed subgroup H of a locally profinite group G and an R-linear
representation M of H, the (smooth) induction Tnd$;, M of M from H to G is the
space of all locally constant functions f: G — M such that f(hg) = hf(g) for all
h € H,g € G. The induction Indg M is an R-module on which G acts R-linearly
via the right regular representation. The (smooth) compact induction c—ind% M is
the R[G]-submodule of Ind%, M consisting of functions which have compact support
modulo H. Let x: G — R* be a character. We write R[] for the G-representation,
which underlying R-module is R itself and on which G acts via the character y.
Given a character x: H — R* we will often write Indg X (resp. c-indg X) instead
of Ind$ R[] (resp. c-ind$ R[x]).

For a set X and a subset A C X the characteristic function 14: X — {0,1} is

defined by
1 ifze A
1 = ’
A@) {O else.

We fix a prime p and embeddings
CL2QBC,.

We let ord, denote the valuation on C, (and on Q via ¢,) normalized such that
ord,(p) = 1. The valuation ring of Q with respect to ord, will be denoted by R.

1. PRELIMINARIES ON FUNCTION AND DISTRIBUTION SPACES

The purpose of this section is twofold. Firstly, we want to fix notations. Secondly,
we want to collect results from the literature which we are going to use later.

1.1. Distributions and measures. Given two topological spaces X,Y we will
write C'(X,Y) for the space of continuous functions from X to Y. If R is a topo-
logical ring, we define C.(X, R) C C(X, R) as the subspace of continuous functions
with compact support. If we consider Y (resp. R) with the discrete topology, we
will often write C(X,Y) (resp. CY(X, R)) instead.

Since a locally constant map with compact support takes only finitely many
different values, the canonical map

(1) C%X,7Z)® R — C%(X,R)

is an isomorphism of R-modules. For a ring R and an R-module N the R-module of
N-valued distributions on X is given by Dist(X, N) = Homgz(C?%(X,Z), N). By (1)
every distribution p € Dist(X, N) extends uniquely to an R-linear homomorphism

CO(X,R) — N, f%/ f du.
X

Suppose f: X — Y is a continuous map between compact spaces. Then the pull-
back map

CO(Y7R) —>CO(X?R)a g’_>gof
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induces a push forward map on distributions
(2) f«: Dist(X, N) — Dist(Y, N).

If G is a topological group and H a closed subgroup, G acts on C°(G/H,N)
(resp. C2(G/H, R)) via left-multiplication, i.e. (gf)(z) = f(¢g~'z). This in turn
induces a G-action on Dist(G/H, N) via (¢D)(f) = D(g~1f). In case H is trivial,
we can extend the action of G to a G' x G-action on C°(G, N) (resp. C°(G, R)) by
(91.92)f(9) = [ (91 ' 992)-

Now, let X be a profinite topological space and E a p-adic field, i.e. F is a field
of characteristic 0 which is complete with respect to an absolute value || : E — R
whose restriction to Q is the usual p-adic absolute value. Until the end of this
subsection R will denote the valuation ring of E.

Let V be a finite dimensional E-vector space and L C V a lattice. The space
Dist” (X, V) of bounded distributions is defined as the image of the inclusion

Dist(X, L) ® E — Dist(X, V).

The definition does not depend on the choice of lattice. Any bounded V-valued
distribution p can uniquely be extended to a continuous FE-linear homomorphism

CX,E) —V, f»—>/deu.

We say that a C-valued distribution p € Dist(X,C) is a p-adic measure if there
exists a Dedekind ring R C R such that the image of C°(X, Z) under y is contained
in a finitely generated R-submodule of C. Let L, r the smallest such R-submodule

of C. In this case u defines a bounded distribution with values in 2’; =L, Rr®r
C,.

1.2. Smooth representations. Let G be a locally profinite group and E a field
of characteristic 0. A G-representation on an FE-vector space V is smooth if the
stabilizer of v in G is open for all v € V' We write €3"(G) for the category of
smooth G-representations on E-vector spaces.

Lemma 1.1. Let K C G be a compact, open subgroup. Then c—indIG( P is a projec-
tive object in € (G) for every K -representation P € €5 (K).

Proof. As a consequence of Frobenius reciprocity the compact induction functor
sends projective objects to projective objects. But €3*(K) is a semi-simple abelian
category (see for example Chapter 2.2 of [BH06]) and thus every object in €3 (K)
is projective. U

1.3. Lattices and integral resolutions. Let E be a field, R C E a subring and
G a locally profinite group. A G-representation on an E-vector space V is called
R-integral if there exists a locally-free G-stable R-submodule L C V such that
V = L®g E. In this case we call L an R[G]-lattice in V. For example, CO(G, R)
is a R[G x G]-lattice in C2(G, E). There is also a twisted variant of this: Suppose
we have a character xy: G — E* and a compact, open subgroup K C G such that
X(K) C R*. Then, the R-module

(3) CYG,R) @R x = c-ind 3k (C°(K, R) ®r R[x])

defines a R[G x K|-lattice in C(G, E) ®g E[x].

The second kind of examples we are interested in will be lattices in locally al-
gebraic representations of reductive groups over p-adic fields: Let F//Q, be a finite
extension with ring of integers Or and n > 1 a fixed integer. We write G,, for the
group of F-rational points of GL,, with the p-adic topology and Z C G, for its
center. Further, we fix a finite extension £ C C, of Q, such that every embedding
F — C, factors through £ We will denote the valuation ring of E by R.
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Definition 1.2. Let V' be a representation of Gy, on an E-vector space. An R[G.]-
lattice L inside V' is called homologically of finite type if there exists a resolution of
finite length

(4) 0o—C,—...—Cy—L—0
of R|Gy]-modules with the following properties: Fach C; is of the form
C; = c—indgK[i] L;

with compact, open subgroups Ky C Gy, and R[Z Kp;|-modules L;, which are free
R-modules of finite rank. We say that V is homologically integral if V admits a
lattice which is homologically of finite type.

Remark 1.3. (i) The significance of the notion of homological integrality will be
made apparent in the proof of Proposition 4.9.
(i) It is easy to see that the property of being homologically integral is preserved
under twisting by finite order characters.

An irreducible locally Q,-rational representation of GG,, on an E-vector space is a
tensor product V = Vi, ® Vi1, where Vg, € €3°(G,,) is irreducible and V) is an
irreducible E-rational representation of the algebraic group Resg/q, (GL,,F). The
following proposition shows that being homologically integral is rather common.

Proposition 1.4 (Vignéras). Let V be an irreducible, locally Q,-rational repre-
sentation of Ga on an E-vector space. Then V is integral if and only if V 1is
homologically integral.

Proof. The locally algebraic case is the content of Proposition 0.4 of [Vig08]. The
locally Q,-rational case is proved in exactly the same way. O

Definition 1.5. Suppose that F' = Q,. An irreducible algebraic representation Vay
is said to have p-small weights if it fulfills the following two conditions:

o The reduction mod p of one (and thus every) R[GL,(Z,)]-lattice of Va is
absolutely irreducible.

e We have <,u+p,6> < p for every positive root . Here p denotes the
highest weight of Va1 with respect to the Borel subgroup of upper triangular
matrices and p is half of the sum of all positive roots. Equivalently, if we
write = (1, ..., tn), the above condition translates into

i —pi—1+1<p
foralll <i<mn-—1.

Theorem 1.6 (GroBe-Klénne). Let V' be an irreducible, locally Q,-rational repre-
sentation of G, on an E-vector space and assume further that
o F'= Q}n
Va has p-small weights,
Vam 18 an irreducible, unramified principal series representation,
the central character of V' takes values in Z;, and
the (twisted) Hecke-eigenvalues of V' are integral.

Then V is homologically integral.

Proof. By the results in Section 3 of [Kat81] our situation is just a special case
of [GK14], Theorem 1.1 (iii). O

Definition 1.7. A principal series representation V € €3 (Gy,) is called ordinary
if there exists a character x: B, — R* on a Borel group B, C G, such that

V = Ind§" E[x].
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Theorem 1.8 (Ollivier). Suppose V' € €3*(G,,) is an ordinary irreducible principal
series representation. Then V' is homologically integral.

Proof. Given a character x: B, — R* as in the definition of ordinarity we can
consider the lattice

Ind§" R[x] C V.

By the work of Ollivier (cf. [Ol114]) this lattice is homologically of finite type. Note
that Ollivier only considers representations over fields in loc. cit. but her methods
carry over verbatim to our situation. O

2. LOCAL DISTRIBUTIONS

Throughout this section let F' be a finite extension of Q,, O its ring of integers
with maximal ideal p = (w) and ¢ the cardinality of its residue field. We denote
the group of units of O by U and put U™ = {u € U| u = 1 mod p"}. We denote
by v the normalized additive valuation on F' (i.e. v(w)=1) and by |z| the modulus
of z € F* (ie. |w| =q71).

Let G, (resp. K,.) denote the group of invertible (r x r)-matrices over F (resp. O)
and let d*g denote the Haar measure on G, (normalized such that K, has volume
1). We denote by K,Em) the principal congruence subgroup of K. of level m, i.e. the
kernel of the reduction map from K, to GL,.(O/p™). The Borel subgroup of upper
triangular matrices in GG,- will be denoted by B,.. If r = 2n is even, we let P, denote
the standard parabolic subgroup of Ga, of type (n,n). Finally, we fix a character
v F — @* of conductor O.

2.1. The map 6. In this section we construct a map § (depending on several
choices) from the space of locally constant functions on G,, to smooth representa-
tions of Gy, which are parabolically induced from P,. It will be used in Section
2.3 to define the local part of our global distribution. The map § was first studied
by Spief for n =1 in [Spil4].

Let us fix an irreducible representations 7 € €3 (G,, X G,) over a field E of char-
acteristic 0. We can write 7 as a tensor product 71 @ g w2, where 7, m2 € €*(G,,)
are irreducible representations. They are uniquely determined up to isomorphism
by w. We consider 7 as a representation of P, via the projection P, - G,, X G,.

For every element p € m we define the E-linear map

(5) §=10,: CY(Gyp, E) — IndG>" 7

as follows: if g € G, is of the form

(g1 * 0o 1, 1, u
9= o g)\1, o)\o 1,
with g1, g2, u € G, we put

6(f)(g) = f(u) -7 (g1,92u) p

and otherwise we set d(f)(g) = 0.
The group G,, X Gy, acts on C?(G,,, E) as in Section 1.1 and on Indgj” through
the diagonal embedding of G,, X G, into Ga,,.

Lemma 2.1. Let D C G,, be the subgroup given by D = {g € G | (g9,9)p = p} .
Then ¢ is G,, X D-equivariant.
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Proof. Let g = <‘%1 g*2> (10 161) (10" lu) € Gy, with ¢1,92,u € G, and

(h1,h2) € Gy, x D. For every f € CY(G,, E) we have
(5 n)an)w=an((G 2) G 5) G n) ()
()0 )
f(hi'uhy) - 7(g1ha, gahahy tuhg)p
= f(h7 tuhs) - 7(g1, gou)m(ha, ha)p
f(hy ) - (g1, g2u)p
o )

(h1,h2)f)(g

and thus, the claim follows. O

Pulling back linear functionals on IndIGDj" 7 along ¢ yields F-valued distributions on

Gy, i.e. given \: Indgj” m — E we define
(6) iy = Aod € Dist(G, E).
For every element ¢ € IndG“ m we let fé: Ga, — E be the function given by

fg( )=MAgyp). If Cis a compact, open subgroup of G, we put £} = §<§\(]1c)'

Lemma 2.2. Let \: Indgf" ™ — E be a linear functional and C C K,, a compact,

open subgroup. Then for all f € C%G,, E), which are C-invariant under right
multiplication, we have

/cn flamn(ds) = K] | ROk ((g (1’)) &g

Proof. It is enough to prove the formula in the case f = 1ac = (4, 1,)1¢ with
A € G,,. In this case we have

/ F(9)un(dg) = / (A, 1,)1¢ (g)ua (dg)
Gn Gp

¢((s 1)) -weaf rwe(( 1))
—wea [ swe((§ )

which is exactly what we claimed. O

Besides the multiplicative equivariance properties of the map § there is an addi-
tional additive equivariance. We let M,,(F) act on CO(M,(F), E) by

(X*f)(9) = flg+X)

and on Indgi“z” m via the embedding

M, (F) = Gap, X — (10” f(> .

Lemma 2.3. Let A € G,, be a matriz and D C G,, a compact, open subset such
that p is stable under {1,} x D. Then we have

5(X  f) = (10” f( ) 5(f).

for all f € C°(AD, E) and all matrices X € M,,(F) with AD + X = AD.
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Proof. 1t is convenient to introduce an untwisted version of the map §. For every
p € 7 we define the M, (F)-equivariant map

Op: Co(M,(F), E) — Ind§l" 7

as follows: if g € Ga, is of the form

(5 * 0 1n 1n u
9=\ o @)\, o)\o 1,
with ¢1,92 € G, and u € M, (F), we put

Op (F)(g) = f(u) -7 (g1, 92) p'
and otherwise we set 0,/ (f)(g) = 0.
Let f be a function in C°(AD, E). Then by assumption we have

(SP(X * f) = 8(17A)p(X * f)
= (10" fi) 1,40 f)

1, X
- ( 0 ln) 5P(f )7
which proves the assertion. O

2.2. Weakly ordinary stabilizations. Using the map discussed in the previous
section we want to construct maps from function spaces to irreducible locally alge-
braic representations of Ga,. The main aim of this section is to give a criterion on
when these maps respect integral structures.

Let E be a field of characteristic 0 and R C E a subring with field of fractions
E, which is integrally closed in E. We are mostly interested in the case that p is
not invertible in R.

Definition 2.4. Let V € €3*(G2,) be an irreducible representation.

(i) A stabilization © = (w, p, V) of V consists of

o an irreducible representation m € E(G,, x G,),
e a non-zero element p € ™ and
e a non-zero G-equivariant homomorphism v : IndIG)j” T—V.

(ii) Let © = (m, p, ) be a stabilization of V. Write © as a tensor product m @ o
of irreducible representations m,m2 € €E(G,). We put o = ap = wa(w),
where wy denotes the central character of wo. The stabilization © is called
R-integral if o= € R.

Remark 2.5. (i) The exact value of a does depend on the choice of uniformizer w
if wo is ramified. But changing the uniformizer changes a only by a root of
unity. Hence, the integrality condition for stabilizations is independent of the
choice of uniformizer.

(i) If n =1, the existence of a stabilization is equivalent to V not being supercus-
pidal.

Example 2.6. (i) Our guiding example will be the case of unramified principal
series representations. Let x1,...,Xxr: F* — E* be unramified characters.
They induce a character

X:Br — E* wvia br— HXz(bu)
=1

We will write Indg: (X1, -, Xr) for the smooth representation Indg: x. Now,

assume that r = 2n and that V = Indgzz (X1y---5 Xan) is irreducible. We will
call O = (w%, p" Y") with
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o T = Indg: (X17 ) Xn) ® Indgz (Xn+1a s 7X2’I’L)

o p" the unique normalized K,, X K, -fived vector in m

e I the canonical isomorphism
the unramified stabilization of V' with respect to (x1...Xaon). The unrami-
fied stabilization is integral if o~ = H?Zn_H xi(@w)~t € R. Note that we
get different models of V' and hence different unramified stabilizations by re-
ordering (and normalizing) the characters x;. This amounts to (27?) different
unramified stabilizations for each irreducible unramified principal series rep-
resentation. Fach of these stabilizations is defined over a finite extension of
the field of definition of V', which can be made explicit in terms of Hecke
eigenvalues.

(i) For r > 1 let St, denote the Steinberg representation of G,. Then Sta, has a
canonical stabilization of the form ©5 = (St,, ® St,,, p ® p, V), where p € Sty
s the normalized Iwahori-fized vector. The Steinberg stabilization is defined
over Q and is Z-integral since o = 1.

(iii) Assume we have given an irreducible representation V € Cg(Gay,) together
with a stabilization © = (mw,p,¥). Let x: F* — E* be a conlinuous finite
order character. After choosing a non-zero element e € E[x], we can define
the twisted stabilization O x = (TR X, pRe,Vy)) of V@ x, where ¥, is given
by the composition

Indﬁj"ﬂ@xilnd%”ﬁ@x%‘/@x.

The twisted stabilization © ® x is weakly ordinary if and only if © is weakly

ordinary.

Given a stabilization © = (m, p,¥) of V we can precompose ¥ with the map d, of
the previous section to obtain

de =006,: CUG,, E) — V.

The following lemma explains the notion of integrality of stabilizations. It (resp. its
locally algebraic counterpart below) is one of the main ingredients to prove that
the distributions we construct in Section 3 are bounded.

Lemma 2.7. Let V € € (Gay,) be irreducible and R-integral and let L C 'V be a
Gap-stable lattice. If © = (m, p,9) is an R-integral stabilization of V, then there
exists a non-zero constant ¢ € E* such that

c-0g: CYU G, R) — LCV.

Proof. In fact, we prove a stronger statement: Let () C G, be the subgroup
Q= {(g u) € Gan | g€ G, ueMn(F)}
n

and let m > 1 be a natural number such that {1,} x Kr(bm) is in the stabilizer of
p. Then the image of C(G, R) under § = §, is contained in the R[Q]-module
generated by §(1 .(m) ).

For this let A € @ ‘be the matrix given by

a= (% )

It is the product of the two matrices

(5 ) e (30
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In the following, we will abbreviate a scalar matrix with a € F on its diagonal
simply by a. Using Lemma 2.1 we get
Ad(1 ) (g) = AgA16(1 1()(g)

= Aod(A11)(9)
= Aod(1_ x»)(9)
— 1 (ut @ — 1) - wlg1, ga(u+w — 1)p
=1_x» (u+w—1) - 7(g1,92)p
=a- ILK}LT+1> (u) - 7(g1,92)p
= ]1K5;~+1) (u) - (g1, gau)p
=a-0(1e+)(9)

for all > m and g = 901 ;) (10 1&) (10" 1”) € Gy, with g;,u € G,.
2 n n

Therefore, the claim follows by induction.

In the remainder of this subsection we want to discuss locally algebraic versions
of the previous results. In particular, £ C C, will be a finite extension of @, with
valuation ring R. We assume that every embedding o: F' — C,, factors through
E. Let Z[Hom(F, E)] be the free abelian group on the set of field homomorphisms
from F to E. We identify

a= Zago € Z[Hom(F, E)]
with the group homomorphism

a: F* — E*, :L’HHO’(Z)

Given a =Y a,0 and b = > b,0 we write a < b if and only if a, < b, for all 0.
Further, we fix an irreducible smooth representation Vi, € €3 (Gay) and an
irreducible, finite-dimensional Q,-rational representation V3 of GLs, r on a fi-
nite dimensional E-vector space. By definition there exist irreducible E-rational
representations V,, of GlLy, g for all embeddings o: F' — E and a G-equivariant

isomorphism
X V..
o: F—»E
Here G acts on V,, through the embedding o: F' — E. We will denote the highest
weight of V, with respect to the Borel subgroup of upper triangular matrices by
to = (Bo1,- -y Hoon). Weset e = fig1 + ...+ fion and define

€al = E €s0.

occHom(F,E)
Definition 2.8. Let V =V, ® Vi1 be as above.
(i) A stabilization © of V' is just a stabilization of its smooth part Viy,.
(ii) We say that a stabilization © of V is weakly ordinary (with respect to Vu1) if
aéleal(w)’l €R.
(iii) A critical point Vi of V is a one-dimensional G, X G,,-subrepresentation of
Val-

Remark 2.9. (i) The notion of weak ordinarity can be seen as an automorphic
version of Panchishkin’s p-ordinarity condition of motives (see Section 5 of

[Pan94]).
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(ii) Ewery irreducible unramified principal series representation, which is ordinary
in the sense of Definition 1.7, has a weakly ordinary stabilization.

(iii) On the notion of critical points: We will see in Section 4.2 that critical points
of L-functions of global automorphic representations correspond to certain
one-dimensional subrepresentations of V.

Given a stabilization © and a critical point Vy C V,; of V' we define

b0.5: COUGnE)®V, 28 Vo @V, o V.

As an immediate consequence of Lemma 2.1 we get

Lemma 2.10. The map do s is G, x D-equivariant, where D C G, is the open
subgroup given by D = {g € Gy, | (9,9)p = p}-
There is also a version of the integrality Lemma 2.7 in this setup. Let y, be the

character of the one-dimensional G, x G,-representation V. After choosing an
isomorphism E[x;s] = Vs we can consider the lattice

CS(G, R) @R Xs C CS(Gn,E) ® Vs
as defined in (3).

Lemma 2.11. Suppose V is R-integral and let L C V' be a Gay-lattice. If © is a
weakly ordinary stabilization of V' and Vs is a critical point of V', then there exists
a non-zero constant c € E* such that

6'5@,51 CS(Gn,R) Rrxe - L CV.
Proof. Let u € G, be the matrix

1n _1n
“= (0 1, >
and v: G, — GLy, the cocharacter which sends t € G, to the diagonal matrix v(t)
with v(t);; =tif 1 <i<mnand v(t); =1ifn+1<i < 2n. We put v/ = uvu=t.
Then the matrix A we considered in the proof of Lemma 2.7 is nothing but +/(w).
We can view Va1 as a Resp/q, (G, r)-representation via p' and hence, it has a
weight space decomposition, i.e. there exists a basis (v1,. .., vx) of V4 and elements
€1,... e € Z[Hom(F, E)] such that

Avp=e(w)y, V1<I<k.

From the proof of Lemma 2.7 we see that there exists an integer m > 1 such that
69(]11(7(]‘“)) R = aélel(w)_l A (5@(]11(,9)) & ’Ul)

for r > mand all 1 <[ < k. After multiplication with a non-zero constant we
might assume that de(1,.m) ® v, € L for all 1 <[ < k. By definition we have
e <eyforall<lI<Ek. i“hus7 by the ordinarity assumption on © we inductively
get

5@(1K’(Lr+1)) Qv €L
for all » > m. Multiplying the v; with appropriate non-zero constants we can

assume that R[ys] C Vs is a submodule of the R-span of vy,...,v; and the claim
follows. O

For the sake of clarity let us work out the conditions of the preceding lemma in
the case F =Qp, n=1, Vo = Sym” (QIQ,)V and Vi = Indgz (x1,x2) an irreducible
principal series representation. We set o = x2(p) and o = x1(p). The highest
weight of V) is given by pu = (0, —k). The existence of a lattice in V = Vi, ® Vi
implies that



ON SHALIKA MODELS AND P-ADIC L-FUNCTIONS 13

(i) aa/p~* € R*,

(ii) o € R and po’ € R.
The associated unramified stabilization is ordinary if and only if a=! € R. So the
weak ordinarity hypothesis together with the existence of a lattice implies that «

is a unit in R. Vice versa, it is easy to see that the representation V has a lattice
if « € R* and condition (i) holds.

2.3. Local Shalika models and local distributions. The Shalika subgroup S
of G, is given by

S{(Z 2) <15 i)‘hEGn,XeMn(F)}.

We fix a locally constant character n: F* — C*. It induces a character ni: S — C*
via

(Z 2) <10n fi) > n(det(h))e(tr(X)).

Definition 2.12. An irreducible representation V' € €& (Gay,) has a (local) (n,1)-
Shalika model if there exists a non-zero functional A\: V. — C such that

Asp) = mp(s)A(p) Vs €S, pem.
The functional X is called a (local) (n,)-Shalika functional.

Remark 2.13. (i) Suppose V' has an (n,v)-Shalika functional A. Let x: F* — C*
be a locally constant character and e € C[x] a non-zero element. Then

M:VRClx] = C, v®er— A(v)

defines a (nx?,1)-Shalika functional on V ® x.

(ii) If n is the trivial character, Jacquet and Rallis have shown in [JRI6] that
Shalika functionals are - if they exist - unique up to multiplication by a con-
stant. An elementary proof of this fact can be found in [Nie09]. Using the first
remark one gets the uniqueness of (n,)-Shalika functionals if n is a square.

(iii) If n is a finite order character, Ash and Ginzburg have proven the uniqueness
of Shalika functionals for unramified, irreducible principal series representa-
tions under a technical condition on the induction parameter (see Lemma 1.7

of [AG94]).
In view of the above remarks we make the following

Assumption 1. We assume that local Shalika functionals are - if they exist -
unique up to multiplication by a non-zero scalar.

Suppose we have given a stabilization © = (m, p,¥) of an irreducible representation
V € €¥(G2,), which has a Shalika functional X. Let pe := pxoy € Dist(Gr,C) be
the distribution defined in (6).

Lemma 2.14. Assume that V is generic and that there exists t € C such that
V® |det|t s unitary. For every continuous character x: F* — C* the integral

7) B(O.x.5) == [ xdet(g)) det() " dpoo)
converges absolutely for Re(s) large. There is a factorization

(8) E(63X75):6(®7X35)'L(V®X75)7

where e(©, x, ) is an entire function. Hence, E(©, x, s) can be extended to a mero-
morphic function on C.
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Proof. Let C C K, be an open subgroup, which is contained in the kernel of x odet.
By Lemma 2.2 we have the following equality:

B8 =[] [ xiato)faetto)l ™ @ ((§ ) ) v

n

The function 52“”9 is an element of the Shalika model of V. Hence, the claim follows
from [FJ93] Proposition 3.1. O

Remark 2.15. In the case n = 1, the vector p of the stabilization © is determined
uniquely up to a constant and therefore, the modified Fuler factor essentially does
not depend on p. If n > 1, there are different choices of p yielding a priori different
modified Euler factors.

The modified Euler factors E(0, x, s) behave well under twisting. Using Remark
2.13 (i) a straightforward calculation gives

Lemma 2.16. Let x': F* — C* be a continuous character. Then the equality
E©® X, X 8) =E(©,X'X; s)
holds.

Let us take a closer look at the spherical example: Fix unramified characters
X1,---,X2n such that V = Indgzz (X1y---5X2n) is irreducible and has a unitary
twist. Assume that V has a (n,1)-Shalika model. Then by Proposition 1.3 of
[AG94] we know that 7 is unramified and we may assume that x; = nxa,_;,; (Which
we will do in the following). Conversely every such unramified principal series
representation has a Shalika model. More precisely: Write 8; = x;(w)q”~*t1/2 =
a;g"~"*1/2 for the Satake parameters of V and let |-|_ be the standard norm on
C. If we assume that |3;5;] < 1 for all 1 <4 < j < n, then by [AG94], Lemma
1.4, the following absolutely convergent integral gives the Shalika functional:

M) = /K ) /Mn(p)sa <<1(1 15) (g 2) (15 fi )) n (det ()~ (tr(X)) dXd"g.

Here dX denotes an additive Haar measure on M, (F). If 3;3; # n*'(w) for all
1 < i < j < n, then the Shalika functional can be defined via analytic continuation
of the above integral (see the proof of [AG94], Proposition 1.3).

Let " = (7", p", ") be the unramified stabilization of V' with respect to
(X1,---X2n). We can write p™ = p; ® po, where p; € Indgz(xh...,xn) and
p2 € Indg: (Xn+1,---,X2n) are normalized such that p;(k) = 1 for ¢ = 1,2 and all
ke K,.

Proposition 2.17. LetV = Indgzz (X1, .-+ Xan) be an irreducible unramified prin-
cipal series as above with Shalika functional \. Assume that B;8; # n*(w) for all
1<i<j<n. Then we have

(9) / F(g)pom (dg) = / 1o, (X)pa(X) (X9 (tx(X)) dX
Gn M, (F)

for all f € C%(G,,,C) which are invariant under conjugation by K, .
As a special case we get: For every continuous character x: F* — C* we have

(10)
E©™, X,s) = /M (P La, (X)p2(X)x(det(X)) |det(X)]"~ /2 7! (t2(X)) dX

for Re(s) large.



ON SHALIKA MODELS AND P-ADIC L-FUNCTIONS 15

Proof. For every s € C we define

Vs — Indg:(xl ||S yee s X2n ||5)
and let

py € IndGr (x1 |7, - xn %) Tesp. p3 € IndG (Xongr 17, - x2n [117°)
be the normalized spherical vectors, i.e. pi(k) =1 for all k € K, 7 = 1,2. We write
0° for the corresponding maps

5 CO(Goy ©) = ndS (s 17 s gt ™5 X [ 5) =2
and A° for the Shalika functional of V. Since the map s — A?(6°(f)) is analytic

we can compute the left hand side of (9) as the analytic continuation to s = 0 of
the integral

/Kn Mn(;i?f)((ﬁ 16’) (3 2) (1; i))n-1<det<g>>w-1<tr<x>> dXdg

:/K /G 05(9)05(gX) F(X)n~ (det(g))y L (tr(X)) dXd*g

:/K /G P3(9)p5(Xg) f(g™ X g)n (det(g))y~(tr(g7 X g)) dXd*g

- / pa(X) [det(X)| ™ f(2)p~ (tr(X)) dX.

n

The claim follows since f has compact support inside G,,. O

2.4. Computation of modified Euler factors. We are going to evaluate the
Euler factors E(O", x, s) of Proposition 2.17. Using the Iwasawa decomposition
we can reduce the integral over GG,, to sums of integrals over explicit compact open
subsets of G,,. Most of these integrals vanish by orthogonality of characters applied
either to the fixed additive character ¢ or the multiplicative character Y.

A fair amount of the computations work in a more general setup: We fix an
irreducible representation V' € €¢(Gay,), which admits a Shalika functional A and a
stabilization © = (7, p, ). Let I ¢ K, denote the Iwahori subgroup of Level p”,
i.e. the set of all matrices in K, which are upper triangular modulo p” and write
ﬁlm) C Ir(lm) for the subgroup of matrices which are unipotent upper triangular
modulo p™. We assume that p is stabilized by the group {1,} x IT(Ll). In particular,
e is independent of the choice of a local uniformizer. We are going to use the
following two properties:

D K}(Lm) - Ir(Ll) for all m > 1 and
(IT) det: I 5 U s surjective.

Definition 2.18. The order ord(A) of a matriv A € M, (F) is the minimum of
the Z/(Aij), 1 S i,j S n.

It is a straightforward calculation to show that
ord(AB) > ord(A) + ord(B)

for all A, B € M,(F). In particular, we get an equality if one of the matrices is in
K,

Lemma 2.19. Let A € G, be a matrix and m € Z an integer with 1 < m <
—ord(A). We have the following equality:

/ ]lAKy(f") due = 0.

n
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Proof. Choose k,l € {1,...,n} such that ord(A) = v(Ag;). By assumption, there
exists b € F* with v(b) = —v(Ak) — 1 and ¥(Agbd) # 1. Define the matrix

B € w™M,(O) via
B — b ifi=1, j=k,
0 else.

The indicator function on the set AK,(Lm) is clearly invariant under addition by
matrices in Aw™M,,(O). Hence, by Lemma 2.3 and property (I) we get

Gn "
= Mo (AB ]IAK£L¢yL))>
1, AB
(5 o)
(tr(AB)))\((Se(]lAK?(lm)))

(Aklb)/ ]lAKSLm) du@.

n

Since ¥(tr(Agb)) # 1 the claim follows. O

Corollary 2.20. Let x: F* — C* be a character of conductor f(x) = p™ with
m >0 and let A € G,, with ord(A) < —max(m,1). Then we have

/ (X o det) “lak, due =0.
G'n,

Proof. Let m’ = max(m,1). We can rewrite the integral as

/G (xodet) lag, due = Z X(det(Ak))/G ]lAkKﬁlm’)dﬂg'

keK, /K™D "

Using the fact that ord(Ak) = ord(A) for all k € K, the claim follows from Lemma
2.19. U

Lemma 2.21. Let x: F* — C* be a character of conductor f(x) = p™ with m > 1
and let A € Gy, be a matriz with ord(A) > —m. We have the following equality:

/ (xodet) 1ak, due =0.
Gn

Proof. Firstly, let us assume we are in the case m > 2. We are going to prove the
stronger statement:

/ (X o det) . ]].AK(m—l) dpe = 0.
a. n

We have AB € M,,(O) for every B € w™ 1M, (O). Therefore, using Lemma 2.3
and property (I) we have

/G (X o det) . ]].AKT(L(m—l) dpe = A (5p((X o det) . ]].AKT(Lm—l)))

1, AB
g (( 0 1, ) %((x o det) HAKW”))

-\ (5p (AB* ((X odet) - ]lAKﬁf”*”))) ’
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Taking the average over all B € w™ 1M, (O) yields

/wman(O) (4B ((xodet) - 1,000 ) ) (AR) dB

_ / (det(Ak + AB)) dB
wom lM (O)

—x(det(AR)) / o o et 7 B) aB
—(det(Ak)) / o Nt B) a8

zx(det(Ak))/ x(det(k")) dk’

KD

(m—1)

for every k € Ky . Since det: K™Y — UM=1 is surjective, the character

xodet: Ky (m=1) _, C* is non-trivial. Hence, by orthogonality of characters the last
integral vanishes.
The case m = 1 can be proven in the same manner using property (II). O

Definition 2.22. Let x: F* — C* be a quasicharacter of conductor f(x) = p™ with
m >0 and a € F* with v(a) = —m We define the Gauss sum of x (with respect to

V) as
() = 700 ) = [U : U] / x(agyi(ag)d*s.
U

For r = (r1,...,mn) € Z"™ we let T,. € G,, be the diagonal matrix given by (7)) =
w' for 1 <4 <n.

Lemma 2.23. Let x: F* — C* be a character of conductor f(x) = p™ with m > 1
andr = (r1,...,rn) €Z". Ifr; = —m for all 1 < i < n, we have

/G XLy o diio = 700" (a ¢ 2) T gTFEAD0,(15)))

and otherwise we have

n2+n
2

/ X - ]lTrIr(;m) due = 0.

n

Proof. In the following we will identify elements € = (ey,...,€,) € (U/U™)" with
the corresponding diagonal matrices in GL, (O/p™) (resp. with representatives in
K,). We have

/ XLy pom dpe = Z / X1y gom due
Gn

cc(U/Um)n

> e [ Ty e

ee(U/U(m))n =1

Applying (2.3) with the matrix T,.(¢ — 1,,) yields
/ XLy pom) dpe = Z HX @' (€ — 1))/ 1, 7om) dpie
Gn ce(U/Um)n i=1 Gn
wa ) Y M@ ) [y due.
e, €U/Um) Gn

Lemma 2.21 in the case n = 1 implies that the sum >°_ ;) pom X(@" €)Y (@' €;)
vanishes unless r; = —m for all i.
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So let us assume for the rest of the proof that r; = —m for all <. By the definition
of the Gauss sum we get

/ X 1p o dpe = T(X)nw(—w_m)n/ 1, 7om dpe.
Gy, Gn

The invariance property of Shalika functionals implies that the distribution
Ao ody: Co(My(F),C) — C

is a multiple of the distribution v - dX for every p’ € w. Thus, the transformation
law of dX under linear transformations gives

W= ™" [ Ly g die = 0 NGy, 7))

= (@ ") " MHO,1,)p (L, 70m)))

= a—mw(w—m)"A(ﬁ(ap(]lTTZ(Lm)))

= a7 g AW(Dp(170m)))

= a7mgm 10 T IAW(,(170)))

and therefore, we can conclude that
/ X 1p o dpe = o~ I I IA@ (9, (1m))
G

+n

— ()" (a q(nfn2)/2>_mqn22 A(ﬁ(ap(]lﬁll)))),

O

Now let us get back to the situation of Proposition 2.17. In particular, we
have fixed the unramified stabilization O™ = (7", p"*,9"") associated to the un-
ramified irreducible principal series representation V = Indgz: (X1, -+, Xa2n) wWith
Xi = 77X27n17i+1 for all 1 <7 <n. Hence we know that

2n
a = agu = H Xi(@).
i=n+1
As before, we write 3; = yi(@)q" "1/2 = a;q" /2 for the Satake parameters of
V.

Theorem 2.24. Let x: F* — C* be a character of conductor f(x) = p™. If the
complex norm |x(w)|,. is sufficiently small, we have

o0

(a q(nfnz)p)_m if m>1,
no 1=Bilix(w) tq 2
e =@z ¥m =0,

where ¢ is a non-zero rational constant independent of x.

EO",x,1/2) = ¢ ()" %

Proof. We first treat the case m > 1. By Corollary 2.20 and Proposition 2.17 we
have

E(©", X, 1/2)=/ X dpeus =/ X dpenr
]."rrL

n

1) — [ pOXer () (X)) dX

- p(XN(X)y (1x(X) dX,
AGJ;L/Kn /AK"
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where F™ C G, is the set of matrices A with ord(A) > —m. By the Iwasawa decom-
position every coset AK, € F™ /K, has a representative of the form T, 4k, )+ N
with 7(A) € Z™ and N a nilpotent upper triangular matrix with entries in p=™
The diagonal matrix 7,4k, ) is uniquely determined by the coset AK,,. For a fixed
r € 7" we define
Flr={AeFm" |r(AK,) =r}.

A complete set of representatives of F/*/K,, is given by {71, + N}, where N are
nilpotent upper triangular matrices with entries /N;; running through a set of rep-
resentatives of p~™/p” for all j > i. If we let the N;; run through a set of rep-
rit+m m(n?—

resentatives of p~™/p instead, we get exactly ¢ ")/2 representatives for

each equivalence class in F;"*. Therefore, we get

Z / (det(Ag))w(tr(Ag))d* g

AeFm /K

D ] IR

L *
= s [, X)) S v N

By orthogonality of characters the sum

> d(tr(Ng)) = > [T¢Wijg50)

Nijep—m /pritm j>i

= H Z Y(Nijgii)
Jj>1 Nijep—7n/pri+m
is zero unless v(g;;) > m for all j > i. Therefore, using the proof of Lemma 2.23
most of the terms in (11) vanish and we are left with

BO" 12 =[x, 1 due.

The claim now follows by using Lemma 2.23 once again.
Now let x be unramified. Corollary 2.20 and Proposition 2.17 give

1
B0 3 1/2) = [ x o = [ p(0x(der(X))0 ! (x(x) dX

f
Invoking the Iwasawa decomposition and the comparison between multiplicative
and additive Haar measures we get

E(O",x,1/2) = lim ) qu":“;ﬂx 9 | wl(te(Ag)) d

(ro)ez™ i=1 AeFr/ En
—1<r;<k

As in the case m > 1 we see that

> / P(tr(Ag)) g—Hq“*“ né) mw(tr( T,9)) d

AeF}

The integral on the right hand side of the equality is equal to VOI(I»,(LD) if r; >0 for
all 1 < i < n. Otherwise a computation with diagonal matrices like before shows
that

mw(tr( g) d*g = vol(I{") ﬁ (_qll)

i=1
Ti:—l



20 L. GEHRMANN

Therefore, we get that

n oo
ur 1 — -1 n n—t —1
E(©™,x,1/2) = vol(I{") HT 0t x(@) 71"+ ") (ampix(@)g )"
=1 k=0
= vol Ir(Ll) _7a;1ix w —1qn +qn—z i
( )izl =1 omX ) 1 —appix(w)g™
n. n—i -1 -1 i—
ol T L (@) e

St g—1 1= oanyx(@)g

2o 70 L= B pix(w) g2
= vol(I[U : UM g™ =™ noti .
vl U= L5

i=1
The constants appearing in the all cases are equal, which proves the claim. O

2.5. The semi-local case. All the previous constructions can be easily generalized
to the semi-local case. We change our notations slightly. Let Fi,..., Fy be finite
extensions of Q,. We put F'=F; x ... x Fj; and O = Op, X ... X Op,. For every
r € N we define G, = GL,.(F) and K, = GL,.(0).

Further, we fix a subfield & C C, which is a finite extension of Q, such that
every embedding of every F; into C, factors through F for all 1 < i < g (or, an
arbitrary field E of characteristic 0 in the smooth case).

Definition 2.25. Let V; be irreducible locally Qp-rational GLay, (F;)-representations
on E-vector spaces for every 1 <i <g.

(i) A stabilization © of the Gy, -representation

g
V:®Vi
=1

is a tuple © = (©;)1<i<q, where O; is a stabilization of V; for 1 <i <g.
(i) A stabilization © of V' is weakly ordinary if each of the ©; is weakly ordinary.
(i1i) A critical point Vs of V' is a tensor product of the form

g
Vo= Ve,
=1

where Vs ; is a critical point of V; for all 1 <i <g.

The map given by

i=1

f1®~-'®fg'_> [(917'“7971)Hfl(gl)'---'fn(gn)]

gives an isomorphism of G,, x G,-representations. Therefore, every data of a sta-
bilization © and a critical point V; of a representation V gives rise to a map

(12) So.s: CUGn, B) @ Vy — V.

If V; is smooth for all 1 < ¢ < g, then V; is automatically trivial. All the local
results from Section 2.2 carry over verbatim to the semi-local case.

Suppose we are in the smooth case. Let Kg = Kg,1 X -+ X Kg 4 C K, be the
maximal open subgroup such that dg is 1 x Kg-equivariant. For an arbitrary ring
R, which contains the central character w of V;,,, and an R-module N we define

IC)(Kn, R) = c-indGr 2%y w @ CF (K, R)
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and

IDist(K,, N) = c-indgg;f;K@) w™ @ Dist(K,, N).

where Z is center of Gy, which we view as a subgroup of G,, x G, via the diagonal
embedding. By Frobenius reciprocity the map do induces a map

(13) ICY(K,,E) —V,

which we also denote by dg.

3. THE GLOBAL DISTRIBUTION

We will use the following notations throughout the rest of the article. We fix
a totally real algebraic number field F' of degree d with ring of integers O. For a
non-zero ideal a C O we set N(a) = #(O/a). Given a place | of Q we denote by
S; the set of places of F' above [. Let o1,...,04 denote the distinct embeddings
of F into R and ooy, ...,004 the corresponding Archimedean places. Via the fixed
embedding 1o : Q — C we can and will view the o; as embeddings into Q.

If v is a place of F', we denote by F,, the completion of F' at v. If q is a finite
place, we let O denote the valuation ring of F; and ord, the additive valuation
such that ordq(w) = 1 for any local uniformizer @ € O,. For an arbitrary place let
| - |, be the normalized multiplicative norm, i.e. | |oo, = |o;(-)| for i =1,...,d and
|- |q = N(q)~ () if q is a finite place. We denote by U, the invertible elements
of O, if v is a finite place and the group of positive elements of F,, if v is a real
place. For a finite place q we let U,gm) ={recUyjlzr=1 mod q™}.

Let A be the ring of adeles of F' and I the idele group of F. We denote by
|- |: T — R* the absolute modules, i.e. [(zy),| = [, |Zv|v for (z,,), € I. For a finite
set S of places of F' we define the ”S-truncated adeles” A® (resp. ”S-truncated
ideles” T°) as the restricted product of all completions F, (resp. F*) with v ¢ S
and put Fs = [[,cgF. We also set Us = [],cq Uy and U¥ = [I.¢s U and

similarly we define Uém). If I is a finite set of places of Q, we often write A’
instead of AY»er1 Uy instead of [, .; Us, etc.

A (left) Haar measure of a locally compact group G will be denoted by dg. We
fix a non-trivial character ¢: A — S' which is trivial on F. For a place v let v,
be the restriction of 9 to F,, C A. We assume that the conductor of v, is O, for
all places p € Sp,. Let dx (resp. dz,) denote the self-dual Haar measure of M, (A)
(resp. M, (F),)) associated to the character ¢ o tr (resp. 1, o tr). It follows that
dx =[], dx,. We normalize the multiplicative Haar measure d*z, on GL,(F,) by
d* Ty = My lifry, where m,, = 1 if v is real and m, is chosen such that GL,.(O,)
has volume 1 if v is finite. For a linear algebraic group G over F, a character
x: G(A) — C* and a place v we let x,: G(F,) — G(A) = C* be the local
component of x at v. Further, we write PG for the quotient of G by its center.
Given an algebraic character d: G — G, p we denote by G(F)t C G(F) the
subgroup of elements which have totally positive image under d. Similarly, we define
G(F)* etc. In the case G C GL, the superscript + is always meant with respect to
the determinant. Finally, we write G, for the Galois group of the maximal abelian
extension of I’ unramified outside p and oo.

3.1. Shalika models. In this section we recall the basics on global Shalika models
and their connection to L-functions. The main reference is [FJ93]. Until the end
of the article we denote by G the algebraic group GLs, and by Z its center. We
write B for be the Borel subgroup of upper triangular matrices in G. We view
H = GL,, x GL,, as an algebraic subgroup of G via the diagonal embedding. For
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m1, my € Z we define the morphism of algebraic groups
det”™ ™2 H — Gy, (g1,92) — det(gr)™" det(go)™2.
The Shalika subgroup S of G is defined as

h O 1, X
s {(2 (5 Hfrearnxem).

For the rest of this article we fix a continuous character n: I/F* — C*. It induces
a character ny: S(A) — C* via

(8 2) (10n fi) = n(det(h))(tr(X)).

Let V = ®,V, be a cuspidal automorphic representation of G(A) with central
character w = n™.

Definition 3.1. The cuspidal representation V has a (global) (n,v)-Shalika model
if there exist ® € V and g € G(A) such that the following integral does not vanish:

Za(g) = / (m(9)®)(s) (mo(s)) L ds.
Z(A)S(F)\S(A)

The integral is well-defined since @ is a cusp form. The global Shalika functional
A:V — Cis defined by A(®) = E¢(1). By a simple change of variables we see that
A(s®) = n(s)A(P) holds for all s € S(A) and & € V. We will assume from now
on that V has a (7, 1)-Shalika model.

Example 3.2. (i) If n =1, a Shalika functional is the same as a Whittaker func-
tional. Thus, every cuspidal automorphic representation of GLo(A) has a
Shalika model.

(i) Let'V be a cuspidal representation of GLo(A), which is neither of dihedral nor
of tetrahedral type. Then, by the work of Kim and Shahidi (cf. [KS02]) the
symmetric cube lift 11 = Sym3(V) s cuspidal. It is well-known that in this
case I1 has a Shalika model (see for example [GR14], Proposition 8.1.1).

Proposition 3.3. Let f: I[/F* — C be a locally constant function, ® an element
of V and s € C. Then the integral

|s—1/2

U(D, f,5) = ®(h) |det" " (R)

/ £ (det™ " (h)) n (det™" (h))dh
Z(A)H(F)\H ()

converges absolutely and defines an holomorphic function in s. If Re(s) is suffi-
ciently large, it equals the following absolutely convergent integral:

z@ = [ = ((f 1)) e e rg

Proof. If f = x: I/F* — C* is a character and V is unitary, this is precisely
Proposition 2.3 of [FJ93]. By twisting with a character we may assume that V is
unitary. Since the locally constant characters form a basis of CY(I/F*, C) the claim
follows. U

The global Shalika functional factors as a product of local Shalika functionals in
the following sense: There exist non-zero functionals A,: V, — C for every place
v of F' such that A(®) = [[, Av(¢y) holds for all pure tensors ® = ®,p, € V =
®V,. Hence, we have the equality Z¢ = [[, f{;z (see 2.2 for the definition of 5;}5).
Moreover, we have A, (Sy0n) = Nty (Sy) A (py) for all ¢ € V,, and s, € S(F,).
Thus, A, is a local Shalika functional of V,, as in Definition 2.12 for every finite
place v.
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Proposition 3.4. Let v be a finite place, ¢, € V,, and x,: F; — C* a character.
Then for every complex number s € C with sufficiently large real part the following
local zeta integral converges absolutely:

o= [ (8] )wlaetto) erta)ly 2

GLy(Fy)

There exists @, € V, such that L(Vy ® Xv,8) = Co(©u, X, 8) holds for Re(s) large
enough and all unramified characters x,: F* — C*. Moreover, if V,, is unrami-
fied, this equality holds for a spherical vector. By our choice of Haar measure on
GLo,(F,) we can choose the normalized spherical vector for almost all v.

Proof. See Proposition 3.1 and Proposition 3.2 of [FJ93] for the unitary case. The
non-unitary case follows by twisting with an appropriate character. O

3.2. The global distribution. The goal of this section is to construct the global
distribution and show that it fulfills the right interpolation property in the nearly
spherical case.

Let V = ®,V, be a cuspidal automorphic representation of G(A) having a (1, ¥)-
Shalika model. Further, we assume that we have given a stabilization © of the
semi-local representation V,, = ®peg,Vp. Finally, we fix a finite set X of finite
places of F', which is disjoint from S,.

For every integer m > 1 we define @70 ¢ = QupooPm, v € QupooVo to be the
following pure tensor:

o Case v ¢ S, UX: @, = ¢ x5, is chosen as in the end of Proposition 3.4.
Especially, it is independent of m.
o Case v € X Yy, » = Pm,5,0v is chosen such that

C’U(QOU,Z7XU7 S) = 1

holds for all s and all unramified characters x,. See Section 3.9.3 of [GR14]
for an explicit construction of such a vector.

e Case p € Sp: we define @ p = Qmsp = [GL,L(O,,) : KT(LT,)} ~5@p(]len‘,J>),

(m)

where Kn?; is the m-th principle congruence subgroup of GL,(O,).

The choice of a vector @, at infinity will be discussed at the end of section 4.2. For
now, we fix an arbitrary vector oo = @y, € ®yjo Vo and put @y, 5 = P 5 ® P
If f: I/F* — Cis a locally constant function, there exists some integer m > 1 such
that f factors through I/F*U. ézl) For every s € C the integral

f@)]z]" pey (dz) := W(Pm 5, f,5+1/2)
I/Fx*

converges absolutely by Proposition 3.3 and defines a holomorphic function in s. It
is easy to see that the integral is independent of the choice of m.

By class field theory the Artin map rec: I/F* — G, is continuous and surjective.
Hence, for every s € C we can define a distribution pey s € Dist(G,, C) by

f(Mpes,s(dy) = (rec())|2|* poy (dx)
Gp ]I/F*

for all f € C°(G,,C). In the following, we always identify a character on the Galois
group G, with the corresponding idele class character.
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Proposition 3.5 (Interpolation property). For every character x: G, — C* we
have (up to a non-zero scalar) the following equality:

/ xMiosa(dr) = [T (@ xpr5+1/2) X Lsois(m @ x,5+1/2)
g
P pPESH

< ] Golevs xvrs+1/2).

VES

Proof. Since both sides of the equation are holomorphic in s it is enough to show
that the equality holds for fRe(s) large. For m large enough we get

/ (V) ios 5(d)
g

P

= \I](q)m,XbXas + 1/2)
= Z((I)m,UaX7S+ 1/2)

= HCU(SDm,E,mXUvS + 1/2)

= [[2ro @ xu,s+1/2) ] Col@mps Xpr5+1/2)
VESp 0o U PESH, 0

by using Proposition 3.4 and by our choice of ¢, , for p ¢ S}, . Using Lemma 2.2
we see that

Glemprst /2= [ gt (800 )g(detta) ety s

GLn(Fy)

— [ aldett)) [det(9)]; o, (do)
GL,(Fy

=E(©p, xp,s +1/2)
= e(®p7XP78 + 1/2) L(VP ®XP35+ 1/2)
holds for all p € 5),. O

Now let us assume that for all p € S, the local representation V,, is of the form
Vo =V3" @,

where V" is a spherical representation and X;i Fy — C* is a character. The
representation V' is isomorphic to an unramified principal series representation
for all p € S,. As in Section 2.3, we can choose x;p: Fy — C* for all 1 <i < 2n
and all p € S, such that

o V= Indgg*;%(xl, ..y X2n) and

® Xip = nPXQ_nl—i-‘rl,p'
Let ©pF = (7", pp*,Jp") the unramified stabilizations of V"' associated to these
data, i.e. :

r GL,,(F, GL,, (F,
L] 71';3l = IndBn(Igp)p)(Xl, v 7Xn) ® IndBn(l‘Ep)p)(Xn-‘rh v ?XZTL)

e p," is the unique normalized spherical vector in ;"

e Y is the canonical isomorphism
The local Satake parameters of Vj, are given by 8;, = Xi.p(@)N(p)"~*T1/2, where
w is a local uniformizer at p. We set o = H?Zn_H Xi,p(w). As in Section 2.3 we
assume that the technical condition §; 03, # nT!(w) holds forall 1 <i < j < n
and all p € 5,,.
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We consider the stabilization O" @ x’ of V,,, whose local components are given
by ©)" ® xj,- For a character x: G, — C* we define

Fox) = ] fxpx)
peS)H
and similarly
T0x) = [ OGxe Y-
pES)
As an immediate consequence of Lemma 2.16, Proposition 3.5 and Theorem 2.24
we get

Corollary 3.6 (Interpolation property - the nearly spherical case). Under the
assumptions above we have that for every character x: G, — C* the following
equality holds (up to a non-zero scalar):

[3 X(Mreway.s(dy) =NFX )" 7(xX0)" [] €O @ xp: xp> s +1/2)
P peS),

x Le un(m@x,s+1/2) [] Col0w xurs+1/2),
VES
where the modified Euler factor €' (03" ® Xy, Xp, s + 1/2) is equal to

[T (1~ Bix(@)q~* V) (1 = B, L ix(@)Lq*=12) if ordy(F(x'x)) =0
(N (p) =" ap) ™ orde (0) if ordy (f(x'x)) > 0.

4. BOUNDEDNESS OF THE DISTRIBUTION

For a cohomological cuspidal representation and a critical half-integer s+1/2 we
are going to recast the definition of the distribution in terms of group cohomology.
As an immediate consequence the rationality of the distribution follows. Further,
we show that the weak ordinarity condition combined with the existence of lattices,
which are homologically of finite type, implies the boundedness of the distribution.
Let us fix a cuspidal automorphic representation V' of G(A) with central character
w: I/F* — C*. We put V, = ®pes,V, and Vo = @pes,, Vo

4.1. Cohomology classes attached to characters. Before attaching cohomol-
ogy classes to automorphic forms we attend to the simpler question of how to give
a cohomological description of distributions and characters.

Let R be aring. The Artin reciprocity map induces a surjective map I1°°/UP>>* —
Gp, which yields an isomorphism H°(F*,Indw (CO(U,, R))) — C°(Gp, R). The
pairing

C°(U,, R) x Dist(U,,N) — N
induces a cap product

HO(F}, Indg (C°(Up, R))) x Ho(F}, c-indy;, (Dist(Uy, N)))
0 Hy(F7, c-indly, N) = (PN = N
for every subgroup U’ C U® of finite index and every R-module N. The direct

sum decomposition Ho(F7, c—ind],I;C N) =2 @®N follows from Shapiro’s Lemma and a
strong approximation type argument. This in turn yields a map

(14) 8: Ho(F}, c-indY;, (Dist(Uy, N))) — Dist(Gp, N).

Let x: I[/F* — C* be an algebraic Hecke character. It is of the form x'|-|°,
where Y’ is a finite order character and s € Z and thus, its finite part takes values
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in a finite extension £ of Q. Let R be the valuation ring of £ with respect to ord,,.
Then the finite part of w away from p takes values in R*.

Let us fix an F-rational algebraic group G and an algebraic character d: G —
G, p. For every s € Z we write V,[d] for the Q-rational representation (resp. its
base change to &) given by

ReSF/Q G i) ReS]F/Q Gm,F Q Gm’@,
where A is the norm character. Let K C G(A™) be an compact, open subgroup,
which lies in the kernel of the G(F)-invariant character

xod: G(A) —» C*.

We define the cohomology class
[d,] € B (G(F)*, C(G(A™)/K,Vi(d))) via
[dxl(97) = x(d(g™)) Vg™ € G(A™).
Let R be the completion of R and F its field of fractions. Assume that K can be
written as KPK, with K? C G(A”*) and K, C G(F,). We view V,(d) ®¢ E as
a G(F})-representation, whose underlying vector space is E. We write Ls(d) for

the Kp-stable lattice R C E = V;(d) ®¢ E. It is easy to see that the image of [d,]
under the standard isomorphism

(15)

C(G(A®)/K, Vi(d) @¢ E) = C(G(AP®) /K, Ind "™ V,(d) @¢ E)

is contained in H*(G(F)*, C(G(AP*) /K, Ind ) Ly(d))).

4.2. Cohomological cuspidal representations. For every Archimedean place v
we define K, C G(F,) = G(R) as the product of the maximal compact subgroup
O(2n) and the center Z(F,) = Z(R) of G(F,). We denote by g, the complexification
of the Lie algebra of G(F,,) and similarly we write ¢, for the complexification of the
Lie algebra of K,. We put K, = HU‘OO Koo, Boo = @yjocty and goo = Dyjocbo-

Let us recall that the (goo, K3, )-cohomology of a (g, K3, )-module W can be
computed by the Chevalley-Eilenberg complex:

H (900, K5 ), W) = HY (Homieg (A*(goo /), W)).

(See the book [BWO0O] of Borel and Wallach for the basics on (g,, K¢ )-modules and
their cohomology.) Note that there is a Kiinneth rule for (goo, K, )-cohomology,
ie. if W = ®,W,, where each W, is a (g,, K2 )-module, we have

(16) H (900, K3), W) = €D QB (80, K7), W)
> jv=j wloo

The representation V,, is a (g,, K )-module for all v € So,. Given dominant weights
po = (10 pony) € Z*" for all v € Ss we let V,, be the complexification
of the irreducible F,-rational representation of G(F,) of highest weight p,. (As
always, highest weight is meant with respect to the Borel group of upper triangular
matrices.) We put V,, = ®Ques, Vy,. This is a C-rational representation of the
algebraic group Resp ;g GlLa,.

Definition 4.1. The representation V is cohomological of weight p if there exists
an integer j € N such that the (goo, K, )-cohomology group H ((geo, KS,), Ve ®@ V)
does not vanish.

From now one we assume that V' is cohomological of weight p and put Vi = V,,. By
the work of Clozel (cf. [Clo90] Lemma 4.9) it is known that there exists an integer
w - the purity weight of V' - such that

Miw + 2n—it1io =W



ON SHALIKA MODELS AND P-ADIC L-FUNCTIONS 27

holds for all 1 <i<mnand v € S.

Remark 4.2. (i) If V has a (n,¢)-Shalika model, then it follows from the proof
of [GR18] Theorem 5.3 that n, = sgn™ |- | for all v € Se.
(i) The central character of a cohomological representations is always an algebraic
Hecke character.

We define gy = n? +n — 1 and set ¢ = dgo. By the discussion in [GR14], Section
3.4, the cohomology group H* ((g,, K2),V, ® V#Vv) is 2-dimensional if ¢, = gg and
vanishes if g, > go for every v € So,. Hence, by the Kiinneth formula (16) we see
that

HY (900, K%), Ve @ Vi) = €D QH™ (90, K3), Vo @ V)

qv=qo v|oco
D X
qv=4q0 7)‘00
Moreover, there is a natural Ko./KZ -action on H?((goo, K2,), Voo @ V,Y). The e-
eigenspace of this action is one-dimensional for every character € of K /K3 . We
fix generators [Vao]® of these eigenspaces. By Section I1.3.4 of [BW00] we have a
canonical inclusion

Hj(gongo: Voo ® Va\l/) - Hong’Q (Aj(QOO/Eoo)a V& Va\l/)'
Thus, after choosing a basis (X;) of (go/€,)" and a basis b, ; of V, we can write
[‘/oo]‘S - ®1)€Soo [Vv]sv as

1

dim V“Vv

V™= > X Xieei bl

i=(i1,00yiqy)  1=1
Here @7, are elements of V,, and (X)) = X/ A+ A X; for i = (i1,...dg).
Finally, we set

and

Our aim is to show that the distribution pe s defined in the previous chapter
is a p-adic measure provided that s + 1/2 € C is a critical point of 7. We do not
want to recall the definition of criticality of a point here. It is enough to know the
following two facts: Firstly, by [GR14] Proposition 6.1.1 the set of critical points of
V is given by

Crit(m) ={s+1/2€Z+1/2 | —pinp < < —fint1,0 YU € Sxo}.

Secondly, if s 4+ 1/2 is critical, then for all v € S, there is a unique 1-dimensional
H (C)-stable subrepresentation V ,, of V,, which is isomorphic to the representation
given by the character det™****. This is proven in [GR14] Proposition 6.3.1. for
the case s = 0. The other cases follow by twisting the representation with an
integral power of the determinant.

When we defined the distribution in Section 3.2, we had not specified the vec-
tor at infinity. We will catch up with this now. Let bhg be the Lie-Algebra of
the algebraic group H over Q and ¥ the Lie subalgebra of the Q-rational alge-
braic subgroup H N Z SO3,. The dimension of hq/¥q is exactly ¢o. We fix a
Q-basis T1,...,Ty, of ho/¥q and denote by T;, the image of T; in g, /¢, for ev-
ery Archimedean place v. Additionally, we fix a generator x,, of the subspace
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Vi,w C V,u, for every critical point s+ 1/2 of V and every place v € S,. Evaluation
of
dim V“vv

V= > > X/ ®¢uia®by,

i=(i1,00qy) d=1

at (Th,v,---sTy4y0, Tsw) yields an element ¢g, € m,. We will choose @5 =
@yplooPs,w as the vector at infinity in the definition of the distribution pe s. It
is important to know that the complex numbers

(Voos Xoor § +1/2) = [ [ ¢l xwr 5+ 1/2)

v|oco

do not vanish for any character xo: Fiy — {£1}. Otherwise, the distribution pe s
would trivially be zero. Luckily, the non-vanishing is known by the work of Sun
(cf. [Sunll]). In particular, we have that for every critical point s + 1/2 and every
locally constant character y, the equality

¢(Viooy Xoos 8 +1/2) = L(Too ® Xoos S + 1/2).

holds up to a non-zero constant.

4.3. The Eichler Shimura homomorphism. In the following we are going to
explain the (adelic) Eichler-Shimura map: Let X, = G(F,)*/KY be the symmetric
space associated to G(F),) for v € So. We put X = [[,cq_ X, and denote by e
the image of the unit element under the canonical projection [[,.q  G(F,)* — X.
We can naturally identify the tangent space Tx . of X at e with goo/€o. The
Eichler-Shimura map for an integer j > 0 is a G(A*)-equivariant homomorphism

H (g0, K&), V @ Vol ) = H(G(F)F, CU(G(A™), Oy 10 (VD))

where Q‘f]d7}1ar(Va\{) is the space of fast decreasing harmonic g-differential forms
on X with values in Vy as defined by Borel (cf. [Bor81]). It is given as fol-
lows: By definition V is a subrepresentation of the right regular representation
on C*(G(F)\G(A)). Given n € Homg__ (A (g /boo), V @ V.J) we can evaluate it
on a j-tuple (Y7,...,Y;) of tangent vectors at e and get

n(Y1,....Y;) € C(GFNG(A), VD).

For an element (x,g>) € X x G(A>) choose g € [[,cg._ G(Fy) such that goce =
x. Let Dgo, the differential of the action of go, on X. Sending tangent vectors
Yq,...,Y; at a point z € X to

ﬁ(goo)r(yla cee YJ) = goiol(n((DQOO)ilylv L) (ng)ilyj)(gooagoo))

defines a differential form 7)(¢°°) on X with values in V,j. Since cusp forms are
fast decreasing we see that we get in fact a fast decreasing differential form. It
follows from Section I1.3 of [BWO00] that every differential form in the image of the
Eichler-Shimura map is closed and harmonic.

The choice of an element

[Vio] € H ((go0s K2.), Voo @ Vi)
made at the end of Section 4.2 yields a map

ES: @) Ve — H(G(F)T, COG(A), O 1 (Va)))-

vtoo
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Definition 4.3. Let S be a finite set of finite places and R a ring which contains the
image of 1Y%~ under w. We fix an algebraic subgroup A C G, which contains the
center of G. For every R[A(F)"]-module M and every compact, open subgroup K C
G(ASYS=) we define C5 (A, K, M) to be the R-module of functions f: A(ASYS=) —
M such that f(gkz) = w(2)f(g) for all g € A(ASY9=), k € KN A(ASYS=) and
z € Z(ASY9=). If S is the empty set, we omit it from the notation.

If & € ®yjocVe is invariant under some compact, open subgroup K C G(A),
we see that

ES(®) € H(PG(F)*,Cu(G, K, 0 10 (Vi)

al

In fact, we need a slight variant of the above construction. Given ®¥ € ®,, o Vi
invariant under some compact, open subgroup K? C G(AP**°) we define

ESP(®P) € HO(PG(F)+,CfP(G,Kp,Hom(Vp, Q?d,har(va’{))))
by
ESP(®”) (9", ¢p) = ES(P” @ ¢p)(g”,1)

for ¢, in V,. Evaluation at an element ¢, of V), which is invariant under some
compact, open subgroup K, C Hpesp G(Fy), induces a PG(F')"-equivariant map

v CV( p) v
CSr (G, P Hom(V,, Q) 11 (Vih)) =2 Cu( G KP Ky, Qo (Vi)

al

such that ev(p,)(ESP(PP)) = ES(DP @ ¢,).

Let X the Borel-Serre bordification of X with boundary 90X as constructed
in [BS73]. It is a smooth manifold with corners, which contains X as an open
submanifold. The embedding X C X is a homotopy equivalence. The operation of
G(F)* can be extended naturally to X. If M is a smooth manifold with corners, we
let C3"%(M) be the complex of singular chains in M and C5™ (M) the subcomplex
of smooth chains By Lemma 5 of [Whi34] continuous chains can be approximated by
smooth chains. Hence by a standard argument the inclusion CS™ (M) c C3™&(M)
is a quasi-isomorphism (see chapter 16 of [Lee03] for a detailed proof in the case of
smooth manifolds without corners). Using this fact for both X and its boundary
0X, we see that the complex C$™(X,0X) := C™(X)/C5™(0X) is quasi-isomorphic
to the complex of relative singular chains C58(X,8X). Note that these are in fact
quasi-isomorphisms of complexes of G(F)*-modules.

For every integer j > 0 there is a PG(F)T-equivariant pairing

0, (V) x C5™(X,0X) — VY

given as follows: We denote by A; the standard simplex of dimension j. If f: A; —
X is a smooth chain and 7 a fast decreasing differential form, we take the integral
of the pullback f*n over the pre-image of X under f. If the differential form is
closed, it vanishes on the image of the boundary map C57, (X,0X) — C5™ (X, 0X)
by Stokes’ Theorem.

Therefore we get a G(F)T-equivariant morphism of co-complexes

di,har(‘/a\l/)[_j] - Hom(Cfm()_(, aX)? ‘/a\l/)a
which induces the following maps in (hyper-)group cohomology:
H(PG(F)*,Cu(G, K, Qg 10 (VD))
—H (PG(F)",C.(G, K, Hom(Cs™(X,0X),V.Y)))

a.



30 L. GEHRMANN

and
HY(PG(F)",C5 (G, K?, Hom(V,, O 1. (Vi)

al
—H/ (PG(F)*,C5 (G, K?, Hom(V,, Hom(C5™(X,0X), V.)))).

We will denote the image of ES(®) (resp. ESP(®?)) under the above map for j = ¢
by EScon(®) (resp. ESP_ (®P)).

coh

4.4. The Steinberg module. In this chapter we recall some standard facts about
the Steinberg module of an algebraic group and about Borel-Serre duality. Let G
be a connected split reductive group over F' of semi-simple F-rank [ > 1 and [ the
set of proper maximal F-rational parabolic subgroups of G(F). For 7 € I let P the
corresponding parabolic group. A subset S = {79,...,7x} C I of cardinality k + 1
is called k-simplex if P, N... NP, is a parabolic subgroup. Let St; be the free
abelian group generated by the k-simplices on I. Taking the associated simplicial
complex we get a sequence of G(F)-modules

(17) St;_1 — Stj_9 — -+ —= Stg = Z — 0.

Definition 4.4. The Steinberg module Stg of G(F) is the kernel of the map
Sti—1 — Sti_o (where we set St_y =7 if I =1).

Let Py, be the set of proper F-rational parabolic subgroups of semi-simple F-rank
[ — 1 — k containing a fixed Borel subgroup B(F') of G(F'). Then for 0 <k <1-—1
there is a natural isomorphism of G(F')-modules

P cindgp) Z = Sty

PEPy,
The homology of the complex (17) can be identified with the reduced homology
of the spherical building associated to G(F'). Since the reduced homology of the
building vanishes outside the top degree (see for example [BS76]) the following
complex of G(F')-modules is exact:

0—Stg —Stj_1 = ---—=Stg—=Z—0

Remark 4.5. Because every parabolic subgroup of G contains the center Z of G,
we see that Stg and Stg,z are canonically isomorphic.

The choice of a Borel subgroup B with maximal torus T gives us the element

TG = Z w X 6(’LU) € Stg C Z[G(F)] QzB(F)] 7,
weWsg
where Wg denotes the Weyl group of G with respect to T and e: Wg — Z* is the sign
character corresponding to B. Now let P be a parabolic subgroup containing B and
let L be the Levi-factor containing the torus T. There exists an L(F') equivariant
map

(18) Sty — Stg

which maps 7, to 7 (see Proposition 1.1 of [Ree90]).

By [BS73] every arithmetic subgroup I' C G(F)) is a virtual duality group with
duality module Stg. Let v = v(I') be the virtual cohomological dimension of T
It is independent of the choice of the arithmetic subgroup. Since Stg is Z-free it
follows from [Bro82], chapter VIIL.10, that the map

BSr: H*(T', Hom(Stg, M)) =% H,_.(T', Stg ® Hom(Stg, M)) <% H,_o(T', M)

is an isomorphism for every I'-module M as long as I" is torsion-free. Here e €
H,(T,Stg) = Z is a fundamental class (see [Bro82] VIIL.6) and ev is the map
induced by the evaluation map Stg ® Hom(Stg, M) — M. Now let K C G(A>)
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be a compact, open subgroup. After passing to a subgroup of finite index we may
assume that G(F) N gKg~! is torsion-free for all g € G(A>). For every K-module
M and every subgroup G(F)" C G(F') of finite index we get an isomorphism

(19)  BSg: HY(G(F), Indy ™) Hom(Stg, M)) = H,—o(G(F), c-indy* ™) M)

as follows: By strong approximation the quotient G(F)'\G(A>)/K is finite. Let
g1, - - -, gr be a set of representatives of this double quotient and consider the torsion-
free arithmetic subgroups I'; = G(F)' N giKgfl. By Shapiro’s Lemma we get an
isomorphism

H*(G(F)', Ind;.*™) Hom(Stg, M)) = @) H*(T';, Hom(Stg, M)).
i=1
Using Borel-Serre duality for every I'; and Shapiro’s Lemma for homology after-
wards yields the isomorphism (19). We are mostly interested in the case G = H/Z.
Theorem 11.4. of [BS73] gives us v(I') =d(n>+n—1)—2n+1=q—2n+1 for
every arithmetic subgroup I' of H(F)/Z(F).

We can use the Steinberg module to give another description of the Eichler-
Shimura map. By Corollary 8.4.2 of [BS73] there is a homotopy equivalence between
the boundary 0X of the Borel-Serre bordification of the symmetric space X and
the Bruhat-Tits building of G(F') which gives a PG(F)*-equivariant isomorphism
of singular homology groups. Since X is contractible the long exact sequence for
relative homology shows that H. j+1()_( ,0X) is isomorphic to the reduced homology
H;(9X). Thus, the complex Hom(C5™(X,dX),V.Y) is quasi-isomorphic to the
complex Hom(Stq, V,Y)[—2n + 1]. Therefore, we have isomorphisms

H (PG(F)*,C,(G, K, Hom(Cs™(X,0X),V.Y)))
S H PN (PG(F) T, Cuo(G, K, Hom(Stg, V.Y)))
and
HY (PG(F)*,Cor (G, KP, Hom(V,, Hom(CJ™ (X, 8X), V)
Sy HI2HY(PG(F)T,C5 (G, KP, Hom(V,, Hom(Sta, ViY)))).

We will identify EScon(®) (resp. ES?

L n(@P)) with its image under the above iso-
morphism for j = q.

4.5. Modular symbols. Let £ be the field of definition of the finite part of V.
Each V,, v ¢ S, is defined over £ and by abuse of notation we will denote its model
over £ also by V,. Since all embeddings F' < C factor through &, the algebraic
representation V;; also has a model over £. Again, we will denote this model by
Val.

Definition 4.6. Let S be a finite set of finite places and R an algebra over the
localization of the ring of integers of £ at w(IYS=). We fix a compact, open
subgroup K C G(ASYS=) and an algebraic subgroup A C G containing the center.
Further, let M be an R[A(F)"| module, on which the center acts via

Z(F)F— ] V>R
veESUS

and N an R-module with trivial G(F)T -action. The module of N-valued modular
symbols of weight M, level K and character w on A is defined as

ME(A, K, M,N) :=HI>"*1(PA(F)",C5(A, K, Homg(M, N)).
We will omit S (resp. w) from the notation if S =0 (resp. w is trivial).
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Our main example of a weight module will be the £-vector space
‘75’ - Val ® ® Vv-
veS

For an compact, open subgroup K C G(A*) (resp. K? C G(AP**°)) one can
rephrase the Eichler-Shimura map (resp. its p-augmented version) as a homomor-
phism

EScon: (®v¢5'oo VU)K — My (G, K, St @Val, W)
resp.  ESP: (®ugs, Va) — MS(G, K?,Stg @Vs,, W)

Lemma 4.7. Let Soo C S be a finite set of finite places and K C G(ASY9=) an
compact, open subgroup. Then:

(a) The canonical map
M3 (G, K, St Vs, E) @ W — M3 (G, K, St @Vs, W)

is an isomorphism for all E-vector spaces W.
(b) The &'-module M3(G, K, Stg ®Vs, &) is finitely generated for every E-algebra
g.

Proof. More generally, we will prove the above statements for the modules
H/ (PG(F)*,C5(G, K, Homg (Stg @Vs, W)))

for all j € N.

(a) We break the exact sequence 0 — Stg — Sto,_o — -+ — Stg — Z — 0 into
short exact sequences and consider the associated long exact sequences H’ (W)
and H/(-, F) ® W. By induction we see that it is enough to proof (a) with Stg
replaced by St;, —1 < i < 2n— 2. Since the modules St; are direct sums of modules
of the form c—indi%%}’s(m Z with PQ C PGLsy, (not necessarily proper) parabolic
subgroups, it is enough to show that

.  paL,. _
W (PG(F)*,C5(G, K, Homg (c-ind oy 2 Z.@ Vi, W)))

=W/ (PG(F)*, Indigi” CS(G, K, Home Vs, W)))

=W (PQ(F)*,C5(G, K, Home (Vs, W)))

commutes with base change In [SS93] Schneider and Stuhler construct for every
v € S a finite resolution

0 —Cym —... — Cho—V, —0

in €¢(G(F,)), where each C,, ; is of the form

F’U)

sz, Li ® wo

e G
C’Z——c—md&

with compact, open subgroups K, ;j C G(F,) and £[K[;]-modules L;, which are
finite-dimensional over £. A similar argument as above shows that it is enough to
proof that cohomology groups of the form H’(PQ(F)*,C, (G, K, Homg(Vy, W)))
commute with base change.

By strong approximation (and the Iwasawa decomposition) the double quotient

PQ(F)"\PG(A%)/K

is finite. We choose a system of representatives gi,...,g, of the above double
quotient and define the arithmetic subgroups

s = PQ(F)" Ng; (KZ(A®)/Z(A%)) g7 ".



ON SHALIKA MODELS AND P-ADIC L-FUNCTIONS 33
From Shapiro’s Lemma we get the equality

H/ (PQ(F)*,C5(G, K, Homg (Var, W))) = D HY(T;, Homg (Var, W)

i=1
= @Hq(l—‘h V;\I/ ® W)
i=1

Since the groups I'; are arithmetic, they are of type (VFL). It follows that the
functor W +— H(I';, V.Y ® W) commutes with direct limits (cf. [Ser72]).
(b) can be proven in exactly the same manner. O

For the remainder of the article we stick to the case S = S,. Let R be the valuation
ring of £ with respect to ord,, R its completion and write E for the field of fractions
of R. A place v € S induces an embedding F' — £ — R and thus a place p € 5,
via ord,. For every p € S, we define
SP ={v € So | v induces p}.
The representation V;; can be written as a tensor product Vi = ®ues, Valn. We
put
Vaﬁ = ®’U€Sgo Valﬂ) and Vgp = VP ® Vaﬁ'

Then Vspmc ®¢ E is a locally Qp-rational representation of G(Fy).

Definition 4.8. (i) The representation ‘75}7 is called homologically integral if the
representations ‘7& ®e E are homologically integral for all p € Sp.
(i) A lattice L C Vsp ®¢ E is called homologically of finite type if it is of the form
L = ®pes, Ly, where Ly is a homologically of finite type lattice in ‘N/S’.)p ®e B
for each p € Sp.

Proposition 4.9. Assume that L is a lattice in \N/Sp ®e E, which is homologically
of finite type. Then:

(a) The canonical map
M3 (G, K,Stg ®L, R) @ N — M5 (G, K,Stg ®L, N)

is an isomorphism for all flat R-modules N .
(b) The R-module M3 (G, K,Stqe ®L, R) is finitely generated.

Proof. Replacing the Schneider-Stuhler resolution by the resolution (4) the same
proof as for Lemma 4.7 works. O

4.6. Cohomological description of the distribution. Besides the running as-
sumption that V' is cohomological with respect to V,; we are going to assume in the
following that
e s+ 1/2 is critical for V,
e we have given a stabilization © of V,, over a finite extension & C C of £
and
e V has a (n,1)-Shalika model with respect to some idele class character 7,
whose finite part takes values in £.
We choose a pure tensor &% = &L € ®y¢5,0s,, Vo as in Section 3.2 and KP C
G(AP>°) an compact, open subgroup such that
e KPG(O,) is neat, i.e. G(F) N gKPG(0,)g~" is torsion-free for every g €
G(A>),
e O™ is invariant under K? and
o (nodet”)(K%) =1, where K% is the intersection of K? with H(AP>).
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Let U’ C U™ be the subgroup generated by UP and the image of K, under the
determinant. The main aim of this section is to construct functorial maps

A§y s MSr=(G, KP,Stg @Vs,, W) — Ho(F%, c-indy;, (Dist(U,), W))

for all £-vector spaces W such that O(AL(ESE
cation by a non-zero constant.

The homomorphism Aj, is constructed in several steps: Firstly, the map (18)
from Sty to Stg together with the restriction of functions yields the map

(®P))) = peo,s holds up to multipli-

M5 (G, KP, St @Vs,, W) =2 MS»(H, KP, Sty @Vs,, W).

Secondly, s + % is critical. Hence, by the discussion in Section 4.2 there is unique
1-dimensional H(F’)-subrepresentation Vi of V;), which is given by the algebraic

character
det—s,s+w N
ResF/@ GLQn _— ReSF/Q Gm,F — (Grm,Q.

The map do as defined in (13) together with the inclusion Vi < V,; gives a map

~ 5y
M (H,K?, Ste ®Vs,, W) —= M2 (H,K?, Sty @V, @ ICS(G(0p), ), W).
By Remark 4.2 we have

[det =T U [dety ™) € HY(PH(F)*,Cyn (H, K, V5))

for the cohomology class associated to the character ]detl’f1 |S n(det™ 1) as in (15).
Thus, taking the cap product with [det‘l_"zl} U [detg’fl] induces a map

M3 (H, KPSty @V, @ IC2(G(O,),&), W)
Bl Ao (H, K, Sty @1C°(G(O,), €),W).

Borel-Serre duality (19) gives an isomorphism

M52 (H, KPSty @IC°(G(0,),€), W) 2224 Hy (PH(F) T, IDist (G(O,), W)).

Finally, the pushforward map (2) applied to the determinant det: G(O,) — U,
induces a map

Ho(PH(F)*,IDist(G(O,), W)) dete, Hy(F7, c—indj}; (Dist(Up), W).
Now we can define Ay, as the following composition:
A}y = det, 0BSp o[s, m] 0 68 , o Resy .
Lemma 4.10. There exists a constant ¢ € C* such that
I(AL(ES" (25 )con)) = ¢ - i, s-

Proof. We have to evaluate both sides on locally constant functions f: G, — C.
We can view such a function f as an Fj-invariant function on I*°/UP>°. Since
I*°/F% is compact, there exists an m € N such that f factors through the quotient

I /U p7°°UZ(,m). Hence, to calculate the right hand side one can replace all distribu-
tion and function spaces in the above construction by (co-)inductions of the trivial
representation from open subgroups. Now all involved cohomology groups can be
written purely in terms of the (de Rham) cohomology of the associated symmetric
spaces. The claim then follows by standard computations (see for example [Har87],
Section 5.3). O
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Corollary 4.11 (Rationality of the distribution). The distribution pe,, s takes
values in a finite dimensional vector space over E'. For every character e: F —
{£1} there exists a period Q¢ € C* such that

/ XHos,s € E X

Gn
for all characters x: G, — C*. Here £, C C denotes the field you get by adjoining
the image of x to &'.

Proof. The first assertion follows directly from Lemma 4.7 and the lemma above.
For the second assertion let ¢, € V;, be the essential vector as defined in [JPSS81]
and K, C G(Op) its stabilizer. We put K, = [[,cq Kp and K = KPK,. By
Frobenius reciprocity we have a surjective map

. 1G(Fy) ev
c—depZ(Fp) wp — Vy,

which induces a map on modular symbols
M (G, KP,Stg @Vs,, W) <5 Mo (G, K, Sta @Va, W).
By Lemma 1.1 the map
So: 1C) (G(Op),E') — V,
of Section 2.5 can be lifted to a map

— . G(F,
do: [Cg,, (G(Op), &) — C_deiZ()Fp) Wp-

Thus, we get a commutative diagram of the form:

ev

M (G, K?, Stg ®Vs,, W)

Mw(G, K, Stg ®‘7&1, W)
Ay
Ho(F*, c-indy;, (Dist(U,,), W))

By Section 3.9 of [GR14] the pure tensor (®pesp gop) ® ®%> can be chosen to be in
the rational Shalika model as defined in loc. cit. if ¥ contains all primes at which
V' is ramified. Therefore, the claim follows from multiplicity one in this case. The
general case follows from Lemma 7.1.1 of [GR14]. O

Let E' be the completion of £ with respect to ord, and R’ its valuation ring.

We can regard © as a stabilization of 17517 ®e E' and thus, the notion of weak
ordinarity makes sense.

Corollary 4.12 (Integrality of the distribution). (a) The distribution poy. s is a
p-adic measure provided that © is weakly ordinary with respect to Vy and that
Vi ® Va1 is homologically integral.
(b) Assume that © is weakly ordinary with respect to Va1 and that for every p in S,
one of the following conditions hold:
° Vspp ®er B’ is a smooth ordinary principal series representation or
o F,=Qy, Va’i has p-small weights, Vy, is a twist of an unramified principal
series representation and the central character of f/gp ®egr E' takes values
in Z,
Then pey, s s a p-adic measure.
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Proof. (a) Let L C ‘751, be a lattice, which is homologically of finite type. By
Lemma 2.11 and the discussion at the end of Section 4.1 we can construct maps

A%y MZr>= (G, KP,Stg ®L, N) — Ho(F}, c-indy;, (Dist(U,), N))

for all R’-modules N, which agrees with the previous definition if N is an E’-vector
space. Therefore, the claim follows from Proposition 4.7.
(b) follows from (a) together with Theorem 1.6 and Theorem 1.8. O

In case ey, s is a p-adic measure, we can define its associated p-adic L-function
as follows: Let xcyc: Gp — Zj;, be the cyclotomic character, i.e. v¢ = (Xeve(¥) holds
for all p-power roots of unity ¢ and all v € G,. For x € Z, and v € G, we put
()" = exp,(x1log,(Xcyc(7))), where exp,, (resp. log,,) is the p-adic exponential map
(resp. logarithm map). The p-adic L-function attached to uey s is defined by

Ly(Os,5.2) = [ 0)" o.(a)
It is an analytic function on Z, with values in a finitely generated R’-submodule of
E Rer C.

Remark 4.13. (i) Even in the non-weakly ordinary situation we can use Lemma
2.11 (or rather its proof) to give bounds on the order of growth of our distri-
butions in terms of slopes of stabilizations.

(i1) There should be relations between the distributions pie, s for different critical
points s+1/2. These relations together with the above mentioned bounds would
enable us to construct for every stabilization of non-critical slope a unique
locally analytic distribution, which interpolates special values at all critical
points. In upcoming work of Santiago Molina and the author it is shown
that these relations follow directly from Lemma 2.11 in the GLo-case, thus
giving a new construction of Dabrowski’s p-adic L-function for Hilbert modular
forms (cf. [Dab94]). This enables us to generalize the work of Spieff on the
exceptional zero conjecture to Hilbert modular forms of higher weight.

5. EXAMPLES

We want to give some examples to our construction. The natural source for these
are odd symmetric powers of p-ordinary Hilbert modular forms over totally real
fields F', in which p is totally split. To keep the notation simple we only deal with the
case F' = Q. Let f be a cuspidal newform of level 'y (N), pt N, and weight & > 2.
The associated cuspidal automorphic representation V' of GLa(A) is cohomological

with respect to the representation (Symki2 C2%)V. The local component Vp is an

unramified principal series representation of the form Indg;“éQ)” )(Xh Xx2). Let us
P

put & = x2(p) and &’ = x1(p). Then, as explained at the end of section 2.2 the
weak ordinarity condition is equivalent to ord,(«) = 1 and ord,(a’) = k —2. Thus,
the notion of weakly p-ordinarity coincides with the usual ordinarity condition at
p. In this case our construction gives the classical p-adic L-function as constructed
for example in [MTTS86].

By the work of Kim and Shahidi (cf. [KS02]) the symmetric cube Sym® V of V
is known to be a cuspidal automorphic representation of GL4(Q) if f is not a CM-
form. The representation Sym® V is cohomological with respect to the algebraic
representation of highest weight (0, —(k — 2), —2(k — 2), —3(k — 2)) (see [RSO08])
and the local representation at p is given by Indgf(‘fég") O3, X33, xix3, x3). If fis

p-ordinary, we get
ord,(a™®(a) 13 =0



ON SHALIKA MODELS AND P-ADIC L-FUNCTIONS 37

and hence, the associated unramified stabilization is weakly ordinary. One can
combine the results of Kim (cf. [Kim03]) and Jacquet-Shalika (cf. [JS90]) to show
that Sym® V has a Shalika model (see Section 8 of [GR14] for a detailed discussion).
Thus, our construction yields a p-adic L-function for every critical point of the
symmetric cube of a p-ordinary modular form of level T'y (), p t N, which is not
of CM-type.

The same arguments carry over to higher odd symmetric powers as well. Assume
that II = Sym® ™'V is a cuspidal automorphic representation of GL2(r41)(Q).
Again, this implies that IT is cohomological (cf. [RS08]) and as in the symmetric
cube case, one can show that II is weakly ordinary if f is ordinary at p. Accordingly,
Banerjee and Raghuram show in [BR16] that the symmetric powers of the motive
associated to f are nearly p-ordinary, if f is p-ordinary.

If we would know that II has a Shalika model, our construction would yield
a p-adic L-function for every critical point of II. By Proposition 8.1.4 of [GR14]
IT has a Shalika model if Sym*" =% V is an isobaric sum of cuspidal automorphic
representations for all 0 < a < r.
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