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ON ABELIAN BIRATIONAL SECTIONS
HÉLÈNE ESNAULT AND OLIVIER WITTENBERG

1. Introduction
In his seminal letter to Faltings, Grothendieck [8] formulated the conjecture,
now known as the section conjecture, that for any smooth and proper curve X of
genus ≥ 2 deﬁned over a ﬁeld k ﬁnitely generated over Q, sections of the natural
exact sequence of fundamental groups
(1.1)

π1 (X ⊗k k)

1

π1 (X)

Gal(k/k)

1

are, up to conjugation by π1 (X ⊗k k), in one-to-one correspondence with rational
points of X. Accordingly, the exact sequence of proﬁnite groups (1.1) should split
if and only if X(k) = ∅; this corollary is in fact equivalent to the full statement of
the section conjecture (see [12, Lemma 1.7]).
As was ﬁrst emphasised by Koenigsmann [12], a birational variant of the section
conjecture may be stated as follows: for k and X as above, if we denote by GK the
absolute Galois group of a ﬁeld K, the exact sequence of proﬁnite groups
(1.2)

1

Gk(X)

Gk(X)

Gk

1

should split if and only if X(k) = ∅. That (1.2) must split if X(k) = ∅ is a general
remark of Deligne [6, Section 15]. The converse implication would follow from the
original section conjecture, since splittings of (1.2) induce splittings of (1.1). To
this day even the birational section conjecture is widely open.
The goal of this note is to investigate the exact sequence of proﬁnite groups
(1.3)

1

ab

Gk(X)

[ab]

Gk(X)

Gk

1
ab

obtained by pushing out (1.2) by the abelianisation map Gk(X) → Gk(X) . We refer
to splittings of (1.3) as “abelian birational sections”. Abelian birational sections exist whenever X possesses a divisor of degree 1 deﬁned over k; the question therefore
arises whether the converse might hold, and if so, in what generality.
In §2 we prove (Theorem 2.1) that if k is a number ﬁeld and X is a smooth and
proper curve over k whose Jacobian has ﬁnite Tate–Shafarevich group, then (1.3)
splits if and only if X possesses a divisor of degree 1. This is an abelian variant
of the birational section conjecture over number ﬁelds. It should be noted that,
starting from the existence of an abelian birational section, one cannot hope to
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prove more than the existence of a divisor of degree 1, since there are smooth and
proper curves over Q admitting a divisor of degree 1 but no rational point.
We then proceed in §3 to study abelian birational sections for an arbitrary
smooth variety X over an arbitrary ﬁeld k.
In this situation, the existence of an abelian birational section is a necessary
condition for the existence of a 0-cycle of degree 1 on X. Remarkably few necessary conditions for the existence of 0-cycles of degree 1 have been exhibited in such
generality. Another one is the vanishing of the elementary obstruction of ColliotThélène and Sansuc (see [5], [19], [1], [21]), which takes the form of a class ob(X)
in Ext1Gk (k(X) /k  , k ). In §3 we determine the precise relation between these
two obstructions. Namely the main result of §3 (Theorem 3.2) states that for any
ﬁeld k of characteristic 0 and any variety X over k, the existence of an abelian birational section is equivalent to ob(X) belonging to the maximal divisible subgroup of
Ext1Gk (k(X) /k  , k ) (see Remark 3.6 for the situation in positive characteristic). In
particular, (1.3) splits whenever the elementary obstruction vanishes. In the course
of the proof of Theorem 3.2, we establish a one-to-one correspondence between
ab
abelian birational sections, up to conjugation by Gk(X) , and isomorphism
classes

of discrete Gk -modules which are simultaneously extensions of k(X) /k  ⊗Z Q


by k and of k(X) /k  ⊗Z Q/Z by k(X) (Lemma 3.4).
Now assume that k is a number ﬁeld. From Theorem 3.2 it follows that the
statement of Theorem 2.1 does not hold for varieties of arbitrary dimension. Indeed
it is well known that there are varieties over number ﬁelds (for instance, rational
surfaces over Q) which do not possess 0-cycles of degree 1 although the elementary
obstruction vanishes (in which case, by Theorem 3.2, abelian birational sections do
exist). Yet Grothendieck writes in [8, p. 3] that any suﬃciently small nonempty
open subset of a smooth variety should be “anabelian”, which, according to the
general statement of the section conjecture given in [8], implies that the birational
section conjecture should hold for smooth varieties of arbitrary dimension. The
correct higher-dimensional generalisation of Theorem 2.1 is given by Theorem 3.9
below, which reﬁnes, for number ﬁelds, the statement of Theorem 3.2: if k is a
number ﬁeld and X is a smooth and proper variety over k whose Picard variety has
ﬁnite Tate–Shafarevich group, then the existence of an abelian birational section is
equivalent to the vanishing of the elementary obstruction.
Finally, by considering sections of the exact sequence (1.1) and their cycle classes
in étale cohomology (see [7]), we give in Theorem 3.11 an example of a ﬁeld k of
characteristic 0, a ﬁeld extension K/k, and a curve X over k such that ob(X) = 0
but ob(X ⊗k K) = 0. This settles a question about the elementary obstruction
which was raised by Borovoi, Colliot-Thélène and Skorobogatov [1].
2. Abelian birational sections for curves over number fields
Let k be a ﬁeld and k be a separable closure of k. Let X be a smooth, proper,
geometrically connected curve over k. We denote by k(X) the function ﬁeld of X, by
k(X) a separable closure of k(X) = k(X) ⊗k k and by k(X)ab the maximal abelian


[ab]
subextension of k(X)/k(X). The Galois group Gk(X) = Gal k(X)ab /k(X) ﬁts
into an exact sequence of proﬁnite groups
(2.1)

1

ab

Gk(X)

[ab]

Gk(X)

Gk

1,
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ab
where Gk = Gal(k/k) and Gk(X) = Gal k(X)ab /k(X) . Equivalently, the exact
sequence (2.1) is the one obtained by pushing out
(2.2)
where Gk(X)

Gk(X)
Gk(X)
Gk
1,
1




= Gal k(X)/k(X) and Gk(X) = Gal k(X)/k(X) , by the abelianiab

sation map Gk(X) → Gk(X) .
According to Deligne [6, Section 15] (see also Lemma 3.1 below), the exact
sequence (2.2) splits if X(k) = ∅. From this it follows, by a standard restrictioncorestriction argument taking place in the continuous Galois cohomology group
ab
H 2 (k, Gk(X) ), that (2.1) splits as soon as X possesses a degree 1 divisor. In this
section we prove that over number ﬁelds, the converse holds, under the assumption
that the Tate–Shafarevich group of the Jacobian of X is ﬁnite:
Theorem 2.1. Let X be a smooth proper geometrically connected curve over a
number ﬁeld k. Assume that the Tate–Shafarevich group of the Jacobian of X is
ﬁnite. Then the exact sequence of proﬁnite groups (2.1) splits if and only if there
exists a divisor of degree 1 on X.
Recall that the birational section conjecture (a consequence of Grothendieck’s
section conjecture in anabelian geometry) asserts over number ﬁelds that for X
and k as above, the exact sequence of proﬁnite groups (2.2) splits if and only if there
exists a rational point on X. (This conjecture is sometimes referred to as the “weak
birational section conjecture”, although, as a consequence of Faltings’s theorem, it
is in fact equivalent to the full birational section conjecture; see [12, Lemma 1.7].)
The statement of Theorem 2.1 may thus be considered as an abelian variant of
the birational section conjecture over number ﬁelds; indeed, the set of divisors of
degree 1 on X is “abelian” in the sense that it is canonically a principal homogeneous
space under an abelian group, namely, the group of divisors of degree 0.
[ab]

Proof of Theorem 2.1. The discrete Gk(X) -module deﬁned by


M = f ∈ k(X)ab | ∃n ≥ 1, f n ∈ k(X)
naturally ﬁts into the commutative diagram
0

k

(2.3)

k(X)

k(X) /k 

0



k(X) /k  ⊗Z Q

0,

i

0

k

M

p

where i(f ) = f and p(f ) = f n ⊗ n1 for any n such that f n ∈ k(X) . As Kummer
extensions are abelian, the map p is onto. Hence the rows of (2.3) are exact.
[ab]
Suppose (2.1) splits, and ﬁx a section s : Gk → Gk(X) . By letting Gk act on M
via s, we can view (2.3) as a commutative diagram of discrete Gk -modules with
exact rows. Since the Galois cohomology of a discrete Gk -module which at the same
time is a Q-vector space vanishes in positive degrees, the bottom row of (2.3) induces
in Galois cohomology an isomorphism H 2 (k, k  ) −∼→ H 2 (k, M ). On composing
the inverse of this isomorphism with the map H 2 (k, k(X) ) → H 2 (k, M ) induced
by i, we ﬁnd a retraction of the natural map H 2 (k, k ) → H 2 (k, k(X) ). Now
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H 2 (k, k  ) = Br(k) and, by Tsen’s theorem, H 2 (k, k(X) ) = Br(k(X)). Moreover,
the Brauer group of the curve X is a subgroup of Br(k(X)) (see [9, Cor. 1.8]).
Thus, by restriction, we obtain a retraction r : Br(X) → Br(k) of the natural map
Br(k) → Br(X).
Let v be a place of k. Choose a place of k above v, denote by kvh ⊂ k the ﬁxed
ﬁeld of the corresponding decomposition subgroup Dv ⊂ Gk , and consider (2.3)
as a diagram of discrete Dv -modules. As in the previous paragraph, passing to
cohomology yields a retraction rv : Br(X ⊗k kvh ) → Br(kvh ) of the natural map
Br(kvh ) → Br(X ⊗k kvh ).
Let kv denote the completion of k at v. As is well known, the Brauer groups
of kv and of kvh coincide: by local class ﬁeld theory, both are canonically isomorphic
to Q/Z if v is ﬁnite (see [14, Ch. I, Prop. A.1]) or to Z/2Z if v is real.
Lemma 2.2. For any place v of k, the natural map Br(X ⊗k kvh ) → Br(X ⊗k kv )
is an isomorphism.
Proof. The injectivity of this map results from theorems of Greenberg (for ﬁnite v)
and of Artin (for real v); see [1, p. 334]. To prove its surjectivity, embed k into
an algebraic closure K of kv . The two ﬁeld extensions K/kv and k/kvh then have
the same Galois group, namely Dv . Consider the Hochschild–Serre spectral seq
p+q
quences in étale cohomology H p (Dv , Hét
(X ⊗k k, Gm )) ⇒ Hét
(X ⊗k kvh , Gm ) and
q
p+q
H p (Dv , Hét (X ⊗k K, Gm )) ⇒ Hét (X ⊗k kv , Gm ). Since the Brauer groups of
X ⊗k k and of X ⊗k K vanish (by Tsen’s theorem), one obtains a commutative
diagram with exact rows
Br(kvh )
(2.4)

Br(X ⊗k kvh )

H 1 (Dv , Pic(X ⊗k k))

Br(X ⊗k kv )

H 1 (Dv , Pic(X ⊗k K)).

H 3 (Dv , k )



Br(kv )

Let J denote the Jacobian of X. The natural map Pic(X ⊗k k) → Pic(X ⊗k K) is
injective and its cokernel identiﬁes with J(K)/J(k). As the inclusion J(k) ⊂ J(K)
induces an isomorphism on torsion subgroups and both J(k) and J(K) are divisible
groups, the quotient J(K)/J(k) is a Q-vector space. It follows that the rightmost
vertical map appearing in (2.4) is onto. Moreover, the group H 3 (Dv , k  ) vanishes
(by [18, Ch. II, §5.3, Prop. 15] for ﬁnite v and by Hilbert’s Theorem 90 for real v)
and the leftmost vertical map is an isomorphism. Hence the middle vertical map is
onto as well.

We resume the proof of Theorem 2.1. Thanks to Lemma 2.2, we may view rv as
a retraction of the natural map Br(kv ) → Br(X ⊗k kv ). Every divisor
of degree 1
k
also
deﬁnes
a
retraction
of
this
map,
by
the
formula
A
,
nP P v =
on
X
⊗
k v
v

nP Coreskv (P )/kv Av (P ) for Av ∈ Br(X ⊗k kv ). According to Lichtenbaum–Tate
duality [13, §5] for ﬁnite v and to a theorem of Witt [20, II , p. 5] for real v (see
also [17, 20.1.3]), all retractions of Br(kv ) → Br(X ⊗k kv ) come from divisors of
degree 1 in this way. Hence for every place v of k, there exists a degree 1 divisor
zv on X ⊗k kv such that Av , zv v = rv (Av ) for all Av ∈ Br(X ⊗k kv ).
Let A ∈ Br(X). Let Ω denote the set of places of k, and for every v ∈ Ω, let
invv : Br(kv ) → Q/Z denote the canonical inclusion. A glance at the construction
of r and rv reveals that the image of r(A) in Br(kv ) coincides with rv (A ⊗k kv ) for
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all v ∈ Ω. Since 
rv (A ⊗k kv ) = A ⊗k kv , zv v , it follows that invv A ⊗k kv , zv
invv r(A). Now v∈Ω invv r(A) vanishes by the global reciprocity law; hence
invv A ⊗k kv , zv

(2.5)

v

v

=

= 0.

v∈Ω

Under the assumption that the Tate–Shafarevich group of the Jacobian of X is
ﬁnite, the existence of a family (zv )v∈Ω of local divisors of degree 1 satisfying (2.5)
for every A ∈ Br(X) implies the existence of a divisor of degree 1 on the curve X
itself, by a theorem of Saito [16] (see [4, Prop. 3.7]). Thus the theorem is proved. 
Remarks 2.3. (i) Under the hypotheses of Theorem 2.1, if one assumes that not
only (2.1) but also (2.2) splits, then there are many ways to deduce that X admits
2
(X, Ẑ(1))
a divisor of degree 1. For instance, if s is a splitting of (2.2) and α ∈ Hét
denotes its cycle class (see [7, Thm. 2.6 and Rem. 2.7]), the argument employed in
the proof of [7, Prop. 3.1] shows that the image β of α in the total Tate module
T (Br(X)) vanishes in T (Br(X ⊗k kv )) for every place v of k. Now the ﬁniteness
assumption in Theorem 2.1 ensures that T (Br(X)) injects into v∈Ω T (Br(X ⊗k
kv )), so that β = 0 and therefore α belongs to the image of the cycle class map
2
(X, Ẑ(1)), which implies, as in [7, Cor. 3.6], that X contains a
Pic(X) ⊗ Ẑ → Hét
divisor of degree 1. The point of Theorem 2.1 is that the Galois-theoretic condition
which appears in its statement cannot be weakened since it is also a necessary
condition for the existence of divisors of degree 1.
(ii) Suppose k is a p-adic ﬁeld. Using Roquette’s theorem (see [13]), it is easy
to check that the statement of Theorem 2.1 still holds in this context. However,
more is true: since, by Lichtenbaum–Tate duality, retractions of Br(k) → Br(X)
are in one-to-one correspondence with classes of degree 1 in Pic(X), the proof of
Theorem 2.1 shows that any splitting of (2.1) determines a well-deﬁned class of
degree 1 in Pic(X). This is to be compared with Koenigsmann’s theorem [12]
(recently reﬁned by Pop [15] to a metabelian statement) according to which any
splitting of (2.2) determines a well-deﬁned rational point on X. Of course, due to
the abelian nature of (2.1), one cannot hope to associate rational points to splittings
of (2.1), since there are curves over p-adic ﬁelds which admit divisors of degree 1
but no rational points.
(iii) We do not know whether the statement of Theorem 2.1 still holds if k is
only assumed to be a ﬁnitely generated ﬁeld extension of Q. For such a ﬁeld k,
Grothendieck’s section conjecture still predicts that a splitting of (2.2) should determine a rational point of X.
3. Galois groups, fundamental groups
and the elementary obstruction
Let X now be an arbitrary smooth and geometrically irreducible variety over a
ﬁeld k. We keep the notation introduced at the beginning of §2. The exact sequence
(3.1)

1

ab

Gk(X)

[ab]

Gk(X)

Gk

1

still makes sense, and it is still true that it splits whenever X possesses a 0-cycle
of degree 1, as a consequence of the following lemma and a restriction-corestriction
argument:
Lemma 3.1. If X(k) = ∅, then the exact sequence (1.2) splits.
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Lemma 3.1 is a straightforward generalisation of Deligne’s remark for curves.
We include a proof for the convenience of the reader.
Proof. Let K0 = k and for any i ≥ 1, let Ki = Ki−1 ((ti )), where the ti ’s are
indeterminates. For any i ≥ 1, the natural projection of absolute Galois groups
GKi → GKi−1 admits a section (see [18, Ch. II, §4.3, Ex. 1 and 2]). Let x ∈ X(k).
Since X is regular, the completion of the local ring of X at x is k-isomorphic
to k[[t1 , . . . , tn ]]. It follows that k(X) embeds k-linearly into Kn . By composing
sections of GKi → GKi−1 for i ∈ {1, . . . , n} with the projection GKn → Gk(X) given
by such an embedding, one obtains a splitting of (1.2).

According to Colliot-Thélène and Sansuc [5, Prop. 2.2.2], the exact sequence of
discrete Gk -modules
(3.2)

k

0

k(X)

k(X) /k 

0

also splits (Gk -equivariantly) whenever X possesses a 0-cycle of degree 1. Thus
the exact sequences (3.1) and (3.2) both constitute obstructions to the existence of
0-cycles of degree 1 on X. The former appears in the statement of Theorem 2.1
while the latter visibly plays a rôle in the proof of the same theorem (see (2.3)),
which prompts the question of their exact relation. We address this question in
Theorem 3.2 below.
Let ob(X) ∈ Ext1Gk (k(X) /k  , k  ) denote the class of the extension (3.2). Following the authors of [5], we call ob(X) the elementary obstruction (to the existence
of 0-cycles of degree 1 on X).
Theorem 3.2. Let X be a smooth and geometrically irreducible variety over a
ﬁeld k of characteristic 0. The exact sequence of proﬁnite groups (3.1) splits if and
only if ob(X) belongs to the maximal divisible subgroup of Ext1Gk (k(X) /k  , k  ).
Under the additional assumption that Pic(X ⊗k k) is ﬁnitely generated, which
notably excludes curves of positive genus, the conclusion of Theorem 3.2 was essentially known (see [19, Cor. 2.4.2] and Lemma 3.7 below).
Proof. To establish Theorem 3.2, we shall exploit the commutative diagram of
[ab]
discrete Gk(X) -modules already encountered in the proof of Theorem 2.1, namely
0

k

(3.3)

k(X)

k(X) /k 

0

i



k(X) /k  ⊗Z Q
0,

where M = f ∈ k(X)ab | ∃n ≥ 1, f n ∈ k(X) . One half of the statement of
Theorem 3.2 is a more or less immediate consequence of the existence of this diagram. If (3.1) splits, then, as in the proof of Theorem 2.1, we may consider (3.3) as a
commutative diagram of discrete Gk -modules. The top row of (3.3)
 pull is then the
back of the bottom row of (3.3) by the natural map k(X) /k  → k(X) /k  ⊗Z Q
not only in the category of abelian groups but also in the category of discrete
Gk -modules. In other words, ob(X) is the image, by pullback, of the class of the
bottom row of (3.3) in Ext1Gk ((k(X) /k  ) ⊗Z Q, k  ). The latter group being a
0


k

M

p
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Q-vector space, it follows that ob(X) belongs to the maximal divisible subgroup of
Ext1Gk (k(X) /k  , k ).
For the converse implication we start with a few lemmas.
Lemma 3.3. Splittings of the exact sequence of proﬁnite groups (3.1) are canonically in one-to-one correspondence with discrete Gk -module structures on the abelian
group M which extend the natural Gk -module structure of the subgroup k(X) of M .
Proof. A splitting of (3.1) induces an action of Gk on k(X)ab , hence on M , satisfying the required property. Suppose conversely that M is endowed with such a
structure.
[ab]
We claim that every σ ∈ Gk admits a unique lifting σ ∈ Gk(X) such that the
given action of σ on M coincides with the natural action of σ on M ⊂ k(X)ab .
[ab]
Assuming this, the map Gk → Gk(X) which sends σ to σ is a continuous group
homomorphism and therefore constitutes a splitting of (3.1). We are thus reduced
to proving the claim.
Let σ ∈ Gk . Choose an arbitrary lifting σ of σ. The endomorphism ϕ : M → M
deﬁned by ϕ(f ) = σ −1 (σ(f ))/f vanishes on k(X) and takes values in the torsion
subgroup μ∞ of k , so that it factors as
ϕ̄

M → M/k(X) −→ μ∞ ⊂ k  ⊂ M .
Now by Kummer theory, one has
ab

M/k(X) = (k(X) /k  ) ⊗Z Q/Z = Hom(Gk(X) , μ∞ )
(where Hom denotes the set of continuous homomorphisms with respect to the
ab
discrete topology on μ∞ ). Hence ϕ̄ may be seen as a map Hom(Gk(X) , μ∞ ) → μ∞ .
ab

By Pontrjagin duality we conclude that there is a unique τ ∈ Gk(X) such that
ϕ̄(f ) = τ (f )/f for all f ∈ M . The sought for lifting of σ is then στ and it is indeed
unique since ϕ determines τ .

ab

Lemma 3.4. Splittings of (3.1) up to conjugation by Gk(X) are canonically in
one-to-one correspondence with triples (E, iE , pE ) up to isomorphism, where E is
a discrete Gk -module and iE and pE are Gk -equivariant maps ﬁtting into a commutative diagram
0

k

(3.4)

k(X)

k(X) /k 

0



k(X) /k  ⊗Z Q

0

iE

0

k

E

pE

with exact rows. (By an isomorphism of triples (E, iE , pE ) −∼→ (E  , iE  , pE  ), we
mean an isomorphism h : E −∼→ E  such that h ◦ iE = iE  and pE  ◦ h = pE .)
Proof. Lemma 3.4 is a formal consequence of Lemma 3.3 once one has veriﬁed
that for any triple (E, iE , pE ), the diagram (3.4) is isomorphic, as a diagram of
abelian groups (disregarding the action of Gk ), to (3.3); indeed, the choice of such
an isomorphism allows one to transport the Gk -module structure from E to M .
To this end, we ﬁrst note that the exactness of the second row of (3.4) forces E to
be divisible, so that there exists a homomorphism h : M → E satisfying h ◦ i = iE .
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The kernel and cokernel of h are simultaneously Q-vector spaces (since E/k and
M/k  are Q-vector spaces) and torsion groups (since E/k(X) and M/k(X) are
torsion). Hence h is an isomorphism. Moreover, we automatically have p = pE ◦ h
since the homomorphism p − (pE ◦ h) vanishes on the image of i and takes values
in a torsion-free group, and the cokernel of i is torsion.

Lemma 3.5. Let G be a proﬁnite group and A, B be two discrete G-modules. The
image of the natural map Ext1G (A ⊗Z Q, B) → Ext1G (A, B) is the maximal divisible
subgroup of Ext1G (A, B).
Proof. Since Ext1G (A ⊗Z Q, B) is a Q-vector space, this map naturally factors as
Ext1G (A ⊗Z Q, B)

u

Hom(Q, Ext1G (A, B))

v

Ext1G (A, B),

where v is the evaluation at 1 map. The image of v is the maximal divisible subgroup
of Ext1G (A, B); hence it suﬃces to check that u is onto. In view of the spectral
sequence Extp (Q, ExtqG (A, B)) ⇒ Extp+q
G (A ⊗Z Q, B) (see [14, Ch. I, §0]), the
cokernel of u embeds into Ext2 (Q, HomG (A, B)). But Ext2 (Q, HomG (A, B)) = 0
as the category of abelian groups has global dimension 1 (see, e.g., [2, Ch. VI,
Prop. 2.8]).

We are now in a position to complete the proof of Theorem 3.2. Assume ob(X)
belongs to the maximal divisible subgroup of Ext1Gk (k(X) /k  , k ). According to
Lemma 3.5, there exists a discrete Gk -module E and Gk -equivariant maps iE and pE
such that the diagram (3.4) commutes and has exact rows. Lemma 3.4 now implies
that (3.1) splits.

Remark 3.6. Let k be a ﬁeld of characteristic p > 0. For any prime number , denote
ab,
ab
by Gk(X) the -Sylow subgroup of Gk(X) and by D (resp. D ) the maximal divisible
ab,p

(resp. -divisible) subgroup of Ext1Gk (k(X) /k  , k  ). Let Gk(X) =
ab

ab,p

ab,p

ab,

=p

Gk(X) and

Dp = =p D , so that Gk(X) = Gk(X) ⊕ Gk(X) and D = Dp ∩ Dp . In this
situation, the proof of Theorem 3.2 given above is easily adapted to show that the
ab
ab,p
exact sequence obtained by pushing out (3.1) by the projection Gk(X) → Gk(X)
splits if and only if ob(X) ∈ Dp . On the other hand, the exact sequence obtained
ab

ab,p

by pushing out (3.1) by the projection Gk(X) → Gk(X) always splits (see [18, Ch. II,
§2.2, Prop. 3 and Ch. I, §3.4, Prop. 16]). Moreover, if k is perfect, multiplication
by p is an automorphism of the abelian group Ext1Gk (k(X) /k  , k  ) since it is an
automorphism of the Gk -module k . Therefore, in this case, D = Dp . From these
remarks we deduce that the statement of Theorem 3.2 holds, more generally, over
perfect ﬁelds of arbitrary characteristic.
Over imperfect ﬁelds, however, the conclusion of Theorem 3.2 may fail. Indeed,
let k be a ﬁeld of cohomological dimension 1 which is not of dimension ≤ 1 in
the sense of Serre [18, Ch. II, §3]. Then (3.1) splits for any X (by [18, Ch. I, §5.9,
Cor. 2]) whereas there exists a smooth and geometrically irreducible toric variety X
over k such that ob(X) = 0 (see [21, Prop. 3.4.3]). Since X is toric, the following
lemma shows that ob(X) does not belong to D.
Lemma 3.7. Let X be a smooth and geometrically irreducible variety over a ﬁeld k.
If Pic(X ⊗k k) is ﬁnitely generated, then Ext1Gk (k(X) /k  , k ) has ﬁnite exponent.
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Proof. After shrinking X we may assume that Pic(X ⊗k k) = 0. Denote by k[X]
the group of regular invertible functions on X ⊗k k and by T the torus over k
with character group k[X] /k  . The group Ext1Gk (k[X] /k  , k ) is isomorphic to
H 1 (k, T ) (see [19, Lemma 2.3.7]), so that by Hilbert’s Theorem 90 it is killed
by the degree of any ﬁnite extension of k which splits T . On the other hand,
Ext1Gk (Div(X ⊗k k), k ) vanishes by Shapiro’s lemma and Hilbert’s Theorem 90,
since Div(X ⊗k k) is a permutation Gk -module. In view of the exact sequence
0

k[X] /k 

k(X) /k 

Div(X ⊗k k)

the lemma follows.

0,


From Theorem 3.2 and Remark 3.6 one deduces:
Corollary 3.8. Let X be a smooth and geometrically irreducible variety over a
ﬁeld k. If the elementary obstruction to the existence of a 0-cycle of degree 1 on X
vanishes, then the exact sequence of proﬁnite groups (3.1) splits.
The statement that if X is a proper variety over a ﬁeld of characteristic 0 and
the elementary obstruction vanishes, then the abelianisation of (1.1) splits has
independently been shown to hold by Harari and Szamuely [11, Rem. 5.6]. It
also follows from Corollary 3.8 since splittings of (3.1) induce splittings of the
abelianisation of (1.1).
Theorem 3.2 is sharp in the sense that it characterises the existence of “birational
abelian sections” (that is, of splittings of (3.1)) purely in terms of the elementary
obstruction. Obviously the condition of Theorem 3.2 is satisﬁed if the elementary
obstruction vanishes; however the question remains whether there may exist ﬁelds k
and smooth and geometrically irreducible varieties X such that ob(X) belongs to
the maximal divisible subgroup of Ext1Gk (k(X) /k  , k  ) without vanishing. We do
not know of any such example. Neither the ﬁeld k nor the variety X can be too
simple for this to occur. Indeed the abelian group Pic(X ⊗k k) cannot be ﬁnitely
generated (by Lemma 3.7), the ﬁeld k cannot have dimension ≤ 1 (according to [21,
Thm. 3.4.1]), and in Theorem 3.9 below we prove that k cannot be a p-adic ﬁeld,
a real closed ﬁeld, or a number ﬁeld, assuming in the latter case the ﬁniteness of a
Tate–Shafarevich group.
Theorem 3.9. Let X be a smooth, proper and geometrically irreducible variety
over a ﬁeld k. Assume either that k is a real closed ﬁeld or a p-adic ﬁeld, or that k
is a number ﬁeld and the Tate–Shafarevich group of the Picard variety of X is ﬁnite.
Then the exact sequence of proﬁnite groups (3.1) splits if and only if ob(X) = 0.
The argument we give for Theorem 3.9 in the case of number ﬁelds was to a
large extent inspired by the proof of [1, Thm. 2.13]. It also relies on Theorem 3.2,
on the strategy used in the proof of Theorem 2.1, on [10, Thm. 1.1] and on [21,
Thm. 2.2].
Proof. If ob(X) = 0, then (3.1) splits by Theorem 3.2. Conversely, suppose (3.1)
[ab]
splits and let s : Gk → Gk(X) be a splitting. If V is a geometrically integral variety


over a ﬁeld K, we set Br1 (V ) = Ker Br(V ) → Br(V ⊗K K) , where K denotes


an algebraic closure of K, and Br1 (K(V )) = Ker Br(K(V )) → Br(K(V )) . There
is a canonical isomorphism Br1 (k(X)) = H 2 (k, k(X) ), so that as in the proof
of Theorem 2.1, the section s induces a retraction r : Br1 (k(X)) → Br(k) of the
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natural map Br(k) → Br1 (k(X)). The latter is therefore injective, which, if k is
a real closed ﬁeld or a p-adic ﬁeld, implies that ob(X) = 0 (see [1, Thms. 2.5
and 2.6]). Thus we may assume that k is a number ﬁeld. Then, again as in
the proof of Theorem 2.1, for any place v of k, the section s induces a retraction
rv : Br1 (kvh (X)) → Br(kvh ) of the natural map Br(kvh ) → Br1 (kvh (X)). It satisﬁes
invv rv (A ⊗k kvh ) = invv r(A) for all A ∈ Br1 (k(X)), where invv : Br(kvh ) → Q/Z
denotes the invariant map given by local class ﬁeld theory. Let U ⊆ X be a dense
open subset and let Alb1U/k denote the Albanese torsor of U (see [21, §2]; it is a
torsor under a semi-abelian variety over k). This variety comes by deﬁnition with a
morphism u : U → Alb1U/k ; as a consequence r and rv , for any place v, induce retractions r  : Br1 (Alb1U/k ) → Br(k) and rv : Br1 (Alb1U/k ⊗k kvh ) → Br(kvh ) of the natural
maps in the other direction. In particular, Br(kvh ) injects into Br(Alb1U/k ⊗k kvh )
for every place v of k and therefore Alb1U/k possesses an adelic point (see [1,
Thm. 2.5, Thm. 2.6 and Thm. 3.2]). Fix an adelic point (Pv )v∈Ω of Alb1U/k . Denote by B(Alb1U/k ) the kernel of Br1 (Alb1U/k ) → v∈Ω Br(Alb1U/k ⊗k kv )/Br(kv ).


We have B(Alb1U/k ) = Ker Br1 (Alb1U/k ) → v∈Ω Br(Alb1U/k ⊗k kvh )/Br(kvh ) since
Br(kvh ) = Br(kv ) and the natural map Br(X ⊗k kvh ) → Br(X ⊗k kv ) is injective
(see [1, p. 334]). As a consequence, and in view of the fact that rv is a retraction
of Br(kvh ) → Br1 (Alb1U/k ⊗k kvh ), we see that invv A(Pv ) = invv rv (A ⊗k kvh ) for all
A ∈ B(Alb1U/k ) and all v. On the other hand, invv rv (A⊗k kvh ) = invv r  (A). Hence,

by global reciprocity, we ﬁnd that v∈Ω invv A(Pv ) = 0. In other words, the adelic
point (Pv )v∈Ω of Alb1U/k is orthogonal to B(Alb1U/k ) with respect to the Brauer–
Manin pairing. By [10, Thm. 1.1], it then follows that Alb1U/k (k) = ∅. Since U was
arbitrary, we may now apply [21, Thm. 2.2] and conclude that ob(X) = 0.

We conclude this note by addressing a question about the elementary obstruction
which was raised by Borovoi, Colliot-Thélène and Skorobogatov in [1, p. 327] and
which has no apparent connection with Galois groups and fundamental groups.
Question 3.10. Let X be a geometrically integral variety over a ﬁeld k. Let K/k
be a ﬁeld extension. Does ob(X) = 0 imply ob(X ⊗k K) = 0 ?
Partial positive answers were given in [1, Prop. 2.3] and [21, Cor. 3.2.3, Cor. 3.3.2,
Prop. 3.4.4]. As it turns out, considering a situation in which the analogue of
Grothendieck’s section conjecture thoroughly fails leads one to a negative answer
to Question 3.10:
Theorem 3.11. Let k = C((t)). There exists a geometrically integral curve X
over k and a ﬁeld extension K/k such that ob(X) = 0 but ob(X ⊗k K) = 0.
Proof. Let C be the projective plane curve over k deﬁned by x3 + ty 3 + t2 z 3 = 0.
Obviously C has no rational points. Since C is a smooth and proper curve of
genus 1, it follows (by the Riemann–Roch theorem) that there is no divisor of
degree 1 on C. On the other hand, C has closed points of degree 3. We conclude
that the degree of any divisor on C must be divisible by 3.
The curve C being geometrically connected, its fundamental group π1 (C) surjects
onto the absolute Galois group Gk of k, which is isomorphic to Ẑ. The choice of
a lifting of 1 ∈ Ẑ to π1 (C) determines a section s : Gk → π1 (C) of the projection
2
(C, μ3 ) denote the cycle class of s in étale cohomology
π1 (C) → Gk . Let α ∈ Hét
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with Z/3Z coeﬃcients (see [7, Thm. 2.6]). We recall from [7, Thm. 2.6] that α has
2
(C ⊗k k, μ3 ) = Z/3Z is equal
degree 1 modulo 3 (in the sense that its image in Hét
to 1). Therefore α cannot be the cycle class of a divisor on C.
We also recall that by the construction of α, there exists an étale cover π : X → C
such that X is geometrically irreducible over k and such that the class p α ∈
2
(X × C, μ3 ), where p : X × C → C denotes the second projection, is equal to
Hét
the cycle class of the graph of π.
μ3
Gm ×3 Gm
1 gives rise to a
The Kummer exact sequence 1
commutative diagram with exact rows
Pic(C)

2
Hét
(C, μ3 )

Br(C)

Pic(X × C)

2
Hét
(X × C, μ3 )

Br(X × C),

(3.5)

where the vertical arrows are the pullback maps p . Since the cycle class of the
2
(X × C, μ3 ) comes from Pic(X × C), the above diagram shows
graph of π in Hét
that the image of α in Br(X × C) vanishes. On the other hand, the image β of α
in Br(C) does not vanish, since α is not the cycle class of a divisor. Hence β is a
nonzero element of the kernel of p : Br(C) → Br(X × C). As a consequence, this
map is not injective, and the natural map Br(K) → Br(X ⊗k K), where K = k(C),
is not injective either. In particular ob(X ⊗k K) = 0 (see [5, Prop. 2.2.5]). Finally
we have ob(X) = 0 because k is a ﬁeld of dimension ≤ 1 (see [21, Thm. 3.4.1]). 
Remarks 3.12. (i) An alternative way of deducing Theorem 3.11 from [21, Thm. 3.4.1]
is given in [3, Prop. 2.4.2]. We are grateful to Daniel Krashen for this remark.
(ii) In the example of Theorem 3.11, not only does the elementary obstruction
on X ⊗k K not vanish, the class ob(X ⊗k K) does not even belong to the maximal
divisible subgroup of Ext1GK (K(X) /K  , K  ).
[ab]
Indeed, if it were the case, then by Theorem 3.2, the natural projection GK(X) →
GK would admit a section. Therefore, by the argument used at the beginning of the
proof of Theorem 2.1, the map Br(K) → Br(X ⊗k K) would have to be injective,
which, as we have seen, it is not.
(iii) According to Remark 3.12 (ii) and to Theorem 3.2, the proof of Theorem 3.11
also gives an example of a geometrically integral curve X over a ﬁeld k of characteristic 0, and of a ﬁeld extension K/k, such that the exact sequences (1.2) and (1.3)
associated to the curve X over the ﬁeld k both split, but such that neither of the
exact sequences (1.2) and (1.3) associated to the curve X ⊗k K over the ﬁeld K
splits.
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